Proposition 1. Let A, B be classes and f: A— B and X C A. Then
fIX]={f(=)|z € X}.

Corollary 2. Let A, B be classes and f: A— B. Then f[A] = range(f).

Corollary 3. Let A, B be classes and f:A— B and X C A. Then
fIX] = range(f [ X).

Proposition 4. Let A be a class and X C A. Then id4[X] = X.

Proposition 5. Let B be a class and Y C B. Then idg'[Y] =Y.

Proposition 6. Let A, B be classes and f: A— B and Y C B and a € A.
Then f(a) €Y iff a € f7LY].

Proof. We have f~![Y] = {z€A| f(x) € Y}. Hence a € f~1[Y]iffa € A
and f(a) € Y. Then we have the thesis. |

Proposition 7. Let A, B be classes and f: A— B. Then f[A] C B.

Proof. f[A] = fldom(f)] = range(f) C B. |

Proposition 8. Let A, B be classes and f: A— B. Then f~![B] = A.

Proof. ~ We have f~![B] = {a€A| f(a) € B}. f(a) € B for all a € A.
Hence the thesis. |
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Proposition 9. Let A, B be classes and f: A— B. Then f[f~![B]] = f[A].

Proof.  Let us show that f[f~![B]] C f[A]. Let b€ f[f~![B]]. Take
a € f~Y[B]N A such that b= f(a). Then a € A. Hence b € f[A]. End.

Let us show that f[A] C f[f~'[B]]. Let b€ f[A]. Take a € A such that
b= f(a). We have b € B. Hence a € f~'[B]. Thus f(a) € f[f~'[B]]. In-
deed f~![B] C A. Therefore b € f[f~![B]]. End. [ |

Proposition 10. Let A, B be classes and f: A— B. Then f~'[f[A4]] = A.

Proof. f7Yf[A]] = {a€A]| f(a) € f[A]}. Foralla € A wehave f(a) € f[A].
Hence every element of f~![f[A]] is contained in A and every element of A
is contained in f~1[f[A]]. Thus f~![f[4]] = A. |

Proposition 11. Let A, B be classes and f: A— B and Y C B. Then
fIf'YN =Y nflA]L

Proof. Let us show that f[f~1[Y]] c Y N f[A]. Let be f[f~'[Y]]. Take
a € f7Y] such that b= f(a). Then f(a) € Y N f[A]. Hence we have
be YN f[A]. End.

Let us show that Y N f[A] C f[f~1[Y]]. Let b € Y N f[A]. Take a € A such
that b = f(a). Then a € f~1[Y]. Hence f(a) € f[f~*[Y]]. End. |

Corollary 12. Let A, B be classes and f:A— B and Y C B. Then
fiffyNcy.

Proposition 13. Let A, B be classes and f: A— B and X C A. Then
XD S X
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Proof.  Let a€ X. Then f(a) € f[X]. Hence a € f~[f[X]]. Indeed
fIX] c B. n

Proposition 14. Let A, B be classes and f: A— B and X C A. Then
fIX]=0iff X = 0.

Proof.

Case f[X] is empty. Then there is no a € X such that f(a) € f[X]. For
all @ € X we have f(a) € f[X]. Hence X is empty. [J

Case X is empty. For all b € f[X]| we have b= f(a) for some a € X.
There is no a € X. Hence f[X] is empty. O

Proposition 15. Let A, B be classes and f: A— B and Y C B. Then
flY]1=0iff Y C B\ f[A].

Proof.
Case f~1[Y] is empty. Let b € Y. Then b € B.
There is no a € A such that b = f(a).

Proof.  Assume the contrary. Take a € A such that b = f(a). Then
a € f~1[Y]. Contradiction. O

Hence b ¢ f[A]. Therefore b € B\ f[A]. O

Case Y C B\ f[A]. Then no element of Y is an element of f[A]. As-
sume that f~1[Y] is nonempty. Take a € f~![Y]. Then f(a) € Y and
f(a) € f[A]. Contradiction. [J

Proposition 16. Let A, B be classes and f:A— B and X C A and
Y C B. Then f[X]NY =0 iff XN f~L[Y] = 0.
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Proof.

Case f[X]NY is empty. Assume that X N f~1[Y] is nonempty. Take
a € XN f7HY]. Then f(a) € f[X]and f(a) € Y. Hence f(a) € f[X]NY.
Contradiction. [

Case X N f71[Y] is empty. Assume that f[X]NY is nonempty. Take
be f[X]NY. Consider a a € X such that b= f(a). Then a € f~1[Y].
Indeed b € Y. Hence a € X N f~1[Y]. Contradiction. OJ

Proposition 17. Let A, B, C be classes and f: A— B and g: B— C and
X C A. Then go f[X] = g[f[X]]-

Proof. go f[X]= {9(f(a))|a € X}. f[X]is a subclass of B. We have
| ]

glfIX]] = {g(b) |b € fIX]} and f[X] = {f(a)|a € X}. Thus g[f[X]] = {g(f(a))a € X}.
Therefore go f[X] = g[f[X]]. |

Proposition 18. Let A, B,C be classes and f: A— B and g: B— C and
Z C C. Then go f~1[Z] = f~ g~ [Z]).

