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Shortest paths with discounting
See page 51 of Baras and Theodorakopoulos.
Define ((R x N) U {oo}, @, ®) with

@ = lexicographic on ming then miny

(1, n) @ (r2, M) =(r1 + rpé™, ny + ny)

where § is a fixed constant between 0 and 1.

Suppose w(i,j) = (a(i,j), 1) and

p = (Vo,v1)(vy, Vo) - - - (Vk—1, Vk)-

Then
w(p) = (a, k)
where

K
a=> 6To(vii1, v))
p
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Example with 6 = 0.5 (part 1)

@— (2.0,1) 4.@
/

(1.0,1) (4.0,1)

@7 (1.0,1) =@ (8.0,1) _>@

0 1 2 3 4

o[ oo (1.0,1) 00 (1.0,1) 00

1| oo 00 (2.0,1) 00 00

A = 2| x 00 00 (4.0,1) 00
3| o0 00 00 00 (8.0,1)

4 | oo o0 00 00 00
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Example with 6 = 0.5 (part 2)

(1.0,1) (4.0,1)
\
(1.0,1) ~(3) (8.0,1) _>@
w([(0,1)(1,2)])) = (2.0, 2)
w([(0,1)(1,2)(2,3)]) = (3.0, 3)
w([(0,1)(1,2)(2,3)(3,4)]) = (4.0, 4)
w([(0,3)(3,4)]) = (5.0, 2)
w([(1,2)(2,3)]) = (4.0, 2)
w([(1,2)(2,3)(3,4)]) = (6.0, 3)
w([(2,3)(3,4)])) = (8.0, 2)
w([(3,4)]) = (8.0, 1)
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Example with 6 = 0.5 (part 3)

@7 (2.0,1) —@

(1.0,1) (4.0,1)

@7 (1.0,1) @ (8.0,1) —=(4)

Observation: (right) distributivity does not hold!

(w([(0,3)]) & w([(0,1)(1,2)(2,3)])) ® w([(3,4)])
((1.0, 1)@ (3.0, 3)) ® (8.0, 1)

(1.0, 1)® (8.0, 1)

(5.0, 2)

(w([(0,3)]) @ w([(3,4)])) ® (w([(0, 1)(1,2)(2,3)]) © w([(3,4)]))
((1.0, 1)® (8.0, 1)) ®((3.0, 3)® (8.0, 1))
(5.0, 2) & (4.0, 4)
(4.0, 4)
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Example with 6 = 0.5 (part 4)

f@)— (2.0,1) H@

(1.0,1) (4.0,1)
@7 (1.0,1) }é\ (8.0,1) —=(4)
L=AL&l
0 1 2 3 4
o [ (0.0,0) (1.0,1) (2.0,2) (1.0,1) (4.0,4)
1| s (0.0,0) (2.0,1) (40,2) (6.0,3)
2 00 00 (0.0,0) (4.0,1) (8.0,2)
3 00 00 00 (0.0,0) (8.0,1)
4 00 00 00 00 (0.0,0)
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Example with 6 = 0.5 (part 5)

@7 (2.0,1) —@

(1.0,1) (4.0,1)
@7 (1.0,1) >@ (8.0,1) _.@
R=RA®I
0 1 2 3 4
o [ (0.0,0) (1.0,1) (2.0,2) (1.0,1) (5.0,2)
1| o (0.0,0) (20,1) (40,2) (6.0,3)
2| ~  (0.0,0) (4.0,1) (8.0,2)
3 00 00 00 (0.0,0) (8.0,1)
4 00 00 00 00 (0.0,0)
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What'’s going on here?

We need to understand the consequences of a loss of distributivity.

But first, we will try to understand how shortest paths with discounting
can be seen as a special case of a more general constructions — the
semi-direct product.

Next lecture we will start to look more closely at the consequences of a
loss of distributivity ...
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Semi-direct product

Given semigroups (S, x) and (T, e), and a function

>eT—(S—S)

Define combinator (S, x) x (T, ¢)=(Sx T, x)

(51, ) % (S2, k) = (S1x(ti>82), tyetp) J

Write t > s instead of >(t)(s).
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What about associativity?

