Partial recursive fund:ions

lo2

We Sow obove that
Pn’mﬁm Rowdive = omputable & total
Sinw net vy vomputable partisl funchion i< total | it i w»m,'n],j
net te we that ey ovnputable  parial fumcb’m IS
prmitive  reumsive,
Owne ‘;ﬂh/\{tfvv{/tg algwi\‘hmic metnod ot @lculation that n  give
fise fo non-total Powtial funchons is Pt o} Sch\mj for e

smalist value of a funchion’s amgumunt  That prducs 4 given
reswntt (%W,Smj) —sine e Swneh valne may exisk. The

Ow(v*&\powkiw’j BPWEW\ %) ]q/mch'vms i< lled minimizabon ...

(03




~Minimizakion
Given § EPIn(IN",N)
define () € Pfn (N", 0N) by

def
pG)(luma Xn)= X ¢e=> there exist yo,4,, ..., Yy
such that 5(:;!"-’xnii)= Yi for i:-o,i,...,x

& \Y; >0 for 120,1,...,%~1
5 Y.=0

Thus fhe least x such Hot
p(f)(x,..“, Xn) E (Hx)-9XnyX ) =0 and

$lotssroaXns L) 20 for 1< X
t(iﬂ M’i(b\lﬁf’ f(x|a"':1n.l.o)¢ ](DT" 1(.1'.)

and in parhicnlor

RE) XX )T I mo x exists Sohisfying Hese ” conditions. ot

PROPOSITION :

‘ If f is mpulable, then so s }A(f),

R
Given o rtgister macdhing program

F wmpmhwj F(35->%an) W RO S’rafh'v\ﬂ With Rl Rh+1) seb o x

19X
ton the  folbwing  dingram spedifies & regisier machine prgram - Sor
Gompwnbing M)y xn) In RO SJrMh‘Né W R, Rn set

-]:0 X,‘,-";l‘q:

lo§




START —»

(X1y...,X0):=
(Rl 9oty Rﬂ)

-

(RI,..., RM): =
(*' yeery Xn),
Rn+1)==C 5

(KO, R(n+2),..,Rw)
‘=(050,...,0)

> RO

{4

106
(X1, X0):=
STMT-_’ (Rl prey Rﬂ)
4 NoLr )
(Rlvup Rﬂ):= f
. X1,..,.%n,C
("s"': Xn) | O S ek s
R(n+):=C 5 nft monhondd 1
RO,R(142), ., R\ the P F which
+ = (9,0,,9) W& ASSume o
C v VN r%s'rm-
F RO)--»)RM(N>YL),
RO™ Ro:=C H@
\_] RO :=f(X1,-.,Xn,C) ; _j
while Ro> o do
Ci=C¥li;

RO:= H(XI,.-,Xn,C)

106=1




DEFINITION ;-
A partial recursive funckion is a partial

funchion that can be built up from e basic
funchions by repeated use of We operakions

of composition, primitive recursion and
minimization ,

Tn other words, e set  [PR O} partial recwrsive ﬁmd‘ims
is e Swallest sek d\- partial gb\ﬂd'lm Oowi'm'nirg Ye basic
funchoms and closed under 4he operations of Composition,
pnmitive recursion and  Minimization.,

The members o PR that arve tobal are

Called (total ) recursive funchons.

loF
ExAMPLES GF mintmizabion
Ex1 The ey Inare undefived funchon is partial recrsive. For
o S, ften  p@t  foroal o
ond = Sucezeno® G W) = p(Sucozen’) IS padkial recmsive,
2
W) =i ot undefined ¥ Y=o
dtay) me pak o x/y (undafined i y=0) Ea\ﬁ, ?wh'ad recwasive.
m(mg) = maindur Whan x s d\'vidd l‘)lj j
for note trat
dony) = loast 2 Sudr Pk x<y.(2+1) (s d(x0) 7).
Now 93(9(,5)9{’—_*‘{$ iij; j;i“?j IS primibive recwTive | sine
ge (x,y) = zero( y=x,1,0)  (and we Sows above it ifzen & > are in PRIM),

So  F(ny,z )A—E. ge(x, y(z+1)) is olso v PRIM  (Sine multiplication i)
Then  d = ul&) is potial recunive,
ﬁv’\a\“ng, nele that  mny)= x “y.d(y) ) So m is dso in PR
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NE.

