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This is a formalization of the Transfinite Recursion Theorem (cf. [1]). It states
that for any map G: A< — A, where A<> denotes the class of all maps a —
A for some ordinal «, there exists a unique map F':Q— A that is recursive
regarding G, i.e.

for all ordinals «.

Lemma 1 (Coincidence Lemma). Let A be a class and G be a map
from A<* to A. Let H, H' be maps to A that are recursive regarding G.
Then

H(a) = H'(a)

for all & € dom(H) Ndom(H').

Proof. Define ® := {a€0| if a € dom(H)Ndom(H") then H(a) = H'(a)}.
For all ordinals « if every ordinal less than « lies in ® then a € .
Proof. Let a € Q. Assume that every y € a lies in ®.

Let us show that if @ € dom(H)Ndom(H") then H(«) = H'(«). Suppose
a € dom(H)Ndom(H’). Then « C dom(H),dom(H’). Indeed dom(H)
and dom(H') are transitive classes. Hence for all y € @ we have y €
dom(H)Ndom(H'). Thus H(y) = H'(y) for all y € a. Therefore H [ o =
H'|a. H and H’ are recursive regarding G. [prover vampire] We have
Hla,H |a€ A<*®. Hence H(a) = G(H @) = G(H' [ a) = H'(«). End.

Thus a € ®. I

[prover vampire] Then ® contains every ordinal (by transfinite induction).
Therefore we have H(a) = H'(a) for all « € dom(H) Ndom(H"). |
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Theorem 2 (Transfinite Recursion: Existence). Let A be a class and
G be a map from A<* to A. Then there exists a map F from Q to A that
is recursive regarding G.

Proof. Every ordinal is contained in the domain of some map H to A such
that H is recursive regarding G.

Proof. Define

P .= {ae@

Let us show that for every ordinal « if every ordinal less than o lies in ®
then a € ®. Let a be an ordinal. Assume that every ordinal less than « lies
in ®. Then for all y € « there exists a map h to A such that h is recursive
regarding G and y € dom(h). Define H'(y) := “choose a map h to A such
that h is recursive regarding G and y € dom(h) in h(y)” for y € a. Then
H’ is a map from « to A. We have H' = H' | .

We can show that H' | 8 € dom(G) for every § € succ(a). Let 8 € succ(a).
H'| B is a function. Indeed H'[f is a map and dom(H'[p) is a set.
Hence H'|f is a function from 8 to A. Thus H' |8 € A<*®°. Therefore
H'| B € dom(G). End.

Define

« is contained in the domain of some map to A that is
recursive regarding G ’

H'(B) B <a

o= {G(H/ 18) :B=a

for B € succ(w).

Let us show that H [ € A< for all 8 € dom(H). Let 8 € dom(H).
dom(H [8) = fand (H [ 8)(b) = H(b) forallb e B. H(b) € Aforallb € 5.
Hence H | § is a map from (§ to A. End.

(a) dom(H) is a transitive subclass of Q.

(b) For all g € dom(H) we have H(S) = G(H | B).

Proof. Let € dom(H). Then 8 < a or 5 = a.
Case f < a.. Choose a map h to A such that h is recursive regarding G
and 8 € dom(h) and H'(8) = h(B).

Let us show that for all y € 8 we have h(y) = H(y). Let y € 8. Then
H(y) = H'(y). Choose a map h’ to A such that A’ is recursive re-
garding G and y € dom(h’) and H'(y) = h/(y). [prover vampire] Then
K (y) = h(y) (by coincidence lemma). Indeed y € dom(h) N dom(h’). End.
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Hence h | § = H | 5. Thus H(8) = H'(8) = h(B) = G(h ] B) = G(H | B).
O

Case 8 =a. We have H o= H' | a. O

O

Hence H is a map to A such that H is recursive regarding G and a € dom(H).
Thus o € ®. End.

[prover vampire] Therefore ® contains every ordinal (by transfinite induc-
tion). Consequently every ordinal is contained in the domain of some map
H to A such that H is recursive regarding G. [

Define F(a) := “choose a map H to A such that H is recursive regarding
G and « € dom(H) in H(a)” for « € Q. Then F is a map from O to A.

F is recursive regarding G.
Proof. (a) dom(F) is a transitive subclass of Q.
(b) For all @ € O we have F(a) = G(F [ a).

Proof. Let a € @. Choose a map H to A such that H is recursive regarding
G and a € dom(H) and F(a) = H(«).

Let us show that F(8) = H(p) for all § € a. Let 8 € a. Choose a map
H' to A such that H' is recursive regarding G and f € dom(H’) and
F(B) = H'(B). [prover vampire] Then H () = H'(53) (by coincidence lemma).
Indeed 5 € dom(H)Ndom(H’). Therefore F () = H'(S). End.

Hence H [ = F [a. Thus F(a) = H(o) =G(H o) =G(F o). OO R

Theorem 3 (Transfinite Recursion: Uniqueness). Let A be a class
and G be a map from A< to A. Let F, F’ be maps from O to A that are
recursive regarding G. Then F = F”.

Proof. [prover vampire] F' and F’ are recursive regarding G. Then
F(a) = F'(a) for all a € dom(F)Ndom(F’) (by coincidence lemma). We
have dom(F) = @ = dom(F”’). Hence F(a) = F'(«) for all & € @. Thus
F=F. |

As a corollary of the transfinite recursion theorem we get that we can
define maps recursively on the ordinals by case distinction: For given maps
G:OxA— A and H:Ox A<*® — A and an element a € A we can define a
map F:0— A by

o F(0) :=a,
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e F(succ(a)) := G(a, F(a)), and
e F'(A):=H(\ F[)) for any limit ordinal A.

Lemma 4. Let A be a class and o be an ordinal and F: QO — A. Then
(o, F(a)) € O x A.

Lemma 5. Let A be a class and \ be a limit ordinal and F: Q — A. Then
(N ETA) €Qx A<,

Corollary 6. Let A be a class. Let a€ A and G:Ox A— A and
H:0 x A< — A. Then there exists a map F from O to A such that

F0)=a
and for all ordinals o we have
F(succ(a)) = G(a, F(w))
and for all limit ordinals A we have

F(A) = HO\ F[A).

Proof.  (pred(dom(f)), f(pred(dom(f)))) € O x A for all f € A<*> such
that dom(f) is a successor ordinal.

Define
a :dom(f) =0

J(f) == § G(pred(dom(f)), f(pred(dom(f)))) :dom(f) is a successor ordinal
H(dom(f), f) : dom(f) is a limit ordinal

for f € A<,

Then J is a map from A<* to A. Indeed we can show that for any f € A<
we have J(f) € A. Let f € A<, Take o € O such that f:aa— A. Ifa =0
then J(f)=a€ A. If « is a successor ordinal then J(f)=
G(pred(a), f(pred(e))) € A. [prover vampire| If « is a limit ordinal then
J(f) = H(e, f) € A. End.

Hence we can take a map F from O to A that is recursive regarding J.
Then F [« € A<* for any ordinal «.
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(1) F(0) = a.

Proof. F(0)=J(F10)=a. O

(2) F(succ(e)) = G(a, F(e)) for all ordinals o

Proof. Let o be an ordinal. Then F(succ(a)) = J(F [succ(a)) =
Epred((SI)lgf c(a)), (F [ suce(a))(pred(suce(e)))) = G(a, (F ['suce(a))(a)) =

(3) F(A) = H(XA, F | A) for all limit ordinals A.

Proof. Let A be a limit ordinal. Then F(A\) = J(F [A\) =H\ F[)). O

Hence the thesis (by 1, 2, 3). |
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