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Abstract

The formalization of P. Scholze’s perfectoid spaces [7] in the Lean
proof assistant [10] by K. Buzzard, J. Commelin, and P. Massot [l]
was a milestone in bringing formal mathematics closer towards leading
research-level mathematics. The Lean formalization, however, is not
“readable” by mathematicians, since Lean resembles - and indeed is -
a programming language for building proofs from proof commands.

The Naproche proof system [5], in contrast, accepts and checks
readable texts written in a (controlled) natural mathematical language,
with familiar proof structurings. In this article we present a Naproche
formalization of perfectoid rings which are main components of per-
fectoid spaces. We partly follow mentioned Lean formalization. Our
formalization can be loaded within Isabelle 2025 (see [9]) which then
automatically calls the Naproche proof checking component of the Is-
abelle distribution.
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Introduction

We define perfectoid rings in the proof assistant Naproche [5] with the
intention to closely approximate the mathematical language of Defini-
tion 3.1 of P. Scholze’s [7]:

Definition 3.1 A Tate ring R is perfectoid if R is complete,
uniform, i.e. R° C R is bounded, and there exists a pseudo-
uniformizer @ € R such that @w?|p in R° and the Frobenius
map

®: R°/w— R°/w? : x> 2P

is an isomorphism.

Naproche (for Natural Proof Checking) uses the controlled natural
language ForTheL (for Formula Theory Language) as its input lan-
guage (see also [6]) which is a subset of WTEX. Naproche can be viewed
as a system that transforms ForTheL statements into proof tasks that
are sent out to an external automated theorem prover (ATP). We

mostly use the E first-order prover [8] but also Vampire [11]. A ForTheL
text is correct if all generated proof tasks can be discharged automat-
ically.

In our formalization, the (MTEX rendering of the) definition of per-
fectoid ring reads:

Definition 291. R is perfectoid iff R is complete and uni-
form and there exists a pseudouniformizer w of R such that
w? E[plfl in R® within R and

®" . R°/w = R° /PR,

Such a definition requires a long chain of intermediate definitions
and propositions, starting from first principles. The formalization is
logically self-contained; theories about sets, functions, natural num-
bers, groups, rings, and topology are developed as far as required for
the intermediate and final definitions. Ideally foundational theories
would be provided by some library but the existing libraries and li-
brary mechanisms in Naproche are still rudimentary.

We make several simplifying assumptions: all groups will be com-
mutative and written additively; rings will be commutative containing
a one. We circumvent some "higher” constructions like quotients of
rings, and express a property like

®: R°/w= R /w?

via congruences mod w and mod wP?, respectivly.
This text is written as a file perfectoidring.ftl.tex in the I TEX
dialect of Naproche and typeset by pdf-IATEX. The formal parts are



printed on a grey background. Everything else is interpreted as ”lit-
erate” commentary that is not subject to the logical checking by the
system. perfectoidring.ftl.tex can be checked in the Naproche
program by opening the file in the Isabelle generic proof assistant [9].
Naproche proof checking constitutes a major computational task: each
statement generates several first-order proof tasks each of which can
take several seconds of ATP proving. To check the whole document
may require half an hour, depending on the available processing power.

Part 1
Preliminaries

Our formalization takes place in a familiar mathematical environment.
Naproche supports standard proof arguments whilst avoiding explicit
and tedious foundational subleties. Nevertheless, Naproche is a formal
system and the logical foundations have to be set up unambiguously
and consistently.

Initially the environment contains mathematical objects and collec-
tions of objects, called classes. Classes can be formed as abstraction
terms {z | ¢} where ¢ is a mathematical statement about the vari-
able x. Classes which are objects themselves are sets. Similarly, maps
send object to objects, and a function is a map which is an object.
Some basic theory of sets and functions is built into Naproche. Fur-
ther properties are postulated axiomatically in the next section. Later
we shall introduce more types of objects like numbers or structures by
Signature, Definition and Axiom commands.

We do not require all mathematical objects to be sets. Natural
numbers, e.g., are introduced as objects of type “natural number” and
characterized by arithmetical axioms. This correponds to widespread
intuitions that numbers are “atomic” objects. This focusses proof
search on the domains under consideration.

For convenience we also state some axioms which with some effort
could be proved as lemmas. Other axioms are used to define classes of
structures like groups or topological spaces. Finally we use axioms for
inductive definitions of data types and functions, since we do not have
definition mechanisms by recursion.

We start now by expanding our mathematical language by some
singular/plural pairs (vocabulary) and some alternative phrases for
mathematical properties (macros). These are imported from library
files.



[read examples/lang/vocabulary.ftl.tex]
[read examples/lang/macros.ftl.tex]

[memorylimit 8000]

The ”memorylimit” instruction lets Naproche use up to 8000 Megabytes
of working memory per prover call, the default being 2048. The grey
background marks the strict formalization embedded in the text and
is produced by a \begin{forthel} ... \end{forthel}-environment.

1 Sets and Functions

Our foundations correspond to a system of Kelley-Morse set theory
with atoms but without the axiom of choice (see [1]). The axiom of
infinity will be stated after the introduction of natural numbers. New
notions and axioms will be conservative over classical Kelley-Morse
set theory and could in principle be reduced to definitions and propo-
sitions within Kelley-Morse set theory, as is usual when developing
mathematics in set theories.

1.1 Axioms

The following axioms express that certain ”small” classes of axioms
are sets.

Proposition 1. Every set is a class.

Let u, v, w denote mathematical objects.
Definition 2. (§ = {u|u # u}.

Let the empty set denote (.

Axiom 3 (Set Existence). 0 is a set.
Definition 4. {u} = {v|v = u}.

Let the singleton of u denote {u}.

Definition 5. {u,v} = {w|w =u or w = v}.
Let the unordered pair of u and v denote {u,v}.
Axiom 6 (Pairs). {u,v} is a set.

Lemma 7. {u} is a set.

Let X,Y, Z denote sets.

Definition 8. Assume that every element of Z is a set. |JZ =



{z|x € z for some z € Z}.
Let the union of Z denote | J Z.

Axiom 9 (Union). Let Z be a set such that every element of
Z is a set. Then |J Z is a set.

Definition 10. Let C be a class. A subset of C' is a set X such
that every element of X is an element of C.

Let X C C stand for X is a subset of C'.

Axiom 11 (Powerset). Let X be a set. Let Y be a class such
that every element of Y is a subset of X. Then Y is a set.

Axijom 12 (Separation). Let X be a set. Let Y be a class
such that every element of Y is an element of X. Then Y is a
set.

Further strength is gained using maps and functions.

Proposition 13. Assume F' is a map and z € dom(F'). Then
F(z) is an object.

Axiom 14. Assume that F is a function. Then dom(F) is a set.
Let the domain of F' denote dom(F').

Axiom 15. Assume that F is a map and dom(F) is a set. Then
F is a function.

Axiom 16 (Replacement). Assume that F' is a map and X
is a set such that X C dom(F'). Then there is a set Y such that
Y ={F(z) |z € X}

1.2 Miscellanous Notions and Properties

Lemma 17. () and X are subsets of X.

Lemma 18. Let Z be a set such that every element of Z is a set.
Let z € Z. Then z C |J Z.

Proof. Let x € z. Then z € |J Z. O

Lemma 19. Let Y, Z be sets such that every element of Z is a
subset of Y. Then J Z is a subset of Y.

Definition 20. X UY = {z|lzr € X or z € Y'}.
Let the union of X and Y denote X UY.
Lemma 21. Let X, Y C Z. Then X UY C Z.



Definition 22. Let Z be a set such that every element of 7 is a
set. (1Z = {z|z € z for all z € Z}.

Let the intersection of Z stand for () Z.
Definition 23. X NY ={z € X|z €Y}

Let the intersection of X and Y denote X NY.
Lemma 24. X NY is a set.

Definition 25. X is nonempty iff X # (.

Lemma 26. Let Z be a nonempty set such that every element of
Z is a set. Then () Z is a set.

Lemma 27. Let Z be a nonempty set such that every element
of Z is a set. Assume that Y is a subset of every element of Z.
Then Y is a subset of (] Z.

Proof. Let y be an element of Y. y is an element of every element
of Z. Thus y is an element of [ Z. O

2 Natural Numbers

We introduce the notion (or type) of natural numbers. Together with
an induction axiom to be stated later, the natural numbers can be
understood as the inductive type generated by 0 and +1.

In this chapter we proceed towards prime numbers and divisibility
properties of factorials and binomial coefficients.

2.1 Axioms

Signature 28. A natural number is a mathematical object.
Let n,m, k,[,i, 7 denote natural numbers.

Definition 29. N is the collection of natural numbers.
Axiom 30 (Axiom of Infinity). Nis a set.

Signature 31. 0 is a natural number.

Let x is nonzero stand for x # 0.

Signature 32. 1 is a nonzero natural number.

Signature 33. m + n is a natural number.

Axiom 34. If n is a nonzero natural number then n = m + 1 for
some natural number m.

We postulate basic arithmetic properties of N axiomatically, al-
though they could also be proved inductively.



Signature 35. m xn is a natural number.
Axiom 36. m+n=n+m.

Axiom 37. (m+n)+l=m+ (n+1).
Axiom 38. m+0=m =0+ m.

Axiom 39. m*xn =n*m.

