Primtive recursive functions
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Aim o give o wove abstmde , machine - wdependant - descriphon of

e lecion of Computable partial funckions .

We wall @ven‘rv\alh& howokerige it oo L Smallest  collechon conkm‘m’v\g

Soml  Doasic f\A\mdn'mr\S and  closed under sone fundamental

opertions  for -&erwx% i funchions fm\m old, viz.
Oompos'\ﬁm,grimiﬁve Rawsion ord Minimizahon .

Te damdonzation ic dme to Kleene (civen 1936), W made Use of
Qowlior, rlakd ork by Godd and  Herbmand .

We  begin blg lookiry  aF e bosic gﬂ/\d'iw\f) Composition  and
prinitive  reownion minimizabon Wil e considered in e
Sechon on rpwh‘Al recuwmve Jiuncjnbvxs.
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The basic funchons :

Projection funchons , proj; € Fun(N, IN)

ij":(xn 1 Xn) = f x;

Constant funchon with value Zero, Zero"€fun(N", N)

2ero" (X0, %y) i.:-.f

.Suu‘.essw funckion , Suc € Fun(ON, NT)

suc(t) ] x+1

85

PRoPOSITION :
| The basic fundnw\s e &ompul'abba

Proxt
A register moadine  for  Gompubing
¥
projt  is Specified b\z STMT~3‘ c;:‘jgol -
zero”w W STRRT

w Y u T : . mP'E RI
SWUC. START @
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Composition of partial functions

Given f €Pin(N"IN) X 9, -, g, €Pin (N INT),
define :fO(Q, 3'":9”) = an(Nm, N) bg :

de
$F0(011290) (550 %)= B 4:.i> there exisks
(3_‘,---,3,\)611\'1“ So H’\ak

9|(.1|;-—-,1.M)='.”‘ % oo Sn.("l"": xm)-':,h
et BBl

T

Thus' fo(gy)59n) 15 the unigue m-any powtiod g-unc,h'on h
SOREYNG  p(trrrtm) = 509 CorosTmd 5 5 G (310esXim))
(wheore = donfles Koo eanivalence )

lNdrc:in case n=1,we wr;_l'::fog instead of fo(qg)
b - 8%

B ————

Rewll (from p.20) thot for o porbad fanchion  he Pn( N™, N), we Lok
"hbn---;lmJ = ?;“ ‘5‘01" ”((xi:“u Xy 2) € h ) ) €. ll-o mean  hat
h is db[{nd ok (0, 70m) ond takey value 2 There .

Thws "h(xu->2w) 16 On oxample 5{- o} ‘_Dw{-{o\lb\d debined Ex pression,
8. an bxpresion Which eitrer  dendien o pecific valne (o number, in
this case) ar is undefined.

) %(Ql(}l:"'.ﬂfm})—--,(ﬂn(ln--gim'})“ i< o wore awplicald example of
sah partialy defined expressions.

Given two  partialln depined expressions ¢ ond ¢, e Stakemunt

e =/ (“eond & ae Kleene eqluwwc")

1S N/{\Nld o mean

Y ooithey 2 and @ e botia undehived , or M are botia dvfmu\

ond TRL valnes fhey duntte are equal”

Kleene @c{u\ivalﬂmﬁ_ allows one to express Shdements  aboudt

wndehinednss avd  equality  in rwenient & Succindk foom.
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If f ond 9,9, Ore all computable,
| then S0 is Fel(gyragn)-
Proof.
Given regws’rer maching programs { 6
Fyy- 2Yn) ,
Computing gt m RO s'tarhvy wvih
Rer RN gor { Ji 0n , then the

Rl Rm Ay perey Xm
Following gmph Specifies a progmm Computing
$o(9,190) (Hr2%) In RO Starting with
RI,..,Rm SeE to Xy, Xpy -

[—PROPOSWMN

39
Progmwx for j:a(g',...,gm) .
STF\RT—%»(X,""JXM):: S N VI AR, RN):=
(R, ) | | T4 [ 12RO (o’""D

C R\, , R )3:_\_5> _ Yoo =
( (K1 xm) [ 1 G [712:2 RO _“’(R(lo,...)o) ;\

R, Rm) i =| | R R),. )Q =
g( (X),-..,V)E\M) = CaTn $Mn:= RO *5( (l N)
QR\,---, RV\)#:_% F

(Y., Yn)

