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1 Implementation of Association Lists

theory AList
imports Main
begin

context
begin

The operations preserve distinctness of keys and function clearjunk dis-
tributes over them. Since clearjunk enforces distinctness of keys it can be
used to establish the invariant, e.g. for inductive proofs.

1.1  update and updates

qualified primrec update :: 'key = val = (‘key x 'val) list = ('key x 'val) list
where
update kv [| = [(k, v)]
| update kv (p # ps) = (if fst p = k then (k, v) # ps else p # update k v ps)

lemma update-conv’: map-of (update k v al) = (map-of al)(k—v)
by (induct al) (auto simp add: fun-eq-iff)

corollary update-conv: map-of (update k v al) k' = ((map-of al)(k—v)) k'
by (simp add: update-conv’)

lemma dom-update: fst ‘ set (update k v al) = {k} U fst ‘ set al
by (induct al) auto

lemma update-keys:
map fst (update k v al) =
(if k € set (map fst al) then map fst al else map fst al Q [k])
by (induct al) simp-all

lemma distinct-update:
assumes distinct (map fst al)
shows distinct (map fst (update k v al))
using assms by (simp add: update-keys)

lemma update-filter:
a # k = update k v [g<ps. fst ¢ # a] = [g+update k v ps. fst ¢ # a)
by (induct ps) auto

lemma update-triv: map-of al k = Some v = update k v al = al
by (induct al) auto

lemma update-nonempty [simp): update k v al # []
by (induct al) auto
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lemma update-eqD: update k v al = update kv’ al’ = v = v’
proof (induct al arbitrary: al’)
case Nil
then show ?case
by (cases al’) (auto split: if-split-asm)
next
case Cons
then show ?case
by (cases al’) (auto split: if-split-asm)
qged

lemma update-last [simp|: update k v (update k v’ al) = update k v al
by (induct al) auto

Note that the lists are not necessarily the same: update k v (update k' v’

) = [(K, v), (k, v)] and update k" v’ (update k v []) = [(k, v), (K, v')].

lemma update-swap:

k # k' = map-of (update k v (update k' v' al)) = map-of (update k" v’ (update
kv al))

by (simp add: update-conv’ fun-eq-iff)

lemma update-Some-unfold:
map-of (update k v al) z = Some y «—
r=kANv=yVz#kA map-of al x = Some y
by (simp add: update-conv’ map-upd-Some-unfold)

lemma image-update [simpl: © ¢ A = map-of (update z y al) * A = map-of al
A
by (auto simp add: update-conv’)

qualified definition updates :
'key list = 'val list = ('key x 'val) list = ("key x 'val) list
where updates ks vs = fold (case-prod update) (zip ks vs)

lemma updates-simps [simp:
updates || vs ps = ps
updates ks [| ps = ps
updates (k#ks) (v#vs) ps = updates ks vs (update k v ps)
by (simp-all add: updates-def)

lemma updates-key-simp [simp):
updates (k # ks) vs ps =
(case vs of [| = ps | v # vs = updates ks vs (update k v ps))
by (cases vs) simp-all

lemma updates-conv’: map-of (updates ks vs al) = (map-of al)(ks[—]vs)
proof —
have map-of o fold (case-prod update) (zip ks vs) =
fold (A(k, v) f. f(k — v)) (zip ks vs) o map-of
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by (rule fold-commute) (auto simp add: fun-eq-iff update-conv’)
then show ?thesis
by (auto simp add: updates-def fun-eq-iff map-upds-fold-map-upd foldl-conv-fold
split-def)
qed

lemma updates-conv: map-of (updates ks vs al) k = ((map-of al)(ks[—]vs)) k
by (simp add: updates-conv’)

lemma distinct-updates:
assumes distinct (map fst al)
shows distinct (map fst (updates ks vs al))
proof —
have distinct (fold
(A(k, v) al. if k € set al then al else al Q [k])
(zip ks vs) (map fst al))
by (rule fold-invariant [of zip ks vs A-. Truel]) (auto intro: assms)
moreover have map fst o fold (case-prod update) (zip ks vs) =
fold (A(k, v) al. if k € set al then al else al @ [k]) (zip ks vs) o map fst
by (rule fold-commute) (simp add: update-keys split-def case-prod-beta comp-def)
ultimately show ?thesis
by (simp add: updates-def fun-eq-iff)
qed

lemma updates-appendl [simp): size ks < size vs =
updates (ksQ[k]) vs al = update k (vslsize ks) (updates ks vs al)
by (induct ks arbitrary: vs al) (auto split: list.splits)

lemma updates-list-update-drop|simp]:
size ks < 1 = 1 < size v§s —>
updates ks (vs[i:=v]) al = updates ks vs al
by (induct ks arbitrary: al vs i) (auto split: list.splits nat.splits)

lemma update-updates-conv-if:
map-of (updates xs ys (update x y al)) =
map-of
(if © € set (take (length ys) xs)
then updates s ys al
else (update z y (updates zs ys al)))
by (simp add: updates-conv’ update-conv’ map-upd-upds-conv-if)

lemma updates-twist [simp):
k ¢ set ks =
map-of (updates ks vs (update k v al)) = map-of (update k v (updates ks vs al))
by (simp add: updates-conv’ update-conv’)

lemma updates-apply-notin [simp]:
k ¢ set ks => map-of (updates ks vs al) k = map-of al k
by (simp add: updates-conv)
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lemma updates-append-drop [simp):
size s = size ys = updates (zs Q zs) ys al = updates xs ys al
by (induct xs arbitrary: ys al) (auto split: list.splits)

lemma updates-append2-drop [simp]:
size s = size ys = updates xs (ys @ zs) al = updates xs ys al
by (induct zs arbitrary: ys al) (auto split: list.splits)

1.2 delete

qualified definition delete :: 'key = (‘key x 'val) list = ('key x 'val) list
where delete-eq: delete k = filter (A(k', -). k # k)

lemma delete-simps [simp]:
delete k [| =[]
delete k (p # ps) = (if fst p = k then delete k ps else p # delete k ps)
by (auto simp add: delete-eq)

lemma delete-conv’: map-of (delete k al) = (map-of al)(k := None)
by (induct al) (auto simp add: fun-eq-iff)

corollary delete-conv: map-of (delete k al) k' = ((map-of al)(k := None)) &k’
by (simp add: delete-conv’)

lemma delete-keys: map fst (delete k al) = removeAll k (map fst al)

by (simp add: delete-eq removeAll-filter-not-eq filter-map split-def comp-def)

lemma distinct-delete:
assumes distinct (map fst al)
shows distinct (map fst (delete k al))
using assms by (simp add: delete-keys distinct-removeAll)

lemma delete-id [simp: k ¢ fst ‘ set al = delete k al = al
by (auto simp add: image-iff delete-eq filter-id-conv)

lemma delete-idem: delete k (delete k al) = delete k al
by (simp add: delete-eq)

24

lemma map-of-delete [simp]: k' # k = map-of (delete k al) k' = map-of al k'

by (simp add: delete-conv’)

lemma delete-notin-dom: k ¢ fst < set (delete k al)
by (auto simp add: delete-eq)

lemma dom-delete-subset: fst ‘ set (delete k al) C fst ‘ set al
by (auto simp add: delete-eq)

lemma delete-update-same: delete k (update k v al) = delete k al
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by (induct al) simp-all

lemma delete-update: k # | = delete | (update k v al) = update k v (delete 1 al)
by (induct al) simp-all

lemma delete-twist: delete x (delete y al) = delete y (delete x al)
by (simp add: delete-eq conj-commute)

lemma length-delete-le: length (delete k al) < length al
by (simp add: delete-eq)

1.3 update-with-auxr and delete-aux

qualified primrec update-with-auz ::
val = 'key = ("val = "val) = ('key x 'val) list = ('key x 'val) list
where
update-with-auz v k f []
| update-with-aux v k f (p
(if (fst p=Fk) then (k, f (snd p)) # ps else p # update-with-auz v k f ps)

The above delete traverses all the list even if it has found the key. This
one does not have to keep going because is assumes the invariant that keys
are distinct.

qualified fun delete-auz :: 'key = ('key x 'val) list = ('key x 'val) list
where
delete-auz k [| = []
| delete-auz k ((k', v) # xs) = (if k = k' then xs else (k', v) # delete-auz k xs)

lemma map-of-update-with-auz':
map-of (update-with-auz v k f ps) k' =
((map-of ps)(k — (case map-of ps k of None = fv | Some v = fv))) k'
by (induct ps) auto

lemma map-of-update-with-aux:
map-of (update-with-auz v k f ps) =
(map-of ps)(k — (case map-of ps k of None = fuv | Some v = fv))
by (simp add: fun-eq-iff map-of-update-with-auz’)

lemma dom-update-with-aux: fst ¢ set (update-with-aux v k f ps) = {k} U fst * set

ps
by (induct ps) auto

lemma distinct-update-with-auz [simp):
distinct (map fst (update-with-auz v k f ps)) = distinct (map fst ps)
by (induct ps) (auto simp add: dom-update-with-auz)

lemma set-update-with-aux:
distinct (map fst zs) =
set (update-with-auz v k f xs) =
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(set xs — {k} x UNIV U {(k, f (case map-of xs k of None = v | Some v =
v)})

by (induct zs) (auto intro: rev-image-eql)

lemma set-delete-aux: distinct (map fst xs) = set (delete-auz k zs) = set xs —
(kY x UNIV

apply (induct xs)

apply simp-all

apply clarsimp

apply (fastforce intro: rev-image-eql)

done

lemma dom-delete-auz: distinct (map fst ps) = fst ‘ set (delete-aux k ps) = fst
“set ps — {k}
by (auto simp add: set-delete-aur)

lemma distinct-delete-aux [simp]: distinct (map fst ps) = distinct (map fst (delete-auz
k ps))
proof (induct ps)
case Nil
then show ?case by simp
next
case (Cons a ps)
obtain £’ v where a: a = (k’, v)
by (cases a)
show ?case
proof (cases k' = k)
case True
with Cons a show ?thesis by simp
next
case Fulse
with Cons a have k' ¢ fst ‘ set ps distinct (map fst ps)
by simp-all
with False a have k' ¢ fst © set (delete-aux k ps)
by (auto dest!: dom-delete-auz[where k=Fk])
with Cons a show ?thesis
by simp
qed
qed

lemma map-of-delete-auz’:
distinct (map fst xs) = map-of (delete-auz k xs) = (map-of xs)(k := None)
apply (induct xs)
apply (fastforce simp add: map-of-eq-None-iff fun-upd-twist)
apply (auto intro!: ext)
apply (simp add: map-of-eq-None-iff)
done

lemma map-of-delete-aux:
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distinct (map fst xs) = map-of (delete-aux k zs) k' = ((map-of xs)(k := None))
k/
by (simp add: map-of-delete-auz’)

lemma delete-aux-eq-Nil-conv: delete-auz k ts = [| +— ts =[] V (Jv. ts = [(k,

v)])

by (cases ts) (auto split: if-split-asm)

1.4 restrict

qualified definition restrict :: 'key set = ('key x 'val) list = ('key x 'val) list
where restrict-eq: restrict A = filter (A(k, v). k € A)

lemma restr-simps [simp]:
restrict A [] = ]
restrict A (p#ps) = (if fst p € A then p # restrict A ps else restrict A ps)
by (auto simp add: restrict-eq)

lemma restr-conv’: map-of (restrict A al) = ((map-of al)|* A)
proof
show map-of (restrict A al) k = ((map-of al)|* A) k for k
apply (induct al)
apply simp
apply (cases k € A)
apply auto
done
qed

corollary restr-conv: map-of (restrict A al) k = ((map-of al)|* A) k
by (simp add: restr-conv’)

lemma distinct-restr: distinct (map fst al) = distinct (map fst (restrict A al))
by (induct al) (auto simp add: restrict-eq)

lemma restr-empty [simp]:
restrict {} al = ||
restrict A [| = ]
by (induct al) (auto simp add: restrict-eq)

lemma restr-in [simp]: © € A = map-of (restrict A al) © = map-of al
by (simp add: restr-conv’)

lemma restr-out [simp]: © ¢ A = map-of (restrict A al) © = None
by (simp add: restr-conv’)

lemma dom-restr [simp]: fst < set (restrict A al) = fst ‘set al N A
by (induct al) (auto simp add: restrict-eq)

lemma restr-upd-same [simp)|: restrict (—{z}) (update z y al) = restrict (—{z}) al
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by (induct al) (auto simp add: restrict-eq)

lemma restr-restr [simpl: restrict A (restrict B al) = restrict (ANB) al
by (induct al) (auto simp add: restrict-eq)

lemma restr-update[simp):
map-of (restrict D (update z y al)) =
map-of ((if x € D then (update x y (restrict (D—{xz}) al)) else restrict D al))
by (simp add: restr-conv’ update-conv’)

lemma restr-delete [simp]:
delete © (restrict D al) = (if x € D then restrict (D — {z}) al else restrict D al)
apply (simp add: delete-eq restrict-eq)
apply (auto simp add: split-def)
proof —
have y # z <— = # y for y
by auto
then show [p < al. fstp € D ANz # fstp] =[p + al. fst p € D A fst p #
by simp
assume z ¢ D
then have y € D +— y € D Az # y for y
by auto
then show [p < al . fstp € DN x # fstp] = [p « al . fst p € D]
by simp
qed

lemma update-restr:
map-of (update x y (restrict D al)) = map-of (update x y (restrict (D — {z})

al))

by (simp add: update-conv’ restr-conv’) (rule fun-upd-restrict)

lemma update-restr-conv [simp]:
reD—=
map-of (update x y (restrict D al)) = map-of (update z y (restrict (D — {z})
al))

by (simp add: update-conv’ restr-conv’)

lemma restr-updates [simpl:
length zs = length ys =—> set ts C D —>
map-of (restrict D (updates xs ys al)) =
map-of (updates s ys (restrict (D — set xs) al))
by (simp add: updates-conv’ restr-conv’)

lemma restr-delete-twist: (restrict A (delete a ps)) = delete a (restrict A ps)
by (induct ps) auto

1.5 clearjunk

qualified function clearjunk :: ('key x 'val) list = ('key x 'val) list
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where
clearjunk [| = ||
| clearjunk (p#ps) = p # clearjunk (delete (fst p) ps)
by pat-completeness auto
termination
by (relation measure length) (simp-all add: less-Suc-eq-le length-delete-le)

lemma map-of-clearjunk: map-of (clearjunk al) = map-of al
by (induct al rule: clearjunk.induct) (simp-all add: fun-eq-iff)

lemma clearjunk-keys-set: set (map fst (clearjunk al)) = set (map fst al)
by (induct al rule: clearjunk.induct) (simp-all add: delete-keys)

lemma dom-clearjunk: fst ¢ set (clearjunk al) = fst * set al
using clearjunk-keys-set by simp

lemma distinct-clearjunk [simp): distinct (map fst (clearjunk al))
by (induct al rule: clearjunk.induct) (simp-all del: set-map add: clearjunk-keys-set
delete-keys)

lemma ran-clearjunk: ran (map-of (clearjunk al)) = ran (map-of al)
by (simp add: map-of-clearjunk)

lemma ran-map-of: ran (map-of al) = snd ‘ set (clearjunk al)
proof —
have ran (map-of al) = ran (map-of (clearjunk al))
by (simp add: ran-clearjunk)
also have ... = snd ‘ set (clearjunk al)
by (simp add: ran-distinct)
finally show ?thesis .
qed

lemma graph-map-of: Map.graph (map-of al) = set (clearjunk al)
by (metis distinct-clearjunk graph-map-of-if-distinct-dom map-of-clearjunk)

lemma clearjunk-update: clearjunk (update k v al) = update k v (clearjunk al)
by (induct ol rule: clearjunk.induct) (simp-all add: delete-update)

lemma clearjunk-updates: clearjunk (updates ks vs al) = updates ks vs (clearjunk
al)
proof —
have clearjunk o fold (case-prod update) (zip ks vs) =
fold (case-prod update) (zip ks vs) o clearjunk
by (rule fold-commute) (simp add: clearjunk-update case-prod-beta o-def)
then show ?thesis
by (simp add: updates-def fun-eq-iff)
qed

lemma clearjunk-delete: clearjunk (delete x al) = delete x (clearjunk al)
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by (induct al rule: clearjunk.induct) (auto simp add: delete-idem delete-twist)

lemma clearjunk-restrict: clearjunk (restrict A al) = restrict A (clearjunk al)
by (induct ol rule: clearjunk.induct) (auto simp add: restr-delete-twist)

lemma distinct-clearjunk-id [simpl: distinct (map fst al) = clearjunk al = al
by (induct al rule: clearjunk.induct) auto

lemma clearjunk-idem: clearjunk (clearjunk al) = clearjunk al
by simp

lemma length-clearjunk: length (clearjunk al) < length al
proof (induct al rule: clearjunk.induct [case-names Nil Cons|)
case Nil
then show ?case by simp
next
case (Cons kv al)
moreover have length (delete (fst kv) al) < length al
by (fact length-delete-le)
ultimately have length (clearjunk (delete (fst kv) al)) < length al
by (rule order-trans)
then show “case
by simp
qed

lemma delete-map:
assumes Akv. fst (f kv) = fst kv
shows delete k (map f ps) = map f (delete k ps)
by (simp add: delete-eq filter-map comp-def split-def assms)

lemma clearjunk-map:
assumes Akv. fst (f kv) = fst kv
shows clearjunk (map f ps) = map f (clearjunk ps)
by (induct ps rule: clearjunk.induct [case-names Nil Cons|)
(simp-all add: clearjunk-delete delete-map assms)

1.6  map-ran

definition map-ran :: ('key = 'vall = "val2) = (‘key x 'vall) list = ('key x
"val2) list
where map-ran f = map (A(k, v). (k, f k v))

lemma map-ran-simps [simpl:
map-ran f [| = ]
map-ran | ((k, v) # ps) = (k, f k v) # map-ran f ps
by (simp-all add: map-ran-def)

lemma map-ran-Cons-sel: map-ran f (p # ps) = (fst p, f (fst p) (snd p)) #
map-ran f ps
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by (simp add: map-ran-def case-prod-beta)

lemma length-map-ran[simp|: length (map-ran f al) = length al
by (simp add: map-ran-def)

lemma map-fst-map-ran|simp: map fst (map-ran f al) = map fst al
by (simp add: map-ran-def case-prod-beta)

lemma dom-map-ran: fst ¢ set (map-ran f al) = fst * set al
by (simp add: map-ran-def image-image split-def)

lemma map-ran-conv: map-of (map-ran f al) k = map-option (f k) (map-of al k)
by (induct al) auto

lemma distinct-map-ran: distinct (map fst al) = distinct (map fst (map-ran f

al))

by simp

lemma map-ran-filter: map-ran f [p<ps. fst p # a] = [p<map-ran f ps. fst p #
al
by (simp add: map-ran-def filter-map split-def comp-def)

lemma clearjunk-map-ran: clearjunk (map-ran f al) = map-ran f (clearjunk al)
by (simp add: map-ran-def split-def clearjunk-map)

1.7 merge

qualified definition merge :: (‘key x 'val) list = (’key x 'val) list = ('key x
"val) list
where merge gs ps = foldr (\(k, v). update k v) ps gs

lemma merge-simps [simp]:
merge gs [| = gs
merge qs (p#ps) = update (fst p) (snd p) (merge gs ps)
by (simp-all add: merge-def split-def)

lemma merge-updates: merge gs ps = updates (rev (map fst ps)) (rev (map snd

ps)) gs
by (simp add: merge-def updates-def foldr-conv-fold zip-rev zip-map-fst-snd)

lemma dom-merge: fst ¢ set (merge xs ys) = fst “ set xs U fst * set ys
by (induct ys arbitrary: xs) (auto simp add: dom-update)

lemma distinct-merge: distinct (map fst zs) = distinct (map fst (merge s ys))
by (simp add: merge-updates distinct-updates)

lemma clearjunk-merge: clearjunk (merge xs ys) = merge (clearjunk xzs) ys
by (simp add: merge-updates clearjunk-updates)
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lemma merge-conv’: map-of (merge zs ys) = map-of xs ++ map-of ys
proof —

have map-of o fold (case-prod update) (rev ys) =

fold (A(k, v) m. m(k — v)) (rev ys) o map-of
by (rule fold-commute) (simp add: update-conv’ case-prod-beta split-def fun-eq-iff)
then show ?thesis
by (simp add: merge-def map-add-map-of-foldr foldr-conv-fold fun-eg-iff)

qed

corollary merge-conv: map-of (merge zs ys) k = (map-of xs ++ map-of ys) k
by (simp add: merge-conv’)

lemma merge-empty: map-of (merge [| ys) = map-of ys
by (simp add: merge-conv’)

lemma merge-assoc [simp]: map-of (merge m1 (merge m2 mS8)) = map-of (merge
(merge m1 m2) m3)
by (simp add: merge-conv’)

lemma merge-Some-iff:
map-of (merge m n) k = Some z +—
map-of n k = Some z V map-of n k = None A map-of m k = Some z
by (simp add: merge-conv’ map-add-Some-iff)

lemmas merge-SomeD [dest!] = merge-Some-iff [THEN iffD1]

lemma merge-find-right [simp]: map-of n k = Some v = map-of (merge m n) k
= Some v
by (simp add: merge-conv’)

lemma merge-None [iff]: (map-of (merge m n) k = None) = (map-of n k = None
A map-of m k = None)
by (simp add: merge-conv’)

lemma merge-upd [simp|: map-of (merge m (update k v n)) = map-of (update k
v (merge m n))
by (simp add: update-conv’ merge-conv’)

lemma merge-updatess [simp]:
map-of (merge m (updates zs ys n)) = map-of (updates zs ys (merge m n))
by (simp add: updates-conv’ merge-conv’)

lemma merge-append: map-of (xs @ ys) = map-of (merge ys xs)

by (simp add: merge-conv’)

1.8 compose

qualified function compose :: ('key x 'a) list = (‘a x 'b) list = (‘key x 'b) list
where
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compose [| ys = |]

| compose (x # xs) ys =

(case map-of ys (snd z) of

None = compose (delete (fst x) xs) ys

| Some v = (fst x, v) # compose xs ys)

by pat-completeness auto
termination

by (relation measure (length o fst)) (simp-all add: less-Suc-eq-le length-delete-le)

lemma compose-first-None [simp]: map-of s k = None = map-of (compose xs
ys) k = None
by (induct zs ys rule: compose.induct) (auto split: option.splits if-split-asm)

lemma compose-conv: map-of (compose xs ys) k = (map-of ys o,, map-of zs) k
proof (induct zs ys rule: compose.induct)
case I
then show Zcase by simp
next
case (2 z s ys)
show ?Zcase
proof (cases map-of ys (snd x))
case None
with 2 have hyp: map-of (compose (delete (fst x) xzs) ys) k =
(map-of ys o, map-of (delete (fst x) xs)) k
by simp
show ?thesis
proof (cases fst x = k)
case True
from True delete-notin-dom [of k xs]
have map-of (delete (fst z) xs) k = None
by (simp add: map-of-eq-None-iff)
with hyp show ?thesis
using True None
by simp
next
case Fulse
from False have map-of (delete (fst x) xs) k = map-of xs k
by simp
with hyp show ?thesis
using False None by (simp add: map-comp-def)
qed
next
case (Some v)
with 2
have map-of (compose xs ys) k = (map-of ys o,, map-of xs) k
by simp
with Some show ?thesis
by (auto simp add: map-comp-def)
qed
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qed

lemma compose-conv’: map-of (compose s ys) = (map-of ys o, map-of xs)
by (rule ext) (rule compose-conv)

lemma compose-first-Some [simp]: map-of xs k = Some v = map-of (compose
xs ys) k = map-of ys v
by (simp add: compose-conv)

lemma dom-compose: fst ‘ set (compose zs ys) C fst ¢ set xs
proof (induct xs ys rule: compose.induct)
case 1
then show ?case by simp
next
case (2 z s ys)
show Zcase
proof (cases map-of ys (snd x))
case None
with 2.hyps have fst ¢ set (compose (delete (fst x) xs) ys) C fst ‘ set (delete
(fst x) xs)
by simp
also have ... C fst ‘ set zs
by (rule dom-delete-subset)
finally show ?thesis
using None by auto
next
case (Some v)
with 2.hyps have fst ‘ set (compose xs ys) C fst ‘ set xs
by simp
with Some show ?thesis
by auto
qed
qed

lemma distinct-compose:
assumes distinct (map fst xs)
shows distinct (map fst (compose s ys))
using assms
proof (induct xs ys rule: compose.induct)
case I
then show ?case by simp
next
case (2 z zs ys)
show ?Zcase
proof (cases map-of ys (snd x))
case None
with 2 show ?thesis by simp
next
case (Some v)
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with 2 dom-compose [of xs ys| show ?thesis
by auto
qed
qed

lemma compose-delete-twist: compose (delete k xs) ys = delete k (compose xs ys)
proof (induct xs ys rule: compose.induct)
case I
then show ?case by simp
next
case (2 z zs ys)
show ?Zcase
proof (cases map-of ys (snd x))
case None
with 2 have hyp: compose (delete k (delete (fst x) xs)) ys =
delete k (compose (delete (fst x) xs) ys)
by simp
show ?thesis
proof (cases fst x = k)
case True
with None hyp show ?thesis
by (simp add: delete-idem)
next
case Fualse
from None False hyp show ?thesis
by (simp add: delete-twist)
qed
next
case (Some v)
with 2 have hyp: compose (delete k zs) ys = delete k (compose xs ys)
by simp
with Some show ?thesis
by simp
qed
qed

lemma compose-clearjunk: compose xs (clearjunk ys) = compose s ys
by (induct zs ys rule: compose.induct)
(auto simp add: map-of-clearjunk split: option.splits)

lemma clearjunk-compose: clearjunk (compose zs ys) = compose (clearjunk xs) ys
by (induct xs rule: clearjunk.induct)
(auto split: option.splits simp add: clearjunk-delete delete-idem compose-delete-twist)

lemma compose-empty [simp]: compose zs [| = []
by (induct zs) (auto simp add: compose-delete-twist)

lemma compose-Some-iff:
(map-of (compose s ys) k = Some v) +—
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(3. map-of xs k = Some k' A map-of ys k' = Some v)
by (simp add: compose-conv map-comp-Some-iff)

lemma map-comp-None-iff:
map-of (compose xs ys) k = None «—
(map-of zs k = None V (3 k'. map-of zs k = Some k' N\ map-of ys k' = None))
by (simp add: compose-conv map-comp-None-iff)

1.9 map-entry

qualified fun map-entry :: 'key = (‘val = 'val) = ('key x 'val) list = (’key x
"val) list
where
map-entry k  [| = |
| map-entry k f (p # ps) =
(if fst p = k then (k, f (snd p)) # ps else p # map-entry k f ps)

lemma map-of-map-entry:
map-of (map-entry k f xs) =
(map-of xzs)(k := case map-of xs k of None = None | Some v/ = Some (f v'))
by (induct zs) auto

lemma dom-map-entry: fst ‘ set (map-entry k f xs) = fst * set xs
by (induct zs) auto

lemma distinct-map-entry:
assumes distinct (map fst s)
shows distinct (map fst (map-entry k f xs))
using assms by (induct zs) (auto simp add: dom-map-entry)

1.10 map-default

fun map-default :: 'key = "val = (‘val = 'val) = ('key x 'val) list = ('key x
"val) list
where
map-defoult kv f [| = [(k, v)]
| map-default kv f (p # ps) =
(if fst p = k then (k, f (snd p)) # ps else p # map-default k v f ps)

lemma map-of-map-default:
map-of (map-default k v f xs) =
(map-of zs)(k := case map-of xs k of None = Some v | Some v’ = Some (f v’))
by (induct zs) auto

lemma dom-map-default: fst < set (map-default k v f xs) = insert k (fst * set xs)
by (induct zs) auto

lemma distinct-map-default:
assumes distinct (map fst s)
shows distinct (map fst (map-default k v f xs))
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using assms by (induct zs) (auto simp add: dom-map-default)
end

end

2 Axiomatic Declaration of Bounded Natural Func-
tors

theory BNF-Azxiomatization
imports Main
keywords

bnf-axiomatization :: thy-decl
begin

ML-file «../ Tools/ BNF | bnf-axiomatization. ML»

end

3 Generalized Corecursor Sugar (corec and friends)

theory BNF-Corec

imports Main

keywords
corec :: thy-defn and
corecursive :: thy-goal-defn and
friend-of-corec :: thy-goal-defn and
coinduction-upto :: thy-decl

begin

lemma obj-distinct-prems: P — P — Q = P = Q
by auto

lemma inject-refine: g (fz) =z =g (fy) =y = fa=fy+—az=1y
by (metis (no-types))

lemma convol-apply: BNF-Def.convol f g x = (f z, g x)
unfolding convol-def ..

lemma Grp-UNIV-id: BNF-Def.Grp UNIV id = (=)
unfolding BNF-Def.Grp-def by auto

lemma sum-comp-cases:
assumes f o Inl = go Inl and f o Inr = g o Inr
shows f = ¢
proof (rule ext)
fix a show fa =g a
using assms unfolding comp-def fun-eg-iff by (cases a) auto
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qed

lemma case-sum-Inl-Inr-L: case-sum (f o Inl) (f o Inr) = f
by (metis case-sum-expand-Inr’)

lemma eg-o-Inrl: [g o Inl = h; case-sum h f = g] = f = g o Inr
by (auto simp: fun-eq-iff split: sum.splits)

lemma id-bnf-o: BNF-Composition.id-bnf o f = f
unfolding BNF-Composition.id-bnf-def by (rule o-def)

lemma o-id-bnf: f o BNF-Composition.id-bnf = f
unfolding BNF-Composition.id-bnf-def by (rule o-def)

lemma if- True-Fualse:
(if P then True else Q) «<— PV @
(if P then False else Q) «— = P A Q
(if P then @Q else True) <— — PV Q
(if P then Q else False) «— P N Q
by auto

lemma if-distrib-fun: (if ¢ then f else g) x = (if ¢ then f z else g )
by simp

3.1 Coinduction

lemma eg-comp-compl: aob=for=— zoc=4id= f=ao (boc)
unfolding fun-eq-iff by simp

lemma self-bounded-weaken-left: (a :: 'a :: semilattice-inf) < infa b = a < b
by (erule le-infE)

lemma self-bounded-weaken-right: (a :: 'a :: semilattice-inf) < infba = a < b
by (erule le-infE)

lemma symp-iff: symp R +— R = R~17!
by (metis antisym conversep.cases conversep-le-swap predicate2l symp-def)

lemma equivp-inf: [equivp R; equivp S] = equivp (inf R S)
unfolding equivp-def inf-fun-def inf-bool-def by metis

lemma vimage2p-rel-prod:
(Az y. rel-prod R S (BNF-Def.convol f1 g1 x) (BNF-Def.convol f2 g2 y)) =
(inf (BNF-Def.vimage2p f1 f2 R) (BNF-Def.vimage2p g1 g2 S))
unfolding vimage2p-def rel-prod.simps convol-def by auto

lemma predicate2l-obj: Vzy. Pry — Quy) = P < Q
by auto
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lemma predicate2D-obj: P < Q@ = Pxy — Qx vy
by auto

locale cong =
fixes rel :: (‘a = 'a = bool) = ('b = 'b = bool)
and eval :: 'b = 'a
and retr :: ('a = 'a = bool) = ('a = 'a = bool)
assumes rel-mono: AR S. R < S = rel R < rel §
and equivp-retr: AR. equivp R = equivp (retr R)
and retr-eval: AR x y. [(rel-fun (rel R) R) eval eval; rel (inf R (retr R)) z y]
E—
retr R (eval x) (eval y)
begin

definition cong :: (Ya = ’a = bool) = bool where
cong R = equivp R A (rel-fun (rel R) R) eval eval

lemma cong-retr: cong R = cong (inf R (retr R))
unfolding cong-def
by (auto simp: rel-fun-def dest: predicate2D][OF rel-mono, rotated)
intro: equivp-inf equivp-retr retr-eval)

lemma cong-equivp: cong R = equivp R
unfolding cong-def by simp

definition gen-cong :: (Ya = 'a = bool) = 'a = 'a = bool where
gen-cong R j1j2 =VR'. R < R’ A cong R' — R’ j1 j2

lemma gen-cong-reflp[intro, simp|: © = y = gen-cong Rz y
unfolding gen-cong-def by (auto dest: cong-equivp equivp-refip)

lemma gen-cong-symplintro|: gen-cong R x y = gen-cong R y «
unfolding gen-cong-def by (auto dest: cong-equivp equivp-symp)

lemma gen-cong-transplintro|: gen-cong R x y = gen-cong R y z = gen-cong
Rzz
unfolding gen-cong-def by (auto dest: cong-equivp equivp-transp)

lemma equivp-gen-cong: equivp (gen-cong R)
by (intro equivpl reflpl sympl transpl) auto

lemma leg-gen-cong: R < gen-cong R
unfolding gen-cong-def[abs-def] by auto

lemmas imp-gen-cong[intro] = predicate2D][OF leg-gen-cong]

lemma gen-cong-minimal: [R < R'; cong R'] = gen-cong R < R’
unfolding gen-cong-def[abs-def] by (rule predicate2l) metis
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lemma congdd-base-gen-congdd-base-aux:

rel (gen-cong R) x y = R < R’ = cong R’ = R’ (eval z) (eval y)

by (force simp: rel-fun-def gen-cong-def cong-def dest: spec|of - R'] predicate2D[OF
rel-mono, rotated —1, of - - - R])

lemma cong-gen-cong: cong (gen-cong R)
proof —

have rel (gen-cong R) x y = R < R’ = cong R’ = R’ (eval z) (eval y) for
R'zy

by (force simp: rel-fun-def gen-cong-def cong-def dest: spec|of - R’
predicate2D][OF rel-mono, rotated —1, of - - - R'])

then show cong (gen-cong R) by (auto simp: equivp-gen-cong rel-fun-def gen-cong-def
cong-def)
qed

lemma gen-cong-eval-rel-fun:
(rel-fun (rel (gen-cong R)) (gen-cong R)) eval eval
using cong-gen-cong|of R| unfolding cong-def by simp

lemma gen-cong-eval:
rel (gen-cong R) © y = gen-cong R (eval x) (eval y)
by (erule rel-funD][OF gen-cong-eval-rel-fun])

lemma gen-cong-idem: gen-cong (gen-cong R) = gen-cong R
by (simp add: antisym cong-gen-cong gen-cong-minimal leg-gen-cong)

lemma gen-cong-rho:
0 = eval o f = rel (gen-cong R) (fz) (f y) = gen-cong R (0 z) (0 y)
by (simp add: gen-cong-eval)
lemma coinduction:
assumes coind: VR. R < retr R — R < (=)
assumes cih: R < retr (gen-cong R)
shows R < (=)
apply (rule order-trans|OF leg-gen-cong mp|OF spec[OF coind]]])
apply (rule self-bounded-weaken-left|OF gen-cong-minimal))
apply (rule inf-greatest|OF leq-gen-cong cih])
apply (rule cong-retr[OF cong-gen-congl)
done

end

lemma rel-sum-case-sum:

rel-fun (rel-sum R S) T (case-sum f1 g1) (case-sum f2 g2) = (rel-fun R T f1 f2
A rel-fun S T g1 ¢2)

by (auto simp: rel-fun-def rel-sum.simps split: sum.splits)

context
fixes rel eval rel’ eval’ retr emb
assumes base: cong rel eval retr
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and step: cong rel’ eval’ retr

and emb: eval’ o emb = eval

and emb-transfer: rel-fun (rel R) (rel’ R) emb emb
begin

interpretation base: cong rel eval retr by (rule base)
interpretation step: cong rel’ eval’ retr by (rule step)

lemma gen-cong-emb: base.gen-cong R < step.gen-cong R
proof (rule base.gen-cong-minimal| OF step.leq-gen-cong))
note step.gen-cong-eval-rel-fun[transfer-rule] emb-transfer[transfer-rule]
have (rel-fun (rel (step.gen-cong R)) (step.gen-cong R)) eval eval
unfolding emb[symmetric] by transfer-prover
then show base.cong (step.gen-cong R)
by (auto simp: base.cong-def step.equivp-gen-cong)
qed

end

named-theorems friend-of-corec-simps

ML-file «../ Tools/ BNF | bnf-gfp-grec-tactics. ML»
ML-file «../ Tools/ BNF | bnf-gfp-grec. ML»

ML-file «../Tools/ BNF | bnf-gfp-grec-sugar-util. ML»
ML-file «../ Tools/ BNF | bnf-gfp-grec-sugar-tactics. ML»
ML-file «../ Tools/ BNF | bnf-gfp-grec-sugar. ML»
ML-file ¢../ Tools/ BNF / bnf-gfp-grec-unique-sugar. ML»

method-setup transfer-prover-eq = «
Scan.succeed (SIMPLE-METHOD' o BNF-GFP-Grec-Tactics.transfer-prover-eg-tac)
y apply transfer-prover after folding relator-eq

method-setup corec-unique = «
Scan.succeed (SIMPLE-METHOD' o BNF-GFP-Grec-Unique-Sugar.corec-unique-tac)
y prove uniqueness of corecursive equation

end

4 A general “while” combinator

theory While-Combinator
imports Main
begin

4.1 Partial version

definition while-option :: (‘a = bool) = ('a = 'a) = 'a = 'a option where
while-option b ¢ s = (if (3k. = b ((c "7 k) s))
then Some ((¢ = (LEAST k. = b ((¢ T k) 5))) )
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else None)

theorem while-option-unfold[code]:
while-option b ¢ s = (if b s then while-option b ¢ (¢ s) else Some s)
proof cases
assume b s
show ?thesis
proof (cases 3k. = b ((c " k) s))
case True
then obtain k where 1: = b ((¢ 7" k) s) ..
with <b s» obtain | where k = Suc I by (cases k) auto
with 7 have = b ((¢ 77 1) (¢ 8)) by (auto simp: funpow-swapl)
then have 2: 3. = b ((¢ 7" 1) (¢ s)) ..
from 1
have (LEAST k. = b ((¢ k) s)) = Suc (LEAST 1. = b ((¢ 7~ Suc 1) s))
by (rule Least-Suc) (simp add: <b $»)
also have ... = Suc (LEAST I. = b ((¢ 1) (¢ 9)))
by (simp add: funpow-swapl)
finally
show ?thesis
using True 2 <b s» by (simp add: funpow-swapl while-option-def)
next
case Fulse
then have = (31. = b ((¢ 7~ Suc l) s)) by blast
then have — (31. = b ((¢ 77 1) (¢ 9)))
by (simp add: funpow-swapl)
with False <b sy show ?thesis by (simp add: while-option-def)
qed
next
assume [simp]: = b s
have least: (LEAST k. — b ((¢ 7" k) s)) =0
by (rule Least-equality) auto
moreover
have 3k. = b ((¢ 7" k) s) by (rule exI[of - 0::nat]) auto
ultimately show ?thesis unfolding while-option-def by auto
qed

lemma while-option-stop2:

while-option b ¢ s = Some t = k. t = (¢ k) sA - bt
apply(simp add: while-option-def split: if-splits)

by (metis (lifting) Leastl-ex)

lemma while-option-stop: while-option b ¢ s = Somet — =~ b t
by (metis while-option-stop2)

theorem while-option-rule:
assumes step: As. Ps = bs= P (cs)
and result: while-option b ¢ s = Some t
and init: P s

42
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shows Pt
proof —
define k where k = (LEAST k. = b ((¢ " k) 9))
from assms have t: t = (¢ k) s
by (simp add: while-option-def k-def split: if-splits)
have 1: Vi<k. b ((¢ 7" 1) s)
by (auto simp: k-def dest: not-less-Least)
have i < k= P ((¢ 7 i) s) for ¢
by (induct ©) (auto simp: init step 1)
thus P ¢ by (auto simp: t)
qged

lemma funpow-commute:

[VE < k. f (c ((¢TK) 5)) = ¢ (f ((cTK) s))] = [ ((¢Tk) s) = (k) (f5)
by (induct k arbitrary: s) auto

lemma while-option-commute-invariant:
assumes [nvariant: N\s. P s = b s = P (c s)
assumes TestCommute: N\s. Ps = bs=1b'(fs)
assumes BodyCommute: A\s. Ps = bs = f (cs) =c¢' (fs)
assumes [nitial: P s
shows map-option [ (while-option b ¢ s) = while-option b’ ¢’ (f s)
unfolding while-option-def
proof (rule trans[OF if-distrib if-cong|, safe, unfold option.inject)
fix k
assume = b ((¢ TTk) s)
with Initial show k. = b' (¢’ 77k) (fs))
proof (induction k arbitrary: s)
case 0 thus ?case by (auto simp: TestCommute intro: exI[of - 0])
next
case (Suc k) thus ?case
proof (cases b s)
assume b s
with Suc.IH[of ¢ s| Suc.prems show ?thesis
by (metis BodyCommute Invariant comp-apply funpow.simps(2) funpow-swapl)
next
assume — b s
with Suc show %thesis by (auto simp: TestCommute intro: exI [of - 0])
qed
qed
next
fix k
assume - b’ ((¢/ 77 k) (f s))
with Initial show 3k. = b ((¢ 7" k) s)
proof (induction k arbitrary: s)
case 0 thus ?case by (auto simp: TestCommute intro: exI[of - 0])
next
case (Suc k) thus ?case
proof (cases b s)
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assume b s
with Suc.IH[of ¢ s| Suc.prems show ?thesis
by (metis BodyCommute Invariant comp-apply funpow.simps(2) funpow-swapl)
next
assume - b s
with Suc show ?thesis by (auto simp: TestCommute intro: exl [of - 0])
qed
qed
next
fix k
assume k: = b ((¢/ 77k) (f )
have *: (LEAST k. = b' ((¢’ 7" k) (fs))) = (LEAST k. = b ((¢c " k) s))
(is 7' = %)
proof (cases k)
case (
have = b' ((¢/ 77 0) (f s))
unfolding 0[symmetric] by (rule Leastl|of - k]) (rule k)
hence — b s by (auto simp: TestCommute Initial)
hence %k = 0 by (intro Least-equality) auto
with 0 show ?thesis by auto
next
case (Suc k')
have = o' ((¢/ 77 Suc k') (f 5))
unfolding Suc[symmetric] by (rule Leastl) (rule k)
moreover
have b": b’ ((¢' 77 k) (f s)) if asm: k < k' for k
proof —
from asm have k < 2k’ unfolding Suc by simp
thus ?thesis by (rule iffD1[OF not-not, OF not-less-Least])
qed
have b: b ((¢ 77k) s)
and body: f (¢ "7 k) s) = (¢ 77k) (fs)
and inv: P ((¢ " k) )
if asm: k < k' for k
proof —
from asm have f ((¢ 77 k) s) = (¢’ T7k) (f9)
and b ((c " k) s) = 0" ((¢" 77 k) (f9))
and P ((¢c 7" k) s)
by (induct k) (auto simp: b’ assms)
with <k < k)
show b ((¢ 7" k) s)
and f ((c k) ) = (¢ ~K) (f5)
and P ((¢c 7" k) s)
by (auto simp: b’
qed
hence k" f ((¢ "7 k’) s) = (¢ 7"k (f s) by auto
ultimately show ?thesis unfolding Suc using b
proof (intro Least-equality[symmetric], goal-cases)
case ]
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hence Test: = b' (f ((¢ ™~ Suc k') s))
by (auto simp: BodyCommute inv b)
have P ((¢ 7~ Suc k') s) by (auto simp: Invariant inv b)
with Test show ?case by (auto simp: TestCommute)
next
case 2
thus ?case by (metis not-less-eg-eq)
qed
qed
have f ((¢ 77 %) s) = (¢ 7~ 2k’) (f s) unfolding x*
proof (rule funpow-commute, clarify)
fix k assume k < %k
hence TestTrue: b ((¢ " k) s) by (auto dest: not-less-Least)
from «k < ?k» have P ((¢ 7" k) s)
proof (induct k)
case 0 thus ?Zcase by (auto simp: assms)
next
case (Suc h)
hence P ((¢ "~ h) s) by auto
with Suc show ?case
by (auto, metis (lifting, no-types) Invariant Suc-lessD not-less-Least)
qed
with TestTrue show f (¢ ((¢ 7" k) s)) =" (f (¢ T"k) s))
by (metis BodyCommute)
qed
thus 3z. (¢ 7" %) s=2zANfz=(c" "2 (fs) by blast
qged

lemma while-option-commute:
assumes As. bs=0b"(fs) Ns. [bs] = f (cs)=c"(fs)
shows map-option f (while-option b ¢ s) = while-option b’ ¢’ (f s)
by (rule while-option-commute-invariant[where P = A-. True])
(auto simp add: assms)

4.2 Total version

definition while :: (Ya = bool) = (‘a = 'a) = 'a = 'a
where while b ¢ s = the (while-option b ¢ s)

lemma while-unfold [code]:
while b ¢ s = (if b s then while b ¢ (¢ s) else s)
unfolding while-def by (subst while-option-unfold) simp

lemma def-while-unfold:

assumes fdef: f == while test do

shows [z = (if test x then f(do z) else z)
unfolding fdef by (fact while-unfold)

The proof rule for while, where P is the invariant.

theorem while-rule-lemma:
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assumes invariant: Ns. P s = b s = P (c s)
and terminate: A\s. Ps = ~bs= Qs
and wf: wf {(¢,s). PsAbsAt=cs}

shows P s = Q (while b ¢ s)

using wf

apply (induct s)

apply simp

apply (subst while-unfold)

apply (simp add: invariant terminate)

done

theorem while-rule:
[P s
As. [P s; bs] = P (cs);
As. [Ps;—bs] = Qs;
wf ;
NAs. [Ps;bs] = (cs,s) €r] =
Q (while b ¢ s)
apply (rule while-rule-lemma)
prefer 4 apply assumption
apply blast
apply blast
apply (erule wf-subset)
apply blast
done

Combine invariant preservation and variant decrease in one goal:

theorem while-rule2:
[P s;
As. [Ps;bs] = P (cs)A(cs,s)€Er;
As. [Ps;—bs] = @Qs;
wf r] =
Q (while b ¢ s)
using while-rule[of P] by metis

Proving termination:

theorem wf-while-option-Some:
assumes wf {(¢, s). (PsAbs) At=cs}
and A\s. Ps= bs = P(cs)and P s
shows 3 t. while-option b ¢ s = Some t
using assms(1,3)
proof (induction s)
case less thus ?case using assms(2)
by (subst while-option-unfold) simp
qed

lemma wf-rel-while-option-Some:
assumes wf: wf R
assumes smaller: As. Ps ANbs = (cs, s) € R
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assumes inv: \s. Ps A bs = P(cs)

assumes init: P s

shows Jt. while-option b ¢ s = Some t

proof —

from smaller have {(t,5). Ps Abs A t=cs} C R by auto

with wf have wf {(t,s). P s A bs At = c s} by (auto simp: wf-subset)
with inv init show ?thesis by (auto simp: wf-while-option-Some)

qed

theorem measure-while-option-Some: fixes [ :: 's = nat
shows (As. Ps = bs= P(cs) A f(cs)<fs)

—> P s = Jt. while-option b ¢ s = Some t
by (blast intro: wf-while-option-Some|OF wf-if-measure, of P b f])

Kleene iteration starting from the empty set and assuming some finite
bounding set:

lemma while-option-finite-subset-Some: fixes C :: 'a set
assumes mono f and AX. X C C = f X C C and finite C
shows 3 P. while-option (AA. f A # A) f {} = Some P
proof (rule measure-while-option-Some|where
f= %A:"a set. card C — card A and P=%A. AC C AN AC fAand s= {}])
fix Aassume A: AC CNACfAfA#A
show (fAC CANFACS (fA) A card C — card (f A) < card C — card A
(is ?L A ?R)
proof
show ?L by (metis A(1) assms(2) monoD[OF <mono f»])
show ?R by (metis A assms(2,3) card-seteq diff-less-mono2 equalityl linorder-le-less-linear
rev-finite-subset)
qed
qed simp

lemma [fp-the-while-option:
assumes mono f and AX. X C C = f X C C and finite C
shows Ifp f = the(while-option (MNA. fA # A) f {})

proof—
obtain P where while-option (AA. fA # A) f {} = Some P

using while-option-finite-subset-Some[OF assms] by blast

with while-option-stop2[OF this] Ifp-Kleene-iter|OF assms(1)]
show ?thesis by auto

qed

lemma [fp-while:
assumes mono f and AX. X C C = f X C C and finite C
shows Ifp f = while (MNA. fA # A) f {}

unfolding while-def using assms by (rule lfp-the-while-option) blast

lemma wf-finite-less:
assumes finite (C :: ‘a::order set)
shows uf {(z, y)- {r, y} € C A 2 < y}
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by (rule wf-measure]lwhere f=MAb. card {a. a € C A a < b}, THEN wf-subset])
(fastforce simp: less-eq assms intro: psubset-card-mono)

lemma wf-finite-greater:
assumes finite (C :: 'a::order set)
shows wf {(z, y). {z, y} C C Ay < x}

by (rule wf-measure]lwhere f=MAb. card {a. a € C N b < a}, THEN wf-subset))
(fastforce simp: less-eq assms intro: psubset-card-mono)

lemma while-option-finite-increasing-Some:

fixes [ :: 'a::order = a

assumes mono f and finite (UNIV :: 'a set) and s < s

shows 3 P. while-option (M. f A # A) fs = Some P
by (rule wf-rel-while-option-Some[where R={(z, y). y < z} and P=XA. A< fA
and s=s])

(auto simp: assms monoD intro: wf-finite-greater[where C=UNIV::'a set, sim-
plified])

lemma [fp-the-while-option-lattice:
fixes [ :: 'a::complete-lattice = 'a
assumes mono [ and finite (UNIV :: 'a set)
shows Ifp f = the (while-option (AA. f A # A) f bot)
proof —
obtain P where while-option (AA. f A # A) f bot = Some P
using while-option-finite-increasing-Some[OF assms, where s=bot] by simp
blast
with while-option-stop2[OF this] Ifp-Kleene-iter|OF assms(1)]
show ?thesis by auto
qed

lemma [fp-while-lattice:
fixes [ :: 'a::complete-lattice = 'a
assumes mono [ and finite (UNIV :: 'a set)
shows Ifp f = while (AA. f A # A) f bot
unfolding while-def using assms by (rule [fp-the-while-option-lattice)

lemma while-option-finite-decreasing-Some:

fixes [ :: 'a::order = a

assumes mono f and finite (UNIV :: 'a set) and fs < s

shows 3 P. while-option (M. f A # A) fs = Some P
by (rule wf-rel-while-option-Some[where R={(z, y). z < y} and P=XA. fA < A
and s=s])

(auto simp add: assms monoD intro: wf-finite-lessfwhere C=UNIV::'a set, sim-
plified])

lemma gfp-the-while-option-lattice:
fixes [ :: 'a::complete-lattice = 'a
assumes mono f and finite (UNIV :: 'a set)
shows gfp f = the(while-option (MA. f A # A) [ top)
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proof —
obtain P where while-option (AA. f A # A) f top = Some P
using while-option-finite-decreasing-Some|OF assms, where s=top] by simp
blast
with while-option-stop2[OF this] gfp-Kleene-iter[OF assms(1)]
show ?thesis by auto
qed

lemma gfp-while-lattice:
fixes [ :: 'a::complete-lattice = 'a
assumes mono f and finite (UNIV :: 'a set)
shows gfp f = while (AA. f A # A) f top
unfolding while-def using assms by (rule gfp-the-while-option-lattice)

Computing the reflexive, transitive closure by iterating a successor func-
tion. Stops when an element is found that dos not satisfy the test.

More refined (and hence more efficient) versions can be found in ITP 2011
paper by Nipkow (the theories are in the AFP entry Flyspeck by Nipkow)
and the AFP article Executable Transitive Closures by René Thiemann.

context
fixes p :: 'a = bool
and f :: 'a = 'a list
and z :: ‘a

begin

qualified fun rtrancl-while-test :: 'a list x 'a set = bool
where rtrancl-while-test (ws,-) = (ws # [] A p(hd ws))

qualified fun rtrancl-while-step :: 'a list X 'a set = 'a list x 'a set
where rtrancl-while-step (ws, Z) =

(let z = hd ws; new = remdups (filter (A\y. y ¢ Z) (f z))

in (new @ tl ws, set new U 7))

definition rtrancl-while :: ('a list x 'a set) option
where rtrancl-while = while-option rtrancl-while-test rtrancl-while-step ([z],{z})

qualified fun rtrancl-while-invariant :: 'a list x 'a set = bool
where rtrancl-while-invariant (ws, Z) =

(x € Z A set ws C Z A distinct ws A {(z,y). y € set(fz)} “(Z — set ws) C Z
A

Z C{(z,y). y € set(fzx)}* “{z} N (V2eZ — set ws. p z))

qualified lemma rtrancl-while-invariant:
assumes inv: rtrancl-while-invariant st and test: rtrancl-while-test st
shows rtrancl-while-invariant (rtrancl-while-step st)
proof (cases st)
fix ws Z
assume st: st = (ws, 7)
with test obtain h ¢t where ws = h # ¢ p h by (cases ws) auto
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with inv st show ?thesis by (auto intro: rtrancl.rtrancl-into-rtrancl)
qed

lemma rtrancl-while-Some:
assumes rirancl-while = Some(ws,Z)
shows if ws = []
then Z = {(z,y). y € set(fz)}* “{z} AN (Vz2€Z. p 2)
else ~p(hd ws) A hd ws € {(z,y). y € set(fz)}* “{z}
proof —
have rtrancl-while-invariant ([z],{z}) by simp
with rtrancl-while-invariant have I: rtrancl-while-invariant (ws,Z)
by (rule while-option-rule[OF - assms|unfolded rtrancl-while-def]])
show ?thesis
proof (cases ws = [])
case True
thus ?thesis using [
by (auto simp del:Image-Collect-case-prod dest: Image-closed-trancl)
next
case Fulse
thus ?thesis using I while-option-stop|OF assms|unfolded rtrancl-while-def]]
by (simp add: subset-iff)
qed
qed

lemma rtrancl-while-finite-Some:
assumes finite ({(z, y). y € set (fx)}* “{z}) (is finite ?CI)
shows Fy. rtrancl-while = Some y
proof —
let 2R = (\(-, Z). card (9Cl — 7)) <sxmlexx> (A(ws, -). length ws) <s«mlex*x>
{J
have wf ?R by (blast intro: wf-mlex)
then show ?thesis unfolding rtrancl-while-def
proof (rule wf-rel-while-option-Some[of ?R rtrancl-while-invariant))
fix st
assume x: rtrancl-while-invariant st A rtrancl-while-test st
hence I: rtrancl-while-invariant (rtrancl-while-step st)
by (blast intro: rtrancl-while-invariant)
show (rtrancl-while-step st, st) € 7R
proof (cases st)
fix ws Z
let ?ws = fst (rtrancl-while-step st)
let ?Z = snd (rtrancl-while-step st)
assume st: st = (ws, Z)
with * obtain h ¢t where ws: ws = h # t p h by (cases ws) auto
show ?thesis
proof (cases remdups (filter (A\y. y & Z) (fh)) =[])
case Fulse
then obtain z where z € set (remdups (filter (A\y. y ¢ Z) (f h))) by
fastforce
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with st ws I have Z C ?Z Z C ?2Cl 2Z C ?Cl by auto
with assms have card (?Cl — ?Z) < card (?Cl — Z) by (blast intro:
psubset-card-mono)
with st ws show ?thesis unfolding mlez-prod-def by simp
next
case True
with st ws have ?Z = Z ?ws = t by (auto simp: filter-empty-conv)
with st ws show ?thesis unfolding mlex-prod-def by simp
qed
qed
qed (simp-all add: rtrancl-while-invariant)
qed

end

end

5 The Bourbaki-Witt tower construction for trans-
finite iteration

theory Bourbaki- Witt- Fixpoint
imports While-Combinator
begin

lemma Chainsl [intro?):
(Nab.JacY;beY] = (a,d)€rV(ba)ecr)=— Y € Chains r
unfolding Chains-def by blast

lemma in-Chains-subset: | M € Chains r; M' C M | = M' € Chains r
by (auto simp add: Chains-def)

lemma in-ChainsD: [ M € Chainsr;z € My e M| = (z,y) €V (y,z) €T
unfolding Chains-def by fast

lemma Chains-FieldD: | M € Chains r; x € M | = x € Field r
by (auto simp add: Chains-def intro: Fieldl1 FieldI2)

lemma in-Chains-conv-chain: M € Chains r <— Complete-Partial-Order.chain
N y. (z,y) er) M
by (simp add: Chains-def chain-def)

lemma partial-order-on-trans:
[ partial-order-on A r; (z, y) € r; (y, 2) € r | = (2, 2) € 7
by (auto simp add: order-on-defs dest: transD)

locale bourbaki-witt-fixpoint =
fixes lub :: 'a set = a
and leg :: ('a x 'a) set
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and [ :: 'a = 'a

assumes po: Partial-order leq

and lub-least: [ M € Chains leg; M # {}; N\z. 2 € M = (z, 2) € leq | = (lub
M, z) € leg

and lub-upper: [ M € Chains leq; t € M | = (z, lub M) € leq

and lub-in-Field: [ M € Chains leg; M # {} | = lub M € Field leq

and increasing: \z. x € Field leq = (z, fx) € legq
begin

lemma leg-trans: [ (z, y) € leg; (y, z) € leq | = (z, 2) € leg
by (rule partial-order-on-trans|OF po])

lemma leg-refl: x € Field leq = (z, z) € leq
using po by(simp add: order-on-defs refl-on-def)

lemma leg-antisym: [ (z, y) € leg; (y, z) €Eleq ] = z =y
using po by(simp add: order-on-defs antisym-def)

inductive-set iterates-above :: 'a = 'a set
for a
where
base: a € iterates-above a
| step: x € iterates-above a = f x € iterates-above a
| Sup: [ M € Chains leq; M # {}; A\z. © € M = z € iterates-above a | = lub
M € iterates-above a

definition fizp-above :: 'a = 'a
where fixp-above a = (if a € Field leq then lub (iterates-above a) else a)

lemma fizp-above-outside: a ¢ Field leg = fizp-above a = a
by (simp add: fixp-above-def)

lemma fizp-above-inside: a € Field leq = fixp-above a = lub (iterates-above a)
by (simp add: fixp-above-def)

context
notes leg-refl [intro!, simp]
and base [intro]
and step [intro]
and Sup [intro]
and leg-trans [trans)
begin

lemma iterates-above-le-f: [ © € iterates-above a; a € Field leq | = (z, fz) € leg
by (induction z rule: iterates-above.induct)(blast intro: increasing FieldI2 lub-in-Field)+

lemma iterates-above-Field: | x € iterates-above a; a € Field leq | = x € Field
leq
by (drule (1) iterates-above-le-f)(rule Fieldll)
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lemma iterates-above-ge:

assumes y: y € iterates-above a

and a: a € Field leq

shows (a, y) € leq
using y by (induction)(auto intro: a increasing iterates-above-le-f leg-trans leg-trans[ OF
- lub-upper))

lemma iterates-above-lub:
assumes M: M € Chains leq
and nempty: M # {}
and upper: N\y. y € M = 3z € M. (y, z) € leq A z € iterates-above a
shows lub M € iterates-above a
proof —
let ?M = M N iterates-above a
from M have M’ ?M € Chains leq by(rule in-Chains-subset)simp
have ?M # {} using nempty by(auto dest: upper)
with M’ have lub ?M € iterates-above a by(rule Sup) blast
also have lub ?M = lub M using nempty
by (intro leg-antisym)(blast introl: lub-least| OF M| lub-least|OF M| intro: lub-upper|[OF
M) lub-upper[OF M] leg-trans dest: upper)+
finally show ?thesis .
qed

lemma iterates-above-successor:
assumes y: y € iterates-above a
and a: a € Field leq
shows y = a V y € iterates-above (f a)
using y
proof induction
case base thus ?case by simp
next
case (step z) thus Zcase by auto
next
case (Sup M)
show ?Zcase
proof(cases 3z. M C {z})
case True
with <M # {}» obtain y where M: M = {y} by auto
have lub M =y
by (rule leg-antisym)(auto intro!: lub-upper Sup lub-least Chainsl simp add: a
M Sup.hyps(3)|of y, THEN iterates-above-Field] dest: iterates-above-Field)
with Sup.IH[of y] M show ?thesis by simp
next
case Fulse
from Sup(1—2) have lub M € iterates-above (f a)
proof (rule iterates-above-lub)
fix y
assume y: y € M



THEORY “Bourbaki-Witt-Fixpoint” 54

from Sup.IH[OF this| show 3zeM. (y, z) € leqg N z € iterates-above (f a)
proof
assume y = a
from y False obtain z where z: z € M and neq: y # z by (metis insertl1
subsetl)
with Sup. TH[OF 2] <y = a> Sup.hyps(3)[OF Z]
show ?thesis by(auto dest: iterates-above-ge intro: a)
next
assume *: y € iterates-above (f a)
with increasing[OF a] have y € Field leq
by(auto dest!: iterates-above-Field intro: FieldI2)
with * show ?thesis using y by auto
qed
qed
thus ?thesis by simp
qged
qed

lemma iterates-above-Sup-auz:
assumes M: M € Chains leg M # {}
and M": M’ € Chains leg M’ # {}
and comp: \z. z € M = x € iterates-above (lub M') V lub M’ € iterates-above
T
shows (lub M, lub M) € leq V lub M € iterates-above (lub M)
proof(cases 3z € M. z € iterates-above (lub M'))
case True
then obtain z where x: x € M z € iterates-above (lub M’) by blast
have lub-M": lub M’ € Field leq using M’ by(rule lub-in-Field)
have lub M € iterates-above (lub M') using M
proof(rule iterates-above-lub)
fix y
assume y: y € M
from comp[OF y] show JzeM. (y, z) € leq A\ z € iterates-above (lub M)
proof
assume y € iterates-above (lub M)
from this iterates-above-Field|OF this] y lub-M' show ?thesis by blast
next
assume lub M’ € iterates-above y
hence (y, lub M’) € leq using Chains-FieldD[OF M(1) y] by(rule iter-
ates-above-ge)
also have (lub M’', z) € leq using x(2) lub-M' by (rule iterates-above-ge)
finally show ?thesis using x by blast
qed
qed
thus %thesis ..
next
case Fulse
have (lub M, lub M') € leq using M
proof (rule lub-least)
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fix z
assume z: z € M
from comp|OF z| © False have lub M’ € iterates-above z by auto
moreover from M (1) x have x € Field leq by(rule Chains-FieldD)
ultimately show (z, lub M') € leq by(rule iterates-above-ge)

qed

thus %thesis ..

qed

lemma iterates-above-triangle:
assumes z: ¢ € iterates-above a
and y: y € iterates-above a
and a: a € Field leq
shows z € iterates-above y V y € iterates-above x
using z y
proof (induction arbitrary: y)
case base then show ?case by simp
next
case (step z) thus ?case using a
by (auto dest: iterates-above-successor intro: iterates-above-Field)
next
case z: (Sup M)
hence lub: lub M € iterates-above a by blast
from (y € iterates-above a> show ?case
proof (induction)
case base show ?case using lub by simp
next
case (step y) thus ?case using a
by (auto dest: iterates-above-successor intro: iterates-above-Field)
next
case y: (Sup M)
hence lub”: lub M’ € iterates-above a by blast
have x: x € iterates-above (lub M') V lub M’ € iterates-above z if x € M for z
using that lub’ by(rule z.IH)
with z(1—-2) y(1—2) have (lub M, lub M') € leq V lub M € iterates-above
(lub M)
by (rule iterates-above-Sup-auz)
moreover from y(1—2) z(1—2) have (lub M/, lub M) € leq V lub M’ €
iterates-above (lub M)
by (rule iterates-above-Sup-auz)(blast dest: y.IH)
ultimately show ?case by(auto 4 & dest: leq-antisym)
qed
qed

lemma chain-iterates-above:

assumes a: a € Field leq

shows iterates-above a € Chains leq (is ?C € -)
proof (rule Chainsl)

fix zy
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assume z € ?Cy € 7C
hence z € iterates-above y V y € iterates-above x using a by (rule iterates-above-triangle)
moreover from «z € ?C» a have z € Field leq by (rule iterates-above-Field)
moreover from «y € ?C» a have y € Field leq by(rule iterates-above-Field)
ultimately show (z, y) € leq V (y, ) € leg by(auto dest: iterates-above-ge)

qed

lemma fixp-iterates-above: fizp-above a € iterates-above a
by (auto intro: chain-iterates-above simp add: fixp-above-def)

lemma fixp-above-Field: a € Field leq = fixp-above a € Field leq
using fixp-iterates-above by (rule iterates-above-Field)

lemma fixp-above-unfold:
assumes a: a € Field leq
shows fizp-above a = f (fixp-above a) (is ?a = f %a)
proof(rule leg-antisym)
show (%a, f %a) € leq using fixp-above-Field|OF a] by (rule increasing)

have f ?a € iterates-above a using fixp-iterates-above by (rule iterates-above.step)
with chain-iterates-above[OF a] show (f ?a, ?a) € leq
by (simp add: fixp-above-inside assms lub-upper)
qed

end

lemma fixp-above-induct [case-names adm base step:
assumes adm: ccpo.admissible lub (A\z y. (z, y) € leq) P
and base: P a
and step: Az. Pz = P (fz)
shows P (fizp-above a)
proof(cases a € Field leq)
case True
from adm chain-iterates-above| OF True]
show ?thesis unfolding fizp-above-inside]OF True] in-Chains-conv-chain
proof (rule ccpo.admissibleD)
have a € iterates-above a ..
then show iterates-above a # {} by(auto)
show P zx if x € iterates-above a for z using that
by induction(auto intro: base step simp add: in-Chains-conv-chain dest:
cepo.admissible D[ OF adm))
qed
qed(simp add: fixp-above-outside base)

end



THEORY “Bourbaki-Witt-Fixpoint” Y

5.1 Connect with the while combinator for executability on
chain-finite lattices.

context bourbaki-witt-fizpoint begin

lemma in-Chains-finite: — Translation from [Complete-Partial-Order.chain (<)
?4; finite ?A; ?A # {}] = Sup %A € 7A.
assumes M € Chains leq
and M # {}
and finite M
shows lub M € M
using assms(3,1,2)
proof induction
case empty thus ?case by simp
next
case (insert M)
note chain = <insert © M € Chains leq
show Zcase
proof(cases M = {})
case True thus ?thesis
using chain in-ChainsD leq-antisym lub-least lub-upper by fastforce
next
case Fulse
from chain have chain’. M € Chains leg
using in-Chains-subset subset-insert] by blast
hence lub M € M using False by(rule insert.IH)
show ?thesis
proof(cases (z, lub M) € leq)
case True
have (lub (insert M), lub M) € leq using chain
by (rule lub-least) (auto simp: True intro: lub-upper|OF chain'])
with False have lub (insert ¢ M) = lub M
using lub-upper[OF chain| lub-least|OF chain’] by (blast intro: leg-antisym)
with <lub M € M> show ?thesis by simp
next
case Fualse
with in-ChainsD|[OF chain, of x lub M) <lub M € M>
have lub (insert t M) = x
by — (rule leg-antisym, (blast intro: FieldI2 chain chain’ insert.prems(2)
leg-refl leg-trans lub-least lub-upper)+)
thus ?thesis by simp
qed
qed
qed

lemma fun-pow-iterates-above: (f " k) a € iterates-above a
using iterates-above.base iterates-above.step by (induct k) simp-all

lemma chfin-iterates-above-fun-pow:
assumes z € iterates-above a
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assumes VM € Chains leq. finite M

shows 3j. 2= (f 77 j) a
using assms(1)
proof induct

case base then show ?case by (simp add: exl[where z=0])
next

case (step z) then obtain j where z = (f 7 j) a by blast

with step(1) show Zcase by (simp add: exl[where z=Suc j])
next

case (Sup M) with in-Chains-finite assms(2) show Zcase by blast
qged

lemma Chain-finite-iterates-above-fun-pow-iff:
assumes VY M € Chains leq. finite M
shows z € iterates-above a «— (5. 2 = (f 7 J) a)
using chfin-iterates-above-fun-pow fun-pow-iterates-above assms by blast

lemma fizp-above-Kleene-iter-ex:
assumes (VM € Chains leq. finite M)
obtains k where fizp-above a = (f 7" k) a
using assms by atomize-elim (simp add: chfin-iterates-above-fun-pow fixp-iterates-above)

context fixes a assumes a: a € Field leq begin

lemma funpow-Field-leq: (f " k) a € Field leq
using a by (induct k) (auto intro: increasing FieldI2)
lemma funpow-prefix: j < k= ((f ~"j) a, (f
proof (induct k)

case (Suc k)

with leg-trans[OF - increasing|OF funpow-Field-leq]] funpow-Field-leq increasing
a

show ?case by simp (metis less-antisym,)
qed simp

k) a) € leq

lemma funpow-suffiz: (f =" Suck) a=(f " k)a= ((f "G+ £k)a (f k)
a) € leq

using funpow-Field-leq

by (induct j) (simp-all del: funpow.simps add: funpow-Suc-right funpow-add leg-refl)

lemma funpow-stability: (f =~ Suc k) a = (f k) a= ((f 7" 4) a, (f T"k) a)
€ leq

using funpow-prefir funpow-suffizr[where j=j — k and k=k] by (cases j < k)
simp-all

lemma funpow-in-Chains: {(f "~ k) a |k. True} € Chains leq
using chain-iterates-above| OF a] fun-pow-iterates-above
by (blast intro: Chainsl dest: in-ChainsD)
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lemma fizp-above-Kleene-iter:

assumes VM € Chains leq. finite M — convenient but surely not necessary

assumes (f = Suck) a=(f k) a

shows fizp-above a = (f k) a
proof(rule leg-antisym)

show (fizp-above a, (f = k) a) € leq using assms a

by (auto simp add: fixp-above-def chain-iterates-above Chain-finite-iterates-above-fun-pow-iff
funpow-stability] OF assms(2)] introl: lub-least intro: iterates-above.base)

show ((f 7" k) a, fizp-above a) € leq using a

by(auto simp add: fizp-above-def chain-iterates-above fun-pow-iterates-above

intro: lub-upper)
qed

context assumes chfin: VM € Chains leq. finite M begin

Z;mina Chain-finite-wf: wf {(f ((f 7" k) a), (f "7 k) a) [k f ((f 7" k) a) # (f
a

apply (rule wf-measure[where f=\b. card {(f ~"j) a |j. (b, (f " j) a) € leq},
THEN wf-subset])

apply (auto simp: set-eq-iff introl: psubset-card-mono[OF finite-subset| OF - bspec| OF
chfin funpow-in-Chains]]])

apply(metis funpow-Field-leq increasing leg-antisym leg-trans leg-refl)+

done

lemma while-option-finite-increasing: 3 P. while-option (AA. f A # A) fa = Some
P
by (rule wf-rel-while-option-Some[OF Chain-finite-wf, where P=XA. (3k. A = (f
k) a) A (A, fA) € leqg and s=a)