Proof. go f1[Z] = {a€A|g(f(a)) € Z}. Wehave g~1[Z] = {beB|g(b) € Z}
and f~ g7 [Z]] = {a€A| f(a) € g7'[Z]}. Hence f~'[g7'[Z]] = {acA|g(f(a)) € Z}.
Thus go f~1[Z] = f~[g~'[Z]]. u

Proposition 19. Let A, B be classes and f: A— B and X, X' Cc A. If
X C X’ then f[X] C f[X'].

Proof. Assume X C X'. Let b € f[X]. Take a € X such that f(a)=b.
Then a € X'. Hence b = f(a) € f[X']. [ |

Proposition 20. Let A, B be classes and f:A— B and Y,Y’' C B. If
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Y C Y’ then f-1[Y] C f1[Y7).

Proof. AssumeY CY’. Leta € f~![Y]. Then f(a) € Y. Hence f(a) € Y.
Thus a € f~L[Y']. [ |

Proposition 21. Let A, B be classes and f: A— B and X, X’ € A. Then
fIXUX'T = fIX]U fIX].

Proof.  Let us show that f[XUX'] C f[X]Uf[X']. Let be f[XUX'].
Take a € X U X' such that b = f(a). Thena € X ora € X’. Hence f(a) € f[X]
or f(a) € f[X']. Thus b = f(a) € f[X]U f[X']. End.

Let us show that f[X]U f[X'] C f[XUX']. Let b € f[X]U f[X].

Case b € f[X]. Take a € X such that b = f(a). Thena € X UX’. Hence
be fIXUX']. O

Case b e f[X']. Take a € X’ such that b= f(a). Then a € XUX"'.
Hence b € f(XUX']. O

End. |

Proposition 22. Let A, B be classes and f: A— B and Y, Y’ C B. Then
fYuYy] =Y u Y.

Proof. Let us show that f~1[Y UY’] C f7HY]Uf7Y’]. Leta € f~1[Y UY’].
Then f(a) e YUY’. Hence f(a) €Y or f(a)€Y’'. If f(a) €Y then
a€ f7HY]. If f(a) €Y’ then a€ f~1[Y’]. Thus a€ fHY]Uf Y.
End.

Let us show that f~1[Y]U f71Y’] C f7H Y UY']. Leta € f1[Y]U fLY'].
Thena € f~'[Y]ora € f7HY']. Ifa € f~}[Y]then f(a) €Y. Ifa € f7Y']
then f(a) € Y. Hence f(a) € YUY’. Thus a € f~}[Y UY’]. End. [ ]

Proposition 23. Let A, B be classes and f: A— B and X, X’ C A. Then
fIXNX'] C fIX]IN fIX].
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Proof. Let be f[XNX']. Take a € XN X' such that b = f(a). Then
a € Xanda € X'. Hence f(a) € f[X]and f(a) € f[X']. Thusb € f[X]N f[X].
|

Proposition 24. Let A, B be classes and f: A— B and Y, Y’ C B. Then
Y nY ) = fHy]n foH Y

Proof. Let us show that f=1[Y NY’] C f~HY]Nf~L[Y']. Leta € f Hy ny'].
Then f(a) € Y NY’. Hence f(a )EYand f(a)EY’ Thus a € f~1[Y] and
a € f71[Y’]. Therefore a € f~1[Y]N f~1[Y’]. End.

Let us show that f=1[Y]N f7Y’| C f7H Y NY']. Leta € f1Y]N fLY'].
Then a € f~[Y] and a € f~1[Y’]. Hence f(a) € Y and f(a) € Y'. Thus
f(a) € YNY'. Therefore a € f~Y NY’']. End. |

Proposition 25. Let A, B be classes and f: A— B and X, X’ C A. Then
FIXAX'] D fIX]\ FIX'].

Proof. Let b e f[X]\ f[X']. Then b€ f[X] and b & f[X']. Take a € X
such that b = f(a). Ifa € X' thenb € f[X’]. Hencea ¢ X'. Thusa € X \ X'.
Therefore b = f(a) € f[X \ X']. [ |

Proposition 26. Let A, B be classes and f: A— B and Y, Y’ C B. Then
SY\Y = YN YL

Proof. Let us show that f~* Y \Y’] C f~HY]\ f7Y']. Leta € f~HY\Y'].
Then f(a) € Y \Y’'. Hence f(a) € Y and f(a) ¢ Y'. Thus a € f~![Y] and

a & f71[Y’]. Therefore a € f~1[Y]\ f~1[Y’]. End.

Let us show that f~ Y]\ f7HY'] C f7HY \Y']. Leta € fH[Y]\ fH Y]
Then a € f~1[Y] and a & f~1[Y’]. Hence f(a) € Y and f(a) € Y'. Thus
f(a) € Y\Y'. Therefore a € f~1[Y \ Y’]. End. [ ]
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