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Full abstraction

A denotational model is said to be fully abstract whenever denota-

tional equality characterises contextual equivalence.

» The domain model of PCEF is not fully abstract.

In other words, there are contextually equivalent PCF terms
with different denotations.
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Failure of full abstraction, idea

We will construct two closed terms

11,15 € PCF(bool—)(bool—>bool))—>bool

such that
11 =cix 1o

and

[T1] # [12]
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» We achieve 17 =.tx 15 by making sure that

VM ¢ PCFbool—>(bool—>bool) (Tl M ?kﬁbool & To M 7%5001)
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» We achieve 17 =.tx 15 by making sure that

VM e PCFbool—>(bool—>bool) (Tl M ?kﬁbool & T2 M %bool)

Sin tron e ane
M- bodk 5 batl - bod

YV kool (T, VT MU v )
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Extensionality properties of < i

At a ground type ¥ € { bool, nat},

My <ctx Mo : v holds if and only if

VV € PCF, (My L,V = M|,

V) .

At a function type 7 — 7/,
My <.x M5 : 7 — 7/ holds if and only if

VM € PCF, (MlM <ctx Mo M

') .
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» We achieve 17 =.tx 15 by making sure that
VM € PCF y01— (boot—boot) (11 M Fpo0r & To M fp001 )

Sin thon e hanee
M- bodk 5 bafl - bod

IV bool (T‘I\/\ \\)/Boaa\/ S Tlm mel \/>

B \vz/\A<Tll\/\ go@x T JQDC;@>
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Extensionality properties of < i

At a ground type ¥ € { bool, nat},
My <ctx Mo : v holds if and only if

VV € PCF, (My L,V = M|,

At a function type 7 — 7/,

V) .

My <.x M5 : 7 — 7/ holds if and only if

VM € PCF, (MlM <ctx Mo M

') .
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» We achieve 17 =.tx 15 by making sure that
VM € PCF o1 (bool—boot) (11 M Fpoor & To M W01 )

Sin tron e ance
M- bodk 5 bafl - bod

YV kool (T, VET MU v )
e \Y/(V\(—rﬂ\/\ X~ A bog@)

M[\ —
L T) gc& Iz: b@é@%box—ﬂgdg{
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» We achieve 17 =.tx 15 by making sure that

VM € PCF poo1— (boot—boot) (11 M Wyo0r & To M Yy )

» We achieve |11] # T3] by making sure that

[T1](por) # [T2](por)

for some non-definable continuous function

pOTE(BJ_%(BJ_%BJ_)) :

110



» We achieve 17 =.tx 15 by making sure that

Hence,

Q VM e PCFbool—>(bool—>bool) (Tl M ?&bool & TQ M %bool)

[T ](IM]) = L = [T2]([M])
for all M & PCFbool—>(bool—>bool)'

» We achieve |11] # T3] by making sure that

[11] (por) # [12](por) beCamco

for some non-definable continuous function

pOTE(BJ_%(]B%J_%]B%J_)) :
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Parallel-or function

is the unique continuous function por : B | — (B — B ) such
that
por true _L = true

por L true = true

por false false = false
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Parallel-or functionﬁ

N

/

is the unique continuous function por : B | — (B — B ) such

that

por true _L
por L true
por false false

true

true

false
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Parallel-or function

is the unique continuous function por : B | — (B — B ) such

that
por true _L = true

por L true = true

false

por false false

In which case, it necessarily follows by monotonicity that

por true true = true por false L
por true false = true por L false

por false true = true por L |

|_

— -
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Parallel-or function

is the unique continuous function por : B | — (B — B ) such
that
por true _L = true

por L true = true

false

N por £ [ frat o if x tawn tne olse 2/ )
+ Eﬁmd)&/z)ooo@ ;Faf A g el se x]

(WF&Y\@V* Seqv\emhw( OY ﬂﬂnuhw\g>

por false false
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Undefinability of parallel-or

Proposition. There is no closed PCF term
P : bool — (bool — bool)

satisfying
[P] =por:B, — (B, —B,) .

