
Theorem 1 (Euclid’s Division Theorem: Existence). Let n,m be
natural numbers such that m ̸= 0. Then there exist natural numbers q, r
such that

n = (m · q)+ r

and r < m.

Proof. (a) Define Φ := {n′∈N | there exist natural numbers q, r such that r < m and n′ = (m · q)+ r}.
(1) Φ contains 0.

Proof. Take q = 0 and r = 0. Then r < m and 0 = (m · q)+ r. Hence
0 ∈ Φ. □

(2) For all n′ ∈ Φ we have n′ +1 ∈ Φ.

Proof. Let n′ ∈ Φ.

Let us show that there exist natural numbers q, r such that r < m and
n′ +1 = (m · q)+ r. Take natural numbers q′, r′ such that r′ < m and
n′ = (m · q′)+ r′ (by a). We have r′ +1 < m or r′ +1 = m.

Case r′ +1 < m. Take q = q′ +0 and r = r′ +1. Then r < m and n′ +1 = ((q′ ·m)+ r′)+ 1 = (q′ ·m)+ (r′ +1) = (q ·m)+ r.
□

Case r′ +1 = m. Take q = q′ +1 and r = 0. Then r < m and n′ +1 = ((q′ ·m)+ r′)+ 1 = (q′ ·m)+ (r′ +1) = (q′ ·m)+m = (q′ ·m)+ (1 ·m) = (q′ +1) ·m = (q ·m)+ r.
□

End.

Hence n′ +1 ∈ Φ. □

Then Φ contains every natural number (by induction). Thus there exist
natural numbers q, r such that n = (m · q)+ r and r < m (by a). ■

Theorem 2 (Euclid’s Division Theorem: Uniqueness). Let n,m be
natural numbers such that m ̸= 0. Let q, r be natural numbers such that

n = (m · q)+ r

and r < m. Let q′, r′ be natural numbers such that

n = (m · q′)+ r′

and r′ < m. Then q = q′ and r = r′.
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Proof. We have (m · q)+ r = (m · q′)+ r′.

Case q ≥ q′ and r ≥ r′. (1) ((m · q)+ r)− r′ = (m · q)+ (r− r′) (by asso-
ciativity of addition and subtraction). (2) ((m · q′)+ r′)− r′ = (m · q′)+ (r′ − r′) = m · q′.
Hence (m · q)+ (r− r′) = m · q′. Thus ((m · q)− (m · q′))+ (r− r′) = 0.
Consequently (m · q)− (m · q′) = 0 and r− r′ = 0. If (m · q)− (m · q′) = 0
then q− q′ = 0. Therefore q− q′ = 0 and r− r′ = 0. Thus we have q = q′

and r = r′. □

Case q ≥ q′ and r < r′. Take q′′ = q− q′ and r′′ = r′ − r. Then (m · (q′ + q′′))+ r = (m · q′)+ (r+ r′′).
We have (m · q′)+ (r+ r′′) = (m · q′)+ (r′′ + r) = ((m · q′)+ r′′)+ r. Hence
(m · (q′ + q′′))+ r = ((m · q′)+ r′′)+ r. Thus m · (q′ + q′′) = (m · q′)+ r′′

(by right-cancellability of addition). We havem · (q′ + q′′) = (m · q′)+ (m · q′′).
Hence (m · q′)+ (m · q′′) = (m · q′)+ r′′. [prover vampire] Thusm · q′′ = r′′.
Then we havem · q′′ < m · 1. Indeedm · q′′ = r′′ ≤ r′ < m = m · 1. There-
fore q′′ < 1 (by preservation of ordering under left-multiplication). Con-
sequently q− q′ = q′′ = 0. Hence q = q′. Thus (m · q)+ r = (m · q)+ r′.
Therefore r = r′. □

Case q < q′ and r ≥ r′. Take q′′ = q′ − q and r′′ = r− r′. Then (m · q)+ (r′ + r′′) = (m · (q+ q′′))+ r′.
We have (m · q)+ (r′ + r′′) = (m · q)+ (r′′ + r′) = ((m · q)+ r′′)+ r′. Hence
((m · q)+ r′′)+ r′ = (m · (q+ q′′))+ r′. Thus (m · q)+ r′′ = m · (q+ q′′)
(by right-cancellability of addition). We havem · (q+ q′′) = (m · q)+ (m · q′′).
Hence (m · q)+ r′′ = (m · q)+ (m · q′′). [prover vampire] Thus r′′ = m · q′′.
Then we havem · q′′ < m · 1. Indeedm · q′′ = r′′ ≤ r < m = m · 1. There-
fore q′′ < 1 (by preservation of ordering under left-multiplication). Con-
sequently q′ − q = q′′ = 0. Hence q′ = q. Thus (m · q)+ r = (m · q)+ r′.
Therefore r = r′. □

Case q < q′ and r < r′. (1) ((m · q′)+ r′)− r = (m · q′)+ (r′ − r) (by as-
sociativity of addition and subtraction). (2) ((m · q)+ r)− r = (m · q)+ (r− r) = m · q.
Hence (m · q′)+ (r′ − r) = m · q. Thus ((m · q′)− (m · q))+ (r′ − r) = ((m · q′)+ (r′ − r))− (m · q) = 0.
Consequently (m · q′)− (m · q) = 0 and r′ − r = 0. If (m · q′)− (m · q) = 0
then q′ − q = 0. Therefore q′ − q = 0 and r′ − r = 0. Thus we have q′ = q
and r′ = r. □

■
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