Axiom 40. (m*n)*l=mx* (nx1).
Axiom 41. mx1=m =1*m.

Axiom 42. m*0=0=0x*m.

Axiom 43. mx (n+1) = (m*n)+ (mx1) and (n +1) *m =
(nxm)+ (I xm).

Axiom 44. If [+ m=[l+norm+1{=n+1[then m =n.

Axiom 45. Assume that [ is nonzero. If [xm = [xn or mx*l = nxl
then m = n.

Axiom 46. If m +n =0 then m =0 and n = 0.

We name two more natural number:

Definition 47. 2 =1 + 1.
Definition 48. 3 =2 + 1.

2.1.1 Some Equalities

Since Naproche is weak on algebraic manipulations, we state two com-
plex equalities for later use.

Lemma 49. Let u,v,w,z,y be natural numbers. Then y + (u *
(vx(wxx)))=y+ (v ((uxw)*x)).

Proof. (ux (v* (w=*1x))) = (vx* ((uxw)*x)). O

Lemma 50. Let u,v,w,z,y be natural numbers. Then (u * (v *
(wx2z))) +y=(v*(wx(uxz)))+y.

2.2 The Natural Order

Definition 51. m < n iff there exists a natural number [ such
that m +1 =n.

Let m < n stand for m < n and m # n. Let n > m stand for
m < n. Let n > m stand for m < n.



Definition 52. Assume that n < m. m — n is a natural number
[ such that n +1 =m.

The following three lemmas show that < is a partial order:

Lemma 53. m < m.
Lemma 54. If m <n < m then m = n.

Proof. Let m < n < m. Take natural numbers k,[ such that
n=m+kandm=n+1. Thenm=m+ (k+1)and k+1=0
and k£ = 0. Hence m = n. O

Lemma 55. If m <n <[ then m <.

We axiomatically postulate monotonicity properties for the arithmeti-
cal operations.

Axiom 56. m <norn<m.

Lemma 57. Assume that [ < n. Then m +1 < m +n and
l+m<n+m.

Lemma 58. Assume that m is nonzero and [ < n. Then m x[ <
mxn and [ xm < n*m.

2.3 Induction

Naproche provides an in-built binary relation symbol < as a universal
inductive relation: if

inheritance property: at any point m property P holds at
m provided all <-predecessors of m satisfy P

then
P holds everywhere.

Naproche has a proof tactic ”by induction [on ...]”, which reduces
the inductive proof goal ” P holds everywhere” to proving the inheri-
tance property for P.

Initially, there is no specification of <. The induction proof method
for some concrete relation is made available by embedding that relation
into <. Therefore we axiomatically embed the natural order into <.

Axiom 59. If m < n then m < n.

Let m is inductively smaller than n stand for m < n.
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Lemma 60. For every natural number n: n =0 or 1 < n.

Proof by induction. Let n be a natural number. Case n = 0.
Trivial.

Take n’ =n — 1. O
Lemma 61. If m <n+1then m <norm=mn+ 1.

Lemma 62. Let m # 0. Then n < n xm.

Proof. 1 < m. O

Here are some intuitive facts about the numbers 0,1, 2, 3:

Lemma 63. If m < 0 then m = 0.
Lemma 64. If m <1 then m =0 or m = 1.
Lemma 65. If m <2thenm=0o0r m=1or m=2.

Lemma 66. 0 <1 <2< 3.

2.4 Division

Definition 67. n divides m iff for some I: m = n *x [.

Let z|y denote z divides y. Let a divisor of z denote a natural
number that divides .

Lemma 68. Assume I|/m|n. Then [|n.
Lemma 69. Let I/m and [|m + n. Then |n.

Proof. Assume that [ is nonzero. Take a natural number ¢ such
that m = [ % q. Take a natural number r such that m +n =1 xr.

Let us show that ¢ < r.

Proof by contradiction. Assume the contrary. Then r < q. m +
n=1[0*r <l*q=m. Contradiction. ged.

Take s = r—q. We have (Ixq)+ (Ixs) =lxr =m+n = (Ixq)+n.
Hence n =1 s. 0

Lemma 70. Let m|n # 0. Then m < n.
Definition 71. n is even iff 2 divides n.
Let n is odd stand for n is not even.

Lemma 72. For all natural numbers n n is even or n = (2xm)+1
for some m.

Proof by induction. Let n be a natural number.

11



Case n = 0. Trivial.
Take n’ =n — 1.

Case n' is even. Take a natural number m’ such that n’ =2+ m/.
Then n = (2*m) + 1 for some m. qged.

Take a natural number m/ such that n’ = (2 * m’) + 1. Then
n=(2*m')+1)+1=2x(m'+1). Hence n is even.

O

2.5 Primes

Let p, d denote natural numbers.
Let n is nontrivial stand for n # 0 and n # 1.

Definition 73. p is prime iff p is nontrivial and for every divisor
dofpd=1ord=np.

Let a prime number stand for a natural number that is prime.
Lemma 74. 2 is prime.

Lemma 75. Every even prime number is equal to 2.
Lemma 76. 3 is prime.

Lemma 77. Every nontrivial n has a prime divisor.

Proof by induction. Let n be a nontrivial natural number. Assume
that n is not prime. Take a divisor m of n such that m # 1 and
m # n. m is inductively smaller than n. Every prime divisor of
m is a prime divisor of n. O

2.6 FEuclid’s Lemma

We need that prime numbers are prime elements in the ring of integers,
or the halfring of natural numbers. The following argument is taken
over almost verbatim from the Wikipedia article on Euclid’s Lemma

[2]-

Definition 78. m and n are coprime iff every common divisor of
m and n is equal to 1.

Lemma 79. If m and m are coprime then m = 1.
Let a, b denote natural numbers.

Lemma 80. For all nonzero natural numbers n, a, b if n|ax b and
n and a are coprime then n divides b.

12



Proof by induction on a * b.

Let n, a, b be nonzero natural numbers such that n|a*b and n and
a are coprime. Take a natural number ¢ such that nxq = a *b.

Case n = a. Then n =1 and n|b. ged.
Case a > n. Then g > b.

n*(q—0) =Mnmxq)—(nxb) =(axb) — (n*xb) =(a—n)x*b.
Thus n divides (a—n)*b. n and a—n are coprime. (a—n)*b < axb.
(a—n) b is inductively smaller than a*b. Thus n divides b. ged.

Hence n > a and b > gq.
(n—a)xq=(nxq) —(axq) =(axd)—(a*xq)=ax(b—q).

n—a divides ax(b—q). n—a and a are coprime. a*(b—q) < axb.
a % (b — q) is inductively smaller than a * b. Thus n — a divides
b—q.

Take a natural number 7 such that b — ¢ =r* (n — a).

(n—a)xq=(n*q)—(axq) =(axb)—(a*xq) =ax(b—q) =
ax(r«(n—a))=(a*xr)*(n—a).

n—a#0and g=axr.
a*x(nxr)=nx(axr) =nxq=ax*b.
Then n *xr = b and n divides b. O

Theorem 81 (Euclids Lemma). Let p be a prime number
and p|m x n. Then p|m or p|n.

2.7 Binomial Coefficients

We introduce factorials n! and binomial coefficients (?) together with
some divisibility properties which will be used later in connection with
Frobenius homomorphisms.

Signature 82. n! is a natural number.
Axiom 83. 0! = 1.

Axiom 84. (n+1)! = (n+ 1) xnl.
Lemma 85. Let n # 0. Then n|nl.

Proof. Take m =n — 1. Then n! = n xm!. 0

13



Lemma 86. Let p be a prime number. For all &k if k& < p then p
does not divide k!.

Proof by induction on k. Let k be a natural number. Case k = 0.
Trivial. Let k& < p. Take [ = kK — 1. Then p does not divide k. p
does not divide I!. p does not divide k x [!. O

Signature 87. (7;) is a natural number.
Axiom 88. (j) =1.

Axiom 89. (?) = 0 for all 7 such that 7 > 1.
Axiom 90. Let i > 1. (") = (") + (,")).

Theorem 91. For all natural numbers n and all natural numbers
iif ¢ > n+ 1 then (?) = 0.

Proof by induction on n. Let n be a natural number. Case n = 0.
Trivial.

’+1. Let i be a natural

Take a natural number n’ such that n = n 1 i
(V) + () =0+0=0.

number such that ¢ > n+1. Then (7;)
O
Theorem 92. For all n (Z) = 1.

Proof by induction. Let n be a natural number. Case n = 0.
Trivial.

Take a natural number m such that n = m + 1. Then (Z) =
M+ =0+1=1

n

The next property would normally be expressed as

Since we don’t have rational numbers available we reformulate the
property within the natural numbers.

Lemma 93. For all natural numbers n and all natural numbers
isuch that 0 <i<mn

nl = (’Z) « (i) % (n — 9))).

Proof by induction on n. Let n be a natural number. Let 7 be a
natural number such that 0 <4 <n.

Case n = 0. Trivial.

14



Take m =n — 1.

For all natural numbers j such that 0 < j < m m! = (’;L) * (5! *
(m — j)!). Indeed m is inductively smaller than n.

Case 1 = 0. Trivial.

Case ¢ = n. Trivial.

