
Computer Vision

Computer Science Trip os: 16 Lectures by J G Daugman

1. Overview. Goals of computer vision; why they are so di�cult.

2. Image sensing, pixel arra ys, CCD cameras. Image coding.

3. Biological visual mechanisms, from retina to primary cortex.

4. Mathematical operations for extracting structure from images.

5. Edge detection operators; the Laplacian and its zero-crossings.

6. Multi-resolution. Activ e Con tours. Wavelets as visual primitiv es.

7. Higher brain visual mechanisms; streaming; recipro cal feedback.

8. Texture, colour, stereo, and motion descriptors. Disam biguation.

9. Lam bertian and specular surface prop erties. Re
ectance maps.

10. Shape description. Codons; superquadrics and surface geometry .

11. Perceptual psychology and cognition. Vision as mo del-building.

12. Lessons from neurological trauma and de�cits. Visual illusions.

13. Bayesian inference in vision. Classi�ers; probabilistic metho ds.

14. App earance-based versus mo del-based vision. Query languages.

15. Vision as a set of inverse problems. Regularisation.

16. Case study: face detection and recognition; face in terpretation.



Syllabus for Computer Vision

Aims

The aims of this courseare to introduce the principles, models and applications of com-
puter vision, as well as somemechanismsusedin biological visual systemsthat may inspire
designof arti�cial ones. The coursewill cover: imageformation, structure, and coding; edge
and feature detection; neural operators for image analysis; texture, colour, stereo, motion;
wavelet methods for visual coding and analysis;interpretation of surfaces,solids,and shapes;
data fusion; probabilistic classi�ers; visual inferenceand learning; and facerecognition.

Lectures

� Goals of computer vision; why they are so di�cult. How imagesare formed, and the
ill-p osedproblem of making 3D inferencesfrom them about objects and their properties.

� Image sensing,pixel arrays, CCD cameras. Image coding and information measures.
Elementary operations on imagearrays.

� Biological visual mechanismsfrom retina to cortex. Photoreceptorsampling; receptive
�eld pro�les; spike trains; channelsand pathways. Neural imageencoding operators.

� Mathematical operations for extracting image structure. Finite di�erences and direc-
tional derivatives. Filters; convolution; correlation. 2D Fourier domain theorems.

� Edge detection operators; the information revealedby edges. The Laplacian operator
and its zero-crossings.Logan'sTheorem.

� Multi-resolution representations. Activ e contours. 2D waveletsas visual primitiv es.

� Higher level visual operationsin brain cortical areas.Multiple parallel mappings;stream-
ing and divisions of labour; reciprocal feedback through the visual system.

� Texture, colour, stereo,and motion descriptors. Disambiguation and the achievement of
invariances.

� Lambertian and specular surfaces.Re
ectance maps. Image formation geometry. Dis-
counting the illuminant when infering 3D structure and surfaceproperties.

� Shape representation. Inferring 3D shape from shading; surfacegeometry. Boundary
descriptors;codons;superquadricsand the \2.5-Dimensional" sketch.

� Perceptual psychology and visual cognition. Vision as model-building and graphics in
the brain. Learning to see.

� Lessonsfrom neurological trauma and visual de�cits. Visual illusions and what they
may imply about how vision works.

� Bayesianinferencein vision; knowledge-driven interpretations. Classi�ers. Probabilistic
methods in vision.

� Object-centred coordinates. Appearance-basedversusvolumetric model-basedvision.

� Vision as a set of inverseproblems; mathematical methods for solving them: energy
minimisation, relaxation, regularisation.

� Approachesto facedetection, facerecognition, and facial interpretation.
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Ob jectiv es

At the end of the coursestudents should:

� understand visual processingfrom both \b ottom-up" (data oriented) and \top-down"
(goalsoriented) perspectives

� be able to decomposevisual tasks into sequencesof imageanalysisoperations, represen-
tations, speci�c algorithms, and inferenceprinciples

� understand the rolesof imagetransformations and their invariancesin pattern recogni-
tion and classi�cation

� be able to analysethe robustness,brittleness, generalisability, and performanceof dif-
ferent approachesin computer vision

� be able to describe key aspects of how biological visual systemsencode, analyse,and
represent visual information

� be able to think of ways in which biological visual strategiesmight be implemented in
machine vision, despitethe enormousdi�erences in hardware

� understandin depth at leastoneimportant application domain, such asfacerecognition,
detection, or interpretation

Recommended book

Shapiro,L. & Stockman, G. (2001). Computer Vision. Prentice Hall.

Other resources on-line

Annotated Computer Vision Bibliography:
http://iris.usc.edu/Vision-Notes/bibliography/contents.html

\The Computer Vision Homepage"(CarnegieMellon University):
http://www-2.cs.cmu.edu/ � cil/vision.html

Intel Open SourceComputer Vision Library:
http://www.intel.com/technology/computing/opencv/index.htm
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1 Overview. Goals of computer vision; why they are so di�cult.

Computer vision seeksto generateintelligent and usefuldescriptionsof visual
scenesand sequences,and of the objects that populate them, by performing
operations on the signalsreceived from video cameras.

Someexamplesof computer vision applications and goals:

� automatic facerecognition, and interpretation of expression

� visual guidanceof autonomousvehicles

� automated medical imageanalysis,interpretation, and diagnosis

� robotic manufacturing: manipulation, grading, and assembly of parts

� OCR: recognition of printed or handwritten charactersand words

� agricultural robots: visual grading and harvesting of produce

� smart o�ces: tracking of personsand objects; understandinggestures

� biometric-basedvisual identi�cation of persons

� visually endowed robotic helpers

� security monitoring and alerting; detection of anomaly

� intelligent interpretive prosthesesfor the blind

� tracking of moving objects; collision avoidance;stereoscopicdepth

� object-based(model-based)compressionof video streams

� generalsceneunderstanding

In many respects, computer vision is an \AI-complete" problem: building
general-purpose vision machines would entail, or require, solutions to most
of the generalgoalsof arti�cial intelligence. It would require �nding ways of
building 
exible and robust visual representations of the world, maintaining
and updating them, and interfacing them with attention, goalsand plans.

Like other problemsin AI, the challengeof vision can be described in terms of
building a signal-to-symbol converter. The external world presents itself only
as physical signals on sensorysurfaces(such as videocamera, retina, micro-
phone...), which explicitly expressvery little of the information required for
intelligent understandingof the environment. Thesesignalsmust be converted
ultimately into symbolic representations whosemanipulation allows the ma-
chine or organismto interact intelligently with the world.
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Although vision seemslikesuch an e�ortless and immediatefaculty for humans
and other animals, it has proven exceedinglydi�cult to automate. Someof
the reasonsfor this include the following:

1. An imageis a two-dimensionaloptical projection, but the world we wish
to make senseof visually is three-dimensional. In this respect, vision is
\inverse optics:" we needto invert the 3D � ! 2D projection in order to
recover world properties (object properties in space);but the 2D � ! 3D
inversionof such a projection is, strictly , mathematically impossible.

In another respect, vision is \inverse graphics:" graphicsbeginswith a 3D
world description(in terms of object and illuminant properties,viewpoint,
etc.), and \merely" computesthe resulting 2D image, with its occluded
surfaces,shadingand shadows, gradients, perspective, etc. Vision has to
perform exactly the inverseof this process!

A classicaland central problem in computer vision is face recognition.
Humansperform this task e�ortlessly, rapidly, reliably, and unconsciously.
(We don't even know quite how we do it; like somany tasksfor which our
neural resourcesare so formidable, we have little \cognitiv e penetrance"
or understandingof how we actually perform facerecognition.) Consider
thesethree facial images(from Pawan Sinha, MIT, 2002):

Which two pictures show the sameperson?

Most algorithms for computer vision select1 and 2 as the sameperson,
sincethose imagesare more similar than 1 and 3.
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2. Very fewvisual taskscanbesuccessfullyperformedin a purely data-driven
way (\b ottom-up" image analysis). Consider the next image example:
the foxes are well camou
aged by their textured backgrounds; the foxes
occludeeach other; they appear in several di�eren t posesand perspective
angles;etc. How can there possiblyexist mathematical operatorsfor such

an imagethat can:

� perform the �gure-ground segmentation of the scene(into its objects
and background)

� infer the 3D arrangements of objects from their mutual occlusions

� infer surfaceproperties (texture, colour) from the 2D imagestatistics

� infer volumetric object properties from their 2D imageprojections

� and do all of this in \real time?" (This matters quite a lot in the
natural world \red in tooth and claw," sincesurvival dependson it.)
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Consider now the actual image data of a face, shown as a pixel array
with luminanceplotted asa function of (X,Y) pixel coordinates. Can you
seethe facein this image,or even segment the facefrom its background,
let alone recognizethe face? In this form, the image reveals both the
complexity of the problem and the poverty of the data.

This \counsel of despair" can be given a more formal statement:

Most of the problemswe needto solve in vision are il l-posed, in Hadamard's
sensethat a well-posed problem must have the following set of properties:

� its solution exists;

� its solution is unique;

� its solution dependscontinuously on the data.

Clearly, few of the taskswe needto solve in vision are well-posedproblemsin
Hadamard'ssense.Considerfor examplethe problemsof:

� infering depth properties from an image

� infering surfaceproperties from imageproperties

� infering coloursin an illuminant-invariant manner

� infering structure from motion, shading,texture, shadows, ...
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� infering a 3D shape unambiguously from a 2D line drawing:

� interpreting the mutual occlusionsof objects, and stereodisparity

� recognizinga 3D object regardlessof its rotations about its three axesin
space(e.g. a chair seenfrom many di�eren t angles)

� understandingan object that hasnever beenseenbefore:

� etc. ...

...but enoughcounselof despair. Let us begin with understanding what an
imagearray is.

7



2 Image sensing, pixel arra ys, CCD cameras, image coding.

A CCD video cameracontains a densearray of independent sensors,which
convert incident photons focusedby the lens onto each point into a charge
proportional to the light energythere. The local charge is \coupled" (hence
CCD) capacitively to allow a voltage (V=Q/C) to be read out in a sequence
scanningthe array. The number of pixels (picture elements) rangesfrom a
few 100,000to many millions (e.g. 6 MegaPixel) in an imaging array that is
about 1 cm2 in size,so each pixel sensingelement is only about 3 microns in
width. The photon 
ux into such small catchment areasis a factor limiting
further increasesin resolution by simply building denserimaging arrays. Note
also that 3 microns is only 6 times larger than the wavelength of a photon of
light in the visible spectrum (yellow � 500nanometersor nm).

Spatial resolution of the image is thus determined both by the density of el-
ements in the CCD array, and by the properties of the lens which is forming
the image. Luminanceresolution (the number of distinguishablegrey levels)
is determinedby the number of bits per pixel resolved by the digitizer, and by
the inherent signal-to-noiseratio of the CCD array.

Colour information arises(conceptually if not literally) from three separate
CCD arrays precededby di�eren t colour �lters, or mutually embeddedassub-
populations within a single CCD array. In the caseof composite (analog)
video, colour is encoded either as a high-frequency\chrominanceburst" (to
be separatelydemodulated and decoded); or elseput on a separatechannel
(\luma" and \chroma" portions of an S signal); or elseprovided as three sep-
arate RGB colour channels (red, green, blue). Colour information requires
much lessresolution than luminance,and somecoding schemesexploit this.

A framegrabber or a strobed sampling block in a digital cameracontains a
high-speedanalogue-to-digitalconverter which discretizesthis videosignalinto
a byte stream. Conventional video formats include NTSC (North American
standard): 640� 480pixels, at 30 frames/second(actually there is an interlace
of alternate lines scannedout at 60 \�elds" per second);and PAL (European,
UK standard): 768� 576pixels, at 25 frames/second.

Note what a vast 
o od of data is a video stream: 768� 576 pixels/frame �
25 frames/sec= 11 million pixels/sec. Each pixel may be resolved to 8 bits in
each of the three colour planes,hence24� 11 million = 264 million bits/sec.
How canwe possiblycope with this data 
ux, let aloneunderstandthe objects
and events creating such an imagestream?
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2.1 Image formats and sampling theory

Imagesare represented as rectangular arrays of numbers representing image
intensities at particular locations. Each element of such an array is called a
pixel, for picture element. A colour imagemay berepresented in threeseparate
such arrays called\colour planes,"containing red, green,and blue components
as monochromatic images.An imagewith an oblique edgemight look like:

0 0 0 1 1 0
0 0 1 2 10 0
0 1 2 17 23 5
0 3 36 70 50 10
1 10 50 90 47 12
17 23 80 98 85 30

There are many di�eren t image formats used for storing and transmitting
imagesin compressedform, since raw imagesare large data structures that
contain much redundancy(e.g. correlationsbetweennearby pixels) and thus
are highly compressible.Di�eren t formats are specializedfor compressibility,
manipulabilit y, or the properties of printers and browsers.Someexamples:

� .jpeg - ideal for variable compressionof continuouscolour images,with a
\qualit y factor" (typically 75) that can be speci�ed. Useful rangeof DCT
compressiongoesfrom 100:1(\lossy") to about 10:1(almost lossless).

� .mpeg- a stream-oriented, compressive encoding schemeusedmainly for
video (but also multimedia). Individual image frames are .jpeg com-
pressed,but an equal amount of redundancy is removed temporally by
inter-frame predictive coding and interpolation.

� .gif - ideal for sparsebinarized images.Only 8-bit colour. Very compres-
sive and favoured for web-browsersand other bandwidth-limited media.

� .tiff - A complex umbrella class of t agged i mage f ile f ormats with
randomly embeddedtags and up to 24-bit colour. Non-compressive.

� .bmp - a non-compressive bit-mapped format in which individual pixel
valuescan easily be extracted.

In addition there are varieties of colour coordinates usedfor \colour separa-
tion," such as HSI (Hue, Saturation, Intensity), or RGB (Red, Green,Blue),
CMY, etc. But regardlessof the sensorproperties and coding format used,
ultimately the image data must be represented numerically pixel by pixel.
Typically this involvesthe conversion(e.g. by a tool such asxv) of the various
compressedformats into .bmp, with an embeddedheaderof formatting data.
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The total number of independent pixels in an imagearray determinesthe spa-
tial resolution of the image. Independent of this is the grey-scale(or colour)
resolution of the image, which is determined by the number of bits of infor-
mation speci�ed for each pixel. Theseseparatedimensionsare illustrated in
the following family of images,showing the e�ects of di�ering quantization
accuraciesfor spatial and luminance information.

It is typical for a monochromatic (\black & white") image to have resolu-
tion of 8 bits/pixel. This creates256 di�eren t possible intensity values for
each pixel, from black (0) to white (255), with all shadesof grey in between.
A full-colour imagemay be quantized to this depth in each of the three colour
planes,requiring a total of 24 bits per pixel. However, it is commonto rep-
resent colour more coarselyor even to combine luminance and chrominance
information in such a way that their total information is only 8 or 12bits/pixel.

Becausequantized image information is thus fundamentally discrete, the op-
erations from calculus which we might want to perform on an image, like
di�eren tiation (to �nd edges)or integration (to perform convolutions or trans-
forms), must be donein their discreteforms. The discreteform of a derivative
is a �nite di�er ence. The discrete form of an integral is a (suitably normal-
ized) summation. However, for the sake of conceptual familiarit y, it is still
commonplacein computervision to represent such operationsusingtheir usual
notations from continuousmathematics,with the understandingthat the oper-
ation itself (aswith everything elsein Computer Science!)is of coursediscrete.

The discretenessof image arrays imposesan upper limit on the amount of
information they can contain. One way to describe this is by the total bit
count, but this doesnot relate to the optical properties of imageinformation.
A better way is through Nyquist's Theorem, which tells us that the highest
spatial frequencycomponent of information contained within the imageis equal
to one-halfthe samplingdensity of the pixel array. (Intuitiv ely, this is because
at least two samplesare required to signify a single cycle of a sinewave: its
peak and its trough.) Thus, a pixel array containing 640 columns can rep-
resent spatial frequency components of image structure no higher than 320
cycles/image. For the samereason,if image frames are sampled in time at
the rate of 30 per second,then the highest temporal frequencycomponent of
information contained in the imagesequenceis 15 Hertz.
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3 Biological visual mechanisms, from retina to primary cortex.

A strategy that has long inspired researchers in Computer Vision, whether
they work on low-level problems (such as sensordesign, image coding, and
feature extraction), or high-level problems(such aspattern recognition, infer-
ence,and visual learning), is:

Neurobiological Visual Principles =) Mac hine Vision

The structure of biological nervoustissueand the nature of events that occur in it are utterly
di�eren t from thosefound in computing hardware. Yet sincethe only general-purposevisual
systemsthat exist today are the biological ones,let us learn what we can from \w etware."
Neurons are sluggish but richly interconnecteddeviceshaving both analogueand discrete

aspects. Fundamentally they consist of an enclosingmembrane that can separateelectrical
charge(hencethere is generallya voltage di�erence betweeninside and out). The membrane
is a lipid bilayer that has a capacitanceof about 10,000� Farads/cm2, and it also has pores
that are di�eren tially selective to di�eren t ions (mainly Na+ , K+ , and Cl� ). Theseion species
enter or leave a neuron through protein poresstudding its lipid membrane, acting asconduc-
tances(henceas resistors). The resistorsfor Na+ and K+ have the further crucial property
that their resistanceis not constant, but voltage-dependent. Henceas more positive ions
(Na+ ) 
o w into the neuron, the voltagebecomesmore positive on the inside, and this further
reducesthe membrane's resistanceto Na+ , allowing still more to enter. This catastrophic
breakdown in resistanceto Na+ constitutes a nerve impulse. Within about a mseca slower
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but opposite e�ect involving K+ takesover, eventually restoring the original voltage. Follow-
ing a short refractory period of about 2 msecduring which ions are actively pumped back
in opposite directions to reach their original electro-osmoticequilibrium concentrations, the
neuronis ready for action again. Meanwhile, the impulsethus generatedpropagatesdown the
axon, at a speedof about 100 m/sec. This signalling pulsecan be described as discrete,but
the antecedent summationsof current 
o ws into the neuron(from various in
uences by other
neurons)which causedthe catastrophic impulse are fundamentally analogueevents.

Overall, the human brain contains about 100billion neurons(1011). On averageeach neuron
may have connectionswith about 1,000to 10,000others,and sothe total number of synapses
(= junctions between neurons) in the brain is a staggering1015. Yet balancedagainst this
massive connectivity, is the surprising sluggishnessof neurons: as indicated above, the time
courseof nerve impulse generationprevents \clo cking" of nerve pulsesany faster than about
300 Hz. Neural activit y is fundamentally asynchronous: there is no master clock on whose
edgesthe events occur. A further contrast with computing systemsis that it is rarely possible
to distinguish betweenprocessingand communications, aswe do in computing. In the brain,
there are just impulsesimplementing both, by exchangeof signalsamongstneurons. It is not
somuch a hierarchical architecture asa parallel one,with reciprocal connectionsamongstdif-
ferent areas.About 2/3 r ds of the brain receivesvisual input; wearequite fundamentally visual
creatures.There are some30 known di�eren t visual areas,of which the primary visual cortex
in the occipital lobe at the back of the brain hasbeenthe most extensively studied.

The mammalianeye is formed from a collapsedventrical of the brain. The retina is about
1 mm thick and contains about 120million light-sensitive photoreceptors, of which only 6 mil-
lion are cones(in 3 wavelength-selective classesnominally red, blue, and green)and the vast
remainder are rods which do not discriminate in wavelength. The visible spectrum of light
consistsof wavelengthsin the rangeof 400nm- 700nm. Rods are specialisedfor much lower
light intensities than cones;they subserve our \nigh t vision" (hencethe absenceof perceived
colour at night), and they pool together their responses(hencetheir much poorer spatial res-
olution). Conesexist primarily near the fovea, in about the central 20� (seediagram), where
their responsesremain individual and thus they detect with high spatial resolution. But cone
light sensitivity is much lessthan rods, functioning only at higher light levels,and sowe really
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have a dual systemwith two barely overlapping dynamic ranges.The total dynamic rangeof
human vision (range of light intensities that can be processed)is a staggering1011 to 1. At
the low end, we can reliably \see" individual photons (i.e. reliably have a visual sensation
when at most a few photons reach the retina in a burst).

Rodsand conesaredistributed acrossthe retina in jointly embeddedhexagonallattices but
with varying relative densities,depending on eccentricit y (distance from the fovea,measured
in degrees).The hexagonallattices are imperfect (incoherent rather than crystalline), which
is believed to help prevent aliasing of high resolution information.

The retina is a multi-layeredstructure, containing 3 nuclear layers (of neurons)plus 2 plexi-
form layers(for interconnectionsamongstthe neurons). Paradoxically, the photoreceptorsare
at the back, solight must �rst travel through all of the rest of the retina beforebeingabsorbed
by the pigments in the rods and cones. There are basically two directions of signal 
o ws in
the retina: longitudinal (photoreceptors! bipolar cells ! ganglion cells); and lateral (via
horizontal cells in the outer plexiform layer, and amacrinecells in the inner plexiform layer).
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Only in a very crude sensecan one describe the retina as an \image capture" device like a
camera,having analogueinput phototransducersthat convert photons into voltage changes,
and discreteoutput devicesthat sendpulsesdown the optic nerve. This simpleview is quickly
discardedby recognisingthat there are120million \input channels" (the photoreceptors,sim-
ilar in a senseto pixels), but only 1 million \output channels" (the axonsof the ganglioncells
which constitute the optic nerve). Clearly the retina is alreadydoing a lot of processingof the
image, and it sendsits coded results to the brain: not merely a raw converted image array.
The retina is a part of the brain.

The nature of retinal signal processingmight be summarisedas:

� imagesamplingby photoreceptortransducers,with pooling of signalsfrom rods

� spatial centre-surround comparisonsimplemented by bipolar cells (direct central input
from photoreceptors,minus surround inhibition via horizontal cells)

� temporal di�eren tiation by amacrinecells,subservingmotion sensitivity

� separatecoding of \sustained" versus\transient" imageinformation by di�eren t classes
of ganglioncells (large receptive �elds , transient; small �elds , sustained)

� initial colourseparationby \opp onent processing"channels(yellow vs blue; red vs green)
coupledsometimeswith spatial opponency(on-centre, o�-surround)

� generationof nerve impulsespikesin a parallel temporal modulation codeon the 1 million
�bres of the optic nerve from each eye (= 2nd Cranial Nerve)

There is both convergence(fan-in) and divergence(fan-out) of signalsthrough the retina:
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3.1 Receptiv e �eld structure in the retina

The spatial structuring of excitatory and inhibitory in
uences amongstneuronsin the retina
gives them their properties as imageoperators. Similarly for the temporal structure of their
interactions. In both spaceand time, retinal neuronscan thus be described as �lters ; and
to the extent that they act as linear devices(having the properties of proportionalit y and
superposition of responsesto components of stimuli), their behaviour can be fully understood
(and evenpredictedfor arbitrary images)through Fourier analysisand the other toolsof linear
systemsanalysis. An important aspect of retinal receptive �elds { asdistinct from thosefound
in most neuronsof the visual cortex { is that their spatial structure is isotropic, or circularly
symmetric, rather than oriented.

