
Mathematical structure

Objectives

◮ To understand and be able to proficiently use the Principle of
Mathematical Induction in its various forms.
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Principle of Induction

Let P(m) be a statement for m ranging over the set of natural
numbers N.
If

◮ the statement P(0) holds, and

◮ the statement

∀n ∈ N.
(

P(n) =⇒ P(n+ 1)
)

also holds

then

◮ the statement

∀m ∈ N. P(m)

holds.
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Binomial Theorem

Theorem 28 For all n ∈ N,

(x+ y)n =
∑n

k=0

(

n
k

)

· xn−k · yk .

PROOF:
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Principle of Induction
from basis ℓ

Let P(m) be a statement for m ranging over the natural
numbers greater than or equal a fixed natural number ℓ.
If

◮ P(ℓ) holds, and

◮ ∀n ≥ ℓ in N.
(

P(n) =⇒ P(n+ 1)
)

also holds

then

◮ ∀m ≥ ℓ in N. P(m) holds.
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Principle of Strong Induction

from basis ℓ and Induction Hypothesis P(m).

Let P(m) be a statement for m ranging over the natural
numbers greater than or equal a fixed natural number ℓ.
If both

◮ P(ℓ) and

◮ ∀n ≥ ℓ in N.
(

(

∀k ∈ [ℓ..n]. P(k)
)

=⇒ P(n+ 1)
)

hold, then

◮ ∀m ≥ ℓ in N. P(m) holds.
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Fundamental Theorem of Arithmetic

Proposition 67 Every positive integer greater than or equal 2 is a
prime or a product of primes.

PROOF:
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Theorem 68 (Fundamental Theorem of Arithmetic) For every
positive integer n there is a unique finite ordered sequence of
primes (p1 ≤ · · · ≤ pℓ) with ℓ ∈ N such that

n =
∏

(p1, . . . , pℓ) .

PROOF:
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Euclid ′s infinitude of primes

Theorem 69 The set of primes is infinite.

PROOF:
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