feel) Dxp > DD (ERmICAh) =(fE0) d2)

Let ) be adomain and let f, g : D — D be continuous (:3)
functions such that f o g = g o f. Then, W
&

f(L) Eg(L)|= fiz(f) E fiz(g) -

&f/ reS&> >
Choin dened. ) %ﬁgﬁﬂ 925 j
%}fﬂd) (= 41 eSED %Cgi)sq{

Tdﬂ&fSSEL[)FLELH 72eS=942cS
Vi DCU:%“)’; $2gv<-?>0&2g3




Example (II)

Let D be adomain and let f, g : D — D be continuous
functions such that f o g C g o f. Then,

f(L) Eg(l) = fix(f) E fix(g) -

Jﬂy% ' DxD—> D =D '-@10(29}’—%70@{‘)15@(7—)

Sl gy — chon g, DLpassi

| mewoﬂ M Tndiechn
F (e © fosy) --?9 (feg) P$ES
fofe fug

[—



LJ\(T'“ W.Bt Wm/\/éj Example (II) NB { ][L)()%'L D xD 50A0

e ée%%hcﬂiméﬁ andlet f,g: D — D

faea=(fnh fug,

Mons suchthat f o g = g o f. Then,
(L) Eg(L) = fix(f) C fiz(g) .

nele f C

/f y 7[ A PNC)eS
y = f25557

adwmixbly 76" /(/—fg St T




Topic 5

PCF



pare. Wit
/

T :=nat | bool | T — T 1 L¥ C

PCF syntax

Types
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PCF syntax

Types

Expressions

M

T :=nat | bool | T — T

0 | succ(M) | pred(M)

true | false | zero(M)

— ]

—
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PCF syntax

T :=nat | bool | T — T [O;H‘Zi"\-/

&M = 0 | succ(M) | prgd(M)
‘i“‘ﬁw true | false | zgro(M)

j\[‘«d\r;%\w x | if M then

%’ N fna::T._M\MM\ﬁX(@Q
wherWset of .

Technicality : We identify expressions up to «-conversion of
bound variables (created by the fn expression-former): by
definition a PCF IS an «-equivalence class of expressions.

else
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PCF typing relation, I'+ M : 71

o |'isa , I.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(1"))
o VM isaterm
® Tisa
Notation:
M : 7 means M is closed and () = M : 7 holds.

PCF, ¥ {M | M : 7).
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PCF typing relation (sample rules)

Cle—7]FM: 71’
(‘fn) ifx & dom(T")
Ct-fnx:7. M:7— 71

'-My:7—=7 T'FMy:71

(:a ) PD%A‘
wr T+ My M,y : 7 J;/

. Abnzbfau/fa,f‘ewfwﬂ

(
. I'-M:7—=71 IS
(ax) I'Ffix(M): 7 %W




Partial recursive functions in PCF

e Primitive recursion. I/L JPC'IQ?)

%603()

ajy+ ajyh

I’L Nt \na(’—m
e }.m@% ;@

el |







Partial recursive functions in PCF

e Primitive recursion.

h(z,0) = f(z)

< h(z,y+1)=g(z,y, h(z,y))

\

e Minimisation.
m(x) = the leasty > 0 such that k(x,y
el @) =m (1))
wilay) = T k(g) =0 T

ot w' (1 )H)
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PCF evaluation relation

takes the form

M.V

T

where
e 7 is a PCF type
o VM,V € PCF. are closed PCF terms of type T
e Visa ,

V :=0]succ(V) | true | false | fnz : 7. M.
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G plnat e T g e

PCF evaluatior’ (sample rules)

(V1) VU,V (V avalue of type T)

Mlur—m-’ fHCBIT.M{ M{[MQ/CB] UT/V
MMy V

— (licbn)
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PCF evaluation (sample rules)

(Jva1) VUV (V avalue of type T)

My, fax: 7. M
(licbn)

M{ [MQ/:E] UT’ |4

My Mo

J\/\ M(fix

bV

v

X

q&(w b

M),V
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Contextual equivalence

Two phrases of a programming language are
If any occurrences of the first phrase in a

complete program can be replaced by the second phrase

without affecting the observable results of executing the

program.
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Contextual equivalence of

PCF terms

Given PCF terms M, M5, PCF type 7, and a type

environment I', the relation | I' = My S Mo 7

IS defined to hold iff

e Both the typingsI' — M7 : 7 and |

e For all PCF contexts C for which C
closed terms of type v, where v =
and for all values V' : ~,

= Ms ;7 hold.

M| and C|Ms] are
nat or v = bool,

C[Ml] U,,y V & C[MQ] U,y V.
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PCF denotational semantics — aims

PCF types 7 +> domains [T].

Closed PCF terms M : 7 +— elements [M] € [7].

Denotations of open terms will be continuous functions.
In particular: [M] = [M'] = [C[M]] = [C[M]].
Foranytype 7, M ||,V = [M] = [V].

For 7 = bool or nat, [M]| =[V] € [r] = M|, V.
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