Recursive ond ruurSiuely enumerable Sets
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So far we hawe oonantmted on f uspedt o algoribams
fo do wsith comprbivg  fundions fominputs to oubputs,

Avother  impotant  nse ot alﬂorlprr\ms i< o gemm ,0r enumem’ft
e tomonts o Some st ¢ data.

One Sangs bat a stk S g ELFPcﬂvelg enumerable
if e is some algontm A Which  lisks e elements

¢ S
S =4 AW),A(1), A),... }

(Tt mowy well be that an eemont ot S occurs many hmig
in e list, but no mafter.)
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EXAMPLE :

The set PR of partial recursive funchions

is eftechively enumerated by the algoritm

A Which, given input x ,
decodes x as a pair x =<n,e), then
decodes @ as a register machine pmgram Prog,
and retums e n-any computable (hence parkial
recursive ) funchon @ , where

d
g\)(x,,...,x”);_-s é computation 6f ije Started
wih RY,..,Rn stb fo x,,..., x,,

halts with Ro=y

(becamse wwony olumont & PR is of e frm @%) for some ng <)
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Clewly , S has 1o be a countuble ek if it s EHed‘fw(ﬂ(/J
umerable .

L Racall -
S is Countabag infinite if e IS Some bijechion (= one-one
avd ono fundhon) between DN and S

S K (wuntabe if s ether ﬁmﬁe N Ooumi‘ablnj Mffm?e.

S 1§ unwountable J{- & i< wot countable.

tq fun (N, IN) 15 uncountanble b‘é (antor’s Dfﬁ\jbnai Arjum{‘. ]

The nehion & "effechive Qmumﬁmloilﬂ'g“ IS an }'V\f{mmal one, hecomse 1k
refers o e informal netin & Calgoitn’. We  an prmalize it
nsing e nshon ot wmpurtable (= pactial e Lvsive ) fa,md{gn ?wm'o(ul
e idontiGy e Sek S o ke enumenated Lt i Subset of ...
(Sina S is nasarily ountabl , We n alwars do fAls Sovme w“ﬁ])'
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DEFINITION :

A subset S SN of numbers is
recursively_enumerable (or r.e. for Shert)

if & oy if eiter ik is emply (S= )
or Were is a (total) recursive funchion
§eFun(N,0N) So that

S={$mn) | neN}
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Recall : S c N is decidable if & only if
e choracterishe funchion of S
1 f xe$
Xg (x) &
s (x {o if x €S
IS computable, (cf pss)
Such sets are also called recursive (sine Xg is

wmpulable ifgony if it is Pecursive , being a fotl Sunoh'on), .

PRoPOSITION ;-
Every Tecursive sek is
mmivda& enumerable.
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Provt

Suppose S s recwrsive, If S= @, then S is r.e. by definibon ;
dhwivise we @an find Sone 3, €S, Ten Sine Xy is recursive,
s

f(l)di{- ifzm(?gs(z),xo)x)
ond S={f)[xeNY}, S0 S is re. -

In the sectim on te  Halting Poblom  we sawwo Hak e set

{eeN | @ is a total fundimn |
s undecidable.  In fadk ks ek esen recunively enumenible ...
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EXAMPLE of a non-r.e. Sek

ToT Z{eeN| ¢, is a fohal function }
iS not recursively enumerable.

Prof-

Tf ToT were re., ben (Sine TOT #9) ToT=1§x) | xe N} for
some recursive function F€ Fan(IN, NI).

et uePM(NSIN) be e pactial funtﬁ'on u(e,x) @, (%)

CLAIM
(1) w is parkial recwrsive; henwe so is g(x)d.:l’tu(f(x), x)+1

(2) g is thal; henw 9= @, for some eeToT, but
(3) ¥ £ for amg XN — Gontradichion !
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Prodt of the CLAIMS :
(1) folows from fhe wolk we did in e sechon on a universad

rﬁgig}er madhine WU, Sine  wu(e,x) IS e pesult (if a”\bj)
ok muming U starhirg with P= ¢ wnd A=)

Thws U g mmpmi‘ﬂbu) ond henw g ?wl—{a& FeCUrSIve

(2) Sine by assamption on f, fr all xeN  FoeToT so
Cppy (0 vV, % g Uag definthion g)_ Tms ¢ i$ 1oh)
Rownive , and heme 9= @ for Some €€ ToT.

(3) If Q.:]C(at),‘t‘v\m
gx) = @ () Sine g= ¢,
= ule,x1) b}j dﬁ{ﬁ'ﬂfhbﬂdﬁ Uu
+ u(en)+1 Sihe— u(em) = g ¥
= ulf@),)+l  Sne e=f(1)

= g®) b\g definition (y[- g
onhodichon. So e +£f(2) ]QJY Ay X, f,omm(l{(,h'wj e assumphion
tAat § enumerates TOT (Sine €€ ToT). ]
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EXAMPLE of an r.e.sel that is not recursive

is provided by W undecidability of fwe
Halting Problem, which n Darkicular implies

that y
’ Hf-rf{c.eNIGPe(O)j,} [CﬁszonpSGJ
IS undecidable , ice. is not recursive . Buk

H is r.e. because H=Dom(f) the
domain (of definedness) of e partial recursive

ki
fundion 0% u(x,0)

