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Fourier and related methods



Introduction

In this section we shall consider what it means to represent a
function f(x) in terms of other, perhaps simpler, functions. One
example is Fourier series of the form

% + i [an cos(nx) + by sin(nx)] .

n=1

How are the coefficients a, and b, related to the choice of f(x) and
what other representations can we use?

We shall take a quite general approach to these questions and derive
the necessary framework that underpins a wide range of applications.



Linear space

Definition (Linear space)
A non-empty set V of is a over a field F of

© N o o

if the following are satisfied.

. Binary operation + such thatif u,v € Vthenu+ve V
. + is associative: for all u,v,w € V

then (u+v)+w=u+(v+w)

. There exists a zero vector, written 5, such that 0 + v = v for

allveV.

For all v € V, there exists an inverse vector, written —v, such
thatv+ (—v) =0

+ is commutative: forallu,v € Vthenu+v=v+u
Forallv e Vand a € F then av € V is defined

Forallae Fand u,v € Vthen a(u+v)=au+av
Foralla,be Fand v € Vthen (a+ b)v =av+ bv

and a(bu) = (ab)u

For all v € V then 1v = v, where 1 € F is the unit scalar.



Linear subspaces

Two common choices of scalar fields are the real numbers, R, and the
complex numbers, C, giving rise to and linear spaces,
respectively.

Definition (Linear subspace)

Asubset WcC Visa of V if the W is again a linear
space over the same field of scalars.

Thus W is a linear subspace if W # () and for all u,v € W
and a, b € F we have that au + bv € W.



Linear combinations and spans

Definition (Linear combinations)

If Vis alinear space and vy, vo, ..., v, € V are vectors in V
thenue Visa of vi, vo, ..., v, if there exist
scalars ay, a», . . ., a, such that

u=avi+aVo+---+anvn.

We also define
span{vy, Va,...,Vp} = {u € V : uis alinear combination of vy, vo,..., v,}.

Thus, W = span{vy, v, ..., vy} is a linear subspace of V.



Linear independence

Definition (Linear independence)

Let V be a linear space. The vectors vy, vo, ..., v, € V are linearly
independent if whenever

—

aVy +avo+---+apvp, =0 ai,a,...anc F

thenai=a=---=a,=0
The vectors vy, Vo, ..., v, are linearly dependent otherwise.



Bases

Definition (Basis)

A finite set of vectors vy, Vo, ... v, € Visa for the linear space V
if vi, va,..., Vv, are linearly independent and V = span{vy, vo, ..., vy}
The number n is called the of V, written n = dim(V).

A result from linear algebra is that while there are infinitely many
choices of basis vectors any two bases will always consist of the
same number of element vectors. Thus, the dimension of a linear
space is well-defined.



Inner product

Suppose that V is either a real or complex linear space (that
is, F =R or C).
Definition (Inner product)

The inner product of two vectors u, v € V, written (u,v) € F,is a
scalar value satisfying

1. Foreach v € V, (v, v) is a non-negative real number,
so (v,v) >0

2. Foreachve V, (v,v) =0ifand only if v =0

3. Forallu,v,we Vanda,be F, (au+ bv,w) = alu, w) + b{v, w)

4. Forallu,v € Vthen (u,v) = (v,u).
A linear space together with an inner product is called an

. Here, (v, u) denotes the complex conjugate of the
).

complex number (v, u). When the field of scalars, F, is the real
numbers, R, then (v, u) = (v, u).




Useful properties of the inner product

Before looking at some examples of inner products there are several
consequences of the definition of an inner product that are useful in
calculations.

1. Forall v e V and a € Cthen (av, av) = |a|?(v, v)

2. ForallveV,(0,v)=0

3. For all v € V and finite sequences of vectors uy, Us,...,up € V
and scalars ay, ao, . .., a, then

n n
<Z ajui, V> = Z a,-(u,-, V>

i=1 i=1

n n
<za> S awvu)

i=1 i=1



Inner product: examples

Example (Euclidean space, R")

V = R"™ with the usual operations of vector addition and multiplication
by a scalar is a linear space over R. Given two

vectors x = (X1, X2, ..., Xp) and y = (¥4, ¥2,...,¥n) in R” we can
define an inner product

n
X,¥)=>_xiyi.
i=1
Often, this inner product is known as the and is
written x - y.
Example

Similarly, for V = C", we can define an inner product by

n
Xy)=x-y=> x¥.

i=1



Example (Space of continuous functions)

V = CJa, b], the space of continuous functions f : [a, b] — C with the
standard operations of the sum of two functions and multiplication by
a scalar, is a linear space over C and we can define an inner product

for f. g € C[a, b] by

b
(f,9) = /a f(x)g(x)dx .



Norms

The concept of a norm is closely related to an inner product and we
shall see that there is a natural way to define a norm given an inner
product.

Definition (Norm)

Let V be a real or complex linear space. A on Vis a function

from V to R, written ||v||, that satisfies

1. Forallve V,|lv|]|>0

2. ||v|| = 0ifand only if v = 0

3. Foreachv e VandacC, |lav|| = a|||v||

4. Forallu,ve V,||lu+v|| <|u|| +||v]| (the )-
A norm can be thought of as a generalisation of the notion of

, Where for any two vectors u, v € V the number ||u — v|| is
the distance between u and v.



Norms: examples

Example (Eucidean norm)
If V=R"or C"then for x = (X1, X2, ..., X,) € V define

n

X1 = | D Xl

i=1
Example (Uniform norm)
If V=R"or C"then for x = (X1, X2, ..., X,) € V define
[1X]|loo = max{|x;| : i=1,2,...,n}.
Example (Uniform norm)

If V = Cla, b] then for each function f € V, define

[fllec = max {[f(x)| : x € [a, b} .



Cauchy-Schwarz inequality

Theorem (Cauchy-Schwarz inequality)
Let V be a real or complex inner product space then for all u,v € V

(U, v)]? < (u,u) (v, v).
Proof.

If v = 0 then the result holds trivially. Now assume v # 0 so
that (v, v) # 0 and let A € C then

0 < (U—Av,u—\v) = (u,u) — Xu,v) = Xv,u) + |A3(v,v)

Now set \ = E‘ﬂg so that

and hence
[(u, V)P < (u, u)(v, V).



Inner products and norms
Given an inner product space, V, with inner product (-, -) there is a
natural choice of norm, namely, for all v € V
vl = V{v,v)

that is, the non-negative square root.
Most of the properties that make this a norm follow simply from the
properties of the inner product but we shall use the Cauchy-Schwarz
inequality to establish the triangle inequality. We have,
llu+Vv|?=(u+v,u+v)

= ||ul[? + (u, v) + (v, u) + [V

< ||ulf? + 2|y, v)| + [Iv][?

< ||ulf? + 2|yl ||v]] +[|vI[?

= (lull + [IvI[)?.

Hence, the triangle inequality, ||u + v|| < ||u|| + ||v|| holds.



Orthogonal and orthonormal systems
Let V be an inner product space.

Definition (Orthogonality)
We say that u, v € V are orthogonal if (u, v) = 0, written u L v.

Definition (Orthogonal system)

A finite or infinite sequence of vectors (u;) in V is an orthogonal
system if

1. u; # 0 for all such vectors u;
2. up L uiforalli#j.

Definition (Orthonormal system)

An orthogonal system is called an orthonormal system if, in
addition, ||u;|| = 1 for all such vectors u;.

A vector v € V such that ||v|| = 1 is called a unit vector.



Theorem

Suppose that {e1, ez, ..., ey} is an orthonormal system in the inner
product space V. Ifu = 27:1 aje; then a; = (u, ;).

Proof.
(u,e) = (arer + aex + - -+ + anen, €))
= aji(er,6) + ax(ez. ) + -+ an(en, &)
=aq.
Hence, if {e1, €2,..., ey} is an orthonormal system then for

all u € span{ey, ey,...,e,} we have

n

n
u= Za,-e,- = Z(U, e,->e,-.
i=1

i=1

20



Fourier coefficients
Let V be an inner product space and ey, e», ..., €, an orthonormal
system (n being finite or infinite).
Definition (Generalized Fourier coefficients)
Given a vector u € V, the scalars (u, e;) (i=1,2,...,n) are called the

of u with respect to the given

orthonormal system.
These coefficients are generalized in the sense that they refer to a
general orthonormal system.

21



Let V be an inner product space and ey, o, ..., e, an orthonormal

system. If ay, a2,...,a, and by, bo, . .., b, are any sequences of
scalars then
n n n
<Z a6,y biei> => ab.
i=1 i=1 i=1
Equivalently, for u, v € span{es, ez,...,en}

n

<U, V> = Z<ua e,‘><V, ei> :

i=1

A consequence of these relations is the following theorem.

Theorem (Generalized Pythagorean Theorem)

Suppose that {uy, uo, . .., up} is an orthogonal system in V
and ay, a, ..., ap are scalars then

n n
1> auil? =Y lail® ||uil>-
i1 i1

22



Orthogonal projections

Suppose that V is an inner product space and ey, o, ..., €, an
orthonormal system. Define W = span{ey, e2,...,e,} andletu € V
be any vector. We have seen that for u ¢ W

n

u= Z(U, e,-)e,-

i=1
but if u ¢ W then certainly

u 75 Z(U, e,-)e,-
i=1

since u is not a linear combination of the vectors e, e, ..., en.
Nevertheless, there is a close connection between u and the
expression >, (u, &))e;.

Definition (Orthogonal projection)

For all u € V we define the , U, by

n

U= Z<U, e,-}e,- .

i=1

23



Theorem
Foreachu e V and forallw ¢ W

1. (u—o,w)=0
2. Ju=wlP = ju— gl + & - w2

Proof

First (u—0,e) =0forallj=1,2,...,nsince

(u—10,6)=(u,g) - <Z<U, ei)ei, e,> = (u, &) =) _(u,ei)(ei &)

i=1 I
= (u, &) — (u, &) (ej, €) = (u, ) — (u,6) =0.

24



So take any w € W with w = 2721 bje; for some scalars by, by, . ..

and

7bn

n n
(u—0,w) = < uZb,e,>_Zb,-<u—il,ej>_2bj~0_0.
= =

—U) Lwforallwe Wandsosince il —we W
L (U — w). Hence,

lu—wlP? = [ju—0+&—wlf=lu—T]*+[|7 - wl]>.

25



Best approximation

Theorem
Let V be an inner product space and {e, es, ..., e,} an orthonormal
system. Let W = span{ey, es,...,e,} and u € V be any vector

then Ui = 27:1 (u, ej)ej is the closest vector to u in W. Moreover, U is
the unique such vector in W.

Proof.
Forallwe W,

llu—wlf? = |lu— &l + || - w|?

and so ||u— U|| < ||lu—w]| forallw e W.
To show uniqueness, suppose that ||u — U|| = ||u — w]|| for

some w € W then || — w|| =0and so w = 0. O

26



Infinite orthonormal systems

We now consider the situation of an inner product space, V,
with dim(V) = oo and consider orthonormal systems {ey, ez, ...}
consisting of infinitely many vectors.

Definition (Convergence in norm)

Let {uy, uo, ...} be an infinite sequence of vectors in the normed
linear space V and let {ay, a, . . .} be a sequence of scalars. We say

that the series -
> anw
n=1

towe Vif

m

mIInOCHW—ZanunH:O.

n=1



Closure and completeness

Two further properties are defined for an infinite orthonormal
system {ey, €, ...} in an inner product space V.

Definition (Closed)
The system is called inVifforallue V

m

Jim =" (u.er)enl| = 0.

n=1

Definition (Complete)
The system is called in V if the zero vector u = 0 is the only
solution to the set of equations

(u,en) =0 n=1,2,....

28



Remarks on closure and completeness

» It can be shown that a closed infinite orthonormal
system {ey, e,,...} is necessarily complete (but not the
converse).

» If a system is closed then there must exist some u € V such
that the linear combination

m

> (u,en)en

n=1

cannot be made arbitrarily close to u, for all choices of m.

» If the system is closed it may still be that the required number of
terms in the above linear combination for a approximation
is too great for practical purposes.

