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Aims

The aimsof this courseare to introducethe principlesand applicationsof information theory.
The coursewill study how information is measuredin terms of probability and entropy, and the
relationshipsamongconditional and joint entropies; how theseare usedto calculatethe capacity
of a communication channel,with and without noise;coding schemes,including error correcting
codes;how discretechannelsand measuresof information generaliseto their continuous forms;
the Fourier perspective; and extensionsto wavelets,complexity, compression,and e�cien t coding
of audio-visual information.

Lectures

� Foundations: probabilit y, uncertain ty, information. How conceptsof randomness,
redundancy, compressibility, noise,bandwidth, and uncertainty are related to information.
Ensembles, random variables,marginal and conditional probabilities. How the metrics of
information are groundedin the rules of probability.

� Entropies de�ned, and why they are measures of information. Marginal entropy,
joint entropy, conditional entropy, and the Chain Rule for entropy. Mutual information
betweenensemblesof random variables. Why entropy is the fundamental measureof infor-
mation content.

� Source coding theorem; pre�x, variable-, and �xed-length codes. Symbol codes.
The binary symmetric channel. Capacity of a noiselessdiscretechannel. Error correcting
codes.

� Channel t yp es, prop erties, noise, and channel capacit y. Perfect communication
through a noisy channel. Capacity of a discrete channel as the maximum of its mutual
information over all possibleinput distributions.

� Con tin uous information; densit y; noisy channel coding theorem. Extensionsof the
discreteentropiesand measuresto the continuouscase.Signal-to-noiseratio; power spectral
density. Gaussianchannels. Relative signi�cance of bandwidth and noiselimitations. The
Shannonrate limit and e�ciency for noisy continuouschannels.

� Fourier series, convergence, orthogonal represen tation. Generalisedsignal expan-
sions in vector spaces. Independence. Representation of continuous or discrete data by
complexexponentials. The Fourier basis. Fourier seriesfor periodic functions. Examples.

� Useful Fourier theorems; transform pairs. Sampling; aliasing. The Fourier trans-
form for non-periodic functions. Properties of the transform, and examples. Nyquist's
SamplingTheoremderived, and the cause(and removal) of aliasing.

� Discrete Fourier transform. Fast Fourier Transform Algorithms. E�cien t al-
gorithms for computing Fourier transforms of discrete data. Computational complexity.
Filters, correlation, modulation, demodulation, coherence.



� The quan tised degrees-of-freedom in a contin uous signal. Why a continuous sig-
nal of �nite bandwidth and duration has a �xed number of degrees-of-freedom.Diverse
illustrations of the principle that information, even in such a signal, comesin quantised,
countable, packets.

� Gab or-Heisen berg-W eyl uncertain ty relation. Optimal \Logons". Uni�cation of
the time-domain and the frequency-domainasendpoints of a continuousdeformation. The
Uncertainty Principle and its optimal solution by Gabor's expansionbasis of \logons".
Multi-resolution wavelet codes. Extension to images,for analysisand compression.

� Kolmogoro v complexit y. Minimal description length. De�nition of the algorithmic
complexity of a data sequence,and its relation to the entropy of the distribution from
which the data was drawn. Fractals. Minimal description length, and why this measureof
complexity is not computable.

Ob jectiv es

At the end of the coursestudents should be able to

� calculate the information content of a random variable from its probability distribution

� relate the joint, conditional, and marginal entropies of variables in terms of their coupled
probabilities

� de�ne channel capacitiesand properties using Shannon'sTheorems

� construct e�cien t codesfor data on imperfect communication channels

� generalisethe discreteconceptsto continuoussignalson continuouschannels

� understandFourier Transformsand the main ideasof e�cien t algorithms for them

� describe the information resolution and compressionproperties of wavelets

Recommended book

* Cover, T.M. & Thomas,J.A. (1991). Elementsof information theory. New York: Wiley.



Information Theory and Coding

Computer Science Trip os Part I I, Mic haelmas Term
11 lectures by J G Daugman

1. Overview: What is Information Theory?

Key idea: Themovements andtransformationsof information,just like
thoseof a uid, are constrainedby mathematicaland physical laws.
Theselawshave deepconnectionswith:

� probability theory, statistics,andcombinatorics

� thermodynamics(statisticalphysics)

� spectralanalysis,Fourier(andother) transforms

� samplingtheory, prediction,estimationtheory

� electricalengineering(bandwidth;signal-to-noiseratio)

� complexity theory(minimaldescriptionlength)

� signalprocessing,representation, compressibility

As such, informationtheoryaddressesandanswersthe
two fundamental questionsof communicationtheory:

1. What is the ultimate datacompression?
(answer: the entropy of the data,H , is its compressionlimit.)

2. What is the ultimate transmissionrate of communication?
(answer: the channelcapacity, C, is its rate limit.)

All communicationschemeslie in betweenthesetwo limits on the com-
pressibility of data and the capacity of a channel. Informationtheory
cansuggestmeansto achieve thesetheoreticallimits. But the subject
alsoextendsfar beyondcommunicationtheory.
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Important questions...to which InformationTheoryo�ers answers:

� How shouldinformationbe measured?

� How much additional informationis gainedby somereductionin
uncertainty?

� How do the a priori probabilitiesof possiblemessagesdetermine
the informativenessof receivingthem?

� What is the informationcontent of a randomvariable?

� How doesthe noiselevel in a communicationchannellimit its
capacity to transmit information?

� How does the bandwidth (in cycles/second)of a communication
channellimit its capacity to transmit information?

� By what formalismshouldprior knowledgebe combinedwith
incomingdata to draw formally justi�able inferencesfrom both?

� How much informationin containedin a strandof DNA?

� How much informationis therein the �ring patternof a neurone?

Historical origins and imp ortan t contributions:

� LudwigBOLTZMANN (1844-1906),physicist,showedin 1877that
thermodynamicentropy (de�ned as the energyof a statisticalen-
semble [such asa gas]dividedby its temperature: ergs/degree)is
relatedto the statistical distribution of molecularcon�gurations,
with increasingentropy correspondingto increasingrandomness.He
madethis relationshipprecisewith hisfamousformulaS = k logW
whereS de�nesentropy, W is the total number of possiblemolec-
ular con�gurations,andk is the constant which bearsBoltzmann's
name: k =1.38 x 10� 16 ergsper degreecentigrade. (The above
formula appearsasan epitaphon Boltzmann'stombstone.)This is
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equivalent to the de�nition of the information(\negentropy") in an
ensemble,all of whosepossiblestatesareequiprobable,but with a
minus signin front (and whenthe logarithmis base2, k=1.) The
deepconnectionsbetweenInformationTheoryand that branch of
physicsconcernedwith thermodynamicsand statisticalmechanics,
hingeupon Boltzmann'swork.