(auto simp: a increasing chfin FieldI2 chfin-iterates-above-fun-pow fun-pow-iterates-above
iterates-above.step intro: exl[where z=0])

lemma fizp-above-the-while-option: fixp-above a = the (while-option (AA. f A #
4) fa)
proof —

obtain P where while-option (AA. f A # A) fa = Some P

using while-option-finite-increasing by blast

with while-option-stop2[OF this] fizp-above-Kleene-iter|OF chfin)

show ?thesis by fastforce
qed

lemma fizp-above-conv-while: fizp-above a = while (AA. fA # A) fa
unfolding while-def by (rule fixp-above-the-while-option)

end
end

end
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lemma bourbaki-witt-fixpoint-complete-latticel:

fixes [ :: 'a::complete-lattice = 'a

assumes A\z. 2 < fx

shows bourbaki-witt-fixpoint Sup {(z, y). x < y} f
by unfold-locales (auto simp: assms Sup-upper order-on-defs Field-def intro: refl-onl
transl antisyml Sup-least)

end

6 Division with modulus centered towards zero.

theory Centered-Division
imports Main
begin

lemma off-iff-abs-mod-2-eq-one:
<odd 1 <— |l mod 2 = 1> for [ :: int
by (simp flip: odd-iff-mod-2-eq-one)

The following specification of division on integers centers the modulus around
zero. This is useful e.g. to define division on Gauss numbers. N.b.: This is
not mentioned [2].

definition centered-divide :: «int = int = int> (infix] <cdivy 70)
where <k cdiv i = sgn 1 x ((k + |l| div 2) div |1])

definition centered-modulo :: <int = int = int> (infixl <cmod> 70)
where <k cmod | = (k + || div 2) mod |l] — |I| div 2>

Example: k ecmod 5 € {— 2, — 1,0, 1, 2}

lemma signed-take-bit-eq-cmod:
«signed-take-bit n k = k cmod (2 ~ Suc n)»
by (simp only: centered-modulo-def power-abs abs-numeral flip: take-bit-eq-mod)
(simp add: signed-take-bit-eq-take-bit-shift)

Property signed-take-bit n k = k cmod 25 ™ is the key to generalize cen-
tered division to arbitrary structures satisfying ring-bit-operations, but so
far it is not clear what practical relevance that would have.

lemma cdiv-mult-cmod-eq:
<kedivl 1+ kcmodl =k
proof —
have «: <[ x (sgn I = j) = |l| x j» for j
by (simp add: ac-simps abs-sgn)
show ?thesis
by (simp add: centered-divide-def centered-modulo-def algebra-simps *)
qed

lemma mult-cdiv-cmod-eq:
<Ix (kedivl) + kemodl =k
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using cdiv-mult-cmod-eq [of k 1] by (simp add: ac-simps)

lemma cmod-cdiv-mult-eq:
<kemod l + kcedivl+l =5
using cdiv-mult-cmod-eq [of k 1] by (simp add: ac-simps)

lemma cmod-mult-cdiv-eq:
<k emod 1 + 1% (kcdivl) =k
using cdiv-mult-cmod-eq [of k 1] by (simp add: ac-simps)

lemma minus-cdiv-mult-eq-cmod:
<k — kcdivlx1=kcmodl
by (rule add-implies-diff [symmetric]) (fact cmod-cdiv-mult-eq)

lemma minus-mult-cdiv-eq-cmod:
<k — 1 x (k cdivl) =k cmod Iy
by (rule add-implies-diff [symmetric]) (fact cmod-mult-cdiv-eq)

lemma minus-cmod-eq-cdiv-mult:
<k —kcmodl="Fkcdivl*D
by (rule add-implies-diff [symmetric]) (fact cdiv-mult-cmod-eq)

lemma minus-cmod-eq-mult-cdiv:
<k — k emod 1 = 1 * (k cdiv )
by (rule add-implies-diff [symmetric]) (fact mult-cdiv-cmod-eq)

lemma cdiv-0-eq [simp]:
<k cdiv 0 = 0>
by (simp add: centered-divide-def)

lemma cmod-0-eq [simp]:
<k cmod 0 = k»
by (simp add: centered-modulo-def)

lemma cdiv-1-eq [simp]:
<k cdiv1 =k
by (simp add: centered-divide-def)

lemma cmod-1-eq [simpl:
<k cmod 1 = 0>
by (simp add: centered-modulo-def)

lemma zero-cdiv-eq [simp):
<0 cdiv k = 0»
by (auto simp add: centered-divide-def not-less zdiv-eq-0-iff)

lemma zero-cmod-eq [simp]:
<0 cmod k = 0>
by (auto simp add: centered-modulo-def not-less zmod-trivial-iff)

61



THEORY “Centered-Division”

lemma cdiv-minus-eq:
<k cdiv — 1 = — (k cdiv 1)
by (simp add: centered-divide-def)

lemma cmod-minus-eq [simp]:
<k cmod — | = k cmod Iy
by (simp add: centered-modulo-def)

lemma cdiv-abs-eq:
<k cdiv |l| = sgn 1 = (k cdiv 1)»
by (simp add: centered-divide-def)

lemma cmod-abs-eq [simp):
<k emod |l| = k emod 1y
by (simp add: centered-modulo-def)

lemma nonzero-mult-cdiv-cancel-right:
<k xledivl=Fkif <I# 0>
proof —
have «sgn | x k % || cdivl =k
using that by (simp add: centered-divide-def)
with that show ?thesis
by (simp add: ac-simps abs-sgn)
qed

lemma cdiv-self-eq [simp):
<k cdivk = 1) if <k # 0>
using that nonzero-mult-cdiv-cancel-right [of k 1] by simp

lemma cmod-self-eq [simp]:
<k cmod k = 0>
proof —
have «(sgn k * |k| + |k| div 2) mod |k| = |k| div 2>
by (auto simp add: zmod-trivial-iff)
also have «sgn k * |k| = k»
by (simp add: abs-sgn)
finally show ?thesis
by (simp add: centered-modulo-def algebra-simps)
qed

lemma cmod-less-divisor:
<k emod 1 < |I] — |l| div 2> if <l # 0>
using that pos-mod-bound [of <|l|>] by (simp add: centered-modulo-def)

lemma cmod-less-equal-divisor:

<k emod 1 < |l] div 2> if <l # O»
proof —

from that cmod-less-divisor [of | k]
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have <k cmod | < |I] — |I| div 2>
by simp
also have «|I| — |I| div 2 = || div 2 + of-bool (odd 1)»
by auto
finally show ?thesis
by (cases <even 1)) simp-all
qed

lemma divisor-less-equal-cmod’:
U div 2 — |I| <k emod Iy if <1 # 0>
proof —
have <0 < (k + |l| div 2) mod |I|>
using that pos-mod-sign [of <|l|»] by simp
then show ?thesis
by (simp-all add: centered-modulo-def)
qed

lemma divisor-less-equal-cmod:
<— (|l div 2) < k cmod 1y if <1 # 0»
using that divisor-less-equal-cmod’ [of 1 k]
by (simp add: centered-modulo-def)
lemma abs-cmod-less-equal:
|k emod 1] < |I| div 2y if <l # 0>
using that divisor-less-equal-cmod [of | k]

by (simp add: abs-le-iff cmod-less-equal-divisor)

end

7 Order on characters
theory Char-ord
imports Main

begin

instantiation char :: linorder
begin

definition less-eq-char :: <char = char = bool»
where <cl < ¢2 <— of-char c1 < (of-char c2 :: nat)»

definition less-char :: <char = char = bool»
where <cl < ¢2 +— of-char c1 < (of-char c¢2 :: nat)»
instance

by standard (auto simp add: less-eq-char-def less-char-def)

end
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lemma less-eq-char-simp [simp, code]:
<Char b0 b1 b2 b3 b4 b5 b6 b7 < Char c0 cl ¢c2 ¢83 ¢4 ¢5 c6 c7
+— lexordp-eq [b7, b6, b5, b4, b3, b2, b1, b0] [¢7, 6, ¢5, ¢4, 3, c2, c1, O]
by (simp only: less-eq-char-def of-char-def char.sel horner-sum-less-eq-iff-lexordp-eq
list.size) simp

lemma less-char-simp [simp, code]:
<Char b0 b1 b2 b3 b4 b5 b6 b7 < Char c0 cl c2 ¢83 ¢4 c5 c6 7
+— ord-class.lexordp [b7, b6, b5, b4, b3, b2, b1, b0] [c7, cb, ¢5, ¢4, ¢3, c2,
cl, c0]
by (simp only: less-char-def of-char-def char.sel horner-sum-less-iff-lexordp list.size)
simp

instantiation char :: distrib-lattice
begin

definition «(inf :: char = -) = min)
definition «(sup :: char = -) = max>

instance
by standard (auto simp add: inf-char-def sup-char-def maz-min-distrib2)

end
code-identifier

code-module Char-ord —
(SML) Str and (OCaml) Str and (Haskell) Str and (Scala) Str

end

8 A generic phantom type

theory Phantom-Type
imports Main
begin

datatype (‘a, 'b) phantom = phantom (of-phantom: 'b)

lemma type-definition-phantom’: type-definition of-phantom phantom UNIV
by (unfold-locales) simp-all

lemma phantom-comp-of-phantom [simp]: phantom o of-phantom = id
and of-phantom-comp-phantom [simp]: of-phantom o phantom = id
by (simp-all add: o-def id-def)

syntax -Phantom :: type = logic («(<indent=1 notation=<mizfix Phantomys> Phantom/(1'(-")))>)
syntax-consts -Phantom == phantom
translations
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Phantom('t) => CONST phantom :: - = ('t, -) phantom

typed-print-translation «

let
fun phantom-tr' ctat (Type (type-name<fun>, [-, Type (type-name <phantoms,
[T, ) ts =
list-comb
(Syntaz.const syntax-const -Phantom) $ Syntaz-Phases.term-of-typ ctat
T, ts)
| phantom-tr’ - - - = raise Match;

in [(const-syntax (phantom), phantom-tr')] end
)

lemma of-phantom-inject [simpl:
of-phantom x = of-phantom y +— z =y
by(cases z y rule: phantom.ezhaust|case-product phantom.ezhaust]) simp

end

9 Cardinality of types

theory Cardinality
imports Phantom-Type
begin

9.1 Preliminary lemmas

lemma (in type-definition) univ:
UNIV = Abs ‘ A
proof
show Abs ‘' A C UNIV by (rule subset-UNIV)
show UNIV C Abs ‘ A
proof
fixz: b
have z = Abs (Rep z) by (rule Rep-inverse [symmetric])
moreover have Rep x € A by (rule Rep)
ultimately show = € Abs ‘ A by (rule image-eql)
qed
qed

lemma (in type-definition) card: card (UNIV ::'b set) = card A
by (simp add: univ card-image inj-on-def Abs-inject)

9.2 Cardinalities of types
syntax -type-card :: type => nat («(<indent=1 notation=<mizfixt CARD)> CARD/(1'(-")))»)

syntax-consts -type-card == card
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translations CARD('t) => CONST card (CONST UNIV :: 't set)

print-translation «
let
fun card-univ-tr’ ctrt [Const (const-syntax «UNIV>, Type (-, [T]))] =
Syntaz.const syntax-const-type-cardy $ Syntaz-Phases.term-of-typ ctzt T
in [(const-syntax card), card-univ-tr’)] end
)

lemma card-prod [simp]: CARD('a x 'b) = CARD('a) x CARD('D)
unfolding UNIV-Times-UNIV [symmetric] by (simp only: card-cartesian-product)

lemma card-UNIV-sum: CARD('a + 'b) = (if CARD('a) # 0 N CARD('b) # 0
then CARD('a) + CARD(’b) else 0)

unfolding UNIV-Plus-UNIV [symmetric]

by (auto simp add: card-eq-0-iff card-Plus simp del: UNIV-Plus-UNIV)

lemma card-sum [simp]: CARD('a + 'b) = CARD('a::finite) + CARD('b::finite)
by (simp add: card-UNIV-sum)

lemma card-UNIV-option: CARD('a option) = (if CARD('a) = 0 then 0 else
CARD('a) + 1)
proof —
have (None :: 'a option) ¢ range Some by clarsimp
thus ?thesis
by (simp add: UNIV-option-conv card-eq-0-iff finite-range-Some card-image)
qged

lemma card-option [simp]: CARD('a option) = Suc CARD('a::finite)
by (simp add: card-UNIV-option)

lemma card-UNIV-set: CARD('a set) = (if CARD('a) = 0 then 0 else 2 ~ CARD('a))
by (simp add: card-eq-0-iff card-Pow flip: Pow-UNIV)

lemma card-set [simp]: CARD('a set) = 2 = CARD('a::finite)
by (simp add: card-UNIV-set)

lemma card-nat [simp]: CARD(nat) = 0
by (simp add: card-eq-0-iff)

lemma card-fun: CARD('a = 'b) = (if CARD('a) # 0 N CARD('b) # 0 V
CARD(’b) = 1 then CARD('b) ~ CARD('a) else 0)
proof —
have CARD('a = 'b) = CARD('b) =~ CARD('a) if 0 < CARD('a) and 0 <
CARD('b)
proof —
from that have fina: finite (UNIV :: 'a set) and finb: finite (UNIV :: 'b set)
by (simp-all only: card-ge-0-finite)
from finite-distinct-list{OF finb] obtain bs
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where bs: set bs = (UNIV :: 'b set) and distb: distinct bs by blast
from finite-distinct-list[OF fina] obtain as
where as: set as = (UNIV :: 'a set) and dista: distinct as by blast
have cb: CARD(’b) = length bs
unfolding bs[symmetric] distinct-card[OF distb] ..
have ca: CARD('a) = length as
unfolding as[symmetric] distinct-card|OF dista) ..
let %xs = map (Ays. the o map-of (zip as ys)) (List.n-lists (length as) bs)
have UNIV = set %xs
proof (rule UNIV-eq-I)
fixf:'a="b
from as have f = the o map-of (zip as (map f as))
by (auto simp add: map-of-zip-map)
thus [ € set ?zs using bs by(auto simp add: set-n-lists)
qed
moreover have distinct ?zs unfolding distinct-map
proof (intro conjl distinct-n-lists distb inj-onl)
fix xs ys :: 'b list
assume zs: s € set (List.n-lists (length as) bs)
and ys: ys € set (List.n-lists (length as) bs)
and eq: the o map-of (zip as xs) = the o map-of (zip as ys)
from zs ys have [simp]: length xs = length as length ys = length as
by (simp-all add: length-n-lists-elem)
have map-of (zip as xs) = map-of (zip as ys)
proof
fix z
from as bs have Jy. map-of (zip as xzs) x = Some y Iy. map-of (zip as
ys) x = Some y
by (simp-all add: map-of-zip-is-Some[symmetric])
with eq show map-of (zip as xs) © = map-of (zip as ys) z
by(auto dest: fun-cong[where z=x])
qed
with dista show zs = ys by(simp add: map-of-zip-inject)
qed
hence card (set ?zs) = length ?zs by(simp only: distinct-card)
moreover have length ?zs = length bs ~ length as by (simp add: length-n-lists)
ultimately show ?thesis using cb ca by simp
qed
moreover have CARD('a = 'b) = 1 if CARD('d) = 1
proof —
from that obtain b where b: UNIV = {b :: 'b} by(auto simp add: card-Suc-eq)
have eq: UNIV = {\z :: 'a. b ::'b}
proof (rule UNIV-eq-I)
fixz:'a="b
have z y = b for y
proof —
have z y € UNIV ..
thus ?thesis unfolding b by simp
qed
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thus z € {\z. b} by(auto)
qed
show ?thesis unfolding eq by simp
qed
ultimately show ?thesis
by (auto simp del: One-nat-def)(auto simp add: card-eg-0-iff dest: finite-fun-UNIVD2
finite-fun-UNIVD1)
qed

corollary finite-UNIV-fun:
finite (UNIV :: ('a = 'b) set) +—
finite (UNIV :: 'a set) A finite (UNIV :: 'b set) V CARD(’b) = 1
(is ?lhs «— ?rhs)
proof —
have ?lhs «+— CARD('a = 'b) > 0 by(simp add: card-gt-0-iff)
also have ... «— CARD('a) > 0 AN CARD('b) > 0 vV CARD('b) = 1
by (simp add: card-fun)

also have ... = %rhs by(simp add: card-gt-0-iff)
finally show ?thesis .
qed

lemma card-literal: CARD(String.literal) = 0
by (simp add: card-eq-0-iff infinite-literal)

9.3 Classes with at least 1 and 2

Class finite already captures "at least 1"

lemma zero-less-card-finite [simp]: 0 < CARD(’a::finite)
unfolding neq0-conv [symmetric] by simp

lemma one-le-card-finite [simp]: Suc 0 < CARD('a::finite)
by (simp add: less-Suc-eg-le [symmetric])

class CARD-1 =
assumes CARD-1: CARD ('a) = 1
begin

subclass finite
proof
from CARD-1 show finite (UNIV :: 'a set)
using finite-UNIV-fun by fastforce
qed

end

Class for cardinality "at least 2"

class card2 = finite +
assumes two-le-card: 2 < CARD('a)
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lemma one-less-card: Suc 0 < CARD('a::card2)
using two-le-card [where ‘a='a] by simp

lemma one-less-int-card: 1 < int CARD('a::card2)
using one-less-card [where ‘a="'a] by simp

9.4 A type class for deciding finiteness of types
type-synonym ’a finite-UNIV = (‘a, bool) phantom

class finite-UNIV =
fixes finite-UNIV :: (‘a, bool) phantom
assumes finite-UNIV: finite-UNIV = Phantom('a) (finite (UNIV :: 'a set))

lemma finite- UNIV-code [code-unfold):

finite (UNIV :: 'a :: finite-UNIV set)

+— of-phantom (finite-UNIV :: 'a finite-UNIV')
by (simp add: finite-UNIV)

9.5 A type class for computing the cardinality of types

definition is-list-UNIV :: 'a list = bool
where is-list-UNIV zs = (let ¢ = CARD('a) in if ¢ = 0 then False else size
(remdups xs) = c)

lemma is-list-UNIV-iff: is-list-UNIV zs «— set s = UNIV
by (auto simp add: is-list-UNIV-def Let-def card-eq-0-iff List.card-set[symmetric]
dest: substlwhere P=finite, OF - finite-set] card-eq-UNIV-imp-eq-UNIV)

type-synonym ‘a card-UNIV = (a, nat) phantom

class card-UNIV = finite-UNIV +
fixes card-UNIV :: 'a card-UNIV
assumes card-UNIV: card-UNIV = Phantom('a) CARD('a)

9.6 Instantiations for card-UNIV

instantiation nat :: card-UNIV begin

definition finite-UNIV = Phantom(nat) False

definition card-UNIV = Phantom(nat) 0

instance by intro-classes (simp-all add: finite-UNIV-nat-def card-UNIV-nat-def)
end

instantiation int :: card-UNIV begin

definition finite-UNIV = Phantom(int) False

definition card-UNIV = Phantom(int) 0

instance by intro-classes (simp-all add: card-UNIV-int-def finite-UNIV-int-def)
end
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instantiation natural :: card-UNIV begin
definition finite-UNIV = Phantom(natural) False
definition card-UNIV = Phantom(natural) 0
instance
by standard
(auto simp add: finite-UNIV-natural-def card-UNIV-natural-def card-eq-0-iff
type-definition.univ [OF type-definition-natural] natural-eq-iff
dest!: finite-imageD intro: inj-onl)
end

instantiation integer :: card-UNIV begin
definition finite-UNIV = Phantom(integer) False
definition card-UNIV = Phantom(integer) 0
instance
by standard
(auto simp add: finite-UNIV-integer-def card-UNIV-integer-def card-eq-0-iff
type-definition.univ [OF type-definition-integer]
dest!: finite-imageD intro: inj-onl)
end

instantiation list :: (type) card-UNIV begin

definition finite-UNIV = Phantom(’a list) False

definition card-UNIV = Phantom('a list) 0

instance by intro-classes (simp-all add: card-UNIV-list-def finite-UNIV-list-def
infinite- UNTV-listI)

end

instantiation wunit :: card-UNIV begin

definition finite-UNIV = Phantom(unit) True

definition card-UNIV = Phantom(unit) 1

instance by intro-classes (simp-all add: card-UNIV-unit-def finite-UNIV-unit-def)
end

instantiation bool :: card-UNIV begin

definition finite-UNIV = Phantom(bool) True

definition card-UNIV = Phantom(bool) 2

instance by (intro-classes)(simp-all add: card-UNIV-bool-def finite- UNIV-bool-def)
end

instantiation char :: card-UNIV begin

definition finite-UNIV = Phantom(char) True

definition card-UNIV = Phantom(char) 256

instance by intro-classes (simp-all add: card-UNIV-char-def card-UNIV-char fi-
nite-UNIV-char-def)

end

instantiation prod :: (finite-UNIV, finite-UNIV) finite-UNIV begin
definition finite-UNIV = Phantom('a x 'b)
(of-phantom (finite-UNIV :: 'a finite-UNIV) A of-phantom (finite-UNIV :: b
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finite-UNIV))
instance by intro-classes (simp add: finite- UNIV-prod-def finite-UNIV finite-prod)
end

instantiation prod :: (card-UNIV, card-UNIV') card-UNIV begin
definition card-UNIV = Phantom(’'a x 'b)
(of-phantom (card-UNIV ::'a card-UNIV') % of-phantom (card-UNIV :: 'b card-UNIV))
instance by intro-classes (simp add: card-UNIV-prod-def card-UNIV)
end

instantiation sum :: (finite-UNIV, finite-UNIV) finite-UNIV begin
definition finite-UNIV = Phantom('a + 'b)
(of-phantom (finite-UNIV :: 'a finite-UNIV) A of-phantom (finite-UNIV :: b
finite-UNIV))
instance
by intro-classes (simp add: finite-UNIV-sum-def finite-UNIV)
end

instantiation sum :: (card-UNIV, card-UNIV') card-UNIV begin
definition card-UNIV = Phantom('a + 'b)
(let ca = of-phantom (card-UNIV :: 'a card-UNIV);
cb = of-phantom (card-UNIV :: 'b card-UNIV)
inif ca £ 0 A cb # 0 then ca + cb else 0)
instance by intro-classes (auto simp add: card-UNIV-sum-def card-UNIV card-UNIV-sum)
end

instantiation fun :: (finite-UNIV | card-UNIV) finite-UNIV begin
definition finite-UNIV = Phantom('a = 'b)

(let ¢b = of-phantom (card-UNIV :: 'b card-UNIV)

in ¢cb = 1 V of-phantom (finite-UNIV :: 'a finite-UNIV) A ¢b # 0)
instance

by intro-classes (auto simp add: finite-UNIV-fun-def Let-def card-UNIV finite-UNIV
finite-UNIV-fun card-gt-0-iff)
end

instantiation fun :: (card-UNIV, card-UNIV) card-UNIV begin
definition card-UNIV = Phantom(’a = 'b)
(let ca = of-phantom (card-UNIV :: 'a card-UNIV);
cb = of-phantom (card-UNIV ::'b card-UNIV)
inifca# 0 Ncb# 0V cb=1then cb ~ ca else 0)
instance by intro-classes (simp add: card-UNIV-fun-def card-UNIV Let-def card-fun)
end

instantiation option :: (finite-UNIV) finite-UNIV begin

definition finite-UNIV = Phantom(’a option) (of-phantom (finite-UNIV :: 'a fi-
nite-UNIV))

instance by intro-classes (simp add: finite-UNIV-option-def finite-UNIV)

end
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instantiation option :: (card-UNIV) card-UNIV begin
definition card-UNIV = Phantom('a option)

(let ¢ = of-phantom (card-UNIV :: 'a card-UNIV) in if ¢ # 0 then Suc c else 0)
instance by intro-classes (simp add: card-UNIV-option-def card-UNIV card-UNIV-option)
end

instantiation String.literal :: card-UNIV begin
definition finite-UNIV = Phantom(String.literal) False
definition card-UNIV = Phantom(String.literal) 0
instance
by intro-classes (simp-all add: card-UNIV-literal-def finite- UNIV-literal-def infi-
nite-literal card-literal)
end

instantiation set :: (finite-UNIV) finite-UNIV begin

definition finite-UNIV = Phantom('a set) (of-phantom (finite-UNIV :: 'a fi-
nite-UNIV))

instance by intro-classes (simp add: finite-UNIV-set-def finite-UNIV Finite-Set.finite-set)
end

instantiation set :: (card-UNIV) card-UNIV begin
definition card-UNIV = Phantom(’a set)

(let ¢ = of-phantom (card-UNIV :: 'a card-UNIV) in if ¢ = 0 then 0 else 2 ~ ¢)
instance by intro-classes (simp add: card-UNIV-set-def card-UNIV-set card-UNIV)
end

lemma UNIV-finite-1: UNIV = set [finite-1.a41]
by (auto intro: finite-1.exhaust)

lemma UNIV-finite-2: UNIV = set [finite-2.a1, finite-2.as)
by (auto intro: finite-2.exhaust)

lemma UNIV-finite-3: UNIV = set [finite-3.a1, finite-3.as, finite-3.as]
by (auto intro: finite-3.exhaust)

lemma UNIV-finite-4: UNIV = set [finite-4 .a1, finite-4 .aq, finite-4.as, finite-4.a4]
by (auto intro: finite-4 .exhaust)

lemma UNIV-finite-5:
UNIV = set [finite-5.a1, finite-5.az, finite-5.a3, finite-5.a4, finite-5.as]
by (auto intro: finite-5.exhaust)

instantiation Enum.finite-1 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-1) True
definition card-UNIV = Phantom(Enum.finite-1) 1
instance
by intro-classes (simp-all add: UNIV-finite-1 card- UNIV-finite-1-def finite- UNTV-finite-1-def)
end
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instantiation Enum.finite-2 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-2) True
definition card-UNIV = Phantom(Enum.finite-2) 2
instance
by intro-classes (simp-all add: UNIV-finite-2 card-UNIV-finite-2-def finite- UNIV-finite-2-def)
end

instantiation Enum.finite-3 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-8) True
definition card-UNIV = Phantom(Enum.finite-3) 3
instance
by intro-classes (simp-all add: UNIV-finite-3 card-UNIV-finite-3-def finite- UNIV-finite-3-def)
end

instantiation Fnum.finite-4 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-4) True
definition card-UNIV = Phantom(Enum.finite-4) 4
instance
by intro-classes (simp-all add: UNIV-finite-4 card-UNIV-finite-4-def finite-UNIV-finite-4-def)
end

instantiation Enum.finite-5 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-5) True
definition card-UNIV = Phantom(Enum.finite-5) 5
instance
by intro-classes (simp-all add: UNIV-finite-5 card- UNIV-finite-5-def finite- UNTV-finite-5-def)
end

end

10 Code setup for sets with cardinality type infor-
mation

theory Code-Cardinality imports Cardinality begin

Implement CARD('a) via card-UNIV-class.card-UNIV and provide im-
plementations for finite, card, (C), and (=)if the calling context already
provides finite-UNIV and card-UNIV instances. If we implemented the lat-
ter always via card-UNIV-class.card-UNIV, we would require instances of
essentially all element types, i.e., a lot of instantiation proofs and — at run
time — possibly slow dictionary constructions.

context
begin

qualified definition card-UNIV' :: 'a card-UNIV
where [code del]: card-UNIV' = Phantom(’a) CARD('a)

lemma CARD-code [code-unfold):
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CARD('a) = of-phantom (card-UNIV' :: 'a card-UNIV)
by (simp add: card-UNIV'-def)

lemma card-UNIV'-code [code]:
card-UNIV' = card-UNIV
by (simp add: card-UNIV card-UNIV'-def)

end

lemma card-Compl:
finite A = card (— A) = card (UNIV :: 'a set) — card (A :: 'a set)
by (metis Compl-eq-Diff-UNIV card-Diff-subset top-greatest)

context fixes zs :: ‘a :: finite-UNIV list
begin

qualified definition finite’ :: ‘a set = bool
where [simp, code del, code-abbrev]: finite’ = finite

lemma finite’-code [code]:

finite’ (set xs) «— True

finite’ (List.coset xs) +— of-phantom (finite-UNIV :: 'a finite-UNIV)
by (simp-all add: card-gt-0-iff finite-UNIV)

end

context fixes zs :: 'a :: card-UNIV list
begin

qualified definition card’ :: ‘a set = nat
where [simp, code del, code-abbrev]: card’ = card

lemma card’-code [codel:

card’ (set zs) = length (remdups xs)

card’ (List.coset xs) = of-phantom (card-UNIV :: 'a card-UNIV') — length (remdups
xs)
by (simp-all add: List.card-set card-Compl card-UNIV)

qualified definition subset’ :: 'a set = 'a set = bool
where [simp, code del, code-abbrev]: subset’ = (C)

lemma subset’-code [code]:

subset’” A (List.coset ys) «— (Vy € set ys. y ¢ A)

subset’ (set ys) B «— (Vy € set ys. y € B)

subset’ (List.coset xs) (set ys) «— (let n = CARD('a) in n > 0 A card(set (zs
Q ys)) = n)
by(auto simp add: Let-def card-gt-0-iff dest: card-eq-UNIV-imp-eq-UNIV intro:
arg-cong|where f=card])
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(metis finite-compl finite-set rev-finite-subset)

qualified definition eg-set :: 'a set = 'a set = bool
where [simp, code del, code-abbrev]: eq-set = (=)

lemma eg-set-code [code]:
fixes ys
defines rhs =
let n = CARD('a)
in if n = 0 then False else
let s’ = remdups zs; ys' = remdups ys
in length zs’ + length ys' = n A (Vo € set zs’. x ¢ set ys') A (Vy € set ys'.
y ¢ set zs’)
shows eg-set (List.coset xs) (set ys) <— rhs
and eg-set (set ys) (List.coset xs) +— rhs
and eg-set (set xs) (set ys) +— (Vx € set zs. € set ys) N (Vy € set ys. y €
set xs)
and eg-set (List.coset xs) (List.coset ys) «— (Vz € set zs. x € set ys) N (Vy €
set ys. y € set xs)
proof goal-cases
{
case I
show ?case (is ?lhs +— ?rhs)
proof
show ?rhs if ?lhs
using that
by (auto simp add: rhs-def Let-def List.card-set[symmetric]
card-Un-Int[where A=set zs and B=— set zs| card-UNIV
Compl-partition card-gt-0-iff dest: sym)(metis finite-compl finite-set)
show ?lhs if ?rhs
proof —
have [ Vy€cset xs. y & set ys; VaEset ys. © ¢ set xs | = set xs N set ys =
{} by blast
with that show ?thesis
by (auto simp add: rhs-def Let-def List.card-set[symmetric|
card-UNIV card-gt-0-iff card-Un-Int[where A=set xs and B=set ys]
dest: card-eq-UNIV-imp-eq-UNIV split: if-split-asm)
qed
qed
}
moreover
case 2
ultimately show ?case unfolding eq-set-def by blast
next
case 3
show ?case unfolding eq-set-def List.coset-def by blast
next
case 4
show ?case unfolding eg-set-def List.coset-def by blast
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qed

end

Provide more informative exceptions than Match for non-rewritten cases.
If generated code raises one these exceptions, then a code equation calls the
mentioned operator for an element type that is not an instance of card-UNIV
and is therefore not implemented via card-UNIV-class.card-UNIV. Constrain
the element type with sort card-UNIV to change this.

lemma card-coset-error [code]:
card (List.coset zs) =
Code.abort (STR "card (List.coset -) requires type class instance card-UNIV'")
(A-. card (List.coset xs))

by (simp)

lemma coset-subseteq-set-code [code]:
List.coset xs C set ys <—
(if zs =[] A ys =[] then False
else Code.abort
(STR "'subset-eq (List.coset -) (List.set -) requires type class instance card-UNIV")
(A-. List.coset xs C set ys))
by simp

notepad begin — test code setup
have List.coset [True] = set [False] A
List.coset [| C List.set [True, False] A
finite (List.coset [Truel)
by eval

end

end

11 Eliminating pattern matches

theory Case-Converter
imports Main
begin

definition missing-pattern-match :: String.literal = (unit = 'a) = 'a where
[code del]: missing-pattern-match m f = f ()

lemma missing-pattern-match-cong [congl:
m = m' = missing-pattern-match m f = missing-pattern-match m' f
by (rule arg-cong)

lemma missing-pattern-match-code [code-unfold):
missing-pattern-match = Code.abort
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unfolding missing-pattern-match-def Code.abort-def ..
ML-file <case-converter.ML»

end

12 Lazy types in generated code

theory Code-Lazy
imports Case-Converter
keywords
code-lazy-type
activate-lazy-type
deactivate-lazy-type
activate-lazy-types
deactivate-lazy-types
print-lazy-types :: thy-decl
begin

This theory and the CodeLazy tool described in [3].

It hooks into Isabelle’s code generator such that the generated code eval-
uates a user-specified set of type constructors lazily, even in target languages
with eager evaluation. The lazy type must be algebraic, i.e., values must be
built from constructors and a corresponding case operator decomposes them.
Every datatype and codatatype is algebraic and thus eligible for lazification.

12.1 The type lazy

typedef ‘a lazy = UNIV :: 'a set ..

setup-lifting type-definition-lazy

lift-definition delay :: (unit = 'a) = ‘a lazy is Mf. f () .
lift-definition force :: 'a lazy = 'a is A\z. .

code-datatype delay
lemma force-delay [codel: force (delay f) = f () by transfer (rule refl)
lemma delay-force: delay (A-. force s) = s by transfer (rule refl)

definition termify-lazy2 :: 'a :: typerep lazy = term
where termify-lazy2 © =
Code-Evaluation. App (Code-Evaluation. Const (STR ""Code-Lazy.delay’) (TYPEREP ((unit
= 'a) = 'a lazy)))
(Code-Evaluation.Const (STR "'Pure.dummy-pattern’’) (TYPEREP((unit =
'a))))

definition termify-lazy ::
(String.literal = "typerep = "term) =
(term = term = 'term) =
(String.literal = 'typerep = "term = 'term) =
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"typerep = ("typerep = 'typerep = 'typerep) = ("typerep = 'typerep) =
('a = 'term) = 'typerep = 'a :: typerep lazy = "term = term
where termify-lazy - - - - - - - - x - = termify-lazy2 x

declare [[code drop: Code-Evaluation.term-of :: - lazy = -]

lemma term-of-lazy-code [code]:
Code-Evaluation.term-of x =
termify-lazy
Code-Evaluation. Const Code-Evaluation.App Code-Evaluation.Abs
TYPEREP(unit) (AT U. typerep. Typerep (STR "'fun’) [T, U]) (AT. type-
rep. Typerep (STR ''Code-Lazy.lazy') [T])
Code-Evaluation.term-of TYPEREP('a) x (Code-Evaluation.Const (STR """
(TYPEREP (unit)))
for z :: 'a :: {typerep, term-of } lazy
by (rule term-of-anything)

The implementations of - lazy using language primitives cache forced
values.

Term reconstruction for lazy looks into the lazy value and reconstructs
it to the depth it has been evaluated. This is not done for Haskell as we
do not know of any portable way to inspect whether a lazy value has been
evaluated to or not.

code-printing code-module Lazy — (SML)
<signature LAZY =
sig
type 'a lazy;
val lazy = (unit —> 'a) —> 'a lazy;
val force : 'a lazy —> 'a;
val peek : 'a lazy —> 'a option
val termify-lazy :
(string —> "typerep —> 'term) —>
("term —> "term —> 'term) —>
(string —> "typerep —> 'term —> 'term) —>
"typerep —> ("typerep —> "typerep —> "typerep) —> ('typerep —> 'typerep) —>
('a —=> 'term) —> 'typerep —> 'a lazy —> 'term —> 'term;
end,

structure Lazy : LAZY =
struct

datatype 'a content =
Delay of unit —> 'a

| Value of 'a

| Exn of exn;

datatype 'a lazy = Lazy of 'a content ref;

fun lazy f = Lazy (ref (Delay f));
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fun force (Lazy z) = case lx of
Delay f => (
let val res = f (); val - = z := Value res; in res end
handle exn => (z := FEzrn exn; raise exn))
| Value v =>
| Exn exn => raise exn;

fun peek (Lazy z) = case z of
Value x => SOME z
| - => NONE;

fun termify-lazy const app abs unitT funT lazyT term-of T x - =
app (const Code-Lazy.delay (funT (funT unitT T) (lazyT T)))
(case peek x of SOME y => abs - unitT (term-of y)
| - => const Pure.dummy-pattern (funT unitT T));

end;» for type-constructor lazy constant delay force termify-lazy
| type-constructor lazy — (SML) - Lazy.lazy

| constant delay — (SML) Lazy.lazy

| constant force — (SML) Lazy.force

| constant termify-lazy — (SML) Lazy.termify’-lazy

code-reserved (SML) Lazy

code-printing — For code generation within the Isabelle environment, we reuse
the thread-safe implementation of lazy from ~~/src/Pure/Concurrent/lazy.ML
code-module Lazy — (Fwval) «» for constant undefined
| type-constructor lazy — (Eval) - Lazy.lazy
| constant delay — (Ewval) Lazy.lazy
| constant force — (Ewal) Lazy.force
| code-module Termify-Lazy — (Eval)
«structure Termify-Lazy = struct
fun termify-lazy
(-1 string —> typ —> term) (- term —> term —> term) (-: string —> typ —>
term —> term,)
(= typ) (= typ —> typ —> typ) (= typ —> typ)
(term-of: 'a —> term) (T: typ) (z: 'a Lazy.lazy) (-: term) =
Const (Code-Lazy.delay, (HOLogic.unitT ——> T) ——> Type (Code-Lazy.lazy,
7)) 8
(case Lazy.peek © of
SOME (Ezn.Res ©) => absdummy HOLogic.unitT (term-of x)
| - => Const (Pure.dummy-pattern, HOLogic.unitT ——> T));
end;y for constant termify-lazy
| constant termify-lazy — (Eval) Termify’-Lazy.termify’-lazy

code-reserved (Eval) Termify-Lazy

code-printing
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type-constructor lazy — (OCaml) - Lazy.t
| constant delay — (OCaml) Lazy.from'-fun
| constant force — (OCaml) Lazy.force
| code-module Termify-Lazy — (OCaml)
<module Termify-Lazy : sig
val termify-lazy :
(string —> "typerep —> 'term) —>
(term —> "term —> 'term) —>
(string —> "typerep —> 'term —> 'term) —>
"typerep —> ("typerep —> 'typerep —> 'typerep) —> (typerep —> 'typerep) —>
('a —> "term) —> "typerep —> 'a Lazy.t —> 'term —> 'term
end = struct

let termify-lazy const app abs unitT funT lazyT term-of ty x - =
app (const Code-Lazy.delay (funT (funT unitT ty) (lazyT ty)))
(if Lazy.is-val x then abs - unitT (term-of (Lazy.force x))
else const Pure.dummy-pattern (funT unitT ty));;

end;;» for constant termify-lazy
| constant termify-lazy — (OCaml) Termify’-Lazy.termify’-lazy

code-reserved (OCaml) Lazy Termify-Lazy

code-printing
code-module Lazy — (Haskell) «
module Lazy(Lazy, delay, force) where

newtype Lazy a = Lazy a

delay f = Lazy (f ())

force (Lazy xz) = x> for type-constructor lazy constant delay force
| type-constructor lazy — (Haskell) Lazy.Lazy -

| constant delay — (Haskell) Lazy.delay

| constant force — (Haskell) Lazy.force

code-reserved (Haskell) Lazy

code-printing
code-module Lazy — (Scala)
<object Lazy {
final class Lazy[A] (f: Unit => A) {
var evaluated = false;

lazy val z: A = f(())

def get() : A ={
evaluated = true;
return x

}
}
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def force[A] (x: Lazy[A]) : A = {

return z.get()

def delay[A] (f: Unit => A) : Lazy[A] = {
return new Lazy[A] (f)

}

def termify-lazy| Typerep, Term, A] (
const: String => Typerep => Term,
app: Term => Term => Term,
abs: String => Typerep => Term => Term,
unitT: Typerep,
funT: Typerep => Typerep => Typerep,
lazyT: Typerep => Typerep,
term-of: A => Term,
ty: Typerep,
z: Lazy|A],
dummy: Term) : Term = {
z.evaluated match {
case true => app(const( Code-Lazy.delay)(funT (fun T (unitT)(ty))(lazy T (ty))))(abs(-)(unitT)(term-of (z.ge
case false => app(const( Code-Lazy.delay)(funT (funT (unitT)(ty))(lazy T (ty))))(const( Pure. dummy-patterr

}
}

b for type-constructor lazy constant delay force termify-lazy
| type-constructor lazy — (Scala) Lazy.Lazy[-]

| constant delay — (Scala) Lazy.delay

| constant force — (Scala) Lazy.force

| constant termify-lazy — (Scala) Lazy.termify’-lazy

code-reserved (Scala) Lazy
Make evaluation with the simplifier respect delays.
lemma delay-lazy-cong: delay f = delay f by simp
setup <Code-Simp.map-ss (Simplifier.add-cong Q{thm delay-lazy-cong})>
12.2 Implementation
ML-file <code-lazy.ML»

setup <«
Code-Preproc.add-functrans (lazy-datatype, Code-Lazy.transform-code-eqs)

>

end
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13 Test infrastructure for the code generator

theory Code-Test
imports Main

keywords test-code :: diag
begin

13.1 YXML encoding for term
datatype (plugins del: code size quickcheck) yxml-of-term = YXML

lemma yot-anything: © = (y :: yrml-of-term)
by(cases z y rule: yzml-of-term.ezhaust|case-product yzml-of-term.exhaust])(simp)

definition yot-empty :: yzml-of-term where [code del]: yot-empty = YXML
definition yot-literal :: String.literal = yxml-of-term
where [code del]: yot-literal - = YXML
definition yot-append :: yzml-of-term = yxml-of-term = yxml-of-term
where [code del]: yot-append - - = YXML
definition yot-concat :: yxml-of-term list = yxml-of-term
where [code del]: yot-concat - = YXML

Serialise yxml-of-term to native string of target language

code-printing type-constructor yzrml-of-term
— (SML) string

and (OCaml) string

and (Haskell) String

and (Scala) String

constant yot-empty

—~ (SML)

and (OCaml)

and (Haskell)

and (Scala)

constant yot-literal

—~ (SML) -

and (OCaml) -

and (Haskell) -

and (Scala) -

constant yot-append

— (SML) String.concat [(-), (-)]
and (OCaml) String.concat [(-); (-)]
and (Haskell) infixr 5§ ++
and (Scala) infixl 5 +
constant yot-concat

— (SML) String.concat

and (OCaml) String.concat
and (Haskell) Prelude.concat
and (Scala) -.mkString()

Stripped-down implementations of Isabelle’s XML tree with YXML en-
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coding as defined in ~~/src/Pure/PIDE/xml.ML, ~~/src/Pure/PIDE/yxml.ML
sufficient to encode term as in ~~/src/Pure/term_xml.ML.

datatype (plugins del: code size quickcheck) xml-tree = XML-Tree

lemma zml-tree-anything: © = (y :: xml-tree)
by (cases z y rule: zml-tree.exhaust|case-product zml-tree.exhaust])(simp)

context begin
local-setup «Local- Theory.map-background-naming (Name-Space.mandatory-path
aml)

type-synonym attributes = (String.literal x String.literal) list
type-synonym body = zml-tree list

definition FElem :: String.literal = attributes = xml-tree list = xml-tree
where [code del]: Elem - - - = XML-Tree

definition Text :: String.literal = xml-tree
where [code del]: Text - = XML-Tree

definition node :: xml-tree list = xml-tree
where node ts = Elem (STR ") [] ts

definition tagged :: String.literal = String.literal option = xml-tree list = xml-tree
where tagged tag © ts = Elem tag (case z of None =[] | Some ' = [(STR 0",

z')]) ts
definition list where list f s = map (node o f) xs

definition X :: yzml-of-term where X = yot-literal (STR 0x05)
definition Y :: yxmi-of-term where Y = yot-literal (STR 0z06)
definition XY :: yzml-of-term where XY = yot-append X Y
definition XYX :: yxml-of-term where XYX = yot-append XY X

end
code-datatype xml.Elem xml. Text

definition yxml-string-of-xml-tree :: xml-tree = yrml-of-term = yxml-of-term
where [code del]: yxml-string-of-xml-tree - - = YXML

lemma yxml-string-of-zml-tree-code [code]:
yzml-string-of-rml-tree (zml.Elem name atts ts) rest =
yot-append aml. XY (
yot-append (yot-literal name) (
foldr (M (a, x) rest.
yot-append xml. Y (
yot-append (yot-literal a) (
yot-append (yot-literal (STR "'="")) (
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yot-append (yot-literal x) rest)))) atts (
foldr yzml-string-of-xmi-tree ts (
yot-append xml. XYX rest))))
yzml-string-of-rml-tree (xml. Text s) rest = yot-append (yot-literal s) rest
by (rule yot-anything)+

definition yxml-string-of-body :: zml.body = yxml-of-term
where yxml-string-of-body ts = foldr yzml-string-of-zml-tree ts yot-empty

Encoding term into XML trees as defined in ~~/src/Pure/term_xml.ML.

definition zml-of-typ :: Typerep.typerep = xml.body
where [code del|: zml-of-typ - = [XML-Tree]

definition zml-of-term :: Code-FEvaluation.term = xml.body
where [code del]: xml-of-term - = [ XML-Tree]

lemma zml-of-typ-code [code]:

aml-of-typ (typerep. Typerep t args) = [zml.tagged (STR "0") (Some t) (xml.list
xml-of-typ args)]
by (simp add: xml-of-typ-def xml-tree-anything)

lemma zml-of-term-code [codel:

xzml-of-term (Code-Evaluation.Const = ty) = [zml.tagged (STR "'0") (Some z)
(zml-of-typ ty)]

axml-of-term (Code-Fvaluation. App t1 t2) = [zml.tagged (STR "'5'") None [zxml.node
(zml-of-term t1), xml.node (xml-of-term t2)]]

azml-of-term (Code-Evaluation.Abs z ty t) = [zml.tagged (STR "4') (Some x)
[zml.node (zml-of-typ ty), zml.node (zml-of-term t)]]

— FIXME: Code-FEvaluation. Free is used only in HOL. Quickcheck-Narrowing to
represent uninstantiated parameters in constructors. Here, we always translate
them to Free variables.

zml-of-term (Code-Evaluation.Free x ty) = [zml.tagged (STR "'1"") (Some x)
(zml-of-typ ty)]
by (simp-all add: xml-of-term-def zml-tree-anything)

definition yxml-string-of-term :: Code-Evaluation.term = yxml-of-term
where yxml-string-of-term = yrml-string-of-body o xml-of-term

13.2 Test engine and drivers

ML-file <code-test.ML»

end
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14 A combinator to build partial equivalence re-
lations from a predicate and an equivalence re-
lation

theory Combine-PER
imports Main
begin

unbundle lattice-syntax

definition combine-per :: ('a = bool) = (‘a = 'a = bool) = 'a = 'a = bool
where combine-per PR = (Axy. Pz A Py) MR

lemma combine-per-simp [simp):
combine-per PR xy +— Pz AN Py Az = yfor R (infixl <x) 50)
by (simp add: combine-per-def)

lemma combine-per-top [simp|: combine-per T R = R

by (simp add: fun-eq-iff)

lemma combine-per-eq [simp]: combine-per P HOL.eq = HOL.eq N (Az y. P z)
by (auto simp add: fun-eq-iff)

lemma symp-combine-per: symp R = symp (combine-per P R)
by (auto simp add: symp-def sym-def combine-per-def)

lemma transp-combine-per: transp R = transp (combine-per P R)
by (auto simp add: transp-def trans-def combine-per-def)

lemma combine-perl: P x =—> P y = a =~ y = combine-per P R xz y for R
(infix]l = 50)
by (simp add: combine-per-def)

lemma symp-combine-per-symp: symp R = symp (combine-per P R)
by (auto introl: sympl elim: sympE)

lemma transp-combine-per-transp: transp R = transp (combine-per P R)
by (auto intro!: transpl elim: transpE)

lemma equivp-combine-per-part-equivp [intro?):
fixes R (infixl <= 50)
assumes Jz. P z and equivp R
shows part-equivp (combine-per P R)
proof —
from «3z. P x> obtain x where P z ..
moreover from <equivp R> have z =~ x
by (rule equivp-refip)
ultimately have 3z. Pz A z =~ ¢
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by blast
with <(equivp R)> show ?thesis
by (auto intro!: part-equivpl symp-combine-per-symp transp-combine-per-transp
elim: equivpE)
qed

end

15 Formalisation of chain-complete partial orders,
continuity and admissibility

theory Complete-Partial-Order2
imports Main
begin

unbundle lattice-syntax

lemma chain-transfer [transfer-rule]:

includes lifting-syntax

shows ((A ===> A ===> (=)) ===> rel-set A ===> (=)) Complete-Partial-Order.chain
Complete-Partial-Order.chain

unfolding chain-def[abs-def] by transfer-prover

lemma linorder-chain [simp, introl]:
fixes Y :: - :: linorder set
shows Complete-Partial-Order.chain (<) Y
by (auto intro: chainl)

lemma fun-lub-apply: A\Sup. fun-lub Sup Y z = Sup ((Mf. fz) °Y)
by (simp add: fun-lub-def image-def)

lemma fun-lub-empty [simp]: fun-lub lub {} = (A-. lub {})
by (rule ext)(simp add: fun-lub-apply)

lemma chain-fun-ordD:
assumes Complete-Partial-Order.chain (fun-ord le) Y
shows Complete-Partial-Order.chain le (Af. fz) ¢ Y)
by (rule chainl)(auto dest: chainD[OF assms] simp add: fun-ord-def)

lemma chain-Diff:
Complete-Partial-Order.chain ord A
= Complete-Partial-Order.chain ord (A — B)
by (erule chain-subset) blast

lemma chain-rel-prodD1:
Complete-Partial-Order.chain (rel-prod orda ordb) Y
= Complete-Partial-Order.chain orda (fst < Y)
by(auto 4 3 simp add: chain-def)
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lemma chain-rel-prodD2:
Complete-Partial-Order.chain (rel-prod orda ordb) Y
= Complete-Partial-Order.chain ordb (snd ‘Y)
by (auto 4 3 simp add: chain-def)

context ccpo begin

lemma ccpo-fun: class.ccpo (fun-lub Sup) (fun-ord (<)) (mk-less (fun-ord (<)))
by standard (auto 4 8 simp add: mk-less-def fun-ord-def fun-lub-apply
intro: order.trans order.antisym chain-imagel ccpo-Sup-upper ccpo-Sup-least)

lemma ccpo-Sup-below-iff: Complete-Partial-Order.chain (<) V¥ = Sup YV < z
+— (VyeY. y < x)
by (meson local.ccpo-Sup-least local.cepo-Sup-upper local.dual-order.trans)

lemma Sup-minus-bot:
assumes chain: Complete-Partial-Order.chain (<) A
shows | | (4 — {[I{}}) = A
(is 2lhs = ?rhs)
proof (rule order.antisym)
show ?lhs < ?rhs
by (blast intro: ccpo-Sup-least chain-Diff [OF chain] ccpo-Sup-upper|OF chain])
show 2rhs < ?lhs
proof (rule ccpo-Sup-least [OF chain])
show z €¢ A = z < ?lhs for z
by (cases x = | |{})
(blast intro: ccpo-Sup-least chain-empty ccpo-Sup-upper[OF chain-Diff [ OF
chain]])+
qed
qed

lemma mono-lub:
fixes le-b (infix «C) 60)
assumes chain: Complete-Partial-Order.chain (fun-ord (<)) Y
and mono: A\f. f € Y = monotone le-b (<) f
shows monotone (C) (<) (fun-lub Sup Y)
proof(rule monotonel)
fix x y
assume z C y

have chain': Az. Complete-Partial-Order.chain (<) (Mf. fz) °Y)
using chain by (rule chain-imagel)(simp add: fun-ord-def)
then show fun-lub Sup Y z < fun-lub Sup Y y unfolding fun-lub-apply
proof(rule ccpo-Sup-least)
fix z’
assume z' € (Af. fz) ‘Y
then obtain f where f € Yz’ = fz by blast
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note <z’ = f x> also
from <f € Y» <z C y have fz < fy by(blast dest: mono monotoneD)
also have ... <[ |((Af. fy) °Y) using chain”
by (rule ccpo-Sup-upper)(simp add: <f € Y>)
finally show z' < | |((Mf. fy) ¢ Y).
qed
qed

context

fixes le-b (infix <C» 60) and Y f

assumes chain: Complete-Partial-Order.chain le-b Y

and monol: A\y. y € Y = monotone le-b (<) (Az. fz y)

and mono2: Az ab.[z€ Y;aCl baceY;beY ]| = fza<fzb
begin

lemma Sup-mono:
assumes le: z C yand 2:z € YVand y: y € ¥V
shows | |[(fz ‘YY) <||(fy ‘Y) (is - < %?rhs)
proof(rule ccpo-Sup-least)
from chain show chain’: Complete-Partial-Order.chain (<) (fz ¢ Y) when z €
Y for z
by (rule chain-imagel) (insert that, auto dest: mono?2)

fix z’
assume z’' € fz ‘Y
then obtain y’ where y’ € Y 2/ = fz y’' by blast note this(2)
also from monol[OF <y’ € Y>] le have ... < fy y’ by(rule monotoneD)
also have ... < ?rhs using chain’[OF y]
by (auto intro!: ccpo-Sup-upper simp add: <y’ € Y»)
finally show z’ < %rhs .
qed(rule x)

lemma diag-Sup: | |((Az. | [(fz ‘Y)) ‘Y)=|((Az. fzx) °Y) (is ?lhs = ?rhs)
proof (rule order.antisym)
have chain1: Complete-Partial-Order.chain (<) ((Az. || (fz ¢ Y)) ° Y)
using chain by(rule chain-imagel)(rule Sup-mono)
have chain2: N\y'. y' € Y = Complete-Partial-Order.chain (<) (fy’ ‘' Y) using
chain
by (rule chain-imagel)(auto dest: mono2)
have chain3: Complete-Partial-Order.chain (<) ((A\z. fzz) ©Y)
using chain by(rule chain-imagel)(auto intro: monotoneD[OF monol] mono2
order.trans)

show ?lhs < ?rhs using chainl
proof(rule ccpo-Sup-least)
fix z’
assume z' € (\z. | |[(fz ‘Y)) ‘Y
then obtain y’ where y' € Yz' = | |(fy’ ‘' Y) by blast note this(2)
also have ... < ?rhs using chain2[OF <y’ € V)]
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proof (rule ccpo-Sup-least)
fix z
assume z € fy' ‘Y
then obtain y where y € Y and z: z = fy’ y by blast
define y” where y"' = (if y C y' then y' else y)
from chain <y € Y» <y’ € Y» have y C y' V y' C y by(rule chainD)
hence fy'y < fy" y" using <y € V> <y’ € V>
by (auto simp add: y'’-def intro: mono2 monotoneD[OF monol])
also from «y € Y» <y’ € Y» have y"’ € Y by(simp add: y"'-def)
from chain3 have fy” y" < %rhs by(rule ccpo-Sup-upper)(simp add: <y'’ €

Ys)
finally show z < ?rhs by(simp add: x)
qed
finally show z’ < ?rhs .
qed

show ?rhs < ?lhs using chaind
proof(rule ccpo-Sup-least)
fix y
assume y € (A\z. fzz) ‘Y
then obtain z where z € Y and y = f z = by blast
then show y < ?lhs
by (metis (no-types, lifting) chainl chain?2 imagel ccpo-Sup-upper order.trans)
qed
qed

end

lemma Sup-image-mono-le:
fixes le-b (infix <C» 60) and Sup-b (<\\/»)
assumes ccpo: class.ccpo Sup-b (C) t-b
assumes chain: Complete-Partial-Order.chain (C) Y
and mono: Az y. [z Cy;2e€ Y] = fz<fy
shows Sup (f * V) < 1 (VY)

proof(rule ccpo-Sup-least)
show Complete-Partial-Order.chain (<) (f ¢ Y)

using chain by(rule chain-imagel)(rule mono)

fix z
assume z € f ‘Y
then obtain y where y € Y and z = f y by blast note this(2)
also have y C \/Y using ccpo chain <y € Y» by(rule ccpo.ccpo-Sup-upper)
hence fy < f (VYY) using <y € Y by(rule mono)
finally show z < ... .
qed

lemma swap-Sup:
fixes le-b (infix (C) 60)
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assumes Y: Complete-Partial-Order.chain (C) Y
and Z: Complete-Partial-Order.chain (fun-ord (<)) Z
and mono: N\f. f € Z = monotone (C) (<) f

shows | |((Az. ||(z *Y)) * Z2) = U ((Az. LI((M. fz) “2)) " Y)
(is ?lhs = %rhs)
proof(cases Y = {})
case True
then show ?thesis
by (simp add: image-constant-conv cong del: SUP-cong-simp)
next
case Fulse
have chaini: N\f. f € Z = Complete-Partial-Order.chain (<) (f ¢ Y)
by (rule chain-imagel[OF Y1)(rule monotoneD[OF mono))
have chain2: Complete-Partial-Order.chain (<) ((Az. | |(z ¢ Y)) ¢ Z) using Z
proof(rule chain-imagel)
fix fg
assume f € Z g€ Z
and fun-ord (<) fg
from chainl[OF «f € Z>] show | |(f‘Y) <|](g ‘ Y)
proof (rule ccpo-Sup-least)
fix z
assume z € f ° Y
then obtain y where y € Y z = fy by blast note this(2)
also have ... < g y using <fun-ord (<) f ¢» by(simp add: fun-ord-def)
also have ... < ||(g ‘Y) using chainl [OF <g € 7))
by (rule ccpo-Sup-upper)(simp add: <y € Y»)
finally show z < | |(¢ ‘ Y) .
qed
qed
have chain3: \z. Complete-Partial-Order.chain (<) (M. fz) ‘ Z)
using Z by(rule chain-imagel )(simp add: fun-ord-def)
have chaing: Complete-Partial-Order.chain (<) ((Az. || ((Af. fz) *Z)) °Y)
using Y
proof(rule chain-imagel)
fix fzuy
assume z C y
show | |[((Af. fz) “Z) <LU((Nf. fy) © Z) (is - < ?rhs) using chain3
proof (rule ccpo-Sup-least)
fix z’
assume z' € (A\f. fz) ‘ Z
then obtain f where f € Z 2’ = f z by blast
then show z’ < ?rhs
by (metis (mono-tags, lifting) <x C y» chaind imagel ccpo-Sup-upper
order-trans mono monotoneD)
qed
qed

from chain2 have ?2lhs < ?rhs
proof(rule ccpo-Sup-least)
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fix z
assume z € (Az. | |(z ‘' Y)) ‘ Z
then obtain f where f € Zz = | |(f ‘' Y) by blast note this(2)
also have ... < ?rhs using chainl[OF «f € 7))
proof (rule ccpo-Sup-least)
fix z’
assume z' € f ‘Y
then obtain y where y € Y 2’ = fy by blast
then show z’ < ?rhs
by (metis (mono-tags, lifting) <f € Z> chaind chaing imagel local.ccpo-Sup-upper
order.trans)
qed
finally show z < ?rhs .
qed
moreover
have ?rhs < ?lhs using chain
proof(rule ccpo-Sup-least)
fix z
assume z € (Az. | J((Mf. fz) °2)) ‘Y
then obtain y where y € Yz = | |((Af. fy) ‘ Z) by blast note this(2)
also have ... < ?lhs using chaind
proof (rule ccpo-Sup-least)
fix z’
assume z' € (\f. fy) ‘ Z
then obtain f where f € Z 2/ = fy by blast
then show z’ < ?2lhs
by (metis (mono-tags, lifting) <y € Y> ccpo-Sup-below-iff chainl chain2
imagel
cepo-Sup-upper)
qed
finally show z < ?lhs .
qed
ultimately show ?lhs = %rhs
by (rule order.antisym)
qed

lemma fixp-mono:
assumes fg: fun-ord (<) fg
and f: monotone (<) (<) f
and g: monotone (<) (<) g
shows ccpo-class.fixp f
unfolding fixp-def
proof(rule ccpo-Sup-least)
fix z
assume z € ccpo-class.iterates f
thus z < | | cepo-class.iterates g
proof induction
case (step x)
from f step.IH have fx < f (|| ccpo-class.iterates g) by(rule monotoneD)

< cepo-class.fizp g
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also have ... < g (| ] cepo-class.iterates g) using fg by(simp add: fun-ord-def)
also have ... = | | ecpo-class.iterates g by(fold fixp-def fixp-unfold[OF g]) simp
finally show ?case .
qed(blast intro: ccpo-Sup-least)
qged(rule chain-iterates|OF f])

context fixes ordb :: 'b = 'b = bool (infix <C» 60) begin

lemma iterates-mono:
assumes f: f € ccpo.iterates (fun-lub Sup) (fun-ord (<)) F
and mono: Af. monotone (C) (<) f = monotone (C) (<) (F f)
shows monotone (C) (<) f
using f
by (induction rule: ccpo.iterates.induct[OF ccpo-fun, consumes 1])(blast intro:
mono mono-lub)+

lemma fizp-preserves-mono:
assumes mono: \z. monotone (fun-ord (<)) (<) (Mf. F fz)
and mono2: A\f. monotone (C) (<) f = monotone (C) (<) (F f)
shows monotone (C) (<) (cepo.fixp (fun-lub Sup) (fun-ord (<)) F)
(is monotone - - ?fizp)
proof(rule monotonel)
have mono: monotone (fun-ord (<)) (fun-ord (<)) F
by (rule monotonel)(auto simp add: fun-ord-def intro: monotoneD[OF mono))
let Ziter = ccpo.iterates (fun-lub Sup) (fun-ord (<)) F
have chain: Az. Complete-Partial-Order.chain (<) ((Af. fx) ¢ %iter)
by (rule chain-imagel[OF ccpo.chain-iterates|OF ccpo-fun mono)])(simp add:
fun-ord-def)
fix x y
assume z C y
have (| |fe¥iter. fz) < (|| f€%ter. fy)
using chain
proof(rule ccpo-Sup-least)
fix «’
assume z’ € (Af. fx) ¢ Ziter
then obtain f where f: f € ?iter ' = f z by blast
then have foz < fy
by (metis <z T g iterates-mono mono2 monotoneD)
also have fy < | |((Af. fy) ¢ %iter)
using chain f local.ccpo-Sup-upper by auto
finally show z’/ < ...
using f(2) by blast
qed
then show ?fizp = < ?fixp y
unfolding ccpo.fixp-def[OF ccpo-fun] fun-lub-apply .
qed

end
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end

lemma monotone2monotone:
assumes 2: Ax. monotone ordb orde (Ay. fz y)
and ¢: monotone orda ordb (Az. t )
and 1: A\y. monotone orda ordc (Az. f z y)
and trans: transp ordc
shows monotone orda ordc (Az. fx (t x))
using assms unfolding monotone-on-def by (metis UNIV-I transpE)

15.1 Continuity

definition cont :: ('a set = ‘a) = (Ya = 'a = bool) = (b set = 'b) = ('b="b
= bool) = (‘a = 'b) = bool
where

cont luba orda lubb ordb f +—

(VY. Complete-Partial-Order.chain orda ¥ — Y # {} — f (luba Y) = lubbd

(fY)

definition mcont :: (‘a set = 'a) = ('a = 'a = bool) = ('b set = 'b) = (b =
b = bool) = ('a = 'b) = bool
where

mcont luba orda lubb ordb f +—

monotone orda ordb f N cont luba orda lubb ordb f

15.1.1 Theorem collection cont-intro

named-theorems cont-intro continuity and admissibility intro rules
ML «
(* apply cont-intro rules as intro and try to solve
the remaining of the emerging subgoals with simp x)

fun cont-intro-tac ctxt =

REPEAT-ALL-NEW (resolve-tac ctat (rev (Named-Theorems.get ctzt named-the-
orems < cont-intro»)))

THEN-ALL-NEW (SOLVED' (simp-tac ctzt))

fun cont-intro-simproc ctzt ct =
let
fun mk-stmt t = t
|> HOLogic.mk-Trueprop
|> Thm.cterm-of ctxt
|> Goal.init
fun mk-thm t =
if exists-subterm Term.is-Var t then
NONE
else
case SINGLE (cont-intro-tac ctxt 1) (mk-stmt t) of
SOME thm => SOME (Goal.finish ctxt thm RS Q{thm Egq-Truel})
| NONE => NONE
in
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case Thm.term-of ct of

t as Const- <ccpo.admissible - for - - - => mk-thm t
| t as Const- <mcont - - for - - - - - y => mk-thm t
| t as Const- «<monotone-on - - for - - - -» => mk-thm t
| - => NONE
end

handle THM - => NONE
| TYPE - => NONE
>

simproc-setup cont-intro
( ccpo.admissible lub ord P
| mcont lub ord lub’ ord’ f
| monotone ord ord’ f
) = <K cont-intro-simprocy

lemmas [cont-intro] =
call-mono
let-mono
if-mono
option.const-mono
tailrec.const-mono
bind-mono

experiment begin

The following proof by simplification diverges if variables are not handled
properly.

lemma (Af. monotone R S f = thesis) = monotone R S g = thesis
by simp

end
declare if-mono[simp)

lemma monotone-id’ [cont-intro|: monotone ord ord (Az. z)
by (simp add: monotone-def)

lemma monotone-applyl:
monotone orda ordb F = monotone (fun-ord orda) ordb (\f. F (f z))
by (rule monotonel)(auto simp add: fun-ord-def dest: monotoneD)

lemma monotone-if-fun [partial-function-mono):
[ monotone (fun-ord orda) (fun-ord ordb) F; monotone (fun-ord orda) (fun-ord
ordb) G ]
= monotone (fun-ord orda) (fun-ord ordb) (Af n. if ¢ n then F fn else G fn)
by(simp add: monotone-def fun-ord-def)

lemma monotone-fun-apply-fun [partial-function-mono):
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monotone (fun-ord (fun-ord ord)) (fun-ord ord) (Af n. ft (g n))
by (rule monotonel)(simp add: fun-ord-def)
lemma monotone-fun-ord-apply:
monotone orda (fun-ord ordd) f «— (V. monotone orda ordb (\y. fy x))
by (auto simp add: monotone-def fun-ord-def)
context preorder begin

declare transp-on-le[cont-intro]

lemma monotone-const [simp, cont-intro|: monotone ord (<) (A-. ¢)
by (rule monotonel) simp

end

lemma transp-le [cont-intro, simpl:
class.preorder ord (mk-less ord) = transp ord
by (rule preorder.transp-on-le)

context partial-function-definitions begin

declare const-mono [cont-intro, simp|

lemma transp-le [cont-intro, simp|: transp leq
by (rule transpl)(rule leg-trans)

lemma preorder [cont-intro, simp|: class.preorder leq (mk-less leq)
by (unfold-locales)(auto simp add: mk-less-def intro: leg-refl leg-trans)

declare ccpo[cont-intro, simp)
end

lemma contl [intro?):

(AY. [ Complete-Partial-Order.chain orda Y; Y # {} | = f (luba Y) = lubb
(7 V)

= cont luba orda lubb ordb f

unfolding cont-def by blast

lemma contD:
[ cont luba orda lubb ordb f; Complete-Partial-Order.chain orda Y; Y # {} ]
= f (luba V) = lubb (f ° Y)
unfolding cont-def by blast

lemma cont-id [simp, cont-intro|: \Sup. cont Sup ord Sup ord id
by (rule contl) simp

lemma cont-id’ [simp, cont-intro]: A\Sup. cont Sup ord Sup ord (Az. )
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by (simp add: Inf.INF-identity-eq contl)

lemma cont-applyl [cont-intro):
assumes cont: cont luba orda lubb ordb g
shows cont (fun-lub luba) (fun-ord orda) lubb ordb (Af. g (f z))
using assms by (simp add: cont-def chain-fun-ordD fun-lub-apply image-image)

lemma call-cont: cont (fun-lub lub) (fun-ord ord) lub ord (Af. ft)
by (simp add: cont-def fun-lub-apply)

lemma cont-if [cont-intro]:
[ cont luba orda lubb ordb f; cont luba orda lubb ordb g |
= cont luba orda lubb ordb (\z. if ¢ then f z else g x)
by (cases ¢) simp-all

lemma mcontl [intro?):