» Seeking alternative closed systems of orthonormal vectors may
produce approximations in the sense of requiring fewer
terms for a given accuracy.



Representing functions

In seeking to represent functions as linear combinations of simpler
functions we shall need to consider spaces of functions with closed
orthonormal systems.

Definition (piecewise continuous)

A function is if it is continuous, except at a finite
number of points and at each such point of discontinuity, the right and
left limits exists and are finite.

The space, £, of piecewise continuous functions f : [-7, 7] — Cis
seen to be a linear space, under the convention that we regard two
functions in E as identical if they are equal at all but a finite number of
points.

For f,g € E, then

o) =1 [ fgiox

-7

defines an inner product on E.
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A closed infinite orthonormal system for E

An important result is that

1 . .
{, sin x, cos x, sin2x, cos 2x, sin 3x, cos 3x, . ..

V2

is a closed infinite orthonormal system in the space E.
Here we shall just demonstrate orthonormality and omit establishing
that this system is closed.



Writing ||f|| = /< f, f > as the norm associated with our inner
product, it can be establish that

H\[II

and similarily that foreach n=1,2,...
|| sin nx||? = || cos nx||? = 1

and that for m,n e N
> <\if sin nx) = 0

> cosnx) =0

f’
sinmx,cosnx) =0
sinmx,sinnx) =0, m#n

cos mx,cos nx) =0, m # n.

>

v

v

/\/\/\/-\

32



Fourier series

From our knowledge of closed orthonormal systems {ey, ez,...} we
know that we can represent any function f € E by a linear
combination

oo

> (f.enen.

n=1

We now turn to consider the individual terms (f, e,)e,, in the case of
the closed orthonormal system

1 , .
{, sin x, cos x, sin 2x, cos 2x, sin 3x, cos 3x, . . } .

V2

There are three cases, either g, = % or sin nx or cos nx. Recall that

the vectors e, are actually functions
in E={f:[-m,n] — C: fis piecewise continuous}

33



If e, = 1/v/2 then

(F, en)en = % (/_7; f(t)\}édt) \}2 - ;T/_: (t)dt

If e, = sin nx then

(f,enyen = % (/ f(t)sinnt dt) sinnx.

—T

If e, = cos nx then

f(t) cos nt dt) COS nx.

—T

(f,en)en = % (

34



Fourier coefficients

Thus the linear combination >~ 7, (f, e,) e, becomes the familiar
Fourier series for a function f, namely

a > .
?0 + Z[a,, oS nx + by, sin nx]
n=1
where
1 T
an=— f(x)cosnxdx, n=0,1,2,...
™

—T

bn:%/ f(x)sinnxdx, n=1,23,....

Note how the constant term is written ap/2 where ag = 1 [™_f(x)dXx.

T

35



Periodic functions

Our Fourier series

o

>+ > "[ancos nx + b, sin nx]

n=1
defines a function, g(x), say, that is 27-periodic in the sense that
a(x + 2r7) = g(x), forallx e R.

Hence, it is convenient to extend f € E to a 2x-periodic function
defined on R instead of being restricted to [—, 7].

36



Even and odd functions

A particularly useful simplification occurs when the function f € E is

either an function, that is, for all x,
f(—x) = f(x)
or an function, that is, for all x,
f(=x) = —f(x).

The following properties can be easily verified.
1. If f, g are even then fg is even

If f, g are odd then fg is even

If fis even and g is odd then fg is odd

If g is odd then for any h > 0 then ffh g(x)dx =0

o > 0N

If g is even then for any h > 0 then [fh g(x)dx =2 joh g(x)dx.



Even functions and cosine series

Recall that the Fourier coefficients are given by

1

a,,:f/ f(x)cosnxdx, n=0,1,2,...

™
bn:1 f(x)sinnxdx, n=1,23,...
™ —T
soif fis then they become

2 T
a,,:—/ f(x)cosnxdx, n=0,1,2,...
T Jo

b,=0, n=1,2,3,....

38



Odd functions and sine series

Similarly, the Fourier coefficients

an:%/ f(x)cosnxdx, n=0,1,2,...

b,,:l/ f(x)sinnxdx, n=1,23,...,

s
for the case where f is an function become
a,=0, n=0,1,2,...

b,,:g/ f(x)sinnxdx, n=1,2,....
T Jo

39



Fourier series: examples |

Consider f(x) = x for x € [—m, ] then f is clearly odd and so we need
to calculate a sine series with coefficients, b,, n=1,2,... given by

2 (7 2 7T 4
b, = —/ xsinnxdx = — { {—XCOS nX} —|—/ cos nxdx}
T 0 T n 0 0 n

e )
:2{—77(_,17)n+o} :¢.

™

Hence the Fourier series of f(x) = x is
> 2(— n-+1
> 2" sin nx .
n
n=1

Observe that the series does not agree with f(x) at x = 7 —a
matter that we shall return to later.

40



Fourier series: examples Il

Now suppose f(x) = |x| for x € [—m, w] which is clearly an even
function so we need to construct a cosine series with coefficients

T 2
ao:g/ xdx_glzw
0

T T2

andforn=1,2,...

2 [T 2 X sin nx T sin nx
anp = — xcosnxdx = — /
™ Jo ™ 0
_2{[cosnx]7f} { —-4 nisodd
e m lo 0 niseven

Hence, the Fourier series of f(x) = |x| is

>HI\)

>4
; Bk ) cos(2k — 1)x.

l\)\=l

41



Complex Fourier series |

We have used real-valued functions and as our
orthonormal system for the linear space E but we can also use
complex-valued functions. In this case, we should amend our inner
product to

(f,g) = 217 ! f(x)g(x)dx .

A suitable orthonormal system in this case is the collection of

functions . o '
{1 , e/x7 efIX’ ele7 e712X7 B } )

Then if f € E we have a representation, known as the
of f € E, given by

oo
Z C einx
n
n=—oo

where

Cn= — f(x)e~™dx, ,n=0,+1,42 ... .
2T

—T

42



Complex Fourier series |l

Euler's formula (e = cos x + isin x) gives for n=1,2, ... that

e™ = cos nx + isin nx

—inX — cos nx — isin nx

e
and e = 1. Using these relations it can be shown that
forn=1,2,...

a, — ibp o an + ibp

Ch = 2 ) —n D)

Hence,
an = Cp+ C_p, bn = i(Cn - C—n)

and

M e g — - [T _ &
C°_27r/ f(x)e dx_2 / f(x)dx_z.

- T )
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Pointwise convergence and Dirichlet’s conditions

The closure property of the trigopnometric orthonormal system
guarantees that the Fourier series for any function f € E
to f. That s,

m
n’lli—r>noo [|f(x) — (é;) + Z[a,,cos nx + bpsin nx]) =0

n=1

or, equivalently,

s
lim /
m— oo -

As we have already seen in the example of f(x) = x, this does not
imply convergence to f(x) at every point x.

2

a dx=0.

f(x) — (2 + zm:[an COS nx + by sin nx])

n=1

44



The Dirichlet conditions

We now consider conditions on the space of functions that allow us to
determine how the Fourier series behaves at individual points x.

Definition (Dirichlet conditions)
We define a subspace, E’, of E by the
1. feE
2. For all x € [—m, w) both the left and right derivatives exist (and
are finite).

Recall, that in the space E each function has a left and right limit at
every point. Let these values be f(x—) and f(x+), respectively.
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Theorem (Dirichlet’'s theorem)

For all x € [—m, 1] the Fourier series of a function f € E’ converges to
the value of the expression

f(x—) + f(x+)
o

» Here we should consider f not just defined on [—, 7] but also
make it 27-periodic to handle the end points +x correctly.

» Recall that functions f € E can have at most a finite number of
points of discontinuity (that is, points where f(x—) and f(x+)
differ).

» Hence, we can conclude that if a function f satisfies the Dirichlet
conditions it's Fourier series converges to f at all points where f
is continuous and at points of discontinuity it converges to the
average of the left and right hand limits. This was indeed the
case in our earlier example where f(x) = x.

46



General intervals

We have so far considered functions defined on the interval [—, 7]
but we may readily extend our approach to a general interval of the
form [a, b]. If we define EJa, b] to be the space of piecewise
continuous functions f : [a, b] — C then we may define the Fourier
series of f € E[a, b] as

a — X . 2nmx
2+;[ancos a)+b,,sm(bia)

where

b
f(x de, n=01,2...

G-al,
Goal

b
f(x) sin 2”” sd n=1.23,....



This may be justified by showing, for example, that

{1 cos 2nmx sin 2nmx
Vv2' T (b-a) (b-a)

is an infinite orthonormal system for functions in E[a, b] with respect
to the inner product

forn:172,...}

b [
(f.g9) = (bz_a)/a f(x)g(x)dx .

48



Fourier transforms

49



Introduction

» We have seen how functions f : [-7, 7] — C, f € E can be
represented in alternative ways using closed orthonormal

systems, such as
o0
Z Cneinx

nN=—oo

where
1" .
Ch= —/ f(x)e?™dx n=0,+1,4+2,....
27 J_,

The domain [—m, 7] can be swapped for a general interval [a, b]
and the function can be regarded as L-periodic and defined for
all R, where L = (b — a) < o is the length of the interval.

» We shall now consider the situation where f : R — C may be a
non-periodic function.
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Fourier transform

Definition (Fourier transform)

For f : R — C define the of f to be the
function F : R — C given by

F(w) = f[f](w) = 217 [m f(X)eiindX
whenever the integral exists.
We shall use the notation F(w) or Fi7(w) as convenient. The

notation f(w) is also seen widely in the literature.



For functions f : R — C define the two properties

1. . if f is piecewise continuous on every finite
interval. Thus f may have an infinite number of discontinuities but
only a finite number in any subinterval.

2. i
/ [f(x)|dx < oo

Let G(R) be the collection of all functions f : R — C that are
piecewise continuous and absolutely integrable.
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Immediate properties
It may be shown that G(R) is a linear space over the scalars C and
that for f € G(R)
1. F(w) is defined for allw € R
2. F is a continuous function
3. lim,_ 40 F(w)=0
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Examples

For a > 0, let f(x) = e~@*I then

1 [~ :
Flw)=5- / e e "Xax

1 9] ) 0 )
- {/ e e lwXgy 4 / e e/wxdx}
2n 0 —00

A o—(a+iw)x °°+ gla—iw)x70
Cor a+tiw |, a—iw |_

1 { 1 1 }
2r la+iw  a—iw

_a
m(a® + w?)
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Properties

Several properties of the Fourier transform are very helpful in
calculations.

First, note that by the linearity of integrals we have that if f,g € G(R)
and a, b € C then

Flat+bg)(w) = aFin(w) + bFig(w)

and af + bg € G(R).
Secondly, if f is real-valued only then
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Even and odd real-valued functions

Theorem

Iff € G(R) is an even real-valued function then F is even and
real-valued. If f is an odd real-valued function then F is odd and
purely imaginary.

Proof.
Suppose that f is even and real-valued then

Flw) = 217 / f(x)e~“*dx

1 / f(x)[cos wx — isinwx]dx

T or
1 o0

= — f(x) coswxdx .
27 J_o

Hence, F is real-valued and even (the imaginary part has vanished
and both f and cos wx are themselves even functions). The second
part follows similarly.
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Shift property

Theorem
Letf € G(R) and a, b € R with a # 0 and define

g(x) =f(ax + b)
then g € G(R) and
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Proof

Set y = ax + b so for a > 0 then

and fora< 0
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Special cases

Two special cases of the shift property are worth highlighting.
1. a# 0and b= 0so g(x) = f(ax) then

1

Flal@) = 7 (%) :

2. a=1s0g(x) =f(x+ b) then

Fig(w) = €“PFip(w).
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Theorem
Forf e G(R) and c € R then

Freextxy)(w) = Fip(w — ).

Proof.

1

f[efcx,«(x)](w) = Z/, eicxf(x)e’i“"dx

_ 1 > —i(w—c)x
o) f(x)e dx

= f[f](w — C).
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Modulation property

Theorem
Forf € G(R) and ¢ € R then

Fin(w — ¢€) + Fip(w + ©)
f[f(x)coscx](w) S 2 U

Fin(w —¢) — Fip(w + ©)
Flf(x)sinex)(w) = U o7 ul .