(Whore U is Qs abwe)
ond In genernl we have ...
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—PROPOSITION : -
For a subset S S IN, the following are equivalent ;

({) S s l‘!cursivelg enumerable

(2) S =Im(f),Me mage of o (unarﬂ) partial
recursive funchon

(3) S=Dom(f),the domain of a unary Paﬂ'l'al
recwsive function

(4) S is Semi-decidable , m@aning at e
partial funchon
ng (x) = {

1 i§ x€S$
wdefined 1f X S
is partial recursive., |
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NOTATION :

Given a patial funchon e PFa( X, V)
Dom(§)% {xeX| §00L}  ire domain (of definedress) of 4

]}y\(f)o_l_—o‘i-{ge\( l]‘w’Ssz:l&XJf(l):j} the IMa ge Of— f

Prost 6 fi Poposibion

We will show (2) = (1) = (3) = (&) = (2).

Tn all cases e wmplicating wre mvial 1f S is emgly
(Sine  ng = compleely undefined Sunchion , is partial recuwnive
ard has DG & image = P). So We @n assume SE @,
Swy o €S,
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(2)=>(1) :

Let M be a register machine computing £(a) in RO
when started with Rl = a.,

Consbuct 0 New machine M’ (ompuﬂns as follows :

decode R) as o poir a,t)
run M for £ Skeps starting with Rfza oand

If it halts by Menyset RO to the value it
(ompukes in RO, else st RO fo x

Let £ be the unary funchion computed by
M (n RO, starking with input in RI).
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By tonstudkion £’ is total weewsive and  f'0€ S for all x€N
(sine M only Gompukes Valnu f(a) that lie i S’)_

Gonvenely , i€ yeS=Tm(f) , tm yY=f(a) for ome a.

Now M Compukes f(a) In a §1’nﬂ€ umber af— Steps S)ra/%'ng
fWW\ Ri=a, Sowy £ Sheys. “Then bg) conshruchom O‘F M’
f'(‘(o\\{:))-‘:f(ng. s veny elemant o‘F S s enumealtd
by R rawie fundion £~ so S i re.

L Renauk Wsing e fedmisues of fae  proof 4'5 lomputable = § ¢ PR
e o Shaw ek - S is enumerated b\j a M reamyive
{‘\)\nbh'bn , Sine

f() = ifew (I-‘—lmbLs’ro&e_(ﬁ,m,ﬂz(x)J), val, (stake (), m, (1)), J(o)
whore T, owe primibbe reaursive projection  fanchions ;,o\\f]'sg\at'\f\\f«]
T (<artd) =, m(Kmt>)=ty <mm)hm ()= .
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(V=>03):

Sin e e assuming S+,
S={fm)IneN} for Some recursie fanchin §.
9(3‘)5)6{5 { ' 3

1 f#x

IS also recunive , Sinw g (oY) = 1= eq(5(y),x).

“Thus }A(g) XS parh‘al reCumne | ond

x e Dom(m(9)) & Mg ¥

& ghy)=0 for e y
& fypsx for e y

) x €8S
Tws S= Dom( g0, as required.

132 => (4):
Tf S=Dom(§) wtn $ePR, Tan
ng () = ifzem ($(2),1,1)
is also pactial reaunive, henwe Computable - So S is semi-decidable,
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[CEYON

Lk M be o register machine Computing ing (%)
MR when Started with x in R,

Where X 15 <ome \

IF\M \ register et wenhme
m M PofAm .
START —{X:zRI—> M Ro:=X > HALT

ompntes fhe partial recuesive funchion
f(x) > {x W Ing(n)
S i gl

ond hme Im(£) = S.
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DEFINITION ;
A Subset SESIN is colled Co-r.e.

H NNS (& {xeN | x¢S))
S r.e.

PROPOSITION :
S is reawsive if & only if 1t

1S both r.¢ and co-r.e.

)4-2

PRooF : 0 ;f. 1¢.S
X = 1 ¥ x€$§

O i X€S
Ky () = {
N\s(’l) 1 i x¢s
= ifzen (Xs(1),1,0)
0 S rewursive = IN\S recunive

So S wuvsive = S & N\S both re.
Cbnvcrsdt]...
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Suppose
S }o.numemhd by recursive fnchion { f
IN\S 9
Lt M be regicter madhine Which nhin starkel
Wwhh x in R) :
Computes Successive values of Hhe sequence
9,500, 1), f(1), g(2), f(2),...
halting (at n™ place in sequence, Say)
fist Hme gek a value = x, and
rebwrni o | i€ n s foven
ing {1 m RO i§ n is {OM "

Thea M decides meml:mkip d,- S, because ... "

M is guamnkeed fo halt becomse £ ound g owe ol ; omd

thon
oithar x€S — in Shich case x=F(n), Some 7

o 1 ¢S — i Hhidh (ase x=g(n), Some 1.
More Jomallg, X, (1) = mod, (W(W@) | where

huy) 4 9 eq,(%) ifzers (mod, (v), 4 (half(y) §(hal§ ()
ond  mod,, half, g were dtfired on pages 120 & 124
Thuns Xs s reowsive  becamse )Usg owe ond because

o, ifeove, mod, & ha Ovre (Wimi‘l‘ f\;-e) Ve LTI . 0
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