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PCF syntax

Types

E.@,

T :=nat | bool | T — T
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PCF syntax

Types
T :=nat | bool | T — T

=9 bod s(bed > bad)
(Y\M/Jfﬂ L)oc[)% looop
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PCF syntax

Types
T :=mnat | bool | T — T

Expressions

M = 0| succ(M) | pred(M)



PCF syntax

Types

Expressions

M

T :=mnat | bool | T — T

0 | succ(M) | pred(M)

true | false | zero(M)
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PCF syntax

Types

Expressions

M

T :=nat | bool | T — T

2= 0 | succ(M) | pred(M)

| true | false | zero(M)
| x| if M then M else M
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PCF syntax

Types
T :=mnat | bool | T — T

Expressions
M = 0| succ(M) | pred(M)
true | false | zero(M)

x | if M then M else M
fnx:7.M | MM | fix(M)

where x € V, an infinite set of variables.
App KC&J’(W\ FJS wjr @S“%C/\'myﬂ\vﬂ 5
M \
N\l/\/\z M3 AAVIZZAN (N\\ Mz>/\ng
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\I\H’\%ms "N OCWV\[ Ve vaoJN' Lot te

let rec f x = If x=0 then 1 else x*f(x-1) Inf 42

(i (fn £ nokonat. fxc oot
it zevo(x) Ty Suce(0)

dse times 3 (f (ped (1) ) ) 5w 0)



\/\H’\U'Qms "N OCWV\[ Ve vaoJN' Lot te

let rec f x = If x=0 then 1 else x*f(x-1) Inf 42

(Fic (fn £ nooanad. fascinat
it zevo(x) Ty Suce(0)

dse H/V\Ves x (f (ped (1)) )) SV‘C (O)

Whare  Suc(0) ~§\AC(5\'\C( - Sue(0)-- ))
LfaS'wo'S
% tmes 5 as on e 6F of ftre. V.otes.




PCF syntax

Types
T :=mnat | bool | T — T

Expressions
M == 0 | succ(M) | pred(M)
true | false | zero(M)

x | if M then M else M
fnx:7.M | MM | fix(M)

where x € V, an infinite set of variables.

Technicality : We identify expressions up to cx-conversion of
bound variables (created by the fn expression-former): by

definition a PCF term is an ce-equivalence class of expressions.

c.q- fix (faxcox) = {&X /jcwy :Z_y)
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PCF typing relation, I'+ M : 71

e |'is atype environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(1"))
e ) isaterm
t\[ Hris Gondoans ishact
\/WAM(/Q/) Ay A2y ) A
M r(lzr) = 0y

~¢ oy Lanke T A

{X‘;T”%"Tw"w%\ | Tn>

® T IS atype.
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PCF typing relation (sample rules)

STz — 7] F M: 7
(:fn) it & dom(T)
'Ffme:7. M:7— 7

dom (W)Lht]) = OQOYWT ) ‘1) 1\]

F[a Htj maps X b T ool
o 1 s O\(J!Tg \\\<L f‘
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PCF typing relation (sample rules)

(*fn)

Clx—7|FM:7

I'Ffmx:7.M:7— 7 i & dom(T)

'-My:7—=7 T'FMy:71
Fl_MlMQIT/

(:app)
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PCF typing relation (sample rules)

Clz—71|EM: 7
(:fn) if v & dom(T")
I'Ffmx:7.M:7— 7

'-My:7—=7 T'FMy:71
Fl_MlMQIT/

(:app)

I'=M:7—=r1

() I'Ffix(M) : 7
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Proposition $:3-1 (i) LpsF]

\J_,{; (FM:T ad |~ M : T one
botth denvalde , than T=T".

?\/UUE Use e jndmnghion — show tak

H={(MTmz)| FmiT &
| VT rlf-MiZ"ﬁt:Z’}
s closed ander e fYping, ywles,




HE={(MTm<)| 'kmiT K
V' rlf-Miz"?t:Z’}
(s closey wnder tre \’?pivxg, ywes

Cruanl  indu dhion S\fvp s /gor
\/\Imy\lj ‘(‘0 S\’\O\/\/
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gp—



(s dosed ondur tre {’?PEV\g,.y\/\,\,u'

Cmaal  indudhon Sep is Jor 1 (+fn ) wle
\I\Im\& to Show
([, M,'c&) EH = U—, R\ouq.lvl,q_ﬂa)é H

g\l\/ppo% ([_EDCH'C\])M)T&)éH X D- ?wx:r..ﬂ’l :’E/
NM-{'O Ler H?Wj? le—C\")Tz.




s closel ondur tre {"?Pihg,.y\/\,\,u'
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\I\Im\& to Show |
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PCF typing relation, I'+ M : 71

e |'is atype environment, i.e. a finite partial function mapping
variables to types (whose domain of definition is denoted

dom(1"))
o N isaterm
® T IS atype.

