The Halting Problem
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DEFINITION : a register machine H decides the Halting Problem
if, loading Rl with € ond RZ wik [a,),0,7)
(and all Show regigers it 0), e computation of H  halts
with RO Contnining either O or 1 ; moreover
RO contains 1 when H halks if & only if

the compubation of e register maching program

Pfog" Starked wan Kﬂk‘!ﬂ' Rl,..., RN set Fo Gy Gy

(and ol athew registers sk to 0) does halb .

THEOREM | o Such tegisher machine H can exist |

Prock : - Supposc such an H exists ond derve
a contradiction ...
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Let H' be obtained from H by replacing

@py R
START = by srarr -" b; P:;f L

(Where 2. is & register not mentioned in H's  program )

Lek C be obtained from H by replacing
each HALT (& tach jump to o label with no inshuction )

Sy iy

HALT

Lk ceON' be e mdex of C's program .

C stoted with Ri=c evendually halts
rg’tshmd with Ri=c halts with RO=0
‘g Slarted with R1=c & R2=[€] halks with R0=0
,fgih Started with Ri=c does not halk

,ﬁ | DR

C. storted v Ri=c does not halt

CoNTRADICTON !
(to the assumption thot Such an H exists )




Recall :
DEFINITION ;
£ e PA(N" IN) is (register machine) Computable
IE& oy i€ Were is a register machine M with
ok leost n+i registers, RO,RI,R2,..,Rn Say,
(ond moybe some Sl regisiens as well) With He
popety that for ol (%), %) EN" and

all yelN

Farr-at)=Y if konly if He computation
of M Starting with RI=%,,.»Rn =3, ,and
oll oter wgistrs =0, halts with RO=Y.
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_Enumerating computable functions
For ech €€N It @ € Phn(ON,ON) be e
partial funchion computed by Prog, , i-e-

@(x)= dé e compwintion of Proge starked with RIz X |
e ¢ (ond ol other regisiens zerved) halts with ROsy |

Thus :
e function € > @, maps N onto te
colleckion of all Computmble partial functions
fwm N ko IN.
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Not all partial funchons are Computable
Define £ € Pin(ON,0N) by :
¢« [ O i @)
5(e) "=*{ "L
undefined 1 @ (e) ¥

CLAIM : £ i net Compunble .

PRoof : Tf § Computable, ben £ = @, forsome €.
Then g

def?
X AOK JC: fl@=0 gﬂ(e)=0 = (Pe(e)l

¢ o0 => fOf = %(e)‘l‘,\mk‘mm,

(Un) decidable sets of Numbers

A subset S S DN is (registker machine) decidable
if & oy if there is o register machine M with
te property : for all xeN, M starked wikh R)= x
(oand olfer registens zevved) always halks with RO Gnhaining
eiwer 0 or 1 ; mereover RO =1 when M hakks

if ond only if x€S. -

Equivalu\l'lg: S is decidable if:.onl’ if these is
Some € Sudh Hak for all X €N

ditner (@00 =0 k x¢S)or (qa=1 K& xes)

S is called undecidable if po such M (or &)exists,




Some examples of undecidable sebs of numbers

S E{ad| q@i)

1-e. one-arguwent  venion of Halh'n, Poblem

of o
S=1qe l ‘Pe(‘”l}
re. 3 rgiskr modhing to decide Whether amy program halts
Wham swpplied it jnput O

Sa_"-_‘i{e. | @, is o total funch'on}
ie. 3 register machine to ducide Whether any pogram halts
for all input data

Exd. The povf sk S, i undecidable e lke TR proof
R A undecidability £ e n-mjwt Halking Boblom
gven aovee, exept ek Now tre. wodificahion crf_ H
I

repal  START —

oopY R L pwch 2 S
b\?, START — tn‘jz T R @

T T R1 2\ » T
=€ R =e‘1 = e'fe' J R = )ﬁ
{Ré;c;} {Z‘:Q.} { Z= g } { é:<0£}>)

(w rest & e argument i e Same).

57




Ex.2. Undecidability of S, Can be reduced Fo e
undecidabikity of S| :

If M were a register machine for deciding
membtvship of S, , then e register machine
Specified by

decode Rl as a pawr <8, a)
START — ond put e in R) and

o n R2
) N I M’s program
decode R) as & program START -+ Prog K
owlpvkin R'amdﬂ-fwthl Program RZ:50
st (R Tay) =
R2 o:;;ies

would decide memberghip of S). So no Such M exists,
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funchions ;i SWifius do show trat trere is &
/fM\LHW\ jC e twn(N,N) SO\HS’]‘jiNJ’
o £ 1§ (omprdnble
o for Al e,ae N CPJ('Q(Q, ") QO) = ¢, (a)
mmv\{.fﬁ \Efl- howd sde Vv }
v

Rl . We tom redtmde ’pw\% 6{ Ex. L W Yerms GF

ifaombag of vight hand sde
and in Pt case Ty are
egual(see page 39)

ad Wone  <e,a>€S, e 5(le,ax)e s, .
Tor in W e Mg v Swheets S\)55 SN

S decdable, § tompudble & VxeN. 1€ 5, flxjeS,
= 3, decidalle




Ex.3. Undecidability of Sy Can be reduced b hat of §;:

IE M were a regisier machine for deciding
membirghip of S, then e regisler machine
Specified by

decode R os o program  START - Prog)
START —» ond put in Rl & code fov e program

N

M's progmm

would decide memberchip o S, . So mo such M exists,