————

ﬂ/}\Aﬂd‘im d n B2 is nt totl recwrsive  becounse
it s W\A&'HMA When ibs Second amument is 0.

Thus " oL ]Magzr Pk v{i xly 1f y>o
Vv (oy) = .
0 f y=o0

is (ot wawsive = div = fzewoo(pry s, 2e?, d) .
In fnck, div s Primitive RCWSive (Yxercise : prowe thos),

108~

E\Jer? f € PRIM Sakshies
fe PR & F is total

BUuT (Cenverse is -Fp\lse,;

Mere are foha) recursive func’rions
Which ave net primitive recursive

HQre, s o Sket 65]—{?\& Pmrf o’-{ lhis , makfmjl use .-_‘51
owe next mayor result = e Theoew on Pajt- y ...
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Proof (skekch)

fist: é 0 P(it s suce proi} ) is o foomel deswiphon fr addtng) Hvy )

ode | formal descriphons|ef primikive recursive
Jundions as numbers so that

fxcg) if x is code o a formal deseriphion of
def 0 Unory pn‘m.nc.ﬁmd-.'on, fx Say

e(xy) =
W x 15 net e oode 6(- Qa ﬁ)ﬂ"\l\ﬂ dCScn'ph'm
0 & o unang prim. rec. fundion

1S o computable funchion,
/{H«is is o Simor diaﬂonaliio\h'on
ik to bt in A proot that ot
Net, . all functions owe Ooﬁ\pvd::\l.
consider €' (x)= €(x,x)+1
Gam: e'ePR,but e’ gPrim,

110

Nk we make use o fi Theorem to ke ’PYVWA below (pii4f,
y\owwz nat PR oincdes  walin tae Gollechon f ﬁomzpvdﬁ]olﬂ.
dimd, Sine e is ompndable | fixis Themem implies
It ol o PR —and une So is ¢/ Sinw
¢! = Suce(es (P"i'n?”j:))-
To ¢tk @' ¢ PRIM ) Swppuse e rortrany and Anve @
wrtodicim: if @€ PRIM, fan i+ would hawe 4 fomal
ab;su'iprx, ok hanee el= chl Jﬁgf Somd  Code. %. lhenm
fx(1)= ¢ (1) S e'=f,
= e(na)+l by defirvtion ot e
= JCJt (x)+] bg M’nl}}’f“ﬂ Gf e
Which 15 impossive ) 0

Hore is o wore epplict oxample & A non- primibive- recuative
unsUr 0%- PR
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Ackermann’s function

FACT : #here is a total funchion
ock € Fun(INxIN, N ) Satisfying

ock(0sy) = y+|
ack(x41, 0) = ack(x, 1)

ack (x4, y41) = ack(x, ack (x+1,y))

ock is recursive, buk nek primitive recursive.

N2

Tt is beord e swpe of tnis cowrse to prove ot ack ¢ PRIM.
(Rowghiyy speaking , ack ¢ PRIM - BRcause as X & Y iIncrease,

AR (21y) oyrows ﬂ-o\s\-v fnon oy privabive rcuysive funchion

possity - (o %WW)

One Wow to Se fhak Ak € PR s to dﬁsfﬂn a register

madive 1o compule ade  (exeutise) ) and T appeak to g
oo we oue ol o prve thak  Stades Bk PR Goincides
With The seb & Comprtable funo{{m\s.

The ?’W’f it the Nzﬂighxr maching  for gk c«lwowp halks (i-e. that
ak is tral) s non-diviak. (Tt (an ke done by "well- fornded
nduckm  on PAIYS (x,g)e N ovdered (ﬂ/xicoﬁm.‘olx\\'mlbj f (0 Y))<(y,)
& (<N or (=2, k Yi<y,)). )
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THEOREM

A parfial funchion is (regishr machine)

computable if k only i it is partial
Rcursive,

We  howe o«\reo\d/g, PVDved Hhot fRe wllechon d Compm’ralolf_
porhal funckions  contans the basic Sunchions and s

cosed wnder te  opemtions d(- Composiion primi‘o've.
rcmsion ond  Mivimizehion , and  heaw  contains ol
?Wt\'a\l rcursive  unchions.