� LeoSZILARD(1898-1964)in 1929identi�ed entropy with informa-
tion. Heformulatedkey information-theoreticconceptsto solve the
thermodynamicparadox known as\Maxwell'sdemon"(a thought-
experiment about gasmoleculesin a partitionedbox) by showing
that the amount of informationrequiredby the demonabout the
positionsand velocitiesof the moleculeswasequal(negatively) to
the demon'sentropy increment.

� JamesClerkMAXWELL (1831-1879)originatedtheparadox called
\Maxwell'sDemon"which greatlyinuencedBoltzmannandwhich
led to the watershedinsight for informationtheorycontributed by
Szilard.At Cambridge,Maxwell foundedtheCavendishLaboratory
which becamethe originalDepartment of Physics.

� R V HARTLEY in 1928foundedcommunication theory with his
paper Transmissionof Information. He proposedthat a signal
(or a communicationchannel)having bandwidth
 over a duration
T hasa limited number of degrees-of-freedom,namely2
 T, and
thereforeit cancommunicateat mostthis quantit y of information.
Healsode�nedthe informationcontent ofanequiprobableensemble
of N possiblestatesasequalto log2 N .

� Norbert WIENER(1894-1964)uni�ed informationtheoryandFourier
analysisby derivinga seriesof relationshipsbetweenthe two. He
invented \white noiseanalysis"of non-linearsystems,andmadethe
de�nitive contribution to modelingand describingthe information
content of stochasticprocessesknown asTime Series.
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� DennisGABOR(1900-1979)crystallizedHartley'sinsight by formu-
lating a generalUncertainty Principle for information,expressing
the trade-o� for resolutionbetweenbandwidthand time. (Signals
that arewell speci�edin frequencycontent must bepoorly localized
in time, and thosethat are well localizedin time must be poorly
speci�ed in frequencycontent.) Heformalizedthe \Information Di-
agram"to describe this fundamental trade-o�, andderivedthe con-
tinuousfamily of functionswhich optimize(minimize)the conjoint
uncertainty relation. In 1974Gabor wonthe Nobel Prizein Physics
for hiswork in Fourieroptics,includingthe invention of holography.

� ClaudeSHANNON(togetherwith WarrenWEAVER) in 1949wrote
the de�nitive, classic,work in informationtheory: Mathematical
Theory of Communication. Divided into separatetreatments for
continuous-timeand discrete-timesignals,systems,and channels,
this book laid out all of the keyconceptsandrelationshipsthat de-
�ne the �eld today. In particular,heprovedthefamousSourceCod-
ing Theoremand the NoisyChannelCoding Theorem,plus many
otherrelatedresultsabout channelcapacity.

� S KULLBACK andR A LEIBLER (1951)de�nedrelative entropy
(alsocalledinformation for discrimination, or K-L Distance.)

� E T JAYNES (since1957)developed maximum entropy methods
for inference,hypothesis-testing,anddecision-making,basedon the
physicsof statisticalmechanics.Othershaveinquiredwhetherthese
principlesimposefundamental physicallimits to computationitself.

� A N KOLMOGOROV in 1965proposedthat the complexity of a
string of data canbe de�ned by the lengthof the shortestbinary
programfor computingthe string. Thus the complexity of data
is its minimal description length, and this speci�es the ultimate
compressibility ofdata. The\Kolmogorov complexity" K ofastring
is approximatelyequalto its Shannonentropy H , thereby unifying
the theoryof descriptive complexity andinformationtheory.
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2. Mathematical Foundations; Probabilit y Rules;
Bayes' Theorem

What are randomvariables?What is probability?

Randomvariablesarevariablesthat takeonvaluesdeterminedby prob-
ability distributions.Theymay bediscreteor continuous,in eithertheir
domainor their range. For example,a streamof ASCII encodedtext
charactersin a transmittedmessageis a discreterandomvariable,with
a known probability distribution for any given natural language.An
analogspeech signalrepresented by a voltageor soundpressurewave-
form asa functionof time (perhapswith addednoise),is a continuous
randomvariablehaving a continuousprobability density function.

Most of InformationTheory involvesprobability distributionsof ran-
dom variables,and conjoint or conditionalprobabilitiesde�ned over
ensemblesof randomvariables. Indeed,the informationcontent of a
symbol or event is de�nedby its (im)probability. Classically, thereare
two di�erent points of viewabout what probability actuallymeans:

� relative frequency:samplethe randomvariablea greatmany times
and tally up the fractionof timesthat each of its di�erent possible
valuesoccurs,to arrive at the probability of each.

� degree-of-belief: probability is the plausibility of a propositionor
the likelihood that a particularstate(or valueof a randomvariable)
might occur,evenif its outcomecanonly be decidedonce(e.g.the
outcomeof a particularhorse-race).

The �rst view,the \frequentist" or operationalistview, is the onethat
predominatesin statisticsand in informationtheory. However, by no
meansdoes it capturethe full meaningof probability. For example,
the propositionthat "The moonis madeof green cheese" is one
which surelyhasa probability that we shouldbe ableto attach to it.
We could assessits probability by degree-of-belief calculationswhich
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combine our prior knowledgeabout physics,geology, and dairy prod-
ucts. Yet the \frequentist" de�nition of probability couldonly assign
a probability to this proposition by performing(say) a largenumber
of repeatedtrips to the moon, and tallying up the fractionof trips on
which the moon turnedout to be a dairy product....

In eithercase,it seemssensiblethat the lessprobablean event is, the
moreinformationisgainedby notingits occurrence.(Surelydiscovering
that the moon IS madeof greencheesewould be more\informative"
than merelylearningthat it is madeonly of earth-like rocks.)

Probabilit y Rules

Most of probability theorywaslaid down by theologians:BlaisePAS-
CAL (1623-1662)whogave it the axiomatizationthat weaccepttoday;
andThomasBAYES(1702-1761)whoexpressedoneof its mostimpor-
tant andwidely-appliedpropositionsrelatingconditionalprobabilities.

Probability Theoryrestsupon two rules:

Product Rule:

p(A; B) = \joint probability of both A and B"
= p(AjB)p(B)

or equivalently,
= p(B jA)p(A)

Clearly, in caseA and B are independentevents, they arenot condi-
tionalizedon each otherandso

p(AjB) = p(A)
andp(B jA) = p(B),

in which casetheir joint probability is simplyp(A; B) = p(A)p(B).
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SumRule:
If event A is conditionalizedon a number of other events B , then the
total probability of A is the sumof its joint probabilitieswith all B :

p(A) =
X

B
p(A; B) =

X

B
p(AjB)p(B)

From the Product Ruleand the symmetrythat p(A; B) = p(B ; A), it
is clearthat p(AjB)p(B) = p(B jA)p(A). Bayes'Theoremthenfollows:

Bayes'Theorem:

p(B jA) =
p(AjB)p(B)

p(A)

The importanceof Bayes'Ruleis that it allowsusto reversethe condi-
tionalizingofevents,andto computep(B jA) fromknowledgeofp(AjB);
p(A); andp(B): Oftentheseareexpressedasprior andposterior prob-
abilities,or asthe conditionalizingof hypothesesupon data.