= ((n =) xm!) + (i ((7) * (= D (m = (@ = 1))1)))

= ((n =) xm!) + ((T) * (@ (@ = DY * (m = (i = 1))1))

= ((n =) xml) + ((7y) * @+ (m = (i = 1))

= ((n—d)xm!) 4+ ((;7) * (@' * (n —9)!))

= ((n =) ((7) * (@ (m — D)) + ((;7,) * (@ * (n —9)1))
= (((7) * (@l ((n = i) = (m — )))) + ((;7,) * (i * (n = 0)1))
= (((7) * (il (n = D)) + () * (@ * (n = 0)1))

= ((7) ) )Y

|

Lemma 94. Let p be a prime number. Let 0 < & < p. Then p
divides (2).

Proof. p! = (}) * (k! x (p— k)!). p divides p!. p does not divide k!.
p does not divide (p — k)!. p does not divide k! * (p — k)!. Hence
p divides (7). O

3 Finite Sequences and Sets

We can get standard notations in the pretty-printed text by employ-

ing BTEX macros as ForTheL terms. The notation {m,...,n} can
be generated from the ForTheL function pattern \Seq{m}{n} by the

macro:

\newcommand{\Seq} [2] {\{#1,\dots, #2\}}

15



Let m, n, i denote natural numbers.

Definition 95. {m,...,n} is the collection of natural numbers ¢
such that m <17 <n.

Lemma 96. {m,...,n} is a set.

Lemma 97. {1,...,0} =0.

Lemma 98. Let m < n. Then {1,...,m} C {1,...,n}.
Lemma 99. {1,....,n}U{n+1} ={1,...,n+1}.

Proof.

M) {1,...,n}U{n+1} C{1,...,n+1}.

Proof. {1,...,n} C{1,...,n+1}. {n+1} C{1,...,n+1}. Qed.
2){1,....,.n+1} C{1,...,n}U{n+1}.

Proof. Let m € {1,...,n+1}. 1 <m < n+ 1. Let us show that
me{l,...,n}U{n+1}.

Case m < n. Trivial.
m =n+ 1. Trivial.
Qed.
O

Definition 100. A sequence of length n is a map a such that
dom(a) = {1,...,n}.

Let a denote a map. Let a; stand for a(z).

Definition 101. Let {1,...,n} C dom(a).
{at,- an} = {ai | i € {L,...,n}}.

Lemma 102. Assume that {1,...,n} C dom(a). Then {a1,...,a,}
is a set.

Proof. Consider X = {1,...,n}. X is a set such that X C
dom(a). [timelimit 10] Take a set Y such that Y = {a;]i € X}.
[timelimit 3] Y = {a1,...,an}. O

Lemma 103. Assume that {1,...,n} C dom(a). Let m < n.
Then {1,...,m} C dom(a) and {aq,...,an} C {a1,...,a,}.

Lemma 104. {a1,...,a0} = 0.
Lemma 105. Assume that {1,...,n+ 1} C dom(a).

16



Then {a,...,an}, {ant+1} are sets and
{ay,...;an} U{ani1} ={a1,...,an41}-

Proof. n+1 € dom(a). {ant1} is a set and {a1,...,a,} is a set.
(1) {a1,...,an} U{ant1} C {ar,...,ant1}-

Proof. {a1,...,an} C {a1,...,ant1}- {an+1} C {a1,...,an41}-

Qed.
(2) {a1,.. . ant1} C{a1,...,an} U {ant1}-

Proof. Let z € {ai,...,an+1}. Take m € {1,...,n+ 1} such that
& = Gp,. Let us show that € {a1,...,a,} U{ani1}-

me{l,...,n}U{n+1}.
Case m € {1,...,n}. Trivial.
m € {n+1}. Then m = n + 1. Trivial. Qed.

O
Definition 106. Let A be a class. A is finite iff A = {aq,...,a,}
for some natural number n and some map a such that {1,...,n} C

dom(a).
Lemma 107. () is finite.

Proof. Define a(z) = z for x € {1,...,0}. Then {a,...,a0} = 0.
O

Lemma 108. Let u be an object. Then {u} is finite.

Proof. Define a(x) = w for z € {1,...,1}. Then {a1,...,a1} =
{u}. O
Lemma 109. For every object u: uw € {1,...,2} iff u =1 or
U= 2.

Lemma 110. Let u,v be objects. Then {u, v} is finite.

Proof. Define a(z) = {u

=1
“ for x € {1,...,2}.
w sm=2

Then {ai,...,a2} = {u,v}. O
Definition 111. Let C be a class. C' is infinite iff C' is not finite.

4 (Additive) Groups

It is common to define structures as an underlying set with further
structural elements that ”"belong” to that set: ”a group is a set with

17
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This naive approach to structures is employed here. It works
alright as long as one does not consider two different structures of the
same kind on the same underlying set. In general one will need stronger
structure mechanisms as provided in other proof systems.

4.1 Axioms

[synonym group/-s]

Signature 112. A group is a set.

Let an additive group stand for group.

Let G denote a group.

Signature 113. 0¢ is an element of G.

Signature 114. Let 2,y € G.  +% y is an element of G.
Signature 115. Let 2 € G. —%z is an element of G.

Axiom 116 (Associativity). (z4+%y)+% 2 =2 +% (y+2)
for all z,y,z € G.

Axiom 117. 2 4+% 0% =z for all z € G.
Axiom 118. x +¢ (~%x) = 0 for all z € G.
Axiom 119. 2 +%y =y +%z for all 2,y € G.
Let x —€ y stand for x +¢ (=%y).

Lemma 120. —%(—%2) =z for all z € G.

Proof. Let x € G. —%(=%z) = —9(-C%x) +¢ (-2 +% ) =
(S () C ) & =, O

Since Naproche does not provide automatic type elaboration the ob-
vious group parameter G has to be carried along in the IXTEX source.
In the BTEX output, however, we can hide it by some IXTEX trickery:

\catcode‘~\active
\def "#1{\ifthenelse{\equal{#1}{G}} {\unskip} {\sp{#1}}}

The first command makes the symbol ~ active as a possible macro
name. The second line defines the macro ~{...3}: if the argument
is G, it is discarded. Otherwise we treat it as a superscript. Since
~ is used as a macro symbol, we generate the superscript instead by
the BTEX command \sp{ }. The definition of the macro requires to
\usepackage{ifthen}. The previous lemma and proof then print
out more concisely as:
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Lemma 121. —(—z) =z for all z € G.

Proof. Let x € G. —(—z) = —(—2)+ (—z+2) = (—(—z)+—x)+
B = O

Lemma 122. Let 2,y € G. Then —(z +y) = —x — y.
Proof. (x +y) + (—x —y) = 0. O

4.2 Subgroups

We define subgroups and the subgroup generated by a set of generators.

Let G denote a group.
[synonym subgroup/-s]

Definition 123. A subgroup of G is a subset H of G such that
0 € H and for all z,y € H

r+y € H and —x € H.

Since we shall later consider subgroups of rings where we also have a
multiplication, we also use the adjective ”additive”:

Let an additive subgroup of G stand for a subgroup of G.
Lemma 124. G is a subgroup of G.
Lemma 125. {0} is a subgroup of G.

Proof. Let z,y € {0}. Then z,y = 0. z+y = 0 € {0} and
—z =0 € {0}. O
Lemma 126. Let F' be a nonempty set such that every element
of F' is a subgroup of G. Then [ F is a subgroup of G.

Definition 127. Let A be a subset of G. [A]={x € G|z € H
for all subgroups H of G such that A C H}.

Lemma 128. Let A be a subset of G. Then [A] is a subgroup of
G such that A C [4].

Proof.
(1) [4] is a subset of G.
(2) 0 € [4].

(3) x4+ y € [4] for all z,y € [A].
(4) —x € [A] for all z € [A].
Hence [A] is a subgroup of G.
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Let z € A. Then x € [A]. O
Let the additive closure of A in G stand for [A].
Definition 129. Let C C Gand c € G. ¢c®C = {c+d|d e C}.

5 Rings

5.1 Axioms

We shall only consider commutative rings with 1. After defining a
group as a set with further structure, we can now define a ring as a
group together with multiplication and a 1.

Signature 130. A ring is an additive group.

Let R denote a ring.

Signature 131. 1% is an element of R such that 17 # 0%,
Signature 132. Let z,y € R. x -f y is an element of R.
Axiom 133. (z-By) Fz=2-%(y-B2) forall z,y,2 € R.
Axiom 134. z -# 18 = g for all z € R.

Axiom 135 (Commutativity). z-fy=y-fzforallz,yc R.

Axiom 136 (Distributivity). Letz,y,2 € R. (z+%y)- Bz =
(z - 2)+8 (y - 2).

Again readability is improved if we hide the recurring superscript © by
the above method.

[timelimit 5]
Lemma 137. z- (x+y) = (z-2) + (2 - y) for all z,y, 2z € R.

Proof. Let z,y,2 € R. z-(z+y)=(z+y) 2= (z-2)+ (y-2)
= (z-2)+ (2 -y). Indeed consider v =z - z. O

Lemma 138. 0-2z =0 for all x € R.

Proof. Let x € R. (0-z)+z = (0-z)+(1-z) = (0+1)-z =1z = x.
0-z2=(0-2)+ ((—z)+ ) =0. O

[timelimit 10]
Lemma 139. (—1) -2 = —x for all x € R.