Proof.
We have that

it cos oy () = }-[f(x)w] (w)
1 1
= §f[f(x)eicx](w) + éf[f(x)e—icx] (UJ)
_ Fpw —¢) + Fip(w + ¢
B 2

Similarly, for Fif(x) sin exj(w)-



Derivatives

There are further properties relating to the Fourier transform of
derivatives that we shall state here but omit further proofs.

Theorem
If f is a continuous function and f, f' € G(R) then

f[f/](w) = iuJ]:[f]((U).
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Inverse Fourier transform

We have studied the Fourier transform. There is also an inverse
operation of recovering a function f given the function F(w) = F(w)
which takes the form

F(x) = [ " Fyw)e do.

More precisely, and recalling Dirichlet’s theorem for Fourier series,
the following holds.

Theorem (Inverse Fourier transform)

Iff € G(R) then for every point x € R where the one-sided derivatives
exist "
f(x=)+f , i
(X ); (X+) _ Mlin / ]_-[f](w)e/wxdw.
) _m
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Convolution

An important operation between two functions in signal processing
applications is defined as follows.

Definition (Convolution)

If f and g are two functions R — C then the function,
written f x g, is given by

(Fr)0) = [ fx-y)ay)ay
whenever the integral exists.

It may be shown that the convolution operation is commutative, that
isfxg=gxf.
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Fourier transforms and convolutions

The importance of Fourier transform techniques in signal processing
rests, in part, on the following result that leads to much simpler
descriptions and mathematical formulae in the Fourier domain.

Theorem (Convolution theorem)
For f,g € G(R) then

]:[f*g](w) = 2777:[f](w) : 7:[g] (w)-
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Proof

We have that
f * g —lwde

K
2L/ (/ fix = y)a(y)d )e—fwxdx
STAWIS

y)e “Ng(y)e~Y dxdy

_L <2W/ = pye y)dx> aly)e"dy

= F[f](w) / g(y)e—iwydy
= 2nFip(w) - Fig(w)-

Fiteg) (@
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Some signal processing applications
We first note two types of limitations on functions.
Definition (Time-limited)

A function f is time-limited if

f(x)=0 forall |x|>M
for some constant M.

Definition (Band-limited)
A function f € G(R) is band-limited if

Fip(w) =0 forall jw|>L

for some constant L.
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Let us first calculate the Fourier transform of

1 a<x<b
f(x) = .
{O otherwise .

We have that
F(w) = . /Oo f(x)e~ " dx = 1 /b e~ “Xdx
27 J_o 27 J,
1 g fwx b g—iwa _ g—iwb
L - 2miw

- {271' —iw

If we set a = —b with b > 0 then
_e¥P—e b sinwb

Fw) 2miw wT
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Low-pass filters

Suppose that f € G(R) with Fourier transform F(w) and choose a
constant L > 0. Define

_JF(w) fw[ <L
Fulw) = {o w| > L.

We wish to find f, such that 7}, = F, that is, a function band-limited

by L whose Fourier transform equals F in [-L, L].
Rewrite Fi(w) = F(w)Gi(w) where

_ )1 et
GL(W){O lw| > L.

We will now use the convolution theorem to find f;.
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By the inverse transform theorem we have that for |x| # L

Gilx) = [ e

But G, is clearly an even function so
* sinwl _;
GL(x) = / SINWE oo g,

wTm

J —oo

and if we interchange the variables x and w we have

1 [ 2sinlx
GL(w):Z/ SI: Xe—ioxgy

— 00

This says that if g, (x) = 280 then Fig,(w) = GL(w).



In terms of convolutions we have

]
f=5-(fxag.)

w0 = 5 [ 2SI g,

X—y
1 f(y)sin(L(x - y))
?/_oo X—y Y

In particular, if f € G(R) is such that Fis(w) = 0 for |w| > L then f

satisfies 1 [ f in(L(x
f(x):;/_ (y)sx((y—y)))dy_
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Shannon sampling theorem

Theorem (Shannon sampling theorem)
Iff € G(R) is band-limited by the constant L then

f(x) = i f(’lzT

) sin(Lx — nx)
Lx —nm

Proof

Set F(w) = Fn(w) and use the inverse Fourier transform theorem to

give

f(x) = / F(w)e“*dw = / F(w)e“*dw.
o —L

So, taking x = 7 for n € Z we get

f(n—:) = /L F(w)e“"/ dw .
-L
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Consider the complex Fourier of F restricted to [—L, L] given by

oo
Z c efin'n'w/L
n

nN=—oc

where the coefficients are
1t i 1. /nm
- mw/L _ o
Cn 2L/_LF(w)e dw 2Lf(L>
Thus, since f is band-limited by L

F(w) = Z che /LG (w).
N=—o0

Hence,
_ 1 = NN inrw/L
F(w) = 5[ n=§_o<, f (T ) e Gi(w).



But we have seen that G, (w) = Fjzsuwj(w) hence using the shift

formula '
e_/mrw/’—GL(w) = }—[QL.,n](w)

where
2sin(Lx — nr)

9r.n(x) = -
n )(_nT

Putting this all together we have that

Fw) 2LZ ( )j:[gm]()

and taking inverse transforms

f(x) QLZ ( )gLn Zf( )%—ngﬂ
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Remarks on Shannon’s sampling theorem

» The theorem says that band-limited functions by a constant L
(thatis, Fq(w) = 0 for |w| > L) are completely determined by
their values at evenly spaced points a distance 7 apart.

» Moreover, we may recover the function exactly given only it’s
values at this sequence of points.

» |t may be shown that the functions

sin(Lx — nm)
Lx — nm

for n € Z form an orthonormal system with inner product

gy == [ fgmek.



Discrete Fourier Transforms
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We now shift attention from functions defined on intervals or on the
whole of R to sequences of values f[0], f[1],..., f[N — 1] and consider
how we might represent them.

An important result in this area of discrete transforms is that the
vectors {ep, ey, ..., ey_1} form an orthogonal system in the space CN
with the usual inner product where the n” component of e is given by

(ex)n=€™™/N n=01,2,... N—1.

and k=0,1,2,...,N—1.



Applying the usual inner product

N—1
(u,v) = ulnjvin]
n=0
we find that
llexl|® = (ex, ex) = N.
In fact, using {ey, €1, ..., en—1} We can represent any

sequence f = (f[0], f[1],..., f[N — 1]) € CN by

2

1

f:N

<f, ek>ek .
0

>
Il



Orthogonality

We shall show orthogonality of the vectors ex by considering the N
distinct complex roots of the equation zV = 1. Put w = €*™/N then
the N distinct roots z; (j = 0,1,...,N — 1) of zZVN =1 are

2rij/N _

zi=¢ w.

Now for an arbitrary integer n

=

1 -1

I 2mink /N _
N

e
0 k=0
B {1 if nis an integer multiple of N
- 1

—wN :
NI =0 otherwise.

>
Il
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Thus,

(€a, €p) =

(]

z
L

= >

Il
4 o

ES
I
o

N
0

g2rika/N g—2mikb/N

g2mik(a=b)/N

if (a — b) is a multiple of N
otherwise .
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Definition (Discrete Fourier Transform/DFT)
The sequence F[k], k € Z, defined by

N—1
FIKl = (f,ex) = Zf[n]e‘z’”"k/"’

is called the N-point Discrete Fourier Transform of f[n]
Thus, forn=0,1,2,... ,N—1,

N—1
fln] = 1N > Flk]e?m /N
k=



Periodicity
Note that the sequence F[k] has period N since

N—1
F[k + N] Z f[n]e—27rln(k+N Z f[n]e—Zmnk/N

using the relation

g—2rin(k+N)/N _ g—2mink /N g—2rin _ g—2mink/N

e e

FIK]
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Properties of the DFT

The DFT satisfies a range of similar properties to those of the FT
relating to linearity, and shifts in either the n or kK domain.
However, the convolution operation is defined a little differently.
Definition (Cyclical convolution)

The of two periodic sequences f[n] and g[n] of
period N is defined as

(fx9g)ln] = Zf[m]g[n m].

m=0

It can then be shown that the DFT of f x g is the product F[k]GIK]
where F and G are the DFTs of f and g, respectively.
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Fast Fourier Transforms
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Fast Fourier Transform

The Fast Fourier Transform is a new transform but a particular
numerical algorithm for computing the DFT.
Since

N—1
F[k] — Z f[n]e—ZTrink/N
n=0
= [0] + f[1]e 2" /N 1 ... 4 f[N — 1]e2mk(N-1)/N

we can see that in order to compute F[k] we need to do about 2N
(complex) additions and multiplications. To compute F[k] in this way
forall k =0,1,2,..., N — 1 would require about 2N? such operations.
In practice, where DFTs are computed for a large number of points N,
faster algorithms have been developed. Most approaches are based
on the factorization of N into prime factors and are known collectively
as , or . In most popular methods N is
supposed to be a power of 2.



Fast algorithms for the DFT

In 1965, James W. Cooley and John W. Tukey published a new and
substantially faster algorithm for computing the DFT than the

direct N? approach.

They showed that when N is a composite number with N = Py P> - Ppy,
then it is possible to reduce the cost of computing the DFT of a vector
of length N from

N2 = N(PiPy---Pp) to N((Pi—1)+(Pe—1)+ -+ (Pm—1))

complex operations. In the case when Py = P, = --- = P, = 2 then
this reduces from N2 = 22™ to 2™ . m = Nlog, N.

For example, if N = 1024 = 210 then there is a 100 fold improvement
from N2 = 1,048,576 to Nlog, N = 10, 240.

See: J.W. Cooley and J.W. Tukey. (1965) An algorithm for the machine
computation of complex Fourier series, Math. Comp, 19, 297-301.
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We shall not derive any of the details here but instead give an
impression of how the method operates.
First, the task of computing the DFT can be represented with
matrices as

F = Af

but where the N x N matrix, A, has a great deal of internal structure.
Cooley and Tukey exploited this structure in the case when N = 2™ to
rewrite A as a product of matrices each of which is

A=MuMn_1---MiB.

Since each of these matrices contains only a small number of
non-zero entries the effective number of complex operations is much
reduced compared to working with A itself.



Wavelet Transforms

88



Wavelets

are a further method of representing functions that has
received much interest in applied fields over the last several decades.
The approach fits into the general scheme of expansion using
orthonormal functions. Here we expand functions f(x) in terms of a
doubly-infinite series

)= > dVi(x)
j=—00 k=—00

where VW (x) are the orthonormal functions.

The orthonormal functions arise from and operations
applied to a single function, ¥(x), known as the

The orthonormal functions are given for integers j and k by

Wi (x) = 2120 (2x — k)
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The Haar wavelet

A common example is the whose mother function is
both and defined by

1 fo<x<j,
U(x)=¢-1 iff<x<1,
0 otherwise.

Y0.5
I I
—0.5 1
It .
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Wavelet dilations and translations

The Haar mother wavelet oscillates and has a width (or scale) of one.
The of W(x), namely,

L, W(272x), w27 X), W(x), W(2x), W(22X), . ..

have widths
222t 127t 22

respectively. Since the dilate W(2/x) has width 2/, its translates
W(2x — k) =w(2(x — k27)), k=0,+1,42,...

will cover the whole x-axis. The collection of coefficients di are
termed the , or , of the function f(x).
Just as with Fourier transforms there are fast implementations that
exploit structure.



Interpretation of dj

How should we intrepret the values dj?
Since the Haar wavelet function W(2/x — k) vanishes except when

0<2x—-k<1, thatis k2/ <x < (k+1)27/

we see that di gives us information about the behaviour of f near the
point x = k2~ measured on the scale of 2.

