We know (a, b) = (b, a) = a = b for pairs

so why not lift the result to set product?

Theorem? (A x B=DB x A)=A=2D

Proof?

The first components of the pairsin A x B are from A.
The first components of the pairs in B x A are from B.

fA x B =B x Athenthese mustbe the same,so A = B.

Theorem? (A x B=DB x A)=A=2DB
Proof?

1.Assume A x B=DB x A

Weprove A = B,ie.Vr.r € A< e B

2. Consider an arbitrary .

We first prove the = implication.
3. Assume = € A.

4. Consider an arbitrary y € B.

5 (z,y)€e A x B bydefn x

6. (z,y)€ B x Aby1

7.z € B bydefn x

8.1 € A = z € B from 3-7 by =-introduction

9. The proof of the <= implication is symmetric
10.V z. € A < x € B from 2-9 by V-introduction

Theorem
(A x B=B x A)s(Braxe A)rnByye B)=A=D08
Proof

1. Assume A x B=DB x An(Jz.xe A)r(Fyye B)

1a. A x B =B x Afrom1 by s-elimination
1b. (3 z.z € A) from 1 by A-elimination

1c. (3 y.y € B) from 1 by -elimination
Weprove A = BjieVex € A< v e B

2. Consider an arbitrary z.

We first prove the = implication.

3. Assume = € A.

4. We have actual y € B from 1c by J-elimination
5. (z,y)€ A x B bydefn x

6. (7,9)€ B x Aby1a

7. x € B bydefn x

8.1 € A = x € B from 3-7 by =-introduction

9. The proof of the <= implication is symmetric
10.V 2.2 € A < z € B from 2-9 by V-introduction

Theorem
(A x B=B x A)sFeaxecA)rnByyeB)=A=D08

or equivalently

Theorem (A x B=D5 x A)=A=DBvA=0vB=1

using ((P » R) = Q) iff (P = () v —R) and De Morgan
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