We assume Pramms F, Gl,..,Gn on use Y?/IS‘QVS Rl,..,RN
(\,Jmm N 2> max{n,m}) ond that X, X are

not . hak  \ist . 90




To motivate the definition of Primitive recwrsion,

here e some examples of recursive definitions

of partial funchons € P (N, N)
i Suma# Oa‘ 2, ,

swm(Q) =0
sum (n+1) = Sum()+ 2+

2. nf'" Hbonacei number

$ib0) =0
Sib(1)=|
Fib(x+2) = fib(x) + fib(x+1)

%0-1

3. Afunchion that’s undefined e,xa.f{- When x=0
fle) =0
flaa)= flxr2)+ 1

Y. Mcarthys 91" Funchion
i(x) = if x>100 then x-10

eke i (f(x+ 1))

(i maps x Yo 91 i x€)00
and to x-10 ohherwise )

%0-2




Primitive reowrsion

Given € Pfn( DN, 0v) and gePfn (N IN),
define  o"(£,9) € P (N™N) by

def
0" (£19)(Xy s Xn s X) =Y &> there oxist Yoo Yyors Y
Such M f(’| ’n-,x“, = 50
& g ii¥;)= Yoy Sor 120, x4

 $4==Y

Tt follows thok 0"(£19) is the unigue (n+1)-any Partial
funchion  h S‘ox’n'sfvainq,

{ h(xlt'":xmoj — f(xl""’ I,.)

h(’l peoes Mo N4 )! g(x..---.!. » X ,h(x.,m.x,.,x))
9i

ProPOSITION

‘ If o ond g owe Compuluble, Ten so (s 0"(,4).

Progt
Giiven  regisier madaime proqroims

{‘; Gompwutivyg {ﬂlnm}lﬂ)

i ' . Ri}.“JQn a"-_’xh
RO Starting 1ahn
3[1;,,,.,In+2) " g { set }Di

Ry, R(n+2) %,
o the ‘fb\bb\«rivx% diAjmm Spet,{ﬁm a Nﬁy’sw madhine PV\)g»ram
ol Gmpuies P (£,9)(0--20) 0 RO Startivg with - RI,.., R()
VA 1 ) (R B
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(x' P x(ﬂﬂ', =
START —» (Rlyeees R(n+1))

(R1,..xRR) i =
(%X0)eeep X0)

\

RO,R (n+) ,R(42) R(1#3), ..
(0,C,RO, O)__.)O)

)QN) 7
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(x' P X(ﬂﬂ,, § 4

-—){R(ﬂﬂ)szo

F

m fhe ¥0q A M
Fi &, whidh \/w ASSUNL

w \ASER‘P@ ( N2n+z),

—

o

&
. (_-\(QG,R (n+1) R(Mi) Rn+3) .

(OJC)ROJ O)v-

o)

))QN) '.:/

while C< X(n+l) do
(RO,C):= ( Q(Kh---; Xn,C,R0),C+]| )
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DEFNITION :

A funchion is primitive recursive if ik (an
be builk up from the basic functions by
repeated use of the operations of composition
L__twl primitive recursion.

In obher words, the set [PRIM| of primitive
recwrsive funckions is e smalest get of
partial  functions containing the basic functions

and closed under the operations of composition
and primitive recursion.

Py

EXAMPLES of primitive recussive functions

Ex.A Addition
Recall the indmdtive db(ﬁ'nilrion o’{i add(x,\j)d‘ﬁx—ft&_ in Yoms o-F e
Swcassor fundhion and Zewo
add (x,0) = X
{Mli()(,gﬂ): c\di(ﬂt,g)-fi

Tt odd = p'(frg) vhare  FWZ
owd a(x,g,%):i“‘.
Sme  f = ij; owd g = Suce ijg )
add = pl(pmj: 5 Suc.pmji)

IS pvimih'vﬁ . CSIVE .
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Exz Mubiplicakion — matt(x,y) @ .y can be induckively  defined

from addition by { mulk (3,0)= 0
mult (%, y+1) = mult () + ¢

Trwns mulk ='Pi(]c:ﬂ) Wt j(x)“oﬂo and B(J).jjz)‘lﬁ;_ Fx .
'H'EMUL W\wu: = QI(Z&W“, O\Olﬂ(°(PYUJ§: pY'DJ?))
= o' (zen, p(proj}, Suce poj3)e(pojd, poji)) by Ex

is 'pﬁmi‘(i\,e e A sive.,

Ex.3 Exponentiation pr(%lﬂtf <& on be in@ck\'»dﬁg dbfm'md fﬁm

multiplication by {?pr (x,0) = |
xp (3 y+) = QKp(3,). X

Thws %P=PI(JC|9) Where .)C[ﬂdgi ond 5(1,‘5,%)1;} Z.x

ie. f= Sucezem' owd 4= wulte (projs, proj3).