Proof. Let z € R. (—1)-z = ((-1) - z) + (z + (—z)) = (((-1) -
z)+ )+ (—2) = ((-1) -2) + (1 z)) + (—=). 0

8
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[timelimit 3]

Lemma 140. —(z-y) = (—z) -y for all z,y € R.

Proof. Let x,y € R. —(x-y) = (=1) - (x-y). O
Lemma 141. (—1)-(-1) = 1.

Lemma 142. z — (x — y) =y for all 2,y € R.

[timelimit 8]

Lemma 143. Let z,y,2 € R. (x —y)- 2= (z-2) — (y - 2).
Proof. Take u = —y. u € R.

(2 + (—y)) - 2

=(x+u)-z.

(r+u)- 2z

=(z-2)+ (u-2)

= (z-2) + ((=y) - 2)-

[timelimit 3]

5.2 Subrings

Let R denote a ring.

Definition 144. Let A be a subset of R. A is closed under
multiplication in R iff z -y € A for all z,y € A.

Definition 145. A subring of R is an additive subgroup S of R
such that 1 € S and S is closed under multiplication in R.

Lemma 146. R is a subring of R.

5.3 Operations on Subsets of Rings

Let R denote a ring.

Definition 147. Let B,C C R. BC = {b-c € R|b € B and
ceC}.

Definition 148. Let B,C C R. B-C = [BC(].

We iterate the formation of additive closures of pointwise products:
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Let n denote natural numbers.

Signature 149. Let B C R and n > 1. B™fhsubset ig 5 subset of
R.

Axiom 150. Let B C R. BLRsubset — B

Axiom 151. Let B C R and n > 1. Bnthsubset — pn,R,subset .
B.

Lemma 152. Let B C R. Then B™f:subset ig a4 subgroup of R
where n is a natural number and n > 1.

Proof by induction on n.
Let n be a natural number.
CASE n < 1. trivial.

Take a natural number m such that n = m+1. Then B™H-subset —
Bm.R.subset . B and B™R.subset jg o subgroup of R. O

Definition 153. Let B C R. {B™f | n € N} = {Bnf:subset|p ¢
N and n > 1}.

Lemma 154. Let B C R. Then {B™F | n € N} is a set.
Proof. N is a set. O

5.4 Divisibility

Let R denote a ring.

Definition 155. A unit in R is an element x of R such that
x -y = 1 for some element y of R.

Definition 156. Let X be a subset of R. Let x,y € R. x divides
y in X within R iff x - z = y for some element z of X.

Let z|y in X within R stand for = divides y in X within R.

Lemma 157. Let S be a subring of R. Let z,y,z € R. Let z|y
in S within R and y|z in S within R. Then x|z in S within R.

Lemma 158. Let S be a subring of R. Let z,y,z € R. Let x|y
in S within R and z|z in S within R. Then z|(y + z) in S within
R.

Proof. Take an element u of S such that z-u = y. Take an element
v of S such that z-v =2. Then - (u+v) =y+zand u+v € S.
O

Lemma 159. Let S be a subring of R. Let z,y € R. Let z|y in
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S within R. Then z|(—y) in S within R.

Lemma 160. Let S be a subring of R. Let z,y,z € R. Let x|y
in S within R and z|z in S within R. Then z|(y — z) in S within
R.

Proof. z|(—%) in S within R. O

5.5 Congruences

Let x =g y mod a within R stand for a divides z — y in .S within
R.

We show that for S being a subring of R and a € S, =g mod a is an
equivalence relation and a congruence relation on S.

Lemma 161. Let S be a subring of R and a € S. z =g x mod a
within R for all z € S.

Lemma 162. Let S be a subring of R and a € S. Let z,y be
elements of S such that z =g y mod a within R. Then y =g
mod a within R.

Proof. a divides  — y in S within R. a divides —(z — y) in S
within R. y — 2z = —(x — y). O
Lemma 163. Let S be a subring of R and a € S. Let z,y, z be

elements of S such that z =g y mod a within R and y =g z mod
a within R. Then z =g z mod a within R.

Proof. Take u € S such that + —y = a - u. Take v € S such that
y—z=a-v. Thenz—z=((z—y)+y)—z=(x—y)+(y—2) =
(a-u)+ (a-v)=a- (ut+v). O
[timelimit 6]

Lemma 164. Let S be a subring of R and a € S. Let z,2/,y,y’

be elements of S such that z =g 2’ mod a within R and y =g ¢/
mod a within R. Then x 4+ y =g 2’ + ¢y’ mod a within R.

Proof. Take u € S such that z — 2’ = a - u. Take v € S such that
Y~y =a-v. Then (z+3) ~ (&' +9/) = (& +3) + (o' + ') =
(+y) —2) =y =@+W-—2) -y =(-2)+y -y =
(—2)+y—-y)=(a-u)+(a-v).

~

O
[timelimit 3]
Lemma 165. Let S be a subring of R and a € S. Let x,2’ be
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elements of S such that © =g 2’ mod a within R. Then (—z) =g
(—2') mod a within R.

Proof. Take z € S such that v — 2’ = a - 2.
(~1)-(z=a") = (~1)-(@-2). (~2)~(=a") = ((=1)-2)~((~1)") =
(=1) - (a-z). O

Lemma 166. Let S be a subring of R and a € S. Let z,2',y,y’
be elements of S such that z =g 2’ mod a within R and y =g ¢/
mod a within R. Then x -y =g 2’ - ¥’ mod a within R.

Proof. Take u € S such that x — 2’ = a - u. Take v € S such that
y—vy =a-v.

z-y=(z-y)+0

=@ y)+ (=@ -y)+ @ y)

(-y)— (" -y)+ (" y)
((z—2)-y)+ (2 y).
a-y) =@ -y) =2 (y—y)
[timelimit 10]

—

Hence

(@-y)— ()=

(—2) y)+ @ y)— (@ y)
=(z—-a)-y)+ (" y) - -y))

by Associativity).

[timelimit 3]

a divides (z-y) — (2’-y') in S within R. Indeed (u-y)+(z'-v) € S.
O

We could now define equivalence sets

[z] = {2’ € S| 2’ =5 x mod a}
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and form a quotient
S/a = {[z] | x € S}.
But as we shall not continue working with quotients in this article we

will only consider congruences mod a. To talk about quotient rings
that have distinguished elements 0,1 with 0 # 1, we show:

Lemma 167. Let S be a subring of R and a € S. Assume that a
does not divide 1 in S within R. Then -0 =g 1 mod a within R.

5.6 Embedding Natural Numbers into a Ring

Natural numbers are represented in a ring R as sums of 1’s. As
Naproche does not yet provide recursive function definitions, we work
axiomatically: the notation or function symbol nlf is introduced into
the language, and then two axioms postulate the initial case and the
successor case of the recursion.

Finite powers of ring elements are introduced in a similar way.

Let m denote natural numbers.
Let R denote a ring.

Signature 168. Let n be a natural number. nlf is an element
of R.

Axiom 169. 07 = 0.

Axiom 170. (n+ 1)F = nlfl 4 1.

Lemma 171. 18 =1,

Lemma 172. Let S be a subring of R. Then nl® € S for all n.
Proof by induction. Let n be a natural number.

Case n = 0. Trivial.

Take m =n — 1. Then nlfl = mlfl 4 1€ 8. 0
Lemma 173. For all n we have (m + n)Fl = mlf] 4 plfl,

Proof by induction. Let n be a natural number.

Case n = 0. Trivial.

Take l =n — 1.
(m+n)E = (m+D)+DE = (m+DE +1 = (mlBE 4 11B) 11 =
Lemma 174. For all n we have (m % n)!f¥l = m! . plf,

Proof by induction. Let n be a natural number.
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Case n = 0. Trivial.

Take l =n — 1.
mlEl = (m!B . [1B) 4 (mlBl . 1) = mlBl. (1 4 1)[B] 0

Lemma 175. Let S be a subring of R. Let m divide n. Then
mlf) divides nlf in S within R.

Lemma 176. Let S be a subring of R and x € S. Then x =g —x
mod (2!%) within R.

Proof. x — (—z) =z +z=(1+1) -z =2F . 0O

5.7 Exponentiation

Exponentiation in R is defined by recursive axioms that specify the
new function symbol x~{n,R} which prints as z™%.

Signature 177. Let € R. ™% is an element of R.
Axiom 178. Let € R. Then 20 = 1.

Axiom 179. Let € R. Then a"t18 = gl . .

If the parameter R is understood from the context one would like to
turn R into an implicit parameter and hide ,R. Since we also want to
remove superscripts “~{R} we redefine the "macro” ~.

\catcode‘"\active

\def “#1{\ifthenelse{\equal{#1}{R}} {\unskip}
{{\IfEndWith{#1}{,R}{\sp{\StrBefore{#1}{,R}}}{\sp{#1}}3}}}

The string operations in this macro require to \usepackage{xstring}.

Lemma 180. Assume that n # 0. Then 0" = 0.
Proof. Take m such that n = m +1. Then 0™+ =0™.0=0. O
The statement of the next lemma requires brackets (...) for disam-

biguation. It should be possible to extend the ForTheL. grammar in
order to eliminate those brackets.

Lemma 181. Assume that x € R. Then for all natural numbers
n

(if n is even then (—z)™ = z™) and

(if n is odd then (—z)™ = —(z™)).
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Proof by induction. Let n be a natural number.
(1) Case n = 0. Trivial.

