Proposition 1. Let n,m,k be natural numbers. Assume k # 0. Then
n < m iff n* < mF.

Proof.

Case n < m. Define ® := {k’eN if k¥ > 1 then n* < mk,}.

(1) @ contains 0.
(2) @ contains 1.
(3) @ contains 2.
Proof.
Casen=0orm=0.0
2 2

Casen,m #0. Thenn-n <n-m <m-m. Hencen*=n-n<n-m<m-m=m"~.

O

O
(4) For all k¥’ € ® we have k' +1 € .
Proof. Let k' € ®.
Let us show that if &/ +1 > 1 then n¥' +1 < m* +1. Assume k' +1 > 1.
Then n*" < m*. Indeed k' # 0 and ifk’ = 1 then n¥" < m*’.
Case k' <1. Then ¥ =0 or k' =1. Hence ¥ +1=1or k' +1 = 2.
Thus k' +1 € ®. Therefore n* *1 < m* +1. O

Case k' > 1.
Case n=0. Then m #0. Hence n*' *1=0<mF -m=mt +1.
Thus n* *1 <mF +1. O

Casen # 0. Then n* on<m* n<m* - -m. Indeed n¥ < m* £ 0.

Take A=n*F+*land B=m* *1. Then A =n¥ +1=n¥ .n<mkt -n<mt -m=m*+1=B.
Take X =m* -n and Y = m* -m. Then A < X <Y = B. Hence

A< B. Thus n*' +1 < ¥ +1. O

O
Hence n*' 1 < m¥ +1, Indeed ¥’ < 1 or k¥’ > 1. End.
Thus k' +1 € ®. O

Therefore every natural number is contained in ® (by induction). Con-
sequently n* < m*. O

Case n* < mF. Define U := {k'EN‘ if n > m then n* > mk/}.

(1) ¥ contains 0.
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(2) For all k' € ¥ we have k' +1 € U.
Proof. Let k' € U.

Let us show that if n > m then n* +1 > m* +1 Assume n > m. Then

n* > m* . Hencen* -n>mk -n>mF -m. Take A =n*¥ *1and B = m* +1.
Thus A=n**+1=p* .n>mk -n>m* .m =m* +1 = B. Therefore
n*+l=A>B=mF+1 End

Hence k' +1 € ¥. O

Thus every natural number is contained in ¥ (by induction). Therefore
if n > m then n* > mk. Consequently n < m. [

Corollary 2. Let n,m, k be natural numbers. Assume k # 0. Then

nk:mkﬁnzm.

Proof.  Assume n* = mF. Suppose n#m. Then n <m or m <n. If

n < m then n® < m*. If m < n then m* < n*. Thus n* # m*. Contradic-
tion. |

Corollary 3. Let n,m, k be natural numbers. Assume k # 0. Then

nkgmk@)ngm.

Proof. If n* < mF then n < m. If n* = m* then n = m.

If n < m then n* < mF. If n = m then n* = mF. |

Proposition 4. Let n,m, k be natural numbers. Assume k£ > 1. Then

n<m<+<= k" <k™.

Proof.
Case n < m. Define ® := {m’EN) if n < m’ then k™ < k‘m/}.

(1) ® contains 0.
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(2) For all m’ € ® we have m' +1 € ®.
Proof. Let m' € ®.

Let us show that if n < m’+1 then k* < k™ 1. Assume n < m’ + 1.
Then n < m/. We have k™ -1 < k™ - k. Indeed k™ # 0.

Casen =m'. Take A=k" and B=k™ +1, Then A = k" = k™ < k™ .k =k™ +1 = B,
Hence k" = A< B=k™*+1. 0O

Casen <m'. Take A= k" and B = k™ *1. Then A = k" < k™ < k™ .k = ™ +1 = B.
Hence k" = A< B=k™' +1. O

End. O

Hence every natural number is contained in ® (by induction). Thus
k" <E™. O

Case k™ < k™. Define ¥ := {n’eN

if n > m then k" > km}.

(1) 0 is contained in V.

(2) For all n’ € ¥ we have n’ +1 € U.

