Discrete cpo’s and flat domains

For any set X, the relation of equality

zCo & o=y (z,2" € X)

LeCture 3 makes (X, C) into a cpo, called the cpo with underlying
set X.
Constructions on Domains Let X | ' xu {L}, where L is some element not in X. Then

dcd ¥ d=d)vd=1) d,decX))

makes (X |, C) into a domain (with least element L), called the
domain determined by X.

Binary product of cpo’s and domains Continuous functions of two arguments

Proposition. Let D, E, I' be cpo’s. A function
f (D x E)— F is monotone if and only if it is monotone in
each argument separately:

The of two cpo’s (D1, 1) and (D2, C2) has underlying
set
Dy x Dy = {(dl,dz) ‘ di € Dy & dy € D2}

and partial order C defined by vd,d €Dec E.dCd = f(de)Ef(de)
B . Vd e D,e,e' € E.eC e = f(d,e) C f(d,é).
(d1,d2) C (df, d5) € a dy & dy Ty dy .

Moreover, it is continuous if and only if it preserves lubs of chains

Lubs of chains are calculated componentwise: in each argument separately:
|_| (dins d2,n) = (|_| dii, |_| da,j) - S |_| i , €) = |_| f(dm.e)
n>0 120 7=>0 m>0 m>0

If (D1,C1) and (D2, Co) are domains so is (D1 x Dy, C) f(d, |_| en) = f(d,en).

_ >0 >0
and L p, xp, _(J—Dla—]—Dg)- nz n



Function cpo’s and domains

Given cpo’s (D, Cp) and (E,Cp), the
(D — E, C) has underlying set

def
D—E = {f|f:D— Eisa continuous function}

and partial order: f C f’ M v e D. f(d) Cg f'(d).

Lubs of chains are calculated ‘argumentwise’ (using lubs in F):

| | fo = 2deD. || fuld) .

n>0 n>0

If ¥ is a domain, thensois D — Fand L p_.p(d) = Lg,all
deD.

Continuity of the fixpoint operator

Continuity of composition

Let D be a domain.

By Tarski’'s Fixed Point Theorem we know that each
continuous function f € (D — D) possesses a least
fixed point, fiz(f) € D.

Proposition. The function
fiz : (D— D)— D

is continuous.

For cpo’s D, E, F', the composition function
o: ((E—>F)><(D—>E)) — (D — F)
defined by setting, forall f € (D — E)andg € (F — F),
gof = AeD.g(f(d)

is continuous.



