Lecture 4: name abstraction
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Alpha-equivalence

Recall from Lecture 1 the equivalence relation =, on
Tr 2 {tz=Va|A(tt) |L(a,t)}

a €A =, 1y th =4 t;
Va=,Va A(ty, t2) =4 A(H, 15)
(ab)-t=,(a’b)-t' b & {aa'}Uvar(tt)
L(a,t) =, L(a,t)




Alpha-equivalence

Recall from Lecture 1 the equivalence relation =, on
Tr 2 {tz=Va|A(tt) |L(a,t)}

a €A =, 1y th =4 t;
Va=,Va A(ty, t2) =4 A(H, 15)
(ab)-t=,(a’b)-t' b & {a,a'}Uvar(tt)
L(a,t) =, L(d, 1)

this is an instance of the
nominal sets notion of
‘freshness’




Freshness

For each nominal set X, we can define a relation
# C A X X of freshness:

a#x = ad suppx
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Freshness

For each nominal set X, we can define a relation
# C A X X of freshness:

a#x = ad suppx

» In IN, a # n always.

» InA,a#biffa #b.

> InTr, a#tiffa & vart

» InA, a#t],iffadfvt.

» InX XY, a#(x,y)iffa#txand a#y.

» In X =g Y, a# f can be subtle!
(and hence ditto for P X)

Lecture 4



Freshness

For each nominal set X, we can define a relation
# C A X X of freshness:

a#x = ad suppx

Note that if f € Nom(X,Y), then for all x € X we
have supp(f x) C supp x (Lemma 1 from L3) and
hence

a#tx = a#fx

(More generally, if f € X g Y and x € X, thena# f and a #x
implies a # f x.)



Freshness

For each nominal set X, we can define a relation
# C A X X of freshness:

a#x = ad suppx

Fact: # is an equivariant relation
(Vr € PermA) a#x = mwa#m-x

Indeed 7t - (supp x) = supp (7 - x)
(Exercise)

[Cf. Equivariance Principle — NSB p21]



Name abstraction
Each X € Nom yields a nominal set |[A]X | of

name-abstractions (a)x are ~-equivalence classes of
pairs (a,x) € A X X, where

(a,x) ~ (a',x') < 3b# (a,x,a,x)
(ba)-x=(ba') -x

The Perm A-action on [A]X is well-defined by

- (a)x = (rt(a)) (7 - x)




Lemma 2. supp({a)x) = suppx — {a}, so that
b#{(a)x & b=a V b#x




Lemma 2. supp({a)x) = suppx — {a}, so that
b#{(a)x & b=a V b#x

AxX — [A]X
(a,x) — (a)x
from L3, supp(a)x C supp(a,x) = {a} Usupp x.

Proof. is equivariant. So by Lemma 1



Lemma 2. supp({a)x) = suppx — {a}, so that
b#{(a)x & b=a V b#x

Proof.

supp(a)x C {a} Usuppx

Note that (a,x) ~ (a,x') = x = x’.

Soif ta=aand r- (a)x = (a)x, then (a)(mw-x) = (a)x
and hence 7T - x = x.

Therefore, if A supports (a)x, then AU {a} supports x, and
hence supp x C supp(a)x U {a}.



Lemma 2. supp({a)x) = suppx — {a}, so that
b#{(a)x & b=a V b#x

Proof.

supp(a)x C {a} Usuppx

supp x C supp(a)x U {a}

So it suffices to show that a # (a)x.



Lemma 2. supp({a)x) = suppx — {a}, so that
b#{(a)x & b=a V b#x

Proof.

supp(a)x C {a} Usuppx

supp x C supp(a)x U {a}

So it suffices to show that a # (a)x.

Given a, x, pick any a’ with a’ # (a,x) and hence also a’ # (a)x.
Soa=(a’"a)-a’ # (a’ a)- (a)x (by equivariance of #).