For example, the coefficients d_1ox, Kk = 0,41, £2,... correspond to
variations of f that take place over intervals of length 2'° = 1024
while the coefficients dijo x kK = 0,41, £2,... correspond to
fluctuations of f over intervals of length 210,

These observations help explain how the discrete wavelet transform
can be an exceptionally efficient scheme for representing functions.
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Comparison with Fourier analysis

Some of the practical motivations underlying the use of the
orthonormal functions such as Fourier analysis or wavelet analysis
are

» improved understanding,

» denoising signals, and

» data compression.
By representation of signals or functions in other forms these tasks
become easier or more effective.
The approach taken with Fourier analysis represents signals in terms
of trigonometric functions and as such is particularly suited to

situations where the signal is relatively smooth and is not of limited
extent.
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Properties of naturally arising data

Much naturally arising data has been found to be better represented
using wavelets which are better able to cope with discontinuities and
where the signal is of local extent. Generally, the efficiency of the
representation depends on the types of signal involved. If your signal
contains

» discontinuities (in both the signal and its derivatives), or

» varying frequency behaviour

then wavelets are likely to represent the signal more efficiently than is
possible with Fourier analysis.
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Other classes of wavelets

» One of the most useful features of wavelets is the ease with
which a scientist can select the wavelet functions adapted for the
given problem.

» In fact, the Haar mother wavelet is perhaps the simplest of a very
wide class of possible wavelet systems used in practice today.

» Many applied fields have started to make use of wavelets
including astronomy, acoustics, signal and image processing,
neurophysiology, music, magnetic resonance imaging, speach
discrimination, optics, fractals, turbulence, earthquake prediction,
radar, human vision, etc.
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Probability methods
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Outline

» Probability methods

Review of elementary probability theory (1 lecture)
Probability generating functions (1 lecture)
Elementary stochastic processes (2 lectures)
Limits and inequalities (3 lectures)

Markov chains (3 lectures)

v

vvyVvVvy



Review of elementary probability theory
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Random experiments

We will describe randomness by conducting experiments (or trials)

with uncertain outcomes.

The set of all possible outcomes of an experiment is called the
and is denoted by €.

We identify with particular subsets of Q and write

F={ECQ: Eisanevent}

for the collection of possible events.
For each such random event, E € F, we will attach a
probability P(E) € [0, 1].
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Event spaces

We formalize the notion of an , F, by requiring the
following to hold.

Definition (Event space)
1. F is non-empty

2. EcF=Q\EecF
3. E/E}—fOI’iEIéU/e/E/E]:

Example
Q any set and F = P(Q), the power set of Q.

Example
Q any set with some event E C Q and F = {0, E,Q\ E,Q}.



Probability spaces

Given an experiment with outcomes Q and an event space F we
attach probabilities to events by defining a
P : F — R as follows.

Definition (Probability function)

1. P(E)>0 VEeF
2. P(Q)=1andP(0) =0
3. Ej e Fforie ldisjoint (thatis, E; N E; = () for i # j) then

U,e/E ZP

iel

We call the triple (22, F,P) a



Examples of probability spaces

1. Qany set withevent E C Q (E # 0, E # Q).
Take F = {0, E,Q\ E,Q} as before and define the probability
function by P(#) = 0, P(?) = 1 and
P(E)=p , PQ\E)=1-p
forany0 < p<1.
2. Q= {wy,wy,...,wn} with F = P(Q) and probabilities given for

all E € F by
_ €]
P(E) = Pt
For a six-sided fair die Q = {1,2,3,4,5,6} and we take
P({i}) - &
=5

3. More generally, for each outcome w; € 2 assign a value p;
where p; > 0and 37, pi = 1. If F = P(Q) then take

P(Ey= Y p VEEF.

iwi€E



Conditional probabilities

Given a probability space (22, F,P) and two events Eq, E> € F how
does knowledge that the random event E,, say, has occurred
influence the probability that E; has also ocurred?

Definition (Conditional probability)
For P(Ez) > 0, define the , P(Eq|Ez), of E4

given E; by
IP(E1 N Eg)

IP)(E1|E2) = ]P(Ez)

Note that P(E,|E2) = 1. Moreover, for any E’ € F such that P(E’) > 0
then (Q, 7, Q) is a probability space where Q : F — R is defined by

Q(E)=P(E|E’) VEeF.



Independent events

Given a probability space (2, F,P) we can define independence
between random events as follows.

Definition (Independent events)
Two events, E, E; € F are if

P(E1 N E2) = P(E1 )P(Eg)

Otherwise, the events are . Note that if E; and E» are
independent events then

P(E+1|Ez2) = P(E+)
P(E2|Er) = P(E2).



Independence of multiple events

More generally, a collection of events {E; : i € I} are
events if for all subsets J of /

m]EJE H]P
jed

When this holds for |J| = 2 we have . This
does not necessarily imply that the full independence holds.

Example (|/| = 3 events)
E;i, E», E3 are independent events if

P(E; N Ez) = P(E;)P(E>)
P(E; N Es) = P(E;)P(Es)
]P(Ez N E3) = ]P)(Ez)IP(ES)

P(E; N Ez N Es) = P(E;)P(E)P(Es)



Bayes’ theorem

Theorem (Bayes’ theorem)
If Ey and E, are two events with P(Ey) > 0 and P(E,) > 0 then

P(E1|E2) = P(Ezllfg;’(ﬂ) :

Proof.
We have that

]P(E1 |E2)]P(E2) = P(E1 n E2) = ]P(Eg n E1) = ]P)(EQ‘E1 )]P’(E1)
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Partitions
Given a probability space (2, F,P), we define a partition of Q as

follows.
Definition (Partition)
A of Q is a collection of disjoint events {E; € F : i € I} with

UielEi = Q.

We then have the following theorem.

Theorem (Partition theorem)
If{Ej € F i€ l}isapartition of Q and P(E;) > 0 forall i € I then

P(E) =) P(E|E)P(E) VEE€F.

i€l



Proof of partition theorem
We prove the partition theorem as follows.
Proof.

P(E) = P(E N (VielEi))
=P (Uies (ENE))
=> P(ENE)

i€l

=) P(E|E)P(E)

i€l



Bayes’ theorem and partitions

A generalization of Bayes’ theorem can be stated as follows
combining Bayes’ theorem with the partition theorem.
P(E|E)P(E;) :
P(E/|E) = Viel
BB = 5 BEERE)
where {E; € F : i € I} forms a partition of Q.
As a special case consider the partition {Ey,Q \ E1} then we have

P(E|E1)P(E1)
P(E|E1)P(Er) + P(EIQ\ EN)P(Q\ Eq)

P(E|E) =



Example of Bayes’ theorem

Suppose that you have a good game of table football two times in
three, otherwise a poor game. Your chance of scoring a goal is 3/4 in
a good game and 1/4 in a poor game. What is your chance of scoring
a goal in any given game? Conditional on having scored in a game,
what is the chance that you had a good game?

So we know that P(Good) = 2/3, P(Poor) = 1/3,

P(Score|Good) = 3/4, P(Score|Poor) = 1/4.

Thus, noting that {Good, Poor} forms a partition,

P(Score) = P(Score|Good)P(Good) + P(Score|Poor)P(Poor)
=(3/4)x (2/3)+(1/4) x (1/3) =7/12.
By Bayes’ theorem

_ P(Score|Good)P(Good)  (3/4) x (2/3)
P(Good|Score) = P(Score) = 7712) =6/7.




Random variables

Given a probability space (2, F,P) we may wish to work not with the
outcomes w € Q2 directly but some real-valued function of them,

say X : Q — R. This gives us the notion of a (RV)
measuring, for example, temperatures, profits, goals scored or
minutes late.

We shall first consider the case of

Definition (Discrete random variable)
Afunction X : Q — Risa on the probability
space (Q, F,P) if

1. the image, Im(X), is a countable subset of R

2. {weQ: Xw)=x}eF VxeR
The first condition ensures discreteness of the values obtained. The
second condition says that the set of outcomes, w € Q, mapped to a

common value by the function X must be an event E € F so that we
can attach to it a probability P(E).
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Probability mass functions
Suppose that X is a discrete RV. We shall write

P(X =x)=PHw e Q : X(w) =x}) VxeR.
So that

Z P(X=x)= IF)(Uxelm(X){W €Q: X(w)=x})=P(Q) =1
xelm(X)

and P(X = x) = 0if x ¢ Im(X). It is usual to abbreviate this by writing
S PX=x)=1.
xeR

The RV X is then said to have P(X = x)
thought of as a function of x € R. The probability mass function then
describes the of the RV X.
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Examples of discrete distributions
Example (Bernoulli distribution)
Here Im(X) = {0,1}and P(X =1) =1 -P(X =0) = pfor p € [0, 1].

Example (Binomial distribution, Bin(n, p))
Here Im(X) = {0, 1,..., n} for some positive integer nand p € [0, 1]

Mx_ky_cgwu_pyk Vk=0,1,...,n.

Example (Poisson distribution, Pois(\))
Here Im(X) = {0,1,...} and A >0

\eg=>

P(X = K) = =

Vk=0,1,....

Example (Geometric distribution, Geo(p))
Here Im(X)={1,2,...} and0 < p < 1

P(X=k)=p(1—-p)f "' vk=1,2,.... s



Expectation

One way to summarize the distribution of some RV, X, would be to

construct a weighted average of the observed values, weighted by

the probabilities of actually observing these values. This is the idea of
defined as follows.

Definition (Expectation)

The , E(X), of a discrete RV X is defined as
E(X)= Y xP(X=x)
xelm(X)

so long as this sum is (absolutely) convergent (that is,

erlm(x) IXP(X = x)[ < 00).

The expectation of a RV X is also known as the , the
or simply the
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Expectations and transformations

Suppose that X is a discrete RVand g : R — R is some
transformation. We can check that Y = g(X) is again a RV defined

by Y(w) = g(X)(w) = g(X(w)).
Theorem
We have that

E(g(X)) =D g(x)P(X = x)

whenever the sum is absolutely convergent.
Proof.

E(g(X))=E(Y)= > yP(Y=y)

yeg(im(X))  xelm(X):g(x)=y

= 3 gP(X=x)

xelm(X)



Variance

For a discrete RV X with expected value E(X) we can define the
, written Var(X), as follows.

Definition (Variance)
Var(X) = E ((x - E(X))2>
Thus, writing ;. = E(X) and taking g(x) = (x — y1)2
Var(X) = E(g(X)) = > _(x — n)*P(X = x).

X

Just as the expected value summarizes the of outcomes
taken by the RV X, the variance measures the of X about
its expected value.

The of a RV X is defined as ++/Var(X).



Calculating variances
Note that we can expand our expression for the variance as follows

Var(X) =3 (x — p)’P(X = x)

X

= (¥ —2ux + pP)P(X = x)

:ZX2IP(X:X)—2/LZXP(X:X)+/LZZP(X:X)

— E(xZ) _ 2ﬂ2 + ’u2
=E(X?) —u?
= E(X?) — (E(X))* .



Examples of means and variances

Example (Bernoulli)
The expected value is given by

E(X) =Y xP(X =x)

=0xP(X=0)+1xP(X=1)
=0x(1—-p)+1xp=p.

In order to calculate the variance we first calculate E(X?)
E(X?) =) x*P(X = x)
X
=0®xP(X=0)+12xP(X=1)=p.
Then the variance is given by

Var(X) = E(X?) — (E(X))* = p— p* = p(1 - p).



Bivariate random variables

Given a probability space (22, F,P), we may have two RVs, X and Y,
say. We can then use a

PX=xY=y)=PHweQ: Xw) =x}n{we: Yw) =y}

forall x,y € R.
If g : R?2 — R then we get a similar result to that obtained in the
univariate case

= > D g yPX=xY=y).

xelm(X) yelm(Y)

This idea can be extended to probability mass functions for the
multivariate case with three or more RVs.



Independence of random variables

We defined independence for events and can use the same idea for
RVs X and Y.

Definition

Two RVs X and Y are if {fweQ: X(w)=x}

and {w € Q : Y(w) = y} are independent for all x,y € R.

Thus, if X and Y are independent
PX=x,Y=y)=P(X=x)P(Y =y).

If X and Y are independent discrete RV with expected values E(X)
and E(Y) respectively then

:ZnyP(X:x, Y=y)

—szyP =)

:ZXIP =x)) _yP(Y =y)
x y

= E(X)E(Y).