[ monotone orda ordb f; cont luba orda lubb ordb f | = mcont luba orda lubb
ordb f

by (simp add: mcont-def)

lemma mcont-mono: mcont luba orda lubb ordb f = monotone orda ordb f
by (simp add: mcont-def)

lemma mcont-cont [simp]: mcont luba orda lubb ordb f = cont luba orda lubb
ordb f
by (simp add: mcont-def)

lemma mcont-monoD:
[ mcont luba orda lubb ordb f; orda zy | = ordb (f z) (fy)
by (auto simp add: mcont-def dest: monotoneD)

lemma mcont-contD:
[ mecont luba orda lubb ordb f; Complete-Partial-Order.chain orda Y; Y # {} ]
= f (luba V) = lubb (f ° Y)
by (auto simp add: mcont-def dest: contD)

lemma mcont-call [cont-intro, simp):
meont (fun-lub lub) (fun-ord ord) lub ord (Af. ft)
by (simp add: mcont-def call-mono call-cont)

lemma mcont-id’ [cont-intro, simp|: mecont lub ord lub ord (Az. x)
by (simp add: mcont-def monotone-id’)

lemma mcont-applyl:

mecont luba orda lubb ordb (Az. F x) = mcont (fun-lub luba) (fun-ord orda) lubb
ordb (\f. F (f z))

by (simp add: mcont-def monotone-applyl cont-applyl)

lemma mcont-if [cont-intro, simp]:
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[ mcont luba orda lubb ordb (Az. f x); mcont luba orda lubb ordb (Az. g x) |
= mcont luba orda lubb ordb (Ax. if ¢ then f z else g x)
by (simp add: mcont-def cont-if)

lemma cont-fun-lub-apply:

cont luba orda (fun-lub lubd) (fun-ord ordb) f +— (V. cont luba orda lubb ordb
(Av. fy 7))

by (simp add: cont-def fun-lub-def fun-eq-iff)(auto simp add: image-def)

lemma mcont-fun-lub-apply:

mcont luba orda (fun-lub lubb) (fun-ord ordb) f «— (VY z. mcont luba orda lubb
ordb (A\y. fy x))

by (auto simp add: monotone-fun-ord-apply cont-fun-lub-apply mcont-def)

context ccpo begin

lemma cont-const [simp, cont-intro]: cont luba orda Sup (<) (Az. c)
by (rule contl) (simp add: image-constant-conv cong del: SUP-cong-simp)

lemma mcont-const [cont-intro, simp):
mecont luba orda Sup (<) (Az. ¢)
by (simp add: mcont-def)

lemma cont-apply:
assumes 2: Axz. cont lubb ordb Sup (<) (Ay. fzy)
and t: cont luba orda lubb ordb (Az. t x)
and 1: Ay. cont luba orda Sup (<) (A\z. fz y)
and mono: monotone orda ordb (\z. t x)
and mono2: A\z. monotone ordb (<) (Ay. fz y)
and monol: A\y. monotone orda (<) (A\z. fz y)
shows cont luba orda Sup (<) (A\z. fz (t z))
proof
fix Y
assume chain: Complete-Partial-Order.chain orda Y and Y # {}
moreover from chain have chain’. Complete-Partial-Order.chain ordb (¢t ©Y)
by (rule chain-imagel)(rule monotoneD]OF mono))
ultimately show f (luba Y) (¢t (luba Y)) = || ((Az. fz (tz)) °Y)
by (simp add: contD[OF 1] contD][OF t| contD|OF 2] image-image)
(rule diag-Sup[OF chain], auto intro: monotone2monotone[OF mono2 mono
monotone-const transpl] monotoneD[OF monol])
qed

lemma mcont2mcont”:
[ Az. mcont lub’ ord” Sup (<) (\y. fz y);
Ay. mcont lub ord Sup (<) (A\z. fz y);
meont lub ord lub’ ord’ (Ay. ty) |
= mcont lub ord Sup (<) (A\z. fz (t z))
unfolding mcont-def by(blast intro: transp-on-le monotone2monotone cont-apply)
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lemma mcont2mcont:
[mecont lub” ord’ Sup (<) (Az. f z); mcont lub ord lub” ord’ (Az. t )]
= mcont lub ord Sup (<) (A\z. f (t z))
by (rule mecont2mcont’|OF - mcont-const))

context
fixes ord :: 'b = 'b = bool (infix (C» 60)
and lub :: b set = 'b (<\))
begin

lemma cont-fun-lub-Sup:
assumes chainM: Complete-Partial-Order.chain (fun-ord (<)) M
and mcont [rule-format]: V feM. mcont lub (C) Sup (<) f
shows cont lub (C) Sup (<) (fun-lub Sup M)

proof (rule contl)

fix vV
assume chain: Complete-Partial-Order.chain (C) Y
and Y: Y # {}

from swap-Sup|OF chain chainM mcont| THEN mcont-monol]
show fun-lub Sup M (\/Y) = || (fun-lub Sup M ‘YY)
by (simp add: mcont-contD[OF mcont chain Y] fun-lub-apply cong: image-cong)
qged

lemma mcont-fun-lub-Sup:
[ Complete-Partial-Order.chain (fun-ord (<)) M;
VfeM. mcont lub ord Sup (<) f]
= mecont lub (C) Sup (<) (fun-lub Sup M)
by (simp add: mcont-def cont-fun-lub-Sup mono-lub)

lemma iterates-mcont:
assumes f: f € ccpo.iterates (fun-lub Sup) (fun-ord (<)) F
and mono: Af. mcont lub (C) Sup (<) f = mcont lub (C) Sup (<) (F f)
shows mcont lub (C) Sup (<) f
using f
by (induction rule: ccpo.iterates.induct|OF ccpo-fun, consumes 1, case-names step
Sup))(blast intro: mono mcont-fun-lub-Sup)+

lemma fixp-preserves-mcont:
assumes mono: \z. monotone (fun-ord (<)) (<) (\f. F fz)
and mcont: N\f. mcont lub (C) Sup (<) f = mcont lub (C) Sup (<) (F f)
shows mcont lub (E) Sup (L) (cepo.fizp (fun-lub Sup) (fun-ord (<)) F)
(is mcont - - - - ?fizp)
unfolding mcont-def
proof (intro conjl monotonel contl)
have mono: monotone (fun-ord (<)) (fun-ord (<)) F'
by (rule monotonel)(auto simp add: fun-ord-def intro: monotoneD[OF mono))
let Ziter = ccpo.iterates (fun-lub Sup) (fun-ord (<)) F
have chain: Az. Complete-Partial-Order.chain (<) ((Af. fx) ¢ %iter)
by (rule chain-imagel[OF ccpo.chain-iterates|OF ccpo-fun mono)])(simp add:
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fun-ord-def)

show ?fizp x < ?fizp y if x C y for z y
proof —
have (|| fe %iter. f )
< (Useriter. fy)
using chain
proof (rule ccpo-Sup-least)
fix z’
assume z’' € (\f. fz) ¢ Ziter
then obtain f where f: f € %iter ' = fz by blast
then have fz < fy
by (metis iterates-mcont mcont mcont-monoD that)
also have fy < | |((\f. fy) * %iter)
using chain f local.ccpo-Sup-upper by auto
finally show z’ < ...
using f(2) by blast
qed
then show ?thesis
by (simp add: ccpo.fizp-def[OF ccpo-fun] fun-lub-apply)
qged
show fizp (V) = LI (#fip © ¥)
if chain: Complete-Partial-Order.chain (C) Y and Y: Y # {} for YV
proof —
have f (VY) =] (f ‘YY) if f € Ziter for f
using that mcont chain Y
by (rule mcont-contD[OF iterates-mcont))
moreover have | | ((Af. | |(f ¢ Y)) ¢ %iter) = || ((Az. | J((Nf. fz) ¢ Ziter))
v)
using chain ccpo.chain-iterates| OF ccpo-fun mono)
by (rule swap-Sup)(rule mcont-mono|OF iterates-mcont[OF - mcont]])
ultimately show ?thesis
unfolding ccpo.fixp-def[OF ccpo-fun)
by (simp add: fun-lub-apply cong: image-cong)
qed
qed

end

context
fixes F::'c='cand U ::'c = b= ‘aand C :: ('b = 'a) = 'cand f
assumes mono: Az. monotone (fun-ord (<)) (<) (Af. U (F (Cf)) z)
and eq: f = C (cepo.fixp (fun-lub Sup) (fun-ord (<)) (Af. U (F (C [))))
and inverse: Nf. U (Cf) = f

begin

lemma fizp-preserves-mono-uc:
assumes mono2: \f. monotone ord (<) (U f) = monotone ord (<) (U (F f))
shows monotone ord (<) (U f)
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using fixp-preserves-mono[OF mono mono2] by (subst eq)(simp add: inverse)

lemma fizp-preserves-mcont-uc:

assumes mcont: \f. mcont lubb ordb Sup (<) (U f) = mcont lubb ordb Sup
(<) (U (F )

shows mcont lubb ordb Sup (<) (U f)
using fixp-preserves-mcont| OF mono mcont| by (subst eq)(simp add: inverse)

end

lemmas fizp-preserves-monol = fizp-preserves-mono-uc[of \x. © - A\z. z, OF - -
refl]
lemmas fizp-preserves-mono2 =

fizp-preserves-mono-uclof case-prod - curry, unfolded case-prod-curry curry-case-prod,
OF - - refl]
lemmas fizp-preserves-mono3 =

fizp-preserves-mono-uclof A\f. case-prod (case-prod f) - Af. curry (curry f), un-
folded case-prod-curry curry-case-prod, OF - - refl]
lemmas fizp-preserves-monoj =

fixp-preserves-mono-uclof Af. case-prod (case-prod (case-prod f)) - Af. curry
(curry (curry f)), unfolded case-prod-curry curry-case-prod, OF - - refi]

lemmas fizp-preserves-mcontl = fixp-preserves-mcont-uclof Az. xz - \z. z, OF - -
refl]
lemmas fizp-preserves-mcont2 =

fizp-preserves-mcont-uclof case-prod - curry, unfolded case-prod-curry curry-case-prod,
OF - - refl]
lemmas fixp-preserves-mcont3 =

fizp-preserves-mcont-uc[of Af. case-prod (case-prod f) - Nf. curry (curry f), un-
folded case-prod-curry curry-case-prod, OF - - refl]
lemmas fixp-preserves-mconts =

fixp-preserves-mcont-uclof Af. case-prod (case-prod (case-prod f)) - Af. curry
(curry (curry f)), unfolded case-prod-curry curry-case-prod, OF - - refl]

end

lemma (in preorder) monotone-if-bot:
fixes bot
assumes mono: Az y. [z < y; = (z < bound) | = ord (fz) (fy)
and bot: Az. = z < bound = ord bot (f x) ord bot bot
shows monotone (<) ord (Az. if z < bound then bot else f x)
by (rule monotonel)(auto intro: bot intro: mono order-trans)

lemma (in ccpo) mcont-if-bot:

fixes bot and lub (<\/>) and ord (infix <C» 60)

assumes ccpo: class.ccpo lub (C) It

and mono: Az y. [z < y; "z <bound | = fzC fy

and cont: \Y. [ Complete-Partial-Order.chain (<) V; YV #{}; Az.z € ¥ =
o < bound | = £ (U Y) = V(* )
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and bot: Az. = z < bound = bot C fz
shows mcont Sup (<) lub (C) (Az. if z < bound then bot else f z) (is mcont - -
-2
?9)
proof (intro mcontI contl)
interpret c¢: ccpo lub (C) It by(fact ccpo)
show monotone (<) (C) ?g by(rule monotone-if-bot)(simp-all add: mono bot)

fix Y
assume chain: Complete-Partial-Order.chain (<) YV and Y: YV # {}
show 79 (L] Y) = V(% * V)
proof(cases Y C {z. z < bound})
case True
hence | | Y < bound using chain by(auto intro: ccpo-Sup-least)
moreover have Y N {z. = z < bound} = {} using True by auto
ultimately show ?thesis using True Y
by (auto simp add: image-constant-conv cong del: ¢.SUP-cong-simp)
next
case Fulse
let 2Y = Y N {z. =z < bound}
have chain’. Complete-Partial-Order.chain (<) 2Y
using chain by (rule chain-subset) simp

from False obtain y where ybound: — y < bound and y: y € Y by blast
hence - | | Y < bound by (metis ccpo-Sup-upper chain order.trans)
hence %9 (| |Y) =f (L |Y) by simp
also have | | Y < | | ?Y using chain
proof (rule ccpo-Sup-least)
fix z
assume z: z € Y
show z < | | ?Y
proof(cases z < bound)
case True
with chainD[OF chain = y| have z < y using ybound by(auto intro:
order-trans)
thus ?thesis by(rule order-trans)(auto intro: ccpo-Sup-upper|OF chain’]
stmp add: y ybound)
qged(auto intro: ccpo-Sup-upper|OF chain’] simp add: x)
qed
hence | |Y = || ?Y by(rule order.antisym)(blast intro: ccpo-Sup-least|OF
chain’] ccpo-Sup-upper|OF chain))
hence f (| |Y) = f (|| ?Y) by simp
also have f (| | ?Y) = \/(f ¢ ?Y) using chain’ by(rule cont)(insert y ybound,
auto)
also have \/(f  ?Y) = /(%9 ‘ Y)
proof(cases Y N {z. © < bound} = {})
case True
hence f * ?Y = %9 ° Y by auto
thus ?thesis by (rule arg-cong)
next
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case Fulse
have chain'" Complete-Partial-Order.chain (C) (insert bot (f < ?Y))
using chain by (auto introl: chainl bot dest: chainD intro: mono)
hence chain'”: Complete-Partial-Order.chain (C) (f * ?Y) by(rule chain-subset)
blast
have bot C \/(f ¢ ?Y) using y ybound by(blast intro: c.order-trans|OF bot]
c.cepo-Sup-upper|OF chain'''])
hence \/(insert bot (f < 2Y)) C \/(f ¢ ?Y) using chain’’
by (auto intro: c.ccpo-Sup-least c.ccpo-Sup-upper|OF chain'’))

with - have ... = \/(insert bot (f * ?Y))
by (rule c.order.antisym)(blast intro: c.ccpo-Sup-least| OF chain’"’] c.ccpo-Sup-upper| OF
chain'")

also have insert bot (f * ?Y) = ?g ¢ Y using Fualse by auto
finally show ?Zthesis .
qed
finally show ?thesis .
qed
qed

context partial-function-definitions begin

lemma mcont-const [cont-intro, simpl:
meont luba orda lub leq (Az. ¢)
by (rule ccpo.mcont-const)(rule Partial-Function.ccpo| OF partial-function-definitions-azioms))

lemmas [cont-intro, simp] =
cepo.cont-const| OF Partial-Function.ccpo| OF partial-function-definitions-azioms)

lemma mono2mono:
assumes monotone ordb leq (Ay. fy) monotone orda ordb (Az. t z)
shows monotone orda leq (Az. f (t z))

using assms by (rule monotone2monotone) simp-all

lemmas mcont2mcont’ = ccpo.mcont2meont’|OF Partial-Function.ccpo| OF par-
tial-function-definitions-azioms]]
lemmas mcont2mcont = ccpo.mcont2meont|OF Partial-Function.ccpo| OF partial-function-definitions-axioms]]

lemmas fizp-preserves-monol = ccpo.fixp-preserves-monol [OF Partial-Function.ccpo| OF
partial-function-definitions-axioms]]

lemmas fizp-preserves-mono2 = ccpo.fixp-preserves-mono2|OF Partial- Function.ccpo| OF
partial-function-definitions-azioms||

lemmas fizp-preserves-mono8 = ccpo.fixp-preserves-mono3|OF Partial-Function.ccpo| OF
partial-function-definitions-azioms|]

lemmas fizp-preserves-mono4 = ccpo.fixp-preserves-monod [OF Partial-Function.ccpo| OF
partial-function-definitions-axioms]]

lemmas fizp-preserves-mcont! = ccpo.fizp-preserves-mcontl | OF Partial-Function.ccpo|OF
partial-function-definitions-azioms||

lemmas fizp-preserves-mcont2 = ccpo.fizp-preserves-mcont2|OF Partial-Function.ccpo| OF
partial-function-definitions-azioms|]
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lemmas fizp-preserves-mcont3 = ccpo. fixp-preserves-mcont3[OF Partial-Function.ccpo| OF
partial-function-definitions-axioms]]
lemmas fizp-preserves-mcont] = ccpo.fizp-preserves-mconts |OF Partial-Function.ccpo|OF
partial-function-definitions-azioms||

lemma monotone-if-bot:
fixes bot
assumes ¢: Az. g © = (if leqg x bound then bot else f x)
and mono: Az y. [ leq x y; = leq x bound | = ord (fz) (f y)
and bot: Az. = leq x bound = ord bot (f z) ord bot bot
shows monotone leq ord g
unfolding g[abs-def] using preorder mono bot by(rule preorder.monotone-if-bot)

lemma mcont-if-bot:

fixes bot

assumes ccpo: class.ccpo lub’ ord (mk-less ord)

and bot: Az. = leq x bound = ord bot (f z)

and g: Az. g z = (if leq z bound then bot else f x)

and mono: Az y. [ leq x y; = leq x bound | = ord (fz) (f y)

and cont: \Y. [ Complete-Partial-Order.chain leq Y; Y # {}; N\z. 2 € ¥ =
—legzbound | = f (lub Y) = b’ (f°Y)

shows mcont lub leq lub’ ord g
unfolding g[abs-def] using ccpo mono cont bot by (rule ccpo.meont-if-bot| OF Par-
tial-Function.ccpo[ OF partial-function-definitions-azioms]])

end

15.2 Admissibility

lemma admissible-subst:
assumes adm: ccpo.admissible luba orda (Az. P x)
and mcont: mcont lubb ordb luba orda f
shows ccpo.admissible lubb ordb (Az. P (f z))
using assms by (simp add: ccpo.admissible-def chain-imagel meont-contD mcont-monoD)

lemmas [simp, cont-intro] =
admissible-all
admissible-ball
admissible-const
admissible-conj

lemma admissible-disj’ [simp, cont-intro]:

[ class.ccpo lub ord (mk-less ord); ccpo.admissible lub ord P; ccpo.admissible lub
ord Q]

= ccpo.admissible lub ord (Az. Pz V Q )

by (rule ccpo.admissible-disy)

lemma admissible-imp’ [cont-intro):
[ class.ccpo lub ord (mk-less ord);
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cepo.admissible lub ord (Az. — P x);

cepo.admissible lub ord (A\z. Q z) |
= ccpo.admissible lub ord (Az. Pz — Q 1)
unfolding imp-conv-disj by (rule ccpo.admissible-disj)

lemma admissible-imp [cont-intro]:
(Q = ccpo.admissible lub ord (Az. P x))
= ccpo.admissible lub ord (Az. Q@ — P )
by (rule ccpo.admissiblel)(auto dest: ccpo.admissibleD)

lemma admissible-not-mem’ [THEN admissible-subst, cont-intro, simp:
shows admissible-not-mem: ccpo.admissible Union (C) (AA. z ¢ A)
by (rule ccpo.admissiblel) auto

lemma admissible-eql:
assumes f: cont luba orda lub ord (\z. f x)
and g: cont luba orda lub ord (\z. g x)
shows ccpo.admissible luba orda (Az. fz = g z)
by (smt (verit, best) Sup.SUP-cong ccpo.admissible-def contD assms)

corollary admissible-eq-mcontl [cont-introl:
[ mcont luba orda lub ord (Az. f x);
mcont luba orda lub ord (Az. g x) |
= ccpo.admissible luba orda (Az. fz = g x)
by (rule admissible-eqI)(auto simp add: mcont-def)

lemma admissible-iff [cont-intro, simp]:

[ ccpo.admissible lub ord (Az. P x — Q z); ccpo.admissible lub ord (Ax. Q © —
P )]

= ccpo.admissible lub ord (Az. Pz +— Q x)

by (subst iff-conv-conj-imp)(rule admissible-cony)

context ccpo begin

lemma admissible-lel:
assumes f: mcont luba orda Sup (<) (Az. f x)
and g: mcont luba orda Sup (<) (Az. g x)
shows ccpo.admissible luba orda (Az. fz < g z)
proof(rule ccpo.admissiblel)
fix A
assume chain: Complete-Partial-Order.chain orda A
and le: VaeA. fz < gz
and False: A # {}
have f (luba A) = | |(f ¢ A) by(simp add: mcont-contD[OF f] chain False)
also have ... <|](g ‘ 4)
proof(rule ccpo-Sup-least)
from chain show Complete-Partial-Order.chain (<) (f © A)
by (rule chain-imagel)(rule mcont-monoD][OF f])
fix z
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assume z € f ‘A
then obtain y where y € A z = fy by blast note this(2)
also have fy < g y using le <y € A> by simp
also have Complete-Partial-Order.chain (<) (g © A)

using chain by(rule chain-imagel)(rule mecont-monoD[OF g))
hence g y < || (g © A) by(rule ccpo-Sup-upper)(simp add: <y € A»)
finally show z < ... .

qed
also have ... = g (luba A) by(simp add: mcont-contD[OF g| chain False)
finally show f (luba A) < g (luba A) .

qged

end

lemma admissible-lel:
fixes ord (infix <C» 60) and lub (<\/>)
assumes class.ccpo lub (C) (mk-less (E))
and mcont luba orda lub (C) (Az. f z)
and mcont luba orda lub (C) (Az. g x)
shows ccpo.admissible luba orda (Az. fz C g z)
using assms by (rule ccpo.admissible-lel)

declare ccpo-class.admissible-lel[cont-intro)
context ccpo begin

lemma admissible-not-below: ccpo.admissible Sup (<) (Az. = (<) z y)
by (rule ccpo.admissiblel)(simp add: ccpo-Sup-below-iff)

end

lemma (in preorder) preorder [cont-intro, simp): class.preorder (<) (mk-less (<))
by (unfold-locales)(auto simp add: mk-less-def intro: order-trans)

context partial-function-definitions begin

lemmas [cont-intro, simp] =
admissible-leI[OF Partial-Function.ccpo| OF partial-function-definitions-axioms])
cepo.admissible-not-below[ THEN admissible-subst, OF Partial-Function.ccpo[ OF
partial-function-definitions-azioms||

end

setup «Sign.map-naming (Name-Space.mandatory-path ccpo)»

inductive compact :: (‘a set = 'a) = (‘a = 'a = bool) = 'a = bool
for lub ord z

where compact:
[ cepo.admissible lub ord (Ay. = ord z y);
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cepo.admissible lub ord (Ay. © # y) |
= compact lub ord z

setup <Sign.map-naming Name-Space.parent-pathy
context ccpo begin

lemma compactl:
assumes ccpo.admissible Sup (<) (Ay. =z < y)
shows ccpo.compact Sup (<) z
using assms
proof(rule ccpo.compact.intros)
have neq: (A\y. ¢ # y) = A\y. 2z < y V = y < z) by(auto)
show ccpo.admissible Sup (<) (Ay. z # y)
by (subst neq)(rule admissible-disj admissible-not-below assms)+
qed

lemma compact-bot:
assumes ¢ = Sup {}
shows ccpo.compact Sup (<) z
proof (rule compactl)
show ccpo.admissible Sup (<) (Ay. = z < y) using assms
by (auto introl: ccpo.admissiblel intro: ccpo-Sup-least chain-empty)
qed

end

lemma admissible-compact-neq’ [THEN admissible-subst, cont-intro, simp:
shows admissible-compact-neq: ccpo.compact lub ord k = ccpo.admissible lub

ord (A\z. k # x)

by (simp add: ccpo.compact.simps)

lemma admissible-neq-compact’ [THEN admissible-subst, cont-intro, simp]:
shows admissible-neq-compact: ccpo.compact lub ord k = ccpo.admissible lub

ord (A\z. x # k)

by (subst eq-commute)(rule admissible-compact-neq)

context partial-function-definitions begin

lemmas [cont-intro, simp] = ccpo.compact-bot|OF Partial-Function.ccpo| OF par-
tial-function-definitions-axioms]]

end
context ccpo begin
lemma fizp-strong-induct:

assumes [cont-intro|: ccpo.admissible Sup (<) P
and mono: monotone (<) (<) f
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and bot: P (| |{})
and step: A\z. [ z < ccpo-class.fizp f; Pz | = P (f z)
shows P (ccpo-class.fizxp f)
proof(rule firp-inductjwhere P=Xz. © < ccpo-class.fitp f N P z, THEN con-
junct2])
note [cont-intro] = admissible-le]
show ccpo.admissible Sup (<) (Az. x < cepo-class.fizp f A P z) by simp
next
show | |{} < cepo-class.fixp f A P (L{})
by (auto simp add: bot intro: ccpo-Sup-least chain-empty)
next
fix z
assume z < ccpo-class.fixp f AN P x
thus [z < ccpo-class.fizp f A P (f )
by (subst fizp-unfold[OF monol)(auto dest: monotoneD[OF mono] intro: step)
qed(rule mono)

end
context partial-function-definitions begin

lemma fixp-strong-induct-uc:
fixes F' :: 'c = 'c
and U :: 'c= b= "a
and C :: ('b = 'a) = 'c
and P :: ('b = 'a) = bool
assumes mono: Az. mono-body (Af. U (F (C f)) z)
and eq: f = C (finp-fun (. U (F (C f))))
and dnverse: N\f. U (Cf) = f
and adm: ccpo.admissible lub-fun le-fun P
and bot: P (A-. lub {})
and step: Af'. [ P (U f7); le-fun (U f) (U f) ] = P (U (F f))
shows P (U f)
unfolding eq inverse
apply (rule ccpo.fizp-strong-induct| OF ccpo adm))
apply (insert mono, auto simp: monotone-def fun-ord-def bot fun-lub-def)[2]
apply (rule-tac f'5=C z in step)
apply (simp-all add: inverse eq)
done

end

15.3 (=) as order

definition lub-singleton :: (‘a set = 'a) = bool
where lub-singleton lub «— (¥ a. lub {a} = a)

definition the-Sup :: 'a set = 'a
where the-Sup A = (THE a. a € A)
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lemma lub-singleton-the-Sup [cont-intro, simp]: lub-singleton the-Sup
by(simp add: lub-singleton-def the-Sup-def)

lemma (in ccpo) lub-singleton: lub-singleton Sup
by (simp add: lub-singleton-def)

lemma (in partial-function-definitions) lub-singleton [cont-intro, simp): lub-singleton
lub
by (rule ccpo.lub-singleton)(rule Partial-Function.ccpo| OF partial-function-definitions-axioms))

lemma preorder-eq [cont-intro, simp):
class.preorder (=) (mk-less (=))
by (unfold-locales)(simp-all add: mk-less-def)

lemma monotone-eql [cont-introl:
assumes class.preorder ord (mk-less ord)
shows monotone (=) ord f
proof —
interpret preorder ord mk-less ord by fact
show ?thesis by (simp add: monotone-def)
qged

lemma cont-eql [cont-intro]:
fixes f :: 'a = b
assumes [ub-singleton lub
shows cont the-Sup (=) lub ord f
proof(rule contl)
fix YV :: ‘a set
assume Complete-Partial-Order.chain (=) Y'Y # {}
then obtain a where Y = {a} by(auto simp add: chain-def)
thus f (the-Sup Y) = lub (f ¢ V) using assms
by(simp add: the-Sup-def lub-singleton-def)
qed

lemma mcont-eql [cont-intro, simp):
[ class.preorder ord (mk-less ord); lub-singleton lub |
= mcont the-Sup (=) lub ord f
by (simp add: mcont-def cont-eql monotone-eql)

15.4 ccpo for products
definition prod-lub :: ('a set = 'a) = ('b set = 'b) = (Ya x 'b) set = 'a x b

where prod-lub Sup-a Sup-b Y = (Sup-a (fst * Y), Sup-b (snd * Y))

lemma lub-singleton-prod-lub [cont-intro, simp]:
[ lub-singleton luba; lub-singleton lubb | = lub-singleton (prod-lub luba lubb)
by(simp add: lub-singleton-def prod-lub-def)
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lemma prod-lub-empty [simp]: prod-lub luba lubb {} = (luba {}, lubb {})
by (simp add: prod-lub-def)

lemma preorder-rel-prodl [cont-intro, simp):

assumes class.preorder orda (mk-less orda)

and class.preorder ordb (mk-less ordb)

shows class.preorder (rel-prod orda ordb) (mk-less (rel-prod orda ordb))
proof —

interpret a: preorder orda mk-less orda by fact

interpret b: preorder ordb mk-less ordb by fact

show ?thesis by(unfold-locales)(auto simp add: mk-less-def intro: a.order-trans
b.order-trans)
qed

lemma order-rel-prodl:
assumes a: class.order orda (mk-less orda)
and b: class.order ordb (mk-less ordb)
shows class.order (rel-prod orda ordb) (mk-less (rel-prod orda ordb))
(is class.order ord ?ord’)
proof (intro class.order.intro class.order-axzioms.intro)
interpret a: order orda mk-less orda by(fact a)
interpret b: order ordb mk-less ordb by (fact b)
show class.preorder ?ord ?ord’ by (rule preorder-rel-prodl) unfold-locales

fix zy

assume ?ord xy %ord y x

thus z = y by(cases x y rule: prod.ezhaust|case-product prod.ezhaust]) auto
qed

lemma monotone-rel-prodl:
assumes mono2: Aa. monotone ordb orde (Ab. f (a, b))
and monol: A\b. monotone orda ordc (Aa. f (a, b))
and a: class.preorder orda (mk-less orda)
and b: class.preorder ordb (mk-less ordb)
and c: class.preorder ordc (mk-less ordc)
shows monotone (rel-prod orda ordb) ordc f
proof —
interpret a: preorder orda mk-less orda by(rule a)
interpret b: preorder ordb mk-less ordb by (rule b)
interpret c: preorder ordc mk-less ordc by(rule c)
show ?thesis using mono2 monol
by (auto 7 2 simp add: monotone-def intro: c.order-trans)
qed

lemma monotone-rel-prodD1 :
assumes mono: monotone (rel-prod orda ordb) ordc f
and preorder: class.preorder ordb (mk-less ordb)
shows monotone orda ordc (Ma. f (a, b))
proof —



THEORY “Complete-Partial-Order2” 110

interpret preorder ordb mk-less ordb by(rule preorder)
show ?thesis using mono by (simp add: monotone-def)
qed

lemma monotone-rel-prodD2:
assumes mono: monotone (rel-prod orda ordb) orde f
and preorder: class.preorder orda (mk-less orda)
shows monotone ordb ordc (Ab. f (a, b))
proof —
interpret preorder orda mk-less orda by(rule preorder)
show ?thesis using mono by (simp add: monotone-def)
qed

lemma monotone-case-prodl:

[ Aa. monotone ordb ordc (f a); A\b. monotone orda ordc (Aa. f a b);
class.preorder orda (mk-less orda); class.preorder ordb (mk-less ordb);
class.preorder ordc (mk-less orde) |

= monotone (rel-prod orda ordb) ordc (case-prod f)

by (rule monotone-rel-prodl) simp-all

lemma monotone-case-prodD1 :
assumes mono: monotone (rel-prod orda ordb) orde (case-prod f)
and preorder: class.preorder ordb (mk-less ordb)
shows monotone orda ordc (Aa. f a b)
using monotone-rel-prodD1[OF assms| by simp

lemma monotone-case-prodD2:
assumes mono: monotone (rel-prod orda ordb) orde (case-prod f)
and preorder: class.preorder orda (mk-less orda)
shows monotone ordb orde (f a)
using monotone-rel-prodD2[OF assms| by simp

context
fixes orda ordb ordc
assumes a: class.preorder orda (mk-less orda)
and b: class.preorder ordb (mk-less ordb)
and c: class.preorder ordc (mk-less ordc)
begin

lemma monotone-rel-prod-iff:

monotone (rel-prod orda ordb) orde f +—

(V a. monotone ordb orde (Ab. f (a, b))) A

(V b. monotone orda ordc (Aa. f (a, b)))

using a b ¢ by(blast intro: monotone-rel-prodl dest: monotone-rel-prodD1 mono-
tone-rel-prodD2)

lemma monotone-case-prod-iff [simpl:
monotone (rel-prod orda ordb) orde (case-prod f) <—
(V a. monotone ordb orde (f a)) A (Vb. monotone orda ordc (Ma. f a b))
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by (simp add: monotone-rel-prod-iff)
end

lemma monotone-case-prod-apply-iff:
monotone orda ordb (Az. (case-prod f z) y) <— monotone orda ordb (case-prod

(Aa b. faby))
by (simp add: monotone-def)

lemma monotone-case-prod-applyD:
monotone orda ordb (A\z. (case-prod f x) y)
= monotone orda ordb (case-prod (Aa b. fa b y))
by (simp add: monotone-case-prod-apply-iff)

lemma monotone-case-prod-applyl:
monotone orda ordb (case-prod (Aa b. fa b y))
= monotone orda ordb (Az. (case-prod f ) y)
by (simp add: monotone-case-prod-apply-iff)

lemma cont-case-prod-apply-iff:

cont luba orda lubb ordb (Az. (case-prod f x) y) +— cont luba orda lubb ordb
(case-prod (Aa b. fa b y))

by (simp add: cont-def split-def)

lemma cont-case-prod-applyl:
cont luba orda lubb ordb (case-prod (Aa b. fa b y))
= cont luba orda lubb ordb (Az. (case-prod f z) y)
by(simp add: cont-case-prod-apply-iff)

lemma cont-case-prod-applyD:
cont luba orda lubb ordb (Az. (case-prod f x) y)
= cont luba orda lubb ordb (case-prod (Aa b. fa b y))
by (simp add: cont-case-prod-apply-iff)

lemma mcont-case-prod-apply-iff [simp]:
mecont luba orda lubb ordb (A\x. (case-prod f x) y) +—
mcont luba orda lubb ordb (case-prod (Aa b. fa b y))
by (simp add: mcont-def monotone-case-prod-apply-iff cont-case-prod-apply-iff)

lemma cont-prodD1:
assumes cont: cont (prod-lub luba lubbd) (rel-prod orda ordd) lubc ordc f
and class.preorder orda (mk-less orda)
and luba: lub-singleton luba
shows cont lubb ordb lubc ordc (M\y. [ (z, y))
proof(rule contl)
interpret preorder orda mk-less orda by fact

fix YV :: 'b set
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let Y ={z} x Y

assume Complete-Partial-Order.chain ordb Y'Y # {}

hence Complete-Partial-Order.chain (rel-prod orda ordb) ?Y ?2Y # {}
by (simp-all add: chain-def)

with cont have f (prod-lub luba lubb ?Y) = lubc (f ¢ 2Y) by(rule contD)

moreover have f ‘ Y = (\y. f (z, y)) ‘' Y by auto

ultimately show f (z, lubb V) = lubc ((\y. f (z, y)) ‘ Y) using luba
by (simp add: prod-lub-def <Y # {}» lub-singleton-def)

qed

lemma cont-prodD2:
assumes cont: cont (prod-lub luba lubb) (rel-prod orda ordb) lubc ordc f
and class.preorder ordb (mk-less ordb)
and [ubb: lub-singleton lubb
shows cont luba orda lubc ordec (Az. f (z, y))
proof(rule contl)
interpret preorder ordb mk-less ordb by fact

fix V
assume Y: Complete-Partial-Order.chain orda Y'Y # {}
let ?2Y =Y x {y}
have f (luba Y, y) = f (prod-lub luba lubb ?Y)
using lubb by (simp add: prod-lub-def Y lub-singleton-def)
also from Y have Complete-Partial-Order.chain (rel-prod orda ordb) 7Y ?Y #

{}
by (simp-all add: chain-def)
with cont have f (prod-lub luba lubb ?Y) = lube (f “ 2Y) by(rule contD)
also have f ‘ Y = (Az. f (z, y)) ‘Y by auto
finally show f (luba Y, y) = lubc ... .
qed

lemma cont-case-prodD1 :
assumes cont (prod-lub luba lubb) (rel-prod orda ordb) lubc orde (case-prod f)
and class.preorder orda (mk-less orda)
and [ub-singleton luba
shows cont lubb ordb lubc ordc (f x)
using cont-prodD1[OF assms] by simp

lemma cont-case-prodD?2:
assumes cont (prod-lub luba lubb) (rel-prod orda ordb) lubc orde (case-prod f)
and class.preorder ordb (mk-less ordb)
and lub-singleton lubb
shows cont luba orda lubc orde (Az. fz y)
using cont-prodD2[OF assms] by simp

context ccpo begin

lemma cont-prodl:
assumes mono: monotone (rel-prod orda ordb) (<) f
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and contl: Az. cont lubb ordb Sup (<) (Ay. f (z, y))

and cont2: Ny. cont luba orda Sup (<) (\z. f (z, y))

and class.preorder orda (mk-less orda)

and class.preorder ordb (mk-less ordb)

shows cont (prod-lub luba lubb) (rel-prod orda ordb) Sup (<) f
proof (rule contl)

interpret a: preorder orda mk-less orda by fact

interpret b: preorder ordb mk-less ordb by fact

fix Y
assume chain: Complete-Partial-Order.chain (rel-prod orda ordb) Y
and Y # {}
have f (prod-lub luba lubb Y) = f (luba (fst ¢ Y), lubb (snd  Y))
by (simp add: prod-lub-def)
also from cont2 have f (luba (fst © Y), lubb (snd * Y)) = | |((Az. f (x, lubdb
(snd ‘' Y))) “fst ©Y)
by (rule contD)(simp-all add: chain-rel-prodD1[OF chain] <Y # {}»)
also from cont! have Az. f (z, lubb (snd * Y)) = | |[((Ay. f (z, y)) ‘snd © Y)
by (rule contD)(simp-all add: chain-rel-prodD2[OF chain] <Y # {}»)
hence | |((Az. f (z, lubdb (snd * Y))) “fst V) =[|((Az. ... z) ‘fst V) by
stmp
also have ... = | |((\z. f (fst z, snd z)) ‘ Y)
unfolding image-image using chain
proof (rule diag-Sup)
show Ay. y € Y = monotone (rel-prod orda ordb) (<) (Az. f (fst z, snd y))
by (smt (verit, best) b.order-refl mono monotoneD monotonel rel-prod-inject
rel-prod-sel)
qed (use mono monotoneD in fastforce)
finally show f (prod-lub luba lubb V) = | |(f * Y) by simp
qed

lemma cont-case-prodl:

assumes monotone (rel-prod orda ordb) (<) (case-prod f)

and Az. cont lubb ordb Sup (<) (Ay. fz y)

and Ay. cont luba orda Sup (<) (A\z. fz y)

and class.preorder orda (mk-less orda)

and class.preorder ordb (mk-less ordb)

shows cont (prod-lub luba lubb) (rel-prod orda ordb) Sup (<) (case-prod f)
by (rule cont-prodl)(simp-all add: assms)

lemma cont-case-prod-iff:
[ monotone (rel-prod orda ordb) (<) (case-prod f);
class.preorder orda (mk-less orda); lub-singleton luba;
class.preorder ordb (mk-less ordb); lub-singleton lubb |
= cont (prod-lub luba lubb) (rel-prod orda ordb) Sup (<) (case-prod f) <—
(Vz. cont lubb ordb Sup (<) (A\y. fz y)) A (Vy. cont luba orda Sup (<) (A\z. fz
y)

by (blast dest: cont-case-prodD1 cont-case-prodD2 intro: cont-case-prodl)



THEORY “Complete-Partial-Order2” 114

end
context partial-function-definitions begin

lemma mono2mono2:
assumes f: monotone (rel-prod ordb orde) leq (A (z, y). fz y)
and t: monotone orda ordb (Az. t x)
and t": monotone orda ordc (Az. t’ )
shows monotone orda leq (Az. [ (t z) (¢’ z))
by (metis (mono-tags, lifting) case-prod-conv monotoneD monotonel rel-prod.intros
assms)

lemma cont-case-prodl [cont-intro:

[ monotone (rel-prod orda ordb) leq (case-prod f);
Nz. cont lubb ordb lub leq (\y. f z y);
Ny. cont luba orda lub leq (Az. fx y);
class.preorder orda (mk-less orda);
class.preorder ordb (mk-less ordb) |

= cont (prod-lub luba lubb) (rel-prod orda ordb) lub leq (case-prod f)

by (rule ccpo.cont-case-prodl ) (rule Partial-Function.ccpo| OF partial-function-definitions-azioms))

lemma cont-case-prod-iff:
[ monotone (rel-prod orda ordb) leq (case-prod f);
class.preorder orda (mk-less orda); lub-singleton luba;
class.preorder ordb (mk-less ordb); lub-singleton lubb |
= cont (prod-lub luba lubd) (rel-prod orda ordb) lub leq (case-prod f) +—
(V. cont lubb ordb lub leq (Ay. fz y)) A (Vy. cont luba orda lub leq (Mz. fz y))
by (blast dest: cont-case-prodD1 cont-case-prodD2 intro: cont-case-prodl)

lemma mcont-case-prod-iff [simpl:
[ class.preorder orda (mk-less orda); lub-singleton luba;
class.preorder ordb (mk-less ordb); lub-singleton lubb |
= mcont (prod-lub luba lubb) (rel-prod orda ordb) lub leq (case-prod f) «—
(Vx. mcont lubb ordb lub leq (\y. fz y)) A (Vy. mcont luba orda lub leq (A\z. fx
y))

unfolding mcont-def by(auto simp add: cont-case-prod-iff)
end
lemma mono2mono-case-prod [cont-intro:

assumes Az y. monotone orda ordb (Af. pair f x y)

shows monotone orda ordb (\f. case-prod (pair f) x)
by (rule monotonel)(auto split: prod.split dest: monotoneD[OF assms])

15.5 Complete lattices as ccpo

context complete-lattice begin

lemma complete-lattice-ccpo: class.ccpo Sup (<) (<)
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by (unfold-locales)(fast intro: Sup-upper Sup-least)+

lemma complete-lattice-ccpo’: class.ccpo Sup (<) (mk-less (<))
by (unfold-locales)(auto simp add: mk-less-def intro: Sup-upper Sup-least)

lemma complete-lattice-partial-function-definitions:
partial-function-definitions (<) Sup
by (unfold-locales)(auto intro: Sup-least Sup-upper)

lemma complete-lattice-partial-function-definitions-dual:
partial-function-definitions (>) Inf
by (unfold-locales)(auto intro: Inf-lower Inf-greatest)

lemmas [cont-intro, simp] =
Partial-Function.ccpo|OF complete-lattice-partial-function-definitions]
Partial-Function.ccpo[OF complete-lattice-partial-function-definitions-dual]

lemma mono2mono-inf:
assumes f: monotone ord (<) (Az. fz)
and g¢: monotone ord (<) (Az. g z)
shows monotone ord (<) (Az. fo M g x)
by(auto 4 3 dest: monotoneD[OF f] monotoneD[OF g| intro: le-infI1 le-infI2
intro!: monotonel)

lemma mcont-const [simp]: meont lub ord Sup (<) (A-. ¢)
by (rule ccpo.mcont-const|OF complete-lattice-cepol)

lemma mono2mono-sup:
assumes f: monotone ord (<) (Az. f )
and g¢: monotone ord (<) (Az. g z)
shows monotone ord (<) (Az. fo U g x)
by (auto 4 3 introl: monotonel intro: sup.coboundedl! sup.coboundedI2 dest: mono-
toneD[OF f] monotoneD[OF g])

lemma Sup-image-sup:
assumes Y # {}
shows | |[(W) z‘Y)=2zU0]Y
proof (rule Sup-eql)
fix y
assume y € (U) z ‘Y
then obtain z where y = z LU z and z € Y by blast
from <z € Y» have z < | | Y by(rule Sup-upper)
with - show y < z U | | Y unfolding <y = z U 2> by(rule sup-mono) simp
next
fix y
assume upper: N\z. z€ (W) z ‘Y = 2 <y
show z U | | Y < y unfolding Sup-insert[symmetric]
proof (rule Sup-least)
fix 2
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assume z € insert z Y
from assms obtain 2’ where 2z’ € Y by blast
let 22 =14if 2 € Yithenz U z else x U 2’
have z < z U %z using 2’ € Y) <z € insert z Y» by auto
also have ... < y by(rule upper)(auto split: if-split-asm intro: <z’ € Y»)
finally show z < y .
qed
qed

lemma mcont-supl: mcont Sup (<) Sup (<) (Ay. z U y)
by(auto 4 8 simp add: mcont-def sup.coboundedIl sup.coboundedI2 intro!: mono-
tonel contl intro: Sup-image-sup|symmetric))

lemma mcont-sup2: mcont Sup (<) Sup (<) (Az. z U y)
by (subst sup-commute)(rule mecont-sup1)

lemma mcont2mcont-sup [cont-intro, simp):
[ mcont lub ord Sup (<) (Az. f z);
meont lub ord Sup (<) (Az. g z) ]
= mcont lub ord Sup (<) (A\z. fz U g x)
by (best intro: ccpo.meont2mceont’|OF complete-lattice-ccpo] meont-supl meont-sup2
cepo.mceont-const| OF complete-lattice-ccpol)

end
lemmas [cont-intro] = admissible-le][OF complete-lattice-ccpo’]
context complete-distrib-lattice begin

lemma mcont-inf1: mcont Sup (<) Sup (<) (A\y. z M y)
by (auto intro: monotonel contl simp add: le-infI2 inf-Sup mcont-def)

lemma mcont-inf2: mcont Sup (<) Sup (<) (A\z. z M y)
by (auto intro: monotonel contl simp add: le-infl1 Sup-inf mcont-def)

lemma mcont2mcont-inf [cont-intro, simp):
[ mecont lub ord Sup (<) (Az. f x);
meont lub ord Sup (<) (Az. g z) |
= mcont lub ord Sup (<) (A\z. fz N g x)
by (best intro: ccpo.mcont2meont’|OF complete-lattice-ccpo] meont-infl mcont-inf2
cepo.meont-const| OF complete-lattice-ccpo))

end

interpretation Ifp: partial-function-definitions (<) :: - :: complete-lattice = - Sup
by (rule complete-lattice-partial-function-definitions)

declaration <Partial-Function.init lfp term fp.fixp-fun> term «Ifp.mono-body>
Q@Q{thm Ifp.fixp-rule-uc} Q{thm Ifp.fixp-induct-uc} NONE)»
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interpretation gfp: partial-function-definitions (>) :: - :: complete-lattice = - Inf
by (rule complete-lattice-partial-function-definitions-dual)

declaration <Partial-Function.init gfp term <gfp.fizp-fun> term <gfp.mono-body>
Q@{thm gfp.fixp-rule-uc} Q{thm gfp.fixp-induct-uc} NONE)»

lemma insert-mono [partial-function-mono):
monotone (fun-ord (C)) (C) A = monotone (fun-ord (C)) (C) (A\y. insert z (A

Y))

by (rule monotonel)(auto simp add: fun-ord-def dest: monotoneD)

lemma mono2mono-insert [THEN Ifp.mono2mono, cont-intro, simp):
shows monotone-insert: monotone (C) (C) (insert z)
by (rule monotonel) blast

lemma mcont2mcont-insert[ THEN Ifp.mcont2mcont, cont-intro, simp):
shows mcont-insert: mecont Union (C) Union (C) (insert x)
by (blast intro: mcontl contl monotone-insert)

lemma mono2mono-image [THEN Ifp.mono2mono, cont-intro, simp]:
shows monotone-image: monotone (C) (C) ((9) f)
by (simp add: image-mono monol)

lemma cont-image: cont Union (C) Union (C) ((¥) f)
by (meson contl image-Union)

lemma mcont2mcont-image [THEN Ifp.mcont2mcont, cont-intro, simp:
shows mcont-image: mcont Union (C) Union (C) (() f)
by (blast intro: mcontl monotone-image cont-image)

context complete-lattice begin

lemma monotone-Sup [cont-intro, simpl:
monotone ord (C) f = monotone ord (<) (Az. |]f )
by (blast intro: monotonel Sup-least Sup-upper dest: monotoneD)

lemma cont-Sup:
assumes cont lub ord Union (C) f
shows cont lub ord Sup (<) (Az. || f )
proof —
have A\ Y. [Complete-Partial-Order.chain ord Y; Y # {}]
— LU (¢ Y) = Uzev. U fa)
by (blast intro: Sup-least Sup-upper order-trans order.antisym,)
with assms show ?thesis
by (force simp: cont-def)
qed

lemma mcont-Sup: meont lub ord Union (C) f = mcont lub ord Sup (<) (Az.
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LIS z)

unfolding mcont-def by (blast intro: monotone-Sup cont-Sup)

lemma monotone-SUP:

[ monotone ord (C) f; Ay. monotone ord (<) (Az. g z y) | = monotone ord
(<) (Az. [Jyefz. gz y)

by (rule monotonel)(blast dest: monotoneD intro: Sup-upper order-trans introl:
Sup-least)

lemma monotone-SUP2:

(Ay. y € A = monotone ord (<) (Az. g  y)) = monotone ord (<) (Az.
LyeAd. gz y)

by (rule monotonel)(blast intro: Sup-upper order-trans dest: monotoneD introl:
Sup-least)

lemma cont-SUP:
assumes f: mcont lub ord Union (C) f
and g: Ay. mcont lub ord Sup (<) (Az. g = y)
shows cont lub ord Sup (<) (Az. | |yefz. gz y)
proof (rule contl)

fix Y
assume chain: Complete-Partial-Order.chain ord Y
and Y: Y # {}

show | |[(g (lwb V) “f (lwb Y)) =] ((Az. | J(gz ‘fx)) ‘YY) (is ?lhs = ?rhs)
proof (rule order.antisym)
show ?2lhs < ?rhs
proof (rule Sup-least)
fix z
assume z € g (lub Y) “ f (lub Y)
with mcont-contD[OF f chain Y| mcont-contD[OF g chain Y]
obtain y z where y € Yz € fy
and z: z = | |((Az. gz 2) ° Y) by auto
show z < ?rhs unfolding z
proof (rule Sup-least)
fix u
assume u € (Az. gz z) ‘Y
then obtain y’ where u = gy’ z vy’ € Y by auto
from chain <y € Y» <y’ € Y» have ord y y' V ord y' y by(rule chainD)
thus v < ?rhs
proof
note <u = g y’ 2> also
assume ord y y’
with f have fy C [y’ by(rule mcont-monoD)
with <z € fy
have gy’ 2 < || (g9 v’ ‘ fvy’) by(auto intro: Sup-upper)
also have ... < ?rhs using <y’ € Y» by(auto intro: Sup-upper)
finally show ?thesis .
next
note <u = g y' 2> also
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assume ord y' y
with g have g y' 2 < g y z by(rule mcont-monoD)
also have ... <||(gy ‘fy) using <z € f
by (auto intro: Sup-upper)
also have ... < ?rhs using <y € Y» by(auto intro: Sup-upper)
finally show ?%thesis .
qged
qed
qed
next
show ?rhs < ?lhs
proof (rule Sup-least)
fix z
assume z € (Az. | (g2 ‘fz)) ‘Y
then obtain y where z: z = | |(gy ‘fy) and y € Y by auto
show z < ?lhs unfolding z
proof (rule Sup-least)
fix u
assume u € gy ‘fy
then obtain z where v = g y z z € f y by auto
note (v = g y 2»
also have gy 2z < | |(Az. gz 2) ‘° Y)
using <y € Y» by(auto intro: Sup-upper)
also have ... = g (lub Y) z by(simp add: mcont-contD[OF g chain Y])
also have ... < ?lhs using <z € fy» <y € ¥
by (auto intro: Sup-upper simp add: mcont-contD[OF f chain Y])
finally show u < ?lhs .
qed
qed
qed
qed

lemma mcont-SUP [cont-intro, simp):
[ mcont lub ord Union (C) f; Ay. mcont lub ord Sup (<) (Az. gz y) |
= mcont lub ord Sup (<) (Az. | |yefz. gz y)

by (blast intro: mcontl cont-SUP monotone-SUP mcont-mono)

end

lemma admissible-Ball [cont-intro, simp):
[ Az. ccpo.admissible lub ord (AA. P A x);
mceont lub ord Union (C) f;
class.ccpo lub ord (mk-less ord) |
= ccpo.admissible lub ord (AA. Vzef A. P A x)
unfolding Ball-def by simp

lemma admissible-Bex'| THEN admissible-subst, cont-intro, simp):
shows admissible-Bex: ccpo.admissible Union (C) (AA. Jz€A. P x)
using ccpo.admissible-def by fastforce
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15.6 Parallel fixpoint induction

context

fixes luba :: 'a set = 'a

and orda :: 'a = 'a = bool

and lubb :: 'b set = 'b

and ordb :: 'b = b = bool

assumes a: class.ccpo luba orda (mk-less orda)

and b: class.ccpo lubb ordb (mk-less ordb)
begin

interpretation a: ccpo luba orda mk-less orda by(rule a)
interpretation b: ccpo lubb ordb mk-less ordb by (rule b)

lemma ccpo-rel-prodl:
class.ccpo (prod-lub luba lubb) (rel-prod orda ordb) (mk-less (rel-prod orda ordb))
(is class.ccpo ?lub 2ord 2ord’)
proof (intro class.ccpo.intro class.ccpo-axioms.intro)
show class.order ?ord ?ord’
by (rule order-rel-prodl) intro-locales
show AA z. [Complete-Partial-Order.chain (rel-prod orda ordb) A; x € A]
= rel-prod orda ordb z (prod-lub luba lubb A)
by (simp add: a.ccpo-Sup-upper b.ccpo-Sup-upper chain-rel-prodD1 chain-rel-prodD2
prod-lub-def rel-prod-sel)
show AA z. [Complete-Partial-Order.chain (rel-prod orda ordb) A,
Nz. z € A = rel-prod orda ordb z 7]
= rel-prod orda ordb (prod-lub luba lubb A) 2
by (metis (full-types) a.ccpo-Sup-below-iff b.ccpo-Sup-least chain-rel-prodD1
chain-rel-prodD2 imageE prod.sel prod-lub-def rel-prod-sel)
qed

interpretation ab: ccpo prod-lub luba lubb rel-prod orda ordb mk-less (rel-prod orda
ordb)
by (rule ccpo-rel-prodl)

lemma monotone-map-prod [simpl:
monotone (rel-prod orda ordb) (rel-prod ordc ordd) (map-prod f g) +—
monotone orda ordc f N\ monotone ordb ordd g

by (auto simp add: monotone-def)

lemma parallel-fixp-induct:

assumes adm: ccpo.admissible (prod-lub luba lubb) (rel-prod orda ordb) (Az. P
(fst x) (snd z))

and f: monotone orda orda f

and g: monotone ordb ordb g

and bot: P (luba {}) (lubb {})

and step: Azy. Pxy = P (fz) (gy)

shows P (ccpo.fixp luba orda f) (ccpo.fizp lubb ordb g)
proof —

let ?lub = prod-lub luba lubb
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and ?ord = rel-prod orda ordb
and 9P = A(z, y). Pz y
from adm have adm’: ccpo.admissible ?lub ?ord ?P by(simp add: split-def)
hence ?P (ccpo.fixp (prod-lub luba lubb) (rel-prod orda ordb) (map-prod f g))
by (rule ab.fizp-induct)(auto simp add: f g step bot)
also have ccpo.fizp (prod-lub luba lubd) (rel-prod orda ordb) (map-prod f g) =
(cepo. fixzp luba orda f, ccpo.fizp lubb ordb g) (is ?lhs = (9rhsl, 9rhs2))
proof(rule ab.order.antisym)
have ccpo.admissible ?lub ?ord (Azy. Zord zy (?rhsl, ?rhs2))
by (rule admissible-leI[OF ccpo-rel-prodl])(auto simp add: prod-lub-def chain-empty
intro: a.ccpo-Sup-least b.ccpo-Sup-least)
thus ?ord ?lhs (?rhs1, ?rhs2)
by (rule ab.fixp-induct)(auto 4 3 dest: monotoneD[OF f] monotoneD|OF g
simp add: b.fixp-unfold|OF g, symmetric] a.fizp-unfold[OF f, symmetric] f g intro:
a.ccpo-Sup-least b.ccpo-Sup-least chain-empty)
next
have ccpo.admissible luba orda (Az. orda x (fst ?lhs))
by (rule admissible-lel[OF al)(auto intro: a.ccpo-Sup-least simp add: chain-empty)
hence orda ?rhsi (fst ?lhs) using f
proof (rule a.fizp-induct)
fix z
assume orda z (fst ?lhs)
thus orda (f x) (fst ?lhs)
by (subst ab.fizp-unfold)(auto simp add: f g dest: monotoneD|OF f])
ged(auto intro: a.ccpo-Sup-least chain-empty)
moreover
have ccpo.admissible lubb ordb (Ay. ordb y (snd ?lhs))
by (rule admissible-leI[OF b])(auto intro: b.ccpo-Sup-least simp add: chain-empty)
hence ordb ?rhs2 (snd ?lhs) using g
proof (rule b.fixp-induct)
fix y
assume ordb y (snd ?lhs)
thus ordb (g y) (snd ?lhs)
by (smt (verit, best) ab.fizp-unfold f g monotoneD monotone-map-prod
snd-map-prod)
qged(auto intro: b.ccpo-Sup-least chain-empty)
ultimately show ?ord (9rhsi, ?rhs2) ?lhs
by (simp add: rel-prod-conv split-beta)
qed
finally show ?thesis by simp
qed

end

lemma parallel-fixp-induct-uc:
assumes a: partial-function-definitions orda luba
and b: partial-function-definitions ordb lubb
and F: Az. monotone (fun-ord orda) orda (A\f. Ul (F (C1f)) x
and G: Ay. monotone (fun-ord ordb) ordb (Ag. U2 (G (C2g)) y

= —
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and eql: f = C1 (cepo.fizp (fun-lub luba) (fun-ord orda) (Af. Ul (F (C1 f))))
and eq2: g = C2 (ccpo.fizp (fun-lub lubb) (fun-ord ordb) (Ag. U2 (G (C2 g))))
and inverse: \f. Ul (C1f)=f
and inverse2: Ng. U2 (C2¢9) =g
and adm: ccpo.admissible (prod-lub (fun-lub luba) (fun-lub lubb)) (rel-prod (fun-ord
orda) (fun-ord ordb)) (Axz. P (fst z) (snd z))
and bot: P (A-. luba {}) (A-. lubdb {})
and step: Afg. P (Ul f) (U2g9) = P (U1 (Ff)) (U2 (G g))
shows P (Ul f) (U2 g)
unfolding eql eq2 inverse inverse2
proof (rule parallel-fixp-induct| OF partial-function-definitions.ccpo| OF a] partial-function-definitions.ccpo| OF
b] adm])
show monotone (fun-ord orda) (fun-ord orda) (Af. Ul (F (C1 f)))
monotone (fun-ord ordb) (fun-ord ordb) (Ag. U2 (G (C2 g)))
using F G by(simp-all add: monotone-def fun-ord-def)
show P (fun-lub luba {}) (fun-lub lubb {})
by (simp add: fun-lub-def bot)
show Az y. Pxy = P (U1 (F (C1x))) (U2 (G (C2y)))
by (simp add: inverse inverse2 local.step)

qed

lemmas parallel-fizp-induct-1-1 = parallel-fixp-induct-uc]
of ----Xz.x-Ar. T Az, x - Az @,
OF - - - - - - refl refi]

lemmas parallel-firp-induct-2-2 = parallel-fixp-induct-uc|
of - - - - case-prod - curry case-prod - curry,
where P=M\fg. P (curry f) (curry g),
unfolded case-prod-curry curry-case-prod curry-K,
OF - - - - - - refl refi]
for P

lemma monotone-fst: monotone (rel-prod orda ordb) orda fst
by (auto intro: monotonel)

lemma mcont-fst: mcont (prod-lub luba lubb) (rel-prod orda ordb) luba orda fst
by (auto intro!: mcontl monotonel contl simp add: prod-lub-def)

lemma mcont2mcont-fst [cont-intro, simpl:

mecont lub ord (prod-lub luba lubbd) (rel-prod orda ordb) t

= mecont lub ord luba orda (Ax. fst (t x))

by (simp add: mcont-def monotone-on-def prod-lub-def cont-def image-image
rel-prod-sel)

lemma monotone-snd: monotone (rel-prod orda ordb) ordb snd
by (auto intro: monotonel)

lemma mcont-snd: mcont (prod-lub luba lubb) (rel-prod orda ordb) lubb ordb snd
by (auto intro!: mcontI monotonel contl simp add: prod-lub-def)
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lemma mcont2mcont-snd [cont-intro, simp):

mecont lub ord (prod-lub luba lubb) (rel-prod orda ordb) t

= mcont lub ord lubb ordb (Az. snd (t x))
by (auto introl: mcontl monotonel contl dest: mcont-monoD mcont-contD simp
add: rel-prod-sel split-beta prod-lub-def image-image)

lemma monotone-Pair:
[ monotone ord orda f; monotone ord ordb g |
= monotone ord (rel-prod orda orddb) (Az. (f z, g z))
by (simp add: monotone-def)

lemma cont-Pair:
[ cont lub ord luba orda f; cont lub ord lubb ordb g ]
= cont lub ord (prod-lub luba lubbd) (rel-prod orda ordb) (Az. (f z, g z))
by (rule contl)(auto simp add: prod-lub-def image-image dest!: contD)

lemma mcont-Pair:
[ mcont lub ord luba orda f; mcont lub ord lubb ordb g ]
= mcont lub ord (prod-lub luba lubd) (rel-prod orda ordb) (Az. (f z, g x))
by (rule mcontI)(simp-all add: monotone-Pair mcont-mono cont-Pair)

context partial-function-definitions
begin

Specialised versions of mcont-call for admissibility proofs for parallel
fixpoint inductions

lemmas mcont-call-fst [cont-intro] = meont-call| THEN mcont2mcont, OF mcont-fst]
lemmas mcont-call-snd [cont-intro] = mcont-call] THEN mcont2mcont, OF mcont-snd)
end

lemma map-option-mono [partial-function-monol:
mono-option B = mono-option (\f. map-option g (B f))
unfolding map-conv-bind-option by (rule bind-mono) simp-all

lemma compact-flat-lub [cont-introl: ccpo.compact (flat-lub x) (flat-ord z) y
using flat-interpretation] THEN ccpo)
proof (rule ccpo.compactI[OF - ccpo.admissiblel])

fix A
assume chain: Complete-Partial-Order.chain (flat-ord z) A
and A: A # {}

and x: Vz€A. - flat-ord z y 2
from A obtain z where z € A by blast
with * have z: = flat-ord x y z ..
hence y: = # y y # 2z by(auto simp add: flat-ord-def)
have y # (THE z. z €¢ A — {z}) if = A C {z}
proof —
from that obtain 2z’ where 2’ € A 2’ # z by auto
then have (THE z. z € A — {z}) = 2’
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by (intro the-equality)(auto dest: chainD[OF chain] simp add: flat-ord-def)
moreover have 2’ # y using <z’ € A x by(auto simp add: flat-ord-def)
ultimately show ?thesis by simp
qed
with 2z show — flat-ord z y (flat-lub z A)
by(simp add: flat-ord-def flat-lub-def)
qed

end

theory Conditional-Parametricity
imports Main

keywords parametric-constant :: thy-decl
begin

context includes lifting-syntar begin

qualified definition Rel-match :: (‘a = 'b = bool) = 'a = 'b = bool where
Rel-match Rxy=Rzy

named-theorems parametricity-preprocess

lemma bi-unique-Rel-match [parametricity-preprocess:
bi-unique A = Rel-match (A ===> A ===> (=)) (=) (=)
unfolding bi-unique-alt-def2 Rel-match-def ..

lemma bi-total-Rel-match [parametricity-preprocess):
bi-total A = Rel-match ((A ===> (=)) ===> (=)) All All
unfolding bi-total-alt-def2 Rel-match-def ..

lemma is-equality-Rel: is-equality A —> Transfer.Rel A t t
by (fact transfer-raw)

lemma Rel-Rel-match: Transfer.Rel R © y => Rel-match R z y
unfolding Rel-match-def Rel-def .

lemma Rel-match-Rel: Rel-match R x y = Transfer.Rel R x y
unfolding Rel-match-def Rel-def .

lemma Rel-Rel-match-eq: Transfer.Rel R x y = Rel-match R x y
using Rel-Rel-match Rel-match-Rel by fast

lemma Rel-match-app:
assumes Rel-match (A ===> B) [ g and Transfer.Rel A = y
shows Rel-match B (f z) (g y)
using assms Rel-match-Rel Rel-app Rel-Rel-match by fast

end
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ML-file <conditional-parametricity. ML»

end

theory Confluence imports
Main

begin

16 Confluence

definition semiconfluentp :: ('a = 'a = bool) = bool where
semiconfluentp r +— r~1=1 00 r** < r** Q0 r~1-1**

definition confluentp :: ('a = ‘a = bool) = bool where
confluentp r +— r=171** 00 r** < p** Q0 rol7x

definition strong-confluentp :: (‘a = 'a = bool) = bool where
strong-confluentp v <— r=1=1 00 r < r** 00 (r~171)==

lemma semiconfluentpl [intro?]:
semiconfluentp r if Az yz. [razy; r* zz] = Ju. r'*  yu Ar** zu
using that unfolding semiconfluentp-def rtranclp-conversep by blast

lemma semiconfluentpD: Fu. v** y u A r** z u if semiconfluentp r rx y r** x 2
using that unfolding semiconfluentp-def rtranclp-conversep by blast

lemma confluentpl:
confluentpr if Neyz. [r  zy; ™ z2z] = Ju. "™ yu A 1™ zu
using that unfolding confluentp-def rtranclp-conversep by blast

lemma confluentpD: Fu. r** y u A r** z u if confluentp r r** z y r** = 2
using that unfolding confluentp-def rtranclp-conversep by blast

lemma strong-confluentpl [intro?):
strong-confluentp r if Az yz. [rey;rzz] = Ju. r* yuAr== zu
using that unfolding strong-confluentp-def by blast

lemma strong-confluentpD: Fu. v** y u A r== z u if strong-confluentp rrzyrz
z

using that unfolding strong-confluentp-def by blast

lemma semiconfluentp-imp-confluentp: confluentp r if r: semiconfluentp r
proof (rule confluentpl)
show Ju. r** yu A r** zuif r** zcyr
using that(2,1)
by (induction arbitrary: y rule: converse-rtranclp-induct)
(blast intro: rtranclp-trans dest: r[THEN semiconfluentpD])+
qed

*rzforxzyz
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lemma confluentp-imp-semiconfluentp: semiconfluentp r if confluentp r
using that by(auto introl: semiconfluentpl dest: confluentpD[OF that])

lemma confluentp-eq-semiconfluentp: confluentp r <— semiconfluentp r
by (blast intro: semiconfluentp-imp-confluentp confluentp-imp-semiconfluentp)

lemma confluentp-conv-strong-confluentp-rtranclp:
confluentp r <— strong-confluentp (r**)
by (auto simp add: confluentp-def strong-confluentp-def rtranclp-conversep)

lemma strong-confluentp-into-semiconfluentp:
semiconfluentp r if r: strong-confluentp r
proof
show Ju. r** yu A r** zuifrzyr** zzfor z y 2
using that(2,1)
apply (induction arbitrary: y rule: converse-rtranclp-induct)
subgoal by blast
subgoal for a b ¢
by (drule (1) strong-confluentpD[OF r, of a c])(auto 10 0 intro: rtranclp-trans)
done
qed

lemma strong-confluentp-imp-confluentp: confluentp r if strong-confluentp r
unfolding confluentp-eq-semiconfluentp using that by (rule strong-confluentp-into-semiconfluentp)

lemma semiconfluentp-equivclp: equivelp r = r** OO0 r~1=1** if r: semiconfluentp
r
proof(rule antisym[rotated] r-OO-conversep-into-equivclp predicate2l )+

show (r** OO0 r=1=1**) z y if equivelp r z y for z y using that unfolding
equivclp-def rtranclp-conversep

by (induction rule: converse-rtranclp-induct)
(blast elim!: symclpE intro: converse-rtranclp-into-rtranclp rtranclp-trans dest:

semiconfluentpD[OF r])+
qed

end

theory Confluent-Quotient imports
Confluence

begin

Functors with finite setters preserve wide intersection for any equivalence
relation that respects the mapper.