WorkedExample:
Supposethat a dreaddiseasea�ects 1/1000thof all people.If you ac-
tually have the disease,a test for it is positive 95%of the time, and
negative 5%of the time. If you don't have the disease,the test is posi-
tive 5%of the time. We wishto know how to interpret test results.

Supposeyou test positive for the disease.What is the likelihood that
you actuallyhave it?

We usethe above rules,with the following substitutionsof \data" D
and\hypothesis"H insteadof A andB:

D = data: the test is positive
H = hypothesis:you have the disease
�H = the otherhypothesis:you do not have the disease
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Beforeacquiringthe data, we know only that the a priori probabil-
ity of having the diseaseis .001,which setsp(H ). This is calleda prior .
We alsoneedto know p(D).

From the Sum Rule, we can calculatethat the a priori probability
p(D) of testingpositive,whatever the truth may actuallybe, is:

p(D) = p(DjH )p(H ) + p(Dj �H )p( �H ) =(.95)(.001)+(.05)(.999)= .051

and from Bayes' Rule, we canconcludethat the probability that you
actuallyhave the diseasegiven that you testedpositive for it, is much
smallerthan you may have thought:

p(H jD) =
p(DjH )p(H )

p(D)
=

(:95)(:001)
(:051)

= 0.019 (lessthan 2%).

This quantit y is calledthe posterior probability becauseit is computed
after the observation of data; it tells us how likely the hypothesisis,
givenwhatwehaveobserved. (Note: it is anextremelycommonhuman
fallacyto confoundp(H jD) with p(DjH ): In the examplegiven,most
peoplewould react to the positive test result by concludingthat the
likelihood that they have the diseaseis .95,sincethat is the \hit rate"
of the test. They confoundp(DjH ) = :95with p(H jD) = :019,which
is what actuallymatters.)

A nice featureof Bayes' Theoremis that it providesa simplemech-
anismfor repeatedlyupdatingourassessment of thehypothesisasmore
data continuesto arrive. We canapply the rule recursively, usingthe
latestposterior asthe newprior for interpretingthe next setof data.
In Arti�cial Intelligence,this featureis important becauseit allowsthe
systematicandreal-timeconstructionof interpretationsthat canbeup-
datedcontinuouslyasmoredata arrive in a time series,such asa ow
of imagesor spokensoundsthat we wishto understand.

8



3. Entropies De�ned, and Wh y They are
Measures of Information

The informationcontent I of a singleevent or messageis de�nedasthe
base-2logarithmof its probability p:

I = log2 p (1)

and its entropy H is consideredthe negative of this. Entropy canbe
regardedintuitivelyas\uncertainty," or \disorder."To gaininformation
is to loseuncertainty by the sameamount, so I and H di�er only in
sign(if at all): H = � I : Entropy andinformationhave units of bits.

Note that I asde�ned in Eqt (1) is never positive: it rangesbetween
0 and �1 as p variesfrom 1 to 0. However, sometimesthe sign is
dropped,andI isconsideredthesamething asH (aswe'll dolater too).

No information is gained(no uncertainty is lost) by the appearance
of anevent or the receiptof a messagethat wascompletelycertainany-
way (p = 1; so I = 0). Intuitively, the moreimprobablean event is,
the moreinformative it is; and sothe monotonicbehaviour of Eqt (1)
seemsappropriate.But why the logarithm?

The logarithmic measure is justi�e d by the desire for information to
be additive. We want the algebra of our measuresto reect the Rules
of Probability. When independentpacketsof information arrive, we
would like to say that the total information received is the sum of
the individual pieces. But the probabilities of independent events
multiply to give their combined probabilities, and so we must take
logarithms in order for the joint probability of independent events
or messagesto contribute additively to the information gained.

This principle can alsobe understood in terms of the combinatorics
of statespaces.Supposewehavetwo independent problems,onewith n
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possiblesolutions(or states)each having probability pn, and the other
with m possiblesolutions(or states)each having probability pm. Then
the number of combinedstatesis mn, andeach of thesehasprobability
pmpn. We would like to say that the informationgainedby specifying
the solutionto both problemsis the sum of that gainedfrom each one.
This desiredproperty is achieved:

I mn = log2(pmpn) = log2 pm + log2 pn = I m + I n (2)

A Note on Logarithms:

In informationtheorywe oftenwishto computethe base-2logarithms
of quantities, but most calculators(and tools like xcalc) only o�er
Napierian(base2.718...) and decimal(base10) logarithms. So the
followingconversionsareuseful:

log2 X = 1:443loge X = 3:322log10X

Henceforward we will omit the subscript;base-2is always presumed.

Intuitive Exampleof the Information Measure (Eqt 1):

SupposeI chooseat randomoneof the26lettersof thealphabet, andwe
play thegameof \25 questions"in which youmust determinewhich let-
ter I havechosen.I will onlyanswer `yes'or `no.' What is the minimum
number of such questionsthat you must askin orderto guarantee�nd-
ing theanswer? (What formshouldsuch questionstake?e.g.,\Is it A?"
\Is it B?" ...oris theresomemoreintelligent way to solvethis problem?)

The answer to a Yes/No questionhaving equalprobabilitiesconveys
onebit worth of information. In the above examplewith equiprobable
states,you never needto askmorethan 5 (well-phrased!)questionsto
discover the answer, even thoughthereare26 possibilities.Appropri-
ately, Eqt (1) tellsusthat theuncertainty removedasa resultof solving
this problemis about -4.7bits.
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Entropy of Ensembles

Wenow movefromconsideringthe informationcontent of a singleevent
or message,to that of anensemble.An ensembleis the setof outcomes
of oneor morerandomvariables.The outcomeshave probabilitiesat-
tached to them. In generaltheseprobabilitiesare non-uniform,with
event i having probability pi , but they must sumto 1 becauseall possi-
bleoutcomesareincluded;hencethey form a probability distribution:

X

i
pi = 1 (3)

The entropy of an ensembleis simply the averageentropy of all the
elements in it. Wecancomputetheir averageentropy by weighting each
of the logpi contributions by its probability pi :

H = � I = �
X

i
pi logpi (4)

Eqt (4) allowsus to speakof the informationcontent or the entropy of
a randomvariable,from knowledgeof the probability distribution that
it obeys.(Entropy does not depend upon the actual valuestaken by
the random variable! { Only upon their relative probabilities.)

