Part 1
Subclass Laws

Proposition 1. Let A, B,C be classes. IF A C B then AxC C BxC.

Proof. Assume A C B. Let x € Ax C. Take a € A and ¢ € C such that
z = (a,c). Then a € B. Hence (a,c) € BxC. |

Proposition 2. Let A, A’, B, B’ be classes. Assume that A and A’ are
nonempty. Then (Ax A’) C (Bx B’)iff AC Band A’ C B’.

Proof.

Case (A x A") C (B x B'). Let us show that for all a € A and all o’ € A’
we havea € Banda' € B'. Leta € Aanda’ € A’. Then (a,a’) € Ax A’.
Hence (a,a’) € Bx B’. Thus a € B and o/ € B’. End. O

Case ACBand A’ C B'. Let x € Ax A'. Take a € A and o’ € A’ such
that z = (a,a’). Then a € B and o/ € B’. Hence (a,a’) € Bx B'. O

Part 11
Distributivity of Product and
Union

Proposition 3. Let A, B, C be classes. Then (AUB) x C' = (Ax C)U (B x C).

Proof. Let us show that (AUB) xC) C (AxC)U(BxC).Letz € (AUB) x C.
Take y € AUB and ¢ € C such that © = (y,¢). Then y € A or y € B. If

y € Athen x € AXC and if y € B then x € Bx C. Hence x € Ax C or

x € BxC. Thus z € (AxC)U(B x C). End.

Let us show that (Ax C)U(BxC)) C (AUB) xC. Letx € (AxC)U(B x C).
Then z € Ax C or x € B x C. Take objects y, ¢ such that z = (y,¢). Then
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(ye Aory € B)andc € C. Hencey € AUB. Thusz € (AUB) x C. End.
|

Proposition 4. Let A, B, C be classes. Then A x (BUC) = (Ax B)U(A x ().

Proof. Let us show that A x (BUC) C (Ax B)U(AXxC). Letx € Ax (BUC).
Take a € A and y € BUC such that x = (a,y). Then y € B or y € C.
Hence t € AXx B or z € Ax C. Indeed if y € B then z € A x B and if

y € C thenz € AxC. Thus z € (Ax B)U(A x C). End.

Let us show that (Ax B)U(Ax C)) C Ax (BUC). Letz € (Ax B)U(Ax C).
Then z € Ax Borxz € Ax C. Take objects a, y such that z = (a,y). Then
a€Aand (y e Borye C). Hence z € Ax (BUC). End. |

Part 111
Distributivity of Product and
Intersection

Proposition 5. Let A, B, C be classes. Then (ANB)xC = (AxC)N (B xC).

Proof. Let us show that (ANB)xC) C (AxC)N(BxC). Letx € (ANB) xC.
Take y € AN B and ¢ € C such that z = (y,¢). Then y € A and y € B.
Hence x € AxC and z € Bx C. Thus z € (Ax C)N (B x C). End.

Let us show that (Ax C)N(BxC)) C (ANB) xC. Letx € (AxC)N(Bx C).
Then z € AXC and = € Bx C. Take objects y, z such that z = (y, 2).
Then (y € Aandy € B)and z € C. Hencey € ANB. Thusz € (ANB) x C.
End. ||

Proposition 6. Let A, B, C be classes. Then A x (BNC) = (A x B)N(AxC).

Proof. Let us show that Ax (BNC) C (AxB)N(AxC). Letz € Ax (BNC).
Take a € A and b € BNC such that @ = (a,b). Then b€ B and b € C.
Hence x € Ax B and z € AxC. Thus z € (Ax B)N(AxC). End.
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Let us show that (Ax B)N(Ax C)) C Ax (BNC). Letz € (Ax B)N(AxC).
Then 2 € Ax B and « € Ax C. Take objects y, z such that z = (y, 2).
Then y € A and (2 € B and z € C). Hence z € A x (BNC). End. |

Part IV
Distributivity of Product and
Complement

Proposition 7. Let A, B, C be classes. Then (A\ B) xC = (Ax C)\ (B xC).

Proof. Let usshow that ((A\ B) xC) C (AxC)\(BxC).Letz € (A\B) xC.
Take a € A\ B and c € C such that z = (a,¢). Then a € A and a ¢ B.
Hence z € AxC and 2 ¢ BxC. Thus z € (Ax C)\ (B x C). End.

Let us show that (Ax C)\ (BxC)) C (A\B)xC. Letz € (Ax C)\ (B x C).
Thenz € Ax Candz & Bx C. Takea € A and ¢ € C such that z = (a,¢).
Then a ¢ B. Indeed if a € B then z € Bx C. Hence a € A\ B. Thus
z € (A\B) xC. End. |

Proposition 8. Let A, B, C be classes. Then A x (B\C) = (Ax B)\ (A xC).