So it romains fo See et
f computable = { partial recwrsive

14

Prost 6t (£ computable = f€PR)

It fe PPN IN) I8 tompuntabe , fwre is a iji%}er madane M
Whidh  when Stwded wWith  Rl,-,Rn st o x,--5 2, (and all
Sar registers et to 0), halts if & only if - §(x ;0 X0 ) b, 0nd
N that e RO Gonkans this value,

Swppre e vegisters of M owe RO, R1,R2,..,Rn, Rint),.., Rm
(for some M3 n).
Suppose M's prgram how instuckions  lapelled Lo, L2,..., LT .(SDWI‘&D),
ond  ithowk loss of (}wmlihj ossume  thak  tiae ow&J HALT inshudhon
s the (ast one (LT) ond fhet fhore owe no erfontous halts Cie. T
only (abels teferred fo i incremank [decrement nstiwdions  lie in T
fange LD,y LT ).
The gtate 6 M ab vy Stage in ks Lowmpudation e be SpeaSied
oy e wde [L,mhennyd of & list of bingth w2, where

[ = cwrent Msbudion  (so 0<{L T )

= wovent sorkents ¢ Rj - (J=0,1,.,m).
e PWGf ok £ ¢ ‘Pwﬂw\l rarsive  depends Wpon e follbwfng
lewmmaas
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-LEMMmA 1 :

There are primitive recursive funchions
lab, valy, valy,...,val,, € Fun (NI, ON) sAh'sFJn'ng
{ 'ab( [c,ror"l rm]) = e J:OY‘ (1" j=0,---,m and
vai ([0,%,.s 1) = lall (r,yr)eN™

Tows lab gives e lael ¢ o stare of M, whilst val; gives
e Value held mn Ry .

—LEMMA 2 ;-
There is o primibive recursive funchion

next € Fun (N, ON)  which gives Bae next shale
ot M in trms of the current one.

The prok of thase lewwmos uses he following property o}
owr ODdir\ﬂ 05- higks (* numbews s numbess ...

e

—PROPOSITION :

The funchons
mklist” € fun (N N)
hd, €0 € Fun (0N, ON)
defined by
Mgt ™ (3300 Xp ) ZE [ 3100 X )
%X, if x=[%s.)2,7] for some

hd(!) d.__t»._f{ N>0 & X)) Xp
0 i x=(niflzo0

| (%3000, if X 2[%0%) for
t(x) d:_{ { Some N>0 & Xyy.op Xy
0 if x=[mill=0

ore oll primhve recursive,
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Proct & (§ computable => £ € PR) , cont,

F‘V‘t"\"" “\k{' Jf Stade 0{- M at EB\S-]&P)
¢

SW(X,,...,I,,.E) - Si'a,rb'y\g o Rl=x, -5 Rn= 1,
& nll other regicin = O

s primitive recursive, because

isl:m(la oy X oo) - [0 20,%))=s Xy , 0., OJ

s-l.m(;",.., x,\"k-l'l) = next (Sl’h,'t (xl!'")xn ’ t))

So that
state =0 (mlahsl- °(M zow”) proj .. ’P’?]ﬂ Zen-,)

V\J/KJC ?“’J ﬂ#‘l

with mk ligt"" > rwx’c € PRIM .
1

Nofw(xn +Xp) = val (Sl'ah("u---:"n ohalt(x“'"’xﬂ)))

where

hﬂ't(’n 23n) = dﬁ {numw GF Skps taken to halt

(& undsfined i nover halt)

least & suchinat lab(shabe(x) %0, E)) = I
= P(k)(;,,...,x,,)

where h('& 1oy Xy £) :‘:': b '.'"ﬂb(Sh"t[xn"'!xme)) .

Since lab,shale ¥ — are in PRIM 50 is h

ond hence holt =p(h) is in PR,

Tws £ = val, o (skate s (prj?,.. ,Pm(,,.p(h)))

1 aolso n PR. 0
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To wwplae e prost ot e Theoem, we howe to prove Tt Rroposiion aund
Lewwnas 4 % 2.

Pros. 8 the Rropusition

Sine  mklist"(% - 53n) = X5, Ly, 0P DD

o See that mklit” € PRIM , it Suﬂ\aus b Show fak Gy d»=2 (23+1)
s primitive recwrsie —rich follows  from fine fad that  wulipliabion
ond  UporumtioEon  ove in PRIM,

Tre prost taat  hd ond H ose in PRIM . Meguares wore effovt.