Let us considera randomvariablethat takeson only two values,one
with probability p andthe otherwith probability (1 � p). Entropy is a
concave functionof this distribution,andequals0 if p = 0 or p = 1:
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Exampleof entropy as averageuncertainty:

The variouslettersof the written Englishlanguagehave the following
relative frequencies(probabilities),in descendingorder:

E T O A N I R S H D L C ...
.105 .072 .066 .063 .059 .055 .054 .052 .047 .035 .029 .023 ...

If they had beenequiprobable,the entropy of the ensemble would
have beenlog2(

1
26) = 4:7 bits. But their non-uniformprobabilitiesim-

ply that, for example,an E is nearly �v e timesmorelikely than a C;
surelythis prior knowledgeis a reductionin the uncertainty of this ran-
domvariable.In fact, the distributionof Englishlettershasan entropy
of only 4.0bits. This meansthat asfewasonly four `Yes/No'questions
areneeded,in principle,to identify oneof the 26lettersof the alphabet;
not �v e.

How canthis be true?

That isthesubjectmatterofShannon'sSOURCE CODING THEOREM
(so namedbecauseit usesthe \statistics of the source,"the a priori
probabilitiesof the messagegenerator,to constructan optimalcode.)

Notethe important assumption:that the \sourcestatistics"areknown!

Several further measuresof entropy needto be de�ned, involving the
marginal,joint, andconditionalprobabilitiesof randomvariables.Some
key relationshipswill thenemerge,that we canapply to the analysisof
communicationchannels.

Notation: We usecapital lettersX and Y to namerandomvariables,
and lower caseletters x and y to refer to their respective outcomes.
Thesearedrawn from particularsetsA andB: x 2 f a1; a2; :::aJ g, and
y 2 f b1; b2; :::bK g. The probability of a particularoutcomep(x = ai )
is denotedpi , with 0 � pi � 1 and P

i pi = 1.
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An ensembleis just a randomvariableX , whoseentropy wasde�ned
in Eqt (4). A joint ensemblèX Y ' is an ensemble whoseoutcomes
areorderedpairsx; y with x 2 f a1; a2; :::aJ g and y 2 f b1; b2; :::bK g.
The joint ensemble X Y de�nesa probability distribution p(x; y) over
all possiblejoint outcomesx; y.

Marginal probability: From the SumRule,we canseethat the proba-
bility of X taking on a particularvaluex = ai is the sumof the joint
probabilitiesof this outcomefor X andall possibleoutcomesfor Y:

p(x = ai ) =
X

y
p(x = ai ; y)

We cansimplify this notationto: p(x) =
X

y
p(x; y)

andsimilarly: p(y) =
X

x
p(x; y)

Conditionalprobability: From the Product Rule,we caneasilyseethat
the conditionalprobability that x = ai , giventhat y = bj , is:

p(x = ai jy = bj ) =
p(x = ai ; y = bj )

p(y = bj )

We cansimplify this notationto: p(xjy) =
p(x; y)
p(y)

andsimilarly: p(yjx) =
p(x; y)
p(x)

It isnow possibleto de�nevariousentropy measuresfor joint ensembles:

Joint entropy of X Y

H (X ; Y) =
X

x;y
p(x; y) log

1
p(x; y)

(5)

(Notethat in comparisonwith Eqt (4), we have replacedthe `{' signin
front by taking the reciprocalof p insidethe logarithm).
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Fromthis de�nition, it followsthat joint entropy is additive if X andY
areindependent randomvariables:

H (X ; Y) = H (X ) + H (Y) i� p(x; y) = p(x)p(y)

Prove this.

Conditionalentropy of an ensembleX , giventhat y = bj

measuresthe uncertainty remainingabout random variable X after
specifying that random variable Y has taken on a particular value
y = bj . It is de�ned naturally as the entropy of the probability dis-
tribution p(xjy = bj ):

H (X jy = bj ) =
X

x
p(xjy = bj ) log

1
p(xjy = bj )

(6)

If we now considerthe above quantit y averaged over all possibleout-
comesthat Y might have, each weighted by its probability p(y), then
we arrive at the...

Conditionalentropy of an ensembleX , givenan ensembleY:

H (X jY) =
X

y
p(y)

2

6
4

X

x
p(xjy) log

1
p(xjy)

3

7
5 (7)

and we know from the SumRule that if we move the p(y) term from
the outersummationover y, to insidethe innersummationover x, the
two probability termscombineandbecomejust p(x; y) summedoverall
x; y. Hencea simplerexpressionfor this conditionalentropy is:

H (X jY) =
X

x;y
p(x; y) log

1
p(xjy)

(8)

This measuresthe averageuncertainty that remainsabout X , whenY
is known.
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ChainRulefor Entropy

The joint entropy, conditionalentropy, and marginalentropy for two
ensemblesX andY arerelatedby:

H (X ; Y) = H (X ) + H (YjX ) = H (Y) + H (X jY) (9)

It shouldseemnatural and intuitive that the joint entropy of a pair of
randomvariablesis the entropy of oneplus the conditionalentropy of
the other(the uncertainty that it addsonceits dependenceon the �rst
onehasbeendiscounted by conditionalizingon it). You canderive the
ChainRulefrom the earlierde�nitions of thesethreeentropies.

Corollaryto the ChainRule:

If we have threerandomvariablesX ; Y; Z , the conditionalizingof the
joint distribution of any two of them,upon the third, is alsoexpressed
by a ChainRule:

H (X ; Y jZ ) = H (X jZ ) + H (YjX ; Z ) (10)

\IndependenceBoundon Entropy"

A consequenceof the ChainRule for Entropy is that if we have many
di�erent randomvariablesX 1; X 2; :::;X n, then the sumof all their in-
dividualentropiesis an upper boundon their joint entropy:

H (X 1; X 2; :::;X n) �
nX

i=1
H (X i ) (11)

Their joint entropy only reachesthis upper boundif all of the random
variablesareindependent.

15



Mutual InformationbetweenX andY

The mutual information betweentwo randomvariablesmeasuresthe
amount of informationthat oneconveysabout the other. Equivalently,
it measuresthe averagereductionin uncertainty about X that results
from learningabout Y. It is de�ned:

I (X ;Y) =
X

x;y
p(x; y) log

p(x; y)
p(x)p(y)

(12)

ClearlyX saysasmuch about Y asY saysabout X . Notethat in case
X andY areindependent randomvariables,then the numeratorinside
the logarithmequalsthe denominator.Thenthe logterm vanishes,and
the mutual informationequalszero,asoneshouldexpect.