lemma Inter-finite-subset:
assumes VA € A. finite A
shows 3BCA. finite B A (NB) = (NA)
proof(cases A = {})
case Fulse
then obtain A where A: A € A by auto
then have finA: finite A using assms by auto
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hence fin: finite (A — (.A) by(rule finite-subset[rotated]) auto

let PP =Xz A Ac ANz ¢ A

define f where fz = Eps (?P z) for x

let 2B = insert A (f < (A — NA))

have ?P z (fz) if x € A — (A for z unfolding f-def by(rule somel-ex)(use
that A in auto)

hence (N ?8) = (NA) 7B C A using A by auto

moreover have finite 713 using fin by simp

ultimately show “thesis by blast
qed simp

locale wide-intersection-finite =
fixes F :: 'Fa = 'Fa = bool
and mapFa :: ('a = 'a) = 'Fa = 'Fa
and setFa :: 'Fa = 'a set
assumes equiv: equivp F
and map-E: E vy = E (mapFa f z) (mapFa f y)
and map-id: mapFa id r = x
and map-cong: ¥V a€setFa z. fa = g a = mapFa f x = mapFa g x
and set-map: setFa (mapFa f z) = f “ setFa x
and finite: finite (setFa x)
begin

lemma binary-intersection:
assumes F y z and y: setFa y C Y and 2: setFa 2 C Zand a: a € Ya € Z
shows Jdz. Fxzy A setFax C Y A setFaxz C Z
proof —
let 9f = \b. if b € Z then b else a
let ?u = mapFa ?fy
from <E y 2> have E %u (mapFa ?f z) by(rule map-F)
also have mapFa ?f z = mapFa id z by(rule map-cong)(use z in auto)
also have ... = z by(rule map-id)
finally have E ?u y using «E y 2> equivp-symp[OF equiv] equivp-transp| OF equiv]
by blast
moreover have setFa u C Y using a y by(subst set-map) auto
moreover have setfa ?u C Z using a by(subst set-map) auto
ultimately show ?thesis by blast
qed

lemma finite-intersection:
assumes E: VycA. Ey 2
and fin: finite A
and sub: VyeA. setFay C YyANa€ Yy
shows Jz. Ex 2z A (Vye€A. setFaz C Y y)
using fin F sub
proof (induction)
case empty
then show ?case using equivp-refip] OF equiv, of z] by(auto)
next
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case (insert y A)
then obtain z where z: Fz 2z VyeA. setFax C Yy A a € Y y by auto
hence set-z: setFa x C ((y€A. Yy) a € (NyeA. Y y) by auto
from insert.prems have E y z and set-y: setFa y C Yy a € Y y by auto
from <F y 2 <F z z» have FE z y using equivp-symp[OF equiv] equivp-transp|OF
equiv] by blast
from binary-intersection|OF this set-x(1) set-y(1) set-z(2) set-y(2)]
obtain z’ where F z’ z setFa ' C (| (Y ¢ A) setFa ' C Y y by blast
then show ?case using «F z 2 equivp-transp| OF equiv] by blast
qed

lemma wide-intersection:
assumes inter-nonempty: (| Ss # {}
shows (((4s € Ss. {(z, /). Ex 2’} “{x. setba x C As}) C {(z, z). Ex z'} *
{z. setFa x C () Ss} (is 2lhs C ?rhs)
proof
fix z
assume lhs: ¢ € ?lhs
from inter-nonempty obtain a where a: V As € Ss. a € As by auto
from [hs obtain y where y: AAs. As € Ss = E (y As) z A setFa (y As) C As
by atomize-elim(rule choice, auto)
define Ts where Ts = (AAs. insert a (setFa (y As))) ‘ Ss
have Ts-subset: ([ Ts) C ([ Ss) using a unfolding Ts-def by(auto dest: y)
have Ts-finite: V¥ Bs € T5. finite Bs unfolding Ts-def by(auto dest: y intro:
finite)
from Inter-finite-subset| OF this] obtain Us
where Us: Us C Ts and finite-Us: finite Us and Int-Us: ([ Us) C ([ Ts) by
force
let 2P = AU As. As € Ss A U = insert a (setFa (y As))
define Y where Y U = Eps (7P U) for U
have Y: ?P U (Y U) if U € Us for U unfolding Y-def
by (rule somel-ex)(use that Us in <auto simp add: Ts-def>)
let ?2f = AU. y (Y U)
have *: Vze(?f  Us). E z z by(auto dest!: Y y)
have xx: Vze(?f ‘ Us). setFa z C insert a (setFa z) A a € insert a (setFa z) by
auto
from finite-intersection[OF * - xx] finite-Us obtain u
where u: F u z and set-u: Vz€(?f ¢ Us). setFa u C insert a (setFa z) by auto
from set-u have setFa v C ([ Us) by(auto dest: Y)
with Int-Us Ts-subset have setFa v C ([ Ss) by auto
with u show z € ?rhs by auto
qged

end

Subdistributivity for quotients via confluence

lemma rtranclp-transp-reflp: R** = R if transp R reflp R
apply(rule ext iffT)+
subgoal premises prems for z y using prems by (induction)(use that in <auto
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intro: reflpD transpD»)
subgoal by(rule r-into-rtranclp)
done

lemma rtranclp-equivp: R** = R if equivp R
using that by(simp add: rtranclp-transp-reflp equivp-reflp-symp-transp)

locale confluent-quotient =
fixes Rb :: 'Fb = '"Fb = bool
and Fa :: 'Fa = 'Fa = bool
and Eb :: 'Fb = 'Fb = bool
and Ec :: 'Fc = 'Fe = bool
and Eab :: 'Fab = 'Fab = bool
and Ebc :: 'Fbc = 'Fbc = bool

and w-Faba :: 'Fab = 'Fa

and w-Fabb :: 'Fab = 'Fb

and 7-Fbeb :: 'Fbe = 'Fb

and w-Fbee :: 'Fbe = 'Fc

and rel-Fab :: ('a = 'b = bool) = 'Fa = 'Fb = bool
and rel-Fbe :: ('b = "¢ = bool) = 'Fb = 'Fc = bool
and rel-Fac :: ('a = "¢ = bool) = 'Fa = '"Fc = bool
and set-Fab :: 'Fab = (‘a x 'b) set

and set-Fbe :: 'Fbe = ('b x 'c) set
assumes confluent: confluentp Rb

and retractl-ab: Nz y. Rb (m-Fabb z) y = 2. Fab z z A y = w-Fabb z A
set-Fab z C set-Fab z

and retractl-be: Az y. Rb (7-Fbeb ) y = 32. Ebc z 2z N y = w-Fbch z A
set-Fbe z C set-Fbe x

and generated-b: Eb < equivclp Rb

and transp-a: transp Fa

and transp-c: transp Ec

and equivp-ab: equivp Fab

and equivp-be: equivp Ebc

and in-rel-Fab: NA z y. rel-Fab A z y +— (3 2. z € {x. set-Fab x C {(z, y). A
zy}} A w-Faba z = © A w-Fabb z = y)

and in-rel-Fbc: AB x y. rel-Fbc Bz y +— (3z. z € {z. set-Fbc x C {(z, y). B
zy}t} A w-Fbchb z = & A w-Fbee z = y)

and rel-compp: ANA B. rel-Fac (A OO B) = rel-Fab A OO rel-Fbc B

and 7-Faba-respect: rel-fun Fab Fa w-Faba w-Faba

and w-Fbcc-respect: rel-fun Ebc Ec w-Fbee w-Fbee
begin

lemma retract-ab: Rb** (w-Fabb x) y = 2. Fab z z A y = w-Fabb z A set-Fab
z C set-Fab x

by (induction rule: rtranclp-induct)(blast dest: retractl-ab intro: equivp-transp[OF
equivp-ab)] equivp-reflp] OF equivp-ab])+

lemma retract-be: Rb** (w-Fbeb ) y = 2. Ebc x 2 N y = w-Fbeb z N\ set-Fbe z
C set-Fbc z
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by (induction rule: rtranclp-induct)(blast dest: retract1-be intro: equivp-transp| OF
equivp-be] equivp-reflp] OF equivp-bel)+

lemma subdistributivity: rel-Fab A OO Eb OO rel-Fbc B < Ea OO rel-Fac (A OO
B) 00 Ec
proof(rule predicate2I; elim relcomppE)
fixzyy z
assume rel-Fab A z y and Eb y y' and rel-Fbe B y' z
then obtain zy y'z
where zy: set-Fab zy C {(a, b). A a b} z = w-Faba zy y = w-Fabb xy
and y'z: set-Fbe y'z C {(a, b). B a b} y' = w-Fbcb y'z z = n-Fbee y'z
by (auto simp add: in-rel-Fab in-rel-Fbc)
from <Eb y y"» have equivclp Rb y y' using generated-b by blast
then obtain u where u: Rb** y u Rb** y' u
unfolding semiconfluentp-equivelp] OF confluent[ THEN confluentp-imp-semiconfluentp]
by (auto simp add: rtranclp-conversep)
with zy y'z obtain zy’ y'z’
where retractl: Eab xy xy’ m-Fabb zy’ = u set-Fab zy’ C set-Fab xy
and retract2: Ebc y'z y'z' w-Fbeb y'2’ = u set-Fbe y'z" C set-Fbc y'z
by (auto dest!: retract-ab retract-bc)
from retract! (1) zy have Ea z (7-Faba zy’) by(auto dest: w-Faba-respect| THEN
rel-funD))
moreover have rel-Fab A (w-Faba zy') u using zy retract! by(auto simp add:
in-rel-Fab)
moreover have rel-Fbc B u (w-Fbce y'z’) using y’z retract2 by(auto simp add:
in-rel-Fbc)
moreover have Ec (n-Fbce y'z') z using retract2 y’z equivp-symp| OF equivp-bc]
by (auto intro: w-Fbce-respect| THEN rel-funD))
ultimately show (Ea OO rel-Fac (A OO B) OO Ec) z z unfolding rel-compp
by blast
qed

end

end

17 Old Datatype package: constructing datatypes
from Cartesian Products and Disjoint Sums

theory Old-Datatype
imports Main
begin

17.1 The datatype universe

definition Node = {p. Afz k. p = (f :: nat => 'b + nat, z :'a + nat) A fk =
Inr 0}
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typedef (‘a, 'b) node = Node :: ((nat => 'b + nat) * (‘a + nat)) set
morphisms Rep-Node Abs-Node
unfolding Node-def by auto

Datatypes will be represented by sets of type node

type-synonym ’a item = (‘a, unit) node set
type-synonym (‘a, 'b) dtree = ('a, 'b) node set

definition Push :: [('b + nat), nat => ('b + nat)] => (nat => ('b + nat))
where Push == (%b h. case-nat b h)

definition Push-Node :: [('b + nat), ('a, 'b) node] => ('a, 'b) node
where Push-Node == (%n x. Abs-Node (apfst (Push n) (Rep-Node z)))

definition Atom :: (‘a 4+ nat) => (‘a, 'b) diree

where Atom == (%x. {Abs-Node((%k. Inr 0, x))})
definition Scons :: [(‘a, 'b) diree, (‘a, 'b) diree] => (‘a, 'b) ditree

where Scons M N == (Push-Node (Inr 1) * M) Un (Push-Node (Inr (Suc 1))
3 N)

definition Leaf :: ‘a => (‘a, 'b) diree
where Leaf == Atom o Inl

definition Numb :: nat => (‘a, 'b) dtree
where Numb == Atom o Inr

definition In0 :: (‘a, 'b) diree => ('a, 'b) diree
where In0(M) == Scons (Numb 0) M

definition Inf :: (‘a, 'b) dtree => (‘a, 'b) diree
where In1(M) == Scons (Numb 1) M

definition Lim :: (b => ('a, 'b) diree) => ('a, 'b) dtree
where Lim f == |J{z. 3z. 2 = Push-Node (Inl z) ‘ (f z)}

definition ndepth :: (‘a, 'b) node => nat

where ndepth(n) == (%(f,z). LEAST k. f k = Inr 0) (Rep-Node n)
definition ntrunc :: [nat, ('a, 'b) dtree] => ('a, 'b) dtree

where ntrunc k N == {n. neN A ndepth(n)<k}

definition uprod :: [(‘a, 'b) dtree set, ('a, 'b) diree set]=> ('a, 'b) dtree set
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where uprod A B == UN z:A. UN y:B. { Scons z y }
definition usum :: [(a, 'b) dtree set, ('a, 'b) diree set]=> (‘a, 'b) dtree set
where usum A B == In0‘A Un In1‘B

definition Split :: [[('a, 'b) dtree, ('a, 'b) dtree]=>"c, ('a, 'b) dtree] => 'c
where Split c M == THE w. 3z y. M = Sconsxy Nu=czxy

definition Case :: [[("a, 'b) diree]=>"c, [('a, 'b) dtree]=>"c, (‘a, 'b) dtree] => 'c
where Case ¢ d M == THE u. (3z . M = In0(z) AN u=c(z)) V y. M =
Inl(y) A u = d(y))

definition dprod :: [((‘a, 'b) dtree % (‘a, 'b) dtree)set, (('a, 'b) dtree * ('a, 'b)
dtree) set]
=> (('a, 'b) diree * (‘a, 'b) diree)set
where dprod r s == UN (z,z'):r. UN (y,y"):s. {(Scons z y, Scons =’ y')}

definition dsum :: [(("a, 'b) dtree % (‘a, 'b) dtree)set, (('a, 'b) dtree x ('a, 'b)
dtree) set]
=> (("a, 'b) diree * (‘a, 'b) diree)set
where dsum r s == (UN (z,z"):r. {(In0(z),In0(z")}) Un (UN (y,y"):s. {(In1(y),In1(y"))})

lemma apfst-convE:
(| ¢=apfstfp; ey [|p=(zy); ¢=(f(x)y) ]==>R
] ==>R

by (force simp add: apfst-def)

lemma Push-injectl: Push i f = Push jg ==> i=j
apply (simp add: Push-def fun-eq-iff)

apply (drule-tac z=0 in spec, simp)

done

lemma Push-inject2: Push i f = Pushjg ==> f=g
apply (auto simp add: Push-def fun-eq-iff)

apply (drule-tac z==Suc z in spec, simp)

done

lemma Push-inject:
[| Push i f =Pushjg; [| i=j; f=g[] ==>P[]==>P
by (blast dest: Push-injectl Push-inject2)

lemma Push-neq-K0: Push (Inr (Suc k)) f = (%z. Inr 0) ==> P
by (auto simp add: Push-def fun-eq-iff split: nat.split-asm)
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lemmas Abs-Node-inj = Abs-Node-inject [THEN [2] rev-iff D1]

lemma Node-K0-I: (Mk. Inr 0, a) € Node
by (simp add: Node-def)

lemma Node-Push-I: p € Node = apfst (Push i) p € Node
apply (simp add: Node-def Push-def)

apply (fast introl: apfst-conv nat.case(2)[THEN trans])
done

17.2 Freeness: Distinctness of Constructors

lemma Scons-not-Atom [iff]: Scons M N # Atom(a)
unfolding Atom-def Scons-def Push-Node-def One-nat-def
by (blast intro: Node-K0-I Rep-Node [THEN Node-Push-I|
dest!: Abs-Node-inj
elim!: apfst-convE sym [THEN Push-neq-K0])

lemmas Atom-not-Scons [iff] = Scons-not-Atom [THEN not-sym]

lemma inj-Atom: inj(Atom)

apply (simp add: Atom-def)

apply (blast intro!: inj-onl Node-KO0-I dest!: Abs-Node-inj)
done

lemmas Atom-inject = inj-Atom [THEN injD]

lemma Atom-Atom-eq [iff]: (Atom(a)=Atom(b)) = (a=b)
by (blast dest!: Atom-inject)

lemma inj-Leaf: inj(Leaf)

apply (simp add: Leaf-def o-def)

apply (rule inj-onI)

apply (erule Atom-inject [THEN Inl-inject])
done

lemmas Leaf-inject [dest!] = inj-Leaf [THEN injD]
lemma inj-Numb: inj( Numb)

apply (simp add: Numb-def o-def)
apply (rule inj-onlI)
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apply (erule Atom-inject [THEN Inr-inject))
done

lemmas Numb-inject [dest!] = inj-Numb [THEN injD)

lemma Push-Node-inject:
[| Push-Node i m =Push-Node j n; [| i=j; m=n|] ==> P
J==> P
apply (simp add: Push-Node-def)
apply (erule Abs-Node-inj [THEN apfst-convE])
apply (rule Rep-Node [THEN Node-Push-1I])+
apply (erule sym [THEN apfst-convE))
apply (blast intro: Rep-Node-inject [THEN iffD1] trans sym elim!: Push-inject)
done

lemma Scons-inject-lemmal: Scons M N <= Scons M' N' ==> M<=M'
unfolding Scons-def One-nat-def
by (blast dest!: Push-Node-inject)

lemma Scons-inject-lemma2: Scons M N <= Scons M’ N' ==> N<=N'
unfolding Scons-def One-nat-def
by (blast dest!: Push-Node-inject)

lemma Scons-injectl: Scons M N = Scons M' N' ==> M=M"'
apply (erule equalityFE)

apply (iprover intro: equalityl Scons-inject-lemmal)

done

lemma Scons-inject2: Scons M N = Scons M’ N' ==> N=N'
apply (erule equalityE)

apply (iprover intro: equalityl Scons-inject-lemmaZ2)

done

lemma Scons-inject:
[| Scons M N = Scons M' N'; [| M=M'; N=N'|]==> P ||==> P
by (iprover dest: Scons-inject! Scons-inject2)

lemma Scons-Scons-eq [iff]: (Scons M N = Scons M’ N') = (M=M' AN N=N')
by (blast elim!: Scons-inject)
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lemma Scons-not-Leaf [iff]: Scons M N # Leaf(a)
unfolding Leaf-def o-def by (rule Scons-not-Atom)

lemmas Leaf-not-Scons [iff] = Scons-not-Leaf [THEN not-sym)|

lemma Scons-not-Numb [iff]: Scons M N # Numb(k)
unfolding Numb-def o-def by (rule Scons-not-Atom)

lemmas Numb-not-Scons [iff] = Scons-not-Numb [THEN not-sym)|

lemma Leaf-not-Numb [iff]: Leaf(a) # Numb(k)
by (simp add: Leaf-def Numb-def)

lemmas Numb-not-Leaf [iff] = Leaf-not-Numb [THEN not-sym)]

lemma ndepth-K0: ndepth (Abs-Node(%k. Inr 0, x)) = 0
by (simp add: ndepth-def Node-K0-I [THEN Abs-Node-inverse] Least-equality)

lemma ndepth-Push-Node-auzx:
case-nat (Inr (Suc ©)) fk = Inr 0 — Suc(LEAST x. fo = Inr 0) < k
apply (induct-tac k, auto)
apply (erule Least-le)
done

lemma ndepth-Push-Node:

ndepth (Push-Node (Inr (Suc ©)) n) = Suc(ndepth(n))
apply (insert Rep-Node [of n, unfolded Node-def])
apply (auto simp add: ndepth-def Push-Node-def

Rep-Node [THEN Node-Push-I, THEN Abs-Node-inverse))

apply (rule Least-equality)
apply (auto simp add: Push-def ndepth-Push-Node-auz)
apply (erule LeastI)
done

lemma ntrunc-0 [simp]: ntrunc 0 M = {}
by (simp add: ntrunc-def)
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lemma nirunc-Atom [simp: ntrunc (Suc k) (Atom a) = Atom(a)
by (auto simp add: Atom-def ntrunc-def ndepth-K0)

lemma ntrunc-Leaf [simp]: ntrunc (Suc k) (Leaf a) = Leaf(a)
unfolding Leaf-def o-def by (rule ntrunc-Atom)

lemma ntrunc-Numb [simp]: ntrunc (Suc k) (Numb i) = Numb(i)
unfolding Numb-def o-def by (rule ntrunc-Atom)

lemma ntrunc-Scons [simp:

ntrunc (Suc k) (Scons M N) = Scons (ntrunc k M) (ntrunc k N)
unfolding Scons-def ntrunc-def One-nat-def
by (auto simp add: ndepth-Push-Node)

lemma ntrunc-one-In0 [simp]: ntrunc (Suc 0) (In0 M) = {}
apply (simp add: In0-def)

apply (simp add: Scons-def)

done

lemma ntrunc-In0 [simp: ntrunc (Suc(Suc k)) (In0 M) = In0 (ntrunc (Suc k)
M)
by (simp add: In0-def)

lemma ntrunc-one-Inl [simp): ntrunc (Suc 0) (In1 M) = {}
apply (simp add: In1-def)

apply (simp add: Scons-def)

done

lemma ntrunc-Ini [simp]: ntrunc (Suc(Suc k)) (In1 M) = Inl (ntrunc (Suc k)
M)
by (simp add: In1-def)

17.3 Set Constructions

lemma uprodl [introl]: [M€A; NeB] = Scons M N € uprod A B
by (simp add: uprod-def)

lemma uprodE [elim!]:
[c € uprod A B;
Nxy. [z € A;y € By c = Sconszy] = P
=P
by (auto simp add: uprod-def)
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lemma uprodE2: [Scons M N € uprod A B; [M € A; N € Bl = P] = P
by (auto simp add: uprod-def)

lemma usum-In0I [intro]: M € A = In0(M) € usum A B
by (simp add: usum-def)

lemma usum-IniI [intro]: N € B = Inl(N) € usum A B
by (simp add: usum-def)

lemma usumFE [elim!]:
[v € usum A B;
Nz. [z € A; u=In0(z)] = P;
Ay ly € B; u=Ini(y)] = P
=P
by (auto simp add: usum-def)

lemma In0-not-Inl [iff]: In0(M) # Inl(N)
unfolding In0-def In1-def One-nat-def by auto

lemmas Ini-not-In0 [iff] = In0-not-In1 [THEN not-sym|

lemma In0-inject: In0(M) = In0(N) ==> M=N
by (simp add: In0-def)

lemma Inl-inject: In1(M) = In1(N) ==> M=N
by (simp add: In1-def)

lemma In0-eq [iff]: (In0 M = In0 N) = (M=N)
by (blast dest!: In0-inject)

lemma Inl-eq [iff]: (In1 M = In1 N) = (M=N)
by (blast dest!: Inl-inject)

lemma inj-In0: inj In0
by (blast intro!: inj-onI)

lemma inj-Ini: inj Inl
by (blast introl: inj-onl)
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lemma Lim-inject: Lim f = Lim g ==> f = g
apply (simp add: Lim-def)

apply (rule ext)

apply (blast elim!: Push-Node-inject)

done

lemma ntrunc-subsetl: ntrunc k M <= M
by (auto simp add: ntrunc-def)

lemma ntrunc-subsetD: (k. ntrunc k M <= N) ==> M<=N
by (auto simp add: ntrunc-def)

lemma ntrunc-equality: (k. ntrunc k M = ntrunc k N) ==> M=N
apply (rule equalityl)

apply (rule-tac [!] ntrunc-subsetD)

apply (rule-tac [!] ntrunc-subset] [THEN [2] subset-trans], auto)
done

lemma ntrunc-o-equality:
[| k. (ntrunc(k) o h1) = (ntrunc(k) o h2) || ==> h1=h2
apply (rule ntrunc-equality [THEN ext])

apply (simp add: fun-eq-iff)
done

lemma uprod-mono: || A<=A'; B<=B'|] ==> uprod A B <= uprod A’ B’
by (simp add: uprod-def, blast)

lemma usum-mono: [| A<=A'; B<=B'|] ==> usum A B <= usum A’ B’
by (simp add: usum-def, blast)

lemma Scons-mono: || M<=M'; N<=N'|] ==> Scons M N <= Scons M' N’
by (simp add: Scons-def, blast)

lemma In0-mono: M<=N ==> In0(M) <= In0(N)
by (simp add: In0-def Scons-mono)

lemma Inl-mono: M<=N ==> In1(M) <= In1(N)
by (simp add: In1-def Scons-mono)



THEORY “Old-Datatype”
lemma Split [simp]: Split ¢ (Scons M N) = ¢ M N
by (simp add: Split-def)

lemma Case-In0 [simp]: Case ¢ d (In0 M) = ¢(M)
by (simp add: Case-def)

lemma Case-Inl [simp]: Case ¢ d (In1 N) = d(N)
by (simp add: Case-def)

lemma ntrunc-UN1: ntrunc k (UN z. f(x)) = (UN z. ntrunc k (f z))
by (simp add: ntrunc-def, blast)

lemma Scons-UN1-x: Scons (UN z. fz) M = (UN x. Scons (f z) M)
by (simp add: Scons-def, blast)

lemma Scons-UN1-y: Scons M (UN z. fx) = (UN z. Scons M (f x))
by (simp add: Scons-def, blast)

lemma In0-UN1: InO(UN z. f(z)) = (UN z. In0(f(z)))
by (simp add: In0-def Scons-UNI1-y)

lemma In1-UN1: In1(UN z. f(z)) = (UN z. In1(f(z)))
by (simp add: In1-def Scons-UNI1-y)

lemma dprodl [introl]:

[(M,M’) € r; (N,N') € s] = (Scons M N, Scons M' N') € dprod r s

by (auto simp add: dprod-def)

lemma dprodE [elim!]:
[c € dprod r s;
Nz yz'y' [(z2) €75 (y,9) €5
¢ = (Scons x y, Scons z' y')] = P
|=P
by (auto simp add: dprod-def)

lemma dsum-In0I [intro]: (M,M") € r = (In0(M), In0(M")) € dsum r s

by (auto simp add: dsum-def)

139
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lemma dsum-In1l [intro]: (N,N) € s = (In1(N), In1(N')) € dsum r s
by (auto simp add: dsum-def)

lemma dsumFE [elim!]:
[w e dsum r s;
Nz 2’ [ (z,2') € r; w= (In0(x), In0(z")) | = P;
Nyy' [ (yy) € s w=(Inl(y), In1(y') ] = P
|=rP
by (auto simp add: dsum-def)

lemma dprod-mono: || r<=r’; s<=s'|] ==> dprod r s <= dprod r’ s’
by blast
lemma dsum-mono: [| r<=r'; s<=s'|] ==> dsum r s <= dsum r' s’
by blast

lemma dprod-Sigma: (dprod (A x B) (C x D)) <= (uprod A C') x (uprod B D)
by blast

lemmas dprod-subset-Sigma = subset-trans [OF dprod-mono dprod-Sigma)

lemma dprod-subset-Sigma2:
(dprod (Sigma A B) (Sigma C D)) <= Sigma (uprod A C) (Split (%x y. uprod

(B z) (D y)))
by auto

lemma dsum-Sigma: (dsum (A x B) (C x D)) <= (usum A C) x (usum B D)
by blast

lemmas dsum-subset-Sigma = subset-trans [OF dsum-mono dsum-Sigma)

lemma Domain-dprod [simp]: Domain (dprod r s) = uprod (Domain r) (Domain

s)

by auto

lemma Domain-dsum [simp]: Domain (dsum r s) = usum (Domain r) (Domain

s)

by auto

hides popular names
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hide-type (open) node item
hide-const (open) Push Node Atom Leaf Numb Lim Split Case

ML-file «~~/src/ HOL/ Tools/ Old-Datatype/ old-datatype. ML»

end

18 Bijections between natural numbers and other
types

theory Nat-Bijection
imports Main
begin

18.1 Type nat x nat
Triangle numbers: 0, 1, 3, 6, 10, 15, ...

definition triangle :: nat = nat
where triangle n = (n % Suc n) div 2

lemma triangle-0 [simp]: triangle 0 = 0
by (simp add: triangle-def)

lemma triangle-Suc [simp]: triangle (Suc n) = triangle n + Suc n
by (simp add: triangle-def)

definition prod-encode :: nat x nat = nat
where prod-encode = (A(m, n). triangle (m + n) + m)

In this auxiliary function, triangle k + m is an invariant.

fun prod-decode-auz :: nat = nat = nat X nat
where prod-decode-aux k m =
(if m < k then (m, k — m) else prod-decode-auz (Suc k) (m — Suc k))

declare prod-decode-auz.simps [simp del]

definition prod-decode :: nat = nat x nat
where prod-decode = prod-decode-auz 0

lemma prod-encode-prod-decode-auz: prod-encode (prod-decode-aux k m) = triangle
k+ m
proof (induction k m rule: prod-decode-aux.induct)
case (1 km)
then show ?case
by (simp add: prod-encode-def prod-decode-auz.simps)
qed

lemma prod-decode-inverse [simpl: prod-encode (prod-decode n) = n
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by (simp add: prod-decode-def prod-encode-prod-decode-aux)

lemma prod-decode-triangle-add: prod-decode (triangle k + m) = prod-decode-aux
km
proof (induct k arbitrary: m)

case (

then show ?case

by (simp add: prod-decode-def)

next

case (Suc k)

then show ?case

by (metis ab-semigroup-add-class.add-ac(1) add-diff-cancel-left’ le-add1 not-less-eq-eq
prod-decode-aux.simps triangle-Suc)
qed

lemma prod-encode-inverse [simpl: prod-decode (prod-encode x) = x
unfolding prod-encode-def
proof (induct x)
case (Pair a b)
then show ?case
by (simp add: prod-decode-triangle-add prod-decode-auzx.simps)
qed

lemma inj-prod-encode: inj-on prod-encode A
by (rule inj-on-inversel) (rule prod-encode-inverse)

lemma inj-prod-decode: inj-on prod-decode A
by (rule inj-on-inversel ) (rule prod-decode-inverse)

lemma surj-prod-encode: surj prod-encode
by (rule surjI) (rule prod-decode-inverse)

lemma surj-prod-decode: surj prod-decode
by (rule surjI) (rule prod-encode-inverse)

lemma bij-prod-encode: bij prod-encode
by (rule bijI [OF inj-prod-encode surj-prod-encode))

lemma bij-prod-decode: bij prod-decode
by (rule bijI [OF inj-prod-decode surj-prod-decode))

lemma prod-encode-eq [simp]: prod-encode x = prod-encode y +— = =y
by (rule inj-prod-encode [THEN inj-eq|)

lemma prod-decode-eq [simp]: prod-decode x = prod-decode y +— z =y
by (rule inj-prod-decode [THEN ingj-eq])

Ordering properties
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lemma le-prod-encode-1: a < prod-encode (a, b)
by (simp add: prod-encode-def)

lemma le-prod-encode-2: b < prod-encode (a, b)
by (induct b) (simp-all add: prod-encode-def)

18.2 Type nat + nat

definition sum-encode :: nat + nat = nat
where sum-encode © = (case x of Inl a = 2 % a | Inr b = Suc (2 * b))

definition sum-decode :: nat = nat + nat
where sum-decode n = (if even n then Inl (n div 2) else Inr (n div 2))

lemma sum-encode-inverse [simp]: sum-decode (sum-encode ) = x
by (induct z) (simp-all add: sum-decode-def sum-encode-def)

lemma sum-decode-inverse [simp|: sum-encode (sum-decode n) = n
by (simp add: even-two-times-div-two sum-decode-def sum-encode-def)

lemma inj-sum-encode: inj-on sum-encode A
by (rule inj-on-inversel) (rule sum-encode-inverse)

lemma inj-sum-decode: inj-on sum-decode A
by (rule inj-on-inversel) (rule sum-decode-inverse)

lemma surj-sum-encode: surj sum-encode
by (rule surjI) (rule sum-decode-inverse)

lemma surj-sum-decode: surj sum-decode
by (rule surjI) (rule sum-encode-inverse)

lemma bij-sum-encode: bij sum-encode
by (rule bijI [OF inj-sum-encode surj-sum-encode])

lemma bij-sum-decode: bij sum-decode
by (rule bijI [OF inj-sum-decode surj-sum-decode])

lemma sum-encode-eq: sum-encode T = sum-encode y <— T =y
by (rule inj-sum-encode |[THEN inj-eq])

lemma sum-decode-eq: sum-decode x = sum-decode y «— x =y
by (rule inj-sum-decode [THEN inj-eq))

18.3 Type int

definition int-encode :: int = nat
where int-encode i = sum-encode (if 0 < i then Inl (nat 7) else Inr (nat (— i —

1)))
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definition int-decode :: nat = int
where int-decode n = (case sum-decode n of Inl a = int a | Inr b = — int b —

1)

lemma int-encode-inverse [simp]: int-decode (int-encode x) = x
by (simp add: int-decode-def int-encode-def)

lemma int-decode-inverse [simp|: int-encode (int-decode n) = n
unfolding int-decode-def int-encode-def
using sum-decode-inverse [of n] by (cases sum-decode n) simp-all

lemma inj-int-encode: inj-on int-encode A
by (rule inj-on-inversel ) (rule int-encode-inverse)

lemma inj-int-decode: inj-on int-decode A
by (rule inj-on-inversel ) (rule int-decode-inverse)

lemma surj-int-encode: surj int-encode
by (rule surjI) (rule int-decode-inverse)

lemma surj-int-decode: surj int-decode
by (rule surjI) (rule int-encode-inverse)

lemma bij-int-encode: bij int-encode
by (rule bijI [OF inj-int-encode surj-int-encode))

lemma bij-int-decode: bij int-decode
by (rule bijI [OF inj-int-decode surj-int-decode)])

lemma int-encode-eq: int-encode x = int-encode y <+— = =y
by (rule inj-int-encode [THEN inj-eq])

lemma int-decode-eq: int-decode x = int-decode y +— z =y
by (rule inj-int-decode [THEN inj-eq])

18.4 Type nat list

fun list-encode :: nat list = nat
where
list-encode [| = 0
| list-encode (z # xs) = Suc (prod-encode (x, list-encode xs))

function list-decode :: nat = nat list
where
list-decode 0 = ]
| list-decode (Suc n) = (case prod-decode n of (x, y) = x # list-decode y)
by pat-completeness auto

termination list-decode
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proof —
have An z y. (z, y) = prod-decode n = y < Suc n
by (metis le-imp-less-Suc le-prod-encode-2 prod-decode-inverse)
then show ?thesis
using termination by blast
qed

lemma list-encode-inverse [simp)]: list-decode (list-encode ) = x
by (induct z rule: list-encode.induct) simp-all

lemma list-decode-inverse [simp]: list-encode (list-decode n) = n
proof (induct n rule: list-decode.induct)
case (2 n)
then show “case
by (metis list-encode.simps(2) list-encode-inverse prod-decode-inverse surj-pair)
qed auto

lemma inj-list-encode: inj-on list-encode A
by (rule inj-on-inversel ) (rule list-encode-inverse)

lemma inj-list-decode: inj-on list-decode A
by (rule inj-on-inversel ) (rule list-decode-inverse)

lemma surj-list-encode: surj list-encode
by (rule surjl) (rule list-decode-inverse)

lemma surj-list-decode: surj list-decode
by (rule surjI) (rule list-encode-inverse)

lemma bij-list-encode: bij list-encode
by (rule bijI [OF inj-list-encode surj-list-encode])

lemma bij-list-decode: bij list-decode
by (rule bijI [OF inj-list-decode surj-list-decode))

lemma list-encode-eq: list-encode © = list-encode y <— © = y
by (rule ing-list-encode [THEN inj-eq])

lemma list-decode-eq: list-decode x = list-decode y +— = =y
by (rule inj-list-decode [THEN inj-eq])

18.5 Finite sets of naturals

18.5.1 Preliminaries

lemma finite-vimage-Suc-iff: finite (Suc —‘ F) «— finite F
proof
have F' C insert 0 (Suc ‘ Suc —* F)
using nat.nchotomy by force
moreover
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assume finite (Suc —* F)
then have finite (insert 0 (Suc ¢ Suc —* F'))
by blast
ultimately show finite F'
using finite-subset by blast
qed (force intro: finite-vimagel inj-Suc)

lemma vimage-Suc-insert-0: Suc —* insert 0 A = Suc —‘ A
by auto

lemma vimage-Suc-insert-Suc: Suc —* insert (Suc n) A = insert n (Suc —* A)
by auto

lemma div2-even-ext-nat:
fixes = y :: nat
assumes z div 2 = y div 2
and even r <— even y
shows z = y
proof —
from <even x +— even y» have xz mod 2 = y mod 2
by (simp only: even-iff-mod-2-eq-zero) auto
with assms have z div 2 x 2 + x mod 2 = y div 2 * 2 + y mod 2
by simp
then show ?thesis
by simp
qged

18.5.2 From sets to naturals

definition set-encode :: nat set = nat
where set-encode = sum ((7) 2)

lemma set-encode-empty [simp]: set-encode {} = 0
by (simp add: set-encode-def)

lemma set-encode-inf: — finite A = set-encode A = 0
by (simp add: set-encode-def)

lemma set-encode-insert [simp): finite A = n ¢ A = set-encode (insert n A)
= 2"n + set-encode A
by (simp add: set-encode-def)

lemma even-set-encode-iff: finite A = even (set-encode A) +— 0 ¢ A
by (induct set: finite) (auto simp: set-encode-def)

lemma set-encode-vimage-Suc: set-encode (Suc —° A) = set-encode A div 2
proof (induction A rule: infinite-finite-induct)

case (infinite A)

then show “case
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by (simp add: finite-vimage-Suc-iff set-encode-inf)
next
case (insert z A)
show ?Zcase
proof (cases )
case (
with insert show ?thesis
by (simp add: even-set-encode-iff vimage-Suc-insert-0)
next
case (Suc y)
with insert show ?thesis
by (simp add: finite-vimagel add.commute vimage-Suc-insert-Suc)
qed
qed auto

lemmas set-encode-div-2 = set-encode-vimage-Suc [symmetric]

18.5.3 From naturals to sets

definition set-decode :: nat = nat set
where set-decode x = {n. odd (z div 2 ~n)}

lemma set-decode-0 [simp: 0 € set-decode © <— odd x
by (simp add: set-decode-def)

lemma set-decode-Suc [simp]: Suc n € set-decode v <— n € set-decode (x div 2)
by (simp add: set-decode-def div-mult2-eq)

lemma set-decode-zero [simp|: set-decode 0 = {}
by (simp add: set-decode-def)

lemma set-decode-div-2: set-decode (z div 2) = Suc —* set-decode x
by auto

lemma set-decode-plus-power-2:
n ¢ set-decode z = set-decode (2 ~n + z) = insert n (set-decode z)
proof (induct n arbitrary: z)
case (
show ?case
proof (rule set-eql)
show ¢ € set-decode (2 ~ 0 + z) <— q € insert 0 (set-decode z) for q
by (induct q) (use 0 in simp-all)
qed
next
case (Suc n)
show Zcase
proof (rule set-eql)
show ¢ € set-decode (2 ~ Suc n + z) «— q € insert (Suc n) (set-decode z) for
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by (induct q) (use Suc in simp-all)
qed
qed

lemma finite-set-decode [simp]: finite (set-decode n)
proof (induction n rule: less-induct)
case (less n)
show ?Zcase
proof (cases n = 0)
case False
then show ?thesis
using less.IH [of n div 2] finite-vimage-Suc-iff set-decode-div-2 by auto
qged auto
qed

18.5.4 Proof of isomorphism

lemma set-decode-inverse [simp|: set-encode (set-decode n) = n
proof (induction n rule: less-induct)
case (less n)
show ?case
proof (cases n = 0)
case Fulse
then have set-encode (set-decode (n div 2)) = n div 2
using less.IH by auto
then show “thesis
by (metis div2-even-ext-nat even-set-encode-iff finite-set-decode set-decode-0
set-decode-div-2 set-encode-div-2)
qged auto
qed

lemma set-encode-inverse [simp]: finite A = set-decode (set-encode A) = A
proof (induction rule: finite-induct)
case (insert z A)
then show ?case
by (simp add: set-decode-plus-power-2)
qed auto

lemma inj-on-set-encode: inj-on set-encode (Collect finite)
by (rule inj-on-inversel [where g = set-decode]) simp

lemma set-encode-eq: finite A = finite B —> set-encode A = set-encode B <—
A=B
by (rule iffI) (simp-all add: inj-onD [OF inj-on-set-encode])

lemma subset-decode-imp-le:
assumes set-decode m C set-decode n
shows m < n

proof —
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have n = m + set-encode (set-decode n — set-decode m)
proof —
obtain A B where
m = set-encode A finite A
n = set-encode B finite B
by (metis finite-set-decode set-decode-inverse)
with assms show ?thesis
by auto (simp add: set-encode-def add.commute sum.subset-diff)
qed
then show ?thesis
by (metis le-add1)
qed

end

19 Encoding (almost) everything into natural num-
bers

theory Countable
imports Old-Datatype HOL.Rat Nat-Bijection
begin

19.1 The class of countable types

class countable =
assumes ez-inj: 3to-nat :: 'a = nat. inj to-nat

lemma countable-classl:

fixes [ :: 'a = nat

assumes Az y. fr=fy=—= 2=y

shows OFCLASS('a, countable-class)
proof (intro-classes, rule exl)

show inj f

by (rule injI [OF assms]) assumption

qed

19.2 Conversion functions
definition to-nat :: 'a::countable = nat where

to-nat = (SOME f. inj f)

definition from-nat :: nat = 'a::countable where
from-nat = inv (to-nat :: 'a = nat)

lemma inj-to-nat [simp]: inj to-nat
by (rule exE-some [OF ex-inj]) (simp add: to-nat-def)

lemma inj-on-to-nat[simp, introl: inj-on to-nat S
using inj-to-nat by (auto simp: inj-on-def)
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lemma surj-from-nat [simpl: surj from-nat
unfolding from-nat-def by (simp add: inj-imp-surj-inv)

lemma to-nat-split [simpl: to-nat © = to-nat y «— x =y
using injD [OF inj-to-nat] by auto

lemma from-nat-to-nat [simp]:
from-nat (to-nat z) = x
by (simp add: from-nat-def)

19.3 Finite types are countable

subclass (in finite) countable
proof

have finite (UNIV::'a set) by (rule finite-UNIV)

with finite-conv-nat-seg-image [of UNIV::'a set]

obtain n and f :: nat = 'a

where UNIV = f ‘{i. i < n} by auto

then have surj f unfolding surj-def by auto

then have inj (inv f) by (rule surj-imp-inj-inv)

then show Jto-nat :: ‘a = nat. inj to-nat by (rule exI[of inj])
qed

19.4 Automatically proving countability of old-style datatypes

context
begin

qualified inductive finite-item :: 'a Old-Datatype.item = bool where
undefined: finite-item undefined

| In0: finite-item © = finite-item (Old-Datatype.In0 x)

| Inl: finite-item © = finite-item (Old-Datatype.Inl x)

| Leaf: finite-item (Old-Datatype.Leaf a)

| Scons: [finite-item x; finite-item y] = finite-item (Old-Datatype.Scons  y)

qualified function nth-item :: nat = (‘a::countable) Old-Datatype.item
where
nth-item 0 = undefined
| nth-item (Suc n) =
(case sum-decode n of
Inli =
(case sum-decode i of
Inl j = Old-Datatype.In0 (nth-item j)
| Inr j = Old-Datatype.Inl (nth-item j))
| Inr i =
(case sum-decode i of
Inl j = Old-Datatype.Leaf (from-nat 7)
| Inr j =
(case prod-decode j of
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(a, b) = Old-Datatype.Scons (nth-item a) (nth-item b))))
by pat-completeness auto

lemma le-sum-encode-Inl: © < y = z < sum-encode (Inl y)
unfolding sum-encode-def by simp

lemma le-sum-encode-Inr: © < y = z < sum-encode (Inr y)
unfolding sum-encode-def by simp

qualified termination
by (relation measure id)
(auto simp flip: sum-encode-eq prod-encode-eq
simp: le-imp-less-Suc le-sum-encode-Inl le-sum-encode-Inr
le-prod-encode-1 le-prod-encode-2)

lemma nth-item-covers: finite-item © = In. nth-item n = z
proof (induct set: finite-item)
case undefined
have nth-item 0 = undefined by simp
thus ?case ..
next
case (In0 )
then obtain n where nth-item n = z by fast
hence nth-item (Suc (sum-encode (Inl (sum-encode (Inln))))) = Old-Datatype.In0
x by simp
thus ?case ..
next
case (Inl x)
then obtain n where nth-item n = z by fast
hence nth-item (Suc (sum-encode (Inl (sum-encode (Inrn))))) = Old-Datatype.Inl
x by simp
thus ?case ..
next
case (Leaf a)
have nth-item (Suc (sum-encode (Inr (sum-encode (Inl (to-nat a)))))) = Old-Datatype. Leaf
a
by simp
thus Zcase ..
next
case (Scons x y)
then obtain i j where nth-item i = xz and nth-item j = y by fast
hence nth-item
(Suc (sum-encode (Inr (sum-encode (Inr (prod-encode (i, 7))))))) = Old-Datatype.Scons
Ty
by simp
thus Zcase ..
qed

theorem countable-datatype:
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fixes Rep :: 'b = (‘a::countable) Old-Datatype.item
fixes Abs :: (‘a::countable) Old-Datatype.item = 'b
fixes rep-set :: (‘a::countable) Old-Datatype.item = bool
assumes type: type-definition Rep Abs (Collect rep-set)
assumes finite-item: \x. rep-set x = finite-item x
shows OFCLASS('b, countable-class)
proof
define f where fy = (LEAST n. nth-item n = Rep y) for y
{
fix y:: b
have rep-set (Rep y)
using type-definition.Rep [OF type| by simp
hence finite-item (Rep y)
by (rule finite-item)
hence 3 n. nth-item n = Rep y
by (rule nth-item-covers)
hence nth-item (f y) = Rep y
unfolding f-def by (rule Leastl-ex)
hence Abs (nth-item (fy)) =y
using type-definition. Rep-inverse [OF type] by simp
}

hence inj f
by (rule inj-on-inversel )
thus 3f::'b = nat. inj f
by — (rule exl)
qged

ML ¢
fun old-countable-datatype-tac ctxt =
SUBGOAL (fn (goal, -) =>
let
val ty-name =
(case goal of
(- $ Const (const-name «Pure.type), Type (type-name <itself, [Type
(n, ) => n
| - => raise Match)
val typedef-info = hd (Typedef.get-info ctat ty-name)
val typedef-thm = #type-definition (snd typedef-info)
val pred-name =
(case HOLogic.dest-Trueprop (Thm.concl-of typedef-thm) of
(-$-%-8(-% Const (n, -)) =>n
| - => raise Match)
val induct-info = Inductive.the-inductive-global ctxt pred-name
val pred-names = #names (fst induct-info)
val induct-thms = #inducts (snd induct-info)
val alist = pred-names ~~ induct-thms
val induct-thm = the (AList.lookup (op =) alist pred-name)
val vars = rev (Term.add-vars (Thm.prop-of induct-thm) [])
val insts = vars |> map (fn (-, T) => try (Thm.cterm-of ctat)
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(Const (const-name < Countable.finite-item», T)))
val induct-thm’ = Thm.instantiate’ [| insts induct-thm
val rules = Q{thms finite-item.intros}

in
SOLVED' (fn i => EVERY

[resolve-tac ctzt @Q{thms countable-datatype} i,

resolve-tac ctxt [typedef-thm] i,

eresolve-tac ctat [induct-thm'] i,

REPEAT (resolve-tac ctxt rules i ORELSE assume-tac ctat i)]) 1

end)
)

end

19.5 Automatically proving countability of datatypes
ML-file «../Tools/ BNF [ bnf-lfp-countable. ML»

ML «
fun countable-datatype-tac ctxt st =
(case try<HEADGOAL (old-countable-datatype-tac ctzt) st of
SOME res => res
| NONE => BNF-LFP-Countable.countable-datatype-tac ctxt st);

(* compatibility x)
fun countable-tac ctrt =

SELECT-GOAL (countable-datatype-tac ctzt);
)

method-setup countable-datatype = «
Scan.succeed (SIMPLE-METHOD o countable-datatype-tac)
y prove countable class instances for datatypes

19.6 More Countable types

Naturals

instance nat :: countable
by (rule countable-classI [of id]) simp

Pairs

instance prod :: (countable, countable) countable
by (rule countable-classI [of A(z, y). prod-encode (to-nat x, to-nat y)))
(auto simp add: prod-encode-eq)

Sums

instance sum :: (countable, countable) countable

by (rule countable-classI [of (Ax. case x of Inl a = to-nat (False, to-nat a)

| Inr b = to-nat (True, to-nat b))])
(simp split: sum.split-asm)

153
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Integers

instance int :: countable
by (rule countable-classI [of int-encode]) (simp add: int-encode-eq)

Options

instance option :: (countable) countable
by countable-datatype

Lists

instance list :: (countable) countable
by countable-datatype

String literals

instance String.literal :: countable
by (rule countable-classI [of to-nat o String.explode]) (simp add: String.explode-inject)

Functions

instance fun :: (finite, countable) countable
proof
obtain zs :: ‘a list where zs: set s = UNIV
using finite-list [OF finite-UNIV] ..
show Jto-nat:(‘a = 'b) = nat. inj to-nat
proof
show inj (Af. to-nat (map f xs))
by (rule injI, simp add: zs fun-eq-iff)
qed
qed

Typereps

instance typerep :: countable
by countable-datatype

19.7 The rationals are countably infinite

definition nat-to-rat-surj :: nat = rat where
nat-to-rat-surj n = (let (a, b) = prod-decode n in Fract (int-decode a) (int-decode

b))

lemma surj-nat-to-rat-surj: surj nat-to-rat-surj
unfolding surj-def
proof
fix rirat
show dn. r = nat-to-rat-surj n
proof (cases r)
fix i j assume [simp]: r = Fract i j and j > 0
have r = (let m = int-encode i; n = int-encode j in nat-to-rat-surj (prod-encode
(m, n))
by (simp add: Let-def nat-to-rat-surj-def)
thus In. r = nat-to-rat-surj n by(auto simp: Let-def)
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qed
qed

lemma Rats-eq-range-nat-to-rat-surj: Q = range nat-to-rat-surj
by (simp add: Rats-def surj-nat-to-rat-surj)

context field-char-0
begin

lemma Rats-eq-range-of-rat-o-nat-to-rat-surj:

Q = range (of-rat o nat-to-rat-surj)

using surj-nat-to-rat-surj

by (auto simp: Rats-def image-def surj-def) (blast intro: arg-cong|where f =
of-rat])

lemma surj-of-rat-nat-to-rat-surj:
r € Q = In. r = of-rat (nat-to-rat-surj n)
by (simp add: Rats-eg-range-of-rat-o-nat-to-rat-surj image-def)

end

instance rat :: countable
proof
show Fto-nat::rat = nat. inj to-nat
proof
have surj nat-to-rat-surj
by (rule surj-nat-to-rat-sury)
then show inj (inv nat-to-rat-sury)
by (rule surj-imp-inj-inv)
qed
qed

theorem rat-denum: 3f :: nat = rat. surj f
using surj-nat-to-rat-surj by metis

end

20 Infinite Sets and Related Concepts

theory Infinite-Set
imports Main
begin

20.1 The set of natural numbers is infinite

lemma infinite-nat-iff-unbounded-le: infinite S +— (Vm. In>m. n € 5)
for S :: nat set
using frequently-cofinite[of \z. z € 5]
by (simp add: cofinite-eq-sequentially frequently-def eventually-sequentially)
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lemma infinite-nat-iff-unbounded: infinite S <— (¥ m. In>m. n € )
for S :: nat set
using frequently-cofinite[of Az. © € S)
by (simp add: cofinite-eq-sequentially frequently-def eventually-at-top-dense)

lemma finite-nat-iff-bounded: finite S «+— (3 k. S C {..<k})
for S :: nat set
using infinite-nat-iff-unbounded-le[of S] by (simp add: subset-eq) (metis not-le)

lemma finite-nat-iff-bounded-le: finite S «— (k. S C {.. k})
for S :: nat set
using infinite-nat-iff-unbounded|of S] by (simp add: subset-eq) (metis not-le)

lemma finite-nat-bounded: finite S — Jk. S C {..<k}
for S :: nat set
by (simp add: finite-nat-iff-bounded)

For a set of natural numbers to be infinite, it is enough to know that
for any number larger than some k, there is some larger number that is an
element of the set.

lemma unbounded-k-infinite: Vm>k. In>m. n € § = infinite (S::nat set)
by (metis finite-nat-set-iff-bounded gt-ex order-less-not-sym order-less-trans)

lemma nat-not-finite: finite (UNIV::nat set) = R
by simp

lemma range-inj-infinite:
fixes [ :: nat = 'a
assumes nj f
shows infinite (range f)
proof
assume finite (range f)
from this assms have finite (UNIV::nat set)
by (rule finite-imageD)
then show Fulse by simp
qed

20.2 The set of integers is also infinite

lemma infinite-int-iff-infinite-nat-abs: infinite S <— infinite ((nat o abs) *.S)
for S :: int set
proof (unfold Not-eq-iff, rule iffI)
assume finite ((nat o abs) *.S)
then have finite (nat ‘ (abs © 5))
by (simp add: image-image cong: image-cong)
moreover have inj-on nat (abs ‘ S)
by (rule inj-onl) auto
ultimately have finite (abs ‘ S)
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by (rule finite-imageD)
then show finite S
by (rule finite-image-absD)
qed simp

proposition infinite-int-iff-unbounded-le: infinite S <+— (Y m. In. |n|] > m A n €
S)
for S :: int set
by (simp add: infinite-int-iff-infinite-nat-abs infinite-nat-iff-unbounded-le o-def
image-def)
(metis abs-ge-zero nat-le-eq-zle le-nat-iff)

proposition infinite-int-iff-unbounded: infinite S <+— (Vm. In. |n| > m A n €
S)

for S :: int set

by (simp add: infinite-int-iff-infinite-nat-abs infinite-nat-iff-unbounded o-def im-

age-def)
(metis (full-types) nat-le-iff nat-mono not-le)

proposition finite-int-iff-bounded: finite S +— (k. abs < S C {..<k})
for S :: int set
using infinite-int-iff-unbounded-le[of S] by (simp add: subset-eq) (metis not-le)

proposition finite-int-iff-bounded-le: finite S <— (I k. abs * S C {.. k})
for S :: int set
using infinite-int-iff-unbounded|of S] by (simp add: subset-eq) (metis not-le)

20.3 Infinitely Many and Almost All

We often need to reason about the existence of infinitely many (resp., all
but finitely many) objects satisfying some predicate, so we introduce corre-
sponding binders and their proof rules.

lemma not-INFM [simp): = (INFM z. P z) +— (MOST z. = P 1)
by (rule not-frequently)

lemma not-MOST [simp]: = (MOST z. P z) <— (INFM z. = P x)
by (rule not-eventually)

lemma INFM-const [simp|: (INFM z::'a. P) <— P A infinite (UNIV::'a set)
by (simp add: frequently-const-iff)

lemma MOST-const [simp]: (MOST x::'a. P) «— PV finite (UNIV::'a set)
by (simp add: eventually-const-iff)

lemma INFM-imp-distrib: (INFM z. P ¢ — Q z) +— ((MOST z. P ) —
(INFM z. Q z))
by (rule frequently-imp-iff)

lemma MOST-imp-iff: MOST . P x = (MOST . P x — @Q z) <— (MOST
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by (auto intro: eventually-rev-mp eventually-mono)

lemma INFM-conjl: INFM xz. Px = MOST z. Qx = INFM z. Pz N Q
by (rule frequently-rev-mp[of P]) (auto elim: eventually-mono)

Properties of quantifiers with injective functions.

lemma INFM-inj: INFM z. P (fz) = inj f = INFM z. Pz
using finite-vimagel[of {x. P x} f] by (auto simp: frequently-cofinite)

lemma MOST-inj: MOST z. Pz = inj f = MOST z. P (f x)
using finite-vimagel[of {x. = P z} f] by (auto simp: eventually-cofinite)

Properties of quantifiers with singletons.

lemma not-INFM-eq [simp]:
- (INFM z. z = a)
- (INFM z. a = z)
unfolding frequently-cofinite by simp-all

lemma MOST-neq [simp]:
MOST z. z # a
MOST x. a # x
unfolding eventually-cofinite by simp-all

lemma INFM-neq [simp]:
(INFM z::'a. x # a) <— infinite (UNIV::'a set)
(INFM z::'a. a # ) <— infinite (UNIV::'a set)
unfolding frequently-cofinite by simp-all

lemma MOST-eq [simp]:
(MOST z::'a. © = a) <— finite (UNIV::a set)
(MOST x::'a. a = x) «— finite (UNIV::'a set)
unfolding eventually-cofinite by simp-all

lemma MOST-eq-imp:
MOSTz. 2 =a — Pz
MOST xz. a =2 — Pz
unfolding eventually-cofinite by simp-all

Properties of quantifiers over the naturals.

lemma MOST-nat: (Von. P n) «— (Im. Vn>m. P n)

for P :: nat = bool

by (auto simp add: eventually-cofinite finite-nat-iff-bounded-le subset-eq simp flip:
not-le)

lemma MOST-nat-le: (Voon. P n) +— (Im. Vn>m. P n)

for P :: nat = bool

by (auto simp add: eventually-cofinite finite-nat-iff-bounded subset-eq simp flip:
not-le)
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lemma INFM-nat: (3con. P n) «— (VYm. In>m. P n)
for P :: nat = bool
by (simp add: frequently-cofinite infinite-nat-iff-unbounded)

lemma INFM-nat-le: (3oon. P n) «— (Vm. In>m. P n)
for P :: nat = bool
by (simp add: frequently-cofinite infinite-nat-iff-unbounded-le)

lemma MOST-INFM: infinite (UNIV::'a set) = MOST z::'a. P x = INFM
z::'a. Px
by (simp add: eventually-frequently)

lemma MOST-Suc-iff: (MOST n. P (Suc n)) <— (MOST n. P n)
by (simp add: cofinite-eq-sequentially)

lemma MOST-Sucl: MOST n. P n = MOST n. P (Suc n)
and MOST-SucD: MOST n. P (Suc n) = MOST n. P n
by (simp-all add: MOST-Suc-iff)

lemma MOST-ge-nat: MOST n::nat. m < n
by (simp add: cofinite-eq-sequentially)

— legacy names

lemma Inf-many-def: Inf-many P +— infinite {z. P z} by (fact frequently-cofinite)
lemma Alm-all-def: Alm-all P «— — (INFM z. = P z) by simp

lemma INFM-iff-infinite: (INFM z. P z) «— infinite {z. P z} by (fact fre-
quently-cofinite)

lemma MOST-iff-cofinite: (MOST x. P x) <— finite {z. = P z} by (fact eventu-
ally-cofinite)

lemma INFM-EX: (3 oz. P x) = (3z. P z) by (fact frequently-ex)

lemma ALL-MOST: Vz. Px = V . Pz by (fact always-eventually)

lemma INFM-mono: 3ooz. P2z = (Az. Pz = Q z) = Joz. Q z by (fact
frequently-elim1)

lemma MOST-mono: Vooz. P2 = (Az. Pz = Q 2) = Vou. Q z by (fact
eventually-mono)

lemma INFM-disj-distrib: (3ocx. P2V Q ) +— (Joz. P2) V (Fooz. Q ) by
(fact frequently-disj-iff)

lemma MOST-rev-mp: ¥V oo. Pt = Vooz. Pz — Q 2 = V 5oz. Q z by (fact
eventually-rev-mp)

lemma MOST-conj-distrib: (V ooz. P2 A Q z) — (Voox. P2) A (Vooz. @ z) by
(fact eventually-cong-iff)

lemma MOST-conjl: MOST z. P x = MOST x. Q x = MOST z. Pz N Qx
by (fact eventually-conj)

lemma INFM-finite- Bez-distrib: finite A =— (INFM y. 3z€A. Pz y) +— (Fz€A.
INFM y. P x y) by (fact frequently-bex-finite-distrib)

lemma MOST-finite-Ball-distrib: finite A — (MOST y. Vz€A. P z y) +—
(VzeA. MOST y. P z y) by (fact eventually-ball-finite-distrib)

lemma INFM-E: INFM z. P v = (A\z. P x = thesis) = thesis by (fact
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frequentlyE)
lemma MOST-I: (Az. P ) = MOST z. P z by (rule eventuallyl)
lemmas MOST-iff-finiteNeg = MOST-iff-cofinite

20.4 Enumeration of an Infinite Set

The set’s element type must be wellordered (e.g. the natural numbers).

Could be generalized to enumerate’ S n = (SOME t. t € s A finite {s €
S.s <t} Acard {s€ S. s <t} =n).

primrec (in wellorder) enumerate :: 'a set = nat = 'a
where
enumerate-0: enumerate S 0 = (LEAST n. n € 5)
| enumerate-Suc: enumerate S (Suc n) = enumerate (S — {LEAST n. n € S}) n

lemma enumerate-Suc”: enumerate S (Suc n) = enumerate (S — {enumerate S

0}) n

by simp

lemma enumerate-in-set: infinite S = enumerate S n € S
proof (induct n arbitrary: S)
case ()
then show ?Zcase
by (fastforce intro: Leastl dest!: infinite-imp-nonempty)
next
case (Suc n)
then show ?case
by simp (metis DiffE infinite-remove)
qed

declare enumerate-0 [simp del] enumerate-Suc [simp del]

lemma enumerate-step: infinite S = enumerate S n < enumerate S (Suc n)
proof (induction n arbitrary: S)
case (
then have enumerate S 0 < enumerate S (Suc 0)
by (simp add: enumerate-0 Least-le enumerate-in-set)
moreover have enumerate (S — {enumerate S 0}) 0 € S — {enumerate S 0}
by (meson 0.prems enumerate-in-set infinite-remove)
then have enumerate S 0 # enumerate (S — {enumerate S 0}) 0
by auto
ultimately show ?case
by (simp add: enumerate-Suc’)
next
case (Suc n)
then show “case
by (simp add: enumerate-Suc’)
qed
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lemma enumerate-mono: m < n = infinite S = enumerate S m < enumerate
Sn

by (induct m n rule: less-Suc-induct) (auto intro: enumerate-step)

lemma enumerate-mono-iff [simp]:
infinite S = enumerate S m < enumerate Sn <— m < n
by (metis enumerate-mono less-asym less-linear)

lemma enumerate-mono-le-iff [simp):
infinite S = enumerate S m < enumerate Sn +— m < n
by (meson enumerate-mono-iff not-le)

lemma le-enumerate:
assumes S: infinite S
shows n < enumerate S n
using S
proof (induct n)
case ()
then show ?case by simp
next
case (Suc n)
then have n < enumerate S n by simp
also note enumerate-monolof n Suc n, OF - <infinite S>]
finally show ?Zcase by simp
qed

lemma infinite-enumerate:
assumes fS: infinite S
shows 3 r:nat=nat. strict-mono r A (VYn. rn € §)
unfolding strict-mono-def
using enumerate-in-set|OF fS]| enumerate-mono|of - - S] fS by blast

lemma enumerate-Suc’”:
fixes S :: ‘a::wellorder set
assumes infinite S
shows enumerate S (Suc n) = (LEAST s. s € S A enumerate S n < s)
using assms
proof (induct n arbitrary: S)
case ()
then have Vs € S. enumerate S 0 < s
by (auto simp: enumerate.simps intro: Least-le)
then show ?case
unfolding enumerate-Suc’ enumerate-0[of S — {enumerate S 0}]
by (intro arg-cong|where f = Least] ext) auto
next
case (Suc n S)
show ?Zcase
proof (rule order.antisym)
have S: infinite (S — {wellorder-class.enumerate S 0})



THEORY “Infinite-Set” 162

using Suc by auto

show wellorder-class.enumerate S (Suc (Suc n)) < (LEAST s. s € S A
wellorder-class.enumerate S (Suc n) < s)

using enumerate-mono|OF zero-less-Suc] <infinite S» S

by (smt (verit, best) LeastI-ex Suc.hyps enumerate-0 enumerate-Suc enumer-
ate-in-set

enumerate-step insertE insert-Diff linorder-not-less not-less-Least)
qed (simp add: Least-le Suc.prems enumerate-in-set)

qed

lemma enumerate-Fux:
fixes S :: nat set
assumes S: infinite S
and s: s € S
shows I n. enumerate S n = s
using s
proof (induct s rule: less-induct)
case (less s)
show ?Zcase
proof (cases yeS. y < s)
case True
let ?y = Max {s’€S. s’ < s}
from True have y: A\z. %y < z +— (Vs'eS. s' < s — s’ < 1)
by (subst Maz-less-iff) auto
then have y-in: %y € {s'€S. s’ < s}
by (intro Maz-in) auto
with less.hyps[of ?y] obtain n where enumerate S n = 2y
by auto
with S have enumerate S (Suc n) = s
by (auto simp: y less enumerate-Suc’’ intro!: Least-equality)
then show %thesis by auto
next
case Fulse
then have ViteS. s < t by auto
with «s € Sy show ?Zthesis
by (auto intro!: exl[of - 0] Least-equality simp: enumerate-0)
qged
qged

lemma inj-enumerate:

fixes S :: ‘a::wellorder set

assumes S: infinite S

shows inj (enumerate S)

unfolding inj-on-def
proof clarsimp

show Az y. enumerate S © = enumerate Sy = z =y

by (metis neg-iff enumerate-mono[OF - <infinite S»])

qed

To generalise this, we’d need a condition that all initial segments were
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finite

lemma bij-enumerate:
fixes S :: nat set
assumes S: infinite S
shows bij-betw (enumerate S) UNIV S
proof —
have Vs € §. 34. enumerate S i = s
using enumerate-Ex[OF S| by auto
moreover note <nfinite S» inj-enumerate
ultimately show ?thesis
unfolding bij-betw-def by (auto intro: enumerate-in-set)
qed

lemma
fixes S :: nat set
assumes S: infinite S
shows range-enumerate: range (enumerate S) = S
and strict-mono-enumerate: strict-mono (enumerate S)
by (auto simp add: bij-betw-imp-surj-on bij-enumerate assms strict-mono-def)

A pair of weird and wonderful lemmas from HOL Light.

lemma finite-transitivity-chain:
assumes finite A
and R: A\z. ~Rzz Nzyz [Rey; Ryz] = Ruxz
and A&: A\z.2 € A= Jy.y€ ANRzy
shows A4 = {}
using <finite A A
proof (induct A)
case empty
then show ?Zcase by simp
next
case (insert a A)
have Fulse
using R(1)[of a] R(2)[of - a] insert(3,4) by blast
thus ?case ..
qed

corollary Union-mazimal-sets:
assumes finite F
shows J{T € F.YVUeF. - TCc U} =UF
(is ?lhs = %rhs)
proof
show ?lhs C ?rhs by force
show ?rhs C ?lhs
proof (rule Union-subsetl)
fix S
assume S € F
have {T ¢ F. SC T} ={}
if -y ye{T e FYUEF. - T CU}ANSCy)
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proof —

have § N\e. 2 €e FASCoez = 3Jy.yec FASCyAzCy
using that by (blast intro: dual-order.trans psubset-imp-subset)

show ?thesis
proof (rule finite-transitivity-chain [of - \XT U. S C T AN T C U))
qged (use assms in <auto intro: §)

qed

with «S € Fryshow 3y. y e {T e F.YUeF. -~ TCU}ANSCy
by blast

qged
qged

20.5 Properties of wellorder-class.enumerate on finite sets

lemma finite-enumerate-in-set: [finite S; n < card S] = enumerate Sn € S
proof (induction n arbitrary: S)
case ()
then show ?case
by (metis all-not-in-conv card.empty enumerate.simps(1) not-less0 wellorder-Least-lemma(1))
next
case (Suc n)
then have wellorder-class.enumerate (S — {LEAST n. n € S}) n€ S
by (metis Diff-empty Diff-insert0 Suc-lessD Suc-less-eq card.insert-remove
finite-Diff insert-Diff insert-Diff-single insert-iff)
then
show ?Zcase
using Suc.prems Suc.IH [of S — {LEAST n. n € S}|
by (simp add: enumerate.simps)
qged

lemma finite-enumerate-step: [finite S; Suc n < card S| = enumerate S n <
enumerate S (Suc n)
proof (induction n arbitrary: S)
case 0
then have enumerate S 0 < enumerate S (Suc 0)
by (simp add: Least-le enumerate.simps(1) finite-enumerate-in-set)
moreover have enumerate (S — {enumerate S 0}) 0 € S — {enumerate S 0}
by (metis 0 Suc-lessD Suc-less-eq card-Suc-Diff1 enumerate-in-set finite-enumerate-in-set)
then have enumerate S 0 # enumerate (S — {enumerate S 0}) 0
by auto
ultimately show Zcase
by (simp add: enumerate-Suc’)
next
case (Suc n)
then show “case
by (simp add: enumerate-Suc’ finite-enumerate-in-set)
qed

lemma finite-enumerate-mono: [m < n; finite S; n < card S] = enumerate S m
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< enumerate S n
by (induct m n rule: less-Suc-induct) (auto intro: finite-enumerate-step)

lemma finite-enumerate-mono-iff [simp):

