—
Pre-fixed points

Let D be aposetand f : D — D be a function. C[&(D

An elementd € D is a :f if it satisfies j@’)

fld) Ed.
The least pre-fixed point of f, if it exists, will be writte ._7
fir(f) 7D

It is thus (uniquely) specified by the two properties:

f(fix(f)) E fix (f) (Ifp1)
vde D. f(d)Td = fiz(f) Cd. (Ifp2)
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Proof principle

flfiz(f)) E fix(f)

2. Let D be aposetandlet f : D — D be a function with a
least pre-fixed point fiz(f) € D.
Forallz € D, to prove that fiz(f) C x it is enough to
establish that f(z) C x.
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Least pre-fixed points are fixed points /
\/

If it exists, the least pre-fixed point of a m(;nonote functlon ona

partial order is necessarily a fixed point. %’ ( 7&{ _ﬁ

/ SHEp)E Mz%)

FpAcmt  fudpre £(fnf)
i) Auf



Thesis *

All domains of computation are

complete partial orders with a least element.
o 7

mﬁ }a(wob.a YU o u%/&sw%&;m@
D
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L)
d . . '
2 All domains of computation are '
Ui complete partial orders with a least element. 0/

/
4{0 All computable functions are ][@[0)

continuous.

ey lonl, -+ Fr(;sewa/ﬁ’i& rrayzfq
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Cpo’s and domains

A , or cpo for short, is a poset (D, C) in
which all countable increasing chains dg = d1 & do T ... have
least upper bounds, | |~ dn:

Vm >0.dm C | | dn (lub1)
n>0
VdeD.(VYm>0.dpCd) = | |daTd. (ub2)
n>0
A iSs a cpo that possesses a least element, _|:

Vvde D. 1l Cd.
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Domain of partial functions, X —Y

Underlying set:  all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

v € dom(f). f(x) = g(x)
ittt graph(f) € graph(g)
Lub of chain fo = f1 C fo C ... isthe partial function f with

dom(f) = U,>o dom(fn) and @ geb%a A
o) rae dom( @GS > Fe va

\ undefined otherwise

ﬁ(‘yf’khﬂ) - Un?,a %{a'fm' <7P"“> |

fz) =
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Domain of partial functions, X —Y

Underlying set: all partial functions, f, with domain of definition
dom(f) C X and taking values in Y.

Partial order:
fCg iff dom(f)C dom(g)and

Ve € dom(f). f(x) = g(x)
itf  graph(f) C graph(g)

Lub of chain fo = f1 C fo C ... isthe partial function f with
dom(f) = U, =g dom(f,) anc

(fn(a:) itz € dom(f,), somen

fz) =

\ undefined otherwise

Least element _L is the totally undefined partial function.
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Jodcde

Somqp(perties of lubs of chains
Let D be a cpo. L

1. Forde D,| |, d=d.

2.)Foreverychaindg T diC...Cd, C...inD,

len — leN—l—n

forall N € N.

| @osds o) =L (@rsduc )
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3. Forevery pairofchainsdg T dy T ... C d, C ...and
eolerC...Ce,C...inD,

ifd, C ey foralln € Nthen| | d, T | | ey
[, en
.o Spop
5 [Id,,
eV h
6/ \3\ r"
v |
/ \
w’ > ot
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3. Foreverypairofchainsdg " di T ... C d, C ...

eolerC...Ce,C...inD,
if d,, C e, foralln € N then

n

d

n

L

and

({x,) and (1,) chains)






