Definition 1. Let n be a natural number. n is prime iff n > 1 and n has
no nontrivial divisors. Let n is compound stand for n is not prime. Let a
prime number stand for a natural number that is prime.

Definition 2. P is the class of all prime numbers.

Proposition 3. Let n be a natural number such that n > 1. Then n is
prime iff every divisor of n is a trivial divisor of n.

Proposition 4. Let n be a natural number such that n > 1. Then n has
a prime divisor.

Proof. Define ® := {n’eN| if n’ > 1 then n/ has a prime divisor}.

Let us show that for every n’ € N if ® contains all predecessors of n’ then
® contains n’. Let n’ € N. Assume that ® contains all predecessors of n'.
We have n’ =0 or n’ = 1 or n’ is prime or n/ is composite.

Casen' =0 orn/ =1. 0
Case n' is prime. O

Casen’ is composite. Take a nontrivial divisor m of n’. Then 1 < m < n'.
m is contained in ®. Hence we can take a prime divisor p of m. Then
we have p|m |n’. Thus p|n’. Therefore p is a prime divisor of n’. O

End.

Thus every natural number belongs to @ (by induction). |

Definition 5. Let n, m be natural numbers. n and m are coprime iff for
all nonzero natural numbers k such that &k |n and k| m we have k = 1. Let
n and m are relatively prime stand for n and m are coprime. Let n and m
are mutually prime stand for n and m are coprime. Let n is prime to m
stand for n and m are coprime.
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Proposition 6. Let n, m be natural numbers. n and m are coprime iff n
and m have no common prime divisor.

Proof.

Case n and m are coprime. Let p be a prime number such that p | n and
p|m. Then p is nonzero and p # 1. Contradiction. [

Case n and m have no common prime divisor. Assume that n and m are
not coprime. Let k be a nonzero natural number such that k| n and k | m.
Assume that k # 1. Consider a prime divisor p of k. Then p|k|n,m.
Hence p|n and p|m. Contradiction. O

Proposition 7. Let n,m be natural numbers and p be a prime number.
If p does not divide n then p and n are coprime.

Proof.  Assume p{n. Suppose that p and n are not coprime. Take a
nonzero natural number k such that k|p and k|n. Then k = p. Hence
p|n. Contradiction. [ |

Proposition 8. Let n, m be natural numbers and p be a prime number.
If p|n-m then p|n or p|m.

Proof. Assume p|n-m.
Case p|n. O

Case ptn. Define ® := {keN|k#0and p|k-m}. Then p € ® and
n € ®. Hence ® contains some natural number. Thus we can take a € ®
such that a < k for all £ € ®.

Let us show that a divides all elements of ®. Let k € ®. Take natu-

ral numbers ¢, 7 such that k = (a-¢) +r and r < a (by Euclid’s Division
Theorem). Indeed a is nonzero. Then k-m = ((g-a)+7r)-m = ((¢g-a)-m)+ (r-m).
We have p|k-m. Hence p|((g-a)-m)+ (r-m).

We can show that p|r-m. We have p|a-m. Hence p|(¢-a)-m. In-

deed ((q-a)-m)=q-(a-m). Take A= (q-a)-m and B =r-m. Then
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p|A+ B and p| A. Thus p| B (by divisibility of summands). Indeed p, A
and B are natural numbers. Consequently p|r-m. End.

Therefore = 0. Indeed if r # 0 then r is an element of ® that is less
than a. Hence k = ¢-a. Thus a divides k. End.

Then we have a|p and a|n. Hence a = p or a = 1. Thus a = 1. Indeed
if a = p then p|n. Then 1 € ®. Therefore p|1-m =m. O
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