� Photoreceptorsrespond to light by hyperpolarising(the voltageacrossthe cell membrane
becomesmore negative inside, for vertebrates; the opposite is true for invertebrates).
Their \receptive �eld" is just their own cross-sectionfor absorbing light, a small disk
about 3 � in diameter on the human retina, about a minute of visual arc.

� Horizontal cellspool together the responsesfrom largenumbersof photoreceptorswithin
a local area. With these\surround" signals,they inhibit bipolar cells(hencethe name).

� Bipolar cells are the �rst to have a \centre-surround" receptive �eld structure: their
responseto light in a central disk is opposite from their responseto light in the local
surrounding area. Field boundariesare circular and roughly concentric (i.e. annular).

� Amacrine cellsare \on-o�" in temporal, as opposedto spatial, terms.

� Ganglion cells combine thesespatial and temporal responseproperties and thus serve
as integro-di�erential imageoperatorswith speci�c scalesand time constants. Moreover
they convert their responsesto impulsesin a spike frequencycode, traveling down their
axons which are the �bres of the optic nerve to the thalamus and thence on to the
primary visual cortex in the brain.

3.2 Visual cortical architecture and receptiv e �eld structure

The optic nerve from each eye splits into two halves at the optic chiasm, each portion con-
tinuing on to only oneof the two cerebralhemispheresof the brain. The optic nerve portion
containing signalsfrom the nasal half of each retina crossesover to project only to the con-
tralateral (opposite) brain hemisphere;whereasthe optic nerve portion bearing signalsfrom
the temporal half of each eye projects only to the ipsilateral (sameside) brain hemisphere.
Sincethe optical imageon each retina is inverted, this meansthat the left-half of the visual
world (relative to the point of gaze�xation) is directly \seen" only by the right brain; and
the right-half of the visual world only by the left brain. It is almost interesting to askwhy we
don't seesomekind of seamgoing down the middle... (Ultimately the two brain hemispheres
share all of their information via a massive connecting bundle of 500 million commissural
�bres called the corpuscallosum.)

The optic nerve projections to each visual cortex pass �rst to a 6-layered structure called
the lateral geniculatenucleus(LGN), in a polysensoryorgan of the midbrain called the tha-
lamus. It is an intriguing fact that this so-called\relay station" actually receives 3 times
more descending(e�erent) �bres projecting back down from the cortex, as it doesascending
(a�erent) �bres from the eyes. Could it be that this con
uence comparescortical feedback
representing hypothesesabout the visual scene,with the incoming retinal data in a kind of
predictive coding or hypothesistesting operation? Several scientists have proposedthat \vi-
sion is graphics" (i.e. what weseeis really our own internally generated3D graphics,modelled
to �t the 2D retinal data, with the model testing and updating occuringherein the thalamus).
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The right-eye and left-eye innervations from each LGN to the primary visual cortex in the
occipital lobe of that hemisphereare inter-woven into \slabs," or columns, in which neurons
receive input primarily from just one of the eyes. Theseocular dominancecolumns have a
cycle of about 1 mm and resemble �ngerprin ts, as seenin the following �gures. Clearly each
hemisphereis trying to integrate together the signalsfrom the two eyesin a way suitable for
stereoscopicvision, by computing the relative retinal disparities of corresponding points in
the two images.The disparities re
ect the relative positionsof the points in depth, aswe will
study later with stereoscopicvisual algorithms.
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Orthogonal to the ocular dominancecolumns in the cortical architecture, there runs a �ner
scalesequenceof orientation columns. Neuronsin each such column respond only to image
structures that have a certain preferredorientation (such asbarsor edges).The columnsform
a regular sequenceof systematically changing preferredorientations. This is oneof the most
crystalline properties seenin visual cortical architecture:

When individual neuronsin the visual cortex are probed with microelectrodesduring light
stimulation of the retina, their functional properties are revealedby demarcating the region
of visual spaceover which they respond (as indicated by a changein their �ring rate). Areas
where they are excited by light are indicated by + marks; areaswhere light inhibits them
are indicated by � marks. Their plotted receptive �elds then seemto reveal 5 main spatial
\degreesof freedom:"

1. Position of their receptive �eld in visual space,both horizontally...

2. ...and vertically;

3. Sizeof their receptive �eld;

4. Orientation of the boundariesbetweenexcitatory and inhibitory regions;

5. Phase,or symmetry of the receptive �eld (bipartite or tripartite types).
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The phasevariable is particularly revealing. By recording from adjacent pairs of neurons
simultaneously, with a kind of \double-barrelled" micro-electrode, it was found that neurons
having the samereceptive �eld location, the same�eld sizeand the sameorientation prefer-
ence,actually had a quadrature phaserelationship. Adjacent neuronswould form pairs whose
modulated receptive �eld structure showed a 90� spatial phaseo�set. Several examplesof
such quadrature pairs of cortical visual neuronsare shown in the following spike histograms
recordedin responseto a drifting sinusoidal luminancegrating.

Finally, by plotting the actual amount by which a neuron is excited or inhibited by light,
as a function of the coordinates of the stimulus within its receptive �eld, we obtain a 2D
function called its receptive �eld pro�le . These turn out, for about 97% of the neurons, to
be very closelydescribed as 2D Gabor wavelets (or phasors). Someexamplesof empirically
measuredpro�les are shown in the top row of the lower �gure; the ideal theoretical form of
such a wavelet (which we will de�ne later) is shown in the middle row; and the di�erence
betweenthesetwo functions in the bottom row; the di�erences are nearly nil and statistically
insigni�cant. So, it appears that the visual cortex of the brain evolved a knowledgeof the
valuable properties of such wavelets for purposesof imagecoding and analysis!
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Ab ove: quadrature phase(90deg) relationship betweenadjacent pairs of identically-tuned cortical
simple cells, in responseto drifting sinusoidal gratings, suggestingcomplex phasor processing.

Belo w: detailed receptive �eld structure of such neurones(top row); theoretical 2D Gabor phasor
components (middle row); and residual di�erences betweenthe data and models (bottom row).
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4 Mathematical operations for extracting structure from images.

Most imageprocessingand feature encoding operationscan be interpreted, at
least indirectly, in terms of the theory of Fourier Analysis.

Even if the operations never actually require computing a Fourier transform,
their underlying principlesand concepts(such asscale;edgeor motion energy;
�ltering; directional derivative; textural signature; statistical structure; etc.)
should be understood at least partially in \spectral" (i.e. Fourier) terms.

In addition to this explanatory role, Fourier analysiscan sometimesbe used
to construct useful visual representations that are invariant under translation
(changein position), rotation, and dilation (changein size). This is therefore
the representation underlying certain pattern classi�cation and recognitionap-
plications, such as optical character recognition (OCR).

Finally, even many operations in pattern recognition that might not seem
related in any way to Fourier analysis,such ascomputing correlations,convo-
lutions, derivatives,di�eren tial equations,and di�usions, aremuch moreeasily
implemented in the Fourier domain. (Powerful algorithms like the FFT make
it easyto go back and forth rapidly betweenthe imageand Fourier domains).

For all of these reasons,we will review some principles and techniques of
Fourier analysis with a view to understanding someof the basic operations
in computer vision. Applications include edgedetection operators,analysisof
motion, texture descriptors,and wavelet-basedfeature detectors.

Consideran imageasa greyscaleluminancedistribution over the (x; y) plane:
a real-valued (indeed,a positive-valued) two-dimensionalfunction f (x; y).

Any imagecan be represented by a linear combination of basisfunctions:

f (x; y) =
X

k
ak	 k(x; y) (1)

where many possiblechoicesare available for the expansionbasis functions
	 k(x; y). In the caseof Fourier expansionsin two dimensions,the basisfunc-
tions are the bivariate complexexponentials:

	 k(x; y) = exp(i (� kx + � ky)) (2)

where the complexconstant i =
p

� 1. A complexexponential contains both
a real part and an imaginary part, both of which are simple (real-valued)
harmonic functions:

exp(i� ) = cos(� ) + i sin(� ) (3)
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which you caneasilycon�rm by the power-seriesthat de�ne the transcendental
functions such as exp, cos,and sin:

exp(� ) = 1 +
�
1!

+
� 2

2!
+

� 3

3!
+ � � � +

� n

n!
+ � � � ; (4)

cos(� ) = 1 �
� 2

2!
+

� 4

4!
�

� 6

6!
+ � � � ; (5)

sin(� ) = � �
� 3

3!
+

� 5

5!
�

� 7

7!
+ � � � ; (6)

(It has beensaid that the most remarkable and far-reaching relationship in
all of mathematicsis the simpleyet counterintuitiv e \Euler Relation" implied
by Eqt (3) above: ei� + 1 = 0, which also contains the �v e most important
mathematical constants, and symbolizesthe subject of harmonic analysis.)

Fourier Analysis computesthe coe�cien ts ak that yield an expansionof the
imagef (x; y) in terms of complexexponentials:

f (x; y) =
X

k
ak exp(i (� kx + � ky)) (7)

where the parameters� k and � k de�ne the coordinates of the 2D Fourier do-
main. These(� k; � k) coordinatesare calledvector spatial frequencies,and the
array of them must spanthe (�; � ) Fourier planein a uniform cartesianlattice.

It is often usefulto think of the (�; � ) Fourier planeasresolved into polar coor-
dinates,where! =

p
� 2 + � 2 is (scalar) spatial frequencyand � = tan� 1(� =� )

is (scalar) orientation.

Each Fourier coe�cien t ak is computed as the orthonormal projection of the
entire imagef (x; y) onto the conjugateFourier component exp(� i (� kx + � ky))
associated with that coe�cien t:

ak =
Z

X

Z

Y
exp(� i (� kx + � ky))f (x; y)dxdy (8)

Note that thesecomputed Fourier coe�cien ts ak are complex-valued. To get
a completerepresentation in the 2D Fourier domain for an imagewith n x n
pixels, the number of (� k; � k) vector frequencycomponents whoseassociated
coe�cien ts ak must be computed is alson x n.

4.1 Some Useful Theorems of 2D Fourier Analysis (background material)

Many important steps in computer vision such as feature extraction and in-
variant pattern recognition depend at least partly on a small set of Fourier
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theorems.We will reviewsomemain oneshere,together with their direct con-
sequencesfor practical computer vision applications. In every case,the input
image is denoted f (x; y), and its 2D Fourier transform (given by the set of
computedcoe�cien ts ak spanningthe Fourier plane) is denotedby F (�; � ).

Shift Theorem : Shifting the original pattern in (x; y) by some2D displace-
ment (� ; � ) merely multiplies its 2DFT by exp(� i (� � + � � )). Thus the
2DFT of the shifted pattern f (x � � ; y � � ) is: F (�; � ) exp(� i (� � + � � )).

Practical Application: The power spectrum of any isolatedpattern is thus
translation-invariant : it doesnot depend on wherethe pattern is located
within the image,and so you don't have to �nd it �rst. The power spec-
trum is de�ned as the product of the pattern's 2DFT, F (�; � ), times its
complexconjugate,F � (�; � ), which just requiresthat the sign ({) of the
imaginary part of F (�; � ) getsreversed.You caneasilyseethat the power
spectrum of the shifted pattern f (x � � ; y � � ), namely:

exp(� i (� � + � � ))F (�; � ) exp(i (� � + � � ))F � (�; � )

is equal to the power spectrum of the original unshifted pattern, namely:
F (�; � )F � (�; � ). Thus the power spectrum is translation-invariant.

Similarit y Theorem : If the size of the original pattern f (x; y) changes
(shrinks/expands), say by a factor � in the x-direction, and by a factor
� in the y-direction, becomingf (� x; � y), then the 2DFT of the pattern,
F (�; � ), alsochanges(expands/shrinks) by the reciprocal of thosefactors
and with similarly scaledamplitude. It becomes: 1

j� � j F ( �
� ; �

� ).

Rotation Theorem : If the original pattern f (x; y) rotates through some
angle� , becomingf (x cos(� )+ y sin(� ); � x sin(� )+ y cos(� )), then its 2DFT
F (�; � ) alsojust rotates through the sameangle. It becomes:F (� cos(� )+
� sin(� ); � � sin(� ) + � cos(� )).

Practical Application: Size- and orientation-invariant pattern represen-
tations can be constructed by these relationships. Speci�cally, if the
Fourier domain (�; � ) is now mapped into log-polar coordinates (r; � )
where r = log(

p
� 2 + � 2) and � = tan� 1(� =� ), then any dilation (size

change) in the original pattern becomessimply a translation along the
r -coordinate; and any rotation of the original pattern becomessimply a
translation alongthe orthogonal � -coordinate in this log-polar Fourier do-
main. But we saw earlier that translations aremadeimmaterial by taking
a power spectrum, and sothesee�ects of dilation and rotation of the pat-
tern are eliminated in such a representation.
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Combined with the translation-invariant property of the power spectrum,
we now seehow it becomespossibleto represent patterns in a manner
that is independent of their position in the image, their orientation, and
their size(i.e. the Poincar�e group of transformations)Theseprinciplesare
routinely exploited in machine optical character recognition; in military
recognition of aircraft pro�les; and in \optical computing" generally.

Convolution Theorem : Let function f (x; y) have 2DFT F (�; � ), and let
function g(x; y) have 2DFT G(�; � ). The convolution of f (x; y) with
g(x; y), which is denoted f � g, combines these two functions to gener-
ate a third function h(x; y), whosevalue at location (x; y) is equal to
the integral of the product of functions f and g after one is 
ipp ed and
undergoesa relative shift by amount (x; y):

h(x; y) =
Z

�

Z

�
f (� ; � )g(x � � ; y � � )d� d� (9)

Thus, convolution is a way of combining two functions, in a senseusing
each oneto blur the other, making all possiblerelative shifts betweenthe
two functions when computing the integral of their product to obtain the
output as a 2D function of theseamounts of shift.

Convolution is extremely important in vision becauseit is the basis for
�ltering . It is also the essential neural operation in the brain's visual
cortex, where each neuron's receptive �eld pro�le is convolved with the
retinal image. In the above integral de�nition, if the minus ({) signs
were simply replacedwith (+) signs, the new expressionwould be the
correlation integral.

The Convolution Theorem states that convolving two functions f (x; y)
and g(x; y) together in the image domain, simply multiplies their two
2DFT's together in the 2D Fourier domain:

H (�; � ) = F (�; � )G(�; � ) (10)

whereH (�; � ) is the 2DFT of the desiredresult h(x; y).

This is extremely useful as it is much easierjust to multiply two func-
tions F (�; � ) and G(�; � ) together, to obtain H (�; � ), than to have to
convolve f (x; y) and g(x; y) together (if the kernel is larger than tiny,
say larger than about 5 x 5) to obtain h(x; y). Of course,exploiting the
Convolution Theoremmeansgoing into the 2D Fourier Domain and com-
puting the 2DFT's of f (x; y) and g(x; y), and then performingyet another
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(inverse)FFT in order to recover h(x; y) from the resulting H (�; � ). But
with available powerful and fast 2D-FFT algorithms, this is very e�cien t.

Practical Application: Filtering. The starting-point of all featureextrac-
tion and imageunderstandingoperationsis the �ltering of an imagef (x; y)
with somesetof �lters gk(x; y). Filtering is a linear operation implemented
by the convolution of an image f (x; y) with �lter kernel(s) gk(x; y). The
resulting output \image" hk(x; y) then normally undergoesnon-linearop-
erations of various kinds for image segmentation, motion detection, tex-
ture analysis,pattern recognition, and object classi�cation.

The 2D discrete convolution of an image array with a 2D �lter kernel
can be represented algebraically in the following form, where the earlier
continuous integrals have now beenreplacedby discretesummations:

result(i; j ) =
X

m

X

n
kernel(m; n)� image(i � m; j � n)

Simple C program for performing image convolutions

In the following simpleexample,the array image is beingconvolved with
the (typically much smaller) array kernel , in order to generatea new im-
agearray result as the output of the convolution. (Problems with array
boundarieshave been ignored here for simplicity.) Discrete convolution
such as illustrated here is the key operation for all imageprocessingand
front-end stagesof computer vision.

int i, j, m, n, sum, image[iend][jend],
kernel[mend][nend], result [iend][jend];

for (i = mend; i < iend; i++) {
for (j = nend; j < jend; j++) {

sum = 0;
for ( m = 0; m < mend; m++) {

for ( n = 0; n < nend; n++ ) {
sum += kernel[m][n] * image[i-m][j-n];

}
}

result[i][j] = sum/(mend*nend);
}

}

If we choseto implement the convolution in the Fourier domain because
the kernelarray waslarge, then of the four nestedfor loops in the C code
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above, the inner two loopswould be entirely eliminated. Instead, the only
operation inside the outer two for loops would be a multiplication:

Result[i][j] = Kernel[i][j] * Image[i][j];

but the program would have to be precededby FFTs of kernel[i][j]
(trivial) and of image[i][j] , and followed by an FFT of Result[i][j] .
Sincethe complexity of a 2D FFT is on the order of n2 log2(n) wheren2

is the number of pixels, plus n2 multiplications in the nestedtwo loops,
the total complexity of the Fourier approach is n2(2 log2(n) + 1). In con-
trast, the number of multiplications in the explicit convolution above (not
including all the array-addressing)is iend*jend*mend*nend (note that
iend*jend = n2). Henceyou can calculate that the trade-o� point occurs
when the convolution kernel sizemend*nendis about � 2(log2(n) + 1): a
very small convolution kernel indeed,roughly 5 x 5 for a 512x 512image.
For convolutions larger than this tiny one, the Fourier approach is faster.

Di�eren tiation Theorem : Computing the derivativesof an imagef (x; y)
is equivalent to multiplying its 2DFT, F (�; � ), by the corresponding fre-
quencycoordinate raisedto a power equal to the order of di�eren tiation:

 
d

dx

! m  
d
dy

! n

f (x; y) 2DF T=) (i� )m(i� )nF (�; � ) (11)

A particularly useful implication of this theoremis that isotropic di�eren-
tiation, which treats all directions equally (for which the lowest possible
order of di�eren tiation is 2nd-order,known asthe Laplacian operator r 2)
is equivalent simply to multiplying the 2DFT of the imageby a paraboloid:

r 2f (x; y) �

0

@
@2

@x2 +
@2

@y2

1

A f (x; y) 2DF T=) � (� 2 + � 2)F (�; � ) (12)

Practical Application: Multi-Resolution Edge Detection.

5 Edge detection operators; the information rev ealed by edges.

Computervision applicationsinvariably beginwith edgedetection, bethe edges
straight, curvilinear, or closedboundary contours. There are several reasons
why edgesare important, and why detecting the edgesin a scenecan be
regardedas an elementary form of constructing a signal-to-symbol converter:

� Edgesdemarcatethe boundariesof objects, or of material properties.

� Objects have parts, and theseare typically joined with edges.
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� The three-dimensionaldistribution of objects in a sceneusually generates
occlusionsof someobjectsby other objects,and theseform occlusionedges
which reveal the geometryof the scene.

� Edgescan be generatedin more abstract domainsthan luminance. For
example,if someimageproperty such as colour, or a textural signature,
or stereoscopicdepth, suddenly changes,it forms a highly informative
\edge" in that domain.

� Velocity �elds, containing information about the tra jectories of objects,
can be organizedand understood by the movements of edges.(The mo-
tions of objects in spacegeneratesvelocity discontinuities at their edges.)

� The central problem of stereoscopic3D depth vision is the \correspon-
denceproblem:" matching up corresponding regionsof two imagesfrom
spatially displaced cameras. Aligning edgesis a very e�ectiv e way to
solve the correspondenceproblem. The sameprinciple appliesto measur-
ing velocities (for imageframesdisplacedin time, rather than displacedin
space)by tracking edgesto align corresponding regionsand infer velocity
(ratio of object displacement to temporal interval).

In summary, DISCONTINUITIES = INFORMATION.

An intuitiv e way to �nd edgesis to computethe derivative of a (1D) signal,as
this will be large wherethe luminanceis changingrapidly. Sinceimagearrays
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are discrete, we must use the �nite di�er ence representation of a derivative,
and this is implemented by a convolution: If our (1D) luminancearray is L[n]
(sequenceof pixels, index n), then the �rst-order �nite di�erence operator
(h[0],h[1])=(-1, 1) when convolved with L[n] would generatean output which
is large in amplitude only whereL[n] hasedges(seeprevious�gure).

However, note an important disadvantageof this approach: \righ tward edges"
(say, from dark to bright) generatethe opposite sign from \left ward edges"
(say, from bright to dark). We would prefer to generatethe samedetection
signal regardlessof the polarity of the edge.

A solution is to convolve the discrete luminance data L[n] instead with the
second �nite di�er ence operator, de�ned as(h[-1],h[0],h[1])=(1,-2, 1) and look
for the zero-crossingsof this operator. Thesecorrespond to peaksor troughs
of the �rst �nite di�erence operator that we consideredabove, and thus they
reveal the edges,regardlessof their polarity. Similarly for (-1,2,-1).

In the two-dimensionalcase,we have the choiceof using directional derivative
operators,or non-directional ones.An exampleof a directional operator is one
which integrates(sums)pixels in onedirection, but di�eren tiates (di�erences)
them in the perpendicular direction. Clearly, such an operator will detect
edgesonly in a speci�c orientation; - namely the orientation along which the
integration was done. A example of such a directional edgedetector is the
following 3 x 3 array:

-1 2 -1
-1 2 -1
-1 2 -1

In comparison,an isotropic operator such as the Laplacian (sum of second
derivativesin two perpendicular orientations) hasno preferreddirection; that
is the meaningof isotropy. It will detect edgesin all orientations. The next
picture illustrates such an e�ect. A discreteapproximation to the Laplacian
operator r 2 in just a 3 x 3 array is:

-1 -2 -1
-2 12 -2
-1 -2 -1

Notice how each of thesesimple3 x 3 operatorssumsto zerowhenall of their
elements are combined together. These types of operators (of which there
are obviously numerousother examples,di�ering in array sizesas well as el-
ement composition) are called �lters , becauseof their spectral consequences
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for favouring somespatial frequencybandsand orientations at the expenseof
others. Their zero-sumproperty meansthat they are insensitive to the overall
brightness value of a scene,as we would desire: they have \no DC term."
(Their Fourier transform is equal to zero at the origin.) They also may, or
may not, have a certain preferred,or characteristic direction; a certain phase
or symmetry(evenor odd); and a certain scale, de�ned by the spacingbetween
changesof sign in the elements in (larger) arrays.