Non-negativity: mutual informationis always � 0. In the event that
the two randomvariablesare perfectlycorrelated,then their mutual
information is the entropy of either onealone. (Another way to say
this is: I (X ;X ) = H (X ): the mutual informationof a randomvari-
ablewith itself is just its entropy. For this reason,the entropy H (X )
ofarandomvariableX issometimesreferredto asits self-information.)

Thesepropertiesarereectedin threeequivalent de�nitions for the mu-
tual informationbetweenX andY:

I (X ;Y) = H (X ) � H (X jY) (13)

I (X ;Y) = H (Y) � H (Y jX ) = I (Y;X ) (14)

I (X ;Y) = H (X ) + H (Y) � H (X ; Y) (15)

In a sensethe mutual informationI (X ;Y) is the intersectionbetween
H (X ) andH (Y), sinceit represents their statisticaldependence.In the
Venndiagramgiven at the top of page18, the portion of H (X ) that
doesnot lie within I (X ;Y) is just H (X jY). Theportion of H (Y) that
doesnot lie within I (X ;Y) is just H (Y jX ).
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DistanceD(X ; Y) betweenX andY

The amount by which the joint entropy of two randomvariablesex-
ceedstheir mutual informationis a measureof the \ distance" between
them:

D(X ; Y) = H (X ; Y) � I (X ;Y) (16)

Note that this quantit y satis�es the standardaxiomsfor a distance:
D(X ; Y) � 0, D(X ; X ) = 0, D(X ; Y) = D(Y; X ), and
D(X ; Z ) � D(X ; Y) + D(Y; Z ).

Relative entropy, or Kullback-Leiblerdistance

Anotherimportant measureof the \distance"betweentwo randomvari-
ables,althoughit doesnot satisfytheaboveaxiomsforadistancemetric,
is the relative entropy or Kul lback-Leibler distance. It is alsocalled
the information for discrimination. If p(x) and q(x) aretwo proba-
bility distributionsde�nedover the samesetof outcomesx, then their
relative entropy is:

DK L (pkq) =
X

x
p(x) log

p(x)
q(x)

(17)

Note that DK L (pkq) � 0, and in casep(x) = q(x) then their distance
DK L (pkq) = 0,asonemight hope. However,this metricisnot strictly a
\distance,"sincein generalit lackssymmetry:DK L (pkq) 6= DK L (qkp).

The relative entropy DK L (pkq) is a measureof the \ine�ciency" of as-
sumingthat a distribution is q(x) whenin fact it is p(x). If wehavean
optimalcodefor the distributionp(x) (meaningthat weuseon average
H (p(x)) bits, its entropy, to describe it), thenthe number of additional
bits that we would needto useif we insteaddescribed p(x) usingan
optimalcodefor q(x), wouldbe their relative entropy D K L (pkq).
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Venn Diagram: Relationship amongentropies and mutual information.

Fano'sInequality

We know that conditioningreducesentropy: H (X jY) � H (X ). It
is clearthat if X andY areperfectlycorrelated,then their conditional
entropy is 0. It shouldalsobe clear that if X is any deterministic
functionof Y, then again,thereremainsno uncertainty about X once
Y is known andsotheir conditionalentropy H (X jY) = 0.

Fano'sInequality relatesthe probability of errorPe in guessingX from
knowledgeof Y to their conditionalentropy H (X jY), whenthenumber
of possibleoutcomesis jAj (e.g.the lengthof a symbol alphabet):

Pe �
H (X jY) � 1

logjAj
(18)

The lower boundon Pe is a linearlyincreasingfunctionof H (X jY).

The \Data ProcessingInequality"

If randomvariablesX , Y, andZ form a Markov chain (i.e. the condi-
tional distribution of Z dependsonly on Y and is independent of X ),
which is normallydenotedasX ! Y ! Z , then the mutual informa-
tion must be monotonicallydecreasingover stepsalongthe chain:

I (X ;Y) � I (X ;Z ) (19)

Weturn now to applyingthesemeasuresandrelationshipsto the study
of communicationschannels.(The followingmaterialis fromMcAuley.)
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1. Foundations: Probabilit y, Uncertain ty, and Information
2. Entropies De�ned, and Wh y they are Measures of Information
3. Source Coding Theorem; Pre�x, Variable-, and Fixed-Length Codes
4. Channel T yp es, Prop erties, Noise, and Channel Capacit y
5. Con tin uous Information; Densit y; Noisy Channel Coding Theorem
6. Fourier Series, Convergence, Orthogonal Represen tation
7. Useful Fourier Theorems; Transform Pairs; Sampling; Aliasing
8. Discrete Fourier Transform. Fast Fourier Transform Algorithms
9. The Quan tized Degrees-of-F reedom in a Con tin uous Signal
10. Gab or-Heisen berg-W eyl Uncertain ty Relation. Optimal \Logons"
11. Kolmogoro v Complexit y and Minimal Description Length.

Jean Baptiste Joseph Fourier (1768 - 1830)
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In tro duction to Fourier Analysis, Synthesis, and Transforms

It has been said that the most remarkable and far-reaching relationship in all of mathemat-
ics is the simple Euler Relation,

ei� + 1 = 0 (1)

which contains the �v e most important mathematical constants, as well as harmonic analysis.
This simpleequationuni�es the four main branchesof mathematics: f 0,1g represent arithmetic,
� represents geometry, i represents algebra,and e = 2:718::: represents analysis,sinceone way
to de�ne e is to compute the limit of (1 + 1

n )n as n ! 1 .

Fourier analysis is about the representation of functions (or of data, signals, systems,...) in
terms of such complexexponentials. (Almost) any function f (x) can be represented perfectly as
a linear combination of basisfunctions:

f (x) =
X

k

ck 	 k(x) (2)

where many possiblechoicesare available for the expansionbasisfunctions 	 k(x). In the case
of Fourier expansionsin onedimension,the basisfunctions are the complexexponentials:

	 k(x) = exp(i� kx) (3)

wherethe complexconstant i =
p

� 1. A complexexponential contains both a real part and an
imaginary part, both of which are simple (real-valued) harmonic functions:

exp(i� ) = cos(� ) + i sin(� ) (4)

which you caneasilycon�rm by usingthe power-seriesde�nitions for the transcendental functions
exp, cos,and sin:

exp(� ) = 1 +
�
1!

+
� 2

2!
+

� 3

3!
+ � � � +

� n

n!
+ � � � ; (5)

cos(� ) = 1 �
� 2

2!
+

� 4

4!
�

� 6

6!
+ � � � ; (6)

sin(� ) = � �
� 3

3!
+

� 5

5!
�

� 7

7!
+ � � � ; (7)

Fourier Analysis computesthe complexcoe�cien ts ck that yield an expansionof somefunction
f (x) in terms of complexexponentials:

f (x) =
nX

k= � n

ck exp(i� kx) (8)

where the parameter � k corresponds to frequencyand n speci�es the number of terms (which
may be �nite or in�nite) usedin the expansion.