Take m =n — 1.

(2a) Case n is even.

m is inductively smaller than n and odd. (—z)™ = —(z™).
(=2)" = (=2)" - (=2) = (=(=™)) - (=2) = (z™) - & = 2" End.

(2b) Case n is odd.

m is inductively smaller than n and even. (—z)™ = a™. (—x)" =

(=)™ (—x) = (&™) - (—z) = —((z™) - ) = —(a"). Er;d.

O
Lemma 182. For all natural numbers n we have 1" = 1.
Proof by induction on n. O
Lemma 183. Let n be a natural numbers. Then (—1)" = 1 or
(=)™ = -1.
Proof. O

Lemma 184. Let x € R and m be a natural number. For all
natural numbers n we have ™ - " = ™17,

Proof by induction on n. Let n be a natural number.
CASE n = 0. Trivial.
Take a natural number k£ such that n = k + 1. Then

z™ - (z* - x) =
(z™ - z*) .z =

merk

Sx =
A = gt O
Lemma 185. Let x € R and m be a natural number. For all
natural numbers n we have (z™)" = ™*".

Proof by induction on n. Let n be a natural number.

CASE n = 0. Trivial.

Take a natural number k& such that n = k + 1. Then (z™)" =
(xm)k—&-l — (Im)k . (mm) O

Lemma 186. Let x,y € R. For all natural numbers n we have
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(-y)" =(a"-y").

Proof by induction on n. Let n be a natural number.

CASE n = 0. Trivial.

Take m such that n = m+1. (z-y)" = (z-y)™ ™ = (z-y)™- (z-y).
@™ -y™) - (z-y) =@ 2) (y™ - y). O
Definition 187. Let € R. {z™f | n € N} = {a"|n € N}.
Lemma 188. {z™ | n € N} is a set for every x € R.

[timelimit 11]

Lemma 189. Let z € R. Then {z™f | n € N} is a subset of R
that is closed under multiplication in R.

[timelimit 3]

Lemma 190. Let A be a subset of R that is closed under multi-
plication in R. Then the additive closure of A in R is closed under
multiplication in R.

Proof. Define B={b€ R |b-a € [A] for all a € A}.
(1) B is a subset of R.

(2) 0 € B.

(3) z+y e Bforall z,y € B.

Proof. Let z,y € B. Let a € A. Then z-a,y-a € [A]. Then
(x+y)-a=(z-a)+ (y-a) € [A]. Qed.
(4) —x € B for all z € B.

Proof. Let © € B. Let a € A. Then z - a € [A]. Then (—z)-a =
—(z-a) € [A]. Qed.

(5) B is a subgroup of R.

(6) A C B. Indeed A is closed under multiplication in R.
(7) [A] <

(8) For allbe[ Jand alla € A b-a € [A].

(9) For alla € A and all b € [A] a-b € [A].

Define C ={c € R | c-a € [4] for all a € [A]}.

(10) C is a subset of R.

(11) 0 € C.

(12) x +y € C for all z,y € C.
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Proof. Let z,y € C. Let a € [A]. Then z-a,y-a € [A]. Then
(x+vy)-a=(z-a)+ (y-a) € [4]. Qed.

(13) —z € Cforall z € C.

Proof. Let x € C. Let a € [A]. Then x - a € [A]. Then (—z)-a =
—(z-a) € [A]. Qed.

(14) C is a subgroup of R.

(15) ACC (by 9).

(16) [A] <

(17) For all b € [A] and all a € [A] b-a € [A].

6 Binomial Properties in Rings

6.1 Binomial Coefficients

As natural numbers, the binomial coefficients can be canonically em-
bedded into a ring R together with their recursive properties.

Let R denote a ring. Let n,m,k,[,7,j denote natural numbers.
Lemma 191. ( )[R] = 1.

Lemma 192. (i)[R} = 0 for all 7 such that 7 > 1.

Lemma 193. Let ¢ > 1. ("jl)[R] =" [k 4 (ifl)[R].
Lemma 194. If : > n + 1 then (7;) (Rl = (.

Theorem 195. (")IFl =1,

Lemma 196. Let S be a subring of R. Let p be a prime number.
Let 0 < i < p. Then plf divides (?)!f] in S within R.

6.2 Binomial Sums
We shall deal with ”partial” binomial sums of the form
m n n—1i, i
S (e
4 1
=0

We view the summation as a first-order function symbol in the argu-
ments m,n, x,y, R and specify the function axiomatically.
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Signature 197. Let z,y € R.

BTV m—i i
Zi—O <Z>£L' y

is an element of R.

Axiom 198. Let m be a natural number and z,y € R. Then
Z. 0 <m> xmfiyi — ™
1=0 (3

Axiom 199 (Summation recursion). Let 1 < k < m and
z,y € R. Then

Yo (2™ Ty =
(Ciso" (M a™iy) + () - (amk - yk)).

The following proofs in this section will be tedious since Naproche so
far does not have efficient term rewriting or an inbuilt ring theory.

Lemma 200. Let z,y € R. For all natural numbers m if m <n
then

(Eizo™ (2" y) - (v +y) =

(S (7)) + ()1 -,

Proof by induction. Let m be a natural number such that m < n.

Case m = 0.

(Cizo (D)2 ") - (z +y) =

2" (z+y) =

(@"-z) + (2" - y) =

gt 4 (2" y) =

(P H)em i) + (1 (@) =
(”“)x”“ iyt (3)[1%] (@0 y)) =
L)) (R 0 )

Indeed y=1-y.

End.
Take m' =m — 1.

[timelimit 30]
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ize™ (3™ 95‘1‘?!)
( 1

(Cico™ (G ) + (2B @ y™))) - (x4 ).
[tlmehmlt 3]
(G

> )a" ) + () - @ y™)) - (z +y) =
(Zi:oml (7" )-(Hy))Jr(((”)[R]~(96”‘m ™) (@ +y)) =
n )

m'(njl) n+l— zyz)Jr(( )[R] (xnfm'.ym +1)) +((( )[R].
-ym))~(:c+y)):
m +

)

[timelimit 20]

(Cizo™ ("“) T zy’) (JZ)
)

(’ﬂ;rl)anrl i + ( n\[R] . (xnfm

(

(

(e y -

(@™ - y™) - 2))) + (o) - @™ - y™) - ).

E(TZ‘)[R] . (xn;m cy™) -y = (m)[R] (g™ y) = (Z)[R] .
(

(

(

(

i:Oml (nJirl)xn-i-l—iyi) + (((nrzl’)[R] . (xn—m’ _ym’+1)) +(((7:Ll) [R] .
mmey™) - 2)) + () @ y™) ) =
m’ (nJirl)xn-i-l—iyi) + (((HZL,)[R] o

wm ) - 2)) + () - (am

m/+1 _ — p(ntl)—-m

Zn—m’ _ym’+1)) _1_(((;) (R] .
,ym+1)).

. y . ym.
TZ/)[R] . (xn m' | m +1) ( )[R] ( (n+1)—m , ym)
T =

((;L)[R] (v ey™) =
(:ﬁ) [R] . (x(n+1)—m Sy™).

m'+1 (n+1)7 m

'Y Y.
(( izom’ (n+1) n+1—i z) + (((r;L')[R] . (xn—m’ _ym’+1)) _1_(((77:1) [R] .
(a -

31



(Ciy (n+1) n+1—iyi)+(((£/)[R].(x(n-‘rl)—m.ym)) +((::L)[R].
(D7 )+ () @y ) =

(Cio™ ("T)2™ ) + ()P + () - (@7 - ym)
)+ () - (@nmm -yt h)).
(

)+ () = ().
Zi:OM(njl)xn—i—l 1y7. _
Zi:om/ (njl)anrlfzyz) + ((n-i-l) [R] . ( (n+1)—m ym))

(Simg™ ("1 + () + (2)17) - @m0 gm)
)+ () gy =
p

i:Om/ (nJirl)xn-i-l—iyi) + <(n$1) [R] .(x(n-‘,-l)—m _ym) ))"‘((:@) [R] .
gn ey ) =

o™ ("F) e ) () @y ).
This leads to the standard binomial formula:

Theorem 201. Let x,y € R. For all natural numbers n we have
(x + y)n _ Z nf™ xnfiyi
i=0 \ ¢ ’

Proof by induction. Let n be a natural number.
Case n = 0. Trivial.

Take n’ =n — 1.

(z+y)" =
(ﬁv+y)”"(x+y)=
im0 (V)2 7 (@ +y) =

(zl ("L“) M) () @) =
(Cico™ (D™ ") + () - (& - y™).

[tlmehmlt 8]

(Cimo™ (D2 ) + () (@7 - y™)) =

Yo" (7)z" "y’ (by 7).

[timelimit 3]
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6.3 Divisibility
Lemma 202. Let S be a subring of R. Let x,y,z € S. Let x|y

in S within R. Then z|(y - z) in S within R.

Lemma 203. Let S be a subring of R. Let z € S. For all natural
numbers n 2™ € S.

Proof by induction. Let n be a natural number.
Case n = 0. Trivial.
Taken'=n—1. 2" €S. z" =2" -z € S. O

Lemma 204. Let p be a prime number. Let S be a subring of
R and z,y € S. Then for all natural numbers m if m < p then
Sico™ (®)aP~iyt =g 2P mod plf within R.

