Peano’s Principles of Arithmetics

Marcel Schiitz (2025)

This is a translation of §1 of Giuseppe Peano’s Arithmetices Principia (eng:
Principles of Arithmetics) [1, 2] to ForTheL. It introduces Peano’s language and
famous axioms of arithmetics as well as a number of theorems about addition
of natural numbers.

§1. Numbers and Addition.

Ezplanations.

Let a, b, ¢, d denote mathematical objects.
Signature. A number is a mathematical object.
Definition. N is the class of all numbers.
Signature. 1 is a mathematical object.

Signature. a + 1 is a mathematical object.

Axioms.

Axiom (1). 1eN.

Axiom (2). aeN 0.a=a.

Axiom (3). a,b,ceN .o. (a=b.=.b=a).
Axiom (4). a,beN .o. ((a=b..b=c¢c).20.a=c).
Axiom (5). ((a=0b.".beN) .2.aeN).
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Axiom (6). aeN .o.a+1eN.
Axiom (7). a,beN .o. (a=b.=.a+1=0b+1).
Axiom (8). aeN .o.a+1#1.

Axiom (9). Let kbeaclass. Then (lek .. VzeN:xzek .o . z+1ck).o.
No k.

Definitions.

Definition (10.i). 2:=1+1.
Definition (10.ii). 3:=2+1.
Definition (10.iii). 4 := 3+ 1.

Theorems.

Theorem (11). 2 e N.

Proof. (1) 1eN (by P1).

(2) 1eN .. 1+1eN (by P6).

(3)1+1eN (by 1, 2).

(4)2=1+1.

Therefore 2 € N. |
Theorem (12). 3,4 ¢ N.

Theorem (13). (a,b,c,deN..a=b..b=c..c=d).0.a=d.
Theorem (14). (a,b,ceN..a=b..b=c..a#c) .= A.
Theorem (15). (a,b,ce N ..a=b..b#c) 0. a#c.
Theorem (16). (a,beN..a+1=>b+1) .0.a=0.

Theorem (17). a,beN 0. (a #b.=.a+1#b+1).

Definition.
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Signature. a+ b is a mathematical object.
Axiom. aeN .o.a+1=a+1.
Axiom (18). a,beN .o.a+(b+1)=a+b+1.

Theorems.

Theorem (19). a,be N .0.a+beN.

Proof. Let a,beN. Define T := {b'|a+b' e N}.
We have a € N. Hence a+1 ¢ N (by P6).

(1) Thus 1 € T.

(2) For all o’ e Nif b’ € T then b’ + 1€ T.

Proof. Let I/ e N. Assume b’ ¢ T. Then a+b" ¢ N. Hence a+b'+1¢N
(by P6). Thus a+b'+1 e N (by P18). Consequently &’ +1eT. O

(3) Therefore N o T (by 1, 2, P9).

We have b e N. Hence beT. Thus a+b e N. |
Definition (20). a+b+c:= (a+0b) +c.

Theorem (21). a,b,ceN .o.a+b+ceN.
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