[finite S; m < card S; n < card S] => enumerate S m < enumerate S n <— m
<n

by (metis finite-enumerate-mono less-asym less-linear)

lemma finite-le-enumerate:
assumes finite S n < card S
shows n < enumerate S n
using assms
proof (induction n)
case ()
then show ?case by simp
next
case (Suc n)
then have n < enumerate S n by simp
also note finite-enumerate-monolof n Suc n, OF - finite S)]
finally show ?case
using Suc.prems(2) Suc-lel by blast
qged

lemma finite-enumerate:
assumes [S: finite S
shows 3 ri:nat=-nat. strict-mono-on {..<card S} r A (Vn<card S. rn € S)
unfolding strict-mono-def
using finite-enumerate-in-set| OF fS] finite-enumerate-mono[of - - S| fS
by (metis lessThan-iff strict-mono-on-def)

lemma finite-enumerate-Suc'”:
fixes S :: ‘a::wellorder set
assumes finite S Suc n < card S
shows enumerate S (Suc n) = (LEAST s. s € S A enumerate S n < s)
using assms
proof (induction n arbitrary: S)
case (
then have Vs € S. enumerate S 0 < s
by (auto simp: enumerate.simps intro: Least-le)
then show ?case
unfolding enumerate-Suc’ enumerate-0[of S — {enumerate S 0}]
by (metis Diff-iff dual-order.strict-iff-order singletonD singletonl)
next
case (Suc n S)
then have Suc n < card (S — {enumerate S 0})
using Suc.prems(2) finite-enumerate-in-set by force
then show ?case
apply (subst (1 2) enumerate-Suc’)
apply (simp add: Suc)
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apply (intro arg-cong|where f = Least] HOL.ext)
using finite-enumerate-mono[OF zero-less-Suc «finite Sy, of n] Suc.prems
by (auto simp flip: enumerate-Suc’)

qed

lemma finite-enumerate-initial-segment:
fixes S :: ‘a::wellorder set
assumes finite S and n: n < card (S N {..<s})
shows enumerate (S N {..<s}) n = enumerate S n
using n
proof (induction n)
case ()
have (LEAST n.n € S An <s)=(LEAST n.n € 5)
proof (rule Least-equality)
have 3t. te SAt < s
by (metis 0 card-gt-0-iff disjoint-iff-not-equal less Than-iff)
then show (LEAST n.n€ S) € S A (LEASTn.n€ S) <s
by (meson Leastl Least-le le-less-trans)
qed (simp add: Least-le)
then show ?case
by (auto simp: enumerate-0)
next
case (Suc n)
then have less-card: Suc n < card S
by (meson assms(1) card-mono inf-sup-ord(1) leD le-less-linear order.trans)
obtain T where T: T € {s € S. enumerate S n < s}
by (metis Infinite-Set.enumerate-step enumerate-in-set finite-enumerate-in-set
finite-enumerate-step less-card mem-Collect-eq)
have (LEAST z. z € S Az < s A enumerate Sn < z) = (LEAST z. x € S A
enumerate S n < )
(is - = 2r)
proof (intro Least-equality conjl)
show ?r € S
by (metis (mono-tags, lifting) Least] mem-Collect-eq T)
have = s < 9r
using not-less-Least [of - Az. x € S A enumerate S n < z] Suc assms
by (metis (mono-tags, lifting) Int-Collect Suc-lessD finite-Int finite-enumerate-in-set
finite-enumerate-step lessThan-def less-le-trans)
then show 2r < s
by auto
show enumerate S n < ?r
by (metis (no-types, lifting) Least] mem-Collect-eq T)
qed (auto simp: Least-le)
then show ?case
using Suc assms by (simp add: finite-enumerate-Suc'’ less-card)
qed

lemma finite-enumerate-Ex:
fixes S :: ‘a::wellorder set



THEORY “Infinite-Set” 167

assumes S: finite S
and s: s € S
shows In<card S. enumerate S n = s
using s S
proof (induction s arbitrary: S rule: less-induct)
case (less s)
show ?Zcase
proof (cases JyeS. y < s)
case True
let T = SN {.<s}
have finite ?T
using less.prems(2) by blast
have TS: card ?T < card S
using less.prems by (blast intro: psubset-card-mono [OF «finite S5))
from True have y: Az. Maz T < x +— (Vs'€S. s' < s — ' < x)
by (subst Maz-less-iff) (auto simp: <finite ¢T»)
then have y-in: Maz ¢T € {s'€S. s’ < s}
using Maz-in <finite ?T> by fastforce
with less. IH[of Maxz ?T ?T) obtain n where n: enumerate T n = Maz ?T n
< card ?T
using «(finite ¢T» by blast
then have Suc n < card S
using TS less-trans-Suc by blast
with S n have enumerate S (Suc n) = s
by (subst finite-enumerate-Suc’’) (auto simp: y finite-enumerate-initial-segment
less finite-enumerate-Suc'’ introl: Least-equality)
then show ?thesis
using «Suc n < card S» by blast
next
case Fulse
then have Vi€S. s < t by auto
moreover have 0 < card S
using card-0-eq less.prems by blast
ultimately show #thesis
using (s € S»
by (auto intro!: exl[of - 0] Least-equality simp: enumerate-0)
qged
qged

lemma finite-enum-subset:

assumes A\i. i < card X = enumerate X i = enumerate Y i and finite X finite
Ycard X < card Y

shows X C Y

by (metis assms finite-enumerate-Ex finite-enumerate-in-set less-le-trans subsetl)

lemma finite-enum-ext:

assumes A\i. i < card X = enumerate X i = enumerate Y i and finite X finite
Y card X = card Y

shows X = Y
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by (intro antisym finite-enum-subset) (auto simp: assms)

lemma finite-bij-enumerate:
fixes S :: ‘a::wellorder set
assumes S: finite S
shows bij-betw (enumerate S) {..<card S} S
proof —
have An m. [n # m; n < card S; m < card S] = enumerate S n # enumerate
Sm
using finite-enumerate-mono[OF - «finite S»] by (auto simp: neg-iff)
then have inj-on (enumerate S) {..<card S}
by (auto simp: inj-on-def)
moreover have Vs € S. Ji<card S. enumerate S i = s
using finite-enumerate-Ex[OF S| by auto
moreover note <finite S»
ultimately show ?thesis
unfolding bij-betw-def by (auto intro: finite-enumerate-in-set)
qed

lemma ex-bij-betw-strict-mono-card:
fixes M :: 'a::wellorder set
assumes finite M
obtains h where bij-betw h {..<card M} M and strict-mono-on {..<card M} h
proof
show bij-betw (enumerate M) {..<card M} M
by (simp add: assms finite-bij-enumerate)
show strict-mono-on {..<card M} (enumerate M)
by (simp add: assms finite-enumerate-mono strict-mono-on-def)
qed

end

21 Countable sets

theory Countable-Set
imports Countable Infinite-Set
begin

21.1 Predicate for countable sets

definition countable :: 'a set = bool where
countable S +— (I f::'a = nat. inj-on f 5)

lemma countable-as-injective-image-subset: countable S «+— (3 f. I K::nat set. S
=f“K N inj-on f K)
by (metis countable-def inj-on-the-inv-into the-inv-into-onto)

lemma countableF:
assumes S: countable S obtains f :: ‘a = nat where inj-on f S
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using S by (auto simp: countable-def)

lemma countablel: inj-on (f::'a = nat) S = countable S
by (auto simp: countable-def)

lemma countablel”: inj-on (f::'a = 'b::countable) S = countable S
using comp-inj-on[of f S to-nat] by (auto intro: countablel)

lemma countableF-bij:

assumes S: countable S obtains [ :: nat = 'a and C :: nat set where bij-betw
fcs

using S by (blast elim: countableE dest: inj-on-imp-bij-betw bij-betw-inv)

lemma countablel-bij: bij-betw f (C::nat set) S = countable S
by (blast intro: countablel bij-betw-inv-into bij-betw-imp-ing-on)

lemma countable-finite: finite S = countable S
by (blast dest: finite-imp-inj-to-nat-seg countablel)

lemma countablel-bij1: bij-betw f A B => countable A = countable B
by (blast elim: countableE-bij intro: bij-betw-trans countablel-bij)

lemma countablel-bij2: bij-betw f B A = countable A => countable B
by (blast elim: countableE-bij intro: bij-betw-trans bij-betw-inv-into countablel-bij)

lemma countable-iff-bij[simp]: bij-betw f A B = countable A +— countable B
by (blast intro: countablel-bij1 countablel-bij2)

lemma countable-subset: A C B = countable B = countable A
by (auto simp: countable-def intro: subset-inj-on)

lemma countablel-type[intro, simpl: countable (A:: 'a :: countable set)
using countablel|of to-nat A] by auto

21.2 Enumerate a countable set

lemma countableE-infinite:
assumes countable S infinite S
obtains e :: ‘a = nat where bij-betw ¢ S UNIV
proof —
obtain f :: ‘a = nat where inj-on f S
using <countable S» by (rule countableF)
then have bij-betw f S (fS)
unfolding bij-betw-def by simp
moreover
from <inj-on f Sy <infinite S» have inf-fS: infinite (f*S)
by (auto dest: finite-imageD)
then have bij-betw (the-inv-into UNIV (enumerate (f°S))) (f*S) UNIV
by (intro bij-betw-the-inv-into bij-enumerate)
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ultimately have bij-betw (the-inv-into UNIV (enumerate (fS)) o f) S UNIV
by (rule bij-betw-trans)
then show thesis ..
qed

lemma countable-infiniteE":
assumes countable A infinite A
obtains g where bij-betw g (UNIV :: nat set) A
by (meson assms bij-betw-inv countableE-infinite)

lemma countable-enum-cases:
assumes countable S
obtains (finite) f :: ‘a = nat where finite S bij-betw f S {..<card S}
| (infinite) f :: 'a = nat where infinite S bij-betw f S UNIV
using ez-bij-betw-finite-nat[of S| countableE-infinite <countable S»
by (cases finite S) (auto simp add: atLeastOLessThan)

definition to-nat-on :: ‘a set = 'a = nat where
to-nat-on S = (SOME f. if finite S then bij-betw f S {..< card S} else bij-betw f
S UNIV)

definition from-nat-into :: 'a set = nat = 'a where
from-nat-into S n = (if n € to-nat-on S * S then inv-into S (to-nat-on S) n else
SOME s. s€8)

lemma to-nat-on-finite: finite S = bij-betw (to-nat-on S) S {..< card S}
using ez-bij-betw-finite-nat unfolding to-nat-on-def
by (intro somel2-exz[where Q=M\f. bij-betw f S {..<card S}]|) (auto simp add:
atLeastOLessThan)

lemma to-nat-on-infinite: countable S = infinite S = bij-betw (to-nat-on S) S
UNIV

using countableE-infinite unfolding to-nat-on-def

by (intro somel2-ex[where Q=M\f. bij-betw f S UNIV]) auto

lemma bij-betw-from-nat-into-finite: finite S = bij-betw (from-nat-into S) {..<
card S} S

unfolding from-nat-into-def|abs-def]

using to-nat-on-finite[of S]

apply (subst bij-betw-cong)

apply (split if-split)

apply (simp add: bij-betw-def)

apply (auto cong: bij-betw-cong

intro: bij-betw-inv-into to-nat-on-finite)
done

lemma bij-betw-from-nat-into: countable S = infinite S = bij-betw (from-nat-into
S) UNIV S
unfolding from-nat-into-def|abs-def]
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using to-nat-on-infinite[of S, unfolded bij-betw-def)
by (auto cong: bij-betw-cong intro: bij-betw-inv-into to-nat-on-infinite)

The sum/product over the enumeration of a finite set equals simply the
sum/product over the set

context comm-monoid-set
begin

lemma card-from-nat-into:
F (X\i. h (from-nat-into A 7)) {..<card A} = Fh A
proof (cases finite A)
case True
have F (\i. h (from-nat-into A 7)) {..<card A} = F h (from-nat-into A ‘{..<card
43)
by (metis True bij-betw-def bij-betw-from-nat-into-finite reindex-cong)
also have ... = Fh A
by (metis True bij-betw-def bij-betw-from-nat-into-finite)
finally show ?thesis .
qed auto

end

lemma countable-as-injective-image:
assumes countable A infinite A
obtains f :: nat = 'a where A = range f inj f
by (metis bij-betw-def bij-betw-from-nat-into [OF assms])

lemma inj-on-to-nat-on[introl: countable A = inj-on (to-nat-on A) A
using to-nat-on-infinite[of A] to-nat-on-finite[of A]
by (cases finite A) (auto simp: bij-betw-def)

lemma to-nat-on-inj[simp):
countable A= a € A = b € A = to-nat-on A a = to-nat-on A b+— a=">
using inj-on-to-nat-on[of A] by (auto dest: inj-onD)

lemma from-nat-into-to-nat-on[simp|: countable A — a € A = from-nat-into
A (to-nat-on A a) = a

by (auto simp: from-nat-into-def intro!: inv-into-f-f)

lemma subset-range-from-nat-into: countable A = A C range (from-nat-into A)
by (auto intro: from-nat-into-to-nat-on|symmetric))

lemma from-nat-into: A # {} = from-nat-into A n € A
unfolding from-nat-into-def by (metis equalsOI inv-into-into somel-ex)

lemma range-from-nat-into-subset: A # {} = range (from-nat-into A) C A
using from-nat-into[of A] by auto

lemma range-from-nat-into[simp): A # {} = countable A = range (from-nat-into



THEORY “Countable-Set” 172

A) = A

by (metis equalityl range-from-nat-into-subset subset-range-from-nat-into)

lemma image-to-nat-on: countable A = infinite A = to-nat-on A ‘ A = UNIV
using to-nat-on-infinite[of A] by (simp add: bij-betw-def)

lemma to-nat-on-surj: countable A = infinite A = Ja€A. to-nat-on A a = n
by (metis (no-types) image-iff iso-tuple-UNIV-I image-to-nat-on)

lemma to-nat-on-from-nat-into[simp]: n € to-nat-on A * A = to-nat-on A (from-nat-into
An)=n
by (simp add: f-inv-into-f from-nat-into-def)

lemma to-nat-on-from-nat-into-infinite[simp:
countable A = infinite A = to-nat-on A (from-nat-into A n) = n
by (metis image-iff to-nat-on-surj to-nat-on-from-nat-into)

lemma from-nat-into-inj:
countable A = m € to-nat-on A ‘ A = n € to-nat-on A ‘ A =
from-nat-into A m = from-nat-into A n <— m=n
by (subst to-nat-on-inj[symmetric, of A]) auto

lemma from-nat-into-inj-infinite[simp:

countable A = infinite A = from-nat-into A m = from-nat-into A n <— m
=n

using image-to-nat-onfof A] from-nat-into-inj[of A m n] by simp

lemma eg-from-nat-into-iff:

countable A = z € A = i € to-nat-on A ‘ A = z = from-nat-into A i +—
i = to-nat-on A x

by auto

lemma from-nat-into-surj: countable A — a € A = I n. from-nat-into A n =
a
by (rule exI|of - to-nat-on A a]) simp

lemma from-nat-into-inject]simp):

A # {} = countable A = B # {} = countable B = from-nat-into A =
from-nat-into B +— A = B

by (metis range-from-nat-into)

lemma inj-on-from-nat-into: inj-on from-nat-into ({A. A # {} A countable A})
unfolding inj-on-def by auto

21.3 Closure properties of countability

lemma countable-SIGMA[intro, simp]:
countable I = (\i. i € I = countable (A i)) = countable (SIGMA i : 1. A

0
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by (intro countablel’of A(i, a). (to-nat-on I i, to-nat-on (A i) a)]) (auto simp:
inj-on-def)

lemma countable-image[intro, simp):
assumes countable A
shows countable (f‘A)
proof —
obtain ¢ :: ‘a = nat where inj-on g A
using assms by (rule countableE)
moreover have inj-on (inv-into A f) (f‘A) inv-into A ff A C A
by (auto intro: inj-on-inv-into inv-into-into)
ultimately show ?thesis
by (blast dest: comp-inj-on subset-inj-on intro: countablel)
qed

lemma countable-image-inj-on: countable (f ¢ A) = inj-on f A => countable A
by (metis countable-image the-inv-into-onto)

lemma countable-image-inj-Int-vimage:
[ing-on f S; countable A] = countable (S N f —<A)
by (meson countable-image-ing-on countable-subset image-subset-iff-subset-vimage
inf-le2 inj-on-Int)

lemma countable-image-inj-gen:
[inj-on f S; countable A] = countable {x € S. fz € A}
using countable-image-inj-Int-vimage
by (auto simp: vimage-def Collect-conj-eq)

lemma countable-image-inj-eq:
inj-on f S = countable(f * S) «— countable S
using countable-image-inj-on by blast

lemma countable-image-ingj:
[countable A; inj f] = countable {z. fz € A}
by (metis (mono-tags, lifting) countable-image-inj-eq countable-subset image-Collect-subset]
inj-on-inversel the-inv-f-f)

lemma countable-UN[intro, simp]:
fixes I :: 'i set and A :: i => 'a set
assumes I: countable I
assumes A: \i. i € I = countable (A 1)
shows countable (|Ji€l. A 7)
proof —
have (|Ji€l. A i) = snd ‘ (SIGMA i : I. A i) by (auto simp: image-iff)
then show %thesis by (simp add: assms)
qed

lemma countable-Un[intro]: countable A = countable B = countable (A U B)
by (rule countable-UN|of {True, False} ATrue = A | False = B, simplified])
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(simp split: bool.split)

lemma countable-Un-iff [simp]: countable (A U B) <— countable A A countable B
by (metis countable-Un countable-subset inf-sup-ord(3,4))

lemma countable-Pluslintro, simp):
countable A = countable B = countable (A <+> B)
by (simp add: Plus-def)

lemma countable-empty[intro, simpl: countable {}
by (blast intro: countable-finite)

lemma countable-insert[intro, simp|: countable A = countable (insert a A)
using countable-Un[of {a} A] by (auto simp: countable-finite)

lemma countable-Int1[intro, simp|: countable A = countable (A N B)
by (force intro: countable-subset)

lemma countable-Int2[intro, simp|: countable B = countable (A N B)
by (blast intro: countable-subset)

lemma countable-INT[intro, simpl: i € I = countable (A i) => countable ([ i€l.
A Q)

by (blast intro: countable-subset)

lemma countable-Diff[intro, simp]: countable A = countable (A — B)
by (blast intro: countable-subset)

lemma countable-insert-eq [simp|: countable (insert x A) = countable A
by auto (metis Diff-insert-absorb countable-Diff insert-absorb)

lemma countable-vimage: B C range f = countable (f —‘ B) = countable B
by (metis Int-absorb2 countable-image image-vimage-eq)

lemma surj-countable-vimage: surj f = countable (f —‘ B) = countable B
by (metis countable-vimage top-greatest)

lemma countable-Collect[simp]: countable A = countable {a € A. ¢ a}
by (metis Collect-conj-eq Int-absorb Int-commute Int-def countable-Int1)

lemma countable-Image:
assumes Ay. y € Y = countable (X ““ {y})
assumes countable Y
shows countable (X “Y)
proof —
have countable (X “ (JyeY. {y}))
unfolding Image-UN by (intro countable-UN assms)
then show ?thesis by simp
qed
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lemma countable-relpow:
fixes X :: ‘a rel
assumes Image-X: \Y. countable Y = countable (X “Y)
assumes Y: countable Y
shows countable (X 774) “Y)
using Y by (induct i arbitrary: Y) (auto simp: relcomp-Image Image-X)

lemma countable-funpow:
fixes [ :: 'a set = 'a set
assumes AA. countable A => countable (f A)
and countable A
shows countable ((f = n) A)
by (induction n)(simp-all add: assms)

lemma countable-rtrancl:

(AY. countable Y = countable (X *“ Y)) = countable Y = countable (X*
%3 Y)

unfolding rtrancl-is-UN-relpow UN-Image by (intro countable-UN countablel-type
countable-relpow)

lemma countable-lists[intro, simpl:
assumes A: countable A shows countable (lists A)
proof —
have countable (lists (range (from-nat-into A)))
by (auto simp: lists-image)
with A show ?thesis
by (auto dest: subset-range-from-nat-into countable-subset lists-mono)
qed

lemma Collect-finite-eq-lists: Collect finite = set * lists UNIV
using finite-list by auto

lemma countable-Collect-finite: countable (Collect (finite::'a::countable set=bool))
by (simp add: Collect-finite-eq-lists)

lemma countable-int: countable Z.
unfolding Ints-def by auto

lemma countable-rat: countable Q
unfolding Rats-def by auto

lemma Collect-finite-subset-eq-lists: {A. finite AN A C T} = set ‘lists T
using finite-list by (auto simp: lists-eg-set)

lemma countable-Collect-finite-subset:
countable T = countable {A. finite AN AC T}
unfolding Collect-finite-subset-eq-lists by auto
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lemma countable-Fpow: countable S = countable (Fpow S)
using countable-Collect-finite-subset
by (force simp add: Fpow-def conj-commute)

lemma countable-set-option [simpl: countable (set-option x)
by (cases z) auto

21.4 Misc lemmas

lemma countable-subset-image:
countable B A B C (f “ A) «+— (A" countable A’ N A’ C AN (B=f*A4")
(is ?lhs = %rhs)
proof
assume ?lhs
show ?rhs
by (rule ex] [where x=inv-into A f ¢ B])
(use < ?lhs> in <auto simp: f-inv-into-f subset-iff image-inv-into-cancel inv-into-intoy)
next
assume ?rhs
then show ?lhs by force
qed

lemma ex-subset-image-inj:
GT.TCf SAPT)«— 3T.TCSAinjonfTAP(fT))
by (auto simp: subset-image-inj)

lemma all-subset-image-ing:
VT.TCfS—PT)«— NVNT.TCSANinjonfT — P(f*T))
by (metis subset-image-inj)

lemma ex-countable-subset-image-ing:
(3T. countable TANT C f*SANPT)+—
(3T. countable T AT C S ANinj-onfT NP (fT))
by (metis countable-image-inj-eq subset-image-inj)

lemma all-countable-subset-image-ing:
(VT. countable T N T C f‘S — P T)<— (VT. countable T N T C S A
inj-on f T —P(f “T))
by (metis countable-image-inj-eq subset-image-inj)

lemma ex-countable-subset-image:

(3T. countable TANT C f*SAPT)+— (3T. countable T NT C S AP (f
‘7))

by (metis countable-subset-image)

lemma all-countable-subset-image:
(VT. countable TANT Cf‘S — PT)<«— (VT. countable TN T C § —

P(f*T))

by (metis countable-subset-image)
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lemma countable-image-eq:
countable(f < S) «+— (3 T. countable TNT CSANfS=f'T)
by (metis countable-image countable-image-inj-eq order-refl subset-image-inj)

lemma countable-image-eg-ingj:
countable(f < S) +— (3T. countable TANT CSANfS=f*TANinjonfT)
by (metis countable-image-inj-eq order-refl subset-image-inj)

lemma infinite-countable-subset’:
assumes X: infinite X shows 3 CCX. countable C' A infinite C
proof —
obtain f :: nat = 'a where inj f range f C X
using infinite-countable-subset [OF X|] by blast
then show ?thesis
by (intro exI[of - range f]) (auto simp: range-inj-infinite)
qed

lemma countable-all:

assumes S: countable S

shows (Vs€S. P s) +— (¥ nunat. from-nat-into S n € S — P (from-nat-into
Sn))

using S[THEN subset-range-from-nat-into] by auto

lemma finite-sequence-to-countable-set:
assumes countable X
obtains F' where Ai. F i C X Ai. Fi C F (Suc i) Ai. finite (F i) (Ui F i)
=X
proof —
show thesis
apply (rule that[of Ai. if X = {} then {} else from-nat-into X * {..i}])
apply (auto simp add: image-iff intro: from-nat-into split: if-splits)
using assms from-nat-into-surj by (fastforce cong: image-cong)
qed

lemma transfer-countable[transfer-rule]:
bi-unique R = rel-fun (rel-set R) (=) countable countable
by (rule rel-funl, erule (1) bi-unique-rel-set-lemma)
(auto dest: countable-image-inj-on)

21.5 Uncountable

abbreviation uncountable where
uncountable A = — countable A

lemma uncountable-def: uncountable A «— A # {} A = (3 f::(nat = 'a). range f
= A)
by (auto intro: inj-on-inv-into simp: countable-def)
(metis all-not-in-conv inj-on-iff-surj subset-UNIV)



THEORY “Countable-Complete-Lattices” 178

lemma uncountable-bij-betw: bij-betw f A B = uncountable B => uncountable A
unfolding bij-betw-def by (metis countable-image)

lemma uncountable-infinite: uncountable A — infinite A
by (metis countable-finite)

lemma uncountable-minus-countable:
uncountable A = countable B = uncountable (A — B)
using countable-Un[of B A — B] by auto

lemma countable-Diff-eq [simp]: countable (A — {z}) = countable A
by (meson countable-Diff countable-empty countable-insert uncountable-minus-countable)

Every infinite set can be covered by a pairwise disjoint family of infinite
sets. This version doesn’t achieve equality, as it only covers a countable
subset

lemma infinite-infinite-partition:
assumes infinite A
obtains C :: nat = ’a set
where pairwise (\i j. disjnt (C' ©) (C 3)) UNIV (U4 Ci) € A Ai. infinite (C
i

proof —
obtain f :: nat="'a where range f C A inj f
using assms infinite-countable-subset by blast
let ?C = \i. range (\j. [ (prod-encode (i,5)))
show thesis
proof
show pairwise (\i j. disjnt (?C i) (?C j)) UNIV
by (auto simp: pairwise-def disjnt-def inj-on-eq-iff [OF <inj f+] inj-on-eq-iff
[OF inj-prod-encode, of - UNIV])
show (|Ji. 2C'i) C A
using <range f C A» by blast
have infinite (range (A\j. f (prod-encode (i, j)))) for @
by (rule range-inj-infinite) (meson Pair-inject <inj f» inj-def prod-encode-eq)
then show Ai. infinite (7C 7)
using that by auto
qed
qed

end

22 Countable Complete Lattices

theory Countable-Complete-Lattices
imports Main Countable-Set
begin

lemma UNIV-nat-eq: UNIV = insert 0 (range Suc)
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by (metis UNIV-eq-I nat.nchotomy insertCI rangel)

class countable-complete-lattice = lattice + Inf + Sup + bot + top +
assumes cclnf-lower: countable A = r € A = InfA <z
assumes cclnf-greatest: countable A —= (\z. 2 € A = 2z <2) = 2z < Inf A
assumes ccSup-upper: countable A — r € A — z < Sup A
assumes ccSup-least: countable A = (N\z. s € A = 1 < 2z) = Sup A < z
assumes cclnf-empty [simp]: Inf {} = top
assumes ccSup-empty [simpl: Sup {} = bot

begin

subclass bounded-lattice
proof
fix a
show bot < a by (auto intro: ccSup-least simp only: ccSup-empty [symmetric])
show a < top by (auto intro: ccInf-greatest simp only: ccInf-empty [symmetric])
qed

lemma ccINF-lower: countable A = i€ A= (INFiec A. fi) < fi
using ccInf-lower [of f ¢ A] by simp

lemma ccINF-greatest: countable A = (N\i. i € A= u < fi) = u < (INF i
€ A fi)
using cclnf-greatest [of f ¢ A] by auto

lemma ccSUP-upper: countable A — i€ A = fi < (SUP i€ A. fi)
using ccSup-upper [of f ¢ A] by simp

lemma ccSUP-least: countable A = (N\i. i€ A= fi<u) = (SUPi€ A f
i) <u
using ccSup-least [of f ¢ A] by auto

lemma ccinf-lower2: countable A — v € A —= u < v= InfA <
using ccInf-lower [of A u] by auto

lemma ccINF-lower2: countable A— i€ A = fi<u= (INFi€ A fi) <
u
using ccINF-lower [of A i f] by auto

lemma ccSup-upper?2: countable A — u € A = v < u=— v < Sup A
using ccSup-upper [of A u] by auto

lemma ccSUP-upper2: countable A — i € A = u < fi = u < (SUP i € A.
f1)
using ccSUP-upper [of A i f] by auto

lemma le-ccInf-iff: countable A — b < Inf A +— (VacA. b < a)
by (auto intro: ccInf-greatest dest: ccInf-lower)
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lemma le-ccINF-iff: countable A = u < (INF i € A. fi) «— (VicA. u < fi)
using le-ccInf-iff [of f © A] by simp

lemma ccSup-le-iff: countable A = Sup A < b +— (VacA. a < b)
by (auto intro: ccSup-least dest: ccSup-upper)

lemma ccSUP-le-iff: countable A = (SUP i € A. fi) < u+— (Vi€A. fi < u)
using ccSup-le-iff [of f ¢ A] by simp

lemma cclnf-insert [simpl: countable A = Inf (insert a A) = inf a (Inf A)
by (force intro: le-infI le-infI1 le-infI2 order.antisym ccInf-greatest ccInf-lower)

lemma ccINF-insert [simp]: countable A = (INF z€insert a A. fz) = inf (f a)

(Inf (f * A))

unfolding image-insert by simp

lemma ccSup-insert [simp]: countable A = Sup (insert a A) = sup a (Sup A)
by (force intro: le-supl le-supll le-supI2 order.antisym ccSup-least ccSup-upper)

lemma ccSUP-insert [simp|: countable A = (SUP z€insert a A. fz) = sup (f a)
(Sup (f * A))

unfolding image-insert by simp

lemma ccINF-empty [simp]: (INF z€{}. fz) = top
unfolding image-empty by simp

lemma ccSUP-empty [simp]: (SUP ze{}. fz) = bot
unfolding image-empty by simp

lemma cclnf-superset-mono: countable A =— B C A = Inf A < Inf B
by (auto intro: ccInf-greatest cclnf-lower countable-subset)

lemma ccSup-subset-mono: countable B— A C B = Sup A < Sup B
by (auto intro: ccSup-least ccSup-upper countable-subset)

lemma ccInf-mono:
assumes [intro]: countable B countable A
assumes A\b. b € B= JacA. a <)
shows Inf A < Inf B
proof (rule ccInf-greatest)
fix b assume b € B
with assms obtain ¢ where a € A and a < b by blast
from <a € A> have Inf A < a by (rule ccInf-lower|[rotated]) auto
with <a < b show Inf A < b by auto
qed auto

lemma ccINF-mono:
countable A = countable B—=—= (A\m. m € B = 3n€A. fn < gm) = (INF
neA. fn) < (INF neB. g n)
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using cclnf-mono [of g * B f ¢ A] by auto

lemma ccSup-mono:
assumes [intro]: countable B countable A
assumes Aa. a € A = JbeB. a < b
shows Sup A < Sup B
proof (rule ccSup-least)
fix o assume a € A
with assms obtain b where b € B and a < b by blast
from «b € By have b < Sup B by (rule ccSup-upper|[rotated)]) auto
with «a < b show a < Sup B by auto
qed auto

lemma ccSUP-mono:

countable A = countable B—=—= (An.n € A= ImeB. fn < gm) = (SUP
neA. fn) < (SUP neB. g n)

using ccSup-mono [of g ¢ B f ¢ A] by auto

lemma ccINF-superset-mono:

countable A = BC A = (A\z. 2 € B= fuz < gz) = (INF z€A. fz) <
(INF z€B. g x)

by (blast intro: ccINF-mono countable-subset dest: subsetD)

lemma ccSUP-subset-mono:

countable B=> ACB = (A\z. 2 € A = fz < gz) = (SUP z€A. fz) <
(SUP z€B. g 1)

by (blast intro: ccSUP-mono countable-subset dest: subsetD)

lemma less-eq-ccInf-inter: countable A = countable B = sup (Inf A) (Inf B)
< Inf (AN B)
by (auto intro: ccInf-greatest ccInf-lower)

lemma ccSup-inter-less-eq: countable A = countable B = Sup (A N B) < inf
(Sup A) (Sup B)
by (auto intro: ccSup-least ccSup-upper)

lemma cclnf-union-distrib: countable A = countable B = Inf (A U B) = inf
(Inf A) (Inf B)

by (rule order.antisym) (auto intro: ccInf-greatest ccInf-lower le-infl1 le-infI2)

lemma ccINF-union:

countable A = countable B = (INF i€cA U B. M i) = inf (INF i€A. M i)
(INF i€B. M i)

by (auto intro!: order.antisym ccINF-mono intro: le-infl1 le-infI2 ccINF-greatest
ccINF-lower)

lemma ccSup-union-distrib: countable A = countable B => Sup (A U B) = sup
(Sup A) (Sup B)
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by (rule order.antisym) (auto intro: ccSup-least ccSup-upper le-supll le-supl2)

lemma ccSUP-union:

countable A = countable B = (SUP i€ A U B. M i) = sup (SUP i€A. M i)
(SUP i€B. M i)

by (auto intro!: order.antisym ccSUP-mono intro: le-supll le-supl2 ccSUP-least
ccSUP-upper)

lemma ccINF-inf-distrib: countable A = inf (INF a€A. fa) (INF a€A. g a) =
(INF a€A. inf (fa) (g a))

by (rule order.antisym) (rule ccINF-greatest, auto intro: le-infI1 le-infI2 ccINF-lower
ccINF-mono)

lemma ccSUP-sup-distrib: countable A = sup (SUP a€A. f a) (SUP a€A. g a)
= (SUP a€A. sup (f a) (g a))

by (rule order.antisym[rotated]) (rule ccSUP-least, auto intro: le-supll le-supI2
ccSUP-upper ccSUP-mono)

lemma ccINF-const [simp]: A # {} = (INFie€ A. f)=f
unfolding image-constant-conv by auto

lemma ccSUP-const [simp]: A # {} = (SUPi€ A. f)=f
unfolding image-constant-conv by auto

lemma ccINF-top [simp]: (INF z€A. top) = top
by (cases A = {}) simp-all

lemma ccSUP-bot [simp]: (SUP z€A. bot) = bot
by (cases A = {}) simp-all

lemma ccINF-commute: countable A = countable B = (INF i€ A. INF jeB. f
i j) = (INF jeB. INF i€A. fij)
by (iprover intro: ccINF-lower ccINF-greatest order-trans order.antisym)

lemma ccSUP-commute: countable A = countable B => (SUP i€ A. SUP jeB.
fij) = (SUP jeB. SUP i€A. fij)
by (iprover intro: ccSUP-upper ccSUP-least order-trans order.antisym,)

end
context
fixes a :: ‘a::{countable-complete-lattice, linorder}

begin

lemma less-ccSup-iff: countable S = a < Sup S «— (Fz€S. a < x)
unfolding not-le [symmetric] by (subst ccSup-le-iff) auto

lemma less-ccSUP-iff: countable A = a < (SUP i€A. fi) «+— (Jz€A. a < fz)
using less-ccSup-iff [of f ¢ A] by simp
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lemma cclnf-less-iff: countable S = Inf S < a +— (Fz€S. = < a)
unfolding not-le [symmetric] by (subst le-ccInf-iff) auto

lemma ccINF-less-iff: countable A = (INF i€A. fi) < a +— (Jz€A. fz < a)
using cclnf-less-iff [of f ¢ A] by simp

end

class countable-complete-distrib-lattice = countable-complete-lattice +
assumes sup-cclnf: countable B => sup a (Inf B) = (INF beB. sup a b)
assumes inf-ccSup: countable B = inf a (Sup B) = (SUP beB. inf a b)

begin

lemma sup-ccINF:
countable B = sup a (INF beB. fb) = (INF beB. sup a (f b))
by (simp only: sup-ccInf image-image countable-image)

lemma inf-ccSUP:
countable B = inf a (SUP beB. fb) = (SUP beB. inf a (f b))
by (simp only: inf-ccSup image-image countable-image)

subclass distrib-lattice
proof
fixabec
from sup-ccInf[of {b, ¢} a] have sup a (Inf {b, c¢}) = (INF de{b, c}. sup a d)
by simp
then show sup a (inf b ¢) = inf (sup a b) (sup a ¢)
by simp
qed

lemma cclnf-sup:
countable B => sup (Inf B) a = (INF beB. sup b a)
by (simp add: sup-ccInf sup-commute)

lemma ccSup-inf:
countable B = inf (Sup B) a = (SUP beB. inf b a)
by (simp add: inf-ccSup inf-commute)

lemma ccINF-sup:
countable B = sup (INF beB. fb) a = (INF beB. sup (fb) a)
by (simp add: sup-ccINF sup-commute)

lemma ccSUP-inf:
countable B = inf (SUP beB. fb) a = (SUP beB. inf (fb) a)
by (simp add: inf-ccSUP inf-commute)

lemma ccINF-sup-distrib2:
countable A = countable B = sup (INF a€A. f a) (INF beB. g b) = (INF
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acA. INF beB. sup (f a) (g b))
by (subst ccINF-commute) (simp-all add: sup-ccINF ccINF-sup)

lemma ccSUP-inf-distrib2:

countable A = countable B = inf (SUP a€A. f a) (SUP b€B. g b) = (SUP
acA. SUP beB. inf (fa) (g b))

by (subst ccSUP-commute) (simp-all add: inf-ccSUP ccSUP-inf)

context
fixes [ :: 'a = 'b::countable-complete-lattice
assumes mono f

begin

lemma mono-ccinf:

countable A = f (Inf A) < (INF z€A. f )

using (mono f»

by (auto intro!: countable-complete-lattice-class.ccINF-greatest intro: ccInf-lower
dest: monoD)

lemma mono-ccSup:

countable A = (SUP z€A. fz) < f (Sup A)

using «(mono f» by (auto intro: countable-complete-lattice-class.ccSUP-least cc-
Sup-upper dest: monoD)

lemma mono-ccINF:

countable | = f (INFie€I. Ai) < (INFzel. f(Azx)

by (intro countable-complete-lattice-class.ccINF-greatest monoD[OF <mono f>]
ccINF-lower)

lemma mono-ccSUP:

countable ] = (SUPz € I. f (Az)) < f (SUPiel. Aji)

by (intro countable-complete-lattice-class.ccSUP-least monoD[OF <mono f>] cc-
SUP-upper)

end

end

22.0.1 Instances of countable complete lattices

instance fun :: (type, countable-complete-lattice) countable-complete-lattice
by standard
(auto simp: le-fun-def introl: ccSUP-upper ccSUP-least ccINF-lower ccINF-greatest)

subclass (in complete-lattice) countable-complete-lattice
by standard (auto intro: Sup-upper Sup-least Inf-lower Inf-greatest)

subclass (in complete-distrib-lattice) countable-complete-distrib-lattice
by standard (auto intro: sup-Inf inf-Sup)
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end

23 Type of (at Most) Countable Sets

theory Countable-Set-Type
imports Countable-Set
begin

23.1 Cardinal stuff

context
includes cardinal-syntax
begin

lemma countable-card-of-nat: countable A <— |A| <o |UNIV:nat set|
unfolding countable-def card-of-ordLeq[symmetric] by auto

lemma countable-card-le-natLeq: countable A +— |A] <o natLeq
unfolding countable-card-of-nat using card-of-nat ordLeg-ordIso-trans ordIso-symmetric
by blast

lemma countable-or-card-of:

assumes countable A

shows (finite A A |A| <o |UNIV::nat set| ) V
(infinite A A |A| =0 |UNIV::nat set| )

by (metis assms countable-card-of-nat infinite-iff-card-of-nat ordIso-iff-ordLeq
ordLeq-iff-ordLess-or-ordlso)

lemma countable-cases-card-of [elim]:
assumes countable A
obtains (Fin) finite A |A| <o |UNIV::nat set|
| (Inf) infinite A |A| =0 |UNIV ::nat set]|
using assms countable-or-card-of by blast

lemma countable-or:

countable A = (3 f::'a=nat. finite A A inj-on f A) V (3 f::'a=nat. infinite A
A bij-betw f A UNIV)

by (elim countable-enum-cases) fastforce+

lemma countable-cases[elim]:
assumes countable A
obtains (Fin) f :: 'a=nat where finite A inj-on f A
| (Inf) f :: '"a=nat where infinite A bij-betw f A UNIV
using assms countable-or by metis

lemma countable-ordLeq:
assumes |A| <o |B| and countable B
shows countable A
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using assms unfolding countable-card-of-nat by(rule ordLeg-transitive)

lemma countable-ordLess:

assumes AB: |A| <o |B| and B: countable B

shows countable A

using countable-ordLeq| OF ordLess-imp-ordLeq|OF AB| B] .

end

23.2 The type of countable sets

typedef ‘a cset = {A :: 'a set. countable A} morphisms rcset acset
by (rule exI[of - {}]) simp

setup-lifting type-definition-cset

declare
reset-inverse|simp)
acset-inverse| Transfer.transferred, unfolded mem-Collect-eq, simp)
acset-inject| Transfer.transferred, unfolded mem-Collect-eq, simp)
reset| Transfer.transferred, unfolded mem-Collect-eq, simp)

instantiation cset :: (type) {bounded-lattice-bot, distrib-lattice, minus}
begin

lift-definition bot-cset :: 'a cset is {} parametric empty-transfer by simp

lift-definition less-eq-cset :: 'a cset = 'a cset = bool
is subset-eq parametric subset-transfer .

definition less-cset :: 'a cset = ’a cset = bool
where zs < ys = zs < ys A zs # (ys::'a cset)

lemma less-cset-transfer|[transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: bi-unique A

shows ((per-cset A) ===> (per-cset A) ===> (=)) (Q) (<)
unfolding less-cset-def[abs-def]| psubset-eqlabs-def]| by transfer-prover

lift-definition sup-cset :: ‘a cset = 'a cset = ’a cset
is union parametric union-transfer by simp

lift-definition inf-cset :: ‘a cset = 'a cset = 'a cset
is inter parametric inter-transfer by simp

lift-definition minus-cset :: 'a cset = 'a cset = 'a cset
is minus parametric Diff-transfer by simp

instance by standard (transfer; auto)+
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end

abbreviation cempty :: ‘a cset where cempty = bot

abbreviation csubset-eq :: ‘a cset = 'a cset = bool where csubset-eq zs ys = xs
< ys

abbreviation csubset :: ‘a cset = 'a cset = bool where csubset xs ys = xs < ys
abbreviation cUn :: 'a cset = 'a cset = 'a cset where cUn s ys = sup xs ys
abbreviation cInt :: 'a cset = 'a cset = 'a cset where cInt xs ys = inf xs ys
abbreviation cDiff :: ‘a cset = 'a cset = 'a cset where cDiff zs ys = minus xs

ys
lift-definition cin :: 'a = 'a cset = bool is (€) parametric member-transfer

lift-definition cinsert :: 'a = 'a cset = ’a cset is insert parametric Lifting-Set.insert-transfer
by (rule countable-insert)
abbreviation csingle :: 'a = 'a cset where csingle x = cinsert x cempty
lift-definition cimage :: (‘a = 'b) = 'a cset = 'b cset is (‘) parametric im-
age-transfer
by (rule countable-image)
lift-definition cBall :: 'a cset = ('a = bool) = bool is Ball parametric Ball-transfer

lift-definition cBex :: ‘a cset = (‘a = bool) = bool is Bex parametric Bex-transfer

lift-definition cUnion :: 'a cset cset = 'a cset is Union parametric Union-transfer
using countable-UN [of - id] by auto

abbreviation (input) cUNION :: 'a cset = ('a = 'b cset) = 'b cset
where cUNION A f = cUnion (cimage f A)

lemma Union-conv-UNION: |JA = J(id < A)
by simp

lemmas cset-eql = set-eql[ Transfer.transferred)

lemmas cset-eq-iff [no-atp] = set-eq-iff | Transfer.transferred)

lemmas cBalll[intro!] = balll[ Transfer.transferred]

lemmas cbspec[dest?] = bspec| Transfer.transferred)

lemmas cBallE[elim] = ballE[ Transfer.transferred)

lemmas cBexl[intro] = bexI[Transfer.transferred]

lemmas rev-cBexl[intro?] = rev-bexl| Transfer.transferred]

lemmas cBexCI = bexCI|Transfer.transferred)

lemmas cBexzEelim!] = bexE|Transfer.transferred)

lemmas cBall-triv[simp] = ball-triv] Transfer.transferred]

lemmas cBex-triv[simp] = bex-triv[ Transfer.transferred)

lemmas cBez-triv-one-point! [simp] = bex-triv-one-point! | Transfer.transferred]
lemmas cBez-triv-one-point2[simp| = bez-triv-one-point2| Transfer.transferred]
lemmas cBez-one-pointl [simp] = bex-one-pointl | Transfer.transferred]
lemmas cBez-one-point2|[simp] = bex-one-point2| Transfer.transferred]
lemmas cBall-one-pointl [simp] = ball-one-point! | Transfer.transferred)
lemmas cBall-one-point2[simp] = ball-one-point2| Transfer.transferred)
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cBall-conj-distrib = ball-conj-distrib| Transfer.transferred]
cBex-disj-distrib = bex-disj-distrib] Transfer.transferred]
cBall-cong = ball-cong| Transfer.transferred)

cBez-cong = bex-cong| Transfer.transferred]
csubsetl[introl] = subsetl| Transfer.transferred)
csubsetDl[elim, intro?] = subsetD|Transfer.transferred)
rev-csubsetD[no-atp,intro?] = rev-subsetD| Transfer.transferred]
csubsetCE[no-atp,elim] = subsetCE| Transfer.transferred)
csubset-eq[no-atp] = subset-eq| Transfer.transferred)
contra-csubsetD[no-atp] = contra-subsetD| Transfer.transferred]
csubset-refl = subset-refl] Transfer.transferred]
csubset-trans = subset-trans| Transfer.transferred]
cset-rev-mp = rev-subsetD[ Transfer.transferred)

cset-mp = subsetD| Transfer.transferred)
csubset-not-fsubset-eq[code] = subset-not-subset-eq[ Transfer.transferred)
eq-cmem-trans = eg-mem-trans| Transfer.transferred)
csubset-antisymlintrol] = subset-antisym|Transfer.transferred)
cequalityD1 = equalityD1[ Transfer.transferred)
cequalityD2 = equalityD2[ Transfer.transferred)
cequalityE = equalityE| Transfer.transferred]
cequalityCE[elim] = equalityCE| Transfer.transferred)
eqeset-imp-iff = eqset-imp-iff [ Transfer.transferred)
eqcelem-imp-iff = eqelem-imp-iff[ Transfer.transferred|
cempty-iff[simp] = empty-iff [ Transfer.transferred]
cempty-fsubsetI[iff] = empty-subset]| Transfer.transferred]
equals-cemptyl = equalsOI| Transfer.transferred)
equals-cemptyD = equalsOD| Transfer.transferred)
cBall-cempty[simp] = ball-empty| Transfer.transferred)
cBex-cempty|simp| = bex-empty| Transfer.transferred]
cInt-iff [simp] = Int-iff [ Transfer.transferred]

cIntl[introl] = IntI[Transfer.transferred)

cIntD1 = IntD1|Transfer.transferred]

cIntD2 = IntD2|[Transfer.transferred]

cIntE[elim!] = IntE[Transfer.transferred)

cUn-iff [simp] = Un-iff[ Transfer.transferred)

cUnll[elim? = Unll|Transfer.transferred]

cUni2[elim? = Unl2|Transfer.transferred]

cUnClI[intro'] = UnCI[Transfer.transferred)

cuUnE[elim!] = UnE[Transfer.transferred)

eDiff-iff [simp] = Diff-iff [ Transfer.transferred]
eDiffIintro] = DiffI| Transfer.transferred)

eDiffD1 = DiffD1[Transfer.transferred]

eDiffD2 = DiffD2[ Transfer.transferred]

cDiffE[elim!] = DiffE| Transfer.transferred)

cinsert-iff [simp] = insert-iff [ Transfer.transferred)
cinsertll = insertl1|Transfer.transferred)

cinsert]2 = insertI2| Transfer.transferred)

cinsertE[elim!] = insertE[ Transfer.transferred)

cinsertCI [intro] = insertCI| Transfer.transferred]
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lemmas csubset-cinsert-iff = subset-insert-iff [ Transfer.transferred|
lemmas cinsert-ident = insert-ident| Transfer.transferred]

lemmas csingletonl [intro!,no-atp] = singletonl | Transfer.transferred)
lemmas csingletonD|dest!,no-atp] = singletonD| Transfer.transferred]
lemmas fsingletonE = csingletonD [elim-format)

lemmas csingleton-iff = singleton-iff[ Transfer.transferred)

lemmas csingleton-inject|dest!] = singleton-inject| Transfer.transferred]
lemmas csingleton-finsert-inj-eq[iff ,no-atp] = singleton-insert-inj-eq[ Transfer.transferred)
lemmas csingleton-finsert-inj-eq'[iff ,no-atp] = singleton-insert-inj-eq’| Transfer.transferred)
lemmas csubset-csingletonD = subset-singletonD| Transfer.transferred)
lemmas cDiff-single-cinsert = Diff-single-insert| Transfer.transferred)
lemmas cdoubleton-eg-iff = doubleton-eq-iff | Transfer.transferred)
lemmas cUn-csingleton-iff = Un-singleton-iff [ Transfer.transferred)
lemmas csingleton-cUn-iff = singleton-Un-iff [ Transfer.transferred)
lemmas cimage-eql[simp, intro] = image-eql | Transfer.transferred)
lemmas cimagel = imagel|Transfer.transferred)

lemmas rev-cimage-eql = rev-image-eql | Transfer.transferred)

lemmas cimageE|elim!] = imageE| Transfer.transferred)

lemmas Compr-cimage-eq = Compr-image-eq| Transfer.transferred]
lemmas cimage-cUn = image-Un| Transfer.transferred]

lemmas cimage-iff = image-iff [ Transfer.transferred]

lemmas cimage-csubset-iff [no-atp] = image-subset-iff | Transfer.transferred]
lemmas cimage-csubset] = image-subsetl| Transfer.transferred)

lemmas cimage-ident[simp] = image-ident| Transfer.transferred]

lemmas if-split-cin1 = if-split-mem1 [ Transfer.transferred)

lemmas if-split-cin2 = if-split-mem2[ Transfer.transferred)

lemmas cpsubsetl[introl,no-atp] = psubsetl| Transfer.transferred)

lemmas cpsubsetE[elim!,no-atp] = psubsetE| Transfer.transferred)
lemmas cpsubset-finsert-iff = psubset-insert-iff | Transfer.transferred]
lemmas cpsubset-eq = psubset-eq| Transfer.transferred)

lemmas cpsubset-imp-fsubset = psubset-imp-subset| Transfer.transferred)
lemmas cpsubset-trans = psubset-trans| Transfer.transferred)

lemmas cpsubsetD = psubsetD] Transfer.transferred]

lemmas cpsubset-csubset-trans = psubset-subset-trans| Transfer.transferred)
lemmas csubset-cpsubset-trans = subset-psubset-trans| Transfer.transferred)
lemmas cpsubset-imp-ex-fmem = psubset-imp-ex-mem| Transfer.transferred)
lemmas csubset-cinsert] = subset-insertl| Transfer.transferred)

lemmas csubset-cinsertI2 = subset-insertI2| Transfer.transferred]

lemmas csubset-cinsert = subset-insert| Transfer.transferred)

lemmas cUn-upper! = Un-upperl | Transfer.transferred)

lemmas cUn-upper2 = Un-upper2| Transfer.transferred)

lemmas cUn-least = Un-least] Transfer.transferred)

lemmas clnt-lowerl = Int-lowerl|Transfer.transferred)

lemmas clnt-lower2 = Int-lower2|Transfer.transferred)

lemmas clnt-greatest = Int-greatest| Transfer.transferred)

lemmas cDiff-csubset = Diff-subset| Transfer.transferred)

lemmas cDiff-csubset-conv = Diff-subset-conv| Transfer.transferred)
lemmas csubset-cempty[simp] = subset-empty| Transfer.transferred)
lemmas not-cpsubset-cemptyliff] = not-psubset-empty| Transfer.transferred]
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cinsert-is-cUn = insert-is-Un| Transfer.transferred)
cinsert-not-cempty[simp] = insert-not-empty| Transfer.transferred)
cempty-not-cinsert = empty-not-insert| Transfer.transferred)
cinsert-absorb = insert-absorb| Transfer.transferred]
cinsert-absorb2[simp] = insert-absorb2| Transfer.transferred)
cinsert-commute = insert-commute| Transfer.transferred)
cinsert-csubset[simp] = insert-subset| Transfer.transferred)
cinsert-cinter-cinsert[simp] = insert-inter-insert| Transfer.transferred)
cinsert-disjoint[simp,no-atp] = insert-disjoint| Transfer.transferred)
disjoint-cinsert[simp,no-atp] = disjoint-insert| Transfer.transferred)
cimage-cempty|simp] = image-empty[ Transfer.transferred)
cimage-cinsert[simp] = image-insert| Transfer.transferred]
cimage-constant = image-constant| Transfer.transferred]
cimage-constant-conv = image-constant-conv| Transfer.transferred)
cimage-cimage = image-image| Transfer.transferred)
cinsert-cimage[simp] = insert-image[ Transfer.transferred)
cimage-is-cempty[iff] = image-is-empty| Transfer.transferred]
cempty-is-cimageliff] = empty-is-image| Transfer.transferred)
cimage-cong = image-cong| Transfer.transferred)
cimage-cInt-csubset = image-Int-subset| Transfer.transferred)
cimage-cDiff-csubset = image-diff-subset| Transfer.transferred]
cInt-absorb = Int-absorb| Transfer.transferred)

cInt-left-absorb = Int-left-absorb| Transfer.transferred]
cInt-commute = Int-commute| Transfer.transferred)
cInt-left-commute = Int-left-commute| Transfer.transferred]
cInt-assoc = Int-assoc| Transfer.transferred)

cInt-ac = Int-ac| Transfer.transferred)

cInt-absorbl = Int-absorbl|Transfer.transferred)

cInt-absorb2 = Int-absorb2| Transfer.transferred]

cInt-cempty-left = Int-empty-left| Transfer.transferred)
cInt-cempty-right = Int-empty-right| Transfer.transferred)
disjoint-iff-cnot-equal = disjoint-iff-not-equal| Transfer.transferred)
cInt-cUn-distrib = Int- Un-distrib] Transfer.transferred]
cInt-cUn-distrib2 = Int-Un-distrib2[ Transfer.transferred)
cInt-csubset-iff [no-atp, simp] = Int-subset-iff | Transfer.transferred)
cUn-absorb = Un-absorb| Transfer.transferred]

cUn-left-absorb = Un-left-absorb| Transfer.transferred)
cUn-commute = Un-commute| Transfer.transferred)
cUn-left-commute = Un-left-commute| Transfer.transferred)
cUn-assoc = Un-assoc| Transfer.transferred)

cUn-ac = Un-ac|Transfer.transferred)

cUn-absorbl = Un-absorbl[Transfer.transferred)

cUn-absorb2 = Un-absorb2| Transfer.transferred)

cUn-cempty-left = Un-empty-left| Transfer.transferred]
cUn-cempty-right = Un-empty-right[ Transfer.transferred|
cUn-cinsert-left[simp] = Un-insert-left| Transfer.transferred)
cUn-cinsert-right[simp] = Un-insert-right| Transfer.transferred)
cInt-cinsert-left = Int-insert-left[ Transfer.transferred)
cInt-cinsert-left-if0[simp] = Int-insert-left-if 0| Transfer.transferred]
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cInt-cinsert-left-if1 [simp] = Int-insert-left-if1 | Transfer.transferred]
cInt-cinsert-right = Int-insert-right[ Transfer.transferred)
cInt-cinsert-right-if0[simp] = Int-insert-right-if0| Transfer.transferred)
cInt-cinsert-right-if1 [simp] = Int-insert-right-if1 | Transfer.transferred)
cUn-cInt-distrib = Un-Int-distrib] Transfer.transferred)
cUn-cInt-distrib2 = Un-Int-distrib2| Transfer.transferred)
cUn-cInt-crazy = Un-Int-crazy| Transfer.transferred]
csubset-cUn-eq = subset-Un-eq[ Transfer.transferred)
cUn-cempty[iff] = Un-empty| Transfer.transferred]

cUn-csubset-iff [no-atp, simp] = Un-subset-iff | Transfer.transferred)
cUn-cDiff-cInt = Un-Diff-Int]| Transfer.transferred)

cDiff-cInt2 = Diff-Int2| Transfer.transferred]

cUn-cInt-assoc-eq = Un-Int-assoc-eq| Transfer.transferred)
cBall-cUn = ball-Un| Transfer.transferred)

cBex-cUn = bex-Un| Transfer.transferred)

cDiff-eq-cempty-iff [simp,no-atp] = Diff-eq-empty-iff [ Transfer.transferred]
cDiff-cancel[simp] = Diff-cancel| Transfer.transferred)
cDiff-idemp|simp| = Diff-idemp[ Transfer.transferred)

eDiff-triv = Diff-triv[ Transfer.transferred)

cempty-cDiff [simp] = empty-Diff| Transfer.transferred)
eDiff-cempty[simp] = Diff-empty| Transfer.transferred)
cDiff-cinsert0|[simp,no-atp] = Diff-insert0| Transfer.transferred)
cDiff-cinsert = Diff-insert| Transfer.transferred]

eDiff-cinsert2 = Diff-insert2| Transfer.transferred)

cinsert-cDiff-if = insert-Diff-if [ Transfer.transferred]
cinsert-cDiff1[simp] = insert-Diff1 | Transfer.transferred)
cinsert-cDiff-single[simp] = insert-Diff-single| Transfer.transferred)
cinsert-cDiff = insert-Diff | Transfer.transferred)
cDiff-cinsert-absorb = Diff-insert-absorb| Transfer.transferred)
eDiff-disjoint[simp] = Diff-disjoint| Transfer.transferred)
eDiff-partition = Diff-partition| Transfer.transferred)

double-cDiff = double-diff [ Transfer.transferred)
cUn-cDiff-cancel[simp] = Un-Diff-cancel| Transfer.transferred)
cUn-cDiff-cancel2[simp] = Un-Diff-cancel2| Transfer.transferred)
eDiff-cUn = Diff-Un| Transfer.transferred)

cDiff-cInt = Diff-Int[ Transfer.transferred)

cUn-cDiff = Un-Diff [ Transfer.transferred]

cInt-cDiff = Int-Diff| Transfer.transferred)

cDiff-cInt-distrib = Diff-Int-distrib] Transfer.transferred)
eDiff-cInt-distrib2 = Diff-Int-distrib2| Transfer.transferred]
cset-eq-csubset = set-eq-subset| Transfer.transferred]

csubset-iff [no-atp] = subset-iff [ Transfer.transferred]
csubset-iff-pfsubset-eq = subset-iff-psubset-eq[ Transfer.transferred)
all-not-cin-conv|simp] = all-not-in-conv[ Transfer.transferred|
ex-cin-conv = ez-in-conv| Transfer.transferred)

cimage-mono = image-mono| Transfer.transferred]

cinsert-mono = insert-mono| Transfer.transferred)

cunion-mono = Un-mono| Transfer.transferred)

cinter-mono = Int-mono| Transfer.transferred)



THEORY “Countable-Set-Type” 192

lemmas cminus-mono = Diff-mono| Transfer.transferred)

lemmas cin-mono = in-mono| Transfer.transferred|

lemmas cLeast-mono = Least-mono| Transfer.transferred]

lemmas cequalityl = equalityl | Transfer.transferred]

lemmas cUN-iff [simp] = UN-iff[ Transfer.transferred)

lemmas cUN-I [intro] = UN-I|Transfer.transferred]

lemmas cUN-E [elim!] = UN-E|Transfer.transferred]

lemmas cUN-upper = UN-upper|Transfer.transferred)

lemmas ¢UN-least = UN-least| Transfer.transferred)

lemmas cUN-cinsert-distrib = UN-insert-distrib] Transfer.transferred)
lemmas cUN-empty [simp] = UN-empty| Transfer.transferred)
lemmas c¢UN-empty2 [simp] = UN-empty2| Transfer.transferred)
lemmas cUN-absorb = UN-absorb| Transfer.transferred]

lemmas cUN-cinsert [simp] = UN-insert| Transfer.transferred)
lemmas c¢UN-cUn [simp] = UN-Un[Transfer.transferred)

lemmas cUN-cUN-flatten = UN-UN-flatten| Transfer.transferred)
lemmas cUN-csubset-iff = UN-subset-iff | Transfer.transferred]
lemmas cUN-constant [simp] = UN-constant| Transfer.transferred)
lemmas cimage-cUnion = image-Union| Transfer.transferred)
lemmas cUNION-cempty-conv [simp] = UNION-empty-conv| Transfer.transferred]
lemmas cBall-cUN = ball-UN|Transfer.transferred)

lemmas cBex-cUN = bex- UN|Transfer.transferred]

lemmas cUn-eq-cUN = Un-eq-UN|Transfer.transferred)

lemmas cUN-mono = UN-mono| Transfer.transferred)

lemmas cimage-cUN = image- UN|Transfer.transferred]

lemmas cUN-csingleton [simp] = UN-singleton| Transfer.transferred)

23.3 Additional lemmas
23.3.1 cempty

lemma cemptyE [elim!]: cin a cempty = P by simp

23.3.2 cinsert

lemma countable-insert-iff: countable (insert © A) +— countable A
by (metis Diff-eq-empty-iff countable-empty countable-insert subset-insertl uncount-
able-minus-countable)

lemma set-cinsert:
assumes cin x A
obtains B where A = cinsert + B and — cin © B
using assms by transfer(erule Set.set-insert, simp add: countable-insert-iff)

lemma mk-disjoint-cinsert: cin a« A = IB. A = cinsert a B A = cin a B
by (rule exl[where z = cDiff A (csingle a)]) blast
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23.3.3 cimage

lemma subset-cimage-iff: csubset-eq B (cimage f A) «— (FAA. csubset-eq AA A
A B = cimage f AA)
by transfer (metis countable-subset image-mono mem-Collect-eq subset-imageE)

23.3.4 bounded quantification

lemma cBez-simps [simp, no-atp):
NA P Q. cBex A (Az. Pz A Q) = (cBex A P AN Q)
NA P Q. cBex A (Az. PN Qz) = (P A cBex A Q)
A\P. cBex cempty P = False
Na B P. cBez (cinsert a B) P = (P a V cBex B P)
NA P f. ¢Bex (cimage f A) P = cBex A (Az. P (f x))
NA P. (= ¢cBex A P) = cBall A (Az. = P x)

by auto

lemma cBall-simps [simp, no-atp]:
NA P Q. cBall A (Az. Pz V Q) = (¢cBall APV Q)
NA P Q. cBall A (Az. PV Qz) = (P V cBall A Q)
NA P Q. cBall A (Az. P — Qz) = (P — cBall A Q)
NA P Q. cBall A (Az. Pz — Q) = (¢cBex AP — Q)
AP. cBall cempty P = True
Aa B P. ¢Ball (cinsert a B) P = (P a A ¢Ball B P)
NA P f. c¢Ball (cimage f A) P = c¢Ball A (Az. P (f z))
NA P. (= ¢Ball A P) = cBex A (Az. = P x)

by auto

lemma atomize-cBall:
(Az. cin x A = P z) == Trueprop (cBall A (Az. P x))
unfolding atomize-all atomize-imp
by (rule equal-intr-rule; blast)

23.3.5 cUnion

lemma cUNION-cimage: cUNION (cimage f A) g = ¢cUNION A (g o f)
by transfer simp

23.4 Setup for Lifting/Transfer
23.4.1 Relator and predicator properties

lift-definition rel-cset :: (‘a = 'b = bool) = 'a cset = b cset = bool
is rel-set parametric rel-set-transfer .

lemma rel-cset-alt-def:
rel-cset R a b <—
(Vt € reset a. Ju € reset b. Rt u) A
(Vt € reset b. Ju € reset a. R u t)
by (simp add: rel-cset-def rel-set-def)
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lemma rel-cset-iff:
rel-cset R a b «—
(Vt.cinta — (Ju. cinw b A R tu)) A
(Vt. cintb — (Ju. cinw a A R u t))
by transfer(auto simp add: rel-set-def)

lemma rel-cset-cUNION:
[ rel-cset @ A B; rel-fun Q (rel-cset R) fg ]
= rel-cset R (cUnion (cimage f A)) (cUnion (cimage g B))
unfolding rel-fun-def by transfer(erule rel-set-UNION, simp add: rel-fun-def)

lemma rel-cset-csingle-iff [simp): rel-cset R (csingle z) (csingle y) «+— Rz y
by transfer(auto simp add: rel-set-def)

23.4.2 Transfer rules for the Transfer package

Unconditional transfer rules

context includes lifting-syntax
begin

lemmas cempty-parametric [transfer-rule] = empty-transfer| Transfer.transferred)

lemma cinsert-parametric [transfer-rule):
(A ===> rel-cset A ===> rel-cset A) cinsert cinsert
unfolding rel-fun-def rel-cset-iff by blast

lemma c¢Un-parametric [transfer-rulel:
(rel-cset A ===> rel-cset A ===> rel-cset A) ¢Un cUn
unfolding rel-fun-def rel-cset-iff by blast

lemma cUnion-parametric [transfer-rule]:
(rel-cset (rel-cset A) ===> rel-cset A) cUnion cUnion
unfolding rel-fun-def
by transfer (auto simp: rel-set-def, metis+)

lemma cimage-parametric [transfer-rule:
((A ===> B) ===> rel-cset A ===> rel-cset B) cimage cimage
unfolding rel-fun-def rel-cset-iff by blast

lemma cBall-parametric [transfer-rule]:
(rel-cset A ===> (A ===> (=)) ===> (=)) cBall cBall
unfolding rel-cset-iff rel-fun-def by blast

lemma cBez-parametric [transfer-rule]:
(rel-cset A ===> (A ===> (=)) ===> (=)) cBex cBezx
unfolding rel-cset-iff rel-fun-def by blast

lemma rel-cset-parametric [transfer-rule]:
((A ===> B ===> (=)) ===> rel-cset A ===> rel-cset B ===> (=))
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rel-cset rel-cset

unfolding rel-fun-def

using rel-set-transfer[unfolded rel-fun-def, rule-format, Transfer.transferred, where
A=A and B = B

by simp

Rules requiring bi-unique, bi-total or right-total relations

lemma cin-parametric [transfer-rule]:
bi-unique A = (A ===> rel-cset A ===> (=)) cin cin
unfolding rel-fun-def rel-cset-iff bi-unique-def by metis

lemma clnt-parametric [transfer-rule]:

bi-unique A = (rel-cset A ===> rel-cset A ===> rel-cset A) cInt cInt
unfolding rel-fun-def
using inter-transfer[unfolded rel-fun-def, rule-format, Transfer.transferred]
by blast

lemma cDiff-parametric [transfer-rule]:

bi-unique A = (rel-cset A ===> rel-cset A ===> rel-cset A) cDiff cDiff
unfolding rel-fun-def
using Diff-transfer[unfolded rel-fun-def , rule-format, Transfer.transferred] by blast

lemma csubset-parametric [transfer-rule]:

bi-unique A = (rel-cset A ===> rel-cset A ===> (=)) csubset-eq csubset-eq
unfolding rel-fun-def
using subset-transfer|[unfolded rel-fun-def, rule-format, Transfer.transferred] by
blast

end

lifting-update cset.lifting
lifting-forget cset.lifting

23.5 Registration as BNF

context
includes cardinal-syntazx
begin

lemma card-of-countable-sets-range:

fixes A :: ‘a set

shows [{X. X C A A countable X N X # {}}| <o |{f::nat = 'a. range f C A}|
proof (intro card-of-ordLeqI[of from-nat-into))
qed (use inj-on-from-nat-into in <auto simp: inj-on-def>)

lemma card-of-countable-sets-Func:
HX. X C A A countable X N X # {}}| <o |A| "¢ natLeq
using card-of-countable-sets-range card-of-Func-UNIV[THEN ordlso-symmetric]
unfolding cexp-def Field-natLeq Field-card-of
by (rule ordLeg-ordIso-trans)
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lemma ordLeq-countable-subsets:
|A| <o [{X. X C A A countable X}|
proof —
have Aa. a € A = {a} € {X. X C A A countable X}
by auto
with card-of-ordLeql[of A a. {a}] show ?thesis
using inj-singleton by blast
qed

end

lemma finite-countable-subset:
finite {X. X C A A countable X} +— finite A
using card-of-ordLeg-infinite ordLeg-countable-subsets by force

lemma reset-to-reset: countable A = reset (the-inv reset A) = A
including cset.lifting
by (meson Collect] f-the-inv-into-f inj-on-inversel rangel rcset-induct
reset-inverse)

lemma Collect-Int-Times: {(z, y). Rzy} N A x B={(z,y). RztyAhz e AN
y € B}
by auto

lemma rel-cset-aux:
(Vt € reset a. Ju € reset b. Rt u) A (Yt € reset b. Ju € reset a. R u t) «—
((BNF-Def.Grp {z. reset x C {(a, b). R a b}} (cimage fst))"171 00
BNF-Def.Grp {z. rcset ¢ C {(a, b). R a b}} (cimage snd)) a b (is L = ?R)
proof
assume ?L
define R’ where R’ = the-inv reset (Collect (case-prod R) N (reset a X reset b))
(is - = the-inv reset ?L7)
have L: countable ?L’ by auto
hence x: rcset R’ = ?L’ unfolding R’-def by (intro rcset-to-reset)
thus 7R unfolding Grp-def relcompp.simps conversep.simps including cset.lifting
proof (intro Collect] case-prodl exl|of - a] exI[of - b] exI[of - R'] conjI refl)
from x «?L) show a = cimage fst R' by transfer (auto simp: image-def Col-
lect-Int-Times)
from * <?L) show b = cimage snd R’ by transfer (auto simp: image-def
Collect-Int-Times)
qed simp-all
next
assume ?R thus ?L unfolding Grp-def relcompp.simps conversep.simps
by (simp add: subset-eq Ball-def)(transfer, auto simp add: cimage.rep-eq, metis
snd-conv, metis fst-conv)
qed
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context
includes cardinal-syntax
begin

buf ‘a cset
map: cimage
sets: reset
bd: card-suc natLeq
wits: cempty
rel: rel-cset
proof —
show cimage id = id by auto
next
fix f g show cimage (g o f) = cimage g o cimage f by fastforce
next
fix C f g assume eq: Aa. a € reset C = fa=ga
thus cimage f C' = cimage g C including cset.lifting by transfer force
next
fix f show rcset o cimage f = (‘) f o reset including cset.lifting by transfer’
fastforce
next
show card-order (card-suc natLeq) by (rule card-order-card-suc|OF natLeq-card-order])
next
show cinfinite (card-suc natLeq) using Cinfinite-card-suc|OF natLeq-Cinfinite
natLeq-card-order]
by simp
next
show regularCard (card-suc natLeq) using natLeq-card-order natLeg-Cinfinite
by (rule regularCard-card-suc)
next
fix C
have |rcset C| <o natLeq including cset.lifting by transfer (unfold count-
able-card-le-natLeq)
then show |rcset C| <o card-suc natLeq
using card-suc-greater natLeq-card-order ordLeg-ordLess-trans by blast
next
fix R S
show rel-cset R OO rel-cset S < rel-cset (R 00 S)
unfolding rel-cset-alt-def [abs-def] by fast
next
fix R
show rel-cset R = (Az y. Iz. reset z C {(z, y). Rz y} A
cimage fst z = x A cimage snd z = y)
unfolding rel-cset-alt-def [abs-def] rel-cset-auz|[unfolded OO-Grp-alt] by simp
qed(simp add: bot-cset.rep-eq)

end

end
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24 Debugging facilities for code generated towards
Isabelle/ ML

theory Debug
imports Main
begin

context
begin

qualified definition trace :: String.literal = unit where
[simp]: trace s = ()

qualified definition tracing :: String.literal = 'a = ’'a where
[simp]: tracing s = id

lemma [code]:
tracing s = (let u = trace s in id)

by simp

qualified definition flush :: ‘a = unit where
[simp]: flush © = ()

qualified definition flushing :: ‘a = 'b = 'b where
[simp]: flushing x = id

lemma [code, code-unfold):
flushing = = (let uw = flush x in id)
by simp

qualified definition timing :: String.literal = (‘a = 'b) = 'a = 'b where
[simp]: timing s fo = fx

end
code-printing
constant Debug.trace — (Eval) Output.tracing
| constant Debug.flush — (Ewval) Output.tracing/ (Q{make’-string} -) — note
indirection via antiquotation
| constant Debug.timing — (Eval) Timing.timeap’-msg

code-reserved (Fval) Output Timing

end

25 Sequence of Properties on Subsequences

theory Diagonal-Subsequence
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imports Complex-Main
begin

locale subseqs =

fixes P::nat=(nat=-nat)=bool

assumes ex-subseq: A\n s. strict-mono (s:nat=nat) = Ir'. strict-mono r’ A
Pn(sor)
begin

definition reduce where reduce s n = (SOME r'::nat=-nat. strict-mono v’ A P n

(s o)

lemma subseg-reduce[intro, simp]:
strict-mono s = strict-mono (reduce s n)
unfolding reduce-def by (rule somel2-ex[OF ex-subseq]) auto

lemma reduce-holds:
strict-mono s => P n (s o reduce s n)
unfolding reduce-def by (rule somel2-ex|OF ex-subseq]) (auto simp: o-def)

primrec segseq :: nat = nat = nat where
seqseq 0 = id
| segseq (Suc n) = segseq n o reduce (segseq n) n

lemma subseg-seqseq|intro, simpl: strict-mono (segseq n)
proof (induct n)
case 0 thus Zcase by (simp add: strict-mono-def)
next
case (Suc n) thus Zcase by (subst seqseq.simps) (auto introl: strict-mono-o)
qed

lemma segseq-holds:
P n (segseq (Suc n))
proof —
have P n (segseq n o reduce (seqseq n) n)
by (intro reduce-holds subseq-seqseq)
thus ?thesis by simp
qged

definition diagseq :: nat = nat where diagseq © = seqseq i @

lemma diagseg-mono: diagseq n < diagseq (Suc n)
proof —
have diagseq n < segseq n (Suc n)
using subseg-segseq[of n] by (simp add: diagseq-def strict-mono-def)

also have ... < segseq n (reduce (segseq n) n (Suc n))
using strict-mono-less-eq seq-suble by blast
also have ... = diagseq (Suc n) by (simp add: diagseq-def)

finally show ?thesis .
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qed

lemma subseq-diagseq: strict-mono diagseq
using diagseg-mono by (simp add: strict-mono-Suc-iff diagseq-def)

primrec fold-reduce where
fold-reduce n 0 = id
| fold-reduce n (Suc k) = fold-reduce n k o reduce (seqseq (n + k)) (n + k)

lemma subseg-fold-reducelintro, simp]: strict-mono (fold-reduce n k)
proof (induct k)
case (Suc k) from strict-mono-o[OF this subseq-reduce] show ?case by (simp
add: o-def)
qed (simp add: strict-mono-def)

lemma ex-subseq-reduce-index: seqseq (n + k) = segseq n o fold-reduce n k
by (induct k) simp-all

lemma seqseq-fold-reduce: seqseq n = fold-reduce 0 n
by (induct n) (simp-all)

lemma diagseq-fold-reduce: diagseq n = fold-reduce 0 n n
using segseg-fold-reduce by (simp add: diagseq-def)

lemma fold-reduce-add: fold-reduce 0 (m + n) = fold-reduce 0 m o fold-reduce m
n
by (induct n) simp-all

lemma diagseg-add: diagseq (k + n) = (seqseq k o (fold-reduce k n)) (k + n)
proof —
have diagseq (k + n) = fold-reduce 0 (k + n) (k + n)
by (simp add: diagseq-fold-reduce)
also have ... = (segseq k o fold-reduce k n) (k + n)
unfolding fold-reduce-add seqseq-fold-reduce ..
finally show ?thesis .
qed

lemma diagseq-sub:
assumes m < n shows diagseq n = (seqseq m o (fold-reduce m (n — m))) n
using diagseg-add[of m n — m] assms by simp

lemma subseg-diagonal-rest: strict-mono (Az. fold-reduce k z (k + z))
unfolding strict-mono-Suc-iff fold-reduce.simps o-def
proof
fix n
have fold-reduce k n (k + n) < fold-reduce k n (k + Suc n) (is ?lhs < -)
by (auto intro: strict-monoD)
also have ... < fold-reduce k n (reduce (seqseq (k + n)) (k + n) (k + Suc n))
by (auto intro: less-mono-imp-le-mono seg-suble strict-monoD)
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finally show %lhs < ... .
qed

lemma diagseq-seqseq: diagseq o ((+) k) = (segseq k o (Az. fold-reduce k z (k +
z)))

by (auto simp: o-def diagseq-add)

lemma diagseq-holds:
assumes subseg-stable: \r s n. strict-monor = Pns=— Pn (sor)
shows P k (diagseq o ((+) (Suc k)))
unfolding diagseq-seqseq by (intro subseg-stable subseq-diagonal-rest seqseg-holds)

end

end

26 Common discrete functions

theory Discrete-Functions
imports Complex-Main
begin

26.1 Discrete logarithm

fun floor-log :: nat = nat
where [simp del]: floor-log n = (if n < 2 then 0 else Suc (floor-log (n div 2)))

lemma floor-log-induct [consumes 1, case-names one double]:
fixes n :: nat
assumes n > 0
assumes one: P 1
assumes double: An. n > 2 = P (n div 2) = Pn
shows P n
using «n > 0» proof (induct n rule: floor-log.induct)
fix n
assume " n < 2 =
0 <ndv2= P (ndv?2)

then have x: n > 2 = P (n div 2) by simp
assume n > 0
show P n
proof (casesn = 1)

case True

with one show ?thesis by simp
next

case Fulse

with <n > 0> have n > 2 by auto

with * have P (n div 2) .