Requires > to be a homomorphism that maps to endomphisms.
homomorphism Vst b, (eb)>s=t>(b>S)
(Vt b, >(H o ) = (>ty) o (>12))
endomorphism Vs sp t, t1>(S1xSp) = (£ 81) * (t > S2)

homomorphism > is a homomorhism from (T, e)to (S — S, o).
endomorphism for every t, f(s) = t > s is homomorhism
from (S, *) to (S, *).
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Proof of associativity

lhs = ((s1, t1) x (s2, &)) x (S5, t3)
(81 % (t > 82), tyeb2) x (83, 13)
((s1x(t1>82)) % ((ty @ o) > S3), (t1 @ f2) @ 13)
= ((s1*(ty > 82)) x(ti > (o> 83)), (L1 @ f2) @ t3) (by homo)

rhs = (s1, t) x ((S2, k) x (s3, t3))
(51, 1) x (So*(La>>83), boets)
(51 x(ty > (S2x (o> S3))), t e (Lo e l3))
= (s1x((th > s2) * (t1 > (2> 83))), ty e (2 @ 13)) (by endo)

Now use associativity of x and e.
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Example!

d € (0,1)
(S %) = (R, +)
(T7 .) = (N7 +)
n>c = c¢cxd”
S x T=(RxN, x)
(c1, m) x (€2, M) = (C1+ 6™, N+ np)

This is the multiplicative component of shortest paths with discounting.
Associative? Yes!

homomorphism V¢ ny ny, c§™M*% = ¢§M s

endomorphism Vcy ¢ n, (¢ + €2)0" = ¢16" + 20"
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When does S x T have an identity?

Requires
(S, x, 1s)
(T, o 17)
homomorphism
endomorphism
Then 1 = (1g, 17) is the identity.

is a monoid
is a monoid
Vs, 1r>8=5§
Vi t>1g =15

(s, 1) x (1s, 17) =

(13, 17‘) X (S, t) =

S*(tl>13) t017')
8*13, t)

s, b)

13*(1TDS) 17-0[')
s * S, t)

(
(
(
(
(1
(s, 1)
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When does S x T have an annihilator?

Requires
O0s is the annihilator for S
07 is the annihilator for T
endomorphism Vit t>0g = 0s
Then 0 = (0g, 07) is the annihilator.

(s, t) x (0s, 07) = (s*(t>0s), teO7)
= (8*037 OT)
- (057 OT)

(03, 07‘) X (S, l') (03*(0T>S), 07'01')
= (0s, 07)
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Extend to combinators on bisemigroups?

Assume (S, @) is selective. Given bisemigroups (S, ®, x) and
(T, @, e), and function

>eT = (S—9)

Try lexicographic addition ...
(S, @, %) xp (T, B, ¢)=(SxT, +,x)

(51, ) +(S2, o) = (s1, 1) (if 84 =51 @ Sp # Sp)

(s2, &) (if 81 # 81 @S2 = 8p)

{ (s1, 1 Bh) (if sy =s51)

(s1, t1) @ (S2, ) = (S1*x(li>82), tyelr)
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Left Distributive? Sometimes...

Here are some sufficient conditions

*-cancel VsS4 S €S, sxS =8S+xS — S =5
>-cancel Vie T, s18eS t>s=1(>8S — =5

>-distribute Vte T, 815, € S, t> (51 @ S2) =(t>81) D (t1> S2)

v

Note that these hold in sp with discounting

*-cancel Vssi s eR, s+S5=85+S% — S =5
>-cancel VteN, 848 €R, 518l =880 = sy =85

>-distribute vVt € N, s1 85 € R, (81 minsp)6! = (s1!) min(s26¢)
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Left Distributive?

lhs = ((s1, t1) x (2, &)+ ((s1, t1) »x (83, B3))
= (st x(tH>82), t e b)) + (S~ (t > S3), t; @ I3)
= ((s1*(t1 > 52)) ® (s1 % (t > S3)), 1)
(s1x((th > 82) @ (t > s3)), 1)
= (s1x(ti>(s2@ s3)), t) (by >-distribute)

rhs = (s1, t) x ((S2, t) + (S3, t3))

(s1, ) x (S2® 83, V')
= (six(ti>(s2@83)), tiet)
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Left Distributive?

