
Constructions on domains
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Lifting and unlifting

Lift of a cpo D is the domain

D⊥ � D ∪ {⊥}

where ⊥ is some element not in D and the partially
order on D⊥ is �D ∪{(⊥, x) | x ∈ D⊥}.

ACS L16, lecture 10



Lifting and unlifting

Lift of a cpo D is the domain

D⊥ � D ∪ {⊥}

where ⊥ is some element not in D and the partially
order on D⊥ is �D ∪{(⊥, x) | x ∈ D⊥}.

Unlift of a domain D is the cpo

D↓ � {d ∈ D | d �= ⊥}

with partial order as for D.
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Discrete cpos and flat domains

The discrete cpo on a set S is given by the partial order

x �S x′ � x = x′ (all x, x′ ∈ S)

Flat domains S⊥ are the lifts of discrete cpos.
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Products
The product of two cpos (D1,�1) and (D2,�2) has
underlying set

D1 × D2 = {(d1, d2) | d1 ∈ D1 & d2 ∈ D2}

and partial order � defined by

(d1, d2) � (d′
1, d′

2) � d1 �1 d′
1 & d2 �2 d′

2

Lubs of chains are calculated componentwise:
⊔

n≥0

(d1,n, d2,n) = (
⊔

i≥0

d1,i,
⊔

j≥0

d2,j)
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⊔

n≥0

(d1,n, d2,n) = (
⊔

i≥0

d1,i,
⊔

j≥0

d2,j)

If (D1,�1) and (D2,�2) are domains so is
(D1 × D2,�) and ⊥D1×D2 = (⊥D1,⊥D2).
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Smash product and coalesced sum

Smash product of domains D and E:

D ⊗ E � (D↓ × E↓)⊥
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Smash product and coalesced sum

Smash product of domains D and E:

D ⊗ E � (D↓ × E↓)⊥

Coalesced sum of domains D and E:

D ⊕ E � (D↓ � E↓)⊥

(Disjoint union of two sets X and Y :

X � Y � {(0, x) | x ∈ X} ∪ {(1, y) | y ∈ Y}

is the coproduct of X and Y in the category of sets and functions.)
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Function cpos and domains

Given cpos (D,�D) and (E,�E), the function cpo
(D → E,�) has underlying set

D → E � { f | f : D → E is a continuous function}

and partial order: f � f ′ � ∀d ∈ D . f (d) �E f ′(d).
Lubs of chains are calculated ‘argumentwise’ (using lubs in E):

(
⊔

n≥0

fn)(d) =
⊔

n≥0

fn(d)
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Function cpos and domains

Given cpos (D,�D) and (E,�E), the function cpo
(D → E,�) has underlying set

D → E � { f | f : D → E is a continuous function}

and partial order: f � f ′ � ∀d ∈ D . f (d) �E f ′(d).
Lubs of chains are calculated ‘argumentwise’ (using lubs in E):

(
⊔

n≥0

fn)(d) =
⊔

n≥0

fn(d)

If E is a domain, then so is D → E: ⊥D→E is the
constant function mapping each d ∈ D to ⊥E.
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Domain of strict functions
Given domains D and E we get a domain

D � E � { f ∈ (D → E) | f (⊥D) = ⊥E}

with partial order, lubs of chains and least element as for
D → E.
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Domain equations
X ∼= Φ(X)

where Φ(X) is a formal expression built up from the variable X and

constants ranging over domains, using the domain constructions

(−)⊥, (−)× (−), (−)⊗ (−), (−)⊕ (−), (−) → (−)

and (−) � (−).
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Domain equations
X ∼= Φ(X)

where Φ(X) is a formal expression built up from the variable X and

constants ranging over domains, using the domain constructions

(−)⊥, (−)× (−), (−)⊗ (−), (−)⊕ (−), (−) → (−)

and (−) � (−).

Aim to show that every domain equation has a solution

D ∼= Φ(D)

that is minimal is a sense to be explained.
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