Proof by induction. Let m be a natural number such that m < p.
Case m = 0. Trivial.

Take m' =m — 1.

(f1) 3,_0™ (B)a?~'y" =5 a? mod plfil within R.

plfl divides (2) (Bl in S within R.

P~ e S.

pl divides ((2) [B]. (zP=™ . 4™)) in S within R.

(f2) ((P) [B] . (zp—™ . y™)) =5 0 mod p!*¥ within R.

(o™ (B)aP iyt )+((2) (Bl (gP=™.y™)) =g 2P mod p!# within
R.

Proof. Take a =Y, ™ !(¥)aP*y'. Take b= ((?)F . (2P~ .
y™)). Take ¢ = 2P. a =g ¢ mod plBl within R. b =g 0 mod pl#
within R. b€ S. a4+ b =g ¢ mod p!*¥! within R. Qed.
Sico™(®)aP iyt =5 2P mod plf within R.

Proof. m < p.

[timelimit 30]

Yo ()2t = (™ () ) + ((B) - (2P - y™)).
[timelimit 3]

QED.

[timelimit 3]

O

The following lemma will be used later to show that the Frobenius map
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is an additive homomorphism.

Lemma 205. Let p be a prime number. Let S be a subring of R
and 2,y € S. Then (z + y)? =g 2P 4+ y? mod p!# within R.

Proof. p > 1.

[timelimit 30]

(@+y)P =" ()" "y =

(Zi:op_l (129) Pyt + ((g) (R] . (PP - yP)) =
(Zize™ ()27 + 97

Indeed Z) (Bl . (gp=P . yP) = yP.

SicoP ()P iy =5 2P mod plfl within R.

Yico? H(B)aP iy + yP =g 2P + yP mod plf within R.
Proof. Take a =Y, _P~!(?)aP~'y’. Take b = zP.

a =g b mod p!¥! within R.

Take ¢ = yP.

a+y? =g b+ yP? mod pl! within R. Qed. [timelimit 3] O

Lemma 206. Let p be a prime number. Let S be a subring of R
and 2,y € S. Then (z — y)? =g 2 — y? mod p!# within R.

Proof.

Case p is even. Then p is equal to 2.

(z —y)? =5 2° + (—y)? mod 2IF] within R.
(z —y)? =5 22 + y? mod 2[F] within R.

2?2 +y? =5 22 — 3® mod 217 within R. Indeed 3? =5 —(y?) mod
2l7 within R.

(z—y)?, 22 +y? 22—y € S.

Hence (z — y)? =5 22 — y> mod 2" within R.

End.

p is odd.

(z — y)P =5 2P + (—y)P mod pl¥ within R.

(z — y)P =5 2P — y? mod plfl within R. O

34



7 Topological Spaces

We formalize some beginnings of set-theoretic topology. For simplicity,
we do not work with a set-theoretic family of open sets, but instead
use a predicate “is open in 7”. We partially follow the presentation
by Wedhorn [12], 5.4.

7.1 Topological Axioms

Signature 207. A topological space is a set.
Let T denote a topological space.

Signature 208. Assume that T is a topological space and X is
a subset of 7. X is open in 7T is an atom.

Definition 209. An open subset of T' is a subset of T' that is
open in T'.

Axiom 210. T is open in T

Axiom 211. Let X be an open subsets of 7" and Y be an open
subset of T. Then X NY is open in 7.

Axiom 212. Let Z be a set such that every element of Z is an
open subset of T. Then (J Z is open in T

Lemma 213. () is open in 7.

Proof. O = J0. O

7.2 Convergence

[synonym neighborhood/-s]

Definition 214. Let x € T'. A neighborhood of z in T is a subset
V of T such that there is a subset U of V such that U is open in
Tand x € U.

Lemma 215. Let x € T. Let V, V'’ be neighborhoods of x in T.
Then V NV’ is a neighborhood of z in T.

Proof. Take a subset U of V such that U is open in T and = € U.
Take a subset U’ of V' such that U’ is open in T and =z € U’.
Then UNU'isopeninT. z e UNU' CV NV O

Lemma 216. Let z be an element of T'. Let U,V be subsets of
T such that U is a neighborhood of x in T and U C V. Then V'
is a neighborhood of = in T'.

A topology is determined by its neighborhoods.
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Lemma 217. Let A C T. Then A is open in T iff for every z € A
there exists a neighborhood V' of z in T such that V C A.

Proof. Case A is open in T'. Obvious.

Case For every x € A there exists a neighborhood V of  in T
such that V' C A. For every x € A there exists a subset U of A
such that U is open in T' and « € U. Define Z = {U | U C A and
U is open in T'}. Z is a set. Every element of Z is a subset of T’
that is open in 7. |JZ C A.

A=Z.

Proof. Let x be an element of A. Take an element U of Z such
that x e U. U C|JZ. qed.

Hence A is open in T'. Indeed every element of Z is an open subset
of T. qed. 0

Definition 218. T is Hausdorff iff for all distinct elements x,y
of T there are sets A, B such that A is a neighborhood of z in T
and B is a neighborhood of y in T and AN B = (.

Definition 219. A filter basis on 7' is a nonempty set B such that
every element of B is a nonempty subset of 7" and for all elements
X,Y of B there exists an element Z of B such that Z C X NY.

Definition 220. Let B be a filter basis on T and z € T. B
converges to x in T iff for every neighborhood U of = in T there
exists an element X of B such that X C U.

Definition 221. Let B be a filter basis on 7. B converges in T'
iff B converges to some element of 7" in 7T'.

Definition 222. Let x be an element of 7. The neighborhood
filter of z in T is the collection of neighborhoods of x in T'.

Let NI denote the neighborhood filter of = in T
Lemma 223. NI is a set for all x € 7.

Lemma 224. Let = be an element of 7. NI is a filter basis on
T that converges to x in T

8 Topological Groups

A topological group requires its operations to be topologically contin-
uous.

Let G denote a group that is a topological space.
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Definition 225. Let z,2’ € G. G is additively continuous at
x and 2 iff for every neighborhood U of # + “2’ in G there are
subsets V, V' of G such that V is a neighborhood of z in G and
V' is a neighborhood of 2’ in G and for all v € V for all v/ € V’
v+ % el.

Definition 226. G is additively continuous iff G is additively
continuous at x and z’ for all z,2’ € G.

Definition 227. Let x € G. G is negation continuous at x iff for
every neighborhood U of —%x in G there exists a neighborhood
V of x in G such that —Gv € U for allv € V.

Definition 228. G is negation continuous iff G is negation con-
tinuous at z for every z € G.

Definition 229 (Topological group). A topological group is
a group G such that G is a topological space and G is additively
continuous and negation continuous.

Let G denote a topological group.

Definition 230. A fundamental system of neighborhoods of G is
a subset F of NOGG such that for every neighborhood U of 0¢ in G
there exists V € F such that V C U.

Definition 231. A fundamental system of open neighborhoods
of G is a fundamental system of neighborhoods F' of G such that
every element of F' is open in G.

Proposition 232. NO% is a fundamental system of neighbor-
hoods of G.

Definition 233. G is nonarchimedean iff every neighborhood U
of 0% in G has a subset S that is a subgroup of G and open in G.

Lemma 234. Let B be a subgroup of G that is a neighborhood
of 0¢ in G. Then B is open in G.

Proof. Let x € B. G is additively continuous at 2 and —%z.
B is a neighborhood of x + ¢(—=%z) in G. [timelimit 10] Take
subsets V, V' of G such that V is a neighborhood of z in G and
V' is a neighborhood of —%z in G and for all v € V, all v/ € V'
v+ %' € B. [timelimit 3]

(1) V. C B. Proof. Let v € V. Then v+ %(~%2) € B. v =
(v 4 &(=%2)) + Cx € B. end. O

8.1 Completeness
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Let G denote a topological group.

Definition 235. Let B be a filter basis on G. B is Cauchy in G
iff for every neighborhood U of 09 in G there exists A € B such
that « — “y € U for all z,y € A.

Definition 236. G is complete iff G is Hausdorff and every filter
basis on G that is Cauchy in G converges in G.

9 Topological Rings
A topological ring has continuous multiplication.

Let R denote a ring that is a topological space.

We hide “{R} and ,R} as before.

Definition 237. Let z,2' € R. R is multiplicatively continuous
at z and 2’ iff for every neighborhood U of z - 2’ in R there are
subsets V, V' of R such that V is a neighborhood of z in R and
V' is a neighborhood of z’ in R and for all v € V for all v € V'
v-v' eU.

Definition 238. R is multiplicatively continuous iff R is multi-
plicatively continuous at x and z’ for all =, 2’ € R.

Definition 239 (Topological ring). A topological ring is a
ring R such that R is a topological group and R is multiplicatively
continuous.

Part 11
Perfectoid Rings

10 Boundedness

This chapter corrresponds to parts of the file power_bounded.lean in
the Lean formalization of perfectoid spaces [10] which contains the the-
ory of topologically nilpotent, bounded, and power-bounded elements
and subsets of topological rings. The line numbers "L ...” after some
definitions and theorems refer to that file. We also use material from
[12]. We omit those parts that depend on an adic topology on R, since
this will not be needed in our definition of perfectoid rings. Initially we
do not require a connection between the algebraic and the topological
structure on R.
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Let R denote a ring that is a topological space.