Figure: Illustration of edge-detectionby convolution with an isotropic Laplacian operator,

and marking the zero-crossingsof the result of the convolution.

Edges in images are de�ned at di�eren t scales:some transitions in bright-
nessare gradual, others very crisp. More importantly, at di�eren t scalesof
analysis,di�eren t edgestructure emerges.

Example: an imageof a leopardthat hasbeenlow-pass�ltered (or analyzedat
a coarsescale)hasedgeoutlines corresponding to the overall form of its body.
At a somewhat�ner scaleof analysis, imagestructure may be dominated by
the contours of its \spots." At a still �ner scale,the relevant edgestructure
arisesfrom the texture of its fur.

In summary, non-redundant structure exists in imagesat di�eren t scalesof
analysis(or if you prefer, in di�eren t frequencybands).

The basicrecipe for extracting edgeinformation from imagesis to usea multi-
scalefamily of image�lters (convolution kernels). A wide variety of theseare
in standard use,di�ering in terms such as:
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� isotropic (circularly symmetric), or anisotropic (directional)

� self-similar (dilates of each other), or not self-similar

� separable(expressibleas product of two 1D functions), or not

� degreeof conjoint uncertainty in the information resolved

� sizeof support (number of \taps," or pixels, in the kernel)

� preferrednon-linear outputs (zero-crossings;phasormoduli; energy)

� theoretical foundations (e.g. Logan'sTheorem)

5.1 The Laplacian r 2G� (x; y) � I (x; y) and its zero-crossings. Logan's Theorem.

One highly in
uen tial idea due to Marr (1981), that is frequently exploited
for edgedetection in machine vision systems,is to convolve the imagewith a
multi-scale family of isotropic (non-directional) blurred 2nd-derivative �lters,
and to retain only their output zero-crossings.Thesecorrespond well to the
edgesin the image,at each chosenscale.

One primary motivation for doing this comesfrom Logan'sTheorem (1977)
concerningthe \ric hness"of Laplacian zero-crossingsfor band-limited signals.
What Logan proved (albeit only in the 1D case)is that subject to two con-
straints, the zero-crossingsalonesu�ce to represent the signalcompletely(i.e.
it could be perfectly recoveredfrom just its zeros,up to a scalefactor).

This is a truly remarkable result. Considerthe fact that a signal is continuous
and dense,but in any �nite interval it will have only a �nite (countable) num-
ber of zero-crossings(e.g., 7). How can those 7 points completely determine
what the signal doeseverywhereelsewithin this �nite interval??

The two constraints are:

1. The signalmust bestrictly bandlimited to oneoctave, or less.This means
that its highest frequency component must be no more than twice its
lowest frequencycomponent.
(This constraint is much more powerful than it may appear.)

2. The signalmust have no complexzerosin commonwith its Hilbert Trans-
form. This e�ectiv ely excludespurely amplitude-modulated signals. For
example,a pure sinewave whoseamplitude is merely modulated will have
exactly the samezero-crossingsasthe unmodulated sinusoid,sotheir zero-
crossingswould not distinguish betweenthem. Thus AM signalscannot
be represented by zero-crossings.
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The r 2G� (x; y) �lter kernelthat is convolvedwith the imageservesto bandpass-
�lter it. In the 2D Fourier domain, as we have seen,the spectral consequence
of the Laplacian operator r 2 �

�
@2

@x2 + @2

@y2

�

is to multiply the imagespectrum

by a paraboloid: (� 2 + � 2). Clearly this emphasizesthe high frequenciesat
the expenseof the low frequencies,and eliminatesthe DC component entirely
(hencethe output is centered around a meanof zero).

Blurring the Laplacian by a GaussianG� (x; y) of scale� , simply limits the
high-frequencycomponents. The 2DFT of a Gaussianis alsoa Gaussian,with
reciprocal dimension(by the Similarity Theoremdiscussedearlier). The scale
parameter � determineswherethe high-frequencycut-o� occurs.

The resulting bandwidth of a r 2G� (x; y) �lter is about 1.3 octaves,regardless
of what valuefor scaleparameter� is used. Note that this doesn't quitesatisfy
the �rst constraint of Logan'sTheorem.

Note also that by commutativit y of linear operators, the order in which these
steps are applied to the image I (x; y) doesn't matter. First computing the
Laplacian of the image, and then blurring the result with the Gaussian, is
equivalent to �rst convolving the imagewith the Gaussianand then comput-
ing the Laplacian of the result:

r 2 [G� (x; y) � I (x; y)] = G� (x; y) � r 2I (x; y) (13)

Moreover, both of thesesequencesare equivalent to just convolving the image
with a single�lter kernel, namely the Laplacian of a Gaussian:

h
r 2G� (x; y)

i
�

I (x; y). Clearly this is the preferred implementation, since it just involves a
singleconvolution.

Someopen theoretical issuesin this approach are:

1. It is not clearhow to generalizethe constraint of one-octave bandlimiting
to the caseof 2D signals(images). E.g. should their 2DFT be con�ned
to an annulus in the Fourier plane, whoseouter radius is twice its inner
radius?;or to four squaresin the four quadrants of the Fourier plane that
satisfy the one-octaveconstraint on each frequencyaxis? The �rst method
doesn't work, and clearly the second�lter is no longer isotropic!

2. Whereasthe zerosof a 1D signal (soundwave) are denumerable [count-
able], those of a 2D signal (image) are not. Rather, they form \snakes"
that are continuouscontours in the plane.

3. As a practical matter, the r 2G� (x; y) � I (x; y) approach to edgeextraction
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tends to be very noise-sensitive. Many spurious edgecontours appear
that shouldn't be there. This defect inspired the development of more
sophisticatednon-linear edgedetectors,such asCanny's, which estimates
the local imagesignal-to-noiseratio (SNR) to adaptively optimize its local
bandwidth. This, however, is very computationally expensive.

4. Finally, strong claimswereoriginally madethat r 2G� (x; y) � I (x; y) edge-
detecting �lters describe how human vision works. In particular, the re-
ceptive �eld pro�les of retinal ganglion cells were said to have this form.
However, counterexamplesrevealseveral visual tasksthat humansareable
to perform, e�ortlessly and pre-attentiv ely, which we could not perform if
our visual systemsfunctioned in this way.

6 Multi-resolution. Activ e contours. Wavelets as visual primitiv es.

Imagescontain information at multiple scalesof analysis,so detecting visual
features(such as edges)must be doneacrossa rangeof di�eren t scales.

� An interesting property of edgesasde�ned by the zero-crossingsof multi-
scaleoperatorswhosescaleis determinedby convolution with a Gaussian,
is that as the Gaussianis made coarser(larger), new edges(new zero-
crossings)can never appear. They can only mergeand thus becomefewer
in number. This property is called causality. It is also sometimescalled
`monotonicity,' or `the evolution property,' or `nicescalingbehaviour.'

� One reasonwhy causality is important is that it ensuresthat features
detectedat a coarsescaleof analysiswere not spuriously createdby the
blurring process(convolution with a low-pass�lter) which is the normal
way to createa multi-scale imagepyramid using a hierarchy of increasing
kernel sizes. One would like to know that image featuresdetected at a
certain scaleare \grounded" in imagedetail at the �nest resolution.

� For purposesof edgedetectionat multiple scales,a plot showing the evolu-
tion of zero-crossingsin the imageafter convolution with a linear operator,
as a function of the scaleof the operator which sets the scale(i.e. the
width of the Gaussian),is called scale-space.

� Scale-spacehas a dimensionality that is one greater than the dimension-
ality of the signal. Thus a 1D waveform projects into a 2D scale-space.
An image projects into a 3D scalespace,with its zero-crossings(edges)
forming surfacesthat evolve as the scaleof the Gaussianchanges. The
scaleof the Gaussian,usually denotedby � , createsthe addeddimension.

� A mapping of the edgesin an image(its zero-crossingsafter such �ltering
operations,evolving with operator scale)is calleda scale-space�ngerprin t .
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Several theorems exist called \�ngerprin t theorems" showing that the
Gaussianblurring operator uniquely possessesthe property of causality.
In this respect, it is a preferred edge detector when combined with a
bandpassor di�eren tiating kernel such as the Laplacian.

� However, other non-linearoperatorshaveadvantageousproperties,such as
reducednoise-sensitivity and greater applicability for extracting features
that are more complicated(and more useful) than mereedges.

6.1 Activ e contours (\snak es"). Fourier boundary descriptors.

Activ e contours are deformableyet constrainedshape models. The \snakes" in the box show
radial edgegradients at the iris boundaries,andactivecontour approximations (dotted curves).

The detection of edgesand object boundarieswithin imagescan be com-
bined with constraints that control some parameters of admissibility, such
as the shape of the contour or its \sti�ness," or the scaleof analysis that
is being adopted. These ideashave greatly enriched the old subject of edge
detection, whilst also enabling the low-level operators we have consideredso
far to be directly integrated with high-level desiderataabout shape, such as
geometry, complexity, classi�cation and smoothness,and also with theory of
evidenceand data fusion. The imageof the eye (illustrating Iris Recognition,
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a technology for biometric automatic identi�cation of persons)contains three
active contours: two de�ning the inner and outer boundariesof the iris, and
onede�ning the boundary betweenthe iris and the lower eyelid. All three are
determinedby the samegeneralmethods. Evidencefor local edgestructure is
integrated with certain constraints on the boundary's mathematical form, to
get a \b est �t" that minimisessomeenergyfunction or other \cost" function.

Thus we have the combination of two factors: a data term and a cost term
(the latter sometimesalsocalleda smoothnessterm or an energy term), which
are in contention, in the following sense:we could �t the available edgedata
with arbitrarily high precision, if we used a model with enoughcomplexity;
but simpler models are generally more useful and credible than overly com-
plex models. For example, the basic outline of a person'shand (which any
child could draw; seepage60) consistsof a basic form having 5 semi-parallel
appendagesfor �ngers. How much more detail is needed,in order to detect
and classify such generic shapes as hands? Greater detail might fail to be
satis�ed by many valid cases.Sothe cost term acts to keepthe model simple,
e.g. by penalisingexcessivekinks in it whenseekingconsistencywith the data.

When shape description or pattern recognition is formulated in terms of the
above two factors, the solution is often obtained by regularisation methods.
Theseare iterativ e numerical methods for �nding a set of model parameters
that minimise (or optimise) a functional that is a linear combination of the
two terms, with sometrade-o� parameter � for specifying their relative im-
portance. E�ectiv ely thesemethods convert our problem into oneof calculus:

argmin
Z �

(M � I )2 + � (M xx )2
�

dx

where M is the shape model, and I is the image data (reduced here to
a single dimensionx for simplicity). The �rst term inside the integral seeks
to minimise the squared-deviationsbetween the model and the image data.
If this were the only term, then a closed-formsolution could be found when
the model is just some linear combination of functions such as polynomial
or Fourier components, requiring only matrix (linear algebraic)operations to
estimate the \least-squares" parametersof the model. But the constraints
imposedby the second(\smoothness") term causethe model to be more or
lesssti�, i.e. more or lesswilling to bend itself to �t every detail of the data,
by penalisingthe sum of squaredsecondderivatives. Parameter � givesus a
knob to turn for setting how sti� or 
exible our activecontour snakeshouldbe.

The behaviour of theseoperators for contour detection and description were
illustrated by the white outline graphicsin the eye imageon the previouspage.

35



The eyelid boundary is generatedby a low-order polynomial spline. The iris
inner and outer boundariesare generatedby Fourier seriesexpansionscon-
strained to �t the data \snakes" shown in the lower left corner, which would
be perfectly straight and 
at if theseboundariesof the iris could be described
simply ascircles. The IrisCode is iris demodulation using 2D Gabor wavelets.

6.2 2D Gab or \Logons;" Quadrature Pair Wavelets

The family of �lters which uniquely achieve the lowestpossibleconjoint uncer-
tainty (i.e. minimal dispersion,or variance) in both the spacedomain and the
Fourier domain are the complexexponentials multiplied by Gaussians.These
are sometimesknown as Gabor wavelets,or \logons." In onedimension:

f (x) = exp(� i� 0(x � x0)) exp(� (x � x0)2=� 2)

This is a Gaussianlocalizedat position x0, complex modulated at frequency
� 0, and with sizeor spreadconstant � . It is noteworthy that such wavelets
haveFourier TransformsF (� ) with exactly the samefunctional form, but with
their parametersmerely interchangedor inverted:

F (� ) = exp(� ix 0(� � � 0)) exp(� (� � � 0)2� 2)

Note that for the caseof a wavelet f (x) centered on the origin so x0 = 0, its
Fourier Transform F (� ) is simply a Gaussiancentered on the modulation fre-
quency� = � 0, and whosewidth is 1=� , the reciprocal of the wavelet's space
constant. This shows that it acts as a bandpass�lter, passingonly those fre-
quenciesthat are within about � 1

� of the wavelet's modulation frequency� 0.

Dennis Gabor (1946) named these wavelets \logons" from the Greek word
for information, or order: log�os. Becauseof the optimalit y of such wavelets
under the Uncertainty Principle, Gabor proposedusing them asan expansion
basisto represent signals. In particular, he wanted them to be usedin broad-
cast telecommunications for encoding continuous-time information. He called
them the \elementary functions" for a signal. Unfortunately, becausesuch
functions are mutually non-orthogonal, it is very di�cult to obtain the actual
coe�cien ts to beusedwith the elementary functions in order to expanda given
signal in this basis. (Gabor himself could not solve this problem, although he
went on to invent holography and to win the Nobel Prize in Physicsin 1974.)

When a family of such Gabor functions are parameterizedto be self-similar,
i.e. they aredilatesand translatesof each other sothat they all havea common
template (\mother" and \daughter"), then they constitute a (non-orthogonal)
waveletbasis. Today it is known that in�nite classesof wavelets exist which
can be usedas the expansionbasis for signals. Becauseof the self-similarity
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property, this amounts to representing or analyzinga signalat di�eren t scales.
This general �eld of investigation is called multi-r esolution analysis, and we
have already encountered its importance for extracting edgefeatures.

6.3 Generalization of Wavelet Logons to 2D for Image Analysis
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Figure 1: The real part of a 2D Gabor wavelet, and its 2D Fourier transform.

An e�ectiv emethod for extracting, representing, and analyzingimagestruc-
ture is the computation of the 2D Gabor wavelet coe�cien ts for the image.
This family of 2D �lters were originally proposed as a framework for un-
derstanding the orientation-selective and spatial-frequency-selective receptive
�eld properties of neuronsin the brain's visual cortex, as well as being useful
operators for practical image analysis problems. These 2D �lters are con-
jointly optimal in extracting the maximum possibleinformation both about
the orientation and modulation of image structure (\what"), simultaneously
with information about 2D position (\where"). The 2D Gabor �lter family
uniquely achievesthe theoretical lower bound on joint uncertainty over these
four variablesin the Uncertainty Principle when it is suitably generalized.

These properties are particularly useful for texture analysis becauseof the
2D spectral speci�cit y of texture as well as its variation with 2D spatial po-
sition. Thesewaveletsare alsousedfor motion detection, stereoscopicvision,
and many sorts of visual pattern recognition such as facerecognition. A large
and growing literature now exists on the e�cien t useof this non-orthogonal
expansionbasisand its applications.

Two-dimensionalGabor waveletshave the functional form:

f (x; y) = e� [(x� x0)2=� 2+( y� y0)2=� 2]e� i [u0(x� x0)+ v0(y� y0)]
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where(x0; y0) specify position in the image,(� ; � ) specify e�ectiv e width and
length, and (u0; v0) specify modulation, which has spatial frequency ! 0 =q

u2
0 + v2

0 and direction � 0 = arctan(v0=u0). (A further degree-of-freedomnot
included above is the relative orientation of the elliptic Gaussianenvelope,
which createscross-termsin xy.) The 2D Fourier transform F (u; v) of a 2D
Gabor wavelet has exactly the samefunctional form, with parameters just
interchangedor inverted:

F (u; v) = e� [(u� u0)2� 2+( v� v0)2� 2]e� i [x0(u� u0)+ y0(v� v0)]

The real part of one member of the 2D Gabor �lter family, centered at the
origin (x0; y0) = (0; 0) and with unity aspect ratio � =� = 1 is shown in the
Figure, together with its 2D Fourier transform F (u; v).

By appropriately parameterizingthem for dilation, rotation, and translation,
2D Gabor waveletscan form a completeself-similar (but non-orthogonal)ex-
pansion basis for images. If we take 	( x; y) to be somechosengeneric2D
Gabor wavelet, then we can generatefrom this one member a completeself-
similar family of 2D wavelets through the generatingfunction

	 mpq� (x; y) = 2� 2m	( x0; y0)

where the substituted variables (x0; y0) incorporate dilations in size by 2� m,
translations in position (p;q), and rotations through orientation � :

x0= 2� m[x cos(� ) + y sin(� )] � p

y0= 2� m[� x sin(� ) + y cos(� )] � q

It is noteworthy that asconsequencesof the similarit y theorem,shift theorem,
and modulation theorem of 2D Fourier analysis, together with the rotation
isomorphismof the 2D Fourier transform, all of thesee�ects of the generating
function applied to a 2D Gabor mother wavelet 	( x; y) = f (x; y) have cor-
responding identical or reciprocal e�ects on its 2D Fourier transform F (u; v).
Thesepropertiesof self-similarity canbe exploited whenconstructing e�cien t,
compact,multi-scale codesfor imagestructure.

The completenessof 2D Gabor wavelets as an expansionbasis for any im-
agecan be illustrated by reconstruction of a facial image, in stages.(Seethe
exampleon the next pageof facial imagereconstruction in stages.)Note how
e�cien tly the facial features,such as the eyesand mouth, are represented us-
ing only a handful of the wavelets. Later we will seehow this can be exploited
both for automatic feature localization, and for facerecognition.
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Reconstruction of Lena:  25, 100, 500, and 10,000 Two-Dimensional Gabor Wavelets


6.4 Uni�cation of Domains

Until now we have viewed \the imagedomain" and \the Fourier domain" as
very di�eren t domainsof visual representation. But now we can seethat the
\Gab or domain" of representation actually embracesand uni�es both of these
other two domains. How?

In the wavelet equationsabove, the scaleconstant � (and � in the 2D case)
actually builds a continuous bridge between the two domains. If the scale
constant is set very large, then the Gaussianterm becomesjust 1 and so the
expansionbasisreducesto the familiar Fourier basis. If instead the scalecon-
stant is made very small, then the Gaussianterm shrinks to a discretedelta
function (1 only at the location x = x0, and 0 elsewhere),so the expansion
basisimplements pure space-domainsampling: a pixel-by-pixel imagedomain
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representation. This allows us to build a continuousdeformation betweenthe
two domainswhen representing, analyzing, and recognizingimage structure,
merely by changing a single scaling parameter in this remarkable, unifying,
expansionbasis.

A \philosophical" commen t about 2D Gab or wavelets.

Aristotle de�ned vision as \knowing what is where." We have noted the opti-
mality (conjoint uncertainty minimization) property of 2D Gabor wavelets in
the two domainsfor extracting structural (\what") and positional (\where")
information. Thus if we shareAristotle's goal for vision, then we cannot do
better than to basecomputervision representations upon thesewavelets. Per-
hapsthis is why mammalian visual systemsappear to have evolved their use;
the receptive �eld pro�les of isolated neuronsin the brain's visual cortex, as
determined by the spatial distribution of excitatory and inhibitory inputs to
each so-called\simple cell," can be well-described as quadrature-paired 2D
Gabor wavelets. At the present time, this is basically the standard model for
how the brain's visual cortex represents the information in the retinal image.
The 2D Gabor framework for image analysis has also becomeubiquitous in
Computer Vision, not only as the standard \fron t-end" representation but
also as a generaltoolkit for solving many practical problems. Thus we have
seenthe migration of an idea from neurobiologyinto mainstreamengineering,
mathematical computing, and arti�cial intelligence.

Number of Wavelets

116 216 original16 52

6.5 Detection of Facial Features by Quadrature Gab or Wavelet Energy

One illustration of a practical application of such image operators is in the
automatic localization of facial features. Interestingly, most facial features
themselvescan be described by only a handful of wavelets,sincesuch features
are after all just localized undulations having certain positions, orientations,
spatial frequencies,and phases. By taking the modulus (sum of the squares
of the real and imaginary parts) of a facial image after convolving it with
complex-valued 2D Gabor wavelets, key facial features(eyesand mouth) are
readily detected;wemay call this a Quadrature Demodulator Neural Network:
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Neural Net work for Image Analysis. The above neurobiologically-inspired network performs
image demodulation using 2D Gabor wavelets, in order to �nd salient features in the image that
have a characteristic orientation and scaleor frequency composition. The operation of the biphasic
receptive �elds (representing even- and odd-symmetric visual cortical neurons) is described by:

g(x; y) =
Z

�

Z

�
e� ((x� � )2+( y� � )2)=� 2

cos(! (x � � )) I (� ; � ) d� d�

h(x; y) =
Z

�

Z

�
e� ((x� � )2+( y� � )2)=� 2

sin(! (x � � )) I (� ; � ) d� d�

and the demodulated output at the top of the network resembles that of the brain's \complex cells"
which combine inputs from the quadrature simple cells as:

A2(x; y) = g2(x; y) + h2(x; y)

41



Illustration of Facial Feature Detection by Quadrature Filter Energy. Left panel: original image.

Right panel (clockwise from top left): the real part after 2D Gabor wavelet convolution; the imag-

inary part; the modulus energy; and this energy superimposedon the original (faint) image, illus-

trating successfulfeature localization.