We want
t=t ot J
t1 ° (tz H t3) (32 = 33)
tye t = el (32 < 83)
tiets (S2> S3)
(tr o) B (trot3) (S1x(t>52)=851*(t>s5))
t = tiely (s1%(t>82) <81 (b 83))

el (31 *(t1 > 52) > §q *(t1 > 33))
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Left Distributive?

Enough to show

s<s — 9d'xs<s'xd
s<s = trs<tr>gd

We just show the second implication. Note that t>-cancel implies
VteT, 818 €S, 81#£8 — t>8 A1t> So.

So

s<é§ s=sps #£¢
t>s=t>(ses)#t>d
t>s=(t>s)a(t>8) #t> ¢

tI>s<t> g

ey
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Right Distributive? Almost never?

Assume both S and T are right distributive.

lhs = ((s1, t1) x (S3, B))+ ((S2, &) x (83, 13))
(s1%(t1 > 83), tyot3) + (Sox (b2 > S3), Lrel3)
= ((s1%(ti > 83)) @ (S2 % (b2 > S3)), 1)

ths = ((s1, t) +(S2, 2)) % (3, 1)
(s1 @82, ') x (83, 13)
((51 @ S2) x (' > 53), t' o 13)
= ((s1x(t'>83)) & (s2% (t' > 83)), t' e 3)
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Right Distributive? Almost never?

We want
t = tels
(s1x(t>83)) B (S2x (21> 53)) = (S1+(t'>83)) @ (S2% (' > 53))
Where
(hBh)etzs (s1==52)
t/0t3 = el (31 <32)
ety (S1> Sp)
and

{ (thot;) B (otz) (S1%(t>83)=(S2*(l2l>83)))
t = (t1 ° t3) (81 *(t1 > 83) < (82 *(fg > 33)))
(betz) (S1x(t>83)>(S2x(tr>83)))

OUCH! OUCH! OUCH! OUCH! OUCH! OUCH! OUCH!
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Left-Local Optimality

Say that L is a left locally-optimal solution when

L=(AxL)al

That is, for i # j we have

L(i, j) = EP A, 9) @ L(q, J)
geV

@ L(/, j) is the best possible value given the values L(q, j), for all
out-neighbors g of source i.

@ Rows L(/, _) represents out-trees from / (think Bellman-Ford).

@ Columns L(_, /) represents in-trees to .
@ Works well with hop-by-hop forwarding from i.
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Right-Local Optimality
Say that R is a right locally-optimal solution when

R=RxA)al

That is, for i # j we have

R(i, j) = @R(, 9) @ A(q, j)
geV

@ R(/, j) is the best possible value given the values R(q, j), for all
in-neighbors g of destination j.

@ Rows L(/, _) represents out-trees from / (think Dijkstra).

@ Columns L(_, /) represents in-trees to .
@ Does not work well with hop-by-hop forwarding from /.
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With and Without Distributivity

With
For semirings, the three optimality problems are essentially the same
— locally optimal solutions are globally optimal solutions.

A"=L=R

Without

Suppose that we drop distributivity and A*, L, R exist. It may be the
case they they are all distinct.

Health warning : matrix multiplication over structures lacking
distributivity is not associative!
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With only left distributivity

Matrix powers, AX
A0 = |

ARHT = A Ak

Closure, A*
AK) = IoA'"®A2 - @ AK

A* = loA'oA2 .. -pAFD ...

Theorem

A )= D wp)

pEP(i, j)
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With only right distributivity
Matrix powers, A
0A — |

k+1A —_ kA®A

Closure, *A

KA = 1a'Ad2AD---akA

*A = lo'Ap2As - -okAe -

Theorem

‘Al )= D wlp)

pEP(i, j)
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