Each Fourier coe�cien t ck in f (x) is computedasthe (\inner product") projection of the function
f (x) onto onecomplexexponential exp(� i� kx) associated with that coe�cien t:

ck =
1
T

Z + T=2

� T=2
f (x) exp(� i� kx)dx (9)

where the integral is taken over one period (T) of the function if it is periodic, or from �1 to
+ 1 if it is aperiodic. (An aperiodic function is regardedas a periodic onewhoseperiod is 1 ).
For periodic functions the frequencies� k usedare just all multiples of the repetition frequency;
for aperiodic functions, all frequenciesmust be used. Note that the computedFourier coe�cien ts
ck are complex-valued.
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9 Quan tized Degrees-of-F reedom in a Con tin uous Signal

We have now encountered several theorems expressingthe idea that even though a signal
is continuous and densein time (i.e. the value of the signal is de�ned at each real-valued
moment in time), neverthelessa �nite and countable set of discrete numbers su�ces to
describe it completely, and thus to reconstruct it, provided that its frequencybandwidth is
limited.

Such theoremsmay seemcounter-intuitiv e at �rst: How could a �nite sequenceof num-
bers, at discrete intervals, capture exhaustively the continuous and uncountable stream of
numbers that represent all the valuestaken by a signal over someinterval of time?

In general terms, the reason is that bandlimited continuous functions are not as free to
vary as they might at �rst seem. Consequently , specifying their values at only certain
points, su�ces to determine their valuesat all other points.

Three examplesthat we have already seenare:

� Nyquist's Sampling Theorem: If a signal f (x) is strictly bandlimited so that it
contains no frequency components higher than W, i.e. its Fourier Transform F (k)
satis�es the condition

F (k) = 0 for jkj > W (1)

then f (x) is completely determined just by sampling its values at a rate of at least
2W. The signal f (x) can be exactly recovered by using each sampledvalue to �x the
amplitude of a sinc(x) function,

sinc(x) =
sin(� x)

� x
(2)

whosewidth is scaledby the bandwidth parameter W and whoselocation corresponds
to each of the sample points. The continuous signal f (x) can be perfectly recovered
from its discretesamplesf n ( n�

W ) just by adding all of thosedisplacedsinc(x) functions
together, with their amplitudes equal to the samplestaken:

f (x) =
X

n
f n

�
n�
W

�
sin(Wx � n� )

(Wx � n� )
(3)

Thus we see that any signal that is limited in its bandwidth to W, during some
duration T has at most 2WT degrees-of-freedom.It can be completely speci�ed by
just 2WT real numbers (Nyquist, 1911;R V Hartley, 1928).

� Logan's Theorem: If a signal f (x) is strictly bandlimited to one octave or less,so
that the highest frequency component it contains is no greater than twice the lowest
frequencycomponent it contains

kmax � 2kmin (4)

i.e. F (k) the Fourier Transform of f (x) obeys

F (jkj > kmax = 2kmin ) = 0 (5)

and
F (jkj < kmin ) = 0 (6)

and if it is also true that the signal f (x) contains no complex zeroesin common with
its Hilb ert Transform (too complicated to explain here, but this constraint serves to
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exclude families of signals which are merely amplitude-modulated versions of each
other), then the original signal f (x) can be perfectly recovered (up to an amplitude
scaleconstant) merely from knowledgeof the set f x i g of zero-crossingsof f (x) alone:

f x i g such that f (x i ) = 0 (7)

Comments:
(1) This is a very complicated, surprising, and recent result (W F Logan, 1977).

(2) Only an existencetheorem hasbeenproven. There is so far no stable constructive
algorithm for actually making this work { i.e. no known procedure that can actually
recover f (x) in all cases,within a scalefactor, from the mere knowledge of its zero-
crossingsf (x) = 0; only the existenceof such algorithms is proven.

(3) The \Hilb ert Transform" constraint (where the Hilb ert Transform of a signal
is obtained by convolving it with a hyperbola, h(x) = 1=x, or equivalently by shifting
the phaseof the positive frequencycomponents of the signal f (x) by + � =2 and shifting
the phaseof its negative frequency components by � � =2), serves to exclude ensem-
bles of signalssuch as a(x) sin(! x) where a(x) is a purely positive function a(x) > 0.
Clearly a(x) modulates the amplitudes of such signals, but it could not change any
of their zero-crossings,which would always still occur at x = 0; �

! ; 2�
! ; 3�

! , ..., and so
such signalscould not be uniquely represented by their zero-crossings.

(4) It is very di�cult to seehow to generalizeLogan's Theorem to two-dimensional
signals(such as images). In part this is becausethe zero-crossingsof two-dimensional
functions are non-denumerable (uncountable): they form continuous \snakes," rather
than a discreteand countable set of points. Also, it is not clearwhether the one-octave
bandlimiting constraint should be isotropic (the samein all directions), in which case
the projection of the signal's spectrum onto either frequency axis is really low-pass
rather than bandpass;or anisotropic, in which casethe projection onto both frequency
axesmay be strictly bandpassbut the di�eren t directions are treated di�eren tly .

(5) Logan's Theorem has been proposed as a signi�cant part of a \brain theory"
by David Marr and TomasoPoggio, for how the brain's visual cortex processesand
interprets retinal image information. The zero-crossingsof bandpass-�ltered retinal
imagesconstitute edgeinformation within the image.

� The Information Diagram: The Similarity Theorem of Fourier Analysis asserts
that if a function becomesnarrower in onedomain by a factor a, it necessarilybecomes
broader by the samefactor a in the other domain:

f (x) � ! F (k) (8)

f (ax) � ! j
1
a

jF
�

k
a

�
(9)

The Hungarian Nobel-Laureate Dennis Gabor took this principle further with great
insight and with implications that are still revolutionizing the �eld of signal processing
(basedupon wavelets), by noting that an Information Diagram representation of sig-
nals in a plane de�ned by the axesof time and frequency is fundamentally quantized.
There is an irreducible, minimal, area that any signal can possibly occupy in this
plane. Its uncertainty (or spread) in frequency, times its uncertainty (or duration) in
time, has an inescapablelower bound.
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10 Gab or-Heisen berg-W eyl Uncertain ty Relation. \Logons."