with «n > 2) show ?thesis by (rule double)
qed
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qed

lemma floor-log-zero [simp]: floor-log 0 = 0
by (simp add: floor-log.simps)

lemma floor-log-one [simp]: floor-log 1 = 0
by (simp add: floor-log.simps)

lemma floor-log-Suc-zero [simp): floor-log (Suc 0) = 0
using floor-log-one by simp

lemma floor-log-rec: n > 2 = floor-log n = Suc (floor-log (n div 2))
by (simp add: floor-log.simps)

lemma floor-log-twice [simp]: n # 0 = floor-log (2 * n) = Suc (floor-log n)
by (simp add: floor-log-rec)

lemma floor-log-half [simp]: floor-log (n div 2) = floor-log n — 1
proof (cases n < 2)
case True
then have n = 0 V n = 1 by arith
then show %thesis by (auto simp del: One-nat-def)
next
case Fulse
then show ?thesis by (simp add: floor-log-rec)
qed

lemma floor-log-power [simp): floor-log (2 ~n) = n
by (induct n) simp-all

lemma floor-log-mono: mono floor-log
proof
fix m n :: nat
assume m < n
then show floor-log m < floor-log n
proof (induct m arbitrary: n rule: floor-log.induct)
case (1 m)
then have mn2: m div 2 < n div 2 by arith
show floor-log m < floor-log n
proof (cases m > 2)
case Fulse
then have m = 0 V m = 1 by arith
then show ?thesis by (auto simp del: One-nat-def)
next
case True then have - m < 2 by simp
with mn2 have n > 2 by arith
from True have m2-0: m div 2 # 0 by arith
with mn2 have n2-0: n div 2 # 0 by arith
from (— m < 2) 1.hyps mn2 have floor-log (m div 2) < floor-log (n div 2)
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by blast

with m2-0 n2-0 have floor-log (2 * (m div 2)) < floor-log (2 * (n div 2))
by simp

with m2-0 n2-0 «<m > 2» <n > 2) show ?thesis by (simp only: floor-log-rec
[of m] floor-log-rec [of n]) simp

qed
qed

qed

lemma floor-log-exp2-le:
assumes n > 0
shows 2 ~ floor-log n < n
using assms
proof (induct n rule: floor-log-induct)
case one
then show ?Zcase by simp
next
case (double n)
with floor-log-mono have floor-log n > Suc 0
by (simp add: floor-log.simps)
assume 2 ~ floor-log (n div 2) < n div 2
with <n > 2» have 2 ~ (floor-log n — Suc 0) < n div 2 by simp
then have 2 ™ (floor-logn — Suc 0) x 2 =1 < n div 2 x 2 by simp
with «floor-log n > Suc 0> have 2 ~ floor-log n < n div 2 * 2
unfolding power-add [symmetric] by simp
also have n div 2 * 2 < n by (cases even n) simp-all
finally show ?case .
qed

lemma floor-log-exp2-gt: 2 x 2 ~ floor-log n > n
proof (cases n > 0)
case True
thus ?thesis
proof (induct n rule: floor-log-induct)
case (double n)
thus ?case
by (cases even n) (auto elim!: evenE oddE simp: field-simps floor-log.simps)
qed simp-all
qed simp-all

lemma floor-log-exp2-ge: 2 x 2 ~ floor-log n > n
using floor-log-exp2-gt[of n] by simp

lemma floor-log-le-iff: m < n = floor-log m < floor-log n
by (rule monoD [OF floor-log-monol)

lemma floor-log-eql:
assumes n > 02 k<nn< 2x* 27k
shows floor-log n = k
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proof (rule antisym)

from «n > 0> have 2 ™ floor-log n < n by (rule floor-log-exp2-le)

also have ... < 2 7 Suc k using assms by simp

finally have floor-log n < Suc k by (subst (asm) power-strict-increasing-iff )
simp-all

thus floor-log n < k by simp
next

have 27k < n by fact

also have ... < 27(Suc (floor-log n)) by (simp add: floor-log-exp2-gt)

finally have k < Suc (floor-log n) by (subst (asm) power-strict-increasing-iff)
simp-all

thus £ < floor-log n by simp
qed

lemma floor-log-altdef: floor-log n = (if n = 0 then 0 else nat |log 2 (real-of-nat
n))
proof (cases n = 0)
case Fulse
have |log 2 (real-of-nat n)| = int (floor-log n)
proof (rule floor-unique)
from Fualse have 2 powr (real (floor-log n)) < real n
by (simp add: powr-realpow floor-log-exp2-le)
hence log 2 (2 powr (real (floor-log n))) < log 2 (real n)
using False by (subst log-le-cancel-iff) simp-all
also have log 2 (2 powr (real (floor-log n))) = real (floor-log n) by simp
finally show real-of-int (int (floor-log n)) < log 2 (real n) by simp
next
have real n < real (2 x 2 ~ floor-log n)
by (subst of-nat-less-iff) (rule floor-log-exp2-gt)
also have ... = 2 powr (real (floor-log n) + 1)
by (simp add: powr-add powr-realpow)
finally have log 2 (real n) < log 2 ...
using False by (subst log-less-cancel-iff ) simp-all

also have ... = real (floor-log n) + 1 by simp
finally show log 2 (real n) < real-of-int (int (floor-log n)) + 1 by simp
qed

thus ?thesis by simp
qed simp-all

26.2 Discrete square root

definition floor-sqrt :: nat = nat
where floor-sqrt n = Max {m. m*> < n}

lemma floor-sqrt-aux:

fixes n :: nat

shows finite {m. m? < n} and {m. m? < n} # {}
proof —

have sxx: m < n if m?2 < n for m
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using that by (cases m) (simp-all add: power2-eq-square)
then have {m. m?> < n} C {m. m < n} by auto
then show finite {m. m? < n} by (rule finite-subset) rule
have 02 < n by simp
then show x: {m. m? < n} # {} by blast
qed

lemma floor-sqri-unique:
assumes m 2 < nn < (Sucm) 2
shows floor-sqrt n = m
proof —
have m’' < m if m’72 < n for m’
proof —
note that
also note assms(2)
finally have m’ < Suc m by (rule power-less-imp-less-base) simp-all
thus m’ < m by simp
qed
with «m™2 < ny floor-sqrt-auz|of n] show ?thesis unfolding floor-sqrt-def
by (intro antisym Maz.boundedl Maz.coboundedl) simp-all
qed

lemma floor-sqrt-code[code]: floor-sqrt n = Maz (Set.filter (Am. m? < n) {0..n})
proof —

from power2-nat-le-imp-le [of - n] have {m. m < n A m? < n} = {m. m? < n}
by auto

then show %thesis by (simp add: floor-sqrt-def Set.filter-def)
qed

lemma floor-sqrt-inverse-power2 [simp): floor-sqrt (n?)
proof —
have {m. m < n} # {} by auto
then have Maz {m. m < n} < n by auto
then show ?thesis
by (auto simp add: floor-sqrt-def power2-nat-le-eq-le intro: antisym)
qed

n

lemma floor-sqrt-zero [simp): floor-sqrt 0 = 0
using floor-sqrt-inverse-power2 [of 0] by simp

lemma floor-sqrt-one [simp]: floor-sqrt 1 = 1
using floor-sqrt-inverse-power2 [of 1] by simp

lemma mono-floor-sqrt: mono floor-sqrt
proof

fix m n :: nat

have x: 0 x 0 < m by simp

assume m < n
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then show floor-sqrt m < floor-sqrt n

by (auto intro!: Max-mono <0 x 0 < m» finite-less-ub simp add: power2-eq-square
floor-sqrt-def)
qed

lemma mono-floor-sqrt’: m < n = floor-sqrt m < floor-sqrt n
using mono-floor-sqrt unfolding mono-def by auto

lemma floor-sqrt-greater-zero-iff [simpl: floor-sqrt n > 0 +— n > 0
proof —
have *: 0 < Maz {m. m?® < n} «— (Jac{m. m* < n}. 0 < a)
by (rule Max-gr-iff) (fact floor-sqrt-auz)+
show ?thesis
proof
assume 0 < floor-sqrt n
then have 0 < Maz {m. m? < n} by (simp add: floor-sqrt-def)
with x show 0 < n by (auto dest: power2-nat-le-imp-le)
next
assume 0 < n
then have 12 < n A 0 < (I::nat) by simp
then have 3¢. 2 < nA0<q..
with x have 0 < Maz {m. m? < n} by blast
then show 0 < floor-sqrt n by (simp add: floor-sqrt-def)
qed
qed

lemma floor-sqrt-power2-le [simp]: (floor-sqrt n)> < n
proof (cases n > 0)
case Fulse then show ?thesis by simp
next
case True then have floor-sqrt n > 0 by simp
then have mono (times (Max {m. m?> < n})) by (auto intro: mono-times-nat
stmp add: floor-sqrt-def)
then have *: Maz {m. m?> < n} * Max {m. m?> < n} = Max (times (Maz {m.
m? < n}) “{m. m* < n})
using floor-sqrt-aux [of n] by (rule mono-Maz-commute)
have Aa. a x a < n = Maz {m. mxm <n} xa<n
proof —
fix ¢
assume q x ¢ < n
show Mazx {m. m* m < n}xqg<n
proof (cases ¢ > 0)
case Fulse then show ?thesis by simp
next
case True then have mono (times ¢q) by (rule mono-times-nat)
then have ¢ * Maz {m. m x m < n} = Max (times ¢ *{m. m x m < n})
using floor-sqrt-auz [of n] by (auto simp add: power2-eq-square intro:
mono-Max-commute)
then have Maz {m. m * m < n} x ¢ = Maz (times q ‘* {m. m x m < n})
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by (simp add: ac-simps)
moreover have finite ((x) ¢ ‘ {m. m x m < n})
by (metis (mono-tags) finite-imagel finite-less-ub le-square)
moreover have 3z. z x z < n
by (metis <q¢ * q¢ < n»)
ultimately show ?Zthesis
by simp (metis <q * ¢ < n» le-cases mult-le-monol mult-le-mono2 order-trans)
qed
qed
then have Maz ((*) (Maz {m. m* m < n}) ‘{m. mxm <n}) <n
apply (subst Maz-le-iff)
apply (metis (mono-tags) finite-imagel finite-less-ub le-square)
apply auto
apply (metis le0 mult-0-right)
done
with x show ?thesis by (simp add: floor-sqrt-def power2-eq-square)
qed

lemma floor-sqrt-le: floor-sqri n < n
using floor-sqrt-aux [of n] by (auto simp add: floor-sqrt-def intro: power2-nat-le-imp-le)

Additional facts about the discrete square root, thanks to Julian Bien-
darra, Manuel Eberl

lemma Suc-floor-sqrt-power2-gt: n < (Suc (floor-sqrt n)) "2
using Maz-ge[OF floor-sqrt-auz(1), of floor-sqrt n + 1 n|
by (cases n < (Suc (floor-sqrt n)) "2) (simp-all add: floor-sqrt-def)

lemma le-floor-sqrt-iff: © < floor-sqrt y <+— 72 < y
proof —
have z < floor-sqrt y +— (32. 22 < y Az < 2)
using Maz-ge-iff [OF floor-sqri-auz, of x y] by (simp add: floor-sqrt-def)
also have ... +— 272 <y
proof safe
fix zassumer < zz 2<y
thus 272 < y by (intro le-trans[of 72 272 y]) (simp-all add: power2-nat-le-eg-le)
qged auto
finally show ?thesis .
qed

lemma le-floor-sqrtl: 72 < y = = < floor-sqrt y
by (simp add: le-floor-sqri-iff)

lemma floor-sqrt-le-iff: floor-sqrt y < z +— (Vz. 272 <y — z < 1)
using Maz.bounded-iff[OF floor-sqrt-auz] by (simp add: floor-sqrt-def)

lemma floor-sqrt-lel:
(Nz. 272 <y= z<2z) = floor-sqrt y < x
by (simp add: floor-sqrt-le-iff)
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lemma floor-sqrt-Suc:
floor-sqrt (Suc n) = (if Im. Suc n = m "2 then Suc (floor-sqrt n) else floor-sqrt
")
proof cases
assume 3 m. Sucn = m 2
then obtain m where m-def: Suc n = m™2 by blast
then have lhs: floor-sqrt (Suc n) = m by simp
from m-def floor-sqrt-power2-le|of n)
have (floor-sqrt n) "2 < m™2 by linarith
with power2-less-imp-less have lt-m: floor-sqrt n < m by blast
from m-def Suc-floor-sqrt-power2-gt|of n)
have m™2 < (Suc(floor-sqrt n)) 2
by linarith
with power2-nat-le-eq-le have m < Suc (floor-sqrt n) by blast
with lt-m have m = Suc (floor-sqrt n) by simp
with [hs m-def show ?thesis by fastforce
next
assume asm: = (3 m. Suc n = m”2)
hence Suc n # (floor-sqrt (Suc n)) "2 by simp
with floor-sqrt-power2-le[of Suc n]
have floor-sqrt (Suc n) < floor-sqrt n by (intro le-floor-sqrtl) linarith
moreover have floor-sqrt (Suc n) > floor-sqrt n
by (intro monoD[OF mono-floor-sqrt]) simp-all
ultimately show ¢thesis using asm by simp
qed

end

27 Pi and Function Sets

theory FuncSet
imports Main
abbrevs PiF = Pip
and PIFE = Ilg
begin

definition Pi :: ‘a set = (‘a = 'b set) = (‘a = 'b) set
where PiA B={f Vo. 2 € A — fz € Bz}

definition extensional :: 'a set = (‘a = 'b) set
where extensional A = {f. Vz. 2 ¢ A — fx = undefined}

definition restrict :: (a = 'b) = 'a set = '‘a = b
where restrict f A = (Az. if z € A then f x else undefined)

abbreviation funcset :: 'a set = 'b set = (‘a = 'b) set
where funcset A B = Pi A (A-. B)

open-bundle funcset-syntax
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begin
notation funcset (infixr <—» 60)
end

syntax
-Pi :: pttrn = 'a set = 'b set = (‘a = 'b) set
(«(<indent=3 notation=<binder IlenIl -€-./ -)» 10)
-lam :: pttrn = 'a set = (‘a = 'b) = ('a = 'b)
(¢(<indent=3 notation=<binder A\enX-€-./ -)» [0, 0, 8] 3)
syntax-consts
-Pi = Pi and
-lam = restrict
translations
Il z€A. B = CONST Pi A (\z. B)
Az€A. f = CONST restrict (Az. f) A

definition compose :: ‘a set = ('b = 'c) = (‘a = 'b) = ('a = '¢)
where compose A g f = (Az€A. g (f z))

27.1 Basic Properties of Pi

lemma Pi-I[intro!]: (A\z. 1 € A= fr € Bz) = fe€ PiAB
by (simp add: Pi-def)

lemma Pi-I'[simp]: (Nx. 2 € A — fz € Bzx) = fe€ PiAB
by (simp add: Pi-def)

lemma funcsetl: (Axz. 1 € A= fz € B) = fe A— B
by (simp add: Pi-def)

lemma Pi-mem: f € PIAB=— € A= fz € Bz
by (simp add: Pi-def)

lemma Pi-iff: f € Pi I X +— (Viel. fie€ X i)
unfolding Pi-def by auto

lemma PiE [elim]: f e PiAB = (frec Bz = Q) = (t ¢ A= Q) = (@
by (auto simp: Pi-def)

lemma Pi-cong: (AN\w. w € A = fw=gw) = fe€PiAB+— g€ PiADB
by (auto simp: Pi-def)

lemma funcset-id [simp]: (A\z. ) € A — A
by auto

lemma funcset-mem: f € A > B—=—=1r€ A= fz € B
by (simp add: Pi-def)

lemma funcset-image: f € A - B = f‘ACB
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by auto

lemma image-subset-iff-funcset: ' ‘A C B<+— F € A - B
by auto

lemma funcset-to-empty-iff: A — {} = (if A={} then UNIV else {})
by auto

lemma Pi-eg-empty[simp]: Il © € A. Bz) = {} «— (3z€A. Bz = {})
proof —
have 3zcA. Bz ={}if Af. 3y ye ANfy¢ By
using that [of A\u. SOME y. y € B u] some-in-eq by blast
then show ?thesis
by force
qed

lemma Pi-empty [simp]: Pi {} B = UNIV
by (simp add: Pi-def)

lemma Pi-Int: Pi I ENPiIF = (Il i€l. EiN F 1)
by auto

lemma Pi-UN:
fixes A :: nat = i = 'a set
assumes finite [
and mono: Ainm. i€l —=n<m=—=AniCAmi
shows (n. PiI (A n)) =M iel.Un. Ani)
proof (intro set-eql iffI)
fix f
assume f € (Il i€l. Jn. A n i)
then have Viel. dn. fi € Ani
by auto
from bchoice| OF this] obtain n where n: fi € A (ni) iif i € I for ¢
by auto
obtain k£ where k: n ¢ < kif i € I for ¢
using «finite I> finite-nat-set-iff-bounded-le[of n‘I] by auto
have f € Pi I (A k)
proof (intro Pi-I)
fix ¢
assume i € |
from mono|OF this, of n i k] k[OF this] n[OF this]
show fi € A ki by auto
qed
then show f € (Un. PiI (A n))
by auto
qed auto

lemma Pi-UNIV [simp]: A — UNIV = UNIV
by (simp add: Pi-def)
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Covariance of Pi-sets in their second argument

lemma Pi-mono: (Az. 2 € A= BxC Czx)= PiABCPiAC
by auto

Contravariance of Pi-sets in their first argument

lemma Pi-anti-mono: A’ C A = Pi A BC PiA'B
by auto

lemma prod-final:
assumes I: fsto f € Pi A B
and 2: sndo f € Pi A C
shows f € (Il z€ A. Bz x Cz)
proof (rule Pi-I)
fix z
assume z: z € A
have fz = (fst (f ), snd (f 2))
by simp
also have ... e Bz x Cz
by (metis Sigmal PiE o-apply 1 2 2)
finally show fz€ Bz x Cz.
qed

lemma Pi-split-domain[simpl: t € Pi ( IUJ) X +—z € PiIX ANz € PiJX
by (auto simp: Pi-def)

lemma Pi-split-insert-domain[simp]: x € Pi (insert i) X «— € PilIX Nz
e Xi
by (auto simp: Pi-def)

lemma Pi-cancel-fupd-range[simpl: i ¢ ] = z € PiI (B(i:=10)) +— z € Pil
B
by (auto simp: Pi-def)

lemma Pi-cancel-fupd[simpl: { ¢ | = z(i:=a) € PilB+— z € PiIB
by (auto simp: Pi-def)

lemma Pi-fupd-iff: i € I = f € Pil (B(i:=A)) «— fe Pi(I—{i}) BAfi
S
using mk-disjoint-insert by fastforce

lemma fst-Pi: fst € A x B — A and snd-Pi: snd € A x B— B
by auto

27.2 Composition With a Restricted Domain: compose

lemma funcset-compose: f € A - B=— g€ B — C = compose A gf € A —
C
by (simp add: Pi-def compose-def restrict-def)
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lemma compose-assoc:
assumes f € A —» B
shows compose A h (compose A g ) = compose A (compose B h g) f
using assms by (simp add: fun-eq-iff Pi-def compose-def restrict-def)

lemma compose-eq: © € A = compose A g fz = g (f z)
by (simp add: compose-def restrict-def)

lemma surj-compose: f ‘A =B = g ‘B =C = compose A gf‘ A=C
by (auto simp add: image-def compose-eq)

27.3 Bounded Abstraction: restrict

lemma restrict-cong: I = J = (\i. i € J =simp=> fi = g i) = restrict f I
= restrict g J
by (auto simp: restrict-def fun-eq-iff simp-implies-def)

lemma restrictl[introl]: (Nz. 2 € A = fz € Bz) = (M\z€A. fz) € PiA B
by (simp add: Pi-def restrict-def)

lemma restrict-apply[simp]: (A\y€A. fy) v = (if x € A then f x else undefined)
by (simp add: restrict-def)

lemma restrict-apply”: © € A = (A\y€A. fy) x = fux
by simp

lemma restrict-ext: (A\z. v € A = fz = gz) = (Az€A. fz) = (Az€A. g )
by (simp add: fun-eq-iff Pi-def restrict-def)

lemma restrict-UNIV: restrict f UNIV = f
by (simp add: restrict-def)

lemma inj-on-restrict-eq [simpl: inj-on (restrict f A) A +— inj-on f A
by (simp add: inj-on-def restrict-def)

lemma inj-on-restrict-iff: A C B = inj-on (restrict f B) A «— inj-on f A
by (metis inj-on-cong restrict-def subset-iff)

lemma Id-compose: f € A — B = f € extensional A = compose A (AyeB. y)
f=r
by (auto simp add: fun-eq-iff compose-def extensional-def Pi-def)

lemma compose-Id: ¢ € A — B = g € extensional A = compose A g (Az€A.
z)=yg
by (auto simp add: fun-eq-iff compose-def extensional-def Pi-def)

lemma image-restrict-eq [simp]: (restrict f A) ‘A =f ‘A
by (auto simp add: restrict-def)
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lemma restrict-restrict[simp|: restrict (restrict f A) B = restrict f (A N B)
unfolding restrict-def by (simp add: fun-eq-iff)

lemma restrict-fupd[simp): i ¢ I = restrict (f (i := z)) I = restrict f I
by (auto simp: restrict-def)

lemma restrict-upd[simpl: i ¢ I = (restrict f I)(i := y) = restrict (f(i := y))
(insert i I)
by (auto simp: fun-eq-iff)

lemma restrict-Pi-cancel: restrictx I € Pi I A<+— x € PiT A
by (auto simp: restrict-def Pi-def)

lemma sum-restrict’ [simp]: sum’ (Ai€l. g i) I = sum’ (A\i. g i) I
by (simp add: sum.G-def conj-commute cong: conj-cong)

lemma prod-restrict’ [simp|: prod’ (Mi€l. g i) I = prod’ (X\i. g i) I
by (simp add: prod.G-def conj-commute cong: conj-cong)

27.4 Bijections Between Sets

The definition of bij-betw is in Fun.thy, but most of the theorems belong
here, or need at least Hilbert-Choice.

lemma bij-betwl:
assumes f € A — B
and ge B — A
and g-f: \z. z€6A = g (fz) =z
and f-g: A\y. yeB = f (gy) =y
shows bij-betw f A B
unfolding bij-betw-def
proof
show inj-on f A
by (metis g-f inj-on-def)
have f ‘A C B
using <f € A — B) by auto
moreover
have BC f‘ A
by auto (metis Pi-mem <g € B — Ay f-g image-iff)
ultimately show f ‘A = B
by blast
qed

lemma bij-betw-imp-funcset: bij-betw fA B— f € A — B
by (auto simp add: bij-betw-def)

lemma inj-on-compose: bij-betw f A B = inj-on g B = inj-on (compose A g f)
A
by (auto simp add: bij-betw-def inj-on-def compose-eq)
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lemma bij-betw-compose: bij-betw f A B = bij-betw g B C = bij-betw (compose
Agf)AC

by (simp add: bij-betw-def inj-on-compose surj-compose)

lemma bij-betw-restrict-eq [simp]: bij-betw (restrict f A) A B = bij-betw f A B
by (simp add: bij-betw-def)

27.5 Extensionality

lemma extensional-empty[simp|: extensional {} = {A\z. undefined}
unfolding extensional-def by auto

lemma extensional-arb: f € extensional A = x ¢ A = f 1z = undefined
by (simp add: extensional-def)

lemma restrict-estensional [simp]: restrict f A € extensional A
by (simp add: restrict-def extensional-def)

lemma compose-extensional [simpl: compose A f g € extensional A
by (simp add: compose-def)

lemma extensionalityl:
assumes f € extensional A
and g € extensional A
and A\z. 2 € A= fz =gz
shows f = g
using assms by (force simp add: fun-eq-iff extensional-def)

lemma extensional-restrict: f € extensional A = restrict f A = f
by (rule extensionalityl [OF restrict-extensional]) auto

lemma extensional-subset: f € extensional A = A C B = f € extensional B
unfolding extensional-def by auto

lemma inv-into-funcset: f ‘A = B = (Az€B. inv-into A fz) € B — A
by (unfold inv-into-def) (fast intro: somel2)

lemma compose-inv-into-id: bij-betw f A B = compose A (A\y€B. inv-into A fy)
f=(\zed. z)

by (smt (verit, best) bij-betwE bij-betw-inv-into-left compose-def restrict-apply
restrict-ext)

/

lemma compose-id-inv-into: f ¢ A = B = compose B f (Ay€B. inv-into A [ y)
= (Az€B. x)
by (smt (verit, best) compose-def f-inv-into-f restrict-apply’ restrict-ext)

lemma extensional-insert[intro, simp):
assumes a € extensional (insert i I)
shows a(i := b) € extensional (insert i I)
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using assms unfolding extensional-def by auto

lemma extensional-Int[simp|: extensional I N extensional I’ = extensional (I N
I
unfolding extensional-def by auto

lemma extensional-UNIV [simp]: extensional UNIV = UNIV
by (auto simp: extensional-def)

lemma restrict-extensional-sub|introl: A C B = restrict f A € extensional B
unfolding restrict-def extensional-def by auto

lemma extensional-insert-undefined[intro, simp:
a € extensional (insert i I) = a(i := undefined) € extensional I
unfolding extensional-def by auto

lemma extensional-insert-cancel[intro, simp):
a € extensional I => a € extensional (insert i I)
unfolding extensional-def by auto

27.6 Cardinality

lemma card-inj: f € A - B = inj-on f A = finite B = card A < card B
by (rule card-inj-on-le) auto

lemma card-bij:
assumes f € A — B inj-on f A
and g € B — A inj-on g B
and finite A finite B
shows card A = card B
using assms by (blast intro: card-inj order-antisym)

27.7 Extensional Function Spaces

definition PiE :: ‘a set = (‘a = 'b set) = (‘a = 'b) set
where PiE ST = Pi S T N extensional S

abbreviation Pig A B= PiF A B

syntax
-PiE :: pttrn = 'a set = 'b set = ('a = 'b) set
(«(<indent=3 notation=<binder MigenIly -€-./ -)» 10)
syntax-consts
-PiE = Pig
translations
Il v€A. B = CONST Pig A (\z. B)

abbreviation extensional-funcset :: 'a set = 'b set = ('a = 'b) set (infixr <—p>
60)
where A —p B = (Il i€A. B)
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lemma extensional-funcset-def: extensional-funcset S T = (S — T) N extensional
S
by (simp add: PiE-def)

lemma PiE-empty-domain[simp]: Pig {} T = {\z. undefined}
unfolding PiE-def by simp

lemma PiE-UNIV-domain: Pip UNIV T = P; UNIV T
unfolding PiE-def by simp

lemma PiE-empty-range[simp|: i € [ = F i ={} = (llg i€l. Fi) = {}
unfolding PiE-def by auto

lemma PiE-eq-empty-iff: Pig I F = {} «— (3iel. Fi={})
proof
assume Pig [ F = {}
show Jiel. Fi={}
proof (rule ccontr)
assume — ?thesis
then have Vi. Jy. (i € I — y € Fi) A (i ¢ I — y = undefined)
by auto
from choice[OF this
obtain f where Vz. (zr €I — fz € Fa) A (x ¢ I — fx = undefined) ..
then have f € Pig I F
by (auto simp: extensional-def PiE-def)
with <Pig I F = {}> show Fulse
by auto
qed
qed (auto simp: PiE-def)

lemma PiE-arb: f € Pig ST = z ¢ S = f 1 = undefined
unfolding PiF-def by auto (auto dest!: extensional-arb)

lemma PiE-mem: f € Pig ST —z2€ S = fze Tz
unfolding PiE-def by auto

lemma PiE-fun-upd: y € Tx = f € Pig S T = f(z := y) € Pig (insert x S)
T
unfolding PiE-def extensional-def by auto

lemma fun-upd-in-PiE: © ¢ S = f € Pig (insert x S) T = f(x := undefined)
e€cPip ST
unfolding PiE-def extensional-def by auto

lemma PiE-insert-eq: Pig (insert x S) T = (A(y, g9). 9(z :=y)) ‘(Tz x Pig S
7)
proof —

have f € (A\(y, 9)- g(x :=y)) ‘(T z x Pig ST)if f € Pig (insert z S) T x ¢
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S for f
using that
by (auto intro!: image-eql [where z=(f z, f(z := undefined))] intro: fun-upd-in-PiF
PiE-mem)
moreover
have f € (A(y, 9)- g(x :=y)) ‘(T z x Pig ST)if f € Pig (insert z S) T x €
S for f
using that
by (auto intro!: image-eql [where xz=(f z, f)] intro: fun-upd-in-PiE PiE-mem
simp: insert-absorb)
ultimately show %thesis
by (auto intro: PiE-fun-upd)
qed

lemma PiE-Int: Pig I AN Pig I B= Pig I (Ax. Az N Buz)
by (auto simp: PiE-def)

lemma PiE-cong: (\i. i€l = Ai=Bi)=— Pig [A=Pig IB
unfolding PiE-def by (auto simp: Pi-cong)

lemma PiE-E [elim]:
assumes f € Pigp A B
obtains z € Aand fz € Bz
| z ¢ A and fz = undefined
using assms by (auto simp: Pi-def PiE-def extensional-def)

lemma PiE-I[intro!]:

(Nt.2€ A= fz € Bzr) = (Az. 2 ¢ A = fz = undefined) = f € Pig
A B

by (simp add: PiE-def extensional-def)

lemma PiE-mono: (N\e. 2 € A= Bz C Cz) = Pig ABC Pip AC
by auto

lemma PiE-iff: f € Pig I X +— (Vi€l. fi € X i) A [ € extensional I
by (simp add: PiE-def Pi-iff)

lemma restrict-PiE-iff: restrict fI € Pip [ X «+— (Vi€ I. fi e X 1)
by (simp add: PiE-iff)

lemma ext-funcset-to-sing-iff [simp]: A —g {a} = {\z€A. a}
by (auto simp: PiE-def Pi-iff extensionalityl)

lemma PiE-restrict[simp]: f € Pig A B = restrict fA = f
by (simp add: extensional-restrict PiE-def)

lemma restrict-PiE[simp): restrict f1 € Pig I S +— f € PiIS
by (auto simp: PiE-iff)
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lemma PiFE-eq-subset:
assumes ne: N\i. i € I = Fi# {} Ni.ie€l = F'i#{}
and eq: Pip [ F = Pig I F'

and i € [
shows FFi C F' 4
proof
fix z

assume z € F i
with ne have Vj. 3y. j €l — ye Fin(i=j—z=y)N({G¢I —y
= undefined)
by auto
from choice[OF this| obtain f
where f: Vj. (€l — fjeFjiNn(i=j—az=fi))AN{GEI —fj=
undefined) ..
then have f € Pip I F
by (auto simp: extensional-def PiE-def)
then have f € Pig I F'
using assms by simp
then show z € F' i
using f «i € I by (auto simp: PiE-def)
qed

lemma PiE-eq-iff-not-empty:
assumes ne: N\i. i € I = Fi# {} Ni.i€l = F'i#{}
shows Pip [ F = Pig [ F' «— (Viel. F i = F'4)
proof (intro iffT balll)
fix ¢
assume eq: Pip I F = Pig I F'
assume i: { € |
show Fi=F'q
using PiE-eq-subset[of I F F', OF ne eq i]
using PiE-eq-subset[of I F' F, OF ne(2,1) eq[symmetric] i
by auto
qed (auto simp: PiE-def)

lemma PiE-eq-iff: Pip [ F = Pig [ F' «— (Viel. Fi= F'4) v (3icl. Fi=
A Giel. F'i = {})
proof (intro iffI disjCI)
assume eq[simpl: Pip [ F = Pig I F'
assume — ((3i€l. Fi = {}) A (Fiel. F' i ={}))
then have (Viel. Fi # {}) A (Viel. F' i # {})
using PiE-eq-empty-iff[of I F| PiE-eq-empty-iff [of I F’] by auto
with PiE-eq-iff-not-empty[of I F F'] show Viel. Fi=F'{
by auto
next
assume (Viel. Fi=F'i)v (Jiel. Fi={}) A 3iel. F'i={})
then show Pig [ F = Pig I F'
using PiE-eq-empty-iff[of I F| PiE-eq-empty-iff [of I F'] by (auto simp: PiE-def)
qed
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lemma extensional-funcset-fun-upd-restricts-rangel:

Vye S. foa# fy= f € (insert £ S) »p T = f(z := undefined) € S —g
(T~ {fa)

unfolding extensional-funcset-def extensional-def

by (auto split: if-split-asm)

lemma extensional-funcset-fun-upd-extends-rangel:
assumes a € Tf € S =g (T — {a})
shows f(z := a) € insertz S —-g T
using assms unfolding extensional-funcset-def extensional-def by auto

lemma subset-PiE:
PiIEISCPIEIT+— PiIEIS={}v (Viel SiC Ti/(is ?lhs +— -V

2rhs)

proof (cases PiE 1S = {})
case Fualse
moreover have ?lhs = ?rhs
proof

assume L: ?lhs
have \i. ie] = Si # {}
using False PiE-eq-empty-iff by blast
with L show %rhs
by (simp add: PiE-Int PiE-eq-iff inf.absorb-iff2)
qed auto
ultimately show “thesis
by simp
qed simp

lemma Pif-eq: PIE1S = PIEIT «— PIETIS = {} APIETIT = {} Vv (Vi€
I.Si=Ti
by (auto simp: PiE-eq-iff PiE-eq-empty-iff)

lemma PiE-UNIV [simp|: PiE UNIV (Ai. UNIV) = UNIV
by blast

lemma image-projection-PiE:
(M. fi) “(PiETS) = (if PIETS = {} then {} else if i € I then S i else
{undefined})
proof —
have (\f. fi) ‘Pig IS=Siifielfe PiEIS for f
proof —
have r € S¢ = JfecPip I S. x = fifor z
using that
by (force intro: bexl [where z=M\k. if k=i then x else f k])
then show ?thesis
using that by force
qged
then show ?thesis



THEORY “FuncSet” 220

by (smt (verit) PiE-arb equalsOI image-cong image-constant image-empty)
qed

lemma PiE-singleton:
assumes f € extensional A
shows PiE A (Az. {f z}) = {f}
proof —
have g = f if g € PiF A (\z. {f z}) for ¢
proof —
from that have g x = fz for x
using assms by (cases v € A) (auto simp: extensional-def)
then show %thesis by (simp add: fun-eq-iff)
qed
with assms show ?thesis
by (auto simp: extensional-def)
qed

lemma PiE-eg-singleton: (Ilg i€l. S i) = {\i€l. fi} «— (Viel. Si={f1i})
by (metis (mono-tags, lifting) PiE-eq PiE-singleton insert-not-empty restrict-apply’
restrict-ectensional)

lemma PiE-over-singleton-iff: (Ilg z€{a}. Bz) = (Jb € B a. {\z € {a}. b})
proof —
have JzaeB a. © = (Az€{a}. za) if v a € B a and z € extensional {a} for z
using that PiE-singleton by fastforce
then show %thesis
by (auto simp: PiE-iff split: if-split-asm)
qed

lemma all-PiE-elements:
(Vze PiIEIS. Vi€l Pi(zi)+—= PiIEIS={}v (Viel.Vze Si. Pix)
(is ?lhs = %rhs)
proof (cases PiE IS = {})
case Fulse
then obtain f where f: N\i.ie ] = fie Si
by fastforce
show ?thesis
proof
assume L: ?lhs
have P iz
ifieclzeSiforiz
proof —
have (A\j € I. if j=i then z else fj) € PiIETS
by (simp add: f that(2))
then have P i ((\j € I. if j=i then x else f j) i)
using L that by blast
with that show ?thesis
by simp
qed



THEORY “FuncSet” 221

then show ?rhs
by (simp add: False)
qged fastforce
qed simp

lemma PiFE-ext: [x € PiEks;y€ PiIEks; Ni.i€ek=z2i=yi]=z=y
by (metis ext PiE-E)

27.7.1 Injective Extensional Function Spaces

lemma extensional-funcset-fun-upd-inj-onl:
assumes f € S =g (T — {a})
and inj-on f S
shows inj-on (f(z := a)) S
using assms
unfolding extensional-funcset-def by (auto introl: inj-on-fun-updl)

lemma extensional-funcset-extend-domain-inj-on-eq:
assumes ¢ ¢ S
shows {f. f € (insert £ S) =g T A inj-on f (insert © S)} =
AMys 9)- 9(z=y)) “{(y, 9).- y€ TANge S —p (T - {y}) A inj-on g S}
proof —
have Fulse if f € S -5 T — {a} and a = (if y = z then a else fy) and y € S
for a fy
using assms that by (auto dest!: PiE-mem split: if-split-asm)
moreover
have 3b. b€ S g T — {fz} AN inj-on b S A f = bz := fx)
if f € insert x S —g T and inj-on f S and VabeS. fx # f b for f
using that
unfolding inj-on-def
by (smt (verit, ccfo-threshold) PiE-restrict fun-upd-apply fun-upd-triv insert-Diff
insert-iff
restrict-PiE-iff restrict-upd)
ultimately show ?thesis
using assms
apply (auto simp: image-iff intro: extensional-funcset-fun-upd-inj-onl
extensional-funcset-fun-upd-extends-rangel del: PiE-I PiE-E)
apply (smt (verit, best) PiE-cong PiE-mem inj-on-def insertCI)
apply blast
done
qed

lemma extensional-funcset-extend-domain-inj-onl:

assumes z ¢ S

shows inj-on (A(y, 9). g(z == y)) {(y, 9)- y€ T Age€S =g (T — {y}) A
inj-on g S}

using assms

by (simp add: inj-on-def) (metis PiE-restrict fun-upd-apply restrict-fupd)
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27.7.2 Misc properties of functions, composition and restriction
from HOL Light

lemma function-factors-left-gen:
Vzy. Pec ANPyAhge=gy— fe=fy)+— 3h.Va. Pz — fz=h(gz))
(is ?lhs = %rhs)
proof
assume L: ?lhs
then show ?rhs
apply (rule-tac z=f o inv-into (Collect P) ¢ in exI)
unfolding o-def
by (metis (mono-tags, opaque-lifting) f-inv-into-f imagel inv-into-into mem-Collect-eq)
qed auto

lemma function-factors-left: ¥z y. (9z=gy) — (fz=fy)) +— 3h. f=h

°g)
using function-factors-left-gen [of Az. True g f] unfolding o-def by blast

lemma function-factors-right-gen: (Vz. Pz — (Jy. gy = fz)) +— (3h.Va. P
x — fx = g(hx))
by metis

lemma function-factors-right: (Vz. 3y. gy = fz) «— (Fh. f=go h)
unfolding o-def by metis

lemma restrict-compose-right: restrict (g o restrict fS) S = restrict (g o f) S
by auto

lemma restrict-compose-left: f ¢S C T = restrict (restrict ¢ T o f) S = restrict

(gof)S§
by fastforce

27.7.3 Cardinality

lemma finite-PiE: finite S = (\i. i € S = finite (T 7)) = finite (Ilg i € S.
T 7)
by (induct S arbitrary: T rule: finite-induct) (simp-all add: PiE-insert-eq)

lemma inj-combinator: © ¢ S = inj-on (M(y, g). g(x :==y)) (Tz x Pig S T)
proof (safe introl: inj-onl ext)
fix fygz
assume z ¢ S
assume fg: f € Pip STge€ Pig ST
assume f(z := y) = g(z := 2)
then have x: A\i. (f(z:=vy)) i = (9(z :=2)) ¢
unfolding fun-eq-iff by auto
from this[of z] show y = z by simp
fix i from *[of i] <z ¢ S» fg show fi =g
by (auto split: if-split-asm simp: PiE-def extensional-def)
qed
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lemma card-PiE: finite S = card (Ilg i € S. T i) = ([[ ¢€S. card (T 7))
proof (induct rule: finite-induct)
case empty
then show ?case
by auto
next
case (insert z S)
then show ?case
by (simp add: PiE-insert-eq inj-combinator card-image card-cartesian-product)
qged

lemma card-funcsetE: finite A => card (A —g B) = card B ™ card A
by (subst card-PiE) auto

lemma card-inj-on-subset-funcset:
assumes finB: finite B
and finC: finite C
and AB: ACB
shows card {f € B =g C. inj-on f A} =
card C(card B — card A) * prod ((=) (card C)) {0 ..< card A}
proof —
define D where D =B — A
from AB have B: B= AU D and disj: AN D = {}
unfolding D-def by auto
have sub: card B — card A = card D
unfolding D-def using finB AB
by (metis card-Diff-subset finite-subset)
from finB B have finite A finite D by auto
then show ?thesis
unfolding sub unfolding B using disj
proof (induct A rule: finite-induct)
case empty
from card-funcsetE[OF this(1), of C] show Zcase
by auto
next
case (insert a A)
have {f. f € insert a AU D —g C A inj-on f (insert a A)} =
{fla:==¢c)|fe.feAUD g CNinjronfANce C — f*A}
(is 2l = 9r)
proof
show ?r C 2]
by (auto intro: inj-on-fun-updl split: if-splits)
have f € ?rif f: f € 2] for f
proof —
let %9 = f(a := undefined)
let ?h = ?g(a := f a)
have mem: fa € C — ?g A using insert(1,2,4,5) f by auto
from f have f: f € insert a A U D —g Cinj-on f (insert a A) by auto
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hence g € AU D —g Cinj-on ?g A using <a ¢ A> <insert a AN D ={}
by (auto split: if-splits simp: inj-on-def)

with mem have ?h € ?r by blast

also have ?h = f by auto

finally show ?thesis .

qed

then show ¢l C 2r by auto
qed
also have ... = (A (f, ¢). f (a:=1¢)) ¢

(Sigma {f . f € AUD =g C Ninjon fA} (A f. C — f*A))

by auto

also have card (...) = card (Sigma {f . f € AU D —g C A inj-on f A} (X f.
C—fa)

proof (rule card-image, intro inj-onl, clarsimp, goal-cases)
case (1 fcygd)
let ?f = f(a := ¢, a := undefined)
let g = g(a := d, a := undefined)
from 1 have id: f(a :== ¢) = g(a := d)

by auto
from fun-upd-eqD[OF id)
have cd: ¢ = d
by auto
from ¢d have ?f = %g
by auto

also have ?f = f using «f € AU D —g O insert(1,2,4,5)
by (intro ext, auto)
also have ?g = g using <¢ € AU D —g O insert(1,2,4,5)
by (intro ext, auto)
finally show f =g A c=d
using cd by auto
qed
also have ... = (> fe{f € AU D —g C. inj-on f A}. card (C — f ‘ A))
by (rule card-Sigmal, rule finite-subset[of - A U D —g C],
insert <finite C» <finite Dy <finite Ay, auto intro!: finite-PiFE)
also have ... = (Y fe{f € AU D —g C. inj-on f A}. card C — card A)
by (rule sum.cong|OF refl], subst card-Diff-subset, insert «finite Ay, auto simp:
card-image)

also have ... = (card C — card A) * card {f € AU D —g C. inj-on f A}
by simp
also have ... = card C " card D * ((card C — card A) * prod ((—) (card C))

{0..<card A})
using insert by (auto simp: ac-simps)
also have (card C' — card A) x prod ((—=) (card C)) {0..<card A} =
prod ((—) (card C)) {0..<Suc (card A)} by simp
also have Suc (card A) = card (insert a A) using insert by auto
finally show ?case .
qed
qed
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27.8 The pigeonhole principle

An alternative formulation of this is that for a function mapping a finite set
A of cardinality m to a finite set B of cardinality n, there exists an element
y € B that is hit at least [7*] times. However, since we do not have real
numbers or rounding yet, we state it in the following equivalent form:

lemma pigeonhole-card:
assumes f € A — B finite A finite B B # {}
shows 3yeB. card (f —{y} N A) x card B > card A
proof —
from assms have card B > 0
by auto
define M where M = Mazx ((\y. card (f —“{y} N A)) ‘B)
have A = (UyeB. f —“{y} N A)
using assms by auto
also have card ... = (> i€B. card (f — {i} N A))
using assms by (subst card-UN-disjoint) auto
also have ... < (> ieB. M)
unfolding M-def using assms by (intro sum-mono Maz.coboundedl) auto
also have ... = card B x M
by simp
finally have x: M x card B > card A
by (simp add: mult-ac)
from assms have M € (Ay. card (f —“{y} N A)) ‘B
unfolding M-def by (intro Maz-in) auto
with x show ?thesis
by blast
qed

end

28 Partitions and Disjoint Sets

theory Disjoint-Sets
imports FuncSet
begin

lemma mono-imp-UN-eg-last: mono A = (|Ji<n. A i) = An
unfolding mono-def by auto

28.1 Set of Disjoint Sets

abbreviation disjoint :: 'a set set = bool where disjoint = pairwise disjnt

lemma disjoint-def: disjoint A <— (Va€A.VbeAd. a#b— anb={})
unfolding pairwise-def disjnt-def by auto

lemma disjointl:
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(Nab.ae A= be A= a# b= anb={}) = disjoint A
unfolding disjoint-def by auto

lemma disjointD:
disjoint A=—=a€A=beAdA=a#b=anb={}
unfolding disjoint-def by auto

lemma disjoint-image: inj-on f ((JA) = disjoint A = disjoint ((*) f < A)
unfolding inj-on-def disjoint-def by blast

lemma assumes disjoint (A U B)
shows disjoint-unionD1: disjoint A and disjoint-unionD2: disjoint B
using assms by (simp-all add: disjoint-def)

lemma disjoint-INT:
assumes x: \i. { € I = disjoint (F 1)
shows disjoint {()i€l. X i | X.Viel. Xi € F i}
proof (safe intro!: disjointl del: equalityl)
fix A B:: 'a = 'b set assume ((i€l. A7) # ((i€l. B i)
then obtain i where A i # Biie I
by auto
moreover assume Viel. Ai € FiViel. Bi € Fi
ultimately show ((ic€l. A i) N (Ni€l. Bi) = {}
using *x[OF «i€ly, THEN disjointD, of A i B i]
by (auto simp flip: INT-Int-distrib)
qed

lemma diff- Union-pairwise-disjoint:
assumes pairwise disjnt A B C A
shows A - UB=U(A - B)
proof —
have Fulse
ifrrx € Aze Band AB: Ac AA¢BBecBforzAB
proof —
have A N B = {}
using assms disjointD AB by blast
with z show ?thesis
by blast
qed
then show ?thesis by auto
qed

lemma Int-Union-pairwise-disjoint:
assumes pairwise disjnt (A U B)
shows  JANUB=UJ(ANB)
proof —
have Fulse
ifr:x € AzeBand AB: Ac AA¢ BBeBforzAB
proof —
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have A N B = {}
using assms disjointD AB by blast
with z show ?thesis
by blast
qed
then show ?thesis by auto
qed

lemma psubset- Union-pairwise-disjoint:
assumes B: pairwise disjnt B and A C B — {{}}
shows JA Cc UB
unfolding psubset-eq
proof
show JA C UB
using assms by blast
have A C BU(B — AN (B - {{}})) # {}
using assms by blast+
then show JA # UB
using diff-Union-pairwise-disjoint [OF B] by blast
qed

28.1.1 Family of Disjoint Sets

definition disjoint-family-on :: (i = 'a set) = 'i set = bool where
disjoint-family-on A S +— (VmeS.VneS. m#n — Amn An={})

abbreviation disjoint-family A = disjoint-family-on A UNIV

lemma disjoint-family-elem-disjnt:
assumes infinite A finite C
and df: disjoint-family-on B A
obtains = where x € A disjnt C (B x)
proof —
have Fulse if x: Vo € A. dy.ye CANy € Bz
proof —
obtain g where g: Ve € A. gz € CANgz € Bz
using * by metis
with df have inj-on g A
by (fastforce simp add: inj-on-def disjoint-family-on-def)
then have infinite (g < A)
using <infinite A> finite-image-iff by blast
then show Fulse
by (meson <finite C finite-subset g image-subset-iff)
qed
then show ?thesis
by (force simp: disjnt-iff intro: that)
qed

lemma disjoint-family-onD:
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disjoint-family-on Al — i€l = jel =i+ j=—= AiNAj=1{}
by (auto simp: disjoint-family-on-def)

lemma disjoint-family-subset: disjoint-family A = (A\z. B x C A z) = dis-
joint-family B
by (force simp add: disjoint-family-on-def)

lemma disjoint-family-on-insert:

i ¢ I = disjoint-family-on A (insert i I) +— A i N (Jiel. A i) = {} A
disjoint-family-on A T

by (fastforce simp: disjoint-family-on-def)

lemma disjoint-family-on-bisimulation:

assumes disjoint-family-on f S

and A\nm.neS=meS=n#m= fnnNfm={}=gnngm=
{}

shows disjoint-family-on g S

using assms unfolding disjoint-family-on-def by auto

lemma disjoint-family-on-mono:
A C B = disjoint-family-on f B = disjoint-family-on f A
unfolding disjoint-family-on-def by auto

lemma disjoint-family-Suc:
(An. An C A (Suc n)) = disjoint-family (Ai. A (Suc i) — A i)
using lift-Suc-mono-leof A]
by (auto simp add: disjoint-family-on-def)
(metis insert-absorb insert-subset le-SucE le-antisym not-le-imp-less less-imp-le)

lemma disjoint-family-on-disjoint-image:
disjoint-family-on A I = disjoint (A ‘I)
unfolding disjoint-family-on-def disjoint-def by force

lemma disjoint-family-on-vimagel: disjoint-family-on F I = disjoint-family-on
(M. f—=Fq) I
by (auto simp: disjoint-family-on-def)

lemma disjoint-image-disjoint-family-on:
assumes d: disjoint (A ‘I) and i: inj-on A I
shows disjoint-family-on A 1
unfolding disjoint-family-on-def
proof (intro balll impl)
fix n m assume nm: m € In€ land n # m
with {[THEN inj-onD, of n m] show A nnN A m={}
by (intro disjointD[OF d]) auto
qed

lemma disjoint-family-on-iff-disjoint-image:
assumes A\i. i € I = A i # {}
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shows disjoint-family-on A I +— disjoint (A I) A inj-on A I
proof

assume disjoint-family-on A I

then show disjoint (A ‘I) A inj-on A I

by (metis (mono-tags, lifting) assms disjoint-family-onD disjoint-family-on-disjoint-image
inf.idem inj-onl)
qed (use disjoint-image-disjoint-family-on in metis)

lemma card-UN-disjoint:
assumes disjoint-family-on A I N\i. i € I = finite (A i) finite I
shows card (|Ji€l. A i) = (Y i€l. card (A 7))
using assms by (simp add: card-UN-disjoint disjoint-family-on-def)

lemma disjoint-UN:
assumes F: \i. i € I = disjoint (F i) and *: disjoint-family-on (Ai. | (F 7))
I
shows disjoint (| Ji€l. F 1)
proof (safe intro!: disjointl del: equalityl)
fix ABijassume A# BAe€ FiiclIBeFjjel
show A N B = {}
proof cases
assume ¢ = j with Flofil«ie Iy cAe Fi «<Be Fj <A+ B show AN B
={}
by (auto dest: disjointD)
next
assume i # j
with x <iely jel» have (J(F ) N (UF ) = {}
by (rule disjoint-family-onD)
with «(A€F i) <i€ly <BEF j» jel
show A N B ={}
by auto
qed
qed

lemma distinct-list-bind:
assumes distinct zs N\z. © € set xs = distinct (f x)
disjoint-family-on (set o f) (set xs)
shows  distinct (List.bind zs f)
using assms
by (induction xs)
(auto simp: disjoint-family-on-def distinct-map inj-on-def set-list-bind)

lemma bij-betw-UNION-disjoint:
assumes disj: disjoint-family-on A’ I
assumes bij: N\i. i € I = bij-betw f (A 7) (A’ i)
shows  bij-betw f (|Jiel. A i) (Jiel. A i)
unfolding bij-betw-def
proof
from bij show eq: f U4 ‘1) = (A" ‘1)
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by (auto simp: bij-betw-def image-UN)
show inj-on f (J(4 ‘1))
proof (rule inj-onl, clarify)
fixijryassume A:icljelec Aiye Ajand B: fz = fy
from A bijlof 7] bijlof j] have fo € A'ifye A'j
by (auto simp: bij-betw-def)
with B have A’ i N A’ j # {} by auto
with disj A have i = j unfolding disjoint-family-on-def by blast
with A B bij[of i] show z = y by (auto simp: bij-betw-def dest: inj-onD)
qged
qed

lemma disjoint-union: disjoint C = disjoint B=J C N Y B = {} = disjoint
(C U B)
using disjoint-UN[of {C, B} Az. z] by (auto simp add: disjoint-family-on-def)

Sum /product of the union of a finite disjoint family

context comm-monoid-set
begin

lemma UNION-disjoint-family:
assumes finite I and Vi€l. finite (A 7)
and disjoint-family-on A I
shows Fg (U(A ‘D) =F (M. Fg(Ax))I
using assms unfolding disjoint-family-on-def by (rule UNION-disjoint)

lemma Union-disjoint-sets:
assumes YV AeC. finite A and disjoint C
shows Fg (UC)=(FoF)gC
using assms unfolding disjoint-def by (rule Union-disjoint)

end

The union of an infinite disjoint family of non-empty sets is infinite.

lemma infinite-disjoint-family-imp-infinite- UNION:
assumes —finite A N\z. © € A = fx # {} disjoint-family-on f A
shows —finite (J(f ‘< 4))
proof —
define g where gz = (SOME y. y € fz) for z
have g: gz € fzif x € A for z
unfolding g-def by (rule somel-ex, insert assms(2) that) blast
have inj-on-g: inj-on g A
proof (rule inj-onl, rule ccontr)
fixzyassume A:x € Aye Agrx=gyx#y
with g[of z] glof y] have gz € fx gz € fy by auto
with A <z # y» assms show Fulse
by (auto simp: disjoint-family-on-def inj-on-def)
qed
from g have ¢ ‘A C |J(f * A) by blast
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moreover from inj-on-g <—finite A> have —finite (g * A)
using finite-imageD by blast
ultimately show ¢thesis using finite-subset by blast
qed

28.2 Construct Disjoint Sequences

definition disjointed :: (nat = 'a set) = nat = 'a set where
disjointed A n = A n — (Jie{0..<n}. A1)

lemma finite-UN-disjointed-eq: ({Ji€{0..<n}. disjointed A i) = (|Jie{0..<n}. A
i)
proof (induct n)
case () show ?case by simp
next
case (Suc n)
thus ?case by (simp add: atLeastLessThanSuc disjointed-def)
qed

lemma UN-disjointed-eq: (| . disjointed A i) = ((Ji. A 7)
by (rule UN-finite2-eq [where k=0])
(simp add: finite- UN-disjointed-eq)

lemma less-disjoint-disjointed: m < n = disjointed A m N disjointed A n = {}
by (auto simp add: disjointed-def)

lemma disjoint-family-disjointed: disjoint-family (disjointed A)
by (simp add: disjoint-family-on-def)
(metis neg-iff Int-commute less-disjoint-disjointed)

lemma disjointed-subset: disjointed A n C A n
by (auto simp add: disjointed-def)

lemma disjointed-0[simp]: disjointed A 0 = A 0
by (simp add: disjointed-def)

lemma disjointed-mono: mono A = disjointed A (Suc n) = A (Sucn) — A n
using mono-imp- UN-eq-last[of A] by (simp add: disjointed-def atLeastLess ThanSuc-atLeastAtMost
atLeast0AtMost)

28.3 Partitions
Partitions P of a set A. We explicitly disallow empty sets.

definition partition-on :: 'a set = 'a set set = bool
where
partition-on A P «— |UP = A A disjoint P N {} ¢ P

lemma partition-onl:
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UP=A= (ApgpeEP=qeP = p+#q=disintpq = {} ¢ P
= partition-on A P
by (auto simp: partition-on-def pairwise-def)

lemma partition-onD1: partition-on A P — A =|JP
by (auto simp: partition-on-def)

lemma partition-onD2: partition-on A P = disjoint P
by (auto simp: partition-on-def)

lemma partition-onD3: partition-on A P = {} ¢ P
by (auto simp: partition-on-def)

28.4 Constructions of partitions

lemma partition-on-empty: partition-on {} P «— P = {}
unfolding partition-on-def by fastforce

lemma partition-on-space: A # {} = partition-on A {A}
by (auto simp: partition-on-def disjoint-def)

lemma partition-on-singletons: partition-on A ((Az. {z}) “ A)
by (auto simp: partition-on-def disjoint-def)

lemma partition-on-transform:
assumes P: partition-on A P
assumes F-UN: |J(F ‘P) = F (UP) and F-disjnt: Ap q. p € P = g € P
= disjnt p ¢ = disjnt (F p) (F q)
shows partition-on (F A) (F ‘P — {{}})
proof —
have | J(F ‘P - {{}})=F A
unfolding P[THEN partition-onD1] F-UN [symmetric] by auto
with P show %thesis
by (auto simp add: partition-on-def pairwise-def introl: F-disjnt)
qed

I3

lemma partition-on-restrict: partition-on A P = partition-on (B N A) ((N) B

P —{{}})

by (intro partition-on-transform) (auto simp: disjnt-def)

lemma partition-on-vimage: partition-on A P = partition-on (f —*A) ((=°) f ¢

P —{{}})

by (intro partition-on-transform) (auto simp: disjnt-def)

lemma partition-on-inj-image:
assumes P: partition-on A P and f: inj-on f A
shows partition-on (f “ A) () f P — {{}})
proof (rule partition-on-transform[OF P))
show p € P = g€ P = disjnt p ¢ = disjnt (f “p) (f ‘ q) for p ¢
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using f[THEN inj-onD] P[THEN partition-onD1] by (auto simp: disjnt-def)
qed auto

lemma partition-on-insert:
assumes disjnt p (J P)
shows partition-on A (insert p P) «— partition-on (A—p) P AN p C AN p # {}
using assms
by (auto simp: partition-on-def disjnt-iff pairwise-insert)

28.5 Finiteness of partitions

lemma finitely-many-partition-on:
assumes finite A
shows finite { P. partition-on A P}
proof (rule finite-subset)
show {P. partition-on A P} C Pow (Pow A)
unfolding partition-on-def by auto
show finite (Pow (Pow A))
using assms by simp
qed

lemma finite-elements: finite A = partition-on A P = finite P
using partition-onD1[of A P] by (simp add: finite-UnionD)

lemma product-partition:
assumes partition-on A P and Ap. p € P = finite p
shows card A = (3 peP. card p)
using assms unfolding partition-on-def by (meson card-Union-disjoint)

28.6 Equivalence of partitions and equivalence classes

lemma partition-on-quotient:
assumes 7: equiv A r
shows partition-on A (A /] r)
proof (rule partition-onI)
from r have refl-on A r
by (auto elim: equivE)
then show |J(A //r)=A{} ¢ A//r
by (auto simp: refl-on-def quotient-def)

fixpgassumepe A//rqeA//rp#q
then obtain z y where x € Aye Ap=r “{z} ¢=1r “{y}
by (auto simp: quotient-def)
with r equiv-class-eq-iff[OF r, of = y] <p # ¢ show disjnt p ¢
by (auto simp: disjnt-equiv-class)
qed

lemma equiv-partition-on:
assumes P: partition-on A P
shows equiv A {(z, y). 3p € P. 2z € p A y € p}
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proof (rule equivl)
have A =P
using P by (auto simp: partition-on-def)

have {(z,y). 3 pe P.zepAhyecpt CAx A
unfolding <A = |J P> by blast
then show refl-on A {(z, y). ApeP. z € p A y € p}
unfolding refl-on-def <A = |J P> by auto
next
show trans {(z, y). 3peEP. x € p A y € p}
using P by (auto simp only: trans-def disjoint-def partition-on-def)
next
show sym {(z, y). IpeP. x € p A y € p}
by (auto simp only: sym-def)
qed

lemma partition-on-eq-quotient:
assumes P: partition-on A P
shows A // {(z,y). I pe P.xepAhyept =P
unfolding quotient-def
proof safe
fix z assume z € A
then obtain p where pe Pz e pA\q. € P=—=z€ ¢g=— p= ¢
using P by (auto simp: partition-on-def disjoint-def)
then have {y. 3peP.z € p Ay cp}=1p
by (safe intro!: bexI[of - p]) simp
then show {(z, y). 3peP.z € p Ay € p} “{z} € P
by (simp add: <p € P»)
next
fix p assume p € P
then have p # {}
using P by (auto simp: partition-on-def)
then obtain z where z € p
by auto
then have t € ANq. e P—=z€ qg=p=q
using P <p € P by (auto simp: partition-on-def disjoint-def)
with <pePs <z € p» have {y. ApeP.z €p Ay p}=1p
by (safe introl: bexI[of - p]) simp
then show p € ((Jz€A. {{(z, y). ApeP. z € p Ay € p} “{z}})
by (auto intro: <z € A»)
qed

lemma partition-on-alt: partition-on A P +— (3r. equiv Ar NP =A// 1)
by (auto simp: partition-on-eq-quotient intro!l: partition-on-quotient intro: equiv-partition-on)
28.7 Refinement of partitions

definition refines :: 'a set = 'a set set = 'a set set = bool
where refines A P Q =
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partition-on A P A partition-on A Q AN (VXeP.3Ye@. X CY)

lemma refines-refi: partition-on A P = refines A P P
using refines-def by blast

lemma refines-asyml:
assumes refines A P Q) refines A Q P
shows P C @)
proof
fix X
assume X € P
then obtain ¥ X'where Y ¢ Q X CYX'e PY C X’/
by (meson assms refines-def)
then have X' = X
using assms(2) unfolding partition-on-def refines-def
by (metis <X € Py <X C Y disjnt-self-iff-empty disjnt-subsetl pairwiseD)
then show X € @
using <X C > <Y € @ <Y C X by force
qed

lemma refines-asym: [refines A P Q; refines A Q P] = P=Q
by (meson antisym-conv refines-asym1)

lemma refines-trans: [refines A P Q; refines A Q R] = refines A P R
by (meson order.trans refines-def)

lemma refines-obtains-subset:
assumes refines AP Q g€ Q
shows partition-on ¢ {p € P. p C ¢}
proof —
have p C ¢ V disjnt p q if p € P for p
using that assms unfolding refines-def partition-on-def disjoint-def
by (metis disjnt-def disjnt-subsetl)
with assms have ¢ C Union {p € P. p C ¢}
using assms
by (clarsimp simp: refines-def disjnt-iff partition-on-def) (metis Union-iff)
with assms have ¢ = Union {p € P. p C ¢}
by auto
then show ?thesis
using assms by (auto simp: refines-def disjoint-def partition-on-def)
qed

28.8 The coarsest common refinement of a set of partitions

definition common-refinement :: 'a set set set = 'a set set

where common-refinement P = (Jf € (Ilg PeP. P). {N (f *P)}) — {{}}
With non-extensional function space

lemma common-refinement: common-refinement P = (Jf € (Il PeP. P). {N (f

P - {B
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(is ?lhs = %rhs)
proof
show 2rhs C ?lhs
apply (clarsimp simp add: common-refinement-def PiE-def Ball-def)
by (metis restrict-Pi-cancel image-restrict-eq restrict-extensional)
qed (auto simp add: common-refinement-def PiE-def)

lemma common-refinement-exists: [X € common-refinement P; P € P] = 3 ReP.
XCR
by (auto simp add: common-refinement)

lemma Union-common-refinement: | J (common-refinement P) = (| PeP.JP)
proof
show (| PeP. UP) C U (common-refinement P)
proof (clarsimp simp: common-refinement)
fix x
assume V PeP. 3 XeP. z € X
then obtain F where [: AP. PEP = FPec PNz € FP
by metis
then have z € (| (F ‘P)
by force
with F show 3Xe(|JzeIll PeP. P.{() (z ‘P)}) —{{}}. z € X
by (auto simp add: Pi-iff Bez-def)
qed
qed (auto simp: common-refinement-def)

lemma partition-on-common-refinement:
assumes A: AP. P € P = partition-on A P and P # {}
shows partition-on A (common-refinement P)
proof (rule partition-onI)
show |J (common-refinement P) = A
using assms by (simp add: partition-on-def Union-common-refinement)
fix P Q
assume P € common-refinement P and Q) € common-refinement P and P #

Q
then obtain f g where f: f € (IIg PEP. P)and P: P =() (f ‘P) and P #
{}
and g¢: g€ (llg PeP. P)and Q: Q =() (g ‘P)and Q # {}
by (auto simp add: common-refinement-def)
have f=gifz € Pz € @ for z
proof (rule extensionalityl [of - P])
fix R
assume R € P
with that P Q f g A [unfolded partition-on-def, OF <R € P»]
show fR=gR
by (metis INT-E Int-iff PiE-iff disjointD emptyE)
qed (use PiF-iff f g in auto)
then show disjnt P Q)
by (metis P Q <P # @) disjnt-iff)
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qed (simp add: common-refinement-def)

lemma refines-common-refinement:
assumes A\P. P € P = partition-on A PP € P
shows refines A (common-refinement P) P
unfolding refines-def
proof (intro conjl strip)
fix X
assume X € common-refinement P
with assms show 3 YeP. X C Y
by (auto simp: common-refinement-def)
qed (use assms partition-on-common-refinement in auto)