Proof. Let us show that A x (B\C) C (Ax B)\(AxC). Letz € Ax (B\C).
Take a € A and b € B\ C such that x = (a,b). Then be B and b ¢ C.
Hence x € Ax B and x ¢ AxC. Thus z € (A x B)\ (A x C). End.

Let us show that ((Ax B)\ (Ax C)) C Ax (B\C). Letz € (Ax B)\ (A% C).
Then € Ax B and © ¢ Ax C. Take objects a,b such that x = (a,b).
Then a € A and (b€ B and b ¢ C). Hence x € Ax (B\C). End. |

Part V
Equality Law

Proposition 9. Let A, A’, B, B’ be classes. Assume that A and A’ are
nonempty or B and B’ are nonempty. Then (Ax A") = (Bx B')iff A=B
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and A’ = B’.

Proof.

Case Ax A’ = B x B’. Then A and A’ are nonempty iff B and B’ are
nonempty.

Let us show that for all a € A and all ' € A’ we have a € B and o’ € B’.
Leta € Aanda’ € A'. Then (a,a’) € A x A’. Hence we can take x € B x B’
such that z = (a,a’). Thus a € B and o/ € B’. End.

Therefore A C B and A’ C B’. Indeed A and A’ are nonempty.

Let us show that for all b € B and all b’ € B’ we have b € A and b’ € A’.
Letb € Bandb' € B'. Then (b,b') € B x B’. Hence we can take z € A x A’
such that = (b,b'). Thus (b,b") € A x A’. End.

Therefore B C A and B’ C A’. Indeed B and B’ are nonempty. [J
Case A=B and A’ = B'. O

Part VI
Intersections of Products

Proposition 10. Let A, A’ B, B’ be classes. Then (A x B)N (A’ x B") = (ANA")x (BNB’).

Proof. Let us show that ((Ax B)N (A’ x B")) Cc (ANA") x (BNDB’). Let
z€(AxB)N(A'xB’). Then x € AXx B and z € A’ x B'. Take objects
a,b such that = (a,b). Then a € A, A’ and b € B, B’. Hence a € AN A’
and b€ BNB'. Thus x € (ANA’") x (BNB’). End.

Let us show that (ANA") x (BNB') C (AxB)N(A’xB’). Letz € (ANA") x (BN B’).
Take elements a,b such that z = (a,b). Then a € ANA’ and b€ BNB'.
Hence a € A, A’ and b € B,B’. Thus x € Ax B and z € A’ x B’. There-
fore z € (Ax B)N (A’ x B'). End. |

Part VII
Unions of Products


http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETinclude
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETinclude
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETinclude
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETinclude
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETinclude
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETinclude
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETintersect
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod

Proposition 11. Let A, A’, B, B’ be classes. Then (A x B)U (A’ x B") C (AUA’) x (BUB’).

Proof. Letxz € (Ax B)U(A’x B'). Thenxz € Ax Borx € A’ x B'. Take
objects a,b such that = (a,b). Then (a € A or a € A") and (b€ B or
be B'). Hence a € AUA’ and b€ BUB’. Thus z € (AUA’) x (BUB’).
|

Part VIII
Complements of Products

Proposition 12. Let A, A’, B, B’ be classes. Then (A x B)\ (A’ x B') = (Ax (B\ B"))U((A\ 4") x B).

Proof. Let us show that (A x B)\ (A’ x B’)) C (Ax (B\B'))U((A\4") x B).
Let z € (AXx B)\(A’xB’). Thenz € Ax Bandz & A’ x B'. Takea € A

and b € B such that = (a,b). Then it is wrong that a € A’ and b € B'.
Hencea ¢ A’ orb ¢ B'. Thusa € A\ A’ orb € B\ B'. Thereforexz € Ax (B\ B’)
or z € (A\A") x B. Hence we have x € (Ax (B\B'))U((A\4’) x B).

End.

Let us show that (A x (B\ B'))U((A\ A") x B) C (Ax B)\ (A’ x B’). Let

z € (Ax(B\B)U((A\A)x B). Thenz € (Ax (B\B'))orz € ((A\A") x B).
Take elements a, b such that = (a,b). Indeed z € X x Y for some classes

X,Y. Then (a € Aand be B\ B') or (a€ A\ A" and b € B).

Case a € A and b€ B\ B’. Then a € A and b € B. Hence z € A X B.
We have b ¢ B’. Thus z ¢ A’ x B’. Therefore x € (A x B)\ (4’ x B').
]

Case a € A\ A’ and b€ B. Then a € A and b € B. Hence z € A X B.
We have a ¢ A’. Thus z ¢ A’ x B’. Therefore z € (A x B)\ (A’ x B’).
O

End. |
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