Definition 1. Let a be an object and f be a map. Let ¢ be a map
from N to dom(f). ¢ is recursively defined by a and f iff ©(0) = a and
w(n+1) = f(p(n)) for every n € N.

Theorem 2 (Dedekind’s Recursion Theorem: Existence). Let A
be a set and a € A and f: A— A. Then there exists a ¢:N— A that is
recursively defined by a and f.

Proof. (a) Define

O {HE’P(NXA)’(O’G)EH and for all n€ N and all z€ A 1f}.

(n,z) € H then (n+1, f(z)) € H

Let us show that (@ € ®.

Proof. (0) Nx A€ ®.

Proof. (i) NxAeP(NxA).

(ii) (0,a) € Nx A.

(iii) for allm € Nand all x € A if (n,z) € Nx A then (n+1, f(z)) € Nx A.

Proof. Let n € Nand x € A. Assume (n,z) € Nx A. We have n+1 €N
and f(z) € A. Hence (n+1, f(z)) e Nx A. OO

(1) N® € P(N x A).

Proof. Any element of () ® is contained in every element of ®. Hence any
element of (P is contained in Nx A. Thus ((® C Nx A. P is a set.
Hence (@ is a subset of N x A. O

(2) (0,a) € N ®. Indeed (0,a) e Nx A € ®.
(3) For all n € N and all x € A if (n,z) € (@ then (n+1, f(x)) € ) D.

Proof. Let n € N and z € A. Assume (n,z) € (|®. Then (n,z) is con-
tained in every element of ®. Hence (n+ 1, f(z)) is contained in every
element of ®. Thus (n+1, f(z)) €e N ®. O

Therefore (@ € @ (by a). O

Let us show that for any n € N there exists an € A such that (n,z) € () .
Proof. Define ¥ := {neN]| there exists an x € A such that (n,z) € ) ®}.
(1) 0 is contained in ¥. Indeed (0,a) € [ ®.

(2) For all n € ¥ we have n+1 € 0.
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Proof. Letn € U. Takean x € A such that (n,z) € (| ®. Then (n+1, f(z)) € N D.
Hence n+1 € U. Indeed f(z) € A. O

Therefore n € ¥ for every n € N (by induction). [J

Let us show that for all n € N and all z,y € A if (n,z), (n,y) € (| P then

T =y.

Proof. (b) Define © := {neN| for all z,y € A if (n,x), (n,y) € (P then z = y}.
(1) © contains 0.

Proof. Let us show that for all z,y € A if (0,z), (0,y) € (P then z = y.
Let z,y € A. Assume (0,z), (0,y) € N D.

Let us show that x,y = a. Assume = # a or y # a.

Case © #a. (0,z),(0,a) are contained in every element of ®. Then
(0,2),(0,a) € N ®. Take H = (N ®) \ {(0,z)}.

Let us show that H € ®. (1) H € P(Nx A).

(2) (0,a) € H.

(3) For all n € N and all b € A if (n,b) € H then (n+1, f(b)) € H.

Proof. Letn € Nand b € A. Assume (n,b) € H. Then (n+1, f(b)) € N ®.
[prover vampire] We have (n+1, f(b)) # (0,z). Indeed n+1,0, f(b),z
are objects and n+1 # 0. Hence (n+1, f(b)) € H. O

[prover vampire] Thus H € ® (by a). [prover eprover| End.

Then (0, ) is not contained in every member of ®. Contradiction. [J

Case y #a. (0,y),(0,a) are contained in every element of ®. Then
(0,9),(0,a) € N ®. Take H = () \{(0,y)}.

Let us show that H € ®. (1) H € P(Nx A).

(2) (0,a) € H. Indeed (0,a) # (0,y).

(3) For all n € N and all b € A if (n,b) € H then (n+1, f(b)) € H.

Proof. Letn € Nandb € A. Assume (n,b) € H. Then (n+ 1, f(b)) € N D.
[prover vampire] We have (n+1, f(b)) # (0,y). Indeed n+1,0, f(b),z
are objects and n+1 # 0. Hence (n+1, f(b)) € H. O

[prover vampire] Thus H € ® (by a). [prover eprover| End.

Then (0,y) is not contained in every member of ®. Contradiction. [
End. End. O
(2) For all n € © we have n+1 € ©.