These operations can be performed by the Quadrature Demo dulator Net work shown in the

previous Figure.
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7 Higher brain visual mechanisms; streaming; recipro cal feedback

Besidesthe primary visual cortex in the occipital lobe, there are at least 30
further visual areasdistributed acrossthe parietal and temporal corticesof the
brain. Many of theseare specialisedfor particular kinds of visual processing,
including colour (V4), motion (MT), stereo (Area 18), and facial and other
form processingareas.There is a pronouncedfunctional streaming, or division
of labour, for form, colour, and motion processing;someneuroscientists have
proposeda fundamental division into \t wo visual systems"along lines such as
magnoand parvo (fast/slow) or even consciousand unconsciousvision.

The existenceof so many distinct visual areasin the brain almost begsthe
questionof \how the visual world getsput back togetheragain." An intriguing
aspect of this architecture is the pattern of reciprocating feedback connections.
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In general there are pairwise reciprocating connectionsbetween visual areas
from the deeplayers in one area to super�cial layers in another area, whose
deeplayers in turn project back to the super�cial layers of the �rst. Just as
noted earlier with the massive feedback projections from primary visual cor-
tex back down to the LGN (where it meets a�erent signals ascendingfrom
the eyes), thesereciprocating projection pathways are perhapssuggestive of a
kind of \h ypothesisgenerationand testing" iterativ e strategy for understand-
ing the visual environment and the objects that populate it.

The fovea tends to be represented in all visual areas,and the mapping from
the retina is retinotopic (meaning that adjacent points in the retinal image
usually project to adjacent points in a given cortical map); but typically there
is a highly pronouncedgeometrical distortion. In part this re
ects a great
over-representation of the fovea, which is called cortical magni�cation factor.
In the foveal projection to primary visual cortex, about 6mm of neural tissue
is devoted to 1 degreeof visual angle,whereasin the periphery, 1mm of neural
tissue handles about 6 degrees. It has been proposedthat the geometrical
distortion in visual mapping actually servesa speci�c mathematical role, that
of achieving pattern representations that are invariant to rotation and dilation
becauseof log-polar projection. Crudely speaking, this converts a polar grid
(whoseconcentric circleshave geometrically-increasingradii) into a cartesian
grid with a nearly uniform lattice. Thus changesin object distance (hence
image size) becomejust translations along one axis, while rotations become
just translations along the other axis, thereby facilitating pattern recognition.
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8 Texture, colour, stereo, and motion descriptors. Disam biguation.

Many seeminglydisparate tasks in computer vision actually sharea common
formal structure: to convert ill-p osed, insoluble problems of inferencefrom
raw data, into well-posedproblemsin which we cancomputeobject properties
disambiguated from the image-formation processeswhich confound the raw
luminancedata itself.

One obvious aspect of this issueis the fact that imagesare 2D projections
of 3D data which could, in principle, arise equally well from many di�eren t
constellationsof worlds and objects. A more subtle aspect is the fact that the
information received as an image is the compound product of several factors
that are di�cult to disambiguate: (1) the nature, geometry, and wavelength
composition of the illuminant(s); (2) propertiesof the objects imaged,such as:
spectral re
ectances;surfaceshape; surfacealbedo;surfacetexture; geometry,
motion, and rotation angle;and (3) propertiesof the camera(or viewer), such
as (i) geometry and viewing angle; (ii) spectral sensitivity; (iii) prior knowl-
edge,assumptions,and expectations. The aim of this lecture is to study how
thesemany factors can be disambiguated and even exploited, in order to try
to make objective inferencesabout object and world properties from these
ambiguousand confoundedimageproperties.

8.1 Texture information.

Most surfacesare covered with texture of one sort or another. Texture can
serve not only as a helpful identifying feature, but more importantly as a cue
to surfaceshape becauseof the foreshorteningit undergoes as it follows the
shape of the object if onecanassumethat it hassomeuniform statistics along
the surface itself. The following patterns illustrate the inferenceof surface
slant and of 3D surfaceshape from texture cueswhen they are combined with
the assumptionof texture uniformit y on the surfaceitself:
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Texture is also a useful cue to imagesegmentation by parsing the image into
local regions which are relatively homogeneousin their textural properties.
Here are someillustrations:

How canonemeasuresomethingasill-de�ned asa \textural signature?"What
is texture, anyway?

As implied by the root of the word, which links it to textiles, texture is de�ned
by the existenceof certain statistical correlationsacrossthe image. Thesecan
be almost anything, from quasi-periodic undulations asonemight seein water
ripples or in woven fabrics, to repetitiv e but highly punctate features. Many
natural scenes,such aswoodlands,grasslands,mountain rangesand other ter-
rains, have such properties which give them a distinctive identifying visual
signature. The unifying notion in all of theseexamplesis quasi-periodicity, or
repetitiv eness,of somefeatures.

The detection of quasi-periodicity is best done by Fourier methods. There
are deep and multi-faceted links between many topics in statistics (such as
time-seriesanalysis,correlation, moments) and Fourier analysis. Theselinks
arise from the fact that the eigenfunctionsof the Fourier transform, complex
exponentials (sinusoidsin quadrature), are of courseperiodic but also have a
speci�c scale(frequency) and direction (wavefront). Thus they excel in de-
tecting the existenceof a correlation distanceand direction, and in estimating
the relative \p ower" represented in various components of quasi-periodic cor-
related structures.

Unfortunately, theseeigenfunctionsare globally de�ned, but we wish to use
local regional information as a basis for texture-based image segmentation.
Hencethe ideal solution is to \window" the sinusoidssothat they analyzethe
imagecharacteristicsonly within a local region and thus extract the spectral
statistics asa function that varieswith location. The optimal setof windowing
functions arebivariate Gaussians,sincetheir joint spatial/spectral localization
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is greater than that of any other function. The product of complexexponen-
tials times bivariate Gaussiansare called2D Gabor wavelets, and theseform a
completebasisfor imageanalysisand representation. The picturesbelow illus-
trate successfulsegmentation of collagesof textured natural scenes,aswell as
of textured arti�cial objects, usingsuch 2D waveletsfor local spectral analysis
to infer and measuretheir textural discriminators.

8.2 Colour information.

Colour is a nearly ubiquitous property of surfaces. Just like texture, it can
serve both in object identi�cation and in scenesegmentation. But the fun-
damental di�cult y in using the wavelength composition of images to infer
the colour properties (\sp ectral re
ectances") of objects, is the fact that the
wavelengthsreceived depend as much upon the il luminant as upon the spec-
tral re
ectancesof the surfacethat is scatteringback the light. When a yellow
bananais illuminated in bluish light, the imagethat it forms obviously has a
very di�eren t wavelength composition than when it is illuminated in reddish
light. The central mystery of human colour perceptionis the fact that the ba-
nana still appearsyellow (\colour constancy"). In computer vision, how can
we possiblyachieve this samevital capability of inferring an inherent underly-
ing object property from a confounded(i.e., illuminant-wavelengthdependent)
set of imageproperties?

To give the problem a slightly more formal presentation:
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� Let I (� ) represent the wavelengthcomposition of the illuminant (i.e. the
amount of energy it contains as a function of wavelength � , acrossthe
visible spectrum from about 400nanometersto 700nm).

� Let O(� ) represent the inherent spectral re
ectance of the object at a
particular point: the fraction of incident light that is scatteredback from
its surfacethere, as a function of the incident light's wavelength � .

� Let R(� ) represent the actual wavelengthmixture received by the camera
at the corresponding point in the imageof the scene.

Clearly, R(� ) = I (� )O(� ). The problem is that we wish to infer the \ob ject
colour" (its spectral re
ectance as a function of wavelength, O(� )), but we
only know R(� ), the actual wavelength mixture received by our sensor. So
unlesswe can measureI (� ) directly, how could this problem of inferring O(� )
from R(� ) possiblybe solved?

One simple idea that hasbeenproposedis to try actually to measureI (� )
directly, by searching for highly specular (shiny, metallic, glassy)regionsin an
image where the re
ected light might be a fairly faithful copy of I (� ). This
might be a glint from someone'sglassesor from a shiny doorknob. Then at
all other points in the imagewe needonly to divide the R(� ) we receive there
by our other specular \measurement" of I (� ), and we can then compute the
desiredO(� ) acrossthe image.

Clearly, this method has several weakness:(1) there may be no specular sur-
facesin the image; (2) those that there are may themselvesa�ect somewhat
the wavelengthcomposition that they re
ect (e.g. metalswhich have a brassy
colour); and (3) the method is neither robust nor stable,sinceglobal inferences
about sceneinterpretation depend critically upon uncertain measurements at
(what may be just) a singletiny point in the image.

A morestableand interesting approach wasdeveloped by Dr E Land, founder
of Polaroid, and is called the Retinex becausehe regardedit asmodelledafter
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biological visual systems(RETINa + cortEX). Land's critical observation was
that (contrary to almost universalpopular belief), the colour perceived in an
area of a sceneis not determined by the wavelength composition of light re-
ceived from that area(!). A simpleexperiment provesthis: illuminate a scene,
such as a bowl of fruit containing (say) a yellow banana, a red tomato and
a greenpepper, with three di�eren t narrowband light sources,each of which
contains a di�eren t wavelength (say red, green,or blue) and with adjustable
intensities. (No other light sourcesare present.)

The �rst observation is that even under drastic changesin the intensities
of each of the three illuminators, the objects maintain exactly their normal
colours. Obviously the wavelength mixture reaching the eye from each object
is drastically changing, in proportion to the illuminators, but there are no
changesin perceived colours. The phenomenondoesnot depend upon know-
ing the natural colours for objects identi�able by (say) their shape; a collage
of patches of coloured paper cut into random shapes, forming a mondrian,
producesexactly the samee�ect.

The secondobservation is that even when the wavelengthcomposition of light
re
ected from each object is exactly the same(i.e. the three light sourcesare
adjusted separately for each object to ensurethat the light re
ected in the
three wavebandsasmeasuredby a spectral photometer is exactly the samefor
each of the objects individually), they stil l retain their natural colours. The
bananastill looksyellow, the tomato still looks red, and the pepper still looks
green,even when each oneis sendingidentical wavelength \messages"to your
eyes. This is rather miraculous.

The Retinex algorithm attempts to account for this remarkablebiologicalphe-
nomenon,and to provide a meansto achieve similar colour constancyin com-
puter vision systemssothat they may \discount the illuminant" and infer the
spectral re
ectance properties of objects, independent of the composition of
their illumination. Only a cursory description of Retinex will be given here.

The key idea is that the colours of objects or areas in a sceneare determined
by their surrounding spatial context. A complexsequenceof ratios computed
acrossall the boundariesof objects (or areas) enablesthe illuminant to be
algebraically discounted in the senseshown in the previous Figure, so that
object spectral re
ectances O(� ) which is what we perceive as their colour,
can be infered from the available retinal measurements R(� ) without explic-
itly knowing I (� ).
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8.3 Stereo information

Important information about depth can be obtained from the useof two (or
more) cameras,in the sameway that humansachievestereoscopicdepth vision
by virtue of having two eyes. Objects in front or behindof the point in spaceat
which the two optical axesintersect(asdeterminedby the anglebetweenthem,
which is controlled by cameramovements or eye movements), will project into
di�eren t relative parts of the two images.This is calledstereoscopic disparity .

This \error signal" becomesgreaterin proportion to the distanceof the object
in front or behind the point of �xation, and so it can be calibrated to obtain
a depth cue. It also becomesgreater with increasedspacingbetweenthe two
eyes or cameras,since that is the \base of triangulation." (That is why the
GermanArmy in WWI introducedV-shaped binocular \trench periscopes" to
increasestereoscopicvisual acuity, for breaking camou
age by increasingthe
e�ective spacingbetweenthe viewer's two eyesto almost a meter.)

The essenceof making useof such stereoscopicdisparity cuesis the needto
solve the CorrespondenceProblem. In order to infer that the cylinder is in a
di�eren t position relative to the background objects in the two framesshown,
it is �rst necessaryto detect the correspondenceof the background objects
in the two frames,or at least of their edges.This puts the two frames\in to
registration," so that the disparity of the foregroundobject can be detected.

Unfortunately, current algorithms for solving the CorrespondenceProblem
tend to requirevery largesearchesfor matching featuresunder a largenumber
of possiblepermutations. It is di�cult to know which setof featuresin the two
frames to select for comparisonin evaluating the degreeof alignment, when
trying to �nd that relative registration which generatesmaximum correlation
betweenthe two background scenes.
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One helpful approach here is to use a \m ulti-scale image pyramid," which
steers the search in a coarse-to-�ne fashion to maximize its e�ciency . In
initially sparselysampled(coarselyblurred and under-sampled)images,the
permutation-matching spaceof possiblecorresponding points is greatly atten-
uated comparedwith full-resolution images.

After an adequatealignment match is found for low-resolution(blurred) copies
of the image pair, the processrepeats on somewhathigher resolution (less
blurred) copiesof the imagepair but over a search spacethat hasbeengreatly
curtailed by having �rst found the coarse-scalesolution. Such \p yramid" pro-
cessesusually increment in one-octave steps(factors of two in improved res-
olution), from coarseto �ne, spanning a total of perhaps four or �v e levels
beforethe �nal solution is determinedto within single-pixelprecision.

Once the CorrespondenceProblem has thereby beensolved, the inferenceof
depth from object disparity in the two imageframesis then just a matter of tri-
angulation and \lo ok-up" from a calibration table which includesinformation
about the spacingbetweenthe two cameras(or eyes) and their focal lengths.
(Seethe above simplifying diagram, for the casethat the two cameras'opti-
cal axesare parallel and henceconvergedat in�nit y.) Speci�cally, if the two
camerashave focal length f and the optical centres of their lenses(remember
the trench periscopes!) are separatedby a distanceb, and the disparity in the
projections of someobject point onto the two images(in opposite directions
relative to their optical axis) is � in oneimageand � in the other image,then
the distanced to the object in front of the two lensesis simply:

d = f b=(� + � )
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8.4 Motion information

Only a few vision applicationsactually involve just static imageframes. That
is basically vision \o�-line;"{ but the essenceof an e�ectiv e visual capability
must be for real-time use in a dynamic environment. This requiresthe abil-
it y to detect and measuremotion, and to be able thereby to draw inferences
quickly (such as time-to-collision).

In a formal sense,the problem of computing motion information from an
imagesequenceis very similar to that of computing stereoinformation.

� For stereovision, we needto solve the CorrespondenceProblem for two
imagessimultaneousin time but acquiredwith a spatial displacement.

� For motion vision, we needto solve the CorrespondenceProblem for two
imagescoincident in spacebut acquiredwith a temporal displacement.

� The object's spatial \disparit y" that can be measuredin the two image
frames once their backgrounds have been aligned, can be calibrated to
revealmotion information whencomparedwith the time interval, or depth
information when comparedwith the binocular spatial interval.

Among the challengingrequirements of motion detection and inferenceare:

1. Needto infer 3D object tra jectories from 2D imagemotion information.

2. Needto make local measurements of velocity, which may di�er in di�eren t
image regions in complex sceneswith many moving objects. Thus, a
velocity vector �eld needsto be assignedover an image.

3. Needto disambiguate object motion from contour motion, sothat we can
measurethe velocity of an object regardlessof its form.

4. Needto measurevelocities regardlessof the sizeof the viewing aperture
in spaceand in time (the spatial and temporal integration windows).

5. It may be necessaryto assignmore than onevelocity vector to any given
local imageregion (as occurs in \motion transparency")

6. We may need to detect a coherent overall motion pattern acrossmany
small objects or regionsseparatedfrom each other in space.

The major classesof models and approaches to motion detection are largely
inspired by detailed neurobiologicalstudies of motion processingboth in the
invertebrate eye and in mammalian retina and cortex. Diversemathematical
frameworks have beenproposed,but the main classesof modelsare:
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INTENSITY GRADIENT MODELS .
Assume that the local time-derivative in image intensities at a point,
acrossmany imageframes,is related to the local spatial gradient in image
intensities becauseof object velocity ~v:

�
@I (x; y; t)

@t
= ~v � ~r I (x; y; t)

Then the ratio of the local imagetime-derivative to the spatial gradient is
an estimate of the local imagevelocity (in the direction of the gradient).

DYNAMIC ZER O-CR OSSING MODELS .
Measureimagevelocity by �rst �nding the edgesand contours of objects
(using the zero-crossingsof a blurred Laplacian operator!), and then take
the time-derivative of the Laplacian-Gaussian-convolved image:

�
@
@t

h
r 2G� (x; y) � I (x; y; t)

i

in the vicinit y of a Laplacian zero-crossing.The amplitude of the result
is an estimate of speed,and the sign of this quantit y determinesthe di-
rection of motion relative to the normal to the contour.
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SPATIO-TEMPORAL CORRELA TION MODELS .
Image motion is detected by observinga correlation of the local image
signal I (x; y; t) acrossan interval of spaceand and after an interval of
time � . Finding the pair of theseintervals which maximizesthe correla-
tion between I (x; y; t) and I (x � vx � ; y � vy� ; t � � ) determinesthe two
components of imagevelocity vx and vy which we desireto know.

Detailed studies of 
y neural mechanisms(above) for motion detection
and visual tracking led to elaborated correlation-basedmotion models:

SPATIO-TEMPORAL SPECTRAL MODELS .
It is possible to detect and measureimage motion purely by Fourier
means. This approach exploits the fact that motion createsa covariance
in the spatial and temporal spectra of the time-varying image I (x; y; t),
whosethree-dimensional(spatio-temporal) Fourier transform is de�ned:

F (! x ; ! y; ! t) =
Z

X

Z

Y

Z

T
I (x; y; t)e� i (! x x+ ! y y+ ! t t)dxdydt
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In other words, rigid imagemotion hasa 3D spectral consequence:the lo-
cal3D spatio-temporal spectrum, rather than �lling up 3-space(! x ; ! y; ! t),
collapsesonto a 2D inclined plane which includesthe origin. Motion de-
tection then occurs just by �ltering the image sequencein spaceand in
time, and observingthat tuned spatio-temporal �lters whosecenter fre-
quenciesare co-planar in this 3-spaceare activated together. This is a
consequenceof the SPECTRAL CO-PLANARITY THEOREM :

Theorem: Translational image motion of velocity ~v has a 3D spatio-
temporal Fourier spectrum that is non-zeroonly on an inclined plane through
the origin of frequency-space.Sphericalcoordinates of the unit normal to this
spectral plane correspond to the speedand direction of motion.

Let I (x; y; t) be a contin uous image in space and time.

Let F (! x ; ! y; ! t ) be its 3D spatio-temp oral Fourier transform:

F (! x ; ! y; ! t ) =
Z

X

Z

Y

Z

T
I (x; y; t)e� i (! x x+ ! y y+ ! t t )dxdydt:

Let ~v = (vx ; vy) be the local image velocit y.

Uniform motion ~v implies that for all time shifts to,

I (x; y; t) = I (x � vx to; y � vyto; t � to):

Taking the 3D spatio-temp oral Fourier transform of both sides, and
applying the shift theorem, giv es

F (! x ; ! y; ! t ) = e� i (! xvx to + ! yvyto + ! t to)F (! x ; ! y; ! t ):

The above equation can only be true if F (! x ; ! y; ! t ) = 0 everywhere
the exp onential term doesn't equal 1.

This means F (! x ; ! y; ! t ) is non-zero only on the 3D spectral
plane

! xvx + ! yvy + ! t = 0 Q.E.D.

The spherical coordinates (� ; �; 1)

� = tan� 1
�
! t=

q
! 2

x + ! 2
y

�

� = tan� 1 (! y=! x )

of the inclined spectral plane's unit normal are determined by ~v and
corresp ond to the speed ( � ) and dir ection ( � ) of motion:

� =
q

v2
x + v2

y

� = tan� 1 (vy=vx )
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9 Lam bertian and specular surfaces. Re
ectance maps.

How can we infer information about the surfacere
ectance properties of ob-
jects from raw measurements of image brightness? This is a more recondite
matter than it might �rst appear, becauseof the many complexfactors which
determinehow (and where) objects scatter light.
Somede�nitions of surfacetype and properties:

� Surfacealbedo refers to the fraction of the illuminant that is re-emitted
from the surfacein all directions, in total. Thus,albedocorrespondsmore-
or-lessto \greyness."

The amount of light re
ected is the product of two factors: the albedoof
the surface,times a geometricfactor that dependson angle.

� A Lambertian surfaceis \pure matte." It re
ects light equally well in all
directions.

Examplesof Lambertian surfacesinclude snow, non-glossypaper, ping-
pong balls, magnesiumoxide, projection screens,...

A Lambertian surfacelooksequally bright from all directions; the amount
of light re
ected dependsonly on the angleof incidence.
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If you looked inside a \Lam bertian bottle" with an arbitrarily complex
shape, illuminated with a point sourceof light from any angle,you could
never infer the interior shape! It would have uniform brightness every-
whereregardlessof its actual shape.

� A specular surfaceis locally mirror-lik e. It obeysSnell'slaw (i.e. the angle
of incidenceof light is equal to the angle of re
ection from the surface),
and doesnot scatter light. Most metallic surfacesare specular.

� The re
ectance map is a function � (i; e;g) which relatesintensities in the
imageto surfaceorientations of objects. It speci�es the fraction of incident
light re
ected per unit surfacearea,per unit solid angle, in the direction
of the camera;thus it hasunits of 
ux/steradian. It is a function of three
variables(seepreviousFigure): i is the angleof the illuminant, relative to
the surfacenormal N ; e is the angleof a ray of light re-emitted from the
surface;and g is the anglebetweenthe emitted ray and the illuminant.

There are many typesof re
ectance functions, each of which is characteristic
of certain surfacesand imaging environments. For a Lambertian surface,the
re
ectance function � (i; e;g) = cos(i ) . It looksequally bright viewed from all
directions; the amount of re
ected light dependsonly on angleof illumination.

For surfacessuch as the dusty surfaceof the moon, the re
ectance function
� (i; e;g) dependsonly upon the ratio of the cosinesof the anglesof incidence
and emission:cos(i )=cos(e), but not upon their relative angleg nor upon the
surfacenormal N . In caseyou ever wondered,this is why the moon looks like
a penny rather than a sphere.Even though the moon is illuminated by a point
source(the sun), it doesnot fadein brightnesstowards its limbs (as N varies).
Surfaceswith this property are called lunar surfaces.

For a specular surface,the re
ectance function � (i; e;g) is especially simple:
� (i; e;g) = 1 when i = e and both are coplanarwith the surfacenormal N , so
g = i + e (Snell's law for a pure mirror); and � (i; e;g) = 0 otherwise.