?\&g%; Milnors “ﬁcﬁuiw W nea (oao‘ef/\\/iov\mf)

Sy — @Qw%g Sjrm‘obp OW\H«MOV\S fAS |
0 — Seabery SQDI\/@V\)/U\A lo%m\ vy <W{L"%MM>



Parallel-or test functions

Fori = 1, 2 define

T: € fn f: bool — (bool — bool).

if (f true (1) then
if (f Qtrue) then
if (f false false) then () else B;
else ()
else ()

def def
where By =~ true, By = false,

and O & fix(fnx : bool . x).
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Failure of full abstraction

Proposition.

Th Zctx T : (bool — (bool — bool)) — bool

[[Tl]]#[[TQ]] E(BL%(BL%BL))%BL
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Failure of full abstraction

Proposition.

Th Zctx T : (bool — (bool — bool)) — bool

[[Tl]]#[[TQ]] E(BL%(BL%BL))%BL

<b€(@/\/} S&%\ZIT\](PQY} - 7LV\/\Q
ETQEJ(I)OOV) = false
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Failure of full abstraction

Proposition.

T Zeix To @ (bool — (bool — bool)) — bool

ﬂ]ﬁﬂ:#éﬂ]§ﬂff GBJ_—+-GBi_—+IBi))-—>HBL

be camse

\VLN\‘.)OOO\—%J@&’BL’)@@Z <T)M/w % sz% ( >

bool
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Becawse & o —rl < MV\Q) :
gw Wy M < booal— boal s baef,

M e L 4 e
‘F—EN\ \U/boo%\/ W {

(R swe V)
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Becawse & o —rl < MV\Q) :
gw Wy M < booal— boal s baef,

. M e L U e
‘F—EN\ \U/boo%\/ W {]\I\ Qe U/ ‘e
M @se false 1 Lalse

So {EMIMM-—- e

TMI (L) () = e,
CmIlec) falee) = false

Soe ([ImJ= por



Becamse é& o Tx i MV\Q} |
%w AWy, M < booal— boal s baef,

. M e L U e
£ UV ron {1\/\ e U e

Mse false b false
S {EMIW(—L)'—‘- e

m sudn M CMI (L) () = e,

ks |50 Tl falee) = (alse
st e \S Tm3 = por
KA




PCF+por

Expressions ~ M == ---| por(M, M)
I'= My :bool T'F Ms : bool
Typing
I' - por(My, Ms) : bool
Evaluation

My 4, true Mo 4, true

pOI‘(Ml, MQ) Ubool true pOI’(Ml, MQ) ubool true
My {4, false Ms |, false
por (M, Ms) |,,,; false
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Plotkin’s full abstraction result

The denotational semantics of PCF+por is given by extending that
of PCF with the clause

[T - por(M;, My)](p) = por ([T F Mi](p)) ([T F Ma](p))

This denotational semantics is fully abstract for contextual
equivalence of PCF+por terms:

I'-M Zux Mo : 7 & [[Fl—Ml]]:[[Fl_MQ]]
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Tully abctrack den. sem. . PCF

® Sicbr , OHenm-Riecke ('95)
(‘ Kvi}?ka, (Dﬂfmk relahions SP \/owg,mj/ m{\Lg A
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Domain equations
dondhabions £ nomenal & pressions
For example: nese @wlmf\{—z\w Sv?\o(.a,-cﬂed*s state
E=S§— (N X S)
S=N—~E

/is)rmjres 4=t shre o

W\vd’mlou_, Metaod Haak
Applies To rwmbess

ACS L16, lecture 1 13/17



Domain equations
For example:

E=S— (NxS)
S=N—E

So E has to satisfy

E=(N—E)— (N x (N — E))

ACS L16, lecture 1 13/17



Domain equations

For example:

E=S— (NxS)
S=N—E

So E has to satisfy
E=(IN—E)—~ (INx (N —E))

Cantor: there are no such sets E.
card(RHs) 2 2 PP S ard (Liis)
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Domain equations
For example:

E=S— (NxS)
S=N—E

So E has to satisfy

E=(IN—E)—~ (INx (N —E))
Cantor: there are no such sets E.
Scolt & Plokan (~'79) : ther. awe domins ff&\’sﬁyw}

E=(N>E)—=(N,x(N-E))
(COV\ solve fix point qu&iovxs f‘w 0MAins )

ACS L16, lecture 1 13/17