Distribution functions

Given a probability space (2, F,P) we have so far considered
discrete RVs that can take a countable number of values. More
generally, we define X : Q — Rasa if

{we: Xw)<x}eF VxeR.
Note that a discrete random variable, X, is a random variable since
{we: X(w) < x} =Upempx)y<xiw € Q1 X(w) =y} € F.

Definition (Distribution function)

If X is a RV then the of X, written Fx(x), is
defined by

Fx(x) = P({w € Q : X(w) < x}) = P(X < x).
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Properties of the distribution function

1. If x < y then Fx(x) < Fx(y).
2. If x — —oo then Fx(x) — 0.
3. If x — oo then Fx(x) — 1.
4

. Ifa< bthenP(a< X < b) = Fx(b) — Fx(a).
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Continuous random variables

Random variables that take just a countable number of values are

called . More generally, we have that a RV can be defined by
its , Fx(x). ARV is said to be a

when the distribution function has sufficient
smoothness that

Fr(X) = P(X < x) = /X f(u)du

for some function fx(x). We can then take

fe(x) = %)Ex) if the d.erivative exists at x
0 otherwise .
The function fx(x) is called the of the

continuous RV X or often just the of X.



Properties of the density function

1. fx(x) > 0forall x € R.
2.

/_O; fx(x)dx =1.

3. If a< bthen

Pla< X<b)= /b fx(x)dx .
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Examples of continuous random variables
We define these continuous RVs, X, by their density functions, fx(x).

Example (Uniform distribution, U(a, b))

If a < bthen
]

—— ifa<x<b
f(x) = @
x(x) {O otherwise .

Example (Exponential distribution, Exp()\))

If A > 0then
e ™M™ ifx>0
fx(x) =
() {0 otherwise .

Example (Normal distribution, N(p, 02))

’
f(x) = ———e (x—1)*/(20%) — 00 < X < 00

Vong?
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Expectations of continuous random variables

Just as for discrete RVs we can define the ofa
continuous RV with density function fx(x) by a weighted averaging.

Definition (Expectation)
The of X is given by

E(X) = /OO xfx(x)dx

— 00

whenever the integral exists.
In a similar way to the discrete case we have thatif g : R — R then

2(000) = [ " g0)f(x)dx

whenever the integral exists.



Variances of continuous random variables

Similarly, we can define the of a continuous RV, X, with
density function fx(x) as follows.

Definition (Variance)

Var(X) = E ((x - E(X))Z) = / (% = p)Phc(x)dx

whenever the integral exists and where p = E(X).
We again find that

Var(X) = E(X?) — (E(X))? .



Examples

Suppose that the RV X has an exponential distribution with
parameter \ > 0 then

E(X) :/0 x e Madx = %

and - 0
E(X2) = / e Max = 2
0

A2

Hence, 5 ; 1
Var(X) = E(X?) — (E(X))? = Sabviabyy



Bivariate continuous random variables

Given a probability space (2, F,P), we may have multiple continuous
RVs, X and Y, say.

Definition (joint probability distribution function)
The is given by
Fxy(x,y) =PH{weQ: X(w)<x}N{we: Yw) <y}
=P(X<x,Y<y)

forall x,y € R.

Independence follows in a similar way to the discrete case and we
say that two continuous RVs X and Y are if

Fxy(x,¥) = Fx(x)Fy(y)

forall x,y € R.



Bivariate density functions

The of two continuous RVs X and Y satifies

X y
Fx,y(x,y) = / / fx.y(u, v)dudv
and is given by

%ijy(x,y) if the derivative exists at (x, y)
0 otherwise .

fX,Y(Xa y) = {

We have that
fx,y(x,y) >0 Vx,y €R

/ / v (X, y)dxay = 1.

and that



Marginal densities and independence

If X and Y have a joint density function fx y(x, y) then we have

oo

fx(x) = / fx y(x,v)dv

and -
fr(y) = / fx,v(u,y)du.
u

—=—00

In the case that X and Y are also then

fx,v(X,¥) = Kx(xX)fr(y)

forall x,y € R.



Probability generating functions
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Probability generating functions

A very common situation is when a RV, X, can take only non-negative
integer values, that is Im(X) c {0,1,2,...}. The probability mass
function, P(X = k), is given by a sequence of values pg, p1, P2, . . .
where

px = P(X = k) Vk=0,1,2,...
and we have that

Pc>0 Vk=0,1,2... and > pe=1.
k=0

The terms of this sequence can be wrapped together to define a
function called the (PGF).

Definition (Probability generating function)

The , Gx(2), of a (non-negative
integer-valued) RV X is defined as

Gx(2) =) _ piZ
k=0

for all values of z such that the sum converges appropriately.



Elementary properties of the PGF
1. Gx(2) = Y peo Prz¥ s0
Gx(0) = po and Gx(1)=1.
2. If g(t) = z! then

Gx(2) = Y2 =7 g(k)B(X = k) = E(g(X)) = E(2).
k=0 k=0

3. The PGF is defined for all |z| < 1 since

SkZ <> k=1,
k=0 k=0

4. Importantly, the PGF the distribution of a RV in the
sense that
G)((Z) = Gy(z) vz

if and only if
P(X = k) =P(Y = k) Vk=0,1,2,....



Examples of PGFs
Example (Binomial distribution, Bin(n, p))

n

Gx(2) =) (:)pk(q)”‘k “=(q+pz)" whereqg=1-p.
k=0

Example (Poisson distribution, Pois(\))

o0

G (Z)_ZA"e_A K A2 A _ A z-1)
x(2) = Zf=eMet=¢ .

_ k—1k _ — k_ PZ . - _
Gx(2) =) pq"'2" = pz) (q2) =gz e<a 'andg=1-p.



Derivatives of the PGF

We can derive a very useful property of the PGF by considering the
derivative, G)/(z), with respect to z of the PGF Gx(z). Assume we
can interchange the order of differentiation and summation, so that

610~ (1)
-5

9z

— () PX = K)

k=0

= Z kz"="P(X = k)
k=0

then putting z = 1 we have that

- i KP(X = k) = E(X)

the expectation of the RV X.



Further derivatives of the PGF

Taking the second derivative gives

= k(k—1)2"PP(X = k).
k=0

So that,

= k(k—1)P(X = k) =E(X(X - 1))
k=0
Generally, we have the following result.

Theorem
Ifthe RV X has PGF Gx(z) then the r-th derivative of the PGF,
written Gg(’)(z), evaluated at z = 1 is such that

GYPM)=EX(X—1)---(X=r+1)).



Using the PGF to calculate the moments E(X)
and Var(X)

We have that
E(X) = Gx(1)

and

Var(X) = E(X?) — (E(X))?
= [E(X(X — 1)) + E(X)] — (E(X))?
= GY(1) + Gx(1) — Gx(1)?.
For example, if X is a RV with the Pois()) distribution
then Gx(z) = e’ ").
Thus, Gy (2) = \e*~1) and Gy(z) = \2e*E 1),
So, Gy (1) = A and Gy(1) = A2
Finally,

E(X)=X and Var(X) =X +X-)X2=)\.



Sums of independent random variables

The following theorem shows how PGFs can be used to find the PGF
of the sum of independent RVs.

Theorem
IfX and Y are RVs with PGFs Gx(z) and Gy(z) then
Gx+v(2) = Gx(2)Gv(2).
Proof.
Using the independence of X and Y we have that
Gx1v(2) = E(Z*)
=E(zXz")
=E(z¥)E(z")
= Gx(2)Gv(2)



Example

For example, suppose that X and Y are independent RVs
with Pois(\1) and Pois()\,) distributions, respectively.
Then
Gx+v(2) = Gx(2)Gv(2)
— e)\1(Z*1)e)\2(271)
= e(Mt+A2)(z=1)

Hence, X + Y has a Pois(\y + A2) distribution.



Elementary stochastic processes
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Random walks
Consider a sequence Y, Ys,. .. of idependent and identically
distributed (1ID) RVs with P(Y; =1) =pandP(Y;=—-1)=1—-p
with p € [0, 1].
Definition (Simple random walk)

The is a sequence of RVs X, forn=1,2,...
defined by
Xn=Xo+Yi+Yo+---+Y,

where Xy € R is the starting value.

Definition (Simple symmetric random walk)

A is a simple random walk with the
choice p=1/2.
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Examples

Practical examples of random walks abound across the physical
sciences (motion of atomic particles) and the non-physical sciences
(epidemics, gambling, asset prices).

The following is a simple model for the operation of a casino.
Suppose that a gambler enters with a capital of £Xj. At each stage
the gambler places a stake of £1 and with probability p wins the
gamble otherwise the stake is lost. If the gambler wins the stake is
returned together with an additional sum of £1.

Thus at each stage the gambler’s capital increases by £1 with
probability p or decreases by £1 with probability 1 — p.

The gambler’s capital X, at stage n thus follows a simple random
walk.

In this case, the gambler is if X, reaches £0 and can not
continue further.



Returning to the starting state for a simple random
walk

Let X, be a simple random walk and
rn=P(X, = Xp) forn=1,2,...

the probability of returning to the starting state at time n.
We will show the following theorem.

Theorem
If n is odd then r, = 0 else if n = 2m is even then

fom = (ZrT)PmU -p)".
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Proof.
The position of the random walk will change by an amount

Xo—Xo=Yi+ Yot + Ya

between times 0 and n. Hence, for this change X, — X, to be 0 there
must be an equal number of up steps as down steps. This can never
happen if nis odd and so r, = 0 in this case. If n =2m s even then
note that the number of up steps in a total of n steps is a binomial RV
with parameters 2m and p. Thus,

o = B(Xo — Xo = 0) = (Zn’f) (1~ p)".

O

This result tells us about the probability of returning to the starting
state at a given time n.

We will now look at the probability that we ever return to our starting
state. For convenience, and without loss of generality, we shall

take Xy = 0 from now on.



Recurrence and transience of simple random walks

Note firstthat E(Y;)) = p— (1 —p) =2p—1foreachi=1,2,.... Thus
there is a net drift upwards if p > 1/2 and a net drift downwards

if p < 1/2. Only in the case p = 1/2 is there no net drift upwards or
downwards.

We say that the simple random walk is if it is certain to
revisit its starting state at some time in the future and

otherwise.

We shall prove the following theorem.

Theorem
For a simple random walk with starting state Xo = 0 the probability of
revisiting the starting state is

P(X,=0forsomen=1,2,...)=1—1[2p—1].

Thus a simple random walk is recurrent only when p = 1/2.



Proof

We have that Xy = 0 and that the event R, = {X, = 0} indicates that
the simple random walk returns to its starting state at time n.
Consider the event

Fo={Xa=0,Xn#0form=1,2,...,(n—1)}

that the random walk first revisits its starting state at time n. If R,
occurs then exactly one of Fy, F», ..., F, occurs. So,

P(R,) = Z P(R, N Frm)
m=1

but

P(R, N Fp) = P(Fm)P(Ro—m) form=1,2,...,n
since we must first return at time m and then return a time n — m later
which are independent events. So if we write f, = P(F;,)

and r, = P(Rp) then
n
=Y folfn-m.
m=1

We have already found an expression for r, and wish to solve these
equations for the fy,.



Proof, ctd

Define generating functions for the sequences r, and f, by

=> rnz" and  F(z)=) f2"
n=0 n=0

where r, = 1 and f, = 0 and take |z| < 1. We have that

o0

o0
Z rhz" = Z Z folnmZ"
n=1

n=1

o0 oo
=" tnz Mz

m=1n=m
= Z fnz™> " rez"
m=1 k=0
= F(2)R(2).
The left hand side is R(z) — ryz° = R(z) — 1 thus we have that
R(z) = R(z)F(z) + 1 if |z] < 1.



Proof, ctd

Now,

= (1—4p(1 —p)2?) 2.

The last step follows from the binomial series expansion
of (1 — 46)~2 and the choice 6 = p(1 — p)z2.
Hence,

F(z)=1-(1—4p(1 —p)z%)z for|z| <1.



Proof, ctd

But now

P(X,=0forsomen=1,2,..

So, finally, the simple random walk is certain to revisit its starting state

justwhen p=1/2.

)=

P(FiUF>U---)

o0
= lim f,z"
i Z .

