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Marcel Schütz (2025)

This is a translation of §1 of Giuseppe Peano’s Arithmetices Principia (eng:
Principles of Arithmetics) [1, 2] to ForTheL. It introduces Peano’s language and
famous axioms of arithmetics as well as a number of theorems about addition
of natural numbers.

§1. Numbers and Addition.

—

Explanations.

Let a, b, c, d denote mathematical objects.

Signature. A number is a mathematical object.

Definition. N is the class of all numbers.

Signature. 1 is a mathematical object.

Signature. a+1 is a mathematical object.

Axioms.

Axiom (1). 1 ϵ N.

Axiom (2). a ϵ N . c. a = a.

Axiom (3). a, b, c ϵ N . c. (a = b .=. b = a).

Axiom (4). a, b ϵ N . c. ((a = b ... b = c) . c. a = c).

Axiom (5). ((a = b ... b ϵ N) . c. a ϵ N).
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Axiom (6). a ϵ N . c. a+1 ϵ N.

Axiom (7). a, b ϵ N . c. (a = b .=. a+1 = b+1).

Axiom (8). a ϵ N . c. a+1 ̸= 1.

Axiom (9). Let k be a class. Then (1 ϵ k ... ∀x ϵ N : x ϵ k . c. x+1 ϵ k) . c.
N ck.

Definitions.

Definition (10.i). 2 := 1+1.

Definition (10.ii). 3 := 2+1.

Definition (10.iii). 4 := 3+1.

Theorems.

Theorem (11). 2 ϵ N.

Proof. (1) 1 ϵ N (by P1).

(2) 1 ϵ N . c. 1+1 ϵ N (by P6).

(3) 1+1 ϵ N (by 1, 2).

(4) 2 = 1+1.

Therefore 2 ϵ N. ■

Theorem (12). 3, 4 ϵ N.

Theorem (13). (a, b, c, d ϵ N ... a = b ... b = c ... c = d) . c. a = d.

Theorem (14). (a, b, c ϵ N ... a = b ... b = c ... a ̸= c) .=. Λ.

Theorem (15). (a, b, c ϵ N ... a = b ... b ̸= c) . c. a ̸= c.

Theorem (16). (a, b ϵ N ... a+1 = b+1) . c. a = b.

Theorem (17). a, b ϵ N . c. (a ̸= b .=. a+1 ̸= b+1).

Definition.

2

http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?equivalence.ftl?Iff
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?universal-quantification.ftl?Forall
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/foundations?classes.ftl?SETinclude
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?DefEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?DefEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?DefEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?equivalence.ftl?Iff
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?falsity.ftl?False
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?conjunction.ftl?And
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?equal
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/notions?elements.ftl?Elem
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?implication.ftl?Implies
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/propositions?equivalence.ftl?Iff
http://localhost/symbol?https://naproche.github.io/math/archive/libraries/meta/relations?equality.ftl?NotEq


Signature. a+ b is a mathematical object.

Axiom. a ϵ N . c. a+1 = a+1.

Axiom (18). a, b ϵ N . c. a+(b+1) = a+ b+1.

Theorems.

Theorem (19). a, b ϵ N . c. a+ b ϵ N.

Proof. Let a, b ϵ N. Define T := {b′ | a+ b′ ϵ N}.
We have a ϵ N. Hence a+1 ϵ N (by P6).

(1) Thus 1 ϵ T .

(2) For all b′ ϵ N if b′ ϵ T then b′ +1 ϵ T .

Proof. Let b′ ϵ N. Assume b′ ϵ T . Then a+ b′ ϵ N. Hence a+ b′ +1 ϵ N
(by P6). Thus a+ b′ +1 ϵ N (by P18). Consequently b′ +1 ϵ T . □

(3) Therefore N cT (by 1, 2, P9).

We have b ϵ N. Hence b ϵ T . Thus a+ b ϵ N. ■

Definition (20). a+ b+ c := (a+ b)+ c.

Theorem (21). a, b, c ϵ N . c. a+ b+ c ϵ N.
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