But since a’ # (a,x), we get (a’, (a’ a) - x) ~ (a,x) (check).
So (a’ a) - (a)x = (a’)((a’ a) - x) = (a)x.
Therefore a # (a)x. [



Name abstraction
Each X € Nom yields a nominal set |[A]X | of

name-abstractions (a)x are ~-equivalence classes of
pairs (a,x) € A X X, where

(a,x) ~ (a',x') < 3b# (a,x,a,x)
(ba)-x=(ba') -x

We get a functor [A](—) : Nom — Nom sending
f € Nom(X,Y) to [A]f € Nom([A]X,[A]Y)

where
[A]f ({a)x) = (a)(f x)




Name abstraction

[A](—) : Nom — Nom is a kind of (affine) function
space—it is right adjoint to the functor
(—) * A : Nom — Nom sending X to
Xx A ={(x,a) | a#x}. (Exercise)



Name abstraction

[A](—) : Nom — Nom is a kind of (affine) function
space—it is right adjoint to the functor
(—) * A : Nom — Nom sending X to
Xx A ={(x,a) | a#x}. (Exercise)

That explains what morphisms into [A]X look like.
More important is the following characterization of
morphisms out of [A]X in terms of a ‘freshness
condition for binders’ [NSB p69]. ..



Theorem 2. If f € Nom(X X A X Y, Z) satisfies
(VxeX,aeAyeY)a#tx=a#f(xay) (FCB)

then there is a unique f € Nom (X X [A]Y, Z) satisfying
(VxeX,ae AyeY)a#x= f(x {(a)y) = f(x,a,y)
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Theorem 2. If f € Nom(X X A X Y, Z) satisfies
(VxeX,aeAyeY)a#tx=a#f(xay) (FCB)

then there is a unique f € Nom (X X [A]Y, Z) satisfying
(VxeX,ae AyeY)a#x= f(x {(a)y) = f(x,a,y)

For example, X =1={0}, Y=A,Z=A+1= AU{0}
0 ifa=a
a ifa#£a
above and hence i : [A]A — A + 1 with

and f(0,a,a") = satisfies (FCB), so we get f as

i((a)a’) = {‘;, .

It's not hard to see that i is both injective and surjective, hence an
isomorphism in Nom. (Exercise)
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Theorem 2. If f € Nom(X X A X Y, Z) satisfies
(VxeX,aeAyeY)a#tx=a#f(xay) (FCB)

then there is a unique f € Nom (X X [A]Y, Z) satisfying
(VxeX,ae AyeY)a#x= f(x {(a)y) = f(x,a,y)

Proof. Just have to show that if a, a’ # x then

(a,y) ~(a"y') = f(xay) =f(xd,y)

so that f(x, —, —) induces a function on equivalence classes.
(Equivariance of f is automatic.)
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Theorem 2. If f € Nom(X X A X Y, Z) satisfies
(VxeX,aeAyeY)a#tx=a#f(xay) (FCB)

then there is a unique f € Nom (X X [A]Y, Z) satisfying
(VxeX,ae AyeY)a#x= f(x {(a)y) = f(x,a,y)

Proof. Just have to show that if a, a’ # x then

(a,y) ~ (a,y) = f(xay)=f(xa,y)
But if (a,y) ~ (a’,y’), then we can find a’”’ # (a,y,a’,y’, x)
with (a” a) -y = (a’" a’) -y’. So
f(x,a,y) = (a”’ a)- f(x,a,y) since a,a’’ # f(x,a,y)
= f(x,a”,(a" a)-y) sincea,a” #x
= f(x,a"”,(a" a’)-y')

= f(x,a",y") m
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Some properties of [A](—)

[A](Xy X --+ X X;,) =2 ([A]Xy) X - -+ X ([A]X,)
[Al(Xa -+ X) = ([A]X) + -+ + ([A]X)
S discrete = [A]S =S

[Al(X=6Y) = ([A]X) -6 ([A]Y) (1)
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