Typically, surfaceshave both specular and matte properties. For example,
facial skin may vary from lunar (powdered) to specular (oily). The main pur-
poseof powdering one'sfaceis to specify s and n in this expression:

� (i; e;g) =
s(n + 1)(2cos(i ) cos(e) � cos(g))n

2
+ (1 � s) cos(i ) (14)

The �rst term is the specular component, and the secondterm is the matte
component. s is the fraction of light emitted specularly, and n represents the
sharpnessof the specular peak. For glossypaint, typically the exponent n
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may be about 20. (Obviously as n grows very large, the exponentiated trig
function approaches a delta function representing Snell's law: a very sharp
power function of angle.)

Typically there is not just onepoint sourceof illumination, but rather a multi-
tude of sources(such asthe extendedlight sourceprovided by a bright overcast
sky). In a cluttered scene,much of the light received by objects has beenre-

ected from other objects (and colouredby them...) Oneneedsalmost to think
of light not in terms of ray-tracing but in terms of thermodynamics: a \gas"
of photons in equilibrium inside a room.

Clearly, the only way to infer the nature and geometry of surfaceproperties
from imageproperties,givenall of thesecomplicationsin the way that surfaces
re
ect and scatter light, is to build in certain assumptionsabout the nature
of the surfacesfrom other kinds of evidence.This requiresus to considerthe
generalproblem of inferenceand integration of evidence.

10 Shape description. Codons, superquadrics, surface geometry .

Just as illustrated earlier by the examplesof infering surfaceand object prop-
erties from texture, colour, stereo,and motion information, the shading and
brightnessvariation within an imageis another important cueto surfaceshape.

As with all of theseproblems,computing \shape-from-shading" requiresthe
disambiguation of many confoundingfactors. Thesearise from the

1. geometryof the illuminant (e.g. is the light a point sourceor extended?
If a point source,where is it?) Are there several light sources?How will
thesea�ect the shadingand shadowing information?
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2. re
ectance properties of the surface. What kind of surface is it { e.g.
Lambertian, or specular, or a combination of both?

3. geometryof the surface(its underlying shape). Are shadows cast?

4. rotations of the surfacerelative to perspective angleand illuminant.

5. variations in material and surfacere
ectance propertiesacrossspace(e.g.
variation from Lambertian to specular whereskin becomesmore oily).

6. variations in surfacealbedo(\greyness")

The inferenceof a surfaceshape (a relief map, or an object-centred descrip-
tion of a surface)from shadinginformation is an inherently ill-p osedproblem
becausethe data necessaryfor the computation is simply not known. Onehas
to introduce ancillary assumptionsabout the surfacematerial composition,
its albedo and specularity parameters, the illumination of the sceneand its
geometry, beforesuch inferencesbecomepossible. It is almost as though the
assumptionsaremoreimportant than the available imagedata. The computa-
tional nature of the inferencetask then becomesoneof constraint satisfaction,
and solving such a problem is often formulated as an optimisation or relax-
ation problem. Often there arerivalrousalternativesolutions. In human vision
thesecan be triggered and alternated (e.g. converting a crater into an appar-
ent mound, reversing the inferred surfaceshape) simply by changing a cue
about the direction of illumination.

10.1 How should shape be represen ted? Boundary descriptors; codons.

Closedboundarycontours canberepresented completedby their curvature map
� (s) (the reciprocal of the local radius of curvature r (s) as a function of posi-
tion s along the contour). This is the FundamentalTheorem of Curves. Local
radius of curvature r (s) is de�ned asthe limiting radius of the circle that best
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\�ts" the contour at position s, in the limit as the arc length � s shrinks to 0,
and the local curvature of the contour there is:

� (s) = lim
� s! 0

1
r (s)

Closed boundary contours can be expanded with basis functions (such as
\F ourier descriptors" of the radius of curvature) from their curvature map,
in order to generatea shape description that is invariant to translation, rota-
tion, and dilation. By cataloginga list of all possiblecombinations of changes
in signof the curvature map relative to the zeroesof curvature, it is possibleto
generatea restricted \grammar" for the shapesof closedcontours. A lexicon
of all possibleshapeshaving a certain number of zeroes-of-curvature generates
a list of \codons," from which shapescan be classi�ed and recognized.Inter-
estingly, Logan's Theorem (about the richnessof zero-crossingsfor capturing
bandlimited 1D signalscompletely) arisesagain in this context: the curvature
map of a closedcontour is a bandlimited signal, and it can be described by
its zero-crossings;such a description amounts to a shape classi�cation. This
is oneof several approachesproposingan elementary grammar for shape, and
it can be generalisedto surfaces.
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The curvature map � (s) togetherwith a \starting point" tangent t(so) speci�es
a shape fully. Somenice properties of curvature-map descriptionsare:

1. The description is position-independent (i.e., object-centred).

2. The description is orientation-independent (rotating the shape in the
plane doesnot a�ect its curvature map).

3. The description represents mirror-symmetric shapes simply by a change
in sign:

� (s) ! � (� s)

4. Scalingproperty: Changing the sizeof a shape simply scales� (s) by the
samefactor. The zero-crossingsare una�ected.

� (s) ! K � (s)

10.2 The \2.5-dimensional" sketch

A schemewhich David Marr proposedfor bridging the gap between2D image
(appearance-based)descriptionsand 3D model-baseddescriptionsis calledthe
\2.5-dimensionalsketch." Surfacenormalsare computedand assignedto each
point in the imagedomain, which indicate 3D shape information. Looking at
such \pin-cushion" diagramsdoese�ectiv ely convey three-dimensionalshape.

10.3 3D Ob ject-cen tred coordinates. Superquadrics.

Represent solids by the unions and intersectionsof generalizedsuperquadric
objects, de�ned by equationsof the form:

Ax � + By� + Cz
 = R
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Examplesinclude \generalizedcylinders" and cubes(large exponents); prolate
spheroids(footballs) and oblate spheroids(tomatoes), when � = � = 
 = 2
and when only two of (A; B ; C) are equal to each other.

Thesesimple, parametric descriptionsof solids, when augmented by Boolean
relations for conjoining them, allows one to generateobject-centered, \v ol-
umetric" descriptions of the objects in a scene(instead of an image-based
description) by just giving a short list of 3D parametersand relations, rather
like the codon descriptorsfor closed2D shapes.

10.4 Deformable parametric mo dels

A powerful approach for representing complexshapesin simple and compact
(if only approximate) terms, is the useof deformableparametric models. These
are especially usefulfor time-varying objects, such asa human facegenerating
someexpressionthat evolves in time, or a hand gesture. The idea is to �nd
somemodel (such asthe superquadrics)and a parameterset that are �tted to
describe the object. They thereby constitute a compactcode that canbe used
for detectionand recognitionof the object, although �tting such parametersto
a 3D object is an \in verseproblem" of high computational complexity. If these
parametersare then madeto evolve in time, as(A(t); � (t); � (t); :::) above, one
can encode (compress,generate)an imagesequencesuch as a \talking head"
or avatar. This topic unites both computer vision and graphics. The new
international MPEG-7 standard for motion imageencoding speci�es provision
for both facial animation and body animation.

11 Perceptual psychology and cognition. Vision as mo del-building.

Opportunities to learn from biologicalvisual systems,for the designof arti�cial
ones,are not limited to low-level neural mechanisms. Insights from perceptual
and cognitive psychology are also relevant. Considerthe illusory contours:

Through Section 8 we investigated various mechanisms for image analysis,
such as �lters for spatial forms and edgedetectors, and special mechanisms
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for handling texture, colour, stereo,and motion information. But how does
all of this get \put back together again" into a uni�ed visual percept?

This was a motivating question for a school of research in visual percep-
tion called Gestalt Psychology, associated mainly with Ko�k a, K•ohler, and
Wertheimer in Germany in the 1930s. \The whole is greater than the sum
of its parts" might almost be a sloganfor the Gestaltists, who sought to un-
derstand how meaningful wholes (Gestalten) are constructed in a way that
seems(introspectively) to precedethe analysisof parts and properties. Thus
was born the study of perceptualorganisation. The Gestaltists enumerated
a seriesof principles collectively called the Law of Pr•agnanzthat seemedto
underlie our perceptualorganisationof form and patterns, basedon sub-laws
of grouping by proximit y, similarit y, \good continuation," and closure (the
�lling-in of missing parts). More recent developments include the idea of a
processgrammar which models objects and shapes in terms of their morpho-
genesis(the likely sequenceof stepsin their evolution from simpler forms). A
commontheme is that vision is inference,going well beyond the given.

An aspect of perceivingscenesas meaningful wholes,as opposedto an atom-
istic, literal, or elemental description in terms of individual features, is the
grouping of features into a 3D model. A classic illustration of this idea of
\vision as model-building" is the Necker cube: a set of 12 planar line seg-
ments that are always seenas a 3D solid (a cube); yet having two con
icting
(bistable) visual interpretations:

Such bistable perceptsare examplesof perceptual rivalry: two or more alter-
native ways to interpret the samevisual stimulus. Several more examplesare
given on the next page: Ruben's vase/faces;girl/witc h; man/rat. The key
notion is that perceptsare hypotheses: they are top-down interpretations that
depend greatly on contexts, expectations, and other extraneousfactors that
go beyond the actual stimulus. Used in an analogy for scienti�c revolutions,
Thomas Kuhn equatedscienti�c paradigms with percepts, and he cited the
familiar example of the duck-rabbit: \What were seenas ducks before the
revolution, are rabbits afterwards."
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In the exampleson the next page, illusory contours are preceived in places
where no actual contours exist. In the upper examplesthe illusory contours
evenseemto demarcatea regionthat is \brigh ter" than its surrounds;and the
illusory contours caneven take curvilinear tra jectories. But de�ned by what??

In the lower pair of examples,the circle and the squareappear signi�cantly
deformedin shape by their context. Are such aspects of your visual system
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\bugs," or \features?" Should such inaccuraciesin representing patterns also
be designedinto machine vision systems,intentionally or epiphenomenally?

12 Lessons from neurological trauma and de�cits. Visual illusions.

A further sourceof someinsights about how human vision works at higher
levels comesfrom traumas to brain visual areas,either from injury, stroke,
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or carcinoma. From neurologicalstudies that beganin the 1920's,largely in
responseto massivenumbersof brain injured soldiersfrom WWI, Karl Lashley
formulated two putativ e principles of brain recovery from injury:

1. The \La w of MassAction" (all brain areasparticipate in all tasks)

2. The \La w of Equipotentialit y" (any brain areacan do any function)

But counter-examplesemergedfrom speci�c de�cits (especially for learning,
memory, visual pattern recognition, and language)that remainedafter speci�c
traumas. Many cognitive-neurologicalde�cits have been documented; these
are interesting to study from a computational neuroscienceperspective.

Besidesnumerous aphasias (loss or impaired useof language,including ges-
tural, prosodic, semantic, or syntactic disorders,often highly speci�c...), there
are many agnosiasthat can result from speci�c brain injury. An agnosiais a
failure of recognition. Examples:

� Facial Prosopagnosia: lost abilit y to recognisefaces;yet vision is normal.
Only facesceaseto be represented or processedasa specialclassof object.
(Reference:Oliver Sacks' The Man Who Mistook His Wife for a Hat)

� Achromatopsia: cortical loss of colour vision; but apparently \normal"
achromatic (black-and-white) vision

� Astereognosia: lossof abilit y to perceive three-dimensionality

� Simultanagnosia: inabilit y to perceivesimultaneouslymorethan onething
at a time (e.g. multiple elements in a display)

� Neglectand hemi-inattention syndromes: onesideof any object is always
neglected. Such patients dressthemselvesonly on (say) their right side,
and always bump into things with their left side; and will draw a clock
facewith all the numbers1 - 12 in the right half only.

� Xanthopsia: perception that all objects are coveredwith gold paint (!!)

What kind of a \computer" is the brain, that it can displaythesetypesof faults
when traumatised? What do thesephenomenareveal about the nature of the
brain, its architecture, its data structures, and its \algorithms?"

Similiar questionscan be raised about illusions within \normal" vision. We
will examinespeci�c illusions of geometry, size, brightness, and motion. As
always, the questionfor us to askin connectionwith Computer Vision is, what
do these illusions reveal about visual mechanisms? Should we try to design
our algorithms in such a way that they too would \su�er" from such illusions,
at least as an epiphenomenon[side-e�ect] of the desiredfunctionality?
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The pattern on the left above hasa set of long oblique lines which are in fact
parallel, but they appearvery non-parallel. Why doesthe presenceof the other
short lines soseverely distort our judgment of orientation and parallelism? In
the visual cortex, there areboth competitiv eand cooperative neural processes,
operating over both orientation and proximit y; presumably thesecreate the
illusion seen.In the exampleson the right above, the net e�ect is a continuous
bending of the (in fact straight and parallel) lines, bowing them together in
onecaseand apart in the other.

Competition appearsalso in the domain of size,asseenin the exampleabove
on the left: the central disk in fact is the samesizein both cases.The right
is an illustration of the M•uller-Lyer illusion: the vertical segment is in fact
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the samelength in both cases,contrary to appearances.But there it is the
presenceof the other oblique lines that somehow causethe illusion.

Finally, the presenceof extraneouscuesplays a large role in many inferences.
The two boxeson the left above are clearly of di�eren t sizes;yet when forced
to seethem as displacedin depth, we judge them to be in reality the same
size. [Illusions of brightnessand motion can be found on the coursewebsite.]

13 Bayesian inference in vision. Classi�ers; probabilistic metho ds.

It is virtually impossibleto perform most computer vision tasks in a purely
\b ottom-up" fashion. Consider the following images,and how impoverished
are the data which must support the task of object recognition!
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An important \AI" perspective on vision is that vision is knowledge-driven.
In this view, all of the front-end image processingis merely a distraction, if
not an irrelevancy. What is really neededfor vision is not a lot of theorems
involving the 2D Fourier transform of the Laplacian of a Gaussian�lter, but
rather a good interfaceto an expert systemthat storesand indexesknowledge
about such things asDalmatian houndsand the generalway that dogsbehave
when following a scent...

This section reviews the basic ideas behind Bayesian inference, which is a
method fundamental to probability theory, statistics, and machine learning.
Its purposeis to provide a meansfor integrating prior information (such as
general knowledge about the sorts of things that populate the world, their
propertiesand relationships,the metaphysicsof objects, etc...) with empirical
information gathered from incoming image data. This principle is expressed
in the form of a basic rule for relating conditional probabilities in which the
\antecedent" and \consequent" are interchanged. The value of this method
for computer vision is that it provides a framework for continually updating
one's theory of what one is looking at, by integrating continuously incoming
evidencewith the best available inferenceor interpretation so far.

13.1 Decisions under uncertain ty.

Most real-world tasks (whosesolution requiresintelligence) involve degreesof
uncertainty. Decision-makingunder uncertainty is especially characteristic in
computer vision. The sourcesof uncertainty may include:

� the nature of the data or signalsavailable

� the inherent problem of classifyingor recognizingthem

� the unpredictability of the future

� the fact that objects and events have probabilities

� the uncertainty of causation
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� the fact that associative knowledgeis only probabilistic

� the inherent incompletenessor imperfection of processing

� possibleundecidability of a problem, given all available data

� the \ill-p osed" nature of many tasks

� inherent trade-o�s such as speedversusaccuracy

But despitetheserealities, decisionsare required. The framework to adopt is
that, in a sense,the world consistsof probabilities, and that visual processing
really amounts to computing probabilities and assigningthem.

Examplesof decisions-under-uncertainty in vision:

� Medical diagnosis;radiology: Is this a tumor? Doesthe cost of a possible
FalseAlarm (taking a biopsy, frightening the patient unnecessarily)exceed
the costof possiblymissingan early diagnosis?What shouldyou do if the
odds are 99% that it is just a benign cyst; but if it is a tumour, missing
it now could be fatal?

� Military decision-making:a planeis seenapproaching your aircraft carrier
very low on the horizon and at high speed. Is it friend or foe? How should
the costs of the two possibletypes of error (shooting down one of your
own planes,vs allowing the wholeaircraft carrier to be sunk) be balanced
against their relative probabilities, when making your decision?

Finally, how can decisionstrategiesbe updated by the integration of evidence
that arrives gradually over time? How should a-priori knowledgeabout the
probabilities of events in the world be combined with available incomingdata?

Statistical decisiontheory is the study of how to optimize certain measuresof
performance,given the available data and the decisionenvironment as speci-
�ed by costs/bene�ts, a-priori knowledge,speedand con�dencerequirements.

The Bayesian View

A highly in
uen tial formalism for integrating prior knowledgeabout the world
(beliefsbeingexpressedin terms of probabilities) with newincomingdata (e.g.
an imagesequence),or of achieving fusion amongstdi�eren t and possibly in-
commensurableforms of data, is that of Bayesianinference.

Bayesianisminterprets probability as \degree-of-belief," rather than as \fre-
quency of occurence," and argues for weighing all evidencewith all possi-
ble (imaginable) interpretations and their associated (estimated) probabilities.
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Baye's rule, namedafter the 17th-century cleric, Thomas Bayes, is a formal-
ism for combining prior knowledgeor beliefswith empirical observations. It is
at oncea theory of explanation, a procedurefor the integration of evidence,
and a protocol for decision-making.Someaspects of Bayesianinterpretation
in vision are evident in the way we read the following texts, in which the same
letter stimulus is read in completelydi�eren t ways dependingon local context:

We begin with an informal statement of Bayes' rule for drawing inferences
from data. If H represents an hypothesisabout the \state of the world" (e.g.
the object in an image) and D represents the available imagedata, then the
explanatory conditional probabilities p(H jD) and p(DjH ) are related to each
other and to their unconditional likelihoods p(H ) and p(D) as follows:

p(H jD) =
p(DjH )p(H )

p(D)
(15)

For example,a human agricultural expert, or an arti�cial expert system,has
knowledgeof the form p(DjH ): Givena plant (or a hypothetical diseasestate)
H , there is a corresponding conditional probability p(D jH ) of observingcer-
tain imagedata D. However, typically the goalof computervision and pattern
recognitionis to calculatejust the inverseof that conditional probability: given
image data D, what is the probability p(H jD) that the hypothesis(of plant
or diseasestate H ) is true?

Bayes' rule (Eqt. 15) speci�es the formal procedure for calculating such in-
ferencesp(H jD), given the observations, the unconditional probabilities, and
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the prior expert agricultural knowledgep(DjH ). It thereby o�ers a cleanand
simple interface between a knowledge baseand visual data. A key feature
of Bayes' Theorem is that it provides a mechanism for repeatedly updating
our assessment of a visual hypothesisas more data arrivesincrementally. We
can apply the rule recursively, using the latest posterior as the new prior for
interpreting the next set of data. In AI, this feature is important becauseit
allows the systematic and real-time construction of interpretations that can
be updated continuously as more data arrive in a time series,such as a 
o w
of imagesor spoken soundsthat we wish to understand.

13.2 Statistical Decision Theory

The Bayesianview focuseson the useof priors, which allow vision to besteered
heavily by one'sa priori knowledgeabout the world and the things which pop-
ulate it. For example,probabilistic priors can expressthe notion that some
events, objects, or interpretations are vastly more probable than others; that
matter cannot just disappear, but does routinely becomeoccluded; that ob-
jects rarely changetheir surfacecolour; that uniform texturing on a complex
surfaceshape is a more likely interpretation than highly non-uniform textur-
ing on a simple or planar shape; that a rigid rotation in three dimensionsis a
\b etter explanation" for deforming boundaries(if consistent with same)than
actual boundary deformations in the object itself; and so forth. Being able
to integrate formally such learnedor even \metaphysical" assumptionsabout
the world is one way in which Bayesianinferencefacilitates a \top-down" or
AI-oriented, expert-system-oriented, approach to vision.

However, in many vision tasks, there may be no useful (or strong) priors.
We may need to solve pattern recognition problems purely on the basis of
somevector of acquired features from a given object or image; the task is
to decide whether or not this feature vector is consistent with membership
in a particular classor object category. In this sense,the problem of object
identi�cation amounts to a \same / di�eren t" decisionbetweenthe presenting
feature vector and one (or more) characteristic classfeature vectors, even if
we don't have any useful priors about the relative likelihoods of the possible
object classesor interpretations.

The degreeof match betweentwo feature vectorsmust be computedand for-
mally evaluated to make a decisionof \same" or \di�eren t." Almost always,
there is somesimilarit y between\di�eren t" patterns, and somedissimilarity
between\same" patterns. This createsa decisionenvironment with four pos-
sible outcomes:

72



1. Hit: Actually same;decision\same".

2. Miss: Actually same;decision\di�eren t".

3. FalseAlarm: Actually di�eren t; decision\same".

4. Correct Reject: Actually di�eren t; decision\di�eren t".

We would like to maximizethe probability of outcomes1 and 4, becausethese
are correct decisions.We would like to minimize the probability of outcomes
2 and 3, becausetheseare incorrect decisions(\T ype II" and \T ype I" errors).

Statistical Decision Theory
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Figure 2: Two-choice Decision Environment of Statistical Decision Theory

We can adjust our decision threshold (becomemore liberal or more con-
servative) to re
ect the costsand bene�ts of the four possibleoutcomes.But
adjusting the decisionthreshold hascouplede�ects on the four outcomes:

� Increasingthe \Hit" rate will also increasethe \F alseAlarm" rate.

� Decreasingthe \Miss" rate will alsodecreasethe \Correct Reject" rate.

How can we understand theserelationships in a theoretical formalism? How
can we optimize the decision-makingprocess?
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During WWI I, a theoretical framework wasdeveloped for understandingsuch
decisionenvironments in the context of radar. It was developed at the Uni-
versity of Michigan and becameknown as Signal Detection Theory, or also
as Statistical DecisionTheory. The signals received about the \state of the
world" are modelled as arising from two noisy probability distributions. In
the pattern recognitioncontext, thesetwo correspond to the class-object rela-
tionships of \same" versus\di�eren t." (In the schematic diagram above, the
terms \authentic" and \imp oster" wereused.)

When a decisionof \same" or \di�eren t" is made, basedupon the observed
similarit y and someacceptability threshold, the probabilities of the four pos-
sible outcomescan be computed as the four areaslying under thesetwo dis-
tributions to either side of the decision criterion. These four probabilities
correspond to the shadedareasin the diagram. The computed error proba-
bilities can be directly translated into a con�dence level that we can assign
to any decisionthat is made in this formalism. The result of being \lib eral"
or \conservative" in our decision-makingis revealed in the ROC curve, for
Receiver Operating Characteristic (the nameis derived from radar analysis).