Proof. Let n € ©. Then for all z,y € Aif (n,z),(n,y) € (P then xz =y.
Consider a b € A such that (n,b) € (| ®. Then (n+1, f(b)) € N P.


http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?induction I
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?DefEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?separation-class.ftl?SClass
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETdiff
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?sub-and-supersets.ftl?powerclass
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETdiff
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETsingleton
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?sub-and-supersets.ftl?powerclass
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?pairs-and-products.ftl?SETprod
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?Nat
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?zero
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?sum
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/arithmetics?natural-numbers.ftl?one
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?systems-of-sets.ftl?intersection over

Let us show that forall z,y € Aif (n+1,z),(n+1,y) € (P thenx = f(b) = y.
Let z,y € A. Assume (n+1,2),(n+1,y) € (| ®. Suppose z # f(b) or

y # f(b).
Case x # f(b). Take H = (N ®)\{(n+1,2)}.
(i) H € P(N x A).
(i) (0,a) € H.
Proof. (0,a) € ®. [prover vampire] (0,a) € {(n+1,2)}. Indeed
(0,a) # (n+1,z). Indeed n+ 1,0, a, z are objects and 0 # n+1. OJ
(iii) For all m € N and all z € A if (m,2) € H then (m+1, f(2)) € H.

Proof. Let m € N and z € A. Assume (m, z) € H. Then (m, z) € (| P.
Hence (m+1,f(2)) e®. m+1,n+1,f(z),x are objects. [prover
vampire] Thusif (m+1, f(2)) = (n+1,2) thenm+1 =n+1and f(z) = .
Therefore if (m+1, f(z)) = (n+1,2) then m =n and f(z) =« (by in-
jectivity of successor function). Consequently (m+1, f(z)) # (n+1, z).
Thus (m+1, f(2)) € {(n+1,2)}. Therefore (m+1, f(2)) € H. O

[prover vampire] Thus H € @ (by a, i, ii, iii). [prover eprover| Therefore
every element of () ® is contained in H. Consequently (n+1,z) € H.
Contradiction. [

Case y # f(b). Take H = (N @)\ {(n+1,y)}.
(i) H € P(Nx A).
(ii) (0,a) € H.

Proof. (0,a) € ®. [prover vampire] (0,a) € {(n+1,y)}. Indeed
0,n+1,a,y are objects and (0,a) # (n+1,y). Indeed 0 #n+1. O

(iii) For all m € N and all z € A if (m,2) € H then (m+1, f(2)) € H.
Proof. Let m € N and z € A. Assume (m, z) € H. Then (m, z) € (.
Hence (m+1, f(2)) € ®. m+1,n+1, f(2),y are objects. [prover vam-
pire] Thus if (m+1, f(2)) = (n+1,y) then m+1=n+1 and f(z) = y.
Therefore if (m+1, f(2)) = (n+1,y) then m =n and f(z) =y (by in-
jectivity of successor function). Consequently (m+1, f(2)) # (n+1,y).
Thus (m+1, f(2)) € {(n+1,y)}. Therefore (m+1, f(2)) € H. O
[prover vampire] Thus H € ® (by a, i, ii, iii). [prover eprover| Therefore
every element of (| ® is contained in H. Consequently (n+1,y) € H.
Contradiction. O

Hence it is wrong that = # f(b) or y # f(b). Consequently x = f(b) = y.
End.

Therefore n+1 € © (by a). O
Consequently n € © for every n € N (by induction). [
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Define p(n) := “choose z € A such that (n,z) € (@ in 2” for n € N.
(1) Then ¢ is a map from N to A and we have ¢(0) = a.
(2) For all n € N we have p(n+1) = f(e(n)).

Proof. Let n € N. Take z € A such that ¢(n) =z. Then (n,z) € (.

H)enée (n+1, f(e(n)) = (n+1, f(z)) € N®. Thus p(n+1) = f(p(n)) (12’

Theorem 3 (Dedekind’s Recursion Theorem: Uniqueness). Let A
be a set and a € A and f: A— A. Let ¢, ¢’ :N— A. Assume that ¢ and
¢’ are recursively defined by a and f. Then p = ¢'.

Proof. Define ® := {neN|p(n) = ¢'(n)}.
(1) @ contains 0. Indeed ¢(0) = a = ¢'(0).
(2) For all n € ® we have n+1 € ®.

groof. Let n € ®. Then p(n) = ¢'(n). Hence p(n+1) = f(¢(n)) = f(¢'(n)) = ¢'(n+1).

Thus ® contains every natural number (by induction). Consequently ¢(n) = ¢’(n)
for each n € N. |
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