Proposition 1. Let n,m,k be natural numbers. Assume k # 0. Then
n<miffn-k<m-k.

Proof.
Case n-k < m-k. Define ® := {n'eN| if n’-k < m-k then n’ < m}.
(1) @ contains 0.
(2) For all n’ € ® we have n' +1 € ®.
Proof. Let n' € ®.

Let us show that if (n’ +1) -k < m-kthenn'+1 < m. Assume (' +1)-k <m-k.
Then (n/-k)+k<m-k. Hence n’-k<m-k. Thus n’ <m. Then
n+1<m. If n +1=m then (n'+1)-k=m-k. Hence n'+1 < m.

End. O

Therefore every natural number is contained in ® (by induction). Con-
sequently n < m. [J

Casen < m. Take a positive natural number [ such that m = n+1{. Then
m-k=mn+10)-k=n-k)+ (k). I-kispositive. Hencen-k <m-k. O

Corollary 2. Let n, m, k be natural numbers. Assume k % 0. Then n < m
ift k-n<k-m.

Proof. The thesis (by preservation of ordering under right-multiplication,
commutativity of multiplication). |

Proposition 3. Let n,m, k be natural numbers. If n,m > k thenn-m > k.

Proof. Define ® := {n’eN| if n/,m > k then n’ -m > k}.
(1) @ contains 0.

(2) For all n’ € ® we have n’+1 € ®.

Proof. Let n' € ®.

Let us show that if n’ +1,m > k then (n’ +1)-m > k. Assumen’ +1,m > k.
Then (n'+1)-m = (n'-m)+m. If n” =0then (n'-m)+m=0+m=m > k.
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If n' # 0 then (n'-m)+m >m > k. Indeed if n’ # 0 then n’-m > 0. In-
deed m > 0. Hence (n'+1)-m > k. End. O

Thus every natural number is contained in ® (by induction). Therefore if
n,m > k then n-m > k. |

Corollary 4. Let n,m, k be natural numbers. If n < m then k-n < k-m.

Corollary 5. Let n, m, k be natural numbers. Assume k # 0. If k-n < k-m
then n < m.

Proof. If k-n=k-m then n=m (by left-cancellability of multiplica-
tion). If k-n < k-m then n < m (by preservation of ordering under left-
multiplication). [ |

Corollary 6. Let n, m, k be natural numbers. If n < m then n-k < m-k.

Corollary 7. Let n, m, k be natural numbers. Assume k £ 0. Ilf n-k <m-k
then n < m.

Proposition 8. Let n,m, k be natural numbers. Assume m > 0 and k& > 1.
Then k-m > m.

Proof. Take a natural number [ such that £k = [+ 2. Then
k-m
=({+2)-m
=({-m)+(2-m)
(l-m)+ (m+m)

= (@-m)+m)+m
=(l+1)-m)+m
>14+m
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