Decision Strategies
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Figure 3: ROC Curve for Two-Choice Decision Environments (e.g. making Yes-No decisionsfor
object classi�cation and pattern recognition). ROC curvesreveal trade-o�s betweenerror rates.

Each point on the ROC curve represents a particular decisionstrategy. It plots
the relationship betweenthe resulting Hit Rate and FalseAlarm Rate.
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Finally, regardlessof whereour decisionthreshold is placed,the fundamental
decidability of the decisiontask (or the detectability of the signal detection
task) is measuredby the quantit y \d-prime" (d0). It is de�ned asthe di�erence
betweenthe meansof the two distributions, scaledby the square-root of their
averagevariance(a conjoint standard deviation):

d0=
j� 2 � � 1j

q
1
2(� 2

2 + � 2
1)

wherethe two distributions arecharacterizedby means� 1 and � 2 and standard
deviations� 1 and � 2. An improvement in d0canresult either from pushingthe
two distributions further apart, or from making oneor both of them narrower.
In the ROC curve, d0 correspondsto how \b owed" the curve is. The bigger d0

is, the better; a pattern recognitionproblem with high decidability will have a
large d0, so the curve approachesthe upper-left corner. Any value higher than
about 3 is great. The Figure below illustrates d0= 11:36 for iris recognition.

These considerationsillustrate what might be called the \Primary Law of
Pattern Recognition":

The key factor is the relation between within-class variability and
between-classvariability. Pattern recognition can be performed re-
liably only when the between-class variability is larger than the
within-class variability.
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Decision Environment for Iris Recognition:  same vs different eyes
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Figure 4: A powerful decision environment with d0 = 11:36, illustrating how well-separated
same/di�eren t distributions lead to highly decidableclassi�cation and pattern recognition.
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13.3 Bayesian pattern classi�ers

Considera two-classpattern classi�cation problem, such as optical character
recognition on the spaceof just two letters, a and b. We compute someset
of featuresx from the imagedata (for now we don't carewhat thosefeatures
are), and we wish to build a Bayesianclassi�er that will assigna given pattern
to oneof two classes,C1 or C2, corresponding to the two letter instances.

Whatever are the extracted featuresx (maybe as simple as the height/width
ratio), after collecting thesemeasurements from a large number of samplesof
letters a and b, we can plot a histogram of how thesemeasurements are dis-
tributed for each of the two classes.In general,thesehistogramswill overlap,
as illustrated above right. A particular sampleof the value of x might come
from either classC1 � a or C2 � b; but the further to the left it is, clearly the
more likely it is to have comefrom classC1, other things being equal.

What do we mean by \other things being equal?" Suppose that instances
of classC2 are 100times more frequent (more probable) than classC1. Would
we then still say that, given a slightly smallish sampledvalue x as indicated
above, the letter classis more likely to have beenC1 than C2?

No. Now we needto becomeBayesiansand take into account baselinerates.
De�ne the prior probabilities P(C1) and P(C2) as their relative proportions
(summing to 1). If we had to guesswhich character had appearedwithout
our even seeingit, we would always just guessthe one with the higher prior
probability. Thus since in fact an `a' is about 4 times more frequent than
a `b' in English, and theseare the only two casesin this two-classinference
problem, we would set P(a) = 0:8 and P(b) = 0:2.

For each classseparately, we can measurehow likely any particular feature
samplevalue x will be, by empirical observation of instancesfrom each class.
This givesus P(xjC1) and P(xjC2).
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Finally, we needto know the unconditional probability P(x) of any measure-
ment value x. We can calculate this by the probability \sum rule:"

P(x) =
2X

k=1
P(xjCk)P(Ck)

Now we have everything we needto apply Bayes' Rule to calculate the like-
lihood of either classmembership, given someobservation x, factoring in the
prior probabilities P(Ck), the unconditional probability P(x) of the observed
data, and the likelihood of the data given either of the classes,P(xjCk). The
likelihood of classCk given the data x, is the posterior probability P(Ck jx):

P(Ck jx) =
P(xjCk)P(Ck)

P(x)
(16)

Thus Bayes' Rule givesus a principled, formal way to perform pattern classi-
�cations on the basisof the available data and our knowledgeof classbaseline
rates, and how likely the data would be for each of the classes.We may now
plot the likelihoods of each of the classes,as a function of the data x:

We minimise the probability of misclassi�cation if we assigneach new input x
to the classwith the highest posterior probability. Assignx to classCk if:

P(Ck jx) > P(Cj jx) 8j 6= k

Sincethe denominator in Bayes' Rule (Eqt. 16) is independent of Ck, we can
rewrite this minimum misclassi�cation criterion simply as:

P(xjCk)P(Ck) > P(xjCj )P(Cj ) 8j 6= k

If we now plot the quantities in this inequality relation as a function of x, we
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can seethat the minimum misclassi�cation criterion amounts to imposing a
decisionboundary wherethe two curvescrosseach other (arrow):

Becausethe costsof the two di�eren t typesof errors are not always equal, as
illustrated earlier in the medicalexampleof the biopsy, we may not necessarily
want to place our decisioncriterion at the point where the two curvescross,
even though that would minimise the total error. If the decisionboundary
that we chooseis as indicated by the vertical line above, then the total error
is equal to the total shadedarea. Let R1 and R2 be the regionsof x on either
sideof our decisionboundary. Then the total probability of error is:

P(error) = P(x 2 R2; C1) + P(x 2 R1; C2)

= P(x 2 R2jC1)P(C1) + P(x 2 R1jC2)P(C2)

=
Z

R2
P(xjC1)P(C1)dx +

Z

R1
P(xjC2)P(C2)dx

Thus the total shadedarea is the total probability of error, and obviously we
would minimise this (if that wereour goal) by putting the decisionboundary
at the arrow wherethe two curvescross.

13.4 Discriminan t functions and decision boundaries

If some set of functions yk(x) of the data x are constructed, one function
for each classCk, such that classi�cation decisionsare made by assigningan
observation x to classCk if

yk(x) > yj (x) 8j 6= k;

those functions yk(x) are called discriminant functions. The decisionbound-
ariesbetweendata regionsRj and Rk arede�ned by thoseloci in the (normally
multi-dimensional) data x at which yk(x) = yj (x). A natural choice for dis-
criminant functions would be the posterior probabilities:

yk(x) = P(Ck jx)
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Equivalently sincethe denominator P(x) in Bayes' Rule is independent of k,
we could choose

yk(x) = P(xjCk)P(Ck)

or any monotonic function of this, sincethe decisionboundarieswould remain
the same. The following �gure illustrates how in even just the caseof two-
dimensionaldata, the decisionboundariesseparatingfour Gaussiandensities
(corresponding to four classes)can be rather complex.

15 Vision as a set of inverse problems. Regularization.

Many goalsof vision canbedescribedas\in verseproblems,"becauseinferences
from data are neededto derive modelsof the world properties that projected
those image data. Such inverseproblemsare formally ill-p osed. A powerful
way to overcomethe inherently ill-p osednature of many visual tasks is to
re-formulate, or regularisethem as optimisation problems, which can be ap-
proached essentially as problemsof calculusbecausethe solution to the task
corresponds to �nding an extremum. The method involves specifying some
functional (typically an integral operator) consistingof two terms:

1. a \data" term, in which imageparametersare represented;

2. a \smoothness" (or regularisation) term, embodying world constraints.

Thesetwo terms arecombined by someweighting parameter� specifying their
relative importance, i.e. the degreeto which either the data dominates,or the
background assumptionsdominate, the solution.
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16 Face detection, recognition, and in terpretation

The goal of detecting facesand recognizingtheir identit y haslong beenoneof
the \Holy Grail" problemsin computer vision. It is a hard problem for all of
the reasonswe have encountered that generallymake computer vision hard:

� Facesare surfaceson 3D objects (heads). Therefore the images they
project depend on the perspective anglebetweenobject and camera,the
rotation of the object around its own axes,and the illuminant.

� Facial surfaceshave relief, and so parts (e.g. noses)can occlude other
parts. Hair can alsocreaterandom occlusionsand shadows.

� Surfacerelief causesshading and shadows to depend upon the angle of
the illuminant, and whether it is an extendedor a point source.

� Faceshave variable specularity (dry skin may be Lambertian, oily or
sweaty skin may be specular). As always, this confoundsthe interpre-
tation of the re
ectance map.

� Parts of facescan move around relative to other parts (eye movements;
lip movements; eyebrows and winks).

� Humansput things on their faces(e.g. glasses,cosmetics,cigarettes)and
changetheir facial hair (moustaches,eyebrows). They alsousetheir faces
as organsof expression,and so the surfaceisn't even rigid. (Ideally one
would like not only to be able to detect and recognizefaces,but also to
interpret and classifytheir expressions.)
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16.1 Issues in detecting, recognising, and in terpreting faces

As usual, this domain of computer vision raisesquestionssuch as:

1. What is the best representation to usefor faces?

2. Must this betreated asa 3D (object-based)or 2D (image-based)problem?

3. How can invariancesto size(hencedistance), location, pose,and angleof
view be achieved? (A faceshould acquire the samerepresentation under
such transformations, for matching purposes.)

4. What are the generic (i.e. universal) properties of all facesthat we can
rely upon, in order to reliably detect the presenceof a face?

5. What are the particular featuresthat we can rely upon to recognizethe
identit y of any given face?

6. What is the best way to handle\in tegration of evidence,"and incomplete
information, and to make decisionsunder uncertainty?

7. How canwe handlethe transformationsthat canoccur in a givenperson's
face,either through natural, or unnatural means?

The above two imagesshow the sameperson. Likewisethe four below, despite
apparent changesin gender,race,and Gattungswesen(species-being).
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16.2 The Fundamen tal Problem.

The central issuein pattern recognition is the relation between within-class
variabilit y and between-classvariabilit y. Theseare determinedby the degrees
of freedomspannedby the pattern classes.Ideally the within-class variabilit y
should be small and the between-classvariabilit y large, so that the classes
are well separated. In the caseof encoding facesfor identit y, one would like
di�eren t facesto generatefacecodesthat are as di�eren t from each other as
possible,while di�eren t imagesof the samefaceshouldideally generatesimilar
codesacrossconditions. Several recent investigationsof how well this goal is
achieved have studied the invariancesin face coding schemesunder changes
in illumination, perspective angleor pose,and expression.Their results have
tended to show that there is greater variabilit y in the code for a given face
acrossthesethree typesof changes,than there is amongthe codesfor di�eren t
faceswhen thesethree factors are kept constant. Sincereports documenting
performanceof particular face recognition algorithms have often beenbased
upon trials in which these factors (pose, illumination, and expression)were
held arti�cially constant, the performancestatistics in real-world settingshave
beenvery disappointing by contrast, with error rates approaching 50%.

The array of imagesabove shows how dramatic are the e�ects of even only a
changein illumination direction. Facial expressionremainsexactly the same.
Going acrossthe columns from left to right, the illumination changesfrom
frontal to side;and going down the rows, it changesin elevation. If you com-
parethe 3 imagesin the last columnon the right, it seemsalmost inconceivable
that any meanscouldbefound to represent theseasimagesof the sameperson.
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Earlier (on page4) we saw how dramatically a change in poseangle a�ects
imageappearance,even though the expressionand illumination remainedthe
same.Appearance-basedalgorithms for facerecognitionstill tend to judgedif-
ferent facesin the sameposeas more similar than identical facesin di�eren t
poses.Finally now, the imagesbelow show how much a given person'sface(in
each row) can changewhen sheis using it socially as an organ of expression.

For comparisonnow, when we examine imagesof di�er ent facesseenunder
�xed illumination and with neutral expressions,their (between-class)variabil-
it y seemstiny comparedto the same-person(within-class) variabilities above
associated with changeseither in illumination or in expression:
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When there is variabilit y acrosstwo or more dimensions(let us say both face
identit y and facial expression,as in the imagesbelow), then discriminabilit y
might bene�t from variabilit y within a classof the other dimension,but not
from variabilit y between classesof the other dimension.

For example,facial expressionsare more reliably distinguishedif there is large
variation amongthe di�eren t expressionsgeneratedby a given face,but small
variation in how a given expressionis generatedamongstdi�eren t faces.The
consequencesof within-class and between-classvariabilit y, for single dimen-
sionsand acrossthem, are noted in the following table:

Within-Class Bet ween-Class
Task Variabilit y Variabilit y

Face detection bad good
(classes:face/ non-face)

Face iden ti�cation bad good
(classes:same/di�erent faces)

Facial expression in terpretation good bad
(classes:same/di�erent faces)

Facial expression in terpretation bad good
(classes:same/di�erent expressions)
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Many of theseforms of variation in facial appearanceswere captured in the
painting by Boilly, Reunion de TêtesDiverses. In characterizing the within-
classvariabilit y and the between-classvariabilit y of faces,it is clear that (at
least over time), the variabilit y of any given facecan easily outstrip the vari-
abilit y amongcontemporary faces.No onewould deny that youngbabieslook
far more similar to each other, than each doesto the adult that it grows into.

Even when all other factors such as poseangle,expression,illumination, and
ageare held constant, we can distinguish thoseaspectsof facial variation that
are genetically inherited (\genotypic features"), from thosethat primarily re-

ect development, aging,or environment (\epigenetic features"). Personswho
are genetically identical would shareall their genotypic features,such as gen-
der, blood group, race,and DNA sequence,whereasepigeneticfeaturescanbe
sharedamongdi�eren t individuals only by chance,accordingto their associ-
ated probability distributions.

One sourceof evidenceabout the genetic/epigeneticratio of facial variation
arisesfrom identical (monozygotic) twins. Obviously any pair of twins are al-
ways matched in age. Each twin's appearancechangesover time in the normal
dramatic way, yet the pair usually remain strikingly similar to each other in
appearanceat any age. Nobody would deny that identical twins look vastly
more similar to each other than unrelated personsdo. Sincesuch twins are
genetically identical, their similarit y in appearanceservesto calibrate the ex-
tent of geneticpenetrance for facial structure.

A further, but secondary, indicator of the genetic penetranceof facial ap-
pearanceis provided by personswho share only 50% rather than 100% of
their genes. These include fraternal twins, full siblings, double cousins,and
a given parent and o�spring. Occasionallythe latter pairings have virtually
indistinguishableappearanceat a similar age,such asRobert F. Kennedyand
his sonMichael Kennedy in adulthood.

Interestingly, a major part of the computational load of the brain is concerned
with \social computation," a large part of which involves identifying and in-
terpreting faces.It is generallyacceptedamongethologistsand neuroscientists
that the main evolutionary pressuresthat led to the large brains of primates
were not \engineering oriented" pressuressuch as learning to use tools, but
rather the demandsof sexual competition. Included in those task demands
are: seduction;betrayal; assessingpower hierarchiesand your own placewithin
them [\who is the alpha male here?"]; manipulation of others' intentions and
desires;and interpreting thosewithin others [i.e. the \other minds" problem].
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Neuronesin some30 distinct visual areasin primate brains have beenfound
which are selective to faces. Many of these neuronesare further tuned not
only for the familiarit y of a face,but also for its expression,e.g. friendly ver-
sus threatening. The following sketch of the rhesusmonkey brain identi�es
numerousareasin the temporal cortex in which facesensitive neuroneshave
beenfound. Someof them respond mainly on the basisof whether the eyesin
a faceare averted away from the monkey, or looking straight at it, which is a
key threat gestureamongmany primates. (Try making too much eye contact
with the \alpha male" gorilla in a zoo sometime,and you will seehow angry
he getswith you.) Even we humansare exquisitely sensitive to the amount of
eye contact, especially betweenthe genders.Either too much, or too little, is
quickly noted (at least unconsciously)and \in terpreted."

16.3 Face detection

Paradoxically, face detection is a harder problem than face recognition, and
the performanceratesof algorithms are poorer. (This seemsparadoxical since
detection must precederecognition; but recognition performanceis measured
only with imagesalready containing faces.)Approachesto facedetection still
usegenerictemplates,spanningmultiple scales(for facesof di�eren t distances,
hencesizes)and poses.Oneof the most powerful featuresaiding facedetection
is the rather special hue composition of human skin, which is matched by few
other types of surfaces. (Racial di�erences correspond only to varations in
saturation, due to di�eren tial melanin density, but not to di�erences in hue.)
If skin tone is ignored,most current algorithms for facedetectionwill �nd lots
of faceswhen \aimed" merely at a nice Persianrug...
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16.4 Tw o-dimensional (app earance-based) approac hes to face recognition

Early attempts at facerecognitionwerebasedon simple \template-matching"
on a pixel-by-pixel basis. Although primitiv e, thesemethods have re-surfaced
now as performing about as well as anything else. Of course,they do require
somemechanismfor size-invarianceto compensatefor distance;the brute force
approach would require storing virtually an in�nite number of templates for
di�eren t sizes,and soaccuratesizenormalisation is neededinstead. Variation
in poseangle is normally handled today by storing not just one template for
each face,but rather a (3 x 3) array or a (4 x 4) array for the di�eren t pose
angles.Someolder 2D approachesto facerecognitionalsosought to enumerate
a long vector of facial features,such asmeasurements of the distancesbetween
many points on the face. Theseinclude all mutual distancesbetweendistinct
points such asthe pupils, the boundary of the chin, the cantis (corners)of the
eyes,cornersof the lips, etc. However, thesemethods were generally just not
very robust, despitethe combinatorial explosionof possiblemeasurements and
metrics.

Oneof the mostprominent approachesto facerecognitionasa two-dimensional,
appearance-basedproblem is the Eigenfaces approach (Kirb y and Sirovich;
Turk and Pentland). This involves performing a complete Karhunen-Loeve
Transform of a large databaseof faces(e.g. 8,000) to extract the principal
components, i.e. the 20 or somain 2D factors alongwhich di�eren t facesdi�er
from each other. Thesemay be expressedas the eigenvalueson the eigenvec-
tors (eigenfaces),which form a new abstract kind of feature vector on which
to baserecognition. Performanceis often in the 90%to 95%range. However,
a limitation in this method is that many of the principal components simply
extract variations dueto shadingcausedby variations in the angleof illumina-
tion! Other high-order principal components are extracting variations in the
outline of the facedue to small errors in size(distance) normalisation. Thus
the method is essentially a 2D representation of faces,and lacks invariances
to illumination or poseangle,or any real sizeinvariance.

The Eigenfacesapproach exempli�es a typical strategy in computer vision,
which is projection to a low-dimensionalsubspace. The critical variation in a
pattern recognition problem is captured in somelow dimensionalset of basis
vectors,such as the 20 most important \eigenfaces"to emergefrom Principal
Components Analysis (PCA) of a dataset that is regardedas representativ e
of the problem domain. Those are then treated as basisvectors, in terms of
which any face is represented by somelinear combination. The weights, or
coe�cien ts, that specify each such linear combination are the eigenvalues; in
e�ect they indicate the \relativ e presence"of each of the eigenfaceswithin
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any given presenting face. They are computed simply by taking the inner
product of the presenting faceimagewith each of the eigenfaces.Becausethe
eigenfaceswhich emergefrom the PCA are, by construction, orthogonal, this
is a relatively rapid computation. The projection coe�cien ts obtained serve
alsoasexpansioncoe�cien ts, sincethis speci�ed linear combination of roughly
20 eigenfaceswill superimposeinto a very closeapproximation to the face in
question. Thus a face is e�ectiv ely represented by a small set of numbers:
the eigenvalues. Such a \face code" is extremely compact,and databasescan
be searched very rapidly sincethe description of each faceis a simple feature
vector of only 20numbers. The following picture illustrates 15eigenfacescom-
puted from PCA asbasisvectors,and their linear combination to superimpose
into the facein the top left.

16.5 Wavelet approac hes to face recognition

Recently much interest hasdeveloped in waveletrepresentations of faces.This
idea can be applied in either a 2D or a 3D fashion, either to represent im-
agestructure or to represent the surfaceof the faceas a 3D model. Because
wavelets are localized, they can track changesin facial expressionin a local
way. This approach essentially treats a faceas a kind of texture, madeup of
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various undulations in various positions, sizes,and orientations but without
incorporating explicit models for the individual parts of faces. Remarkably,
the major facial featuressuch as eyes, lips, and nosescan be extremely well
represented by just a handful of 2D Gabor wavelets,ascan the entire face,as
was noted earlier.

Number of Wavelets

116 216 original16 52

To allow for the deformationsassociated with changesin poseangleor changes
in expression,thesewavelet mappings(called \Gab or jets") are often placed
on a deformablegraph which tolerates distortions relative to �ducial points.
Matching can be performedon such distorted graphs in a way that compen-
sates for a limited range of deformations. Performanceof this approach is
comparableto that of the Eigenfaces.The computed feature vectors can be
local Gabor wavelet amplitude or phaseinformation.

Phase-Quadrant Demodulation Code

[0, 0] [1, 0]

[1, 1][0, 1]

Re

Im

Figure 5: An encoding approach for faces(and other patterns) by phase-quadrant quantization of
complex-valued 2D Gabor wavelet projections of image structure. Bits in the \face code" are set by
the quadrant in which the phasor lies for each aspect of facial structure.
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16.6 Three-dimensional approac hes to face recognition

Current e�orts in face recognition seekto model facesas three-dimensional
objects, even as dynamic objects, in order to achieve invarianceboth to pose
angleand illumination geometry. Of course,this requiressolving the ill-p osed
problemsof infering shape from shading,interpreting albedoversusvariations
in Lambertian and specular surfaceproperties, structure from motion, etc.
On page4 we examinedhow di�cult this problem is, and how remarkable it
is that we humans seemto be so competent at it. The synthesis of vision
as model-building and graphics, to perform face recognition in object-based
terms, rather than appearance-basedterms, is now a major focusof this �eld.

In order to construct a 3D representation of a face (so that, for example,
its appearancecan be predicted at di�eren t poseanglesaswe saw on page4),
it is necessaryto extract separatelyboth a shape model and a texture model
(texture encompassesalbedo,colouration, any 2D surfacedetails, etc).