Proof. Letn' € 0.

Let us show that if n’ +1 > m then k* +1 > k™. Assume n/ +1 > m.
Casen/+1=m. O

Casen’ +1 > m. Thenn’ > m. Hence k* > k™. Wehave k* -1 < k" - k.
Indeed1 < kand k® #0. Take A=kmand B=k" T!. Then A =km < k"™ =k -1 <k" -k =k" t!
Hence k" = A< B=k" t1. 0O

End. O

Thus every natural number is contained in ¥ (by induction). Therefore
if n > m then k™ > k™. Consequently n < m. OJ

Corollary 5. Let n,m, k be natural numbers. Assume k > 1. If £ = k™
then n = m.

Proof.  Assume k™ = k™. Suppose n# m. Then n <m or m <n. If
n < m then k™ < k™. If m < n then k™ < k™. Thus k™ # k™. Contradic-
tion. |
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Corollary 6. Let n,m, k be natural numbers. Assume k& > 1. Thenn < m
iff k™ < k™.

Proof. If n < m then k"™ < k™.
If £ = k™ then n = m. If k"™ < k™ then n < m. |

Proposition 7. Let n be a natural number. Then n + 12 = (n? + (2-n)) + 1.

Proof. We have
n+12

=(n+1)-(n+1)
=((n+1)-n)+(n+1)
=((n-n)+n)+(n+1)
=(n2+n)+(n+1)
=((n?+n)+n)+1
=2+ (n+n))+1
=%+ (2-n))+1.

Proposition 8. Let n be a natural number. Assume n > 3. Then
2> (2:n)+1.

Proof. (a) Define ® := {’IIIENZ:; ’n'z > (2-n)+ 1}.
(1) ® contains 3. Indeed 3% > (2-3) + 1.

(2) For all n’ € ® we have n’ +1 € ®.

Proof. Let n' € ®. Then n’ > 3.

Take V = (> +(2-n/))+1 and W = (((2-n')+1)+(2-n'))+1. Then
V>W.

Proof. Wehaven/* > (2-n/)+1. Hence /> + (2-n') > ((2-n/) + 1)+ (2- /)
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(by preservation of ordering under right-addition). O
Take X = ((2-n/)+(2-n')) + 1. Then W > X.

Proof. Wehave ((2-n')+1)+(2-n') > (2-n)+(2-n'). Indeed (2-n/)+1>2-n'.
g

Take Y =(2-(n'+n))+1and Z=(2-(n'+1))+ 1. Then Y > Z.

Proof. We have n’ +n' >n'+1and 2 # 0. Thus 2- (n' +n') > 2-(n'+1)
(by preservation of ordering under left-multiplication). Indeed n’ +n’ and
n' + 1 are natural numbers. [

Thenn'+1° =V >W >X=Y > Z=(2-(n'+1))+ 1. Hencen/ +1%> > (2-(n/ +1)) + 1.
(]

Therefore ® contains every element of N>3 (by induction, 1, 2). Conse-
quently n? > (2-n)+1 (by a). [ |

Proposition 9. Let n be a natural number. Assume n > 5. Then 2" > n2.

Proof. (a) Define ® := {n’€N25

7 s n’2}.

(1) ® contains 5. Indeed we can show that 2° > 52. We have 2° =2-(2-(2-(2:2))) =8-4=(5+3)-4 = (5-4
Indeed ((5-4)+ ((5-2)+2)) = (5-(4+2)) +2. End.

(2) For all n’ € ® we have n’ +1 € ®.

Proof. Let n’ € ®. Then n/ > 5 and 2" > n/°.

Take V = 2" -2 and W = n/?-2. Then V > W. Indeed 2 # 0.

Take X = n'* +n/*>. Then W = X.

Take Y = n'>+((2-n')+1). Then X > Y. Indeed n'> > (2-n/) +1.

Take Z =n/+1%. Then Y = Z.

Then2” *' =V >W=X>Y =Z=n'+1> Hence 2" *! > n/+1°. O

Therefore ® contains every element of N>5 (by induction). Consequently
2" > n? (by a). |
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