Proposition 1. Let n,m,k be natural numbers such that n,m # 0 and
k> 1. Then k™| k™ iff n < m.

Proof.
Case k™ | k™. Assume n > m. Take a nonzero natural number [ such that
n=m+1. Then k" = k™ +! = k™. k!, Hence k™ |k™. Thus k™ = k".
Therefore m = n. Contradiction.
Case n < m. Take a natural number [ such that m =n+1[. Then
k™ =kntl = gn .kl Hence k™ | k™. O
|

Proposition 2. Let n be a composite natural number. Then n has a
nontrivial divisor m such that m? < n.

Proof. Define A := {meN|m is a nontrivial divisor of n}. A is nonempty.
Hence we can take am € A such that m < [foralll € A. Consider a natural
number k such that m -k = n. Thenm < k. Hencem?2 =m-m < m-k = n.
Therefore m2 < n. |
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