Definition 240 (L 42).  Assume that B is a subset of R. B
is bounded in R iff for all neighborhoods U of 0 in R there exists
a neighborhood V of 0 in R such that v-b € U where v € V and
be B.

The last condition can be expressed by products of sets:

Lemma 241 (L 48). Assume that B is a subset of R. B
is bounded in R if and only if for all neighborhoods U of 0 in R
there exists a neighborhood V of 0 in R such that VB C U.

Proof. CASE B is bounded in R. Let U be a neighborhood of 0
in R. Take a neighborhood V of 0 in R such that v-b € U where
veVand be B. Then VB CU. end.

CASE For every neighborhood U of 0 in R there exists a neigh-
borhood V of 0 in R such that VB C U.

Let us show that B is bounded in R. Let U be a neighborhood
of 0 in R. Take a neighborhood V of 0 in R such that VB C U.
Then v-b € U where v € V and b € B. end. end. O

Now we strengthen our assumptions on R to:

Let R denote a topological ring.

Lemma 242 (L 91). Let R be nonarchimedean and B C R.
Then B is bounded in R iff for all neighborhoods U of 0 in R
there exists a subgroup V' of R such that V is open in R and the
additive closure of VB in R is a subset of U.

Proof. CASE B is bounded in R. Let U be a neighborhood of 0
in R. Take a subset U’ of U such that U’ is a subgroup of R and
open in R. U’ is a neighborhood of 0 in R. Take a neighborhood
V' of 0 in R such that V/B C U’. Take a subset V of V' such
that V is a subgroup of R and open in R. Then VB C U’. The
additive closure of VB in R is a subset of U’. end.

CASE For all neighborhoods U of 0 in R there exists a subgroup
V of R such that V is open in R and the additive closure of V B
in R is a subset of U. Let U be a neighborhood of 0 in R. Take
a subgroup V of R such that V is open in R and the additive
closure of VB in R is a subset of U. V is a neighborhood of 0 in
R. VB C R. VB is a subset of the additive closure of VB in R.
Then VB C U. end. ]

Definition 243. A bounded subset of R is a subset of R that is
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bounded in R.
Lemma 244. () is a bounded subset of R.

Lemma 245 (Boundedness of Singletons). Let r € R.
Then {r} is bounded in R.

Proof. Let U be a neighborhood of 0-7 in R. R is multiplicatively
continuous at 0 and r. [timelimit 10] Take V, V' C R such that
V is a neighborhood of 0 in R and V' is a neighborhood of 7 in
R and for all v € V for all v € V' v-v' € U. [timelimit 3] Then
V{r} CU. O

Lemma 246. Let B, B’ be subsets of R that are bounded in R.
Then B U B’ is bounded in R.

Proof. Let U be a neighborhood of 0 in R. Take a neighborhood
V of 0 in R such that v-b € U where v € V and b € B. Take
a neighborhood V' of 0 in R such that v-b € U where v € V'
and b € B’. VNV’ is a neighborhood of 0 in R. v-b € U where
veVNV and be BUB'. O

Lemma 247. For every natural number n for every map s such
that {1,...,n} C dom(s) and {s1,...,8,} € R {s1,...,8n} is
bounded in R.

Proof by induction. Let n be a natural number. Let s be a map
such that {1,...,n} C dom(s) and {s1,...,s,} C R.

CASE n = 0. trivial.

Take a natural number m such that n = m+1. m <n. {1,...,m} C
dom(s). {s1,...,8m} C R. {s1,...,8mn} is bounded in R.

{81, sSmy1} = {815+, $m} U {Smt1}. {Sm+1} is a bounded
subset of R. Hence {s1,...,8m+1} is bounded in R. O

Lemma 248 (5 28 1). Every finite subset of R is bounded in
R.

Lemma 249. Let r,s € R. Then {r, s} is bounded in R.
Proof. {r, s} is a finite subset of R. O

Lemma 250 (L 136). Every subset of every bounded subset
of R is a bounded subset of R.

Proof. Let B be a bounded subset of R. Let A C B. Let U be a
neighborhood of 0 in R. Take a neighborhood V of 0 in R such
that VBCU. Then VACVBCU. VACU. O

The corresponding lemma and its proof in power_bounded.lean
read:

lemma subset {S1 S2 : set R}
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(h : S1 \subset S2) (H : is_bounded S2)
is_bounded S1 :=
begin
intros U hU,
rcases H U hU with <V, hV1l, hV2>,
use [V, hvi],
intros v hv b hb,
exact hV2 _ hv _ (h hb),
end

Definition 251 (L 179). Let r be an element of R. r is
powerbounded in R iff {r™f | n € N} is bounded in R.

Lemma 252. Let r be an element of R. Then r is powerbounded
in R iff for all neighborhoods U of 0 in R there exists a neighbor-
hood V of 0 in R such that v-r"™ € U where v € V and n is a
natural number.

Proof. CASE r is powerbounded in R. Let U be a neighborhood
of 0 in R. Take a neighborhood V' of 0 in R such that V{r™# |
n € N} C U. Indeed {r™F | n € N} is bounded in R. Assume
w € V. Let m be a natural number. Then r™ € {r"¥ | n € N}.
w-rm e V{r“E|neN} CU.

end.

CASE For all neighborhoods U of 0 in R there exists a neighbor-
hood V of 0 in R such that v -r™ € U where v € V and n is a
natural number.

(1) {r™® | n € N} is bounded in R.

Proof. Let U be a neighborhood of 0 in R. Take a neighborhood
V of 0 in R such that v - r™ € U where v € V' and n is a natural
number. ged. end. O

Lemma 253 (L 189). 0 is powerbounded in R.
Lemma 254 (L 199). 1 is powerbounded in R.
Lemma 255. —1 is powerbounded in R.

Proof. {—1,1} is bounded in R. {-1™%® | n € N} C {-1,1}.
[timelimit 20] Hence {—1™% | n € N} is bounded in R. [timelimit
3] O

Lemma 256 (L 248). Let a,b be elements of R that are
powerbounded in R. Then a - b is powerbounded in R.

Proof. Let U be a neighborhood of 0 in R. [timelimit 10] Take a
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neighborhood V of 0 in R such that v - b" € U where v € V and
n is a natural number. [timelimit 15] Take a neighborhood W of
0 in R such that w-a™ € V where w € W and n is a natural
number. [timelimit 3]

(1) w- (a-b)™ € U where w € W and n is a natural number.
Proof. Let w € W and n be a natural number. w-a™ € V.
w-(a-b)"=w-(a"-b")=(w-a")-b" eU.

qed. O

Lemma 257 (L 290). Let R be nonarchimedean. Let a,b
be elements of R that are powerbounded in R. Then a + b is
powerbounded in R.

Proof. Let U be a neighborhood of 0 in R. Take a subset U’ of U
that is a subgroup of R and open in R. U’ is a neighborhood of 0
in R. [timelimit 30] Take a neighborhood V of 0 in R such that
v-b" € U’ where v € V and n is a natural number. [timelimit 30]
Take a neighborhood W of 0 in R such that w-a™ € V where w €
W and m is a natural number. [timelimit 3] (1) w- (a™ -b") € U’
where w € W and m, n are natural numbers.

Proof. Let w € W and m, n be natural numbers.
w-a™eVandw- (@™ -b") = (w-a™)-b"eU.
qed.

Define G={z € R|w-z €U’ for all w € W}.

(3) G is a subgroup of R.

Proof.

(a) 0 € G.

(b) For all z,y € G z + y € G.

Proof. Let z,y € G. Let w € W. Then w-(z+y) = (w-2)+(w-y) €
U'.

qed.

(¢)Forallz € G —z € G.

Proof. Let x € G. Let w € W.

w-(—2) =w- (=1)-2) = (-1) (- ) = —(w - 2).
qed.

qed.

Define Z = {a™ - b™ | m,n € N}.
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(2) Z is a subset of G that is closed under multiplication in R.

Proof. Let u,v € Z. Take m,n € N such that u = a™ - b". Take
m’,n’ € Nsuch that v = a™ -b™ . Then u-v = (a™-b")-(a™ -b" ) =

(@™ -am™)- (- =

amtm’ .y’ e 7,

Hence u-v € Z. Qed.

) l,a,b € Z. Proof. 1=a%-0°. a=a'-b°. b=a" b'. Qed.

3

(4) Z C G.

(5) [2] €

(6) [Z] is closed under multiplication in R.

(7) For all natural numbers n (a + b)™ € [Z]. Proof by induction.
Let n be a natural number. Case n = 0. Trivial.

a+be[Z]

Let m =n — 1. Then (a+b)™ € [Z].

(a+b)"=(a+b)"" =(a+b)™- (a+b) € [Z]. Qed.

(8) For all natural numbers n (a + b)™ € G.

(9) For all natural numbers n and all w e W w- (a +b)" € U’ .

O
Lemma 258 (L 342). Let a be an element of R that is
powerbounded in R. Then —a is powerbounded in R.
Proof. —a = (-1) - a. O

Definition 259 (L 310). R° = {z € R | z is powerbounded
in R}.

Lemma 260. R° is a subset of R.
Lemma 261 (L 320). 0€ R°.
Lemma 262 (L 322). 1€ R°.
Lemma 263 (L 324). Let a,b€ R°. Then a-b € R°.