(

1—4p(1 - p))
(p+(1 - p))
(

)
—(
—(
—((2p—1)%)?

—|2p—1|.

1
2

—4p(1 - p))?



Mean return time

Consider the recurrent case when p = 1/2 and set
T=min{n>1: X,=0} sothat P(T=n)=f,

where T is the time of the first return to the starting state. Then

E(T) = f: nf,
n=1
= Gr(1)

where Gr(z) is the PGF of the RV T and for p = 1/2 we have
that 4p(1 — p) =1 so
Gr(z)=1-(1-2%):2
so that 1
Gr(z2)=2z(1-2%)"2 w00 asz]1.

Thus, the simple symmetric random walk (p = 1/2) is recurrent but
the expected time to first return to the starting state is



The Gambler’s ruin problem

We now consider a variant of the simple random walk. Consider two
players A and B with a joint capital between them of £N. Suppose that
initially A has £a (0 < a < N).

At each time step player B gives A £1 with probability p and with
probability g = (1 — p) player A gives £1 to B instead. The outcomes
at each time step are independent.

The game ends if either A or B reach £N.

We can think of this situation as a simple random walk on the

states {0,1, ..., N} with absorbing barriers at 0 and N.

Define the probability of for gambler A as

pa =P(ruin) =P(Bwins) for0<a<N.



Solution of the Gambler’s ruin problem

Theorem

The probability of ruin when A starts with an initial capital of a is given
by

pa {5 P a
T1-F iftp=g=1/2
where 6 = q/p.
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Proof
Consider what happens at the first time step
pa="P(ruinNY; = +1|Sy = a) + P(ruinn Y; = —1|Sp = a)
= pP(ruin|Sy = a+ 1) + qP(ruin|Sp = a—1)
= Ppat+1 + Qpa—1

Now look for a solution to this difference equation of the form A2 with
boundary conditions pg = 1 and py = 0.
Try a solution of the form p, = A@ to give

)\a _ p)\a+1 + q)\a—1

Hence,
PN —A+qg=0

with solutions A =1 and A = g/p.



Proof, ctd

If p # q there are two distinct solutions and the general solution of the
difference equation is of the form A+ B(q/p)?.
Applying the boundary conditions

1=p=A+B and 0=pn=A+B(q/p)"

we get
A=-B(q/p)"
and
1=B-B(q/p)"
% 1 (a/p)V
“T@em M AT T (@
Hence,

p, = /P~ (a/p)"
o A-(a/pV




Proof, ctd

If p = g = 1/2 then the general solution is C + Da.
So with the boundary conditions

1=po=C+ D(0) and 0=pnv=C+D(N).

Therefore,
Cc=1 and 0=1+D(N)
SO
D=-1/N
and

pa:-lfa/N.



Mean time to ruin

Set T, as the time to be absorbed at either 0 or N starting from the

initial state a and write p, = E(T).
Then, conditioning on the first step as before

ta=1+pPpast1+qua_t fort <a<N-1

and pg = uny = 0.
It can be shown that 1, is given by

1 ((Nla/p)r=1 i
e (N -a) itp#a
a(N — a) ifp=q=1/2.




Notation

RV
D

PGF

X ~ U(0,1)

random variable

independent, identically distributed

probability generating function Gx(z)

RV X has the distribution U(0, 1), etc

indicator function of the event A

probability that event A occurs, e.g. A= {X = n}
expected value of RV X

n"momentof RV X, forn=1,2,...

distribution function, Fx(x) =P(X < x)

density of RV X given, when it exists, by Fy(x)
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Limits and inequalities
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Limits and inequalities

We are familiar with limits of real numbers. If x, =1/nforn=1,2,...
then lim,_, o, X, = 0 whereas if x, = (—1)" no such limit exists.
Behaviour or is an important characteristic
of everyday life.

In this section we will be concerned with these notions of limiting
behaviour when the real numbers x, are replaced by random
variables X,. As we shall see there are several distinct notions of
convergence that can be considered.

To study these forms of convergence and the limiting theorems that
emerge we shall on the way also gather a potent collection of
concepts and tools for the probabilistic analysis of models and
systems.



Probabilistic inequalities
To help assess how close RVs are to each other it is useful to have
methods that provide upper bounds on probabilities of the form
P(X > a)
for fixed constants a, and where, for example, X = |X; — Xz|.
We shall consider several such bounds and related inequalities.

» Markov’s inequality
» Chebychev’s inequality
» Lyapunov’s inequality



Theorem (Markov’s inequality)
IfE(X) < oo then forany a > 0,

X
P(X| > a) < E(XD)
a
Proof.
We have that
1 |X|>a
I(|X] > a) =
(X = 2) {0 otherwise .
Clearly,
|X| > al(|X| > a)
hence

E(|X]) = E(al(|X| > a)) = aP(|X] > a)

which yields the result.



Theorem (Chebychev’s inequality)
Let X be a RV with mean 1. and finite variance o then for all a > 0

N

ag
P(X -z 8) < %

Proof.
Consider, for example, the case of a continuous RV X and

put Y = |X — p| then

o? =E(Y?) = [ yfy(y)dy = y2fy(y)dy +
0<y<a

y2fy(y)dy
y>a

so that
02 >0+ aP(Y > a).



Theorem (Lyapunov’s inequality)
Ifr> s> 0thenE(|X|")"/" > E(|X|5)"/s.

Proof.
Omitted.
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Moment generating function

Definition
The (mgf) of a RV X is given by

My (t) = E(e)

and is defined for those values of t for which this expectation exists.
Using the power series e = 1 + x + x2/2! + x3/3! + - - - we see that

My (t) = E(e™) = 1 + E(X)t + E(X?)3/2! + B(X®)3/3! + - -

and so the n" moment of X, E(X"), is given by the coefficient of t"/n!.



Elementary properties of the mgf

1. If X has mgf Mx(t) then Y = aX + b has mgf My(t) = e®Mx(at).

2. If Xand Y are then X + Y has
mgf Mx+y(t) = Mx(t)My(t).
3. E(X") = M{(0) where M{" is the n" derivative of Mx.
4. If X is a discrete RV taking values 0,1,2, ... with
Gx(z) = E(2X) then Mx(t) = Gx(ée!).



Fundamental properties of the mgf

1.

: to each mgf there corresponds a unique distribution
function having that mgf.
In fact, if X and Y are RVs with the mgf in some
region —a < t < awhere a > 0 then X and Y have the
distribution.

. if distribution functions F,(x) converge pointwise to a
distribution function F(x), the corresponding mgf’s (where they
exist) converge to the mgf of F(x). Conversely, if a sequence of
mgf’'s M,(t) converge to M(t) which is continuous at t = 0,
then M(t) is a mgf, and the corresponding distribution
functions F,(x) converge to the distribution function determined
by M(t).



Example: exponential distribution

If X has an exponential distribution with parameter A > 0
then fx(x) = Ae=** for 0 < x < oo. Hence, for t < A,

Mx(t):/ e’X)\e*“dx:/ e~ (A =0%dx
0 0

N A e—(/\—t)x Oo: A
-1 o At

Fort< A

A A R
copn U7x) =Myttt

and hence E(X) = 1/) and E(X?) = 2/)2 so that

Var(X) = E(X?) — (E(X))? = 1/)2.



Example: normal distribution

Consider a normal RV X ~ N(u,0?) then fx(x) = m}?e—(X—u)z/%z

so that

Mx(t) _ / etXLef(X*H)z/zgde

0 O 271'

—2txo?4(x—p)?) /262 dx .

af

So, by completing the square,

R B A T
0’\/

_ eut+02t2/2



Example: uniform distribution
Consider a uniform RV X ~ U(a, b). Then

A a<x<b
fx(x) =} b—a
x(X) { otherwise .

Hence,




Theorem (Chernoff’s bound)
Suppose that X has mgf Mx(t) and a € R then for all t > 0

P(X > a) < e @Mx(t).

Proof.
Using Markov’s inequality, we have that

P(X > a) = P(e” > e')
]E(etX)
eta
= eftaMx(t)

Note that the above bound holds for all > 0 so we can select the
such bound by choosing t to minimize e~@Mjx(t).

O
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Notions of convergence: X, — X as n — o

For a sequence of RVs (X,),>1, we shall define several distinct
notions of convergence to some RV X as n — oc.

Definition (Convergence in distribution)

X, 2 X if Fx,(x) — Fx(x) for all points x at which Fx is continuous.

Definition (Convergence in probability)
Xy & X it P(|X, — X| > €) — Oforall e > 0.

Definition (Convergence almost surely)
Xp 225 XifP(X, — X) = 1.

Definition (Convergence in r" mean)
X, 5 XifE(|X, — X|") — 0.
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Convergence theorems

Theorem
IF X, 25 X then X, 2> x.

Theorem
If X, 2 X then X, 2 X.

Theorem

Ifr>s>1andX,> X then X, > X.

Theorem
Ifr>1and X, = X then X, = X.

173



Theorem )
If X, 255 X then X, & X.

Proof.
Omitted.
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Theorem
tx, 2 x then x, 2 Xx.

Proof
We prove this theorem as follows. Fix, e > 0 then
Fx,(x) =P(Xp <xNX>x4+€e)+P(Xp < xNX < X +e)

since X > x + e and X < x + ¢ form a partition. But if X, < x
and X > x +ethen | X, — X| > ¢
and {X, < xNX < x+e} C{X < x+¢€}. Therefore,

Fx,(x) <P(|Xn — X| > €) + Fx(x +¢).
Similarly,

Fx(x—e)=P(X<x—eNXp>X)+P(X <Xx—enX, < X)
< P(|Xh — X| > €) + Fx, (X).



The proof is completed by noting that together these inequalities
show that

Fx(x — €) = P(1Xp — X| > €) < F,(x) < B([Xp — X| > €) + Fx(x + ).

But X, &> X implies that P(| X, — X| > €¢) — 0. So, as n — oo, Fx,(x)
is squeezed between Fx(x — ¢) and Fx(x + ¢).

Hence, if Fx is continuous at x, Fx,(x) — Fx(x) and so X, 5x. O



Theorem .
Ifr>s>1andX, . Xthen X, > X.

Proof. .
Set Y, = | X, — X| > 0 then by Lyapunov’s inequality

E(YD)'" > E(YS)V.

Hence, if E(Y/) — 0then E(Y3) — 0. O



Theorem
Ifr>1and X, % X then X, = X.

Proof.
By Markov’s inequality, for all e > 0

E(1Xn — X1)

P(| Xy — X| > €) <

€

But X, = X implies X, 1, X and so the right hand side tends to zero
and as required X, Lag's O



Limit theorems

Given a sequence of RVs (X;)n>1, let
Sh=Xi+Xo+--+ X, and Xn=S,/n.

What happens to X, for large n?

Theorem (Weak Law of Large Numbers/WLLN)
Suppose (Xn)n>1 are lID RVs with finite mean (. (and finite
variance o2) then X, 2> 1.

Theorem (Strong Law of Large Numbers/SLLN)
Suppose (Xn)n>1 are IID RVs with finite mean 1. (and finite fourth
moment) then X, 22 ..

Note that convergence to . in the WLLN and SLLN actually means
convergence to a RV, X, with P(X = u) = 1.



WLLN

Theorem (Weak Law of Large Numbers/WLLN)
Suppose (Xp)n>1 are 11D RVs with finite mean . and finite variance o2
then X, 2> 1.

Proof.
Recall that E(X,,) =  and Var(X,) = ¢2/n. Hence, by Chebychev’s
inequality, for all ¢ > 0

o?/n o2

]P(|Xf7 - /u‘| > 6) < 2 Ne2

and so, letting n — oo,
P(|Xn — | > ¢€) — 0

hence X, = 1 as required. O



SLLN

Theorem (Strong Law of Large Numbers/SLLN)

Suppose (Xn)n>1 are lID RVs with finite mean . (and finite fourth
moment) then X, 225 .

Proof.
Omitted.
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Applications: estimating probabilities

Suppose we wish to estimate the probability, p, that we succeed
when we play some game. Fori=1,...,n, let

X; = I({i"game is success}).

So X, = m/nif we succeed m times in n attempts.
We have that = E(X;) = P(X; = 1) = p so then

m/nip

by the SLLN.

