Part 1
Definitions

Definition 1. Let f be a map. An inverse of f is a map g from
range(f) to dom(f) such that f(a) =b<= g(b) =a for all a € dom(f)
and all b € dom(g).

Definition 2. Let f be a map. f is invertible iff f has an inverse.
Lemma 3. Let f be a map and g, ¢’ be inverses of f. Then g = ¢’.

Proof. We have dom(g) = range(f) = dom(g’).

Let us show that g(b) = ¢/(b) for all b € range(f). Let b € range(f). Take
a = g'(b). Then g(b) = a iff f(a) =b. We have f(a) = b iff ¢'(b) = a. Thus
g(b) = ¢'(b). End. [ |

Definition 4. Let f be an invertible map. f~! is the inverse of f. Let f
is involutory stand for f is the inverse of f. Let f is selfinverse stand for f
is the inverse of f.

Part 11
Basic Properties

Proposition 5. Let A, B be classes and f: A— B and g: B— A. Then g
is the inverse of f iff go f =id4 and fog = idp.

Proof.

Case g is the inverse of f. We have dom(go f) = dom(f) = A = dom(idy4).
For all a € A we have (go f)(a) = g(f(a)) = a. Hence go f =ida.

We have dom(fog) = dom(g) = B = dom(idg). For all b € B we have
(fo9)(b) = £(9(b)) = b. Hence fog = idp. O
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Case go f =idy and fog=idg. Then dom(g) = B = range(f) and

range(g) = A = dom(f). Let a € dom(f) and b € dom(g). If f(a) =10

then g(5) = 6(f(@)) = (95 /)(@) = ida(a) = a. T g(b) = a then () = F(g(8)) = (f 0 )(b) = idn(b) = b.
Hence f(a) = b iff g(b) = a. O

Proposition 6. Let A, B be classes and f:A—» B. Assume that f is
invertible. Then f~! is an invertible surjective map from B onto A such

that (f~H)~! = f.

Proof. f~!isamap from B to A. Indeed range(f) = B and dom(f) = A.
f~1is surjective onto A. Indeed for any a € A we have f~1(f(a)) = a. f1
is the inverse of f. Thus fo f~! =idg and f~'o f =ida. Therefore f is
the inverse of f~!. |

Proposition 7. Let A, B be classes and f:A—» B. Assume that f is
invertible. Then fo f~! =idg and f~'o f =id4.

Proof. f~!is a surjective map from B onto A . f~! is the inverse of f. W

Proposition 8. Let A, B be classes and f: A— B and a € A. Assume
that f is invertible. Then f~!(f(a)) = a.

Proof. We have f~1(f(a)) = (f~' o f)(a) =ida(a) = a. u

Proposition 9. Let A, B be classes and f: A— B and b € B. Assume
that f is invertible. Then f(f~1(b)) = b.

Proof. We have f(f~1(b)) = (fo f~1)(b) = idg(b) = b. |
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Proposition 10. Let A, B, C be classes and f: A—» B and g: B—» C. As-
sume that f and g are invertible. Then go f is invertible and go f =1 = f~to g~ 1.

Proof. f~!is a surjective map from B onto A. g~ ! is a surjective map

from C onto B. Take h = f~'og~!. Then h is a surjective map from C
onto A (by surjectivity of composition of surjections). go f is a map from
A to C.

Let us show that ((go f) oh) = ide. Wehave fo(f~tog 1) = (fof 1)og L
Indeed fo(f~tog™!) and (fof !)og~! are maps of C. foh is a map
from C to B. Hence
(gof)oh
=go(foh)
=go(fo(fTtog™))
=go((fofog™)
=go(idgog™)
=gog™!
= id¢.
End.
Let us show that ho (go f) = ida. Wehave (f"log 1t og= f"lo(g7log).
go f is a map from A to C. Hence
ho(gof)

= (hog)of

=((fTtog h)og)of

=(fto(gog))of
= (ftoidg)of

=/t f
=idy.
End.
Thus h is the inverse of go f. Indeed go f is a surjective map from A onto
C and h is a surjective map from C onto A. |
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Proposition 11. Let A, B be classes and f: A—» B and X C A. Assume
that f is invertible. Then f | X is invertible and f [ X1 = f=1 1 (f[X]).

Proof. f | X is a surjective map from X onto f[X]. Take g = f~1 | (f[X]).
Then g is a map of f[X].