Lemma 264 (L 324). Let @ € R°. Then a™ € R° for all
n € N.

Proof by induction. Let n € N.
Case n = 0. Trivial.

Take m = n — 1. m is inductively smaller than n and a™ € R°.
Hence a™ =a™ -a € R°. 0
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Lemma 265 (L 337). Let R be nonarchimedean. Let a,b €
R°. Then a +b € R°.

Lemma 266 (L 342). Let a € R°. Then —a € R°.

Lemma 267 (L 365). Let R be nonarchimedean. Then R° is
a subgroup of R.

Lemma 268 (L 371). Let R be nonarchimedean. Then R° is
a subring of R.

Definition 269 ( 380). R is uniform iff R° is a bounded
subset of R.

10.1 Topological Nilpotency

Definition 270 (L 30). Let r be an element of R. r is
topologically nilpotent in R iff for all neighborhoods U of 0 in R
there exists a natural number N such that r™ € U for all natural
numbers n such that n > N.

For example:

Lemma 271. 0 is topologically nilpotent in R.

[timelimit 20]

Lemma 272. Assume that R is Hausdorff. 1 is not topologically
nilpotent in R.

Proof. Take sets A, B such that A is a neighborhood of 0 in R
and B is a neighborhood of 1 in R and AN B = (. O
[timelimit 3]

Theorem 273. Let r be an element of R that is topologically
nilpotent in R. Then r is powerbounded in R.

Proof.

Let U be a neighborhood of 0 in R.

Take h = 0. Take b/ = 0. U is a neighborhood of 0-0 in R. R is
multiplicatively continuous at h and k' and U is a neighborhood of
h-h' in R. [prover vampire] [timelimit 30] Take subsets V, V' of R
such that V is a neighborhood of 0 in R and V"’ is a neighborhood
of 0in R and for all v € V for all v’ € V' v -v' € U. [timelimit 3]
[prover eprover]

Take a natural number N such that »™ € V for all natural numbers
n such that n > N. Define X = {r" |[n € Nand 1 <n < N}.
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(1) X is finite.

Proof. Define s(n) = r™ for n € {1,...,N}. [timelimit 5] X =
{s1,...,sn}. [timelimit 3] qed. [timelimit 10] X is bounded in
R. Take a neighborhood V" of 0 in R such that v" - 2z € U where
v eV"and z € X. Let W =UN (V' NV"). [timelimit 5]W is
a neighborhood of 0 in R. Indeed V' NV" is a neighborhood of 0
in R. [timelimit 3]
(2) w-z € U where w € W and z € {r"™® | n € N}.

O

Lemma 274. Let a,b be elements of R such that a is topolog-
ically nilpotent in R and b is powerbounded in R. Then a - b is
topologically nilpotent in R.

Proof. Let U be a neighborhood of 0 in R. [timelimit 10] Take
a neighborhood V of 0 in R such that v - b € U where v € V
and n is a natural number. [timelimit 15] Take a natural number
N such that a™ € V for all natural numbers n such that n > N.
[timelimit 3]

(1) (a-b)™ € U for all natural numbers n such that n > N.
Proof. Let n be a natural number such that n > N.
(a-b)"=a"-b" e U.

qed. O

Lemma 275. Let R be Hausdorff. Let a be an element of R that
is topologically nilpotent in R. Then a does not divide 1 in R°
within R.

Proof. Assume the contrary. Take b € R° such that a-b = 1.
Then a - b is topologically nilpotent in R. Contradiction. 0

11 Huber rings

Let R denote a topological ring.

The following is the original definition of f-adic ring by R. Huber [3]:

Definition 276. A Huber ring is a topological ring R such that
for some subset U of R and some finite subset T of U {U™F | n €
N} is a fundamental system of neighborhoods of R and T'- U =
U-UCU.

Lemma 277. Let R be a Huber ring. Then R is nonarchimedean.
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Proof. Take a subset U of R such that U -U C U and {U™% |
n € N} is a fundamental system of neighborhoods of R. Let V be
a neighborhood of 0 in R. Take B € {U™F | n € N} such that
B C V. B is a neighborhood of 0 in R. Take n € N such that
n> 1 and B = Un,R,subset.

Case n > 1. Then B is a subgroup of R that is open in R. end.

n =1 B =U. U-U is a subgroup of R that is open in R.
U.-UCU=BCV. O

Lemma 278. Let R be a Huber ring. Then R° is a subring of
R.

12 Tate Rings

Let R denote a topological ring.

Definition 279. A pseudouniformizer of R is a unit in R that is
topologically nilpotent in R.

[timelimit 10]

Lemma 280. Let w be a pseudouniformizer of R. Then w is
powerbounded in R.

[timelimit 3]

Definition 281. A Tate ring is a Huber ring that has a pseu-
douniformizer.

13 Frobenius maps

Normally we would use (set-theoretic) quotients by principal ideals in
R for the definition of perfectoid rings, and then Frobenius-style maps
on those quotient rings. Instead we define a global map ®, x — x? and
consider whether it induces maps between such quotients. This can
be expressed by calculations modulo the generators of the ideals. A
complete formalization would have to prove certain well-definednesses
which we assume for simplicity. We treat the Frobenius Map as a
function symbol of the logic, dependent on the Ring and a fixed prime
number p.

Let R denote a Huber ring.

Signature 282. p is a prime number.
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Definition 283. Let € R. ®(x) = aP.
Lemma 284. Let x € R°. Then &(x) € R°.
® maps the subring of power-bounded elements into itself. To show
further structural properties we recall the following

Lemma. Let S be a subring of R and z,y be elements of S. Then
(z +y)P =5 2P + y? mod plfl within R
and
(z —y)? =g 2P — y? mod plf within R

Lemma 285.Let @ be an element of R° such that (w?)|plf! in
R° within R. Let x,y be elements of R° such that

T =gro y mod w within R.
Then
®(x) =go ®(y) mod w? within R.

Proof. w divides ¢ — y in R° within R. w? divides (z — y)? in R°
within R. plfl divides (z — y)? — (2P — yP) in R° within R. Let
t = (x—y)? — (2P — yP). Then wP divides —t in R° within R.
wP divides (z — y)? — t in R° within R. w? divides P — y? in R°
within R. Indeed (z — y)? —t = aP — yP. O

This map also respects the ring operations modulo w and w?.

Lemma 286. ®(0) = 0.
Lemma 287. &(1) = 1.

Lemma 288. Let @ be an element of R such that (cw?)[plfl in
R° within R. Let x,y be elements of R°. Then

b(z 4+ y) =go P(z) + P(y) mod w?P within R.

Proof. plfil divides (z +y)P — (2P 4 yP) in R° within R. Then w?
divides (z + y)? — (P + yP) in R° within R.

O

Lemma 289. Let @ be an element of R° such that (z?)[p!®! in
R° within R. Let = be an element of R°. Then

®(—z) =go —P(x) mod w? within R.

Proof.

b(x + (—z)) =go ®(z) + ¢(—2) mod wP within R.

wP divides 0 — (®(x) + ®(—z)) in R° within R. [timelimit 10] w?
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divides —®(z) — ®(—=2) in R° within R. [timelimit 3] O
Lemma 290. Let w be an element of R° such that (w?)[p!® in
R° within R. Let x,y be elements of R°. Then

O(x - y) =go (z) - P(y) mod w? within R.

Proof. ®(z-y) = (x - y)’ = a? -y = O(z) - 2(y). O

A perfectoid ring requires the Frobenius map to induce an isomorphism
of certain quotients. So far we have established that it is a homomor-
phism. To express the crucial isomorphism property one would ordinar-
ily apply a general predicate for ring congruence to the rings R°/a and
R°/b. To cut things short, we (miss-)use the notation ® : S/a = T'/b
with its ITEX source

$\Phi“{R} : S / a \cong T / b$

by defining its meaning in terms of congruences using the parameters
S,a,T,b.

Definition 291. Let SST C R. Letae Sand beT. @ :S5/a =
T/b iff (for every z,y € S if &(x) = ®(y) mod b within R then
z =g y mod a within R) and (for every z € T' there exists w € S
such that z =7 ®(w) mod b within R).

14 Perfectoid rings

Now all ingredients are prepared for defining perfectoid rings in Naproche:

Let R denote a Tate ring.

Lemma 292. Let R be complete and w be a pseudouniformizer
of R. Then w,w? do not divide 1 in R° within R.

Proof. w does not divide 1 in R° within R. Assume that w?
divides 1 in R° within R. Take b € R° such that @? - b = 1.
Let g =p—1. p=1+gq Then o? = w' - w? = w - wi.
w: (w?-b) = (w-w?)- b= 1. [timelimit 6] Then w divides 1 in
R° within R. Indeed w? € R°. [timelimit 3] O

In this case the quotients R°/w and R°/wP are well-defined rings,
and one can finally define:

Definition 293. R is perfectoid iff R is complete and uniform
and there exists a pseudouniformizer w of R such that wp|p[R] in
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R° within R and

®: R°/w = R°/wP.

The present formalization has solely been directed towards the defi-

nition of perfectoid rings in a readable and proof-checked mathematical
language. We do not pursue the theory of perfectoid rings any further
and we do not consider examples. If one wanted to do so one would
have to refine and considerably expand the previous developments.
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