10.1 The Uncertain ty Principle

If we de�ne the \e�ectiv e support" of a function f (x) by its normalized variance, or the
normalized second-moment:

(� x)2 =

Z + 1

�1
f (x)f � (x)(x � � )2dx

Z + 1

�1
f (x)f � (x)dx

(10)

where � is the mean value, or normalized �rst-momen t, of the function:

� =

Z + 1

�1
xf (x)f � (x)dx

Z + 1

�1
f (x)f � (x)dx

(11)

and if we similarly de�ne the e�ectiv e support of the Fourier Transform F (k) of the function
by its normalized variance in the Fourier domain:

(� k)2 =

Z + 1

�1
F (k)F � (k)(k � k0)2dk

Z + 1

�1
F (k)F � (k)dk

(12)

where k0 is the mean value, or normalized �rst-momen t, of the Fourier transform F (k):

k0 =

Z + 1

�1
kF (k)F � (k)dk

Z + 1

�1
F (k)F � (k)dk

(13)

then it can be proven (by Schwartz Inequality arguments) that there exists a fundamental
lower bound on the product of thesetwo \spreads," regardlessof the function f (x):

(� x)(� k) � 1
4� (14)

This is the famous Gabor-Heisenberg-Weyl Uncertainty Principle. Mathematically it is
exactly identical to the uncertainty relation in quantum physics, where (� x) would be
interpreted as the position of an electron or other particle, and (� k) would be interpreted
as its momentum or deBroglie wavelength. We seethat this is not just a property of nature,
but more abstractly a property of all functions and their Fourier Transforms. It is thus a
still further respect in which the information in continuous signals is quantized, since the
minimal area they can occupy in the Information Diagram has an irreducible lower bound.

10.2 Gab or \Logons"

Dennis Gabor namedsuch minimal areas\logons" from the Greek word for information, or
order: l�ogos. He thus establishedthat the Information Diagram for any continuous signal
can only contain a �xed number of information \quanta." Each such quantum constitutes
an independent datum, and their total number within a region of the Information Diagram
represents the number of independent degrees-of-freedomenjoyed by the signal.
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The unique family of signalsthat actually achieve the lower bound in the Gabor-Heisenberg-
Weyl Uncertainty Relation are the complex exponentials multiplied by Gaussians. These
are sometimesreferred to as \Gab or wavelets:"

f (x) = e� (x � x0 )2=a2
e� ik 0 (x� x0 ) (15)

localized at \epoch" x0, modulated by frequency k0, and with size or spread constant a.
It is noteworthy that such wavelets have Fourier Transforms F (k) with exactly the same
functional form, but with their parametersmerely interchangedor inverted:

F (k) = e� (k� k0 )2a2
eix 0 (k� k0 ) (16)

Note that in the caseof a wavelet (or wave-packet) centered on x0 = 0, its Fourier Trans-
form is simply a Gaussiancentered at the modulation frequencyk0, and whosesize is 1=a,
the reciprocal of the wavelet's spaceconstant.

Becauseof the optimalit y of such wavelets under the Uncertainty Principle, Gabor (1946)
proposedusing them as an expansionbasis to represent signals. In particular, he wanted
them to be used in broadcast telecommunications for encoding continuous-time informa-
tion. He called them the \elementary functions" for a signal. Unfortunately, becausesuch
functions are mutually non-orthogonal, it is very di�cult to obtain the actual coe�cien ts
neededas weights on the elementary functions in order to expand a given signal in this
basis. The �rst constructive method for �nding such \Gab or coe�cien ts" was developed
in 1981 by the Dutch physicist Martin Bastiaans, using a dual basis and a complicated
non-local in�nite series.

The following diagramsshow the behaviour of Gabor elementary functions both ascomplex
wavelets, their separate real and imaginary parts, and their Fourier transforms. When a
family of such functions are parameterizedto be self-similar, i.e. they are dilates and trans-
lates of each other so that they all have a common template (\mother" and \daughter"),
then they constitute a (non-orthogonal) wavelet basis. Today it is known that an in�nite
class of wavelets exist which can be used as the expansion basis for signals. Becauseof
the self-similarity property, this amounts to representing or analyzing a signal at di�eren t
scales. This general �eld of investigation is called multi-r esolution analysis.
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Gabor wavelets are complex-valued functions, so for each value of x we have a phasor in
the complex plane (top row). Its phaseevolvesasa function of x while its magnitude grows
and decays according to a Gaussianenvelope. Thus a Gabor wavelet is a kind of localised
helix. The di�erence between the three columns is that the wavelet has been multiplied
by a complex constant, which amounts to a phase rotation. The secondrow shows the
projection of its real and imaginary parts (solid and dotted curves). The third row shows
its Fourier transform for each of these phaserotations. The fourth row shows its Fourier
power spectrum which is simply a Gaussian centred at the wavelet's frequency and with
width reciprocal to that of the wavelet's envelope.
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The �rst three rows show the real part of various Gabor wavelets. In the �rst column,
theseall have the sameGaussianenvelope, but di�eren t frequencies.In the secondcolumn,
the frequenciescorrespond to thoseof the �rst column but the width of each of the Gaussian
envelopesis inverselyproportional to the wavelet's frequency, so this set of wavelets form a
self-similar set (i.e. all are simple dilations of each other). The bottom row shows Fourier
power spectra of the corresponding complex wavelets.
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Figure 1: The real part of a 2-D Gabor wavelet, and its 2-D Fourier transform.

10.3 Generalization to Tw o Dimensional Signals

An e�ectiv e strategy for extracting both coherent and incoherent image structure is the
computation of two-dimensionalGabor coe�cien ts for the image. This family of 2-D �lters
were originally proposed as a framework for understanding the orientation-selective and
spatial-frequency-selective receptive �eld properties of neuronsin the brain's visual cortex,
and as useful operators for practical image analysis problems. These 2-D �lters are con-
jointly optimal in providing the maximum possibleresolution both for information about
the spatial frequency and orientation of image structure (in a sense\what"), simultane-
ously with information about 2-D position (\where"). The 2-D Gabor �lter family uniquely
achieves the theoretical lower bound for joint uncertainty over these four variables, as dic-
tated by the inescapableUncertainty Principle when generalizedto four-dimensional space.

These properties are particularly useful for texture analysis becauseof the 2-D spectral
speci�cit y of texture as well as its variation with 2-D spatial position. A rapid method
for obtaining the required coe�cien ts on theseelementary expansionfunctions for the pur-
poseof representing any image completely by its \2-D Gabor Transform," despite the non-
orthogonality of the expansionbasis, is possiblethrough the useof a relaxation neural net-
work. A large and growing literature now exists on the e�cien t useof this non-orthogonal
expansionbasisand its applications.

