Theorem 1 (Euclid’s Division Theorem: Existence). Let n,m be
natural numbers such that m # 0. Then there exist natural numbers ¢, r
such that

n=(m-q)+r

and r < m.

Proof. (a) Define @ := {n’eN| there exist natural numbers ¢, such that r < m and n’ = (m-q) +r}.
(1) @ contains 0.

Proof. Take ¢ =0 and r =0. Then r <m and 0= (m-q)+r. Hence
0ed. O

(2) For all n’ € ® we have n’ +1 € ®.
Proof. Let n' € ®.

Let us show that there exist natural numbers ¢,r such that r < m and
n'+1=(m-q)+r. Take natural numbers ¢’,r’ such that ' < m and
n' = (m-q')+7r" (by a). We have ' +1 <mor ' +1=m.

Caser’ +1 <m. Takeq=¢ +0andr =7'+1. Thenr <mandn'+1= ((¢-m)+7)+1= (¢ -m)+ ('
O

Caser'+1=m. Takeg=¢'+1andr =0. Thenr <mandn'+1=((¢-m)+r)+1=(¢ -m)+ (" +1
O

End.
Hence n’ +1 € ®. O

Then ® contains every natural number (by induction). Thus there exist
natural numbers g, r such that n = (m-q) +r and r < m (by a). |

Theorem 2 (Euclid’s Division Theorem: Uniqueness). Let n,m be
natural numbers such that m # 0. Let ¢,r be natural numbers such that

n=(m-q)+r
and r < m. Let ¢/, 7’ be natural numbers such that
n=(m-q)+r

and 7’ <m. Then q=¢' and r = 1r'.


http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?DefEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?separation-class.ftl?SClass
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?induction I
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?multiplication.ftl?product
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?ordering.ftl?less
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal

Proof. We have (m-q)+r = (m-q')+1r'.

Caseq>q andr >71". (1) (m-q)+r)—1r" = (m- q)—i—(r—r ) (by asso-

ciativity of addition and subtraction). (2) ((m q)+ ’) =(m-¢)+ (" —1r")=m-¢.
Hence (m-q)+ (r—7r') =m-¢’. Thus ((m-q)— (m ))—|—(7"—7"')=0.

Consequently (m-q) —(m-¢') =0and r —r' = 0. If(m q)—(m-¢')=0

then ¢ — ¢’ = 0. Therefore ¢ — ¢’ = 0 and » — v’ = 0. Thus we have ¢ = ¢’

and r =7r/. O

Caseq > q andr <r'. Takeq” = g—¢ and 7’ =7'—r. Then (m-(¢'+¢"))+r=(m-¢)+ (r+1").
Wehave (m-¢')+(r+r")=(m-¢)+ (" +r)=((m-¢)+r")+r. Hence
(m-(¢+¢")+r=((m-¢)+r")+r. Thus m-(¢'+q¢") = (m-q")+r"

(by right-cancellability of addition). We have m - (¢’ +¢") = (m-q¢’) + (m - ¢").

Hence (m-q')+ (m-q¢") = (m-¢')+r". [prover vampire] Thus m - ¢’ = r".

Then we have m - ¢’/ < m-1. Indeedm - ¢’ =" <1’ < m = m-1. There-

fore ¢’ < 1 (by preservation of ordering under left-multiplication). Con-

sequently ¢ — ¢’ = ¢” = 0. Hence ¢ =¢q'. Thus (m-q)+r = (m-q)+7'.

Therefore r = 7/. O

Caseq < ¢ andr >r'. Takeq” = ¢ —qgandr” =r—7r'. Then (m-q)+ (v’ +7r") = (m-(g+q")) +7
We have (m-q) + (' +7") = (m-q)+ (v +7') = ((m-q) + ") + . Hence
(m-q)+r")+r"=(m-(q+¢"))+r'. Thus (m-q)+r"=m-(q+q")

(by right-cancellability of addition). We have m - (¢ +¢") = (m-q) + (m-q¢").

Hence (m-q) +r" = (m-q)+ (m-q"). [prover vampire] Thus " = m - q".

Then we have m - ¢” < m-1. Indeed m-q” =r" <r <m = m-1. There-

fore ¢’ < 1 (by preservation of ordering under left-multiplication). Con-

sequently ¢/ —q = ¢” = 0. Hence ¢’ =¢q. Thus (m-q)+r = (m-q)+7r'.

Therefore r = r'. O

Case < q andr<r'. (1) (m-¢')+r")—r=(m-¢')+ (' —r) (by as-

sociativity of addition and subtraction). (2) ((m-q)+7)—r=(m-q)+(r—7r) =m-q.

Hence (m- ) + (' — ) = m-g. Thus ((m-¢’) — (m-g)) + (' —r) = ((m-¢") + (' — 1)) — (mq) = 0.
Consequently (m-¢') —(m-q) =0and ' —r =0. If (m-¢') —(m-q) =0

then ¢’ — ¢ = 0. Therefore ¢’ — g = 0 and ' —r = 0. Thus we have ¢’ = ¢

and ' =r. O
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