PCF denotational semantics — aims

PCF types 7 +> domains [T].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.
In particular: [M] = [M'] = [C[M]] = [C[M]].
Foranytype 7, M ||,V = [M] = [V].

For 7 = bool or nat, [M]| =[V] € [r] = M|, V.
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Theorem. For all types 7 and closed terms M7, My € PCF .,
if [M1] and | Ms] are equal elements of the domain 7], then

M1 gctx MQ . T.

foof pomcle
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Theorem. For all types 7 and closed terms M7, My € PCF .,
if [M1] and [M>] are equal elements of the domain 7], then

My =ctx Mo @ .
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Proof principle

To prove
M1 gctx M2 . T

It suffices to establish

[M;] = [Mz] in [7]

? | The proof principle is sound, but is it complete? That is,
IS equality in the denotational model also a necessary
condition for contextual equivalence?
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Topic 6

Denotational Semantics of PCF
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Denotational semantics of PCF

To every typing judgement
I'EM: 71
we associate a continuous function
[T M]: [T] — [7]

between domains.
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Denotational semantics of PCF types

[nat] = N (flat domain)
[bool] 'y, (flat domain)
[T — T’]]déf [7] — [7] (function domain).

where N = {0,1,2,...} and B = {true, false}.

75



[t= (‘1:1}% 'Cz) ZLHZZ.) xet) Zn ) Cn)E CZ'J:ZLJ—)M.'Q)
\’ Denotational semantics of PCF type environments |

] o [ecaomm) [T'(x)]  (T-environments)
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Denotational semantics of PCF type environments

] © [ecaomm) [T'(x)]  (T-environments)
— the domain of partial functions p from variables
to domains such that dom(p) = dom(I") and
p(x) € [I'(x)] forall x € dom(T")

Example:

1. For the empty type environment (),

0] ={ L}

where L denotes the unique partial function with

dom(L) = 0.
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Denotational semantics of PCF terms, |

A~ (oY= Ap O @F]%/fém

T+ 0](p) ¥ 0 € [nat]

' F true](p) L true [bool]

[I" - false](p) © false € [bool]
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Denotational semantics of PCF terms, |

1;’/?’ iy :Zo] o [’Q]xl ' x[L_Zm,l/] —) [Z{,;M
[T F0](p) = 0 € [[nat]]édl/ M. 0(4") ? du

T

Y

[ F true](p) = [bool] F{“a’) 61)(‘:6"\

o %/LVLUh o

II" F false|(p) = false € [bool]

L [T a](p= p(z) € [T()] (x € dom())
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Denotational semantics of PCF terms, Il

[T F succ(M)](p)

et [T M](p) +1 [T+ M](p) # L

L it [T+ M](p) = L

7T
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Denotational semantics of PCF terms, Il

-

[I" = succ(M)](p)

/

def

[P M](p) + 1 it = M](p) # L

1 [T - M](p) = L

\

[I" = pred(M)](p)

dof J[[FI—M]](p)—l it [T = M](p) > 0
L if [+ M](p) =0, L

\
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Denotational semantics of PCF terms, Il

[+ suce(M)] (p)

(

d§f< [[Fl—M]](p)—l—l if[[rl—M]](

)
L [0 - M](p) = L

S
L

\

[I" = pred(M)](p)

dof <’[[r - M](p) — 1 if [T+ M](p) >0
L it [[' - M](p) =0, L

true it [[' = M](p) =0
II' F zero(M)](p) = false it [T+ M](p) >0
}\ LT F M) = L

L
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Denotational semantics of PCF terms, IlI

" = if My then M, else Ms|(p)

[T M) T E M (p) = true
= ([0 F Ms](p) it [T F Mi](p) = false
il it [[ - Mi](p) = L
[—\/— 8.1-7( D X D ""'_> D
24 9
2 —
q};{l d d' = 4/
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Denotational semantics of PCF terms, IlI

" = if My then M, else Ms|(p)

<FFFMﬂ@)”ﬁﬂﬁuﬁﬁw
def

"= Ms|(p) it [I'F Mi](p) = false
L [0 - M](p) = L

[T+ My My](p) % ([0 + Mi](p)) (IT + Ma](p))

WLLJZW z\ri/waﬁ PI
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Denotational semantics of PCF terms, IV

T - foz: . M](p) gdomf;jfi\"%

g e[ [Tz 7] F M](plz — d])

NB: plz + d] € [I'[x — 7]] is the function mapping x to d € [T]
and otherwise acting like p.

 DxEF mfmy D2 (E=F)
i}jtué EraasE dr &ef Ge)
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Denotational semantics of PCF terms, V

[T+ fix(M)](p) < fiz([T F M](p))

(;@ o[(j(’H’@) (f)

N~

Recall that fiz is the function assigning least fixed points to continuous

functions.
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Denotational semantics of PCF

Proposition.  For all typing judgements I' = M : 7, the
denotation

II'E M]:[T] — [7]

IS a well-defined continous function.
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