The 3D shape model (above right) is extracted by various means,which
may include laser range-�nding (with millimetre resolution); stereocameras;
projection of structured light (grid patterns whosedistortions revealshape); or
extrapolation from a multitude of imagestaken from di�eren t angles(often a
4� 4 matrix). The sizeof the data structure canbe in the gigabyte range,and
signi�cant time is required for the computation. Since the texture model is
linked to coordinateson the shape model, it is possibleto project the texture
(tone, colour, features, etc) onto the shape and thereby generatemodels of
the face in di�eren t poses. Clearly sensorsplay an important role here for
extracting the shape model, but it is alsopossibleto do this even from a single
photographif su�cien tly strong Bayesianpriors arealsomarshalled,assuming
an illumination geometryand universalaspectsof headand faceshape.
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& Fac ia l Expression
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of Shape & Texture Cast Shadow New Illumina tion Rota tion
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Figure 6: A single 2D photograph (top left) can be used to morph a 3D face model after manual
initialisation, to build a 3D representation of the face from the photo that can be manipulated for
di�ering poseangles,illumation geometries,and even expressions.(Blanz & Vetter)

An impressive demonstration of this processcan be seenon YouTube at:
http://uk.youtube.com/watch?v=nice6NYb WA. As summarisedin Blanz & Vetter's
paper, Face Recognition Based on Fitting a 3D MorphableModel, it is:
\...a method for facerecognitionacrossvariations in pose,rangingfrom frontal to pro�le views,

and acrossa wide rangeof illuminations, including cast shadows and specular re
ections. To

account for thesevariations, the algorithm simulates the processof image formation in 3D

space,using computer graphics, and it estimates3D shape and texture of facesfrom single

images. The estimate is achieved by �tting a statistical, morphable model of 3D facesto

images.The model is learnedfrom a set of textured 3D scansof heads.Facesare represented

by model parametersfor 3D shape and texture."

16.7 Approac hing human performance in face recognition

Organisationssuch asNIST periodically run competitions for facerecognition
algorithms, over a wide range of conditions such as: controlled/uncontrolled
illumination and pose;resolution; capture interval; and 2D versus3D sensors.
Uncontrolled illumination and poseremain highly challenging for algorithms.
Under someconditions,with very high resolution(> 6 megapixel)imagearrays
su�cien t to resolve tiny details of skin texture, machine performanceequals
and even exceedshuman performance(although somemight questionwhether
this is really \face recognition" sinceit needsonly a few squareinchesof high-
resolution skin texture above the eyebrows, and requires minutes to encode
and match theseminutiae). The next �gure shows ROC curves reported in
2007for several algorithms; three of them are consistently above (better than)
the facerecognition performanceof humans(the black, fourth ROC curve).
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Performance of humans and seven algorithms on the difficult face pairs (Fig. 3a) and easy face pairs (Fig. 3b) shown
algorithms outperform humans on the difficult face pairs at most or all combinations of verification

(cf., [20] NJIT, [21] CMU for details on two of the three algorithms). Humans out-perform the other four
face pairs. All but one algorithm performs more accurately than humans on the easy face pairs. (A color

figure is provided in the Supplemental Material.)
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16.8 In terpreting facial expressions

Finally, much current e�ort is devoted to recognisingfacial expressions, not
only asstatic aspectsof pictures but asdynamic sequences,unfolding in time.
Motion energymodelsareusedto extract motion signaturesfrom speci�c parts
of faces,and to classify theseas expressions.This task also entails vision-as-
inverse-graphicsto constructmodelsbasedupon knowledgeof the humanfacial
musculature and behaviour, while Hidden Markov Models (HMMs) capture
articulated expressivestatesequences.Future human-machine interaction may
incorporate this interpretive aspect, known as \a�ectiv e computing."
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Exercise 1

Give three examplesof problemsin computer vision which are formally ill-p osed. In each
caseexplain how oneor more of Hadamard'scriteria for well-posedproblemshas failed to
be satis�ed. Illustrate how addition of ancillary constraints or assumptions,even meta-
physical assumptionsabout how the world behaves, enable one to convert the ill-p osed
problem into a well-posedproblem. Finally, discusshow the use of Bayesian priors can
perform this function.

Exercise 2

What is accomplishedby the lateral signal 
o ws within both plexiform layersof the mam-
malian retina, in terms of spatial and temporal imageprocessingand coding?

Exercise 3

Why can't any computer vision operations be performed directly on .jpeg image data
formats?

Exercise 4

In human vision, the photoreceptorsresponsiblefor colour (cones)are numerousonly near
the fovea,mainly in the central � 10 degrees.Likewisehigh spatial resolution is only found
there. So then why does the visual world appear to us uniformly coloured? Why does it
alsoseemto have uniform spatial resolution? What implications and designprinciples for
computer vision might be drawn from theseobservations?

Exercise 5

Discussthe signi�cance of the fact that mammalianvisual systemssendperhapsten times
as many corticofugal neural �bres back down from the visual cortex to the thalamus, as
there are ascendingneural �bres bringing visual data from the retina up to the thalamus.
Does this massive neural feedback projection support the thesis of \vision as graphics,"
and if so how?

1



Mo del Answ er { Exercise 1

1. Infering depth properties and 3D surfaceproperties from imageinformation. An im-
ageis a two-dimensionaloptical projection, but the world we wish to make senseof
visually is three-dimensional. In this respect, vision is \inverse optics:" we needto
invert the 3D � ! 2D projection in order to recover world properties (object proper-
ties in space);but the 2D � ! 3D inversionof such a projection is, strictly speaking,
mathematically impossible.This violates Hadamard's2nd criterion.

2. Infering object colours in an illuminant-invariant manner. The wavelength mixture
reaching a video camera(or the eye) is the convolution of the wavelengthcomposition
of the illuminant (which may be multiple, extended,or a point source;narrowband
or broadband; etc.) with the spectral re
ectances of objects. We wish to infer the
latter, i.e. object pigment properties,but in order to deconvolve the two processeswe
would needto know exactly the properties of the illuminant. Usually we don't have
that information. This violates Hadamard's1st criterion.

3. infering structure from motion, shading, texture, shadows, and interpreting the mu-
tual occlusionsof objects as well their self-occlusionsas they rotate in depth. The
solutions to such problems do not depend continuously on the data, which violates
Hadamard's 3rd criterion; and they may not be unique, which violates Hadamard's
2nd criterion.

Most of the problemswe needto solve in vision are il l-posed, in Hadamard'ssensethat a
well-posed problem must have the following set of properties:

� its solution exists;

� its solution is unique;

� its solution dependscontinuously on the data.

In many respects,computer vision is an \AI-complete" problem: building general-purpose
vision machineswould entail, or require, solutions to most of the generalgoalsof arti�cial
intelligence. But the intractable problems can be made tractable if metaphysical priors
such as \ob jects cannot just disappear; they more likely occludeeach other;" or \ob jects
which seemto be deformingare probably just rotating in depth;" or \head-like objects are
usually found on top of body-like objects, so integrate both kinds of evidencetogether;"
etc. can resolve the violation of oneor more of Hadamard'sthree criteria. Bayesianpriors
provide onemeansto do this, sincethe learning(or speci�cation) of metaphysicalprinciples
(\truths about the nature of the world") cansteerthe integration of evidenceappropriately,
making an intractable problem soluble.
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Mo del Answ er { Exercise 2

The outer plexiform layer of the mammalian retina performsspatial center/surround com-
parisons,using on-center / o�-surround isotropic receptive �eld structures. This operation
acts as a comparator that can be described as coding edges,or spatial change;it can also
be described as a kind of bandpass�ltering. The inner plexiform layer performsa similar
function in time, creating sensitivity to motion or dynamic aspects of the image. Both
require comparingimagedata from di�eren t parts of the retinal image,hencetheseneural
signal 
o ws are lateral.

Mo del Answ er { Exercise 3

The .jpeg imageformat is designedfor compressionand consistsof Hu�man-coded coef-
�cien ts computed by Discrete CosineTransformson local patchesof the image. Because
pixels themselves are not directly available, one cannot accessthe luminance or chromi-
nancedata as a function of position in the image until the .jpeg data is reformatted as
actual pixel data, for examplein a bit-mapped format like .bmp

Mo del Answ er { Exercise 4

The fact that the cone population which subserves both colour vision and high resolu-
tion vision is numerousonly near the fovea,yet the world appearsuniformly colouredand
uniformly resolved, revealsthat our internal visual representation is built up from multiple
foveated\frames" over time. It also revealsthat human vision may have more to do with
graphics,than with simple signal coding. In a sensewhat we seeis the result of a complex
graphical processthat is contrained by the retinal imageasa rather distal initial input. It
also shows the importance of integrating information over time, from multiple views. All
of theseare featuresthat could becomedesignprinciples in computer vision.

Mo del Answ er { Exercise 5

When visual data leavesthe retina down the million �bres of either optic nerve and reaches
its �rst synapseat the thalamus (or LGN, lateral geniculatenucleus), it is met there by a
much larger 
o od of feedback signalscomingback down from the visual cortex. This feed-
back projection is estimated to contain asmany as ten times more �bres than the a�erent
�bres bringing data up from the retina. One interpretation of this puzzling observation is
that vision works by a kind of hypothesis-generationand testing process,in which graph-
ical models are constructed in the brain about the external world and the objects that
populate it (and these\graphics" are really what one sees);and the graphicsare shaped,
constrained,and updated by the 2D imagedata coming from the retina. Hencewe seenot
imagedata, but 3D modelsconstructedto be consistent with such data. This is the theory
of \vision as [inverse]graphics."
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Exercise 6

Give �nite di�erence operators that could be applied to 1-dimensionaldiscretedata (such
as a row of pixels) in order to approximate the 1st and 2nd derivatives, d

dx and d2

dx2 .
How would your �nite di�erence operators actually be applied to the row of pixels? What
is the bene�t of usinga 2nd �nite di�erence (or derivative) insteadof a 1st �nite di�erence
(or derivative) for purposesof edgedetection?

Exercise 7

Considerthe following 2D �lter function f (x; y) incorporating the Laplacian operator that
is often usedin computer vision:

f (x; y) =

 
@2

@x2
+

@2

@y2

!

e� (x2+ y2)=� 2

(a) In 2D Fourier terms, what type of �lter is this? (E.g. is it a lowpass,a highpass,or a
bandpass�lter?)

(b) Are di�eren t orientations of image structure treated di�eren tly by this �lter, and if
so, how? Which term better describesthis �lter: isotropic, or anisotropic?

(c) Approximately what is the spatial frequencybandwidth of this �lter, in octaves?[Hint:
the answer is independent of � .]

(d) What is meant by imageoperations \at a certain scaleof analysis?" In this context,
de�ne a scale-space�ngerprin t, and explain the role of the scaleparameter.
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Mo del Answ er { Exercise 6

The convolution kernel � 1 +1 is a �nite di�erence approximation to the �rst derivative.
The kernel � 1 +2 � 1 is a second�nite di�erence, approximating the 2nd derivative.
They would be applied to a row of pixels by discrete convolution (positioning discretely
at each one, and combining the 2 or 3 nearby pixels according to the weights given, to
create a new pixel in an \output" image.) The �rst �nite di�erence would detect edges
in a polarity-sensitive way (e.g. positive for a +righ t edgebut negative for a +left edge),
whereasthe second�nite di�erence has the advantage of producing a zero-crossingat an
edge,regardlessof its polarity.

Mo del Answ er { Exercise 7

(a) In 2D Fourier terms, this is a bandpass �lter. It responds only to a certain band of
spatial frequencieslying betweensomelower and upper limits.

(b) This �lter doesnot discriminate betweendi�eren t orientations of imagestructure, e.g.
edgesat di�eren t angles. It is undiscriminating for anglebecauseboth the Laplacian
and the Gaussianparts of the de�nition of f (x; y) are isotropic. The overall operator
would be described as isotropic.

(c) The spatial frequencybandwidth of f (x; y) is approximately 1.3 octaves.

(d) By concatenating a �ltering operation (such as convolution with a Gaussian of a
certain scale� ) and a di�eren tiating operation (such astaking its Laplacian), onecan
construct an edgedetectionoperator that only �nds the edgesin an imageat a certain
coarsenessor �neness: hence\at a certain scaleof analysis." The scaleparameter �
of the blurring Gaussian,as in the de�nition given for f (x; y), determinesthis scaleof
analysis. A \scale-space�ngerprin t" is a mapping of the edgesdetectedasa function
of changing � from �ne (small) to coarse(large). The larger � , the fewer edgesare
detected,and they are only the most pronouncedand longestones.
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Exercise 8

The following very useful operator is often applied to an image I (x; y) in computer vi-
sion algorithms, to generatea related \image" g(x; y):

g(x; y) =
Z

�

Z

�
r 2e� ((x� � )2+( y� � )2)=� 2

I (� ; � ) d� d�

where

r 2 =

 
@2

@x2
+

@2

@y2

!

(a) Give the generalnamefor the type of mathematical operator that g(x; y) represents,
and the chief purposethat it servesin computer vision.

(b) What image properties should correspond to the zero-crossingsof the equation, i.e.
those isolated points (x; y) in the imageI (x; y) wherethe above result g(x; y) = 0?

(c) What is the signi�cance of the parameter � ? If you increasedits value, would there
be more or fewer points (x; y) at which g(x; y) = 0?

(d) Describe the e�ect of the above operator in terms of the two-dimensionalFourier
domain. What is the Fourier terminology for this image-domainoperator? What are
its generale�ects as a function of frequency, and as a function of orientation?

(e) If the computation of g(x; y) above wereto be implemented entirely by Fourier meth-
ods, would the complexity of this computation be greater or less than the image-
domain operation expressedabove, and why? What would be the trade-o�s involved?

(f ) If the image I (x; y) has 2D Fourier Transform F (u; v), provide an expressionfor
G(u; v), the 2D Fourier Transform of the desiredresult g(x; y) in terms of only the
Fourier plane variablesu; v; F (u; v), someconstants, and the above parameter � .
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Mo del Answ er { Exercise 8

(a) The operator is a convolution. Image I (x; y) is being �ltered by the Laplacian of a
Gaussianto emphasizeedgesof a certain scale.

(b) The zero-crossingsof the equation, isolated points where g(x; y) = 0, correspond to
edges(at any angle)within the imageI (x; y). Thus this operator servesasan isotropic
(non orientation-selective) edgedetector. (Note that extendedareaswherethe imageis
completelyuniform, i.e. constant pixel values,will alsobe regionswhereg(x; y) = 0.)

(c) Parameter� determinesthe scaleof imageanalysisat which edgesare detected. If its
value were increased,there would be fewer edgesdetected,i.e. fewer zeroesof g(x; y),
but also fewer falseedgedetectionsrelated to spuriousnoise.

(d) In the 2D Fourier domain, the operator is a bandpass�lter whosecentre frequency
is determined by � . Low frequenciesare attenuated, and also high frequenciesare
attenuated, but middle frequencies(determined by the value of � ) are emphasized.
However, all orientations are treated equivalently: the operator is isotropic.

(e) The operation would be much easierto implement via Fourier methods, becausecon-
volution is achieved by the simple multiplication of the Fourier transforms of the two
functions beingconvolved. (In the casein question,thesearethe imageand the Lapla-
cian of a Gaussian�lter.) In contrast, image-domainconvolution requiresa double
integral to becomputedin order to evaluate g(x; y) for each point (x; y). But a Fourier
cost is the requirement �rst to compute the Fourier transform of the image,and then
to computethe inverseFourier transform of the result after the multiplication, in order
to recover the desiredg(x; y) function. The computational complexity (and speed)of
using Fourier methods becomesfavourable for convolution kernelslarger than about
5 x 5.

(f ) By application of the 2D Di�eren tiation Theorem:

G(u; v) = � 4� 2(u2 + v2) e� (u2+ v2 )� 2
F (u; v)
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Exercise 9

Extraction of visual features from imagesoften involves convolution with �lters that are
themselves constructed from combinations of di�eren tial operators. One example is the
Laplacian r 2 � @2

@x2 + @2

@y2 of a GaussianG� (x; y) having scaleparameter � , generating
the �lter r 2G� (x; y) for convolution with the imageI (x; y). Explain in detail each of the
following three operator sequences,where� signi�es two-dimensionalconvolution.

(a) r 2 [G� (x; y) � I (x; y)]

(b) G� (x; y) � r 2I (x; y)

(c) [r 2G� (x; y)] � I (x; y)

(d) What are the di�erences amongstthem in their e�ects on the image?

Exercise 10

Considerthe following pair of �lter kernels:

-1 -1 -1 -1 -1 -1 1 1 1 1 1 1

-1 -3 -4 -4 -3 -1 -1 -2 -3 -3 - 2 -1

2 4 5 5 4 2 -1 -3 -4 -4 -3 -1

2 4 5 5 4 2 1 3 4 4 3 1

-1 -3 -4 -4 -3 -1 1 2 3 3 2 1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1 - 1 -1

1. Why do thesekernelsform approximately a quadrature pair?

2. What is the \DC" responseof each of the kernels,and what is the signi�cance of this?

3. To which orientations and to what kinds of image structure are these �lters most
sensitive?

4. Mechanically how would thesekernelsbe applied directly to an imagefor �ltering or
feature extraction?

5. How could their respective Fourier Transformsalternatively be applied to an image,
to achieve the samee�ect as in (4) above?

6. How could thesekernelsbe combined to locate facial features?

8



Mo del Answ er { Exercise 9

(a) Operation r 2 [G� (x; y) � I (x; y)] �rst smooths the image I (x; y) at a scalecontrolled
by � by convolving it with the low-pass�lter G� (x; y). Then the Laplacian of the
result is computed.

(b) Operation G� (x; y) � r 2I (x; y) �rst takesthe Laplacian of the imageitself (sum of its
secondderivatives in the x and y directions), and then the result is smoothed at a
scale� by convolving it with the low-pass�lter G� (x; y).

(c) Operation [r 2G� (x; y)] � I (x; y) constructs a new �lter by taking the Laplacian of a
Gaussianat a certain scale� . This is not a low-pass�lter, but a band-pass�lter. This
�lter is then convolved with the image,to isotropically band-pass�lter the image.

(d) By the commutativit y of linear operators,all three of the above operationsareequiva-
lent. Their e�ect is isotropic band-pass�ltering of the image,extracting only its edge
structure at a certain band of spatial frequenciesdetermined by � , and treating all
orientations equally.

Mo del Answ er { Exercise 10

1. The two kernels form a quadrature �lter pair becausethey have a 90 degreephase
o�set. The �rst is even-symmetric (in fact a cosineGabor), and the secondis odd-
symmetric (in fact a sineGabor). The two kernelsare orthogonal to each other (their
inner product = 0).

2. The DC responseof each kernel is 0. This meansthey give no responseto uniform
areasof an image(where brightnessis constant).

3. These�lters are most responseto horizontal structures such as edges,or other mod-
ulations (such as �ngers) that are horizontal.

4. The kernelswould be usedby convolving them with an image. Positioned over each
pixel in the image, the sum of the products of each tap in the �lter with each corre-
sponding pixel in the imagewould becomethe newpixel at that point in a newimage:
the �ltered image.

5. Alternativ ely, the sameresult couldbeobtainedjust by multiplying the Fourier Trans-
form of each kernel with the Fourier Transform of the image, and then taking the
inverseFourier Transform of the product.

6. Taking the modulus (the sum of the squares)of the results from convolving a facial
image with the two kernelsyields peaksof energyat locations corresponding to the
eyesand the mouth, when the scaleis appropriate, sincesuch facial featuresare local
wavelet-like undulations.

9



Exercise 11

De�ne the \CorrespondenceProblem," detailing the di�eren t forms that it takesin stereo
vision and in motion vision.

1. In each case,explain why the computation is necessary.

2. What are the roles of spaceand time in the two cases,and what symmetriesexist
betweenthe stereoand motion vision versionsof the CorrespondenceProblem?

3. How does the complexity of the computation depend on the number of underlying
featuresthat constitute the data?

4. Brie
y describe at least onegeneralapproach to an e�cien t algorithm for solving the
CorrespondenceProblem.

Exercise 12

(a) For what sizeof �lter kernel doesit becomemore e�cien t to perform convolutions by
instead computing Fourier Transforms,and why?

(b) For an aligned stereopair of camerasseparatedby basedistance b, each with focal
length f , when a target point projects outside the central axis of the two camerasby
amounts � and � :

� What is the computed target depth d?

� Why is cameracalibration so important for stereovision computations?

� Identify 4 relevant cameradegrees-of-freedomand brie
y explain their importancefor
stereovision algorithms.

(c) When trying to detect and estimatevisual motion in a scene,why is it useful to relate
spatial derivatives to temporal derivatives of the image data? Brie
y describe how
onemotion model works by theseprinciples.

(d) What doesthe Spectral Co-Planarity Theorem assertabout translational visual mo-
tion, and how the parametersof such motion can be extracted?

(e) What information about the shape and orientation of an object can be inferred, and
how, from the extraction of texture descriptors;and what is the role of prior assump-
tions in making such inferences?

10



Mo del Answ er { Exercise 11

1. Stereovision requiresthat corresponding object points, in two imagesacquiredfrom
slightly di�eren t vantagepoints, be associated to each other in order to make possible
the measurement of their relative disparity in the imageplane and thereby a compu-
tation of their depth in spacerelative to the focal plane.

Motion vision requiresthat corresponding object points, in two imagesacquiredfrom
the samevantage point but at slighly di�eren t moments in time, be associated to
each other in order to make possiblea measurement of their relative displacement
and thereby a calculation of the motion vector over this interval of time.

2. These two casesof the CorrespondenceProblem are symmetrical, with the roles of
spaceand time simply interchanged. In stereovision, the two image frames are si-
multaneous in time but displacedin space. In motion vision, the two image frames
are from the samevantage point (coincident in space)but displacedin time.

3. The complexity of the computation depends on the number of possiblepairings of
individual features,which variesquadratically with the number of featurespresent in
each of the two image framesthat constitute the data. This is becausein principle,
every feature in one image frame could be associated with every possiblefeature in
the other image frame. HenceN features generateup to N xN individual pairing
hypothesesabout which feature from Frame 1 goeswith which feature from Frame 2.
(N could evenbeaslargeasthe number of pixels in either image.) However, note that
the number of possibleglobal hypothesesabout how all the N di�eren t featuresmight
be placed into correspondencebetween the two image frames is N !; as there are N
choicesfor the �rst pairing; for each of thesethere are (N � 1) choicesfor the second
pairing; etc; etc. This is a truly intractable number of correspondencehypotheses.
For example, if there are 100 features in each of the two framesto be put into cor-
respondence,the total number of possiblecompletepairing hypothesesis 100!� 10158:

4. Oneway to make this computation moree�cien t is by stochastic relaxation, in which
large-deviation(large displacement) correspondencehypothesesno longer needto be
consideredonceenoughevidencehas accumulated for a more conservative solution.
The amplitude of the deviationsmay be slowly diminished in a way that corresponds
to decline of temperature in annealingalgorithms. Another approach, more radical
(but lessreliable statistically), would be a competitiv e winner-take-all neural net.