The common refinement is itself refined by any other

lemma common-refinement-coarsest:
assumes AP. P € P = partition-on A P partition-on A R A\P. P €¢ P =
refines A R PP # {}
shows refines A R (common-refinement P)
unfolding refines-def
proof (intro conjl balll partition-on-common-refinement)
fix X
assume X € R
have dpe P. X Cpif P € P for P
by (meson <X € Ry assms(3) refines-def that)
then obtain F' where f: AP. Pe P— FPec PAXCFP
by metis
with «partition-on A Ry <X € Ry <P # {}»
have () (F ‘P) € common-refinement P
apply (simp add: partition-on-def common-refinement Pi-iff Bex-def)
by (metis (no-types, lifting) cINF-greatest subset-empty)
with f show 3 Yecommon-refinement P. X C Y
by (metis <P # {}» cINF-greatest)
qed (use assms in auto)

lemma finite-common-refinement:
assumes finite P A\P. P € P = finite P
shows finite (common-refinement P)
proof —
have finite (Il PEP. P)
by (simp add: assms finite-PiE)
then show ?thesis
by (auto simp: common-refinement-def)
qed

lemma card-common-refinement:
assumes finite P A\P. P € P = finite P
shows card (common-refinement P) < ([[P € P. card P)
proof —
have card (common-refinement P) < card (Jf € (Ilg PeP. P). { (f ‘*P)})
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unfolding common-refinement-def by (meson card-Diff1-le)
also have ... < (3 fe(llg PeP. P). card{( (f *P)})
by (metis assms finite-PiE card-UN-le)

also have ... = card(Ilg P€P. P)
by simp
also have ... = ([[P € P. card P)

by (simp add: assms(1) card-PiE dual-order.eq-iff)
finally show ?thesis .
qed

end

29 Type of finite sets defined as a subtype of sets

theory FSet
imports Main Countable
begin

29.1 Definition of the type

typedef ‘a fset = {A :: 'a set. finite A} morphisms fset Abs-fset
by auto

setup-lifting type-definition-fset

29.2 Basic operations and type class instantiations

instantiation fset :: (finite) finite
begin

instance by (standard; transfer; simp)
end

instantiation fset :: (type) {bounded-lattice-bot, distrib-lattice, minus}
begin

lift-definition bot-fset :: 'a fset is {} parametric empty-transfer by simp

lift-definition less-eq-fset :: 'a fset = 'a fset = bool is subset-eq parametric
subset-transfer

definition less-fset :: 'a fset = 'a fset = bool where zs < ys = 15 < ys N\ zs #
(ys::'a fset)

lemma less-fset-transfer[transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique A
shows ((per-fset A) ===> (per-fset A) ===> (=)) (C) (<)
unfolding less-fset-def[abs-def] psubset-eq[abs-def] by transfer-prover
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lift-definition sup-fset :: ‘a fset = 'a fset = 'a fset is union parametric union-transfer
by simp

lift-definition inf-fset :: 'a fset = 'a fset = ’a fset is inter parametric in-
ter-transfer
by simp

lift-definition minus-fset :: 'a fset = ’'a fset = ’'a fset is minus parametric
Diff-transfer
by simp

instance
by (standard; transfer; auto)+

end

abbreviation fempty :: ‘a fset (<{||}>) where {||} = bot

abbreviation fsubset-eq :: 'a fset = 'a fset = bool (infix |C|> 50) where xs |C|
ys = x5 < ys

abbreviation fsubset :: 'a fset = 'a fset = bool (infix (|C|> 50) where zs |C| ys
=1xs < Ys

abbreviation funion :: ‘a fset = 'a fset = 'a fset (infixl <|U|> 65) where zs |U|
ys = sup xs ys

abbreviation finter :: ‘a fset = ‘a fset = ‘a fset (infixl <|N|> 65) where zs |N|
ys = inf xs ys

abbreviation fminus :: 'a fset = 'a fset = 'a fset (infixl <|—|» 65) where zs |—|
Ys = minus s ys

instantiation fset :: (equal) equal

begin

definition HOL.equal A B +— A |C| BA B|C| 4
instance by intro-classes (auto simp add: equal-fset-def)
end

instantiation fset :: (type) conditionally-complete-lattice
begin

context includes lifting-syntax
begin

lemma right-total-Inf-fset-transfer:
assumes [transfer-rule]: bi-unique A and [transfer-rule]: right-total A
shows (rel-set (rel-set A) ===> rel-set A)
(AS. if finite (S N Collect (Domainp A)) then (S N Collect (Domainp A)
else {})
(AS. if finite (Inf S) then Inf S else {})

by transfer-prover
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lemma Inf-fset-transfer:
assumes [transfer-rule]: bi-unique A and [transfer-rule]: bi-total A
shows (rel-set (rel-set A) ===> rel-set A) (AA. if finite (Inf A) then Inf A else
{H
(AA. if finite (Inf A) then Inf A else {})

by transfer-prover

lift-definition Inf-fset :: ‘a fset set = 'a fset is AA. if finite (Inf A) then Inf A
else {}

parametric right-total-Inf-fset-transfer Inf-fset-transfer by simp

lemma Sup-fset-transfer:
assumes [transfer-rule]: bi-unique A
shows (rel-set (rel-set A) ===> rel-set A) (AA. if finite (Sup A) then Sup A

else {})
(AA. if finite (Sup A) then Sup A else {}) by transfer-prover

lift-definition Sup-fset :: 'a fset set = ’a fset is AA. if finite (Sup A) then Sup A
else {}

parametric Sup-fset-transfer by simp

lemma finite-Sup: I z. finite z A (Va. a € X — a < z) = finite (Sup X)
by (auto intro: finite-subset)

lemma transfer-bdd-below[transfer-rule]: (rel-set (per-fset (=)) ===> (=)) bdd-below
bdd-below
by auto

end

instance
proof
fix z 2z :: 'a fset
fix X :: ‘a fset set
{
assume z € X bdd-below X
then show Inf X |C| z by transfer auto
next
assume X # {} (A\z. 2 € X = 2 |C| z)
then show z |C| Inf X by transfer (clarsimp, blast)
next
assume z € X bdd-above X
then obtain z where z € X (Az. z € X = z |C| 2)
by (auto simp: bdd-above-def)
then show z |C| Sup X
by transfer (auto intro!: finite-Sup)
next
assume X # {} (Az. 2 € X = 2z |C] 2)
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then show Sup X |C| z by transfer (clarsimp, blast)

}
qed
end

instantiation fset :: (finite) complete-lattice
begin

lift-definition top-fset :: 'a fset is UNIV parametric right-total-UNIV-transfer
UNIV-transfer
by simp

instance
by (standard; transfer; auto)

end

instantiation fset :: (finite) complete-boolean-algebra
begin

lift-definition uminus-fset :: ‘a fset = 'a fset is uminus
parametric right-total-Compl-transfer Compl-transfer by simp

instance
by (standard; transfer) (simp-all add: Inf-Sup Diff-eq)
end

abbreviation fUNIV :: ‘a:finite fset where fUNIV = top
abbreviation fuminus :: ‘a:finite fset = ‘a fset (<|—| - [81] 80) where |—| z =
UMINUS T

declare top-fset.rep-eq[simp)

29.3 Other operations

lift-definition finsert :: ‘a = 'a fset = 'a fset is insert parametric Lifting-Set.insert-transfer
by simp

syntax

-fset :: args => 'a fset («(<indent=2 notation=<mizfic finite set enumeration»{|-|})»)
syntax-consts

-fset = finsert

translations
{|z, zs|} == CONST finsert x {|zs|}
{Jz|} == CONST finsert z {||}

abbreviation fmember :: 'a = 'a fset = bool (infix <|€|» 50) where
rl€| X = € fset X
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abbreviation not-fmember :: 'a = 'a fset = bool (infix <|¢|> 50) where
z|¢| X = ¢ fset X

context
begin

qualified abbreviation Ball :: ‘a fset = ('a = bool) = bool where
Ball X = Set.Ball (fset X)

alias fBall = FSet.Ball

qualified abbreviation Bex :: ‘a fset = ('a = bool) = bool where
Bex X = Set.Bex (fset X)

alias fBex = FSet.Bex
end

syntax (input)

-fBall :: pttrn = 'a fset = bool = bool (:(<indent=3 notation=<binder finite !»»!
(I:1-/ ) [0, 0, 10] 10)

-fBex :: pttrn = 'a fset = bool = bool («(<indent=3 notation=<binder finite
22 (-/1:])./ -» [0, 0, 10] 10)

-fBexl :: pttrn = 'a fset = bool = bool («(<indent=3 notation=<binder finite
A2 (/:2).) ) [0, 0, 10] 10)

syntax

-fBall :: pttrn = 'a fset = bool = bool («(tindent=38 notation=<binder finite
VoV (-/|€l-)./ -)» [0, 0, 10] 10)

-fBex :: pttrn = 'a fset = bool = bool («(<indent=3 notation=<binder finite
In3(-/|€l-)./ -)» [0, 0, 10] 10)

-fBnex :: pttrn = 'a fset = bool = bool («(¢<indent=3 notation=<binder finite
ﬂ”ﬂ('/|€|')~/ _)> [07 07 10} 10)

-fBex1 :: pttrn = 'a fset = bool = bool («(<indent=3 notation=<binder finite
Im3l-/lel-)./ -» [0, 0, 10] 10)

syntax-consts
-fBall -fBnex = fBall and
-fBex = fBex and
-fBexl = FExl

translations
Vz|€|A. P = CONST FSet.Ball A (Az. P)
Jz|€|A. P = CONST FSet.Bex A (Az. P)
Bx|€|A. P = CONST fBall A (A\z. - P)
Jlz|e|lA. P = Flz. z |€] ANP

typed-print-translation ¢
[(const-syntax <fBally, Syntax-Trans.preserve-binder-abs2-tr’ syntax-const <-fBally),
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(const-syntax fBexy, Syntaz- Trans.preserve-binder-abs2-tr' syntax-const <-fBex))]
y — to avoid eta-contraction of body

syntax

-setlessfAll :: [idt, 'a, bool] = bool («(«<indent=3 notation=<binder finite V »V -|C|-./
) [0, 0, 10] 10)

-setlessfEx :: [idt, 'a, bool] = bool (<(<indent=3 notation=<binder finite 33 -|C|-./
) [0, 0, 10] 10)

-setlefAll :: [idt, 'a, bool] = bool («(<indent=3 notation=<binder finite V1V -|C|-./
) 10, 0, 10] 10)

-setlefEx i [idt, 'a, bool] = bool  («(<indent=3 notation=<binder finite
In3-|C|-./ -» [0, 0, 10] 10)

syntax-consts
-setlessfAll -setlefAll = All and
-setlessfFEx -setlefEx = Fx

translations

VA|C|B.P =~VA. A|Cc|B— P
JA|IC|B. P —~3A. A|C|BAP
VA|IC|B.P ~VA A|C|B— P
JFA|IC|B.P—~3A. A|C|BAP

context includes lifting-syntax
begin

lemma fmember-transfer0|[transfer-rulel:
assumes [transfer-rule]: bi-unique A
shows (A ===> per-fset A ===> (=)) (€) (|€])
by transfer-prover

lemma fBall-transfer0[transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows (per-fset A ===> (A ===> (=)) ===> (=)) (Ball) (fBall)
by transfer-prover

lemma fBex-transfer0[transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows (per-fset A ===> (A ===> (=)) ===> (=)) (Bex) (fBex)
by transfer-prover

lift-definition ffilter :: (‘a = bool) = 'a fset = 'a fset is Set.filter
parametric Lifting-Set.filter-transfer unfolding Set.filter-def by simp

lift-definition fPow :: 'a fset = 'a fset fset is Pow parametric Pow-transfer
by (simp add: finite-subset)

lift-definition fcard :: 'a fset = nat is card parametric card-transfer .
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lift-definition fimage :: (‘a = 'b) = 'a fset = 'b fset (infixr <> 90) is image
parametric image-transfer by simp

lift-definition fthe-elem :: ‘a fset = 'a is the-elem .

lift-definition fbind :: ‘a fset = ('a = 'b fset) = 'b fset is Set.bind parametric
bind-transfer
by (simp add: Set.bind-def)

lift-definition [fUnion :: 'a fset fset = 'a fset is Union parametric Union-transfer
by simp

lift-definition ffold :: (‘a = 'b = 'b) = 'b = 'a fset = 'b is Finite-Set.fold .
lift-definition fset-of-list :: 'a list = 'a fset is set by (rule finite-set)
lift-definition sorted-list-of-fset :: 'a::linorder fset = 'a list is sorted-list-of-set .

29.4 Transferred lemmas from Set.thy

lemma fset-eql: (Az. (z |€] A) = (z|€| B)) = A =B
by (rule set-eqI [ Transfer.transferred))

lemma fset-eq-iff [no-atp]: (A = B) = (V. (z |€] 4) = (z |€| B))
by (rule set-eq-iff [ Transfer.transferred))

lemma fBalll[no-atp]: (Az. z |€| A= P z) = fBall A P
by (rule balll[ Transfer.transferred))

lemma fbspec[no-atpl: fBall A P — z |€| A= Pz
by (rule bspec| Transfer.transferred))

lemma fBallE[no-atp]: fBall AP —= (Pz = Q) = (z |¢| 4 = Q) = @
by (rule ballE| Transfer.transferred))

lemma fBexlI[no-atp]: Px = z |€| A = fBex A P
by (rule bezI[Transfer.transferred])

lemma rev-fBexl[no-atp|: © |€| A = Px — fBex A P
by (rule rev-bexI| Transfer.transferred))

lemma fBexCI[no-atp]: (fBall A (A\z. = Pz) = Pa) = a |€| A= fBex A P
by (rule bexzCI|Transfer.transferred))

lemma fBexE[no-atp]: fBex A P —= (A\z.z|€| A = Pz = Q) = @
by (rule bexE[Transfer.transferred))

lemma fBall-triv[no-atpl: fBall A (Az. P) = ((3z. z |€] A) — P)
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by (rule ball-triv] Transfer.transferred))

lemma fBez-triv[no-atp]: fBex A (Az. P) = ((3z. = |€| A) A P)
by (rule bexz-triv] Transfer.transferred))

lemma fBex-triv-one-point! [no-atp): fBex A (Az. z = a) = (a |€| A)
by (rule bez-triv-one-point1 [ Transfer.transferred))

lemma fBex-triv-one-point2[no-atp|: fBex A ((=) a) = (a |€| A)
by (rule bez-triv-one-point2| Transfer.transferred))

lemma fBez-one-point![no-atp]: fBex A (Az. z = a AN Pz) = (a |€]| AN P a)
by (rule bez-one-point! [ Transfer.transferred))

lemma fBex-one-point2[no-atp|: fBex A (Az. a = x A Pz) = (a |€]| A A P a)
by (rule bez-one-point2| Transfer.transferred))

lemma fBall-one-point! [no-atp): fBall A (A\z. 2 =a — Pz) = (a|€e| A — P

a)

by (rule ball-one-point1 | Transfer.transferred])

lemma fBall-one-point2[no-atp): fBall A (\x. a =z — Pz) = (a|€] A — P

a)

by (rule ball-one-point2| Transfer.transferred))

lemma fBall-conj-distrib: fBall A (Az. Px A Q ) = (fBall A P A fBall A Q)
by (rule ball-conj-distrib] Transfer.transferred))

lemma fBex-disj-distrib: fBex A (A\x. Pz V Q z) = (fBex A P V fBex A Q)
by (rule bez-disj-distrib| Transfer.transferred))

lemma fBall-cong|fundef-cong]: A = B = (A\z. z |€| B= Pz = Q1) =
fBall A P = fBall B Q
by (rule ball-cong[ Transfer.transferred))

lemma fBez-cong[fundef-congl: A= B = (\z. z |€| B= Pz = Qz) = fBex
A P = fBex B Q

by (rule bez-cong| Transfer.transferred))

lemma fsubsetl[intro!]: (Az. z |€| A=z |€| B) = A |C| B
by (rule subsetlI|Transfer.transferred))

lemma fsubsetDl[elim, intro?]: A |C| B= c|€| A = ¢ |€| B
by (rule subsetD|Transfer.transferred])

lemma rev-fsubsetD[no-atp,intro?): ¢ |€| A= A |C| B= c|€| B
by (rule rev-subsetD| Transfer.transferred])

lemma fsubsetCE[no-atp,elim]: A |C| B = (¢ |¢| A= P) = (¢ |€| B= P)



THEORY “FSet” 246

= P
by (rule subsetCE|Transfer.transferred))

lemma fsubset-eq[no-atp]: (A |C| B) = fBall A (Az. z |€| B)
by (rule subset-eq| Transfer.transferred))

lemma contra-fsubsetD[no-atp]: A |C| B = c |¢| B = c |¢| 4
by (rule contra-subsetD| Transfer.transferred])

lemma fsubset-refl: A |C| A
by (rule subset-refl| Transfer.transferred])

lemma fsubset-trans: A |C| B= B |C| C = A |C| C
by (rule subset-trans| Transfer.transferred])

lemma fset-rev-mp: ¢ |€] A= A |C| B= c |€| B
by (rule rev-subsetD| Transfer.transferred))

lemma fset-mp: A |C| B= c|€|] A= ¢ |€| B
by (rule subsetD[Transfer.transferred))

lemma fsubset-not-fsubset-eq|code]: (A |C| B) = (A |C] B A = B |C| A)
by (rule subset-not-subset-eq| Transfer.transferred])

lemma eg-fmem-trans: a = b= b |e| A= a |€| A
by (rule eqg-mem-trans| Transfer.transferred))

lemma fsubset-antisym[introl]: A |C| B= B|C| A= A= 1B
by (rule subset-antisym|[Transfer.transferred))

lemma fequalityD1: A= B = A |C| B
by (rule equalityD1[Transfer.transferred))

lemma fequalityD2: A= B = B |C| A
by (rule equalityD2[ Transfer.transferred))

lemma fequalityf: A= B = (A|C|B= B|C| A= P) = P
by (rule equalityE| Transfer.transferred))

lemma fequalityCE|[elim]:
A=B= (cl€e|A=¢c|€|B=P) = (c|¢| A= c|¢| B= P) =P
by (rule equalityCE]| Transfer.transferred))

lemma eqfset-imp-iff: A = B = (z |€| A) = (z |€| B)
by (rule egset-imp-iff [ Transfer.transferred))

lemma eqfelem-imp-iff: = y = (z |€| A) = (y |€|] A)
by (rule eqelem-imp-iff | Transfer.transferred))
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lemma fempty-iff[simp]: (¢ |€| {||}) = False
by (rule empty-iff| Transfer.transferred))

lemma fempty-fsubsetI[iff]: {||} |C| =
by (rule empty-subsetl| Transfer.transferred))

lemma equalsffemptyl: (Ny. y |€| A = False) = A = {||}
by (rule equalsOI| Transfer.transferred))

lemma equalsffemptyD: A = {||} = a |¢| A
by (rule equalsOD[Transfer.transferred))

lemma fBall-fempty[simp): fBall {||} P = True
by (rule ball-empty| Transfer.transferred))

lemma fBex-fempty[simp]: fBex {||} P = False
by (rule bez-empty| Transfer.transferred))

lemma fPow-iff[iff]: (A |€| fPow B) = (4 |C| B)
by (rule Pow-iff[ Transfer.transferred))

lemma fPowl: A |C| B = A |€| fPow B
by (rule PowI|Transfer.transferred))

lemma fPowD: A |€| fPow B = A |C| B
by (rule PowD|Transfer.transferred])

lemma fPow-bottom: {||} |€| fPow B
by (rule Pow-bottom|Transfer.transferred))

lemma fPow-top: A |€| fPow A
by (rule Pow-top| Transfer.transferred))

lemma fPow-not-fempty: fPow A # {||}
by (rule Pow-not-empty| Transfer.transferred))

lemma finter-iff[simp]: (¢ |€| A |N| B) = (¢ |€| A A ¢ |€| B)
by (rule Int-iff [ Transfer.transferred))

lemma finterI[introl]: ¢ || A = ¢ |€| B= c|€| A|N| B
by (rule IntI|Transfer.transferred))

lemma finterD1: c |€| A|N| B= c €| A
by (rule IntD1[Transfer.transferred))

lemma finterD2: ¢ |€| A |N| B= ¢ |€| B
by (rule IntD2[Transfer.transferred))

lemma finterElelim!]: ¢ |€| A|N| B= (¢ |€| A= ¢ |€| B= P) = P
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by (rule IntE[Transfer.transferred])

lemma funion-iff [simp]: (¢ |€] A |U| B) = (¢ |€| AV ¢ |€] B)
by (rule Un-iff [ Transfer.transferred])

lemma funionll[elim?): c|€|] A = c|€| A |U| B
by (rule Unll[Transfer.transferred))

lemma funionlI2[elim?): ¢ |€]| B= ¢ |€| A |U| B
by (rule UnlI2[Transfer.transferred))

lemma funionCI[introl]: (c |¢| B = c|€| A) = c |€| A |U| B
by (rule UnCI|[Transfer.transferred])

lemma funionE[elim!]: ¢ |€| AUl B= (¢ |€¢|] A = P) = (¢ |€| B= P)
— P
by (rule UnE|Transfer.transferred])

lemma fminus-iff [simp]: (¢ |€] A |—| B) = (¢ |€] A A ¢ |¢| B)
by (rule Diff-iff| Transfer.transferred))

lemma fminusl[intro!]: ¢ |€| A= c|¢| B= c|€| A|-| B
by (rule DiffI[Transfer.transferred))

lemma fminusD1: ¢ |€| A|—| B= c|€| A
by (rule Diff D1]Transfer.transferred))

lemma fminusD2: ¢ |€| A|—-| B= c|€| B= P
by (rule Diff D2] Transfer.transferred))

lemma fminusE[elim!]: ¢ |€] A|—| B= (c|€| A= ¢ |¢| B= P) = P
by (rule DiffE[Transfer.transferred))

lemma finsert-iff [simp]: (a |€| finsert b A) = (a = bV a |€| A)
by (rule insert-iff [ Transfer.transferred))

lemma finsertll: a |€| finsert a B
by (rule insertI1[Transfer.transferred))

lemma finsertI2: a |€| B => a |€]| finsert b B
by (rule insertI2| Transfer.transferred))

lemma finsertE[elim!]: o |€| finsert b A = (a = b = P) = (a |€| A = P)
== P
by (rule insertE[Transfer.transferred))

lemma finsertCI[intro]: (a |¢| B = a = b) = a |€| finsert b B
by (rule insertCI|[Transfer.transferred))
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lemma fsubset-finsert-iff:
(A || finsert x B) = (if x |€] A then A |—| {|z|} || B else A |C| B)
by (rule subset-insert-iff | Transfer.transferred))

lemma finsert-ident: x |¢| A = x |¢| B = (finsert x A = finsert x B) = (A =
B)
by (rule insert-ident| Transfer.transferred])

lemma fsingletonl [intro!,no-atpl: a |€| {]a|}
by (rule singletonl| Transfer.transferred))

lemma fsingletonD[dest!,no-atp]: b |€| {|a]} = b= a
by (rule singletonD|Transfer.transferred))

lemma fsingleton-iff: (b |€] {|a|}) = (b = a)
by (rule singleton-iff| Transfer.transferred))

lemma fsingleton-inject[dest!]: {|a|]} = {|b]} = a=b
by (rule singleton-inject| Transfer.transferred))

lemma fsingleton-finsert-inj-eq[iff ,no-atp]: ({|b|} = finsert a A) = (a =b A A |C]|

{1o1})

by (rule singleton-insert-inj-eq| Transfer.transferred))

lemma fsingleton-finsert-inj-eq'[iff ,no-atp]: (finsert a A = {|b|}) = (a=b A A |C]|

{1o[})

by (rule singleton-insert-inj-eq'| Transfer.transferred))

lemma fsubset-fsingletonD: A |C| {|z|} = A ={||} V 4 = {|z|}
by (rule subset-singletonD| Transfer.transferred))

lemma fminus-single-finsert: A |—| {|z|} |C] B = A |C| finsert © B
by (rule Diff-single-insert] Transfer.transferred))

lemma fdoubleton-eg-iff: ({|a, b|} = {l¢, d|}) =(a=cAb=dVa=dAb=

c)
by (rule doubleton-eq-iff| Transfer.transferred))

lemma funion-fsingleton-iff:

(AUl B=A[z[}) = (A=A{ll} A B={lzl} v A=A{lz[} A B=A{[l} v A ={lz]}
A B ={|z})

by (rule Un-singleton-iff | Transfer.transferred])

lemma fsingleton-funion-iff:

(ol = AUl B) = (A= {I[} A B={Jsl} v A= {Jal} A B = {|[} v 4 = {al}
A B ={|z})

by (rule singleton-Un-iff | Transfer.transferred])

lemma fimage-eql[simp, intro]: b= fz =z |€| A= ble|f|] A
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by (rule image-eql | Transfer.transferred])

lemma fimagel: z |€| A= fz |€| f|] A
by (rule imagel| Transfer.transferred))

lemma rev-fimage-eql: z |€| A = b=fz=ble|f|| A
by (rule rev-image-eqlI [ Transfer.transferred))

lemma fimageE[elim!]: b |€| f |1 A = (\z. b= fz = z |€| A = thesis) =
thests
by (rule imageE|Transfer.transferred))

lemma Compr-fimage-eq: {z. z |€| f || ANPa}=f {z.z|€|ANP (fz)}
by (rule Compr-image-eq| Transfer.transferred])

lemma fimage-funion: f || (A |U]| B)=f |14 U f|1B
by (rule image-Un|Transfer.transferred])

lemma fimage-iff: (z |€| f || A) = fBex A (M\z. z = f )
by (rule image-iff[ Transfer.transferred))

lemma fimage-fsubset-iff[no-atp]: (f || A |C| B) = fBall A (A\x. fz |€|] B)
by (rule image-subset-iff | Transfer.transferred))

lemma fimage-fsubsetl: (N\z. z |€| A = fz|€| B) = f || A|C| B
by (rule image-subsetl | Transfer.transferred))

lemma fimage-ident[simp]: (A\z. z) || Y =Y
by (rule image-ident| Transfer.transferred))

lemma if-split-fmem1: ((if Q then z else y) |€| b) = (@ — z |€]| b)) A (- Q —

y |l b))
by (rule if-split-mem1|Transfer.transferred])

lemma if-split-fmem2: (a |€| (if Q then x else y)) = ((Q — a |€| 2) A (= Q —

a |€[ y))
by (rule if-split-mem2| Transfer.transferred])

lemma pfsubset][introl,no-atp]: A |C| B= A # B= A |C| B
by (rule psubsetI|Transfer.transferred))

lemma pfsubsetE[elim!,no-atp]: A|C| B=—= (A|C]| B=—= - B|C|A=— R) =
R
by (rule psubsetE|[Transfer.transferred))

lemma pfsubset-finsert-iff:
(A |C| finsert © B) =
(if x |€| B then A |C| Belseif x |€| A then A |—| {|z|} |C| B else A |C| B)
by (rule psubset-insert-iff [ Transfer.transferred))
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lemma pfsubset-eq: (A |C| B) = (A|C| BA A # B)
by (rule psubset-eq| Transfer.transferred))

lemma pfsubset-imp-fsubset: A |C| B—=— A |C| B
by (rule psubset-imp-subset| Transfer.transferred])

lemma pfsubset-trans: A |C| B= B |C| C = A |C| C
by (rule psubset-trans| Transfer.transferred])

lemma pfsubsetD: A |C| B= c|€|] A= ¢ |€| B
by (rule psubsetD|Transfer.transferred))

lemma pfsubset-fsubset-trans: A |C| B= B |C| C = A |C| C
by (rule psubset-subset-trans| Transfer.transferred))

lemma fsubset-pfsubset-trans: A |C| B= B |C| C = A |C| C
by (rule subset-psubset-trans| Transfer.transferred))

lemma pfsubset-imp-ex-fmem: A |C| B= 3b. b |€| B|—| A
by (rule psubset-imp-ex-mem| Transfer.transferred])

lemma fimage-fPow-mono: f |1 A |C| B = (1) f | fPow A |C| fPow B

by (rule image-Pow-mono| Transfer.transferred))

lemma fimage-fPow-surj: f || A =B = (|1) f || fPow A = fPow B

by (rule image-Pow-surj| Transfer.transferred])

lemma fsubset-finsertl: B |C| finsert a B
by (rule subset-insertl| Transfer.transferred])

lemma fsubset-finsertI2: A |C| B = A |C| finsert b B
by (rule subset-insertI2| Transfer.transferred])

lemma fsubset-finsert: z |¢| A = (A |C| finsert z B) = (A |C| B)
by (rule subset-insert| Transfer.transferred))

lemma funion-upperi: A |C| A |U| B
by (rule Un-upperl|Transfer.transferred])

lemma funion-upper2: B |C| A |U| B
by (rule Un-upper2|Transfer.transferred)])

lemma funion-least: A |C] C = B |C| C = A |U| B|C| C
by (rule Un-least[ Transfer.transferred))

lemma finter-lowerl: A |N| B |C| A
by (rule Int-lower![Transfer.transferred))
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lemma finter-lower2: A |N| B |C| B
by (rule Int-lower2|Transfer.transferred))

lemma finter-greatest: C |C| A= C |C| B= C |C| A|N| B
by (rule Int-greatest| Transfer.transferred))

lemma fminus-fsubset: A |—| B |C| A
by (rule Diff-subset| Transfer.transferred))

lemma fminus-fsubset-conv: (A |—| B |C| C) = (A |C] B |U] C)
by (rule Diff-subset-conv| Transfer.transferred))

lemma fsubset-femptylsimp): (A €] {[}) = (4 = {II})
by (rule subset-empty| Transfer.transferred))

lemma not-pfsubset-fempty[iff]: = A || {||}
by (rule not-psubset-empty| Transfer.transferred))

lemma finsert-is-funion: finsert a A = {|a|} |U] 4
by (rule insert-is-Un| Transfer.transferred])

lemma finsert-not-fempty[simp): finsert a A # {||}
by (rule insert-not-empty[ Transfer.transferred))

lemma fempty-not-finsert: {||} # finsert a A
by (rule empty-not-insert| Transfer.transferred])

lemma finsert-absorb: a |€| A = finsert a A = A
by (rule insert-absorb| Transfer.transferred))

lemma finsert-absorb2[simp): finsert x (finsert x A) = finsert x A
by (rule insert-absorb2| Transfer.transferred])

lemma finsert-commute: finsert x (finsert y A) = finsert y (finsert x A)
by (rule insert-commute| Transfer.transferred])

lemma finsert-fsubset[simpl: (finsert z A |C| B) = (z |€] B A A |C| B)
by (rule insert-subset| Transfer.transferred))

lemma finsert-inter-finsert[simp]: finsert a A |N| finsert a B = finsert a (A |N| B)
by (rule insert-inter-insert] Transfer.transferred))

lemma finsert-disjoint]simp,no-atpl:
(finserta A |0 B ={|}) = (a |¢| B A A|0| B={|I})
(I} = finsert a A 0] B) = (a |¢] B A {|l} = 4 || B)
by (rule insert-disjoint| Transfer.transferred])+

lemma disjoint-finsert[simp,no-atpl:
(B |N| finsert a A = {[[}) = (a [¢| BA B |N[ A=A{|[})



THEORY “FSet” 253

({ll} = AN finsert b B) = (b |¢] A A A{][} = A |N[ B)

by (rule disjoint-insert| Transfer.transferred])+

lemma fimage-fempty[simp]: f | {II} = {l|}
by (rule image-empty| Transfer.transferred))

lemma fimage-finsert[simp|: f | finsert a B = finsert (f a) (f || B)
by (rule image-insert| Transfer.transferred])

lemma fimage-constant: z |€] A = (A\z. ¢) || 4 = {|c|}
by (rule image-constant| Transfer.transferred))

lemma fimage-constant-conv: (Az. ¢) || A = (if A = {||} then {||} else {|c|})
by (rule image-constant-conv| Transfer.transferred))

lemma fimage-fimage: f || g |1 A= (Az. f (gz) || A

by (rule image-image| Transfer.transferred))

lemma finsert-fimage[simp|: z |€]| A = finsert (fz) (f |1 A) =f1]14
by (rule insert-image[ Transfer.transferred])

lemma fimage-is-fempty[iff]: (f |1 A ={l[}) = (A =A{]l})

by (rule image-is-empty| Transfer.transferred])

lemma fempty-is-fimageliff]: ({[[} = f |1 4) = (4 = {[[})

by (rule empty-is-image| Transfer.transferred))

lemma fimage-cong: M = N = (Az. z |€| N = fz=gz) = f || M =g |
N
by (rule image-cong| Transfer.transferred))

lemma fimage-finter-fsubset: f || (A |N| B) |Z| f |14 N f|1B
by (rule image-Int-subset| Transfer.transferred))

lemma fimage-fminus-fsubset: f || A |—| f 11 B|<| f |1 (A |-| B)
by (rule image-diff-subset| Transfer.transferred])

lemma finter-absorb: A |N| A= A
by (rule Int-absorb[ Transfer.transferred))

lemma finter-left-absorb: A |N| (A |N| B) = A |N| B
by (rule Int-left-absorb| Transfer.transferred))

lemma finter-commute: A |N| B = B |N| A
by (rule Int-commute| Transfer.transferred))

lemma finter-left-commute: A |N| (B |N| C) = B |N| (A |N] C)
by (rule Int-left-commute| Transfer.transferred])
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lemma finter-assoc: A |N| B |N| C = A |N| (B |N| C)
by (rule Int-assoc| Transfer.transferred))

lemma finter-ac:
ANl B |n| € = A|n| (B|N| C)
AN (A[n[ B) = A|n| B
AN B=B|n| 4
AN (B N[ €) = B |n| (A |n| C)
by (rule Int-ac|Transfer.transferred])+

lemma finter-absorbl: B |C|] A= A |N| B=B
by (rule Int-absorb1|Transfer.transferred))

lemma finter-absorb2: A|C| B= A |N| B= A4
by (rule Int-absorb2| Transfer.transferred])

lemma finter-fempty-left: {||} IN| B = {||}
by (rule Int-empty-left] Transfer.transferred))

lemma finter-fempty-right: A |N| {||} = {||}
by (rule Int-empty-right| Transfer.transferred))

lemma disjoint-iff-frnot-equal: (A |N| B = {||}) = fBall A (\z. fBall B ((#) z))
by (rule disjoint-iff-not-equal| Transfer.transferred])

lemma finter-funion-distrib: A |N| (B |U] C) = A |n| B |U] (4 |n| C)
by (rule Int-Un-distrib| Transfer.transferred))

lemma finter-funion-distrib2: B |U| C |N| A= B |n| A |U| (C |N] A)
by (rule Int-Un-distrib2| Transfer.transferred))

lemma finter-fsubset-iff [no-atp, simpl: (C |C| A |N| B) = (C |C] A A C |C| B)
by (rule Int-subset-iff [ Transfer.transferred))

lemma funion-absorb: A |Ul A = A
by (rule Un-absorb| Transfer.transferred])

lemma funion-left-absorb: A |U| (A |U| B) = A |U| B
by (rule Un-left-absorb| Transfer.transferred])

lemma funion-commute: A U] B = B |U| A
by (rule Un-commute| Transfer.transferred))

lemma funion-left-commute: A |U] (B |U|] C) = B |U| (4 |U] C)
by (rule Un-left-commute| Transfer.transferred))

lemma funion-assoc: A |U| B |U| C = A |U| (B |U] C)
by (rule Un-assoc| Transfer.transferred])
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lemma funion-ac:
AUl Blu|l C =AY
AU (AUl B) =AU
AU B=B|Ul A
AUl (B |U] €) = B [U] (A U] C)
by (rule Un-ac|Transfer.transferred))+

(B |u] O)
| B

lemma funion-absorb1: A |C| B= A |U| B=B
by (rule Un-absorbl|Transfer.transferred])

lemma funion-absorb2: B|C| A= A|U| B=A
by (rule Un-absorb2| Transfer.transferred])

lemma funion-fempty-left: {||} |U| B = B
by (rule Un-empty-left[ Transfer.transferred))

lemma funion-fempty-right: A |U| {||} = A
by (rule Un-empty-right] Transfer.transferred))

lemma funion-finsert-left[simp]: finsert a B |U| C = finsert a (B |U] C)
by (rule Un-insert-left] Transfer.transferred))

lemma funion-finsert-right[simp]: A |U| finsert a B = finsert a (A |U| B)
by (rule Un-insert-right| Transfer.transferred)])

lemma finter-finsert-left: finsert a B |N| C = (if a |€| C then finsert a (B |N| C)
else B IN| C)
by (rule Int-insert-left] Transfer.transferred))

lemma finter-finsert-left-ifffempty[simp): a |¢| C = finsert a B |N| C = B |N| C
by (rule Int-insert-left-if0| Transfer.transferred))

lemma finter-finsert-left-if1 [simp]: a |€| C = finsert a B |N| C = finsert a (B
N[ )
by (rule Int-insert-left-if1| Transfer.transferred))

lemma finter-finsert-right:
A |N| finsert a B = (if a |€| A then finsert a (A |N| B) else A |N| B)
by (rule Int-insert-right[ Transfer.transferred))

lemma finter-finsert-right-ifffempty[simp]: a |¢| A = A |N| finsert a B = A |N|
B
by (rule Int-insert-right-if0| Transfer.transferred)])

lemma finter-finsert-right-if1 [simp]: a |€|] A = A |N| finsert a B = finsert a (A
Nl B)
by (rule Int-insert-right-if1| Transfer.transferred))

lemma funion-finter-distrib: A |U| (B |N] C) = A |U| B |N| (4 |U| C)
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by (rule Un-Int-distrib| Transfer.transferred])

lemma funion-finter-distrib2: B |N| C |U| A = B |U| A |N| (C |U] A)
by (rule Un-Int-distrib2| Transfer.transferred))

lemma funion-finter-crazy:
ANl B U] (B [N] C) U] (C|n] A) = A |u] B |n[ (B[] C) |n] (C [U] 4)
by (rule Un-Int-crazy| Transfer.transferred])

lemma fsubset-funion-eq: (A |C| B) = (A |U] B = B)
by (rule subset-Un-eq| Transfer.transferred])

lemma funion-fempty[iff): (4 [0] B = {|I}) = (A = {I} A B = {I]}
by (rule Un-empty| Transfer.transferred))

lemma funion-fsubset-iff [no-atp, simp]: (A |U] B |C| C) = (4 |C| C A B |C| O)
by (rule Un-subset-iff[ Transfer.transferred))

lemma funion-fminus-finter: A |—| B |U| (A |N| B) = A
by (rule Un-Diff-Int[ Transfer.transferred))

lemma ffunion-empty[simp]: ffUnion {||} = {||}
by (rule Union-empty| Transfer.transferred))

lemma ffunion-mono: A |C| B = ffUnion A |C| ffUnion B
by (rule Union-mono| Transfer.transferred])

lemma ffunion-insert[simp|: ffUnion (finsert a B) = a |J| ffUnion B
by (rule Union-insert] Transfer.transferred))

lemma fminus-finter2: AN C |-| (BN C)=A|n| C |-| B
by (rule Diff-Int2| Transfer.transferred])

lemma funion-finter-assoc-eq: (A |N| B U] C = A |n| (B |J] C)) = (C |C| A)
by (rule Un-Int-assoc-eq| Transfer.transferred))

lemma fBall-funion: fBall (A |U| B) P = (fBall A P A fBall B P)
by (rule ball-Un| Transfer.transferred))

lemma fBex-funion: fBex (A |U| B) P = (fBex A P V fBex B P)
by (rule bez-Un|Transfer.transferred))

lemma fminus-eq-fempty-iff [simp,no-atp]: (A |—| B = {||}) = (4 |C| B)
by (rule Diff-eq-empty-iff [ Transfer.transferred))

lemma fminus-cancel[simp]: A |—| A = {||}
by (rule Diff-cancel| Transfer.transferred))

lemma fminus-idemp[simp]: A |—-| B|—| B= A |-| B
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by (rule Diff-idemp|Transfer.transferred))

lemma fminus-triv: A|N| B={||} = A|-|B=4A4
by (rule Diff-triv] Transfer.transferred))

lemma fempty-fminus[simpl: {||} |-| A = {||}
by (rule empty-Diff | Transfer.transferred))

lemma fminus-fempty[simp]: A |—| {||} = A
by (rule Diff-empty| Transfer.transferred))

lemma fminus-finsertffempty[simp,no-atp]: z |¢| A = A |—| finsert t B = A ||
B
by (rule Diff-insert0] Transfer.transferred)])

lemma fminus-finsert: A |—| finsert a B = A |—| B |—| {]a|}
by (rule Diff-insert] Transfer.transferred])

lemma fminus-finsert2: A |—| finsert « B = A || {]a|} |—| B
by (rule Diff-insert2| Transfer.transferred))

lemma finsert-fminus-if: finsert ¢ A |—| B = (if z |€| B then A |—| B else finsert
z (A |-[ B))
by (rule insert-Diff-if [ Transfer.transferred])

lemma finsert-fminusl [simp]: x© |€| B = finsert x A |—| B= A |-| B
by (rule insert-Diff1| Transfer.transferred))

lemma finsert-fminus-single[simp|: finsert a (A |—| {|a|}) = finsert a A
by (rule insert-Diff-single| Transfer.transferred])

lemma finsert-fminus: a |€| A = finsert a (A |—| {|a|}) = 4
by (rule insert-Diff | Transfer.transferred])

lemma fminus-finsert-absorb: z |¢| A = finsert ¢ A |—| {|z|} = A
by (rule Diff-insert-absorb| Transfer.transferred))

lemma fminus-disjoint[simp]: A |N| (B |—| 4) = {||}
by (rule Diff-disjoint| Transfer.transferred))

lemma fminus-partition: A |C| B= A |U| (B|-| A) = B
by (rule Diff-partition| Transfer.transferred))

lemma double-fminus: A |C| B= B|C| C = B |—| (C|-] A) = A
by (rule double-diff | Transfer.transferred])

lemma funion-fminus-cancel[simp]: A |U| (B |-| 4) = A |U| B
by (rule Un-Diff-cancel] Transfer.transferred))
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lemma funion-fminus-cancel2[simp]: B |—| A |U| A = B |U| 4
by (rule Un-Diff-cancel2| Transfer.transferred))

lemma fminus-funion: A |—| (B |U| C) = A |-| B|n| (4 |-] C)
by (rule Diff-Un|Transfer.transferred))

lemma fminus-finter: A |—| (B|N| C) = A |—| B|U| (A |—-] C)
by (rule Diff-Int] Transfer.transferred])

lemma funion-fminus: A |U| B |—| C = A |—| C |U| (B || C)
by (rule Un-Diff| Transfer.transferred))

lemma finter-fminus: A |N| B |—| C = A |N| (B |-| C)
by (rule Int-Diff | Transfer.transferred))

lemma fminus-finter-distrib: C |N| (A |—| B) = C |n| A |—| (C |N| B)
by (rule Diff-Int-distrib| Transfer.transferred))

lemma fminus-finter-distrib2: A |—| B|n| C = A |n| C |-| (B |N] C)
by (rule Diff-Int-distrib2| Transfer.transferred])

lemma fUNIV-bool[no-atp]: fUNIV = {|False, True|}
by (rule UNIV-bool| Transfer.transferred])

lemma fPow-fempty[simp]: fPow {|[} = {|{I[}|}
by (rule Pow-empty| Transfer.transferred])

lemma fPow-finsert: fPow (finsert a A) = fPow A |U]| finsert a || fPow A
by (rule Pow-insert] Transfer.transferred))

lemma funion-fPow-fsubset: fPow A |U| fPow B |C| fPow (A |U| B)
by (rule Un-Pow-subset] Transfer.transferred])

lemma fPow-finter-eq[simp]: fPow (A |N| B) = fPow A |N| fPow B
by (rule Pow-Int-eq| Transfer.transferred))

lemma fset-eq-fsubset: (A = B) = (4 |C| B A B|C| A)
by (rule set-eq-subset| Transfer.transferred))

lemma fsubset-iff [no-atp]: (A || B) = (Vt. ¢t |€] A — t |€| B)
by (rule subset-iff | Transfer.transferred])

lemma fsubset-iff-pfsubset-eq: (A |C| B) = (A |C| BV A = B)
by (rule subset-iff-psubset-eq[ Transfer.transferred))

lemma all-not-fin-conv[simpl: (Vz. z |¢| A) = (4 = {||})
by (rule all-not-in-conv| Transfer.transferred))

lemma ez-fin-conv: (3z. z |€| A) = (4 # {||})
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by (rule ex-in-conv| Transfer.transferred])

lemma fimage-mono: A |C| B= f || A|C|f|1B
by (rule image-mono| Transfer.transferred))

lemma fPow-mono: A |C| B = fPow A |C| fPow B
by (rule Pow-mono| Transfer.transferred))

lemma finsert-mono: C |C| D = finsert a C |C| finsert a D
by (rule insert-mono| Transfer.transferred])

lemma funion-mono: A |C| C = B|C| D= A |U| B|C| C |U| D
by (rule Un-mono|Transfer.transferred))

lemma finter-mono: A |C| C = B|C| D= A |n| B|Z| C |n| D
by (rule Int-mono| Transfer.transferred))

lemma fminus-mono: A |C| C = D |C|B= A|-| BI|C| C|-| D
by (rule Diff-mono| Transfer.transferred])

lemma fin-mono: A |C| B=z|€| A — =z |€| B
by (rule in-mono| Transfer.transferred))

lemma fthe-felem-eq[simp]: fthe-elem {|z|} = =
by (rule the-elem-eq[ Transfer.transferred))

lemma fLeast-mono:

mono f => fBex S (Az. fBall S ((<) z)) = (LEAST y. y |€| f |1 S) =f
(LEAST z. z |€| S)

by (rule Least-mono| Transfer.transferred))

lemma fbind-foind: foind (fbind A B) C = fbind A (Az. fbind (B z) C)
by (rule Set.bind-bind[ Transfer.transferred))

lemma fempty-foind[simpl: foind {||} f = {||}
by (rule empty-bind| Transfer.transferred))

lemma nonfempty-fbind-const: A # {||} = fbind A (A\-. B) = B
by (rule nonempty-bind-const[ Transfer.transferred))

lemma fbind-const: foind A (A-. B) = (if A = {||} then {||} else B)
by (rule bind-const] Transfer.transferred])

lemma ffmember-filter[simp]: (z |€| ffilter P A) = (z |€| A A P x)
by (rule member-filter| Transfer.transferred])

lemma fequalityl: A |C| B= B|C| A= A =B
by (rule equalityl| Transfer.transferred))
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lemma fset-of-list-simps|simp]:

fset-of st || = {|}
fset-of-list (x21 # x222) = finsert 21 (fset-of-list ©22)
by (rule set-simps| Transfer.transferred])+

lemma fset-of-list-append[simp): fset-of-list (zs @ ys) = fset-of-list xs |U| fset-of-list
s
by (rule set-append| Transfer.transferred])

lemma fset-of-list-rev[simp]: fset-of-list (rev xs) = fset-of-list xs
by (rule set-rev[ Transfer.transferred)])

lemma fset-of-list-map[simp]: fset-of-list (map f xzs) = f | fset-of-list xs
by (rule set-map| Transfer.transferred))

29.5 Additional lemmas

29.5.1 ffUnion

lemma [fUnion-funion-distrib[simp|: ffUnion (A |J| B) = ffUnion A |U| ffUnion
B
by (rule Union-Un-distrib] Transfer.transferred])

29.5.2  fbind

lemma fbind-cong[fundef-cong]: A= B= (A\z.z |€| B= fa = gz) = fbind
Af=foind Bg
by transfer force

29.5.3 fsingleton
lemma fsingletonE: b |€| {|a|} = (b = a = thesis) = thesis
by (rule fsingletonD [elim-format])

29.5.4 femepty

lemma fempty-ffilter[simp]: ffilter (A-. False) A = {||}
by transfer auto

lemma femptyE [elim!]: a |€] {||} = P
by simp

29.5.5 fset

lemma fset-simps|simp]:

fset {[} = {}
fset (finsert x X) = insert x (fset X)

by (rule bot-fset.rep-eq finsert.rep-eq)+
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lemma finite-fset [simp):
shows finite (fset S)
by transfer simp

lemmas fset-cong = fset-inject

lemma filter-fset [simp):
shows fset (ffilter P xs) = Collect P N fset xs
by transfer auto

lemma inter-fset[simp): fset (A |N| B) = fset A N fset B
by (rule inf-fset.rep-eq)

lemma union-fset[simp]: fset (A |U| B) = fset A U fset B
by (rule sup-fset.rep-eq)

lemma minus-fset[simpl: fset (A |—| B) = fset A — fset B
by (rule minus-fset.rep-eq)

29.5.6 ffilter

lemma subset-ffilter:
ffilter P A |C| ffilter QA= (N z.2|€|A— Pz — Q)
by transfer auto

lemma eq-ffilter:
(ffilter P A = ffilter Q A) = Vz. 2z |€| A — Pz = Q1)
by transfer auto

lemma pfsubset-ffilter:
Nz.z]€e|] A= Pz= Qz) = (z|€| AN-PzAQz) =
filter P A |C| ffilter @ A
unfolding less-fset-def by (auto simp add: subset-ffilter eq-ffilter)

29.5.7 fset-of-list

lemma fset-of-list-filter[simp]:
fset-of-list (filter P xs) = ffilter P (fset-of-list xs)
by transfer (auto simp: Set.filter-def)

lemma fset-of-list-subset|introl:
set xs C set ys = fset-of-list xs |C| fset-of-list ys
by transfer simp

lemma fset-of-list-elem: (z |€| fset-of-list xs) «— (z € set xs)
by transfer simp

29.5.8 finsert

lemma set-finsert:
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assumes z |€| A
obtains B where A = finsert B and z |¢| B
using assms by transfer (metis Set.set-insert finite-insert)

lemma mk-disjoint-finsert: a |€| A = IB. A = finsert a B A a |¢| B
by (rule ezl [where x = A |—| {|a|}]) blast

lemma finsert-eq-iff:
assumes a |¢| A and b |¢| B
shows (finsert a A = finsert b B) =
(if a = b then A = Belse 3C. A = finsert b C A b|¢| C A B = finsert a C A
a|g| C)

using assms by transfer (force simp: insert-eq-iff)

29.5.9 fimage

lemma subset-fimage-iff: (B |C| f|1A) = (3 AA. AA|C| AN B = f|]AA)
by transfer (metis mem-Collect-eq rev-finite-subset subset-image-iff)

lemma fimage-strict-mono:
assumes inj-on f (fset B) and A |C| B
shows f | 4 |c| | B
— TODO: Configure transfer framework to lift [inj-on ¢f ?B; ?A C ?B] = ?f
?A C ?f ‘ ?B.
proof (rule pfsubsetl)
from <A |C| B> have A |C| B
by (rule pfsubset-imp-fsubset)
thus f |1 A |C| f |1 B
by (rule fimage-mono)
next
from <A |C| B> have A |C| Band A # B
by (simp-all add: pfsubset-eq)

have fset A # fset B
using <A # B)
by (simp add: fset-cong)
hence f ‘ fset A # f ¢ fset B
using <4 |C| B»
by (simp add: inj-on-image-eq-iff [OF <inj-on f (fset B))] less-eq-fset.rep-eq)
hence fsct (f | 4) # fset (f |1 B)
by (simp add: fimage.rep-eq)
thus /|14 # /| B
by (simp add: fset-cong)
qed

29.5.10 bounded quantification

lemma bex-simps [simp, no-atp:
NA P Q. fBex A (Ax. Pz A Q) = (fBex A P A Q)
NA P Q. fBex A (Az. PN Qz) = (P A fBex A Q)
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AP. fBex {||} P = False
Na B P. fBex (finsert a B) P = (P a V fBex B P)
NA P f. fBex (f || A) P = fBex A (\z. P (f z))
NA P. (- fBex A P) = fBall A (Az. = P x)

by auto

lemma ball-simps [simp, no-atp]:
NA P Q. fBall A (Ax. Pz Vv Q) = (fBall A PV Q)
NA P Q. fBall A (Mx. PV Qz) = (P V fBall A Q)
NA P Q. fBall A (A\x. P — Q z) = (P — fBall A Q)
NA P Q. fBall A (M\x. Pz — Q) = (fBex A P — Q)
AP. fBall {||} P = True
Na B P. fBall (finsert a B) P = (P a A fBall B P)
NA P f. fBall (f |1 A) P = fBall A (Az. P (f z))
NA P. (= fBall A P) = fBex A (Az. = P x)

by auto

lemma atomize-fBall:
(Az. z |€| A ==> P z) == Trueprop (fBall A (Az. P x))
by (simp add: Set.atomize-ball)

lemma fBall-mono[mono]: P < @ = fBall S P < fBall § Q
by auto

lemma fBex-mono[monol: P < Q = fBex S P < fBex S @
by auto

end

29.5.11  fecard

lemma feard-fempty:

feard {||} = 0
by transfer (rule card.empty)

lemma fcard-finsert-disjoint:
z |¢| A = feard (finsert © A) = Suc (feard A)

by transfer (rule card-insert-disjoint)

lemma fecard-finsert-if:

feard (finsert x A) = (if = |€| A then fecard A else Suc (fcard A))

by transfer (rule card-insert-if )

lemma fcard-0-eq [simp, no-atp):
feard A = 0 «— A = {||}
by transfer (rule card-0-eq)

lemma feard-Suc-fminust:
z |€] A = Suc (feard (A |—| {|z|})) = feard A

263
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by transfer (rule card-Suc-Diff1)

lemma fecard-fminus-fsingleton:
z |€| A = feard (A |—| {|z|}) = feard A — 1
by transfer (rule card-Diff-singleton)

lemma fcard-fminus-fsingleton-if:
feard (A |—| {|=|}) = (if z |€| A then feard A — 1 else fecard A)
by transfer (rule card-Diff-singleton-if)

lemma feard-fminus-finsert[simp]:

assumes ¢ |€| A and a |¢| B

shows fcard (A |—| finsert a B) = feard (A |—| B) — 1
using assms by transfer (rule card-Diff-insert)

lemma feard-finsert: fecard (finsert x A) = Suc (feard (A |—| {|z|}))

by transfer (rule card.insert-remove)

lemma fcard-finsert-le: feard A < feard (finsert  A)
by transfer (rule card-insert-le)

lemma fcard-mono:
A |C| B = feard A < feard B
by transfer (rule card-mono)

lemma feard-seteq: A |C| B = feard B < feard A — A = B
by transfer (rule card-seteq)

lemma pfsubset-fecard-mono: A |C| B = feard A < fecard B
by transfer (rule psubset-card-mono)

lemma feard-funion-finter:
feard A + feard B = feard (A |J| B) + feard (A |N| B)
by transfer (rule card-Un-Int)

lemma fecard-funion-disjoint:
AN| B = {||} = feard (A |U] B) = feard A + fcard B
by transfer (rule card-Un-disjoint)

lemma fecard-funion-fsubset:
B |C| A = feard (A |—| B) = feard A — feard B
by transfer (rule card-Diff-subset)

lemma diff-fecard-le-fcard-fminus:
feard A — feard B < feard(A |—| B)
by transfer (rule diff-card-le-card-Diff)

lemma feard-fminusi-less: x |€] A = feard (A |—| {|z|}) < feard A
by transfer (rule card-Diff1-less)
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lemma feard-fminus2-less:
z|e| A=y |€| A = feard (A |=| {|z]} |- {ly[}) < feard A
by transfer (rule card-Diff2-less)

lemma fcard-fminusi-le: feard (A |—| {|z|}) < feard A
by transfer (rule card-Diff1-le)

lemma feard-pfsubset: A |C| B = feard A < fecard B— A < B
by transfer (rule card-psubset)

29.5.12 sorted-list-of-fset

lemma sorted-list-of-fset-simps[simp):
set (sorted-list-of-fset S) = fset S
fset-of-list (sorted-list-of-fset S) = S
by (transfer, simp)+

29.5.13  ffold

context comp-fun-commute
begin
lemma ffold-empty[simp]: ffold f z {||} = 2
by (rule fold-empty| Transfer.transferred))

lemma ffold-finsert [simp]:
assumes z |¢| A
shows ffold f z (finsert x A) = fx (ffold f z A)
using assms by (transfer fizing: f) (rule fold-insert)

lemma ffold-fun-left-comm:

fz (ffoldfzA)=ffoldf (fxz) A
by (transfer fizing: f) (rule fold-fun-left-comm)

lemma [fold-finsert2:
z |¢| A = ffold f z (finsert x A) = ffold f (fzz) A
by (transfer fizing: f) (rule fold-insert2)

lemma ffold-rec:
assumes z |€| A
shows ffold fz A = fz (ffold f 2z (4 |—| {|z]}))
using assms by (transfer fixing: f) (rule fold-rec)

lemma [fold-finsert-fremove:
fold f = (finsert z A) = f o (ffold f = (A || {|z]}))
by (transfer fixing: f) (rule fold-insert-remove)
end

lemma ffold-fimage:
assumes inj-on g (fset A)
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shows ffold fz (g | A) = ffold (f o g) z A
using assms by transfer’ (rule fold-image)

lemma ffold-cong:
assumes comp-fun-commute f comp-fun-commute g
Ne.z €| A= fr=g=x
and s=tand A = B
shows ffold f s A = ffold gt B
using assms[unfolded comp-fun-commute-def’]
by transfer (meson Finite-Set.fold-cong subset-UNIV)

context comp-fun-idem
begin

lemma ffold-finsert-idem:

ffold f z (finsert z A) = fz (ffold f z A)
by (transfer fizing: f) (rule fold-insert-idem)

declare ffold-finsert [simp del] ffold-finsert-idem [simp]

lemma ffold-finsert-idem?2:

ffold f z (finsert z A) = ffold f (fzz2) A
by (transfer fizing: f) (rule fold-insert-idem2)

end

29.5.14 (|C|)

lemma wfP-pfsubset: wfP (|C|)
proof (rule wfp-if-convertible-to-nat)
show Az y. z |C| y = feard z < feard y
by (rule pfsubset-feard-mono)
qed

29.5.15 Group operations

locale comm-monoid-fset = comm-monoid
begin

sublocale set: comm-monoid-set ..

lift-definition F :: (b = ’a) = 'b fset = 'a is set.F .

lemma cong|fundef-cong]: A= B = (A\z.z|€| B= gax=hz) = FgA=
FhB
by (rule set.cong[ Transfer.transferred))

lemma cong-simp|[congl:
[A=DB; Nz.zl|€| B=simp=>gax=ha]|=FgA=FhB
unfolding simp-implies-def by (auto cong: cong)
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end

context comm-monoid-add begin

sublocale fsum: comm-monoid-fset plus 0
rewrites comm-monoid-set.F plus 0 = sum
defines fsum = fsum.F

proof —

show comm-monoid-fset (+) 0 by standard

show comm-monoid-set.F () 0 = sum unfolding sum-def ..
qed

end

29.5.16 Semilattice operations

locale semilattice-fset = semilattice
begin

sublocale set: semilattice-set ..
lift-definition F :: ‘a fset = ‘a is set.F .

lemma eg-fold: F (finsert x A) = ffold fx A
by transfer (rule set.eq-fold)

lemma singleton [simp: F {|z|} = z
by transfer (rule set.singleton)

lemma insert-not-elem: z |¢| A = A # {||} = F (finsertt A) =z * F A
by transfer (rule set.insert-not-elem)

lemma in-idem: z |€| A=z« FA=FA
by transfer (rule set.in-idem)

lemma insert [simp]: A # {||} = F (finsert x A) =z x F A
by transfer (rule set.insert)

end

locale semilattice-order-fset = binary?: semilattice-order + semilattice-fset
begin

end

context linorder begin
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sublocale fMin: semilattice-order-fset min less-eq less
rewrites semilattice-set.F' min = Min
defines fMin = fMin.F

proof —
show semilattice-order-fset min (<) (<) by standard

show semilattice-set. F' min = Min unfolding Min-def ..
qed

sublocale fMaz: semilattice-order-fset max greater-eq greater
rewrites semilattice-set.F maxr = Max
defines fMax = fMaz.F
proof —
show semilattice-order-fset maz (>) (>)
by standard

show semilattice-set.F max = Mazx
unfolding Maz-def ..
qed

end

268

lemma mono-fMax-commute: mono f = A # {||} = f (fMazx A) = fMax (f |

A)

by transfer (rule mono-Max-commute)

lemma mono-fMin-commute: mono f = A # {||} = f (fMin A) = fMin (f |

A)

by transfer (rule mono-Min-commute)

lemma fMaz-in[simp]: A # {||} = fMaz A |€] A
by transfer (rule Max-in)

lemma fMin-in[simp]: A # {||} = fMin A |€] A
by transfer (rule Min-in)

lemma fMaz-ge[simp]: z |€] A = = < fMaz A
by transfer (rule Max-ge)

lemma fMin-le[simp]: z |€] A = fMin A < x
by transfer (rule Min-le)

lemma fMaz-eql: (Ny. y|€| A= y<z) =2 |€| A= fMaz A ==z

by transfer (rule Max-eql)

lemma fMin-eql: (N\y. y|€| A= 2<y) =z |€| A= fMin A=z

by transfer (rule Min-eqI)
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lemma fMaz-finsert[simp|: fMazx (finsert x A) = (if A = {||} then x else max x
(fMaz A))

by transfer simp

lemma fMin-finsert[simp]: fMin (finsert  A) = (if A = {||} then z else min x
(fMin A))

by transfer simp
context linorder begin

lemma fset-linorder-maz-induct|case-names fempty finsert]:
assumes P {||}
and AzS. [Vy.ylel S — y<az; PS]= P (finsert z5)
shows P S

proof —

note Domainp-forall-transfer|[transfer-rule)

show ?thesis

using assms by (transfer fixing: less) (auto intro: finite-linorder-maz-induct)
qed

lemma fset-linorder-min-induct|case-names fempty finsert]:
assumes P {||}
and AzS. [Vy.ylel S —y>a; PS) = P (finsert zS)
shows P S

proof —

note Domainp-forall-transfer|[transfer-rule)

show ?thesis

using assms by (transfer fizing: less) (auto intro: finite-linorder-min-induct)
qed

end

29.6 Choice in fsets

lemma fset-choice:
assumes Vz. z |€| A — (3y. Pz y)
shows 3f. Vz. 2z |€| A — Pz (fx)
using assms by transfer metis

29.7 Induction and Cases rules for fsets

lemma fset-exhaust [case-names empty insert, cases type: fset]:
assumes fempty-case: S = {||} = P
and  finsert-case: Nz S'. S = finsert © S' = P
shows P
using assms by transfer blast

lemma fset-induct [case-names empty insert]:
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assumes fempty-case: P {||}
and  finsert-case: Az S. P .S = P (finsert x S)
shows P §

proof —

note Domainp-forall-transfer|[transfer-rule)

show ?thesis

using assms by transfer (auto intro: finite-induct)
qed

lemma fset-induct-stronger [case-names empty insert, induct type: fset]:
assumes empty-fset-case: P {||}
and  insert-fset-case: Nz S. [z |¢| S; P S] = P (finsert x S)
shows P S

proof —

note Domainp-forall-transfer|[transfer-rule)

show ?thesis

using assms by transfer (auto intro: finite-induct)
qed

lemma fset-card-induct:
assumes empty-fset-case: P {||}
and  card-fset-Suc-case: AS T. Suc (fecard S) = (feard T) = P S = P T
shows P S
proof (induct S)
case empty
show P {||} by (rule empty-fset-case)
next
case (insert z )
have h: P S by fact
have z |¢| S by fact
then have Suc (fcard S) = feard (finsert z S)
by transfer auto
then show P (finsert z S)
using h card-fset-Suc-case by simp
qed

lemma fset-strong-cases:
obtains zs = {||}
| ys x where z |¢| ys and xs = finsert x ys
by auto

lemma fset-induct2:

PAIAIL =

(Az zs. z |¢] s = P (finsert z zs) {||}) =

(Ay ys. y |¢| ys = P {|[} (finsert y ys)) —
(Nz zs y ys. [P zs ys; x |&] zs; y |¢] ys] = P (finsert z zs) (finsert y ys)) =
P zsa ysa
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by (induct zsa arbitrary: ysa; metis fset-induct-stronger)

29.8 Lemmas depending on induction

lemma ffUnion-fsubset-iff: ffUnion A |C| B «— fBall A (Az. z |C| B)
by (induction A) simp-all

29.9 Setup for Lifting/Transfer
29.9.1 Relator and predicator properties

lift-definition rel-fset :: (‘a = 'b = bool) = 'a fset = 'b fset = bool is rel-set
parametric rel-set-transfer .

lemma rel-fset-alt-def: rel-fset R = (A B. (Vz.3y. z|€|]A — y|€|B A Rz y)
A (Vy. 3z. yle|B — z|€|A A R z 7))
by transfer’ (metis (no-types, opaque-lifting) rel-set-def)

lemma finite-rel-set:

assumes fin: finite X finite Z

assumes R-S: rel-set (R 00 S) X Z

shows 3 Y. finite Y N rel-set RX Y A rel-set S Y Z
proof —

obtain f g where f: VzeX. Rz (fz) A (32€Z. S (fz) 2)

and ¢: Vz2€Z. S (g2) 2 A (3z€X. Rz (g 2))
using R-S[unfolded rel-set-def OO-def] by metis

let Y =f‘XUg‘Z
have finite ?Y by (simp add: fin)
moreover have rel-set R X ?Y
unfolding rel-set-def
using f g by clarsimp blast
moreover have rel-set S ?Y 7
unfolding rel-set-def
using f g by clarsimp blast
ultimately show ¢thesis by metis
qed

29.9.2 Transfer rules for the Transfer package

Unconditional transfer rules

context includes lifting-syntaz
begin

lemma fempty-transfer [transfer-rule]:

rel-fset A {|[} {l[}
by (rule empty-transfer| Transfer.transferred))

lemma finsert-transfer [transfer-rule]:
(A ===> rel-fset A ===> rel-fset A) finsert finsert
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unfolding rel-fun-def rel-fset-alt-def by blast

lemma funion-transfer [transfer-rule]:
(rel-fset A ===> rel-fset A ===> rel-fset A) funion funion
unfolding rel-fun-def rel-fset-alt-def by blast

lemma [fUnion-transfer [transfer-rule]:
(rel-fset (rel-fset A) ===> rel-fset A) ffUnion ffUnion
unfolding rel-fun-def rel-fset-alt-def by transfer (simp, fast)

lemma fimage-transfer [transfer-rule]:
((A ===> B) ===> rel-fset A ===> rel-fset B) fimage fimage
unfolding rel-fun-def rel-fset-alt-def by simp blast

lemma fBall-transfer [transfer-rule]:
(rel-fset A ===> (A ===> (=)) ===> (=)) fBall fBall
unfolding rel-fset-alt-def rel-fun-def by blast

lemma fBex-transfer [transfer-rule]:
(rel-fset A ===> (A ===> (=)) ===> (=)) fBex fBex
unfolding rel-fset-alt-def rel-fun-def by blast

lemma fPow-transfer [transfer-rule]:
(rel-fset A ===> rel-fset (rel-fset A)) fPow fPow
unfolding rel-fun-def
using Pow-transfer[unfolded rel-fun-def, rule-format, Transfer.transferred)
by blast

lemma rel-fset-transfer [transfer-rulel:
((A ===> B ===> (=)) ===> rel-fset A ===> rel-fset B ===> (=))
rel-fset rel-fset
unfolding rel-fun-def
using rel-set-transfer[unfolded rel-fun-def ,rule-format, Transfer.transferred, where
A= Aand B = B]
by simp

lemma bind-transfer [transfer-rule]:
(rel-fset A ===> (A ===> rel-fset B) ===> rel-fset B) fbind fbind
unfolding rel-fun-def
using bind-transfer[unfolded rel-fun-def, rule-format, Transfer.transferred] by
blast

Rules requiring bi-unique, bi-total or right-total relations

lemma fmember-transfer [transfer-rule]:
assumes bi-unique A
shows (A ===> rel-fset A ===> (=)) (|€]) (|€])
using assms unfolding rel-fun-def rel-fset-alt-def bi-unique-def by metis
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lemma finter-transfer [transfer-rule]:

assumes bi-unique A

shows (rel-fset A ===> rel-fset A ===> rel-fset A) finter finter

using assms unfolding rel-fun-def

using inter-transfer[unfolded rel-fun-def, rule-format, Transfer.transferred] by
blast

lemma fminus-transfer [transfer-rulel:

assumes bi-unique A

shows (rel-fset A ===> rel-fset A ===> rel-fset A) (|-|) (|-])

using assms unfolding rel-fun-def

using Diff-transfer[unfolded rel-fun-def, rule-format, Transfer.transferred] by
blast

lemma fsubset-transfer [transfer-rule]:

assumes bi-unique A

shows (rel-fset A ===> rel-fset A ===> (=)) (|<]) (<))

using assms unfolding rel-fun-def

using subset-transfer[unfolded rel-fun-def, rule-format, Transfer.transferred] by
blast

lemma fSup-transfer [transfer-rulel:
bi-unique A = (rel-set (rel-fset A) ===> rel-fset A) Sup Sup
unfolding rel-fun-def
apply clarify
apply transfer’
using Sup-fset-transfer[unfolded rel-fun-def] by blast

lemma fInf-transfer [transfer-rule]:
assumes bi-unique A and bi-total A
shows (rel-set (rel-fset A) ===> rel-fset A) Inf Inf
using assms unfolding rel-fun-def
apply clarify
apply transfer’
using Inf-fset-transfer[unfolded rel-fun-def] by blast

lemma ffilter-transfer [transfer-rule]:
assumes bi-unique A
shows ((4 ===> (=)) ===> rel-fset A ===> rel-fset A) ffilter ffilter
using assms Lifting-Set.filter-transfer
unfolding rel-fun-def by (metis ffilter.rep-eq rel-fset.rep-eq)

lemma card-transfer [transfer-rule]:
bi-unique A = (rel-fset A ===> (=)) fcard feard
using card-transfer unfolding rel-fun-def
by (metis fecard.rep-eq rel-fset.rep-eq)
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end

lifting-update fset.lifting
lifting-forget fset.lifting

29.10 BNF setup

context
includes fset.lifting
begin

lemma rel-fset-alt:

rel-fset R a b +— (Vt € fset a. Ju € fset b. Rt u) A (Vt € fset b. Ju € fset a.
Rut)

by transfer (simp add: rel-set-def)

lemma fset-to-fset: finite A = fset (the-inv fset A) = A
by (metis Collectl f-the-inv-into-f fset-cases fset-cong inj-onl rangel)

lemma rel-fset-auz:

(Vt € fset a. Ju € fset b. Rt u) A (Vu € fset b. 3¢ € fset a. R t u) <—
((BNF-Def.Grp {a. fset a C {(a, b). R a b}} (fimage fst))~171 0O
BNF-Def.Grp {a. fset a C {(a, b). R a b}} (fimage snd)) a b (is ?L = ?R)

proof
assume ?L
define R’ where R’ =

the-inv fset (Collect (case-prod R) N (fset a x fset b)) (is - = the-inv fset ?L’)
have finite ?L’ by (intro finite-Int[OF disjI2] finite-cartesian-product) (transfer,
sitmp)—+
hence *: fset R’ = ?L’ unfolding R’-def by (intro fset-to-fset)
show ?R unfolding Grp-def relcompp.simps conversep.simps
proof (intro Collect] case-prodl exl[of - a] exI[of - b] exI[of - R'] conjI refl)
from x show a = fimage fst R’ using conjunct! [OF «?L))
by (transfer, auto simp add: image-def Int-def split: prod.splits)
from * show b = fimage snd R’ using conjunct2[OF <?L»]
by (transfer, auto simp add: image-def Int-def split: prod.splits)
qed (auto simp add: x)

next
assume ?R thus ?L unfolding Grp-def relcompp.simps conversep.simps

using Product-Type. Collect-case-prodD by blast

qged

bnf ’a fset
map: fimage
sets: fset
bd: natLeq
wits: {]|}

rel: rel-fset
apply —
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apply transfer’ apply simp
apply transfer’ apply force
apply transfer apply force
apply transfer’ apply force
apply (rule natLeg-card-order)
apply (rule natLeg-cinfinite)
apply (rule reqularCard-natLeq)
apply transfer apply (metis finite-iff-ordLess-natLeq)
apply (fastforce simp: rel-fset-alt)
apply (simp add: Grp-def relcompp.simps conversep.simps fun-eq-iff rel-fset-alt
rel-fset-auz[unfolded OO-Grp-alt))
apply transfer apply simp
done

lemma rel-fset-fset: rel-set x (fset A1) (fset A2) = rel-fset x A1 A2
by (simp add: rel-fset.rep-eq)

end

declare
fset.map-comp|simp]
fset.map-id[simp]
fset.set-map|simp)

29.11 Size setup

context includes fset.lifting

begin

lift-definition size-fset :: (‘a = nat) = 'a fset = nat is A\f. sum (Suc o f) .
end

instantiation fset :: (type) size
begin
definition size-fset where
size-fset-overloaded-def: size-fset = FSet.size-fset (A-. 0)
instance ..
end

lemma size-fset-simps[simp|: size-fset f X = (3 z € fset X. Suc (f z))
by (rule size-fset-def[ THEN meta-eq-to-obj-eq, THEN fun-cong, THEN fun-cong,
unfolded map-fun-def comp-def id-apply])

lemma size-fset-overloaded-simps[simp]: size X = (D> x € fset X. Suc 0)
by (rule size-fset-simps[of A-. 0, unfolded add-0-left add-0-right,
folded size-fset-overloaded-def])

lemma fset-size-o-map: inj f = size-fset g o fimage f = size-fset (g o f)
unfolding fun-eq-iff
by (simp add: inj-def inj-onl sum.reindex)
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setup <«

BNF-LFP-Size.register-size-global type-name <fset) const-name <size-fset»
@{thm size-fset-overloaded-def } Q{thms size-fset-simps size-fset-overloaded-simps}
Q@Q{thms fset-size-o-map}

)

lifting-update fset.lifting
lifting-forget fset.lifting

29.12 Advanced relator customization

Set vs. sum relators:

lemma rel-set-rel-sum[simp]:
rel-set (rel-sum x @) Al A2 +—
rel-set x (Inl —* A1) (Inl —* A2) A rel-set ¢ (Inr —“ A1) (Inr —° A2)
(is ?L «— ?RI A ?Rr)
proof safe
assume L: ?L
show 7RIl unfolding rel-set-def Bex-def vimage-eq proof safe
fix {1 assume Inlll € Al
then obtain a2 where a2: a2 € A2 and rel-sum x ¢ (Inl 1) a2
using L unfolding rel-set-def by auto
then obtain /2 where a2 = Inl [2 A x 1 12 by (cases a2, auto)
thus 3 12. Inl 12 € A2 A x l1 I2 using a2 by auto
next
fix 2 assume Inl 12 € A2
then obtain a! where al: al € Al and rel-sum x ¢ al (Inl 12)
using L unfolding rel-set-def by auto
then obtain /1 where af = Inl 11 A x 11 12 by (cases al, auto)
thus 3 l1. Inll1 € A1 A x I 12 using al by auto
qged
show ?Rr unfolding rel-set-def Bex-def vimage-eq proof safe
fix r1 assume Inrri € Al
then obtain a2 where a2: a2 € A2 and rel-sum x ¢ (Inr 1) a2
using L unfolding rel-set-def by auto
then obtain r2 where a2 = Inr r2 A ¢ r1 2 by (cases a2, auto)
thus 3 72. Inr 2 € A2 A ¢ r1 r2 using a2 by auto
next
fix r2 assume Inr r2 € A2
then obtain a! where al: al € Al and rel-sum x ¢ al (Inr r2)
using L unfolding rel-set-def by auto
then obtain r! where al = Inr rl A ¢ r1 12 by (cases al, auto)
thus 3 r1. Inr r1 € A1 A ¢ r1 r2 using al by auto
qed
next
assume RIl: ?Rl and Rr: ?Rr
show ?L unfolding rel-set-def Bex-def vimage-eq proof safe
fix al assume al: al € Al
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show 3 a2. a2 € A2 A rel-sum x ¢ al a2

proof(cases al)
case (Inl l1) then obtain I2 where Inl [2 € A2 A x 112
using Rl a1 unfolding rel-set-def by blast
thus ?thesis unfolding Inl by auto

next
case (Inr rl) then obtain 72 where Inr 12 € A2 A ¢ 11 12
using Rr al unfolding rel-set-def by blast
thus ?thesis unfolding Inr by auto

qed

next

fix a2 assume a2: a2 € A2

show 3 al. al € A1 A rel-sum x ¢ al a2

proof(cases a2)
case (Inl [2) then obtain I1 where Inl [l € A1 A x 1112
using Rl a2 unfolding rel-set-def by blast
thus ?thesis unfolding Inl by auto

next
case (Inr r2) then obtain 7! where Inrri € A1 A ¢ 11 12
using Rr a2 unfolding rel-set-def by blast
thus “thesis unfolding Inr by auto

qed

qed
qed

29.12.1 Countability

lemma exists-fset-of-list: I xs. fset-of-list xs = S
including fset.lifting
by transfer (rule finite-list)

lemma fset-of-list-surj[simp, intro]: surj fset-of-list
by (metis exists-fset-of-list surj-def)

instance fset :: (countable) countable
proof
obtain to-nat :: ‘a list = nat where inj to-nat
by (metis ex-inj)
moreover have inj (inv fset-of-list)
using fset-of-list-surj by (rule surj-imp-inj-inv)
ultimately have inj (to-nat o inv fset-of-list)
by (rule inj-compose)
thus 3 to-nat::'a fset = nat. inj to-nat
by auto
qed

29.13 Quickcheck setup
Setup adapted from sets.
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notation Quickcheck-Erhaustive.orelse (infixr <orelser 55)

context
includes term-syntax
begin

definition [code-unfold]:
valterm-femptyset = Code-Evaluation.valtermify ({||} :: ('a :: typerep) fset)

definition [code-unfold):
valtermify-finsert © s = Code-Evaluation.valtermify finsert {-} (z :: (‘a :: typerep *

) {}s
end

instantiation fset :: (ezhaustive) exhaustive
begin

fun ezhaustive-fset where

exhaustive-fset f i = (if i = 0 then None else (f {||} orelse exhaustive-fset (AA. f
A orelse Quickcheck-Erhaustive.exhaustive (\x. if x |€| A then None else f (finsert

z A) (i — 1)) (i — 1))
instance ..
end

instantiation fset :: (full-exhaustive) full-exhaustive
begin

fun full-exhaustive-fset where

full-ezhaustive-fset f i = (if i = 0 then None else (f valterm-femptyset orelse
full-ezhaustive-fset (AA. f A orelse Quickcheck- Exhaustive.full-ezhaustive (Az. if
fst z |€| fst A then None else f (valtermify-finsert x A)) (i — 1)) (i — 1)))
instance ..

end

no-notation Quickcheck-Ezhaustive.orelse (infixr <orelser 55)

instantiation fset :: (random) random
begin

context
includes state-combinator-syntax

begin

fun random-aua-fset :: natural = natural = natural x natural = ('a fset x (unit
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= term)) X natural x natural where
random-auz-fset 0§ = Quickcheck-Random.collapse (Random.select-weight [(1, Pair
valterm-femptyset)]) |
random-auz-fset (Code-Numeral.Suc 1) j =
Quickcheck-Random.collapse (Random.select-weight
[(1, Pair valterm-femptyset),
(Code-Numeral.Suc i,
Quickcheck-Random.random j o— (Az. random-auz-fset i j o— (As. Pair

(valtermify-finsert x s))))])

lemma [code]:
random-aux-fset i j =
Quickcheck-Random.collapse (Random.select-weight [(1, Pair valterm-femptyset),
(i, Quickcheck-Random.random j o— (Ax. random-auz-fset (i — 1) j o— (As.
Pair (valtermify-finsert x s))))])
proof (induct i rule: natural.induct)
case zero
show ?case by (subst select-weight-drop-zero[symmetric]) (simp add: less-natural-def)
next
case (Suc 17)
show ?case by (simp only: random-auz-fset.simps Suc-natural-minus-one)
qged

definition random-fset i = random-auz-fset ¢ ¢
instance ..
end

end

29.14 Code Generation Setup

The following code-unfold lemmas are so the pre-processor of the code gen-
erator will perform conversions like, e.g., (z |€| f | fset-of-list xs) = (z € f
‘ set xs).

declare
ffilter.rep-eq|code-unfold)
fimage.rep-eq|code-unfold)
finsert.rep-eq|code-unfold]
fset-of-list.rep-eq[code-unfold)
inf-fset.rep-eq[code-unfold)
minus-fset.rep-eq|[code-unfold)
sup-fset.rep-eq|code-unfold]
uminus-fset.rep-eq|code-unfold]

end
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30 Type of finite maps defined as a subtype of
maps

theory Finite-Map
imports FSet AList Conditional-Parametricity
abbrevs (= = C;

begin

30.1 Auxiliary constants and lemmas over map

parametric-constant map-add-transfer|[transfer-rule]: map-add-def
parametric-constant map-of-transfer|transfer-rule]: map-of-def

context includes lifting-syntar begin

abbreviation rel-map :: ("6 = ‘¢ = bool) = ('a = 'b) = ("a — '¢) = bool where
rel-map f = (=) ===> rel-option f

lemma ran-transfer|[transfer-rule]: (rel-map A ===> rel-set A) ran ran
proof
fix mn
assume rel-map A m n
show rel-set A (ran m) (ran n)
proof (rule rel-setl)
fix »
assume z € ran m
then obtain a¢ where m a = Some z
unfolding ran-def by auto

have rel-option A (m a) (n a)
using (rel-map A m n»
by (auto dest: rel-funD)

then obtain y where n a = Some y A z y
unfolding (m a = -
by cases auto

then show Jy € rann. Az y
unfolding ran-def by blast

next

fix y

assume y € ran n

then obtain a where n a = Some y
unfolding ran-def by auto

have rel-option A (m a) (n a)
using <rel-map A m n»
by (auto dest: rel-funD)
then obtain z where m a = Some z A x y
unfolding n a = -
by cases auto
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then show 3z € ran m. Az y
unfolding ran-def by blast
qed
qed

lemma ran-alt-def: ran m = (the o m) ‘ dom m
unfolding ran-def dom-def by force

parametric-constant dom-transfer(transfer-rule]: dom-def

definition map-upd :: 'a = 'b = (‘a — 'b) = (‘a — 'b) where
map-upd kv m = m(k — v)

parametric-constant map-upd-transfer|[transfer-rule]: map-upd-def

definition map-filter :: ('a = bool) = (‘a — 'b) = (‘a — 'b) where
map-filker P m = (Az. if P x then m x else None)

parametric-constant map-filter-transfer|transfer-rule]: map-filter-def

lemma map-filter-map-of [simp]: map-filter P (map-of m) = map-of [(k, -) + m.
Pk
proof
fix z
show map-filter P (map-of m) x = map-of [(k, -) + m. P k] x
by (induct m) (auto simp: map-filter-def)
qged

lemma map-filter-finite[intro]:
assumes finite (dom m)
shows finite (dom (map-filter P m))
proof —
have dom (map-filter P m) = Set.filter P (dom m)
unfolding map-filter-def Set.filter-def dom-def
by auto
then show ?thesis
using assms
by (simp add: Set.filter-def)
qed

definition map-drop :: ‘a = (‘la = 'b) = (‘a — 'b) where
map-drop a = map-filter (Aa'. o’ # a)

parametric-constant map-drop-transfer(transfer-rule]: map-drop-def

definition map-drop-set :: 'a set = (‘a = 'b) = (‘a — 'b) where
map-drop-set A = map-filter (Aa. a ¢ A)

parametric-constant map-drop-set-transfer|transfer-rule]: map-drop-set-def
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definition map-restrict-set :: 'a set = (‘a — 'b) = (‘a — 'b) where
map-restrict-set A = map-filter (Aa. a € A)

parametric-constant map-restrict-set-transfer[transfer-rule]: map-restrict-set-def

definition map-pred :: (‘a = 'b = bool) = (‘a — 'b) = bool where
map-pred P m «— (Vz. case m = of None = True | Some y = P x y)

parametric-constant map-pred-transfer|[transfer-rule]: map-pred-def

definition rel-map-on-set :: 'a set = ('b = 'c = bool) = (Ya — 'b) = (Ya — '¢)
= bool where
rel-map-on-set S P = eq-onp (Az. x € §) ===> rel-option P

definition set-of-map :: ('a = 'b) = (‘a x 'b) set where
set-of-map m = {(k, v)|k v. m k = Some v}

lemma set-of-map-alt-def: set-of-map m = (Ak. (k, the (m k))) ‘ dom m
unfolding set-of-map-def dom-def
by auto

lemma set-of-map-finite: finite (dom m) = finite (set-of-map m)
unfolding set-of-map-alt-def
by auto

lemma set-of-map-ingj: inj set-of-map
proof
fix x y
assume set-of-map © = set-of-map y
hence (z a = Some b) = (y a = Some b) for a b
unfolding set-of-map-def by auto
hence z k = y k for k
by (metis not-None-eq)
thus z =y ..
qed

lemma dom-comp: dom (m o, n) C dom n
unfolding map-comp-def dom-def
by (auto split: option.splits)

lemma dom-comp-finite: finite (dom n) = finite (dom (map-comp m n))
by (metis finite-subset dom-comp)

parametric-constant map-comp-transfer|transfer-rule]: map-comp-def

end
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30.2 Abstract characterisation

typedef (‘a, 'b) fmap = {m. finite (dom m)} :: (‘a — 'b) set
morphisms fmlookup Abs-fmap
proof
show Map.empty € {m. finite (dom m)}
by auto
qed

setup-lifting type-definition-fmap

lemma dom-fmlookup-finitelintro, simp|: finite (dom (fmlookup m))
using fmap.fmlookup by auto

lemma fmap-ext:
assumes Az. fmlookup m x = fmlookup n
shows m = n

using assms

by transfer’ auto

30.3 Operations

context
includes fset.lifting
begin

lift-definition fmran :: (‘a, 'b) fmap = 'b fset
is ran
parametric ran-transfer

by (rule finite-ran)

lemma fmlookup-ran-iff: y |€| fmran m <— (. fmlookup m z = Some y)
by transfer’ (auto simp: ran-def)

lemma frranl: fmlookup m © = Some y = y |€| fmran m by (auto simp: fm-
lookup-ran-iff)

lemma fmranE[elim]:

assumes y |€| fmran m

obtains z where fmlookup m x = Some y
using assms by (auto simp: fmlookup-ran-iff)

lift-definition fmdom :: (‘a, 'b) fmap = 'a fset
is dom
parametric dom-transfer

lemma fmlookup-dom-iff: x |€| fmdom m +— (Ja. fmlookup m x = Some a)
by transfer’ auto
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lemma fmdom-notl: fmlookup m x = None = z |¢| fmdom m by (simp add:
fmlookup-dom-iff)

lemma fmdomlI: fmlookup m © = Some y = z |€| fmdom m by (simp add:
fmlookup-dom-iff)

lemma fmdom-notD[dest]: © |¢| fmdom m = fmlookup m x = None by (simp
add: fmlookup-dom-iff)

lemma fmdomE|[elim]:

assumes z |€| fmdom m

obtains y where fmlookup m x = Some y
using assms by (auto simp: fmlookup-dom-iff)

lift-definition fmdom’ :: (‘a, 'b) fmap = 'a set
is dom
parametric dom-transfer

lemma fmlookup-dom’-iff: x € fmdom’ m +— (3 a. fmlookup m z = Some a)
by transfer’ auto

lemma fmdom’-notl: fmlookup m x = None = = ¢ fmdom’ m by (simp add:
fmlookup-dom’-iff)

lemma fmdom'I: fmlookup m © = Some y = x € fmdom’ m by (simp add:
fmlookup-dom’-iff)

lemma fmdom’-notD|dest]: © ¢ fmdom’ m = fmlookup m x = None by (simp
add: fmlookup-dom’-iff)

lemma fmdom'E[elim]:

assumes z € fmdom’ m

obtains z y where fmlookup m x = Some y
using assms by (auto simp: fmlookup-dom’-iff)

lemma fmdom’-alt-def: fmdom’ m = fset (fmdom m)
by transfer’ force

lemma finite-fmdom'[simp): finite (fmdom’ m)
unfolding fmdom’-alt-def by simp

lemma dom-fmlookup[simp]: dom (fmlookup m) = fmdom’ m
by transfer’ simp

lift-definition fmempty :: (‘a, 'b) fmap
is Map.empty
by simp

lemma fmempty-lookup[simp]: fmlookup fmempty x = None
by transfer’ simp

lemma fmdom-empty[simp]: fmdom fmempty = {||} by transfer’ simp
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lemma fmdom/’-empty[simp]: fmdom’ fmempty = {} by transfer’ simp
lemma fmran-empty[simp|: fmran fmempty = fempty by transfer’ (auto simp:
ran-def map-filter-def)

lift-definition fmupd :: 'a = 'b = (‘a, 'b) fmap = (‘a, 'b) fmap
is map-upd
parametric map-upd-transfer

unfolding map-upd-def|[abs-def]

by simp

lemma fmupd-lookup[simp]: fmlookup (fmupd a b m) o’ = (if a = a’ then Some b
else fmlookup m a’)
by transfer’ (auto simp: map-upd-def)

lemma fmdom-fmupd[simp]: fmdom (fmupd a b m) = finsert a (fmdom m) by
transfer (simp add: map-upd-def)
lemma fmdom’-fmupd[simp]: fmdom’ (fmupd a b m) = insert a (fmdom’ m) by
transfer (simp add: map-upd-def)

lemma fmupd-reorder-neq:

assumes g # b

shows fmupd a = (fmupd b y m) = fmupd b y (fmupd a x m)
using assms
by transfer’ (auto simp: map-upd-def)

lemma fmupd-idem[simp]: fmupd a z (fmupd a y m) = fmupd a x m
by transfer’ (auto simp: map-upd-def)

lift-definition fmfilter :: (‘a = bool) = ('a, 'b) fmap = ('a, 'b) fmap
is map-filter
parametric map-filter-transfer

by auto

lemma fmdom-filter[simpl: fmdom (fmfilter P m) = ffilter P (fmdom m)
by transfer’ (auto simp: map-filter-def Set.filter-def split: if-splits)

lemma fmdom/’-filter[simp]: fmdom’ (fmfilter P m) = Set.filter P (fmdom’ m)
by transfer’ (auto simp: map-filter-def Set.filter-def split: if-splits)

lemma fmlookup-filter[simpl: fmlookup (fmfilter P m) = = (if P x then fmlookup
m z else None)
by transfer’ (auto simp: map-filter-def)

lemma fmfilter-empty[simp|: fmfilter P fmempty = fmempty
by transfer’ (auto simp: map-filter-def)

lemma fmfilter-true[simpl:
assumes Az y. fmlookup m x = Some y = Pz
shows fmfilter P m = m
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proof (rule fmap-ext)
fix z
have fmlookup m x = None if - P x
using that assms by fastforce
then show fmlookup (fmfilter P m) x = fmlookup m x
by simp
qed

lemma fmfilter-false[simpl:
assumes Az y. fmlookup m x = Some y = -~ Pz
shows fmfilter P m = fmempty

using assms by transfer’ (fastforce simp: map-filter-def)

lemma fmfilter-comp|[simpl: fmfilter P (fmfilter Q@ m) = fmfilter (Az. Pz A Q z)
m
by transfer’ (auto simp: map-filter-def)

lemma fmfilter-comm: fmfilter P (fmfilter Q m) = fmfilter @ (fmfilter P m)
unfolding fmfilter-comp by meson

lemma fmfilter-cong|cong]:
assumes Az y. fmlookup m z = Some y = Pz = Q z
shows fmfilter P m = fmfilter Q m
proof (rule fmap-ext)
fix z
have fmlookup m x = None if Pz # Q x
using that assms by fastforce
then show fmlookup (fmfilter P m) x = fmlookup (fmfilter @ m)
by auto
qed

lemma fmfilter-cong’[fundef-cong]:
assumes m = n A\z. z € fmdom’ m = Pz = Qz
shows fmfilter P m = fmfilter Q n

using assms(2) unfolding assms(1)

by (rule fmfilter-cong) (metis fmdom’I)

lemma fmfilter-upd|simp):

fmfilter P (fmupd x y m) = (if P x then fmupd x y (fmfilter P m) else fmfilter P
m)
by transfer’ (auto simp: map-upd-def map-filter-def)

lift-definition fmdrop :: 'a = ('a, 'b) fmap = (‘a, 'b) fmap
is map-drop
parametric map-drop-transfer

unfolding map-drop-def by auto

lemma fmdrop-lookup[simp]: fmlookup (fmdrop a m) a = None
by transfer’ (auto simp: map-drop-def map-filter-def)
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lift-definition fmdrop-set :: ‘a set = (‘a, 'b) fmap = ('a, 'b) fmap
is map-drop-set
parametric map-drop-set-transfer

unfolding map-drop-set-def by auto

lift-definition fmdrop-fset :: 'a fset = ('a, 'b) fmap = (‘a, 'b) fmap
is map-drop-set
parametric map-drop-set-transfer

unfolding map-drop-set-def by auto

lift-definition fmrestrict-set :: ‘a set = (‘a, 'b) fmap = ('a, 'b) fmap
is map-restrict-set
parametric map-restrict-set-transfer

unfolding map-restrict-set-def by auto

lift-definition fmrestrict-fset :: 'a fset = (‘a, 'b) fmap = (‘a, 'b) fmap
is map-restrict-set
parametric map-restrict-set-transfer

unfolding map-restrict-set-def by auto

lemma fmfilter-alt-defs:
fmdrop a = fmfilter (Aa'. a’ # a)
fmdrop-set A = fmfilter (Aa. a ¢ A)
fmdrop-fset B = fmfilter (Aa. a |¢| B)
fmrestrict-set A = fmfilter (Aa. a € A)
fmrestrict-fset B = fmfilter (Aa. a |€| B)
by (transfer’; simp add: map-drop-def map-drop-set-def map-restrict-set-def )+

lemma fmdom-drop[simp]: fmdom (fmdrop a m) = fmdom m — {|a|} unfolding
fmfilter-alt-defs by auto

lemma fmdom’-drop[simp]: fmdom’ (fmdrop a m) = fmdom’ m — {a} unfolding
fmfilter-alt-defs by auto

lemma fmdom’'-drop-set|[simp|: fmdom’ (fmdrop-set A m) = fmdom’ m — A un-
folding fmfilter-alt-defs by auto

lemma fmdom-drop-fset[simp|: fmdom (fmdrop-fset A m) = fmdom m — A un-
folding fmfilter-alt-defs by auto

lemma fmdom’-restrict-set: fmdom’ (fmrestrict-set A m) C A unfolding fmfil-
ter-alt-defs by auto

lemma fmdom-restrict-fset: fmdom (fmrestrict-fset A m) |C| A unfolding fmfil-
ter-alt-defs by auto

lemma fmdrop-fmupd: fmdrop z (fmupd y z m) = (if © = y then fmdrop x m else
fmupd y z (fmdrop z m))
by transfer’ (auto simp: map-drop-def map-filter-def map-upd-def)

lemma fmdrop-idle: z |¢| fmdom B = fmdrop x B = B
by transfer’ (auto simp: map-drop-def map-filter-def)
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lemma fmdrop-idle”: z ¢ fmdom’ B = fmdrop x B = B
by transfer’ (auto simp: map-drop-def map-filter-def)

lemma fmdrop-fmupd-same: fmdrop z (fmupd x y m) = fmdrop x m
by transfer’ (auto simp: map-drop-def map-filter-def map-upd-def)

lemma fmdom/’-restrict-set-precise: fmdom’ (fmrestrict-set A m) = fmdom’ m N
A
unfolding fmfilter-alt-defs by auto

lemma fmdom’-restrict-fset-precise: fmdom (fmrestrict-fset A m) = fmdom m |N|
A
unfolding fmfilter-alt-defs by auto

lemma fmdom’-drop-fset[simp]: fmdom’ (fmdrop-fset A m) = fmdom’ m — fset A
unfolding fmfilter-alt-defs by transfer’ (auto simp: map-filter-def split: if-splits)

lemma fmdom/’-restrict-fset: fmdom’ (fmrestrict-fset A m) C fset A
unfolding fmfilter-alt-defs by transfer’ (auto simp: map-filter-def)

lemma fmlookup-drop[simp]:
fmlookup (fmdrop a m) z = (if x # a then fmlookup m x else None)
unfolding fmfilter-alt-defs by simp

lemma fmlookup-drop-set[simp]:
fmlookup (fmdrop-set A m) x = (if x ¢ A then fmlookup m x else None)
unfolding fmfilter-alt-defs by simp

lemma fmlookup-drop-fset[simp]:
fmlookup (fmdrop-fset A m) x = (if x |¢| A then fmlookup m z else None)
unfolding fmfilter-alt-defs by simp

lemma fmlookup-restrict-set[simp]:
fmlookup (fmrestrict-set A m) z = (if x € A then fmlookup m z else None)
unfolding fmfilter-alt-defs by simp

lemma fmlookup-restrict-fset]simp):
fmlookup (fmrestrict-fset A m) xz = (if x |€| A then fmlookup m z else None)
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-set-dom[simp|: fmrestrict-set (fmdom’ m) m = m
by (rule fmap-ext) auto

lemma fmrestrict-fset-dom[simp|: fmrestrict-fset (fmdom m) m = m
by (rule fmap-ext) auto

lemma fmdrop-empty[simp|: fmdrop a fmempty = fmempty
unfolding fmfilter-alt-defs by simp
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lemma fmdrop-set-empty[simpl: fmdrop-set A fmempty = fmempty
unfolding fmfilter-alt-defs by simp

lemma fmdrop-fset-empty[simp|: fmdrop-fset A fmempty = fmempty
unfolding fmfilter-alt-defs by simp

lemma fmdrop-fset-fmdom|[simp]: fmdrop-fset (fmdom A) A = fmempty
by transfer’ (auto simp: map-drop-set-def map-filter-def)

lemma fmdrop-set-fmdom[simp]: fmdrop-set (fmdom’ A) A = fmempty
by transfer’ (auto simp: map-drop-set-def map-filter-def)

lemma fmrestrict-set-empty[simpl: fmrestrict-set A fmempty = fmempty
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-fset-empty[simp|: fmrestrict-fset A fmempty = fmempty
unfolding fmfilter-alt-defs by simp

lemma fmdrop-set-null[simp]: fmdrop-set {} m = m
by (rule fmap-ext) auto

lemma fmdrop-fset-null[simpl: fmdrop-fset {||} m = m
by (rule fmap-ext) auto

lemma fmdrop-set-single[simp|: fmdrop-set {a} m = fmdrop a m
unfolding fmfilter-alt-defs by simp

lemma fmdrop-fset-single[simp|: fmdrop-fset {|a|} m = fmdrop a m
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-set-null[simp]: fmrestrict-set {} m = fmempty
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-fset-null[simpl: fmrestrict-fset {||} m = fmempty
unfolding fmfilter-alt-defs by simp

lemma fmdrop-comm: fmdrop a (fmdrop b m) = fmdrop b (fmdrop a m)
unfolding fmfilter-alt-defs by (rule fmfilter-comm)

lemma fmdrop-set-insert[simp|: fmdrop-set (insert x S) m = fmdrop = (fmdrop-set
S m)
by (rule fmap-ext) auto

lemma fmdrop-fset-insert[simpl: fmdrop-fset (finsert x .S) m = fmdrop x (fmdrop-fset
S m)
by (rule fmap-ext) auto

lemma fmrestrict-set-twice[simp): fmrestrict-set S (fmrestrict-set T m) = fmre-
strict-set (S N T) m
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unfolding fmfilter-alt-defs by auto

lemma fmrestrict-fset-twice[simp|: fmrestrict-fset S (fmrestrict-fset T m) = fmre-
strict-fset (S |N| T) m
unfolding fmfilter-alt-defs by auto

lemma fmrestrict-set-drop[simp|: fmrestrict-set S (fmdrop b m) = fmrestrict-set

(5 —{b}) m

unfolding fmfilter-alt-defs by auto

lemma fmrestrict-fset-drop[simp|: fmrestrict-fset S (fmdrop b m) = fmrestrict-fset

(S =A{lb[}) m

unfolding fmfilter-alt-defs by auto

lemma fmdrop-fmrestrict-set[simp]: fmdrop b (fmrestrict-set S m) = fmrestrict-set

(5 —{b}) m

by (rule fmap-ext) auto

lemma fmdrop-fmrestrict-fset[simp|: fmdrop b (fmrestrict-fset S m) = fmrestrict-fset

(5 =Alb[})m

by (rule fmap-ext) auto

lemma fmdrop-idem[simp]: fmdrop a (fmdrop a m) = fmdrop a m
unfolding fmfilter-alt-defs by auto

lemma fmdrop-set-twice[simp|: fmdrop-set S (fmdrop-set T m) = fmdrop-set (S U
T) m
unfolding fmfilter-alt-defs by auto

lemma fmdrop-fset-twice[simp|: fmdrop-fset S (fmdrop-fset T m) = fmdrop-fset (S
U] T) m
unfolding fmfilter-alt-defs by auto

lemma fmdrop-set-fmdrop[simp]: fmdrop-set S (fmdrop b m) = fmdrop-set (insert
bS)m
by (rule fmap-ext) auto

lemma fmdrop-fset-fmdrop[simp]: fmdrop-fset S (fmdrop b m) = fmdrop-fset (finsert
bS)m
by (rule fmap-ext) auto

lift-definition fmadd :: (‘a, 'b) fmap = (‘a, 'b) fmap = (‘a, 'b) fmap (infixl
(++5> 100)

is map-add

parametric map-add-transfer

by simp

lemma fmlookup-add[simp]:
fmlookup (m ++; n) ¢ = (if  |€| fmdom n then fmlookup n z else fmlookup m
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z)

by transfer’ (auto simp: map-add-def split: option.splits)

lemma fmdom-add[simp]: fmdom (m ++f n) = fmdom m |U| fmdom n by trans-
fer’ auto
lemma fmdom’-add[simp]: fmdom’ (m ++; n) = fmdom’ m U fmdom’ n by trans-
fer’ auto

lemma fmadd-drop-left-dom: fmdrop-fset (fmdom n) m ++5 n=m ++¢ n
by (rule fmap-ext) auto

lemma fmadd-restrict-right-dom: fmrestrict-fset (fmdom n) (m ++j5 n) = n
by (rule fmap-ext) auto

lemma fmfilter-add-distrib[simp): fmfilter P (m ++f n) = fmfilter P m ++; fm-
filter P n
by transfer’ (auto simp: map-filter-def map-add-def)

lemma fmdrop-add-distrib[simp): fmdrop a (m ++¢ n) = fmdrop a m ++¢ fmdrop
an
unfolding fmfilter-alt-defs by simp

lemma fmdrop-set-add-distrib[simp|: fmdrop-set A (m ++5 n) = fmdrop-set A m
++5 fmdrop-set A n
unfolding fmfilter-alt-defs by simp

lemma fmdrop-fset-add-distrib[simp]: fmdrop-fset A (m ++; n) = fmdrop-fset A
m ++5 fmdrop-fset A n
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-set-add-distrib[simp):
fmrestrict-set A (m ++; n) = fmrestrict-set A m ++ fmrestrict-set A n
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-fset-add-distrib|simp]:
fmrestrict-fset A (m ++4¢ n) = fmrestrict-fset A m ++¢ fmrestrict-fset A n
unfolding fmfilter-alt-defs by simp

lemma fmadd-empty[simp]: fmempty ++¢ m = m m ++; fmempty = m
by (transfer’; auto)+

lemma fmadd-idempotent[simp]: m ++; m = m
by transfer’ (auto simp: map-add-def split: option.splits)

lemma fmadd-assoc[simp]: m ++5 (n ++5 p) = m ++5 n ++5 p
by transfer’ simp

lemma fmadd-fmupd[simp]: m ++; fmupd a b n = fmupd a b (m ++5 n)
by (rule fmap-ext) simp
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lift-definition fmpred :: (‘a = 'b = bool) = ('a, 'b) fmap = bool
is map-pred
parametric map-pred-transfer

lemma fmpredl[introl:
assumes Az y. fmlookup m © = Some y = Pz y
shows fmpred P m
using assms
by transfer’ (auto simp: map-pred-def split: option.splits)

lemma fmpredD|dest]: fmpred P m = fmlookup m = = Some y = Pz y
by transfer’ (auto simp: map-pred-def split: option.split-asm)

lemma fmpred-iff: fmpred P m +— (Vz y. fmlookup m © = Some y — P z y)
by auto

lemma fmpred-alt-def: fmpred P m <— fBall (fmdom m) (Az. P z (the (fmlookup

m x)))
unfolding fmpred-iff
using fmdoml by fastforce

lemma fmpred-mono-strong:
assumes Az y. fmlookup m x = Some y = Paxy = Quxy
shows fmpred P m = fmpred Q m

using assms unfolding fmpred-iff by auto

lemma fmpred-mono[mono]: P < Q = fmpred P < fmpred Q
by auto

lemma fmpred-empty[introl, simp]: fmpred P fmempty
by auto

lemma fmpred-upd[intro]: fmpred P m = P x y = fmpred P (fmupd z y m)
by transfer’ (auto simp: map-pred-def map-upd-def)

lemma fmpred-updD|dest]: fmpred P (fmupd x y m) = Pxy
by auto

lemma fmpred-add[intro]: fmpred P m = fmpred P n = fmpred P (m ++¢ n)
by transfer’ (auto simp: map-pred-def map-add-def split: option.splits)

lemma fmpred-filter[intro|: fmpred P m = fmpred P (fmfilter @ m)
by transfer’ (auto simp: map-pred-def map-filter-def)

lemma fmpred-droplintro|: fmpred P m = fmpred P (fmdrop a m)
by (auto simp: fmfilter-alt-defs)
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lemma fmpred-drop-set[intro]: fmpred P m = fmpred P (fmdrop-set A m)
by (auto simp: fmfilter-alt-defs)

lemma fmpred-drop-fsetlintro]: fmpred P m = fmpred P (fmdrop-fset A m)
by (auto simp: fmfilter-alt-defs)

lemma fmpred-restrict-set[intro]: fmpred P m = fmpred P (fmrestrict-set A m)
by (auto simp: fmfilter-alt-defs)

lemma fmpred-restrict-fset|intro]: fmpred P m = fmpred P (fmrestrict-fset A m)
by (auto simp: fmfilter-alt-defs)

lemma fmpred-cases|consumes 1]:

assumes fmpred P m

obtains (none) fmlookup m x = None | (some) y where fmlookup m © = Some
yPay
using assms by auto

lift-definition fmsubset :: (‘a, 'b) fmap = ('a, 'b) fmap = bool (infix «C s> 50)
is map-le

lemma fmsubset-alt-def: m Cy n <— fmpred (Ak v. fmlookup n k = Some v) m
by transfer’ (auto simp: map-pred-def map-le-def dom-def split: option.splits)

lemma fmsubset-pred: fmpred P m = n Cy m = fmpred P n
unfolding fmsubset-alt-def fmpred-iff
by auto

lemma fmsubset-filter-mono: m Cy n = fmfilter P m Cy fmfilter P n
unfolding fmsubset-alt-def fmpred-iff
by auto

lemma fmsubset-drop-mono: m Cy n = fmdrop a m Cy fmdrop a n
unfolding fmfilter-alt-defs by (rule fmsubset-filter-mono)

lemma fmsubset-drop-set-mono: m Cy n => fmdrop-set A m C;¢ fmdrop-set A n
unfolding fmfilter-alt-defs by (rule fmsubset-filter-mono)

lemma fmsubset-drop-fset-mono: m Cy n = fmdrop-fset A m C; fmdrop-fset A
n
unfolding fmfilter-alt-defs by (rule fmsubset-filter-mono)

lemma fmsubset-restrict-set-mono: m Cy n = fmrestrict-set A m Cy fmre-
strict-set A n
unfolding fmfilter-alt-defs by (rule fmsubset-filter-mono)

lemma fmsubset-restrict-fset-mono: m Cy n = fmrestrict-fset A m Cy fmre-
strict-fset A n



THEORY “Finite-Map” 294

unfolding fmfilter-alt-defs by (rule fmsubset-filter-mono)

lemma fmfilter-subset[simp): fmfilter P m Cy m
unfolding fmsubset-alt-def fmpred-iff by auto

lemma fmsubset-drop[simp]: fmdrop a m Cy m
unfolding fmfilter-alt-defs by (rule fmfilter-subset)

lemma fmsubset-drop-set[simp|: fmdrop-set S m Cy m
unfolding fmfilter-alt-defs by (rule fmfilter-subset)

lemma fmsubset-drop-fset[simp]: fmdrop-fset S m Cy m
unfolding fmfilter-alt-defs by (rule fmfilter-subset)

lemma fmsubset-restrict-set[simp: fmrestrict-set S m Cy m
unfolding fmfilter-alt-defs by (rule fmfilter-subset)

lemma fmsubset-restrict-fset[simp|: fmrestrict-fset S m Cy m
unfolding fmfilter-alt-defs by (rule fmfilter-subset)

lift-definition fset-of-fmap :: ('a, 'b) fmap = (‘a x 'b) fset is set-of-map
by (rule set-of-map-finite)

lemma fset-of-fmap-inj[intro, simp|: inj fset-of-fmap
apply rule
apply transfer’
using set-of-map-inj unfolding inj-def by auto

lemma fset-of-fmap-iff [simp]: (a, b) |€| fset-of-fmap m <— fmlookup m a = Some
b
by transfer’ (auto simp: set-of-map-def)

lemma fset-of-fmap-iff - (a, b) € fset (fset-of-fmap m) <— fmlookup m a = Some
b
by simp

lift-definition fmap-of-list :: (‘a x 'b) list = (‘a, 'b) fmap
is map-of
parametric map-of-transfer

by (rule finite-dom-map-of)

lemma fmap-of-list-simps[simp):
fmap-of-list [| = fmempty
fmap-of-list ((k, v) # kvs) = fmupd k v (fmap-of-list kvs)
by (transfer, simp add: map-upd-def)+

lemma fmap-of-list-app[simp|: fmap-of-list (xs Q ys) = fmap-of-list ys ++5 fmap-of-list
xs
by transfer’ simp
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lemma fmupd-alt-def: fmupd kv m = m ++; fmap-of-list [(k, v)]
by simp

lemma fmpred-of-list[intro]:
assumes Ak v. (k, v) € set zs = P kv
shows fmpred P (fmap-of-list xs)
using assms
by (induction xs) (transfer’; auto simp: map-pred-def)+

lemma frap-of-list-SomeD: fmlookup (fmap-of-list xs) k = Some v = (k, v) €
set xs
by transfer’ (auto dest: map-of-SomeD)

lemma fmdom-fmap-of-list[simp]: fmdom (fmap-of-list xs) = fset-of-list (map fst
xs)
by transfer’ (simp add: dom-map-of-conv-image-fst)

lift-definition fmrel-on-fset :: ‘a fset = ('b = ‘¢ = bool) = (‘a, 'b) fmap = ('a,
‘e) fmap = bool
is rel-map-on-set

lemma fmrel-on-fset-alt-def: fmrel-on-fset S P m n <— fBall S (Az. rel-option P
(fmlookup m x) (fmlookup n x))
by transfer’ (auto simp: rel-map-on-set-def eq-onp-def rel-fun-def)

lemma fmrel-on-fsetl[intro]:
assumes Az. z |€| S = rel-option P (fmlookup m z) (fmlookup n x)
shows fmrel-on-fset S P m n
by (simp add: assms fmrel-on-fset-alt-def)

lemma fmrel-on-fset-mono[monol: R < @ = fmrel-on-fset S R < fmrel-on-fset
5Q

unfolding fmrel-on-fset-alt-def[abs-def]

using option.rel-mono by blast

lemma fmrel-on-fsetD: x |€| S = fmrel-on-fset S P m n = rel-option P (fmlookup
m z) (fmlookup n x)

unfolding fmrel-on-fset-alt-def

by auto

lemma fmrel-on-fsubset: fmrel-on-fset S R m n = T |C| S = fmrel-on-fset T
R mn

unfolding fmrel-on-fset-alt-def

by auto

lemma fmrel-on-fset-unionl:
fmrel-on-fset A R m n = fmrel-on-fset B R m n = fmrel-on-fset (A |U| B) R
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mn
unfolding fmrel-on-fset-alt-def
by auto

lemma fmrel-on-fset-updatel:
assumes fmrel-on-fset S P m n P v1 vg
shows fmrel-on-fset (finsert k S) P (fmupd k v m) (fmupd k ve n)
using assms
unfolding fmrel-on-fset-alt-def
by auto

lift-definition fmimage :: ('a, 'b) fmap = 'a fset = 'b fset is Am S. {bla b. m a
= Some b A a € S}
by (smt (verit, del-insts) Collect-mono-iff finite-surj ran-alt-def ran-def)

lemma fmimage-alt-def: fmimage m S = fmran (fmrestrict-fset S m)
by transfer’ (auto simp: ran-def map-restrict-set-def map-filter-def)

lemma fmimage-empty[simpl: fmimage m fempty = fempty
by transfer’ auto

lemma fmimage-subset-ran[simpl: fmimage m S |C| fmran m
by transfer’ (auto simp: ran-def)

lemma fmimage-dom[simp|: fmimage m (fmdom m) = fmran m
by transfer’ (auto simp: ran-def)

lemma fmimage-inter: fmimage m (A |N| B) |C| fmimage m A |N| fmimage m B
by transfer’ auto

lemma fimage-inter-dom|[simp]:
fmimage m (fmdom m |N| A) = fmimage m A
fmimage m (A |N| fmdom m) = fmimage m A
by (transfer’; auto)+

lemma fmimage-union[simp]: fmimage m (A |U| B) = fmimage m A |U| fmimage
m B
by transfer’ auto

lemma fmimage-Union[simp]: fmimage m ([fUnion A) = ffUnion (fmimage m |
4)

by transfer’ auto

lemma fmimage-filter[simp]: fmimage (fmfilter P m) A = fmimage m (ffilter P A)
by transfer’ (auto simp: map-filter-def)

lemma fmimage-drop[simp]: fmimage (fmdrop a m) A = fmimage m (A — {|a|})
by (simp add: fmimage-alt-def)
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lemma fmimage-drop-fset[simp]: fmimage (fmdrop-fset B m) A = fmimage m (A
_ B)
by transfer’ (auto simp: map-filter-def map-drop-set-def)

lemma fmimage-restrict-fset[simp|: fmimage (fmrestrict-fset B m) A = fmimage
m (A N[ B)
by transfer’ (auto simp: map-filter-def map-restrict-set-def)

lemma fmfilter-ran[simp]: fmran (fmfilter P m) = fmimage m (ffilter P (fmdom

m))

by transfer’ (auto simp: ran-def map-filter-def)

lemma fmran-drop[simpl: fmran (fmdrop a m) = fmimage m (fmdom m — {|a|})
by transfer’ (auto simp: ran-def map-drop-def map-filter-def)

lemma fmran-drop-fset[simp]: fmran (fmdrop-fset A m) = fmimage m (fmdom m
— A)
by transfer’ (auto simp: ran-def map-drop-set-def map-filter-def)

lemma fmran-restrict-fset: fmran (fmrestrict-fset A m) = fmimage m (fmdom m
N[ A)
by transfer’ (auto simp: ran-def map-restrict-set-def map-filter-def)

lemma fmlookup-image-iff: y |€| fmimage m A «— (. fmlookup m = = Some
y A€l A)
by transfer’ (auto simp: ran-def)

lemma fmimagel: fmlookup m © = Some y = z |€| A = y |€| fmimage m A
by (auto simp: fmlookup-image-iff)

lemma fmimageE[elim]:
assumes y |€| fmimage m A
obtains z where fmlookup m x = Some y z |€| A
using assms by (auto simp: fmlookup-image-iff)

!/ !

lift-definition fmcomp :: ('b, c) fmap = (
(of» 55)

is map-comp

parametric map-comp-transfer

by (rule dom-comp-finite)

a, 'b) fmap = (‘a, 'c) fmap (infixl

lemma fmlookup-comp|[simp|: fmlookup (m of n) x = Option.bind (fmlookup n x)
(fmlookup m)
by transfer’ (auto simp: map-comp-def split: option.splits)

end
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30.4 BNF setup

lift-bnf (‘a, fmran’: 'b) fmap [wits: Map.empty)
for map: fmmap
rel: fmrel
by auto

declare fmap.pred-mono[mono)

lemma fmran’-alt-def: fmran’ m = fset (fmran m)
including fset.lifting
by transfer’ (auto simp: ran-def fun-eq-iff)

lemma fmlookup-ran’-iff: y € fmran’ m +— (3. fmlookup m x = Some y)
by transfer’ (auto simp: ran-def)

lemma fmran’l: fmlookup m © = Some y = y € fmran’ m
by (auto simp: fmlookup-ran’-iff)

lemma fmran’E[elim]:

assumes y € fmran’ m

obtains =z where fmlookup m x = Some y
using assms by (auto simp: fmlookup-ran’-iff)

lemma fmrel-iff: fmrel R m n +— (VY z. rel-option R (fmlookup m z) (fmlookup n

z))

by transfer’ (auto simp: rel-fun-def)

lemma fmrell|introl:
assumes Az. rel-option R (fmlookup m z) (fmlookup n x)
shows fmrel R m n
using assms
by transfer’ auto

lemma fmrel-upd[intro): fmrel P mn = P xy = fmrel P (fmupd k x m) (fmupd
kyn)
by transfer’ (auto simp: map-upd-def rel-fun-def)

lemma fmrelD|[dest]: fmrel P m n = rel-option P (fmlookup m z) (fmlookup n z)
by transfer’ (auto simp: rel-fun-def)

lemma fmrel-addI[intro]:

assumes fmrel P m n fmrel P a b

shows fmrel P (m ++y a) (n ++5 b)

by (smt (verit, del-insts) assms domlff fmdom.rep-eq fmlookup-add fmrel-iff op-
tion.rel-sel)

lemma fmrel-cases[consumes 1]:
assumes fmrel P m n
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obtains (none) fmlookup m x = None fmlookup n © = None
| (some) a b where fmlookup m © = Some a fmlookup n x = Some b P a b
proof —
from assms have rel-option P (fmlookup m z) (fmlookup n z)
by auto
then show thesis
using none some
by (cases rule: option.rel-cases) auto
qed

lemma fmrel-filter[intro]: fmrel P m n => fmrel P (fmfilter Q@ m) (fmfilter Q n)
unfolding fmrel-iff by auto

lemma fmrel-drop[intro|: fmrel P m n = fmrel P (fmdrop a m) (fmdrop a n)
unfolding fmfilter-alt-defs by blast

lemma fmrel-drop-set[intro|: fmrel P m n => fmrel P (fmdrop-set A m) (fmdrop-set
A n)
unfolding fmfilter-alt-defs by blast

lemma fmrel-drop-fset[intro]: fmrel P m n => fmrel P (fmdrop-fset A m) (fmdrop-fset
A n)
unfolding fmfilter-alt-defs by blast

lemma fmrel-restrict-setlintro|: fmrel P m n = fmrel P (fmrestrict-set A m)
(fmrestrict-set A n)
unfolding fmfilter-alt-defs by blast

lemma fmrel-restrict-fset[introl: fmrel P m n = fmrel P (fmrestrict-fset A m)
(fmrestrict-fset A n)
unfolding fmfilter-alt-defs by blast

lemma fmrel-on-fset-fmrel-restrict:

fmrel-on-fset S P m n «— fmrel P (fmrestrict-fset S m) (fmrestrict-fset S n)
unfolding fmrel-on-fset-alt-def fmrel-iff
by auto

lemma fmrel-on-fset-refi-strong:
assumes Az y. z |€] S = fmlookup m x = Some y = Py y
shows fmrel-on-fset S P m m

unfolding fmrel-on-fset-fmrel-restrict fmrel-iff

using assms

by (simp add: option.rel-sel)

lemma fmrel-on-fset-addl:
assumes fmrel-on-fset S P m n fmrel-on-fset S P a b
shows fmrel-on-fset S P (m ++5 a) (n ++ b)
using assms
unfolding fmrel-on-fset-fmrel-restrict
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by auto

lemma fmrel-fmdom-eq:
assumes fmrel P x y
shows fmdom z = fmdom y
proof —
have a |€| fmdom z «— a |€| fmdom y for a
proof —
have rel-option P (fmlookup x a) (fmlookup y a)
using assms by (simp add: fmrel-iff)
thus ?thesis
by cases (auto intro: fmdomlI)
qed
thus ?thesis
by auto
qed

lemma fmrel-fmdom’-eq: fmrel P x y = fmdom’ x = fmdom’ y
unfolding fmdom’-alt-def
by (metis fmrel-fmdom-eq)

lemma fmrel-rel-fmran:
assumes fmrel P x y
shows rel-fset P (fmran x) (fmran y)
proof —
{
fix b
assume b |€| fmran x
then obtain a where fmlookup © a = Some b
by auto
moreover have rel-option P (fmlookup = a) (fmlookup y a)
using assms by auto
ultimately have 3b". b’ |€| fmran y A P b b’
by (metis option-rel-Somel fmranl)
}

moreover
{
fix b
assume b |€| fmran y
then obtain a where fmlookup y a = Some b
by auto
moreover have rel-option P (fmlookup = a) (fmlookup y a)
using assms by auto
ultimately have 3b". b’ |€| fmran z A P b’ b
by (metis option-rel-Some2 fmranl)
}

ultimately show ?thesis
unfolding rel-fset-alt-def
by auto
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qed

lemma fmrel-rel-fmran’: fmrel P x y = rel-set P (fmran’ z) (fmran’ y)
unfolding fmran’-alt-def
by (metis fmrel-rel-fmran rel-fset-fset)

lemma pred-fmap-fmpred[simp|: pred-fmap P = fmpred (A-. P)
unfolding fmap.pred-set fmran’-alt-def
using fmranl by fastforce

lemma pred-fmap-id[simp]: pred-fmap id (fmmap f m) <— pred-fmap f m
unfolding fmap.pred-set fmap.set-map
by simp

lemma pred-fmapD: pred-fmap P m = z |€| fmran m = P«
by auto

lemma frlookup-map[simp]: fmlookup (fmmap f m) © = map-option f (fmlookup
m x)
by transfer’ auto

lemma fmpred-map[simp|: fmpred P (fmmap f m) <— fmpred (A\k v. Pk (fv)) m
unfolding fmpred-iff pred-fmap-def fmap.set-map
by auto

lemma fmpred-id[simp]: fmpred (A-. id) (fmmap f m) «— fmpred (A-. f) m
by simp

lemma fmmap-add[simp]: fmmap f (m ++5 n) = fmmap f m ++5 fmmap fn
by transfer’ (auto simp: map-add-def fun-eq-iff split: option.splits)

lemma fmmap-empty[simp: fmmap f fmempty = fmempty
by transfer auto

lemma fmdom-map|[simpl: fmdom (fmmap f m) = fmdom m
including fset.lifting
by transfer’ simp

lemma fmdom’-map[simp|: fmdom’ (fmmap f m) = fmdom’ m
by transfer’ simp

lemma fmran-fmmap[simp): fmran (fmmap fm) = f |9 fmran m
including fset.lifting

by transfer’ (auto simp: ran-def)

lemma fmran’-fmmap[simp): fmran’ (fmmap fm) = f © fmran’ m
by transfer’ (auto simp: ran-def)

lemma fmfilter-fmmap[simp|: fmfilter P (fmmap f m) = fmmap [ (fmfilter P m)
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by transfer’ (auto simp: map-filter-def)

lemma fmdrop-fmmap|[simp]: fmdrop a (fmmap f m) = fmmap f (fmdrop a m)
unfolding fmfilter-alt-defs by simp

lemma fmdrop-set-fmmap[simp: fmdrop-set A (fmmap fm) = fmmap f (fmdrop-set
A m)
unfolding fmfilter-alt-defs by simp

lemma fmdrop-fset-fmmap[simp|: fmdrop-fset A (fmmap f m) = fmmap f (fmdrop-fset
A m)
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-set-fmmap[simp|: fmrestrict-set A (fmmap f m) = fmmap f (fmrestrict-set
A m)
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-fset-fmmap[simpl: fmrestrict-fset A (fmmap f m) = fmmap f
(fmrestrict-fset A m)
unfolding fmfilter-alt-defs by simp

lemma fmmap-subset[intro]: m C; n = fmmap fm Cy fmmap fn
by transfer’ (auto simp: map-le-def)

lemma fmmap-fset-of-fmap: fset-of-fmap (fmmap f m) = (A(k, v). (k, f v)) |
fset-of-fmap m

including fset.lifting

by transfer’ (auto simp: set-of-map-def)

lemma fmmap-fmupd: fmmap f (fmupd x y m) = fmupd z (f y) (fmmap f m)
by transfer’ (auto simp: fun-eq-iff map-upd-def)

30.5 size setup

definition size-fmap :: ('a = nat) = ('b = nat) = (‘a, 'b) fmap = nat where
[simp]: size-fmap f g m = size-fset (A(a, b). fa + g b) (fset-of-fmap m)

instantiation fmap :: (type, type) size begin

definition size-fmap where
size-fmap-overloaded-def: size-fmap = Finite-Map.size-fmap (A-. 0) (A-. 0)

instance ..
end
lemma size-fmap-overloaded-simps|simp|: size © = size (fset-of-fmap x)

unfolding size-fmap-overloaded-def
by simp
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lemma fmap-size-o-map: size-fmap f g o fmmap h = size-fmap f (g o h)
proof —

have inj: inj-on (A(k, v). (k, h v)) (fset (fset-of-fmap m)) for m

using inj-on-def by force

show ?thesis

unfolding size-fmap-def

apply (clarsimp simp: fun-eq-iff fmmap-fset-of-fmap sum.reindex [OF inj))

by (rule sum.cong) (auto split: prod.splits)
qed

setup <«

BNF-LFP-Size.register-size-global type-name fmap> const-name <size-fmap>
@{thm size-fmap-overloaded-def } Q{thms size-fmap-def size-fmap-overloaded-simps}
Q@Q{thms fmap-size-o-map}

)

30.6 Additional operations

lift-definition fmmap-keys :: (‘a = 'b = 'c¢) = (‘a, 'b) fmap = ('a, 'c) fmap is
Af m a. map-option (f a) (m a)
unfolding dom-def
by simp

lemma fmpred-fmmap-keys[simp): fmpred P (fmmap-keys f m) = fmpred (Aa b. P

a(fab)m
by transfer’ (auto simp: map-pred-def split: option.splits)

lemma fmdom-fmmap-keys[simpl: fmdom (fmmap-keys f m) = fmdom m
including fset.lifting
by transfer’ auto

lemma fmlookup-fmmap-keys|[simp|: fmlookup (fmmap-keys f m) © = map-option
(f ) (fmlookup m z)
by transfer’ simp

lemma fmfilter-fmmap-keys[simp|: fmfilter P (fmmap-keys f m) = fmmap-keys f
(fmfilter P m)
by transfer’ (auto simp: map-filter-def)

lemma fmdrop-fmmap-keys[simp]: fmdrop a (fmmap-keys f m) = fmmap-keys f
(fmdrop a m)
unfolding fmfilter-alt-defs by simp

lemma fmdrop-set-fmmap-keys[simpl: fmdrop-set A (fmmap-keys f m) = fmmap-keys
f (fmdrop-set A m)
unfolding fmfilter-alt-defs by simp

lemma fmdrop-fset-fmmap-keys[simp]: fmdrop-fset A (fmmap-keys f m) = fmmap-keys
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I (fmdrop-fset A m)
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-set-fmmap-keys[simp|: fmrestrict-set A (fmmap-keys f m) = fmmap-keys
f (fmrestrict-set A m)
unfolding fmfilter-alt-defs by simp

lemma fmrestrict-fset-fmmap-keys[simp): fmrestrict-fset A (fmmap-keys f m) =
fmmap-keys f (fmrestrict-fset A m)
unfolding fmfilter-alt-defs by simp

lemma fmmap-keys-subset[intro]: m Cy n => fmmap-keys f m Cy fmmap-keys f
n
by transfer’ (auto simp: map-le-def dom-def)

definition sorted-list-of-fmap :: (‘a::linorder, 'b) fmap = (‘a x 'b) list where
sorted-list-of-fmap m = map (Mk. (k, the (fmlookup m k))) (sorted-list-of-fset
(fmdom m))

lemma list-all-sorted-list[simp): list-all P (sorted-list-of-fmap m) = fmpred (curry
P)m
unfolding sorted-list-of-fmap-def curry-def list.pred-map

by (smt (verit, best) Ball-set comp-def fmpred-alt-def sorted-list-of-fset-simps(1))

lemma map-of-sorted-list[simp|: map-of (sorted-list-of-fmap m) = fmlookup m
unfolding sorted-list-of-fmap-def
including fset.lifting
by transfer (simp add: map-of-map-keys)

30.7 Additional properties

lemma fmchoice”:
assumes finite SVzx € S. Jy. Qxy
shows 3m. fmdom’ m = S A fmpred Q m
proof —
obtain f where f: Q z (fz) if x € S for z
using assms by metis
define f’ where [’z = (if © € S then Some (f x) else None) for

have eg-onp (Am. finite (dom m)) f' f’
unfolding eg-onp-def f’-def dom-def using assms by auto

show ?thesis
apply (rule exI[where z = Abs-fmap f'])
apply (subst fmpred.abs-eq, fact)
apply (subst fmdom’.abs-eq, fact)
unfolding f’-def dom-def map-pred-def using f
by auto
qed
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30.8 Lifting/transfer setup

context includes lifting-syntar begin

lemma fmempty-transfer[simp, intro, transfer-rule]: fmrel P fmempty fmempty
by transfer auto

lemma fmadd-transfer|[transfer-rule]:
(fmrel P ===> fmrel P ===> fmrel P) fmadd fmadd
by (intro fmrel-addl rel-funl)

lemma fmupd-transfer|[transfer-rule]:
((=) ===> P ===> fmrel P ===> fmrel P) fmupd fmupd
by auto

end

lemma Quotient-fmap-bnf|quot-mapl:
assumes Quotient R Abs Rep T
shows Quotient (fmrel R) (fmmap Abs) (fmmap Rep) (fmrel T')
unfolding Quotient-alt-defj proof safe
fix mn
assume fmrel T m n
then have fmlookup (fmmap Abs m) z = fmlookup n z for z
using assms unfolding Quotient-alt-def
by (cases rule: fmrel-casesjwhere © = x]) auto
then show fmmap Abs m = n
by (rule fmap-ext)
next
fix m
show fmrel T (fmmap Rep m) m
unfolding fmap.rel-map
by (metis (mono-tags) Quotient-alt-def assms fmap.rel-refl)
next
from assms have R = T 00 T—'7!
unfolding Quotient-alt-def] by simp
then show fmrel R = fmrel T OO (fmrel T)~ 171
by (simp add: fmap.rel-compp fmap.rel-conversep)
qed

30.9 View as datatype

lemma fmap-distinct[simp):
fmempty # fmupd k v m
fmupd k v m # fmempty
by (transfer’; auto simp: map-upd-def fun-eq-iff )+

lifting-update fmap.lifting

lemma fmap-exhaust|cases type: fmap):
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obtains (frmempty) m = fmempty
| (fmupd) z y m’ where m = fmupd z y m’ z |¢| fmdom m’

using that including fmap.lifting and fset.lifting
proof transfer

fix m P

assume finite (dom m)

assume empty: P if m = Map.empty

assume map-upd: P if finite (dom m’) m = map-upd x y m' © ¢ dom m’ for z
ym'

show P
proof (cases m = Map.empty)
case True thus ?thesis using empty by simp
next
case Fulse
hence dom m # {} by simp
then obtain x where =z € dom m by blast

let ?m’ = map-drop z m

show ?thesis
proof (rule map-upd)
show finite (dom ¢m’)
using «finite (dom m)»
unfolding map-drop-def
by auto
next
show m = map-upd z (the (m z)) ¢m’
using <z € dom m» unfolding map-drop-def map-filter-def map-upd-def
by auto
next
show z ¢ dom ?m’
unfolding map-drop-def map-filter-def
by auto
qed
qed
qed

lemma fmap-induct[case-names fmempty fmupd, induct type: fmapl:
assumes P fmempty
assumes (Az y m. P m = fmlookup m & = None = P (fmupd = y m))
shows P m
proof (induction fmdom m arbitrary: m rule: fset-induct-stronger)
case empty
hence m = fmempty
by (metis fmrestrict-fset-dom fmrestrict-fset-null)
with assms show ?case
by simp
next
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case (insert z S)

hence S = fmdom (fmdrop  m)
by auto

with insert have P (fmdrop x m)
by auto

moreover

obtain y where fmlookup m x = Some y
using insert.hyps by force

hence m = fmupd = y (fmdrop x m)
by (auto intro: fmap-ext)

ultimately show Zcase
by (metis assms(2) fmdrop-lookup)

qed

30.10 Code setup

instantiation fmap :: (type, equal) equal begin
definition equal-fmap = fmrel HOL.equal

instance proof
fix m n:: (‘a, 'b) fmap
have fmrel (=) mn «— (m = n)
by transfer’ (simp add: option.rel-eq rel-fun-eq)
then show equal-class.equal m n +— (m = n)
unfolding equal-fmap-def
by (simp add: equal-eq|abs-def])
qed

end

lemma fBall-alt-def: fBall S P <— (Vz. z |€] S — P x)
by force

lemma fmrel-code:
fmrel R m n <—
fBall (fmdom m) (Az. rel-option R (fmlookup m z) (fmlookup n x)) A
fBall (fmdom n) (Az. rel-option R (fmlookup m x) (fmlookup n x))
unfolding fmrel-iff fmlookup-dom-iff fBall-alt-def
by (metis option.collapse option.rel-sel)

lemmas [code] =
fmrel-code
fmran’-alt-def
fmdom’-alt-def
fmfilter-alt-defs
pred-fmap-fmpred
fmsubset-alt-def
fmupd-alt-def
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fmrel-on-fset-alt-def
fmpred-alt-def

code-datatype fmap-of-list
quickcheck-generator fmap constructors: fmap-of-list

context includes fset.lifting begin

lemma fmlookup-of-list[code]: fmlookup (fmap-of-list m) = map-of m
by transfer simp

lemma fmempty-of-list[code]: fmempty = fmap-of-list ||
by transfer simp

lemma fmran-of-list[code]: fmran (fmap-of-list m) = snd || fset-of-list (AList.clearjunk
m)
by transfer (auto simp: ran-map-of)

lemma fmdom-of-list[code]: fmdom (fmap-of-list m) = fst || fset-of-list m
by transfer (auto simp: dom-map-of-conv-image-fst)

lemma fmfilter-of-list[codel: fmfilter P (fmap-of-list m) = fmap-of-list (filter (A(k,
-). P k) m)
by transfer’ auto

lemma fmadd-of-list[code]: fmap-of-list m ++ fmap-of-list n = fmap-of-list (AList.merge
mn)
by transfer (simp add: merge-conv’)

lemma fmmap-of-list[code]: fmmap f (fmap-of-list m) = fmap-of-list (map (apsnd
f) m)

apply transfer

by (metis (no-types, lifting) apsnd-conv map-eq-conv map-of-map old.prod.case
old.prod.exhaust)

lemma fmmap-keys-of-list[code]:
fmmap-keys f (fmap-of-list m) = fmap-of-list (map (A(a, b). (a, fa b)) m)
apply transfer
subgoal for fm by (induction m) (auto simp: apsnd-def map-prod-def fun-eq-iff)
done

lemma fmimage-of-list[code]:

fmimage (fmap-of-list m) A = fset-of-list (map snd (filter (\(k, -). k |€] A)
(AList.clearjunk m)))

apply (subst fmimage-alt-def)

apply (subst fmfilter-alt-defs)

apply (subst fmfilter-of-list)

apply (subst fmran-of-list)
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apply transfer’
by (metis AList.restrict-eq clearjunk-restrict list.set-map)

lemma fmcomp-list|code):

fmap-of-list m oy fmap-of-list n = fmap-of-list (AList.compose n m)

by (rule fmap-ext) (simp add: fmlookup-of-list compose-conv map-comp-def split:
option.splits)

end

30.11 Instances

lemma exists-map-of:
assumes finite (dom m) shows Jzs. map-of s = m
using assms
proof (induction dom m arbitrary: m)
case empty
hence m = Map.empty
by auto
moreover have map-of [| = Map.empty
by simp
ultimately show ?case
by blast
next
case (insert « F)
hence F = dom (map-drop x m)
unfolding map-drop-def map-filter-def dom-def by auto
with insert have 3zs’. map-of zs’ = map-drop z m
by auto
then obtain zs’ where map-of xs’ = map-drop x m

moreover obtain y where m z = Some y
using insert unfolding dom-def by blast
ultimately have map-of ((z, y) # zs’) = m
using <insert x ' = dom my»
unfolding map-drop-def map-filter-def
by auto

thus ?Zcase

qed

lemma exists-fmap-of-list: A xs. fmap-of-list zs = m
by transfer (rule exists-map-of)

lemma fmap-of-list-surj[simp, intro]: surj fmap-of-list
proof —
have z € range fmap-of-list for z :: ('a, 'b) fmap
unfolding image-iff
using exists-fmap-of-list by (metis UNIV-I)
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thus ?thesis by auto
qed

instance fmap :: (countable, countable) countable
proof
obtain to-nat :: (‘a x 'b) list = nat where inj to-nat
by (metis ex-inj)
moreover have inj (inv fmap-of-list)
using fmap-of-list-surj by (rule surj-imp-inj-inv)
ultimately have inj (to-nat o inv fmap-of-list)
by (rule inj-compose)
thus 3 to-nat::(‘a, 'b) fmap = nat. inj to-nat
by auto
qed

instance fmap :: (finite, finite) finite
proof
show finite (UNIV :: (‘a, 'b) fmap set)
by (rule finite-imageD) auto
qed

lifting-update fmap.lifting
lifting-forget fmap.lifting

30.12 Tests

export-code

Ball fset fmrel fmran fmran’ fmdom fmdom’ fmpred pred-fmap fmsubset fmupd
fmrel-on-fset

fmdrop fmdrop-set fmdrop-fset fmrestrict-set fmrestrict-fset fmimage fmlookup
fmempty

fmfilter fmadd fmmap fmmap-keys fmcomp
checking SML Scala Haskell? OCaml?
— lifting through fmap
experiment begin

context includes fset.lifting begin

lift-definition test! :: (‘a, 'b fset) fmap is fmempty :: (‘a, 'b set) fmap
by auto

lift-definition test2 :: ‘a = 'b = (‘a, 'b fset) fmap is Aa b. fmupd a {b} fmempty
by auto

end

end
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end

31 Disjoint FSets

theory Disjoint-FSets
imports
HOL- Library. Finite-Map
Disjoint-Sets
begin

context
includes fset.lifting
begin

lift-definition fdisjnt :: 'a fset = 'a fset = bool is disjnt .

lemma fdisjnt-alt-def: fdisint M N <— (M |n| N = {||})
by trans