Hone by tx.2,

wxp = p' (sucrzen’, p' (20 o' (pref !, Swce prefd )o (pris, it ) )o (P, prei3) 1))
is Pr‘im{{‘f\f& eUMSIVE

S6

[ for twe {D\Lowirx% erompl) | e ove ™ an exervise L«J’DAQW\ﬁ ok J( an
wphrt Aeswription o e J(W"d""“ Wims“’\j its prmitive rtwsivfhj.:[
o i 1=o0
X-1 f 1>o0
pred (0) =0
preel (x+1) = X

Ex.4 Predacassor med‘im predb)‘g‘{ is primihve

reamdive becomse 1t Sats {w.s{

o if 1<y

Fx .5 Truncated Subbmdion miv\us(x,ﬂ)"-l-i—'{_ 1ty = {x_lj i« .y

. o MK (x,0) = X ‘ L b
sadisies {mir\v\s()«.,vjﬂj = pred (minus(x,y)) i B IS s, 5 e

Yy 1f x=0
2 if x>0
Nfte fhak ifzem = Co(pris, proj3, pjt), whee Cé€ Fun (NS IN)

Sodi<ies {C(l.n%: ©) =X
Cl%y )0, N4 = X

T C,omd hene albso iﬁm, Ore pramiitive recurive.,

Ex.6 (onditionad fvmbh'vn ifzm(xl%:g)i%{
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Ex3 Rounded Summo\-h'ow

I5 fGEm(N l'N) IS prim. rec. ,Ien so
\S

g("n J’ml)- E’ f(l" ’1"'3)
{5-(:,.. orin10) + 4§ (Hyen2, % 1)

¥ x>0
0 l'f:l:'o

¢

(F;r noie that 4 SAHf'j'iu

%(xn Iy O) o
{g(luwﬁn,l“")-' g(lu 9dn, X )"’f(llrv’m’) )

with - prim-rec by, assephion) & add pam.vec by Ex.1

PROPOSITION ;

Every primitive recursive function is
both Compubable and botal

(R%mu bt F€Pfn(NT N) s total ’)Ck OWLv i€
§(1| )end 1!\)¢ -For m“ (1“___’ xh)e Nﬂ.)




NOTE It by definiion of PRIM (see p94) , if P is Some propedy
ot porkiakl fundions, to pwve that ey mowmbar of  PRIM
s Dropevty P,k S\AH-\u/S o Show H/ml‘

(@) e basic funchions (pwj?, Zew"| Suc) sabisfy P ; ond

(b) if 5,959 Satisfy P, wn o does fe(g),59m)

[assuming ¢t e thak the funchons e arities for which fie omposihion
makss sense ] 5 owvd

(¢c) }f + %9 Sah'sf\j P, e So does p"(f“@)
[Wwe n=onby o f & 9 has anty n+2 ).

for i (@),(b)& () hold , thom {fe PRIM |  sakisfies P} conbaing
the basic funchis ond IS Closed wider  ompositin ownd - primihie
R , ond  hene  tontans ol primitie rtamive Sunchioms © So

\k/\uj all Smh‘sf\ﬁ P.
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Post ot the Propusition on p.97

We howe oalready ven§ied fhat  (a), (b) % (€) hld  wWiun
Pic the pvvpu‘a\a RS ocvaui‘o\lom“ . hene ering fe PRIm ig
(ompwtable .,

Now  tking P b T pvv\oe/h& "f i @ okl fun chow |
oy (W) & () hold 5 ond b See hat () holds, nste Hat
i F & g owe ol ten foroall (,,x00€ N" e definhion
K o"ifig) give

P“(€|9)(1|!“':)h>oj\1/
ond O (F:8)0 20, M = 0" (418D, 00, 01) ¥
so bt V. p (5,411,301 )

by Mabremalial Induchon. on x.
tne vy fePRIM i< totad

O
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