We QAJE to Thair ‘an\h\re. NCMSM"'E via  hat O% A Aumber Gf-

interwediate  funchivns
if X tven

(y  wed, (00 = {,} i a odd IS primibive  recuwive, becamse

wod, (0) = D

b salisfio { mod, (341) = Hzero( wody(2),1,0)

(i) al}(x) integer pak of x/z s primitive recwrsive by (1), 5me
it sodidfres  J NAl0) =0

hal§ () = ifzern( mod, (1), half (), hal§() +1)
|20

(i) al X4 i x>0 & 27 dividy x
Fouw) = { -
O (ﬁhﬂ/bﬂ%e
s primitive reCursive by (D& (i), Sinw s Sabisfies
F(0) = n
{ £la,yt1) = ifzero (mod, ( §3,)), half ( §(y)), 0)

Goebining ([, (i), (i), and e fack (cf. page 93) that
bourded swwmahions presenve The pwperty o primitie recwnivenss,
we hove thant  hd amd . ome 0 PRIM becauwse ..
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lorgest y such bat 2 divides x , if x>0

0 1'}!‘30

hd(x) = {

= L ifzero( f(x,4y+1),0,1)

y<x

and
tL(w) = hal§ (£Cx, hd(x)))

DPwpos{-h'on
122
Pt of Lewwna 1
This follows  imediodely  from fie Poposition , because
lO\JO = hcl
wvd vy = hd o (L ookl )
—
il OLomw 1
Prost & Lovarna 2

By examining Ms prgmam, ke O define fowr [TH)uples of

wmnbesrs
(0gr @) » (Dyynby ), (Corncy), oand (dyy..r, dg)

s follows :

o for etah 1=0,.., T~
.i)c{ M iashadbion 1S on inaement, soy L RjT— Lk,
thon defive  ag=, b= 0, ¢ =R, wd di=R,
dse the instmckion is a decremunt, say Li: Rj— Lk, LL,
ond defive o=, bi=1, ¢ =k, wd d;e !l

L
o dofs ar=0,b:=0,¢=T,md d;=T.
123




then (ﬂ,,b', ud )2{

S"’“"r"“%’:'.li'[: W™ instadkion s,

Li: Rj" = Lk (§,0,k, k)
Li: RJ-"Lh’L" (j:1: k: t)
LI : HALT (0,0.1,1)

Whore

=
et () 2 24 i (ol (10,0, €4, (3, ()

oty () & 576 (x4, b o)) + V(0. ¢, (T, lablx))

:ﬁj ('X)J.‘!:A- (bi (W\[j()t) -'-.{) + (1-b; )(VMJ (1)+l)).%(a‘- xf)
+ k(). (1 -4, (a0 §))

- \13+4
Noke that fhe equalitg foab Sunchin eq (i) {1 279
0 uall wn b) —)
equality GED={
is Primitive recunsive, Sine eg(x,y)=ifzero( x ~y, ifeero(y*x ,1,0), 0).
Using it , we an debne  primitive recursive funchioms  nextt  ond
ks s follows
T
next () dg‘ ,;o if%%(vda( (), d;, ¢ ). %( {, lab(x))
a5 ' [ |
nort; () = Eo $i; (0.0, (3, lab(x)) + valy (). eq (T, lab(x)
Whure
fij(x)‘fi’* (1b; - pred (valy (a0) + (1-b; ). Sue (vl [x))>.eq,(qt-,‘j)+valj(1). (I-4(a;,)))
(ond reeall faak suct) = A41, pred (1) = X1 )
Bug thoie & tae tovstants i, by, ¢;, dy (1=0,-,T) , i€ SHlbws faak
given a Stae (6, 0] 4 M,
nextl ([4,7, 10 7) = number of he instuchion in fie next stake
naxk; (041, - Snl) = londents of Rj in fhe Nt Shade
(prvided 0< < m) 124




Thurefore The  punt-stade funchion i< given by

ok (1) = [ naxtl (0, nxk, (2, -, vy, (0]
° Ak = mklise™ o (nextl, nexk, ., next,, )
and  hene it ic primitie recumive  Sinae ekl next;,
and (by tre Poposition ) melist are all i PRIM,
O Levwna 2
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