Let us show that X C range(g). Let a € X. Then f(a) € f[X]. Hence
g(f(a)) = f~1(f(a)) = a. Thus a is a value of g. End.

Let us show that range(g) C X. Let a € range(g). Take b € f[X] such that
a = g(b). Take c € X such that b= f(c). Thena = (f~1 [ (f[X])(b) = f~1() = f1(f(c)) = ¢
Hence a € X. End.

Hence range(g) = X. Thus g is a surjective map onto X.

Let us show that g((f | X)(a)) = aforalla € X. Leta € X. Then g((f | X)(a)) = g(f(a)) = (f~* I (f[X])(/

End.

Let us show that ((f[X)(g(b))) =b for all b € f[X]. L b e f[X]. Take

a € X such that b = f(a). Wehave g(b) = g(f(a)) = (f~' [ (f[X]))(f(a)) = F~(f(a)) = a.
Hence (f [ X)(9(b)) = (f 1 X)(a) = £(a) = b. Bnd.

Thus go (f [ X) =idx and (f [ X)og = idx]. Therefore g is the inverse

of f1X. m

Proposition 12. Let A, B be classes and f: A—» B and Y C B. Assume
that f is invertible. Then

Proof. Wehave f~![Y] = {f~1(b) | beY}and Y] = {a€A| f(a) €Y}

Let us show that f~1[Y] C f71[Y]. Let a € f~![Y]. Take b € Y such that
b= f(a). Then f~1(b) = f~(f(a)) = a. Hence a € f~'[Y]. End.
Ccf
f

I

)
Let us show that f=1[Y] ~1Y]. Let a € f~'[Y]. Take b € Y such that
a= f1(b). Then f(a) = f(f~1(b)) =b. Hence a € f~1[Y]. End. [ |

Corollary 13. Let A, B be classes and f: A— B and b € B. Assume that
f is invertible. Then
e = {10
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Proof. — f7'[{b}] = fT'[{b}]. We have fT'[{b}] = {f'(c)|c € {b}}.
Hence f~1[{b}] = {f~'(b)}. u

Proposition 14. Let A, B be classes and f: A —» B. Then f is invertible
iff f is injective.

Proof.

Case f is invertible. Let a,b € A. Assume f(a) = f(b). Thena = f=(f(a)) = f~1(f(b)) = b.
U

Case f is injective. Define g(b) := “choose a € A such that f(a) =b
in a” for b € B. Then g is a map from B to A. For all a € A we have
a = g(f(a)). Hence g is a surjective map from B onto A. For all a € A
we have g(f(a)) = a. For all b € B we have f(g(b)) = b. Hence g is the
inverse of f. [J

Corollary 15. Let A, B be classes and f:A—» B. Assume that f is
invertible. Then f~! is a bijection between B and A.

Proof. f~!is a surjective map from B onto A. f~! is invertible. Hence
f~! is injective. Therefore f~! is a bijection between B and A. |

Part 111
Involutions

Definition 16. Let A be a class. An involution on A is a selfinverse map
f on A.

Proposition 17. Let A be a class. id4 is an involution on A.


http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?preimage
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?preimage
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?preimage
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?image
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?image
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?image
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?image
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?image
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?image
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?injections-surjections-bijections.ftl?FUNfromonto
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?injections-surjections-bijections.ftl?FUNfromonto
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?DefEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?injections-surjections-bijections.ftl?FUNfromonto
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?injections-surjections-bijections.ftl?FUNfromonto
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?maps.ftl?identity map

Proof. We have id4 oid4 = id4. Hence id 4 is selfinverse. |

Proposition 18. Let A be a class and f, g be involutions on A. Then
go f is an involution on A iff go f = fog.

Proof.

Case go f is an involution on A. Then go f~1 = f~log™l = fog (by
invertibility of composition of invertible maps). Indeed f and g are in-
vertible and surjective onto A. [

Case go f = fog. [prover vampire| fo f, fog and fog are maps on A.
Hence
(goflo(gef)
=(gof)o(foyg)
=((gof)of)og
=(go(fof))oyg
= (goidy)oyg
=g°yg
=id4.

Thus go f is selfinverse.

Corollary 19. Let A be a class and f be an involutions on A. Then fo f
is an involution on A.

Proposition 20. Let A be a class and f be an involution on A. Then f
is a permutation of A.

Proof.  f is an invertible map of A that surjects onto A. Hence f is a
bijection between A and A. Thus f is a permutation of A. |
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