Thus we have shown the important result that the empirical estimate
of the probability of some event by its observed sample frequency
converges to the correct value as the number of samples grows.
This result forms the basis of all simulation methods.



Applications: Shannon’s entropy

Theorem (Asymptotic Equipartition Property/AEP)

If X,, is a sequence of IID discrete RV with probability distribution
given by P(X; = x) = p(x) for each x € | then

1
——~ log, P(X1, X, ... Xn) = H(X)

where Shannon’s is defined by

H(X) = H(X) = -+ = H(X2) = = 3 p(x)10g, p(x)
xel

and

(X1, X0, ..., Xn) = Hp(x,-)

is the joint probability distribution of the n IID RVs Xi, Xz, ..., Xp.

)



Proof.

Observe that p(X;) is a RV taking the value p(x) with probabilty p(x)
and similarly p(Xi, Xz, ..., Xp) is a RV taking a value p(xq, X2, . . ., X)
with probability p(x1, X2, ..., X5). Therefore,

]
——log, p(X1, Xz, Xn **'092]__[,0
= —Ezlogzp(x,
fZ log, p(X;

£, E(~ log, p(X))) by WLLN
=~ p(x)log, p(x)

xel

= H(X)



AEP implications
By the AEP, for all ¢ > 0,

lim P(] - %Iogzp(X1,X2,...7Xn) —HX)[<¢)=1

lim P(H(X) — e < f%logz p(Xi, Xo, ..., Xn) < H(X) +¢) =1
Jim P(=n(H(X) - €) > log, p(X1, X, . .., Xn) = =n(H(X) + €)) = 1
lim P2~ "HX)*) < p(Xy, Xp, ..., Xp) < 27 "HX)=)) = 1

n—oo
Thus, the sequences of outcomes (X1, Xo, . . ., X,) for which
27 "HXF) < p(x1, Xz, ..., Xp) < 27"HX)=9)

have a high probability and are refered to as . An
efficient (optimal) coding is to assign short codewords to such

sequences leaving longer codewords for any non-typical sequence.
Such long codewords must arise only rarely in the limit.



Central limit theorem

Theorem (Central limit theorem/CLT)

Let (Xn)n>1 be a sequence of IID RVs with mean y, variance o2 and
whose moment generating function converges in some
interval —a <t < awitha> 0. Then

X

Zn

n—HM D
= Z ~ N(0,1).
oy £ MO



Proof of CLT

Set Y; = (X; — u)/o then E(Y;) = 0 and E(Y?) = Var(Y;) = 1 so
t2
My(t) =1+ 5 + o(t?)
where o(t?) refers to terms of higher order than t2 which will therefore
tendto 0 as t — 0. Also,

Xp —

%= fZY

Hence,

as n— oo.

But e*/2 is the mgf of the N(0, 1) distribution so, together with the
continuity property, the CLT now follows as required.



CLT example

Suppose Xi, Xz, ..., X, are the 1ID RVs showing the n sample
outcomes of a 6-sided die with common distribution

Set S, = X1 + X5 + --- + X, the total score obtained, and consider
the two cases

> C(p) = (/61/61/61/61/61/6)30
thatu:E(X,):35anda = Var(X;) =~ 2.9
> : (p)) =(0.2,0.1,0.0,0.0,0.3,0.4) so

that 4 = E(X) 4.3 and 02 = Var(X;) ~ 4.0
for varying sample sizes n=5,10,15 and 20.
The CLT tells us that for large n, S, is approximately distributed
as N(nu, no?) where u and o2 are the mean and variance,
respectively, of X;.



20

I

n=15
n=10
n=5

CLT example: symmetric

SO AND [ (=

—ooeeS )

SO (e
Asuag

189

80 100 120

score



CLT example: asymmetric
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Confidence intervals |

One of the major statistical applications of the CLT is to the
construction of . The CLT shows that

_Xo—p
=t

is asymptotically distributed as N(0, 1). If, the true value of o2 is
unknown we may estimate it by the given by

Zy

s =

1 < -
S (X~ X2
n—1 =1

For instance, it can be shown that E(S?) = 02 and then

Xo— 11
S/vn

is approximately distributed as N(0, 1) for large n.




Confidence intervals Il
Define z, so that P(Z > z,) = a where Z ~ N(0,1) and so

P(—Za/g <Z< Za/g) =1-a.

Hence,

Yn_ﬂ
Pl—z,po < ——F+ <2, ~1-—
( # s/ ”) i
- S - S

The interval X, & 2,/2S/+/nis thus an (approximate) 100(1 — )
percent for the unknown parameter .



Confidence intervals: example

Consider a collection of n IID RVs, X;, with common
distribution X; ~ Pois()\). Hence,

L Ne ™A .
P(Xi=j) = i j=0,1,...

with mean E(X;) = \.
Then a 95% confidence interval for the mean value X is given by

X, +1.96S/vn

where 20.025 = 1.96.
Alternatively, to obtain 99% confidence intervals replace 1.96
by Z20.005 = 2.58.



Confidence intervals: illustration

100 runs, n=10

15 20 25 30 35

confidence interval

100 runs, n=40

15 20 25 30 35

confidence interval



Monte Carlo simulation

Suppose we wish to estimate the value of 7. One way to proceed is
to perform the following experiment. Select a

point (X, Y) € [-1,1] x [-1, 1], the square of side 2 and area 4 units,
with X and Y chosen independently and uniformly in [—1,1]. Now
consider those points within unit distance of the origin then

area of circle T

P((X,Y) liesi itcircle)=P(X2 4+ Y2 <1)= — =
((X, Y) lies in unit circle) (X2+Y2<1) area of square — 4

Suppose we have access to a stream of random
variables U; ~ U(0,1) then 2U; — 1 ~ U(—1,1). Now
set X; = 2Usji_1 — 1, Y; = 2U — 1 and H; = I({X? + Y? < 1}) so that

™

4

Then by the SLLN the proportion of points (X;, Y;) falling within the
unit circle converges almost surely to /4.

E(H;) = P(X? + Y7 < 1)



Markov Chains
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Markov chains

Definition (Markov chain)

Suppose that (X,) n > 0 is a sequence of discrete random variables
taking values in some countable state space S. The sequence (X,) is
a if

P(Xp = Xn| Xo = X0, X1 = X1,..., Xn—1 = Xn_1) = P(Xp = Xp| Xn—1 = Xn_1)

forall n > 1 and for all xo, x1,...,Xx, € S.

Since, S is countable we can always choose to label the possible
values of X, by integers and say that when X, = i the Markov chain is
in the or



Transition probabilities

The dynamics of the Markov chain are governed by the
P(Xp = j| Xp—1 = i).

Definition (time-homogeneous MC)
A Markov chain (X,) is if

P(Xy = j|Xn1 =) =P(Xy =j|Xo = 1)
foralln > 1 and states i,j € S.

» We shall assume that our MCs are time-homogeneous unless
explicitly stated otherwise.



Transition matrix

Definition (Transition matrix)
The , P,of aMC (X,) is given by P = (p;) where for

alli;je S
Pij = P(Xn :j|Xn—1 = i) .

» Note that Pis a , that is, it has non-negative
entries (p; > 0) and the row sums all equal one (Z/. pi=1).

» The transition matrix completely characterizes the dynamics of
the MC.



Example
Suppose the states of the MC are S = {1, 2, 3} and that the transition

matrix is given by
1/3 1/3 1/3
p=11/2 0 1/2].
2/3 0 1/3
» Thus, in state 1 we are equally likely to be in any of the three

states at the next step.

» In state 2, we can move with equal probabilities to 1 or 3 at the
next step.

» Finally in state 3, we either move to state 1 with probability 2/3 or
remain in state 3 at the next step.
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n-step transition matrix

Definition (n-step transition matrix)
The n-step transition matrix is P(" = (p,(j")) where

P =P(Xn = j|Xo = ).

Thus P(") = P and we also set P(®) = /, the identity matrix.
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Chapman-Kolmogorov equations

Theorem (Chapman-Kolmogorov)
For all states i, j and for all steps m, n

Py = Zp,k Pl -

Hence, P(m+n) = p(m) p(n) and P(") = P, the n'" power of P.
Proof.

pllm+n =P(Xmsn = j|1Xo = i) = ZP(XM" =, Xm=k|Xo =)
k
= > P(Xmin = j1Xm = k, Xo = )P(Xm = k|Xo = )
k
= Z]P’ Xinen = j|1 Xm = K)P(Xn = k| Xo = i)

= Zpk, Pl
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The Chapman-Kolmorgorov equations tell us how the long-term
evolution of the MC depends on the short-term evolution specified by
the transition matrix.

If we let A" = P(X, = /) be the elements of a row vector A"
specifying the distribution of the MC at the n' time step then the
follow holds.

Lemma
A(m+n) — y(m) p(n)

and so,
(M — 3(0) p(n)

where \©) is the initial distribution \*) = P(X, = i).
Proof.

)‘/(ern) =P(Xnn =J) = ZP(Xm+n = | Xm = )P(Xm = 1)
i

N )
_Z:A,-m " = ()\(m)P(”)>j
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Classification of states

Definition (Accessibility)
If, for some n > 0, pfj”) > 0 then we say that state j is from

state /, written j ~ .
If i ~ jand j ~» i then we say that j and j , written j «~ j.

Observe that the relation «vs IS
» reflexive
> symmetric
» transitive

and hence is an equivalence relation. The corresponding equivalence
classes partition the state space into subsets of states, called
, that communicate with each other.
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Irreducibility

» A communicating class, C, that once entered can not be left is

called ,thatis pj=0forallie C,j & C.
» A closed communicating class consisting of a single state is
called

» When the state space forms a single communicating class, the
MC is called and is called otherwise.
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Recurrence and transience

Write for n > 1

£ B £y Xt £, X = 1% = 1)

so that f,-j(.") is the probability starting in state i that we visit state j for
the at time n. Also, let

fi=> 1"
n>1
the probability that we ever visit state j, starting in state .
Definition
» If f; < 1then state i is
» If f; = 1 then state j is
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Recurrence and transience, ctd

» Observe that if we return to a state / at some time n then the
evolution of the MC is independent of the path before time n.
Hence, the probability that we will return at least N times is £,

» Now, if / is recurrent f¥ = 1 for all N and we are sure to return to
state i infinitely often.

» Conversely, if state i is transient then f — 0 as N — oo and so
there is zero probability of returning infinitely often.
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Theorem
> iistransient< > 4 p,,”) converges
> iisrecurrent < 3. pf,") diverges

Ifi and j belong to the same communicating class then they are
either both recurrent or both transient — the

Proof

First, define generating functions
Pii(z) = Zp”-n)zn and F,','(Z) = Z fign)zn
n=0

where we take p{” = 1 and £* = 0.
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By examining the first time, r, that we return to i, we have
form=1,2,...that
m
pI(im) _ Z p”m r) .
r=1
Now multiply by z™ and summing over m we get
2)=1+ Z Z™plm)
=1 +Z Zf(f)pl(im*f)
Zp,,m nzmr
=1

=1+ F/’i(Z)Pi/(Z)
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Thus, P,','(Z) = 1/(1 — F,,(Z)) Now let z ya 1 then F,','(Z) — ,:,,(1) = f,','
and P;(z) — 3, pi.

If i is transient then f; < 1 so anf,.”) converges. Conversely, if i is
recurrent then f; = 1 and 3°, p,(,”) diverges.

Furthermore, if i and j are in the same class then there exist mand n
so that p,(jm) > 0and p/(,”) > 0. Now, forall r >0

m—+r—+n

pymHrE > plm pln plr)

so that Z,p/(j') and >, pf,k) diverge or converge together. O]



Mean recurrence time

First, let
Ti=min{n>1:X,=j}

be the time of the first visit to state j and set T; = oo if no such visit
ever occurs.

Thus, P(T; = oo|Xo = i) > 0 if and only if / is transient in which
case E(Ti|Xo = i) = oc.

Definition (Mean recurrence time)

The , ki, of a state i is defined as

if i is recurrent

(n)
i = BT Xo = i) = § =0 i TS recun
0o if i is transient.