Mo del Answ er { Exercise 12

(a) Using Fourier Transformsallows convolutions to be replacedby meremultiplications.
But the cost of performing a 2D FFT on an image having n2 pixels is on the order
of n2 log2(n) multiplications. A further n2 multiplications are neededin the Fourier
domain asthe substitute for convolution, oncethe imageFT hasbeenobtained. Thus
the total complexity of the Fourier approach is n2(2 log2(n) + 1) This becomesmore
e�cien t than explicit convolution oncethe sizeof the kernelarray is larger than about
(5 x 5) taps.

11



(b) The aligned stereo pair of cameraswith parametersas speci�ed would compute a
target depth of:

d = f b=(� + � )

Cameracalibration is critically important for stereovision becauseall inferencesde-
pend directly on the geometricparametersof the system. Each camerahas6 degrees-
of-freedomdescribingits disposition (3 spatial coordinatesX,Y,Z and 3 Euler rotation
angles), together with a focal length. The most important relative parametersare:
(1) the baseof separationb betweenthe two cameras;(2) their actual alignment, if in
fact their optical axesare not parallel; (3) their focal length f (normally �xed); and
any rotation around each camera'soptical axis, even if the optical axesare strictly
parallel, as this a�ects the solution to the CorrespondenceProblem.

(c) When there is motion of objects in a scene,there is a relationship betweenthe spatial
derivatives(e.g. gradient) of imagestructures such asedges,and the temporal deriva-
tiv es of those samepoints, over successive image frames. Estimating both the local
spatial and temporal derivatives allows the velocity vector ~v to be inferred, through
the following relationship over an imagesequenceI (x; y; t):

�
@I (x; y; t)

@t
= ~v � ~r I (x; y; t)

Thus the ratio of the local image time-derivative to the spatial gradient gives an
estimate of the local imagevelocity (in the direction of the gradient).

An alternative way to exploit such measuredderivatives for motion estimation is usedin
\Dynamic zero-crossingmodels" by �nding the edgesand contours of objects and then
taking the time-derivative of the Laplacian-Gaussian-convolved imageI (x; y; t)

�
@
@t

h
r 2G� (x; y) � I (x; y; t)

i

in the vicinit y of a Laplacian zero-crossing.The amplitude of the result is an estimate
of speed,and the sign of this quantit y determinesthe direction of motion relative to
the normal to the contour.

(d) The Spectral Co-Planarity Theoremassertsthat rigid translational visual motion has
the 3D spatio-temporal Fourier domain consequenceof collapsingall the spectral en-
ergy (normally a 3D distribution) onto just an inclined plane,goingthrough the origin
of Fourier space. The elevation of that spectral plane speci�es the speedof motion,
and its azimuth corresponds to the direction of motion.

(e) Texture information (especially texture gradients) can be used to infer 3D surface
shape and orientation of objects, as well as contributing to object classi�cation and
identit y. But the inferenceof shape and orientation parametersdependson the as-
sumption that the texture is uniform on the surfaceitself, so that its gradients reveal
local surfacenormals. An exampleis the useof \wire mesh" to reveal complexshapes
in 3D, basedeither on the assumptionof a uniform meshon the object surfaceor that
the meshis a uniform cartesiangrid system.
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Exercise 13

1. Contrast the use of linear versusnon-linear operators in computer vision, giving at
least oneexampleof each. What can linear operatorsaccomplish,and what are their
fundamental limitations? With non-linear operators, what heavy price must be paid
and what are the potential bene�ts?

2. When shape descriptorssuch as \codons" or Fourier boundary descriptorsare used
to encode the closed2D shape of an object in an image,how can invariancesfor size,
position, and orientation be achieved? Why are these goals important for pattern
recognition and classi�cation?

3. De�ne the generalform of \superquadrics" usedasvolumetric primitiv esfor describ-
ing 3D objects. What are their strengthsand their limitations?

Exercise 14

(a) Explain why infering object surfaceproperties from image properties is, in general,
an ill-p osedproblem. In the caseof infering the coloursof objects from imagesof the
objects, how does knowledgeof the properties of the illuminant a�ect the status of
the problem and its solubility?

(b) What surfaceproperties can causea human face to form either a Lambertian image
or a specular image,or an image lying anywhere on a continuum betweenthose two
extremes? In terms of geometry and angles,what de�nes thesetwo extremesof im-
age formation? What di�culties do these factors create for e�orts to extract facial
structure from facial imagesusing \shape-from-shading"inferencetechniques?

(c) Explain and illustrate the \P aradox of Cognitive Penetrance" as it relates to com-
puter vision algorithms that we know how to construct, comparedwith the algorithms
underlying human visual competence.Discusshow human visual illusions may relate
to this paradox. Comment on the signi�cance of this paradox for computer vision
research.
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Mo del Answ er { Exercise 13

1. Linear operators in computer vision perform pre-conditioning tasks such as �ltering
and segregationof image structure by scale. There are usually implemented by the
convolution integral, or equivalently (becauseof linearity!) by multiplication in the
2D Fourier domain. An example is to usea bandpass�lter to enhanceedgesin an
image,at a certain scaleof analysis,prior to detecting and extracting such edges.

Non-linear operators cannot be inverted, as can linear operators. They involve pass-
ing a signal (image) through somefundamental non-linear stagesuch as a threshold,
a logical/Boolean operation, or the computation of a modulus (sum of the squares
of the real and imaginary parts of the outcome of a complex-valued �ltering step).
They are usedfor detection and classi�cation of structure, and higher-level pattern
recognition tasks, rather than front-end conditioning or pre-�ltering.

The fundamental limitation of linear operators is that their outcome is never sym-
bolic nor logical, but rather just another version of input signal. The fundamental
limitation of non-linear operators is that noneof the powerful tools of linear systems
analysiscan be applied to them, and sothey are often beyond any generaltheoretical
analysis. The bene�t gained,at the cost of mathematical clarity or transparency, is
that they can sometimesbe con�gured as a kind of \signal-to-symbol converter."

2. Shape descriptorssuch as\codons" or Fourier boundary descriptorsencode the prop-
erties of a closed2D shape's boundary over a domain from 0 to 2� (the total perime-
ter of a closedcurve, in radians). This meansthat the sameshape in di�eren t sizes
would always produce the samecode, and so this achievessizeinvariance. Likewise,
the description is always relative to the center of the closedcurve, and so it achieves
invariance to position in two dimensions. Finally, a rotation of the 2D shape in the
plane amounts to merely a scrolling in angle of the code for the shape in terms of
the boundary descriptors;and in the caseof codons, the lexicon entry for the shape
(de�ned by a grammar of zeroesof curvature and in
exion points) is completely un-
a�ected by rotations.

The achievement of thesesorts of invariances,and indeedof invarianceto somenon-
a�ne distortions and deformationsof the shape, are important stepsin pattern recog-
nition and classi�cation. They serve to diminish the unimportant elements of \within-
classvariabilit y," and to give a compactdescription that sharpensthe \b etween-class
variabilit y." Theseare central goalsfor pattern classi�cation.

3. Superquadricsare3D mathematicalsolidshaving a low-dimensionalparameterization.
They represent 3D objects asthe unionsand intersectionsof generalizedsuperquadric
solidsde�ned by equationsof the form:

Ax � + By� + Cz
 = R

Examplesinclude\generalizedcylinders" andcubes(largeexponents); prolate spheroids
(footballs) and oblate spheroids(tomatoes),when � = � = 
 = 2 and when only two
of (A; B ; C) are equal to each other.
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Thesesimple,parametric descriptionsof solids,whenaugmented by Booleanrelations
for conjoining them, allow oneto generateobject-centered, \v olumetric" descriptions
of the objects in a scene(instead of an image-baseddescription) by just giving a short
list of 3D parametersand relations, rather like the codon descriptors for closed2D
shapes.

Their main limitation is that any given superquadric is always a convex shape, and
the only way to build more complicated shapes is to conjoin them and this always
generatesa cusp. Thus the repertoire of 3D solids they can represent is rather lim-
ited, and they tend to have a rather pu�y appearance.Their main advantage is that
a shape is approximated extremely economicallyby such a short list of functional
parameters;this economy can aid in the recognition or classi�cation of the object.
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Mo del Answ er { Exercise 14

(a) A problem is de�ned (by Hadamard) as \w ell-posed" if all of thesethree conditions
apply: (1) a solution exists; (2) the solution is unique; and (3) the solution depends
continuously on the data. In general,the problem of infering object properties from
image properties violates one or more of thesethree conditions. The problemsonly
becomesolubleby addingancillary assumptions,or other data (such aspast knowledge
learned from experienceor from other modalities). The task of infering the spectral
re
ectancesof object surfacesfrom imagecolours(the wavelengthsof light received at
the sensor)is only solubleif oneknows the wavelengthcomposition of the illuminant,
sincethat distribution is multiplied by the spectral re
ectance function of the object
surface. The problem of colour inferencebecomeswell-posedand almost instantly
solubleif the illuminant is known; but in the absenceof that information or of strong
assumptions,it is ill-p osed.

(b) The physical photonic properties of a surface determine how it scatters light, e.g.
over a broad range of angles(a Lambertian surface)or only over a narrow range of
anglesobeying Snell's Law that angle of emissionequalsangle of incidencebetween
an illuminating ray and the local surfacenormal (a specular, or mirror-lik e, surface).
Any surfacecan be described as lying somewhereon a continuum betweenthesetwo
extremes.Thesedi�eren t surfacebehaviours make it di�cult to interpret imagedata
in terms of surfaceshape, since the scattering anglesfor re
ected light depend on
unknown factors. In the caseof face images,the relative wetnessor oilynessof the
skin at a given moment can transform the facefrom a Lambertian surfaceto a spec-
ular surface,thus confounding \shape-from-shading" methods for infering the facial
structure.

(c) The \P aradox of Cognitive Penetrance" refers to the fact that the visual tasks that
humansareparticularly skilled at, such asfacerecognition,visual learning,navigation,
and solving CorrespondenceProblems, are performed without our having an under-
standing of how we do them. In contrast, the tasks for which we have an in-depth
theoretical understandingand which we know how to write algorithms for, are often
tasksthat we humansarerather poor at performing, such asnumericaloperationsand
mathematical transformations.

The systematicgeometricalillusions which occur in the human visual systemsuggest
that �delit y to image properties is not always a goal of biological visual algorithms.
We are aware of the illusions but we don't know why they occur. In machine vision
today, it is di�cult to imagine trying to designalgorithms which would intentionally
make systematicerrors; and yet arguably the human visual illusions are consequences
of valuable adaptive strategies.

The signi�cance of the Paradox of Cognitive Penetranceis that the prospects for
\reverseengineering"human visual faculties may be reducedby the di�cult y of gain-
ing insight into how we actually do what we do. A further implication is that machine
vision algorithms, even if successful,are likely to adopt quite di�eren t strategiesthan
the biological ones.
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Exercise 15

(a) In a visual inferenceproblem, we have somedata set of observed featuresx, and we
have a setof object classesf Ckg about which we have someprior knowledge.Bayesian
pattern classi�cation assertsthat:

P(Ck jx) =
P(xjCk)P(Ck)

P(x)

Explain the meaningof, and give the namefor, each of thesethree terms:

P(Ck jx)
P(xjCk)
P(Ck)

(b) Understanding,classifying,and identifying human faceshasbeena longstandinggoal
in computer vision. Yet becausethe face is an expressive social organ, as well as
an object whoseimage depends on identit y, age, poseand viewing angle, and illu-
mination geometry, many forms of variabilit y are all confoundedtogether, and the
performanceof algorithms on these problems remains very poor. Discusshow the
di�eren t kinds and statesof variabilit y (e.g. sameface,di�eren t expressions;or same
identit y and expressionbut di�eren t lighting geometry) might best be handled in a
statistical framework for generating categories,making classi�cation decisions,and
recognisingidentit y. In such a framework, what are someof the advantagesand dis-
advantagesof wavelet codesfor facial structure and its variabilit y?

(c) Considerthe \eigenfaces"approach to facerecognition in computer vision.

(i ) What is the rôle of the databasepopulation of example facesupon which this
algorithm depends?

(ii ) What are the features that the algorithm extracts, and how does it compute
them? How is any given facerepresented in terms of the existing population of
faces?

(iii ) What are the strengthsand the weaknessesof this type of representation for hu-
man faces?What invariances,if any, doesthis algorithm capture over the factors
of perspective angle(or pose),illumination geometry, and facial expression?

(iv ) Describe the relative computational complexity of this algorithm, its abilit y to
learn over time, and its typical performancein facerecognition trials.
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Mo del Answ er { Exercise 15

(a) The three main terms in BayesRuleshave the following meanings:

P(Ck jx) is the posterior probability of object classCk , given the observation of
data set x. This is the outcomeof the Bayesianinferencecalculation: it assigns
a probability to each of the possibleclassi�cation hypotheses.

P(xjCk) is the class-conditional likelihood that the data set x would have been
observed, if the object belongedto classCk . This is one of the ways in which
Bayesianinferencerelieson prior expert knowledgeabout the problem domain.

P(Ck) is the prior, or the unconditional likelihood of classCk . In the absence
of data this is the plausibility of the hypothesis Ck , and it is another way in
which Bayesian inferenceincorporates prior expert knowledge. When Bayesian
inferenceis applied in an iterativ eway for learningover time asmoredata arrives,
the last calculatedposterior P(Ck jx) is usedas the new prior P(Ck).

(b) The central issuein pattern recognition is the relation betweenwithin-class variabil-
it y and between-classvariabilit y. These are determined by the degreesof freedom
spannedby the pattern classes. Ideally the within-class variabilit y should be small
and the between-classvariabilit y large, so that the classesare well separated. In the
caseof encoding facesfor identit y, onewould like di�eren t facesto generatefacecodes
that areasdi�eren t from each other aspossible,while di�eren t imagesof the sameface
should ideally generatesimilar codesacrossconditions. Several recent investigations
of how well this goal is achieved have studied the invariancesin facecoding schemes
under changesin illumination, perspective angleor pose,and expression.Their results
have tendedto show that there is greatervariabilit y in the code for a given faceacross
thesethree typesof changes,than there is among the codes for di�eren t faceswhen
thesethree factors are kept constant.

When there is variabilit y acrosstwo or more dimensions(let us say both faceidentit y
and facial expression),then discriminabilit y can bene�t from variabilit y within a class
of the other dimension,but not between classesof the other dimension. For example,
facial expressionsare more reliably distinguishedif there is large variation amongthe
di�eren t expressionsgeneratedby a given face, but small variation in how a given
expressionis generatedamongdi�eren t faces.

The general principle is to use the observed dimensionsof variabilit y to �nd clus-
ters and create categoriesin such a way as to minimise the within-class variabilit y
while simultaneously maximising the between-classvariabilit y for the particular task
at hand.

Advantages of wavelets for face coding include the fact that most of the major fa-
cial features (lips, eyes, etc.) are well described by just a very small number of
suitably-chosenwavelets. Another advantage of wavelets over more traditional fea-
ture descriptors (edgesand lines) is that major facial structure is continuous-tone
and di�eren tiable, and undergoes continuous deformation, which wavelets can well-
accomodate but the more punctate feature descriptors cannot. A disadvantage of
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wavelet descriptors is that they do not naturally generatetranslation-invariant (or
sizeor orientation invariant) codes, and they are 2D (image-based),rather than 3D
(volumetric solid based)descriptors which may be more appropriate since facesare
surfacesof 3D solids(heads)and project di�eren t 2D imageswith rotations in 3D.

(c) Eigenfacesapproach to facerecognition:

(i ) Any givenpresenting faceis represented in terms of factorsprecomputedfrom the
databasepopulation of examplefaces,by a processcalled Principal Components
Analysis (seeanswer to (ii ) below). The databaserepresents \knowledge" about
what human facesare like, and what someof their main forms of variabilit y are.
Thus the population databaseshould have the samekinds of diversity as the
imagesthat will be presented for recognition.

(ii ) A statistical procedure called Principal Components Analysis �nds the major
forms of variation amongthe databasefaceimages.Using linear algebraicmeth-
ods (diagonalizing a covariance matrix to �nd its eigenvectors and their cor-
responding eigenvalues), a set of \eigenfaces" are precomputed (these are the
eigenvectors). They have the mathematical property that the greatestamount of
variabilit y in the databaseis spannedby the smallestnumber of basisvectors,up
to any desireddegreeof approximation, when theseeigenvectorsare usedas the
representation. Any given face is represented simply as a linear combination of
theseeigenfaces{ usually about 20 to 40 { and that short sequenceof numbers
(the eigenvalues) is the distinguishing code for a particular face.

(iii ) A strength of the method is that the representation for a given face is very
compact, and so searches can be performed at great speed. A secondstrength
is that the basisvectors(eigenfaces)are orthogonal, orderedby importance,and
they capture the greatestamount of variabilit y in the smallestnumber of terms.
The weaknessesof the method are that: (1) the representation is image-based,
i.e. two-dimensionalappearancebased, and so it captures no invariances for
poseangle or perspective angle; (2) similarly it has no invariance for changes
in facial expression;and (3) it is very sensitive to changesin illumination; { so
much so that usually the 2nd or 3rd eigenfaceis just an illumination factor (e.g.
above versusbelow), and soif a personis enrolledunder onetype of illumination
he tends not to be recognizedunder another. The sameproblem occurs if size
normalization is imperfect.

(iv ) The algorithm is e�cien t becausethe Principal Components Analysis of the
databaseis precomputedo�-line; any given presenting face then only needsto
be projected onto each of the precomputedeigenfaces(a simple seriesof inner
product operations). The algorithm canlearn over time asmorefacesareencoun-
tered, simply by continuing the processof PCA asthe databasegrows. However,
its lack of fundamental invariancesis its fatal 
a w. In trials of the method, er-
ror rates of 43%to 50%have beenfound either when there are large changesin
illumination geometry, or for imagestaken more than oneyear apart.
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Exercise 16

(a) Give three examplesof methodologiesor tools used in Computer Vision in which
Fourier analysis plays a role, either to solve a problem, or to make a computation
more e�cien t, or to elucidate how and why a procedure works. For each of your
examples,clarify the bene�t o�ered by the Fourier perspective or implementation.

(b) Explain the formal mathematicalsimilarit y betweenthe \eigenface"representation for
facerecognition, and an ordinary Fourier transform, in the following respects:

(i ) Why are they both called linear transforms, and what is the \inner product"
operation in each case?

(ii ) What is a projection coe�cien t and an expansioncoe�cien t in each case?

(iii ) What is the orthogonal basisin each case,and what is meant by orthogonality?

(iv ) Finally, contrast the two in terms of the useof a data-dependent or a universal
(data-independent) expansionbasis.

(c) How candynamic information about facial appearanceand posein videosequences(as
opposedto merestill-frame imageinformation), be usedin a facerecognitionsystem?
Which coredi�cult aspectsof facerecognitionwith still framesbecomemoretractable
with dynamic sequences?Are someaspects just mademore di�cult?

Mo del Answ er { Exercise 16

(a) Fourier analysisin computer vision (any three from this list):

(i ) Convolution of an imagewith someoperator, for examplean edgedetectionoper-
ator or feature detecting operator, is ubiquitous in computer vision. Convolution
is computationally costly and slow if done \literally ," but it is very e�cien t if
done instead in the Fourier domain. One merely needsto multiply the Fourier
transform of the imageby the Fourier transform of the operator in question,and
then take the inverseFourier transform to get the desired result. For kernels
larger than about (5� 5), the bene�t is that the Fourier approach is vastly more
e�cien t.

(ii ) The Fourier perspective on edgedetection shows that it is really just a kind of
frequency-selective �ltering, usually high-passor bandpass�ltering. For example,
applying the r 2 second-derivative operator to an imageis equivalent to multiply-
ing its Fourier transform by a paraboloid, � 2 + � 2, which discardslow frequencies
but emphasiseshigh frequencies,in proportion to their square.

(iii ) Texture detection,and texture segmentation, canbeaccomplishedby 2D spectral
(Fourier) analysis. Textures are well-de�ned by their spatial frequencyand ori-
entation characteristics,and theseindeedare the polar coordinatesof the Fourier
plane.
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(iv ) Motion canbedetected,and its parametersestimated,by exploiting the \Spectral
co-planarity theorem" of the 3-D spatio-temporal Fourier transform.

(v) Activ e contours as 
exible boundary descriptors(\snakes") can be implemented
through truncated Fourier seriesexpansionsof the boundary data.

(b) Mathematical similarities betweeneigenfacesand Fourier transforms:

(i ) They are both linear integral expressions,taking an inner product between an
imageand somekernelor basisfunction (an eigenfaceor a complexexponential).
The original data (face or signal) is then represented as a linear combination of
thosebasisfunctions.

(ii ) In each case,the projection coe�cien t is the result of the inner product mentioned
above. When thoseare usedas expansioncoe�cien ts by re-multiplying them by
the samecorresponding basisfunctions, the result would be the original data or
face(or an approximation to it, if the completeset was not used).

(iii ) The orthogonal basisfor eigenfacecomputations consistof the principal compo-
nents that emergedfrom a Karhunen-Lo•eveTransformon a databaseof facesthat
wasusedfor training. (Each eigenfaceis an image,that capturessomeaspectsof
facial structure.) For a Fourier transform, the orthogonalbasisis a setof complex
exponentials. Orthogonality meansthat the inner product of any two di�eren t
membersof the corresponding set is zero.

(iv ) The eigenfacerepresentation doesnot usea universaland independent expansion
basis(like the complexexponentials of the Fourier transform), but rather a data-
dependent basis,that must be computed from sometraining data. Thus, it lets
the available data determine the terms of the representation, instead of using
always the sameuniversaland pre-determinedset of functions.

(c) The hardest part of building a system for face recognition is that the image data
depends so strongly on the pose angle of the face, or equivalently on the viewing
angle,aswell ason illumination geometryand expression.Having data that consistsof
video sequencescreatesthe possibility of incorporating sampleswith all theseforms of
variation, for the sameperson. It is thus intrinsically richer, and spansthe dimensions
over which we must construct invariants. One way to try to achieve this is to build a
3-dimensionalrepresentation of the face,and to perform recognition in terms of that
model, rather than using impoverished2-dimensionalstill frame \app earancebased"
representations. But the addeddi�cult y of this approach is that it amounts to \in verse
optics:" building a 3-dimensionalmodel from a 2-dimensionalimage(or a sequenceof
them). Besidesthe enormouscomputational and memory requirements (up to 1 GB
for each such full 3D model), this is inherently an ill-p osedproblem.
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