Two-dimensionalGabor �lters over the image domain (x; y) have the functional form

f (x; y) = e� [(x� x0 )2=� 2+( y� y0 )2=� 2]e� i [u0 (x� x0 )+ v0 (y� y0 )] (17)

where (x0; y0) specify position in the image, (� ; � ) specify e�ectiv e width and length, and

(u0; v0) specify modulation, which has spatial frequency ! 0 =
q

u2
0 + v2

0 and direction � 0 =
arctan(v0=u0). (A further degree-of-freedomnot included above is the relative orientation of
the elliptic Gaussianenvelope, which createscross-termsin xy.) The 2-D Fourier transform
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F (u; v) of a 2-D Gabor �lter has exactly the samefunctional form, with parameters just
interchangedor inverted:

F (u; v) = e� [(u� u0 )2 � 2+( v� v0 )2 � 2]ei [x0 (u� u0 )+ y0 (v� v0 )] (18)

The real part of onemember of the 2-D Gabor �lter family, centered at the origin (x0; y0) =
(0; 0) and with unit y aspect ratio � =� = 1 is shown in the �gure, together with its 2-D
Fourier transform F (u; v).

2-D Gabor functions can form a completeself-similar 2-D wavelet expansionbasis,with
the requirements of orthogonality and strictly compact support relaxed, by appropriate
parameterization for dilation, rotation, and translation. If we take 	( x; y) to be a chosen
generic 2-D Gabor wavelet, then we can generate from this one member a complete self-
similar family of 2-D wavelets through the generating function:

	 mpq� (x; y) = 2� 2m 	( x0; y0) (19)

where the substituted variables (x0; y0) incorporate dilations in sizeby 2� m , translations in
position (p;q), and rotations through orientation � :

x0 = 2� m [x cos(� ) + y sin(� )] � p (20)

y0 = 2� m [� x sin(� ) + y cos(� )] � q (21)

It is noteworthy that as consequencesof the similarit y theorem, shift theorem, and modu-
lation theorem of 2-D Fourier analysis, together with the rotation isomorphism of the 2-D
Fourier transform, all of these e�ects of the generating function applied to a 2-D Gabor
mother wavelet 	( x; y) = f (x; y) have corresponding identical or reciprocal e�ects on its
2-D Fourier transform F (u; v). These properties of self-similarity can be exploited when
constructing e�cien t, compact, multi-scale codesfor image structure.

10.4 Grand Uni�cation of Domains: an Entente Cor diale

Until now we have viewed \the spacedomain" and \the Fourier domain" assomehow oppo-
site, and incompatible, domains of representation. (Their variables are reciprocals; and the
Uncertainty Principle declaresthat improving the resolution in either domain must reduce
it in the other.) But we now can seethat the \Gab or domain" of representation actually
embracesand uni�es both of these other two domains. To compute the representation of
a signal or of data in the Gabor domain, we �nd its expansion in terms of elementary
functions having the form

f (x) = e� ik 0xe� (x � x0 )2=a2
(22)

The single parameter a (the space-constant in the Gaussianterm) actually builds a con-
tinuous bridge between the two domains: if the parameter a is made very large, then the
secondexponential above approaches1.0, and so in the limit our expansionbasisbecomes

lim
a!1

f (x) = e� ik 0x (23)

the ordinary Fourier basis. If the frequency parameter k0 and the size parameter a are
instead madevery small, the Gaussianterm becomesthe approximation to a delta function
at location xo, and so our expansionbasis implements pure space-domainsampling:

lim
k0 ;a! 0

f (x) = � (x � x0) (24)

Hencethe Gabor expansionbasis \contains" both domains at once. It allows us to make
a continuous deformation that selectsa representation lying anywhere on a one-parameter
continuum betweentwo domains that were hitherto distinct and mutually unapproachable.
A new Entente Cordiale, indeed.
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Reconstruction of Lena:  25, 100, 500, and 10,000 Two-Dimensional Gabor Wavelets


Figure 2: Illustration of the completenessof 2-D Gabor wavelets as basis functions.
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11 Kolmogoro v Complexit y and Minimal Description Length

An idea of fundamental importance is the measureknown as Kolmogorov complexity: the
complexity of a string of data is de�ned as the length of the shortest binary program for
computing the string. Thus the complexity is the data's \minimal description length."

It is an amazing fact that the Kolmogorov complexity K of a string is approximately
equal to the entropy H of the distribution from which the string is a randomly drawn
sequence.Thus Kolmogorov descriptive complexity is intimately connectedwith informa-
tion theory, and indeed K de�nes the ultimate data compression. Reducing the data to a
program that generatesit exactly is obviously a way of compressingit; and running that
program is a way of decompressingit. Any set of data can be generatedby a computer
program, even if (in the worst case)that program simply consistsof data statements. The
length of such a program de�nes its algorithmic complexity.

It is important to draw a clear distinction between the notions of computational com-
plexity (measuredby program execution time), and algorithmic complexity (measuredby
program length). Kolmogorov complexity is concerned with �nding descriptions which
minimize the latter. Little is known about how (in analogy with the optimal properties
of Gabor's elementary logons in the 2D Information Plane) one might try to minimize
simultaneously along both of theseorthogonal axesthat form a \Complexit y Plane."

Most sequencesof length n (where \most" considers all possible permutations of n
bits) have Kolmogorov complexity K closeto n. The complexity of a truly random binary
sequenceis as long as the sequenceitself. However, it is not clear how to be certain of
discovering that a given string has a much lower complexity than its length. It might be
clear that the string

0101010101010101010101010101010101010101010101010101010101010101

hasa complexity much lessthan 32 bits; indeed, its complexity is the length of the program:
Print 32 "01"s . But consider the string

0110101000001001111001100110011111110011101111001100100100001000

which looks random and passesmost tests for randomness. How could you discover that
this sequenceis in fact just the binary expansionfor the irrational number

p
2� 1, and that

therefore it can be speci�ed extremely concisely?
Fractals are examplesof entities that look very complex but in fact are generatedby

very simple programs (i.e. iterations of a mapping). Therefore, the Kolmogorov complexity
of fractals is nearly zero.

A sequencex1; x2; x3; :::; xn of length n is said to be algorithmically random if its Kol-
mogorov complexity is at least n (i.e. the shortest possibleprogram that can generatethe
sequenceis a listing of the sequenceitself ):

K (x1x2x3:::xn jn) � n (25)

An in�nite string is de�ned to be incompressibleif its Kolmogorov complexity, in the limit
as the string gets arbitrarily long, approachesthe length n of the string itself:

lim
n!1

K (x1x2x3:::xn jn)
n

= 1 (26)

An interesting theorem, called the Strong Law of Large Numbers for IncompressibleSe-
quences, assertsthat the proportions of 0's and 1's in any incompressiblestring must be
nearly equal! Moreover, any incompressiblesequencemust satisfy all computable statistical
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tests for randomness. (Otherwise, identifying the statistical test for randomnessthat the
string failed would reduce the descriptive complexity of the string, which contradicts its
incompressibility.) Therefore the algorithmic test for randomnessis the ultimate test, since
it includes within it all other computable tests for randomness.
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