» Note that x; may still be infinite when i is recurrent.
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Positive and null recurrence

Definition

A recurrent state i is
» positive recurrent if p; < oo and
» null recurrent if pu; = oo.
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Example: simple random walk

Recall the where X, = "7, Y; where (Y,) are
IID RVs with P(Y; =1) = p=1—P(Y; = —1). Thus X, is the position
after n steps where we take unit steps up or down with probabilities p
and 1 — p, respectively.

It is clear that return to the origin is only possible after an even
number of steps. Thus the sequence (p(()'(’,)) alternates between zero
and a positive value.
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Periodicity
Let d; be the greatest common divisor of {n: pf,”) > 0}.
Definition
» Ifd;=1theniis .
» Ifd; > 1theniis with period d.

» It may be shown that the period is a class property, that is,
if i,j € Cthen d; = d.
We will now concentrate on irreducible and aperiodic Markov chains.

214



Stationary distributions

Definition
The vector 7 = (nj;j € S) is a for the MC with
transition matrix P if

1. m>0forallje Sand ) ; gm=1
2. m=nP, or equivalently, 7; = > ;. s m;pj-

Such a distribution is stationary in the sense
that 7P? = (rP)P =P = and foralln >0

TP =1.

Thus if Xp has distribution 7 then X, has distribution = for all n.
Moreover, 7 is the of X, as n — oo.



Markov’s example

Markov was lead to the notion of a Markov chain by study the
patterns of vowels and consonants in text. In his original example, he
found a transition matrix for the states {vowel, consonant) as

p_ 0.128 0.872
~\0.663 0.337) -

Taking successive powers of P we find

P2 _ 0.595 0.405 = 0.345 0.655 Pt — 0.478 0.522
— \0.308 0.692 ~\0.498 0.502 —\0.397 0.603/ -

As n — oo,

0.432 0.568

Check that = = (0.432,0.568) is a stationary distribution, that
ismP = .

p_, (0.432 0.568)
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Limiting behaviour as n — oo

Theorem (Erdds-Feller-Pollard)
For all states i and j in an irreducible, aperiodic MC,

1. if the chain is transient, pfj”) -0

2. if the chain is recurrent, pfj”) — 7j, where
21 either, every mj =0
2.2 or, every m; > 0, >, m; = 1 and m is the unique
probability distribution solving =P = .
3. Incase (2), let T; be the time to return to i then p; = E(T;) = 1/7;
Withu,- =oo ifm;=0.

Proof.
Omitted. ]
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Remarks

» The limiting distribution, 7, is seen to be a stationary one.
Suppose the current distribution is given by = and consider the
evolution of the MC for a further period of T steps. Since « is
stationary, the probability of being in any state / remains 7;, so
we will make around T; visits to i. Consequently, the mean time
between visits to i would be T/(Tm;) = 1/m;.

» Using )\/(.”) = P(X, = j) and since A\(" = \(©O)pn

1. for transient or null recurrent states A" — 0, that is, P(X, = j) — 0
for all states j

2. for a positive recurrent state, p'” — 7 > 0, that
is, P(Xn = j) — m; > 0 for all j, where = is the unique probability
vector solving 7P = .

» Note the distinction between a transient and a null recurrent
chain is that in a transient chain we might never make a return
visit to some state / and there is zero probability that we will
return infinitely often. However, in a null recurrent chain we are
sure to make infinitely many return visits but the mean time
between consecutive visits is infinite.



Time-reversibility

Suppose now that (X, : —co < n < o) is an irreducible, postive
recurrent MC with transition matrix P and unique stationary
distribution 7. Suppose also that X, has the distribution = for
all —oco < n < oo. Now define the by

Y,=X_, for —co < n< o0

Then (Y,) is also a MC and where Y, has the distribution .

Definition (Reversibility)
AMC (X,)is if the transition matrices of (X,) and (Y,) are
equal.

219



Theorem
A MC (Xp,) is reversible if and only if

TiPj = TjPji foralli,jeS.

Proof.
Consider the transition probabilities g ofthe MC (Y,) then

Qj =P(Yni1 =J|Yn=1)
=P(X_p1 =jIXon=1)
=P(Xmn = | Xm—1 = ))P(Xm—1 =j)/B(Xn =1i) where m=—n
= Pjimj/ i -

Hence, Pii = qj if and only if miPj = TjPji- ]
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Theorem
For an irreducible chain, if there exists a vector = such that

1.0<m<tand) ;m=1

2. TiPjj = TiPji for all i,j €S
then the chain is reversible and positive recurrent, with stationary
distribution .

Proof.
Suppose that 7 satisfies the conditions of the theorem then

D miPy =Y mpi =7y P =7
i i i

and so m = 7P and the distribution is stationary. O

The conditions m;p; = m;p; for all i,j € S are known as the
conditions.



Ehrenfest model

Suppose we have two containers A and B containing a total of m
balls. At each time step a ball is chosen uniformly at random and
switched between containers. Let X, be the number of balls in
container A after n units of time. Thus, (X,) is a MC with transition
matrix given by
i i
Piipt =1——  Pii1= .

Instead of solving the equations = = 7w P we look for solutions to

TPy = TjPji

m

™)(%)™, a binomial distribution with parameters m

which yields 7 = (
and 3.



Random walk on a graph

Consider a G consisting of a countable collection of

vertices i € N and a finite collection of edges (i, j) € E joining
(unordered) pairs of vertices. Assume also that G is connected.

A natural way to construct a MC on G uses a random walk through
the vertices. Let v; be the number of edges incident at vertex i. The
random walk then moves from vertex i by selecting one of the v;
edges with equal probability 1/v;. So the transition matrix, P, is

~J+ if(i,j)is an edge
Pi=Y0 otherwise.
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Since G is connected, P is irreducible. The local balance conditions
for (i,j) € E are

TiPjj = TjPji
1 1
Ti— = T —
IV/ jVj
T Vi
oY
Hence,
T X Vi

and the normalization condition ), m; = 1 gives

Vi

Djen Y

m =

and P is reversible.



Ergodic results

Ergodic results tell us about the limiting behaviour of averages taken
over time. In the case of Markov Chains we shall consider the
long-run proportion of time spent in a given state.

Let Vi(n) be the then

n—1

Vi(n) = " 1({X = 1}).

k=0
Thus, V;i(n)/nis the

Theorem (Ergodic theorem)
Let (X,) be a MC with irreducible transition matrix P then

P(WH1 as n—>oo):1
n i

where 1; = E(Tj|Xo = i) is the expected return time to state i.
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Proof

If P is transient then the total number of visits, V;, to i is finite with
probability one, so

O:l n— oo.
i

<

Alternatively, if P is recurrent let Y,(') be the r" duration between
visits to any given state i. Then Y'", Y® _ are non-negative IID
RVs with E(Y") =

But

since the time of the last visit to J before time n occurs no later than
time n—1 and

since the time of the first visit to i/ after time n — 1 occurs no earlier
than time n.



Hence,

YO YOy gy
Vi(n) — Vi(n) '

However, by the SLLN,

and for P recurrent we know that P(V;(n) — oo as n— o) =1.

So,
]P’(n as n ) 1
— U — 00 | =

which implies

P(‘/’(n)—>1 as n—>oo):1.
n Wi



Example: random surfing on web graphs

Consider a web graph, G = (V, E), with vertices given by a finite

collection of web pages i € V and (directed) edges given by (i, )

whenever there is a hyperlink from page i to page j.

Random walks through the web graph have received much attention

in the last few years.

Consider the following model, let X, € V be the location (that is, web

page visited) by the surfer at time n and suppose we choose X1

uniformly from the, L(/i), outgoing links from i/, in the case

where L(i) > 0 and uniformly among all pages in V if L(i) = 0 (the
case).
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Hence, the transition matrix, P, say, is given by

‘ -

if (I,j) e E
i if L(I)=0
0 otherwise

~
—~

I

‘ -
=

Pij =

<

where | V| is the number of pages (that is, vertices) in the web graph.
A potential problem remains in that P may not be irreducible or may
be periodic.



We make a further adjustment to ensure irreducibility and aperiodicity
as follows.
For0 < a <1 set

pij = (1 — a)pj +aee’ /|V|

where e is a row vector of ones with length |V/|.

We can interpret this as an model and see
that the transitions take the form of a mixture of two distributions.
With probability o we jump to a random page selected uniformly from
the entire set of pages while with probability 1 — « we follow the
randomly chosen outgoing link (unless the page is dangling in which
case we move to a randomly chosen page).



PageRank

Brin et al (1999) used this approach to define PageRank through the
limiting distribution of this Markov Chain, that is =; where the vector =
satisfies

T=7P

They report typical values for o of between 0.1 and 0.2.
The ergodic theorem now tells us that the random surfer in this model
spends a proportion =; of the time visiting page / — a notion in some
sense of the of page /.
Thus, two pages i and j can be ranked according to the total order
defined by

i>j ifandonlyif m > ;.

See, “The PageRank Citation Ranking: Bring Order to the Web” Sergey Brin,
Lawrence Page, Rajeev Motwani and Terry Winograd (1999) Technical
Report, Computer Science Department, Stanford University.
http://dbpubs.stanford.edu:8090/pub/1999-66



Computing PageRank: the power method

We seek a solution to the system of equations
T=7P

that is, we are looking for an eigenvector of P (with corresponding
eigenvalue of one). Google’s computation of PageRank is one of the
world’s largest matrix computations.

The power method starts from an initial distribution (%),

updating 7(*=1) by the iteration

k) — k=N p_ .. . — ;0 pk
Advanced methods from linear algebra can be used to speed up
convergence of the power method and there has been much study of

related MCs, to include web browser back buttons and many other
properties and alternative notions of the of a web page.
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Hidden Markov Models

An extension of Markov Chains is provided by
(HMM) where a statistical model of observed data is constructed from
an underlying but usually hidden Markov Chain.
Such models have proved very popular in a wide variety of fields
including

» speech and optical character recognition

» natural language processing

» bioinformatics and genomics.
We shall not consider these applications in any detail but simply

introduce the basic ideas and questions that Hidden Markov Models
address.
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A Markov model with hidden states

Suppose we have a MC with transition matrix P but that the states 7 of
the chain are not directly observable. Instead, we suppose that on
visiting any state i/ at time n there is a randomly chosen output value
or token, Y;, that is observable.
The probability of observing the output token t when in state i is given
by some distribution b;, depending on the state / that is visited.
Thus,

P(Y, =t/ Xy = 1) = (b)):

where (b;); is the " component of the distribution b;.

For an excellent introduction to HMM, see “A Tutorial on Hidden Markov
Models and Selected Applications in Speech Recognition” Lawence R.
Rabiner. Proceedings of the IEEE, Vol 77, No 2, February 1988.
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Three central questions

There are many variants of this basic setup but three central
problems are usually addressed.

Definition (Evaluation problem)

Given a sequence y1, yo, ..., ¥ Of observed output tokens and the
parameters of the HMM (namely, P, b; and the distribution for the
initial state Xp) how do we compute

P(Yy = y1, Yo = yo,..., Yo = yo|HMM parameters)

that is, the probability of the observed sequence given the model?
Such problems are solved in practice by the
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A second problem that may occur in an application is the

Definition (Decoding problem)

Given an observed sequence of output tokens y1, yo, ..., ¥, and the
full description of the HMM parameters, how do we find the best fitting
corresponding sequence of (hidden) states iy, io, . . ., i, of the MC?
Such problems are solved in practice by a dynamic programming
approach called the
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The third important problem is the

Definition (Learning problem)

Given an observed sequence of output tokens y1, yo, ..., ¥n, how do
we adjust the parameters of the HMM to maximize

P(Yy = y1, Yo = Yo,..., Yo = yo|HMM parameters)

The observed sequence used to adjust the model parameters is

called a . Learning problems are crucial in most
applications since they allow us to create the models in real
observed processes.

Iterative procedures, known as the , are used to

solve this problem in practice.
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Applications of Markov Chains
These and other applications of Markov Chains are important topics
in a variety of Part Il courses, including
» Artificial Intelligence |l
» Bioinformatics
» Computer Systems Modelling
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