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let a =ref O 1n
fun(z : int) > (a :='!la+z ; 'a)

let b =ref O in
fun(y : int) > (b :=!'b -9y ; 0-1b)

Are these Caml expressions (of type 1nt —> int) contextually
equivalent?

\(Q/S ). Re coll o \A{OWV\O«O et =, m
ol ~ Aoy, p =



‘Logical’ simulation relation between ML programs,
parameterised by state-relations

For each state-relation r € Rel(w1, w2 ) we can define relations

€1 S’r €9 : ty (81 & Progty(wl)a €2 € Progty (wZ))

(for each type ty), with the properties (I) (1T )& (M), ..

Kripke-style worlds: wy, w2, . . . are finite sets of locations.

States in world w: | St(w) | = Z¥. Programs in world w:

Prog,,(w) | = { e € Prog,, | loc(e) C w}.
Nnon -eynp
State-relations: 7, 7', ... € | Rel(wq, w3) arekubsets of

St(wy) X St(ws2).

[x simplifies de” o <, ab grown hypes |

%
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Gt € e Shoake

:T—'F S, =V, s’/
Tan, dom(S)g- d&m( c!)

E.g,.
B,p = (fun(ink)» L:=lel; 1L), {fis0Y}

&\dsvmcqb)sq) S} = dom {C\f—yo} /



(:II[) The relationship between <, and contextual equivalence

For all types ty, finite sets w of locations, and programs
€1,€e2 C PI‘Ogty(’UJ)

e1 <ctx e2:ty iff ey <iq, €2:ty
where td,, € Rel(w, w) is the identity state-relation for w:

idy = { (s,8) | s € St(w) }.

Hence e; and es are contextually equivalent iff both ey <;4.. €2 : ty
and ez <;4.. €1 :1ly.

21



( :[) The simulation property of <,

To prove e1; <, es : ty, it suffices to show that whenever

(s1,82) €T

/
| 515 €1 = V1, 87

then there exists ' > 7 and v2, S5, such that

.
/
S24 €2 = V2, S,

\(8,17 8,2) - ’T‘,

/N

and v1 <, vg: ty.

This uses the notion of extension of state-relations:
r’ > r |holdsiff ' = r & 7’/ for some r’'—see Definition 5.1.
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s sgs/,

dom(ss!) = dum

(ssO(l) .=_{

Ss! is e Stale 1t
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(:[[) The extensionality properties of  <,. on canonical forms

e Forty € {bool, int,unit}, v1 <, wvg: ty iff v; = va.
o v1 <, vg:intrefifflvy <, 'vg:intandforalln € Z,
(v1 :=n) <, (v2 :=n) :unit.

o V1 <, va:ty, *ty,iff fst vy <, fst vy : ty, and

snd v1 <, snd v3 : ty,.

o v1 <, Vs : ty, —> ty, iffforall ¥’ > r and all v/, v
> Y1 Y2 1° Y2

/ /. / /.
V] Spr Uy ity D V107 Sy V20, 8 tY,

The last property is characteristic of (Kripke) logical relations (Plotkin 1973;
O’Hearn and Riecke 1995).

20



Outline of the proof of P =c¢tx M : 1nt —> int (cf. Slide 2)

0,p = (fun(z : int) > £y := 61 +x ; '£1), {f1 — O}
D,m = (fun(y : int) > g :="0s-z ; 0-143),{ls — 0}

Define

r = { (s1,82) | s1(£1) = —s2(£2) }| € Rel({£1}, {£2}).
Thenr > idy, ({€1 — 0}, {€2 — 0}) € r, and from Slide 20

(fun(z : int) > £y := 1 +z ; '4p) <,
(fun(y : int) -> Lg := '€y -z ; 0 - !¥3) : int -> int.

So by Slide 19, p <;q, M : int -> int.
Hence by Slide 21, p <ctx ™ : int -> int.
Similarly . < tx p : int -> int.
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Outline of the proof of P =c¢tx M : 1nt —> int (cf. Slide 2)

- S
(Z),p = (fun(a: :int) > €1 =161 + x ; !51),@1 ,_>®</

D,m = (fun(y : int) > €g :='ls-z ; 0~ !Ez),m
AN

Define

r = { (s1,82) | s1(£1) = —s2(£2) }| € Rel({£1}, {£2}).
Thenr > idy, ({€1 — 0}, {€2 — 0}) € r, and from Slide 20

S /

\4
ﬂQ(fun(a: cint) >4y =+ 1) <,

\//@L(furﬂy :int) > €y :=1ly -z ; 0 - !E@: int -> int.

So by Slide 19, p <;q, M : int -> int.
Hence by Slide 21, p <ctx ™ : int -> int.
Similarly . < tx p : int -> int.
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qE f dlide 20

Yresr YameZ . n<pn' ink = vn<,vin' :ink
f{f {slids, 20}
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v é": { (8:)52,) ] S)(@'): B Sz(zﬁ)}
'sr = vn <, vn :ink
ﬁ%: ::'F (Sbsz)ér) o s Ylb)’, Wt hane
S(L)=-5(2) = k, St

SO gl )VV\ —\—> V\' S)Ieﬂ—bV\I] 1 A
S, v'n = V\‘; SL[ [Z,.,__nr_] }L\‘W/"e n = k*\’Y\

ond N0 cink {Shideeo)

(E&H n ), S’ZEQH—WU) er {)"’br}
So Vi ér, VA ok Ihld b?r%.% simud o
\’\‘)\10\0\“./%\‘8/ o <, (Slide 19).




Summo.rg,
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Exercise (8.3, p 410)

If {é?mﬁ'ink—ﬁv\t sakisfves
o loc(f)=9
e D,fnll v all neZ
Thon 'F =N MMM_-F ik = Wb Whare
op = ek a = N
e F l[bt ::-—-vr(ejg:(ofo) in

e ) T e s ot
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A msw contextual, e.a]uiwdenc,e,

ot a=1ef0 in
ff\/\i'\(f:v\vx'rl:—vw\'@e(a::\ 530(3; Ia)
U

fan (F runb> unt) - ()1 1
- (it > unit )= ink

Valid, b camt use T Qimulabion v ]}e/lly (
To pvove 6. (Sen [1S] Exomplo 99)
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