Notation:

M : 7 means|M is closed/and () = M : 7 holds.
e jg/(/\/\\: @
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]C\/(N\) — seb of free vaviades c,f M
s dufined Io\c')‘ :

f/(0)= M(twe) = f(false ) = @

fv(suec()) = fv (pvtd (M) = fv @ (1)
= fiv (R (M) =fv(m)

{7 CF Mt Molse W) = V() v o (M) v fr(m")

Ry = K (m) v fr(m)




PCF evaluation relation

takes the form

M.V

T

where
e 7 isaPCFtype
o VM,V € PCF. are closed PCF terms of type T

e |/ is avalue,

V :=0]succ(V) | true | false | fnz : 7. M.
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PCF evaluation (sample rules)

(Uval) |4 \U/T |4

(V" a value of type 7)
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PCF evaluation (sample rules)

(U’cbn)

(Uva1) VU,V (V avalue of type 7)

M1 UT_M_/ fn.Q?ZT.M{ M{[MQ/ZE] UT/V

My My . V
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PCF evaluation (sample rules)

(Vva1) VU,V (V avalue of type T)

Ml oz 7. M @4{ (M /2])) V

M1W\
_—

Swbshthm (cwphvre-auo(%z /?gﬁeﬁ'mw \L\} 'S C%;e}»@
e no  Cap

(U’cbn)

VB £ F[XHT]H\A,-T’
R F M, T, Then [ F M, [MQ/Q T’

(See pS37) 65



PCF evaluation (sample rules)

(U’cbn)

(Uva1) VU,V (V avalue of type 7)

M1 UT_M_/ fn.Q?ZT.M{ M{[MQ/ZE] UT/V

My My . V

M ftix(M) .V

(\U’ﬁX) ﬁX(M) UT v

68



PCF evaluakion (sample yules)
M b Suec( V)

( Eped)
'P\rCo{OV\) U/ywd: V

¢ ftae ovW wle  for pred .
Sinw, O ‘U’r\o\bv 0\,\%’ hélds Xt\y V=9

e tondunde ot Pved(o>/‘/y\ak v

((Onoking peed (0) Wit eveluoke fo anglsivy s
o sorvandhod a\rb{\w‘wa clhwve _)



O, 2 fe(frit x)

Q. 7T (?voi]t»-@zsd)
V. .UV (pwd



IF _Q\.x(fv\.x:'c.l) U/.c\/ how any ?erﬁ—)_”;% e
Cowld Fir\\ e c@ Smallest V\SL:‘@H‘ , N Say oA~

st (ool (ke
(b \/

wik
frata Ve fax: T )x[{lix (¥ ot:‘C.l)/d.] U/t v

('U’Clon)
(frxit 2)(hixtracm) ) U v
T (JLJ:\X >

Fix (fnaic-x) LV



IF _Q\.x(fv\.x:'c.l) U/.c\/ how any ?erﬁ—)_”;% e
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We reprtsonk wumbtes ne N =10,1,2,...
by csed values g (0) < pak  in PCF
{ suc’(0) = 0

N- )

Swe (o) = SMQ(SMQA(O)>

FACT for Oy, Camputrlde partind f\A\AdﬂUv\
£oN-—=> N e s a dased PCE fem

F: nodb- nak snch thak 3%\/0\” n,m?3o
= (sudr©)) 4 Sue(©)

& Gh\y \f
5 18 O(Q{F\V\.QA ok v :)C(W\):-n




Partial recursive functions in PCF

® Primitive recursion.

h(z,0) = f(z)
Wz, y +1) = gz, y, h(z

\

)
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Partial recursive functions in PCF

® Primitive recursion.

hz,0) = f(x)
h(x,y+1) =gz, y, h(z,y))

| '\L )C'hg PVO?(O\WNWNQ \A\/\ \OC(: Jﬁy F ; V\ou{’—é \/\O\i‘
K 9 : " o v v G onabo pob— ;/m/%ﬂrm/f
Thon h G be ?Ngfﬂww\ﬁg @ :

Q(X(WC\/\ h: nat > nak 5 ned ﬂqﬂlzmx)ﬂqaﬂ%vwk.
It Zum(y) fen F o else G%X(Pwﬂg)(hx(PWAy))>
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Partial recursive functions in PCF

® Primitive recursion.

h(z,0) = f(z)
h(z,y +1)=g(z,y, h(z,y))

\

e Minimisation.

m(x) = theleasty > 0 suchthat k(x,y) =0
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Partial recursive functions in PCF

® Primitive recursion.

h(z,0) = f(z)
hz,y+1)=g(x,y, h(z,y))

\

e Minimisation.

m(x) = theleasty > 0 suchthat k(x,y) = 0

RS L DN Arammed w PCE b% K - nak= nok > nat
W o Con @WW@mmb )O\g %/\ p V\O\k M/DCO

9\[\/\0& M/ i Q'X(/R/\W\VV\M%/\M/)VWW%\/(Z\/\D(“’V/V{'.%W\'Y\W(‘
r/)c %(\OU)H/\M/\O% else m’x(S\Accy) )
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