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Signature 1 (Term). An term is an object. Let a,b,c,d,u,v,w,x,y, 2
denote terms.

Signature 2 (Rewriting System). A rewriting system is a notion. Let
R denote a rewriting system.

Signature 3 (Reduct). A reduct of z in R is a term. Let © —p y stand
for y is a reduct of « in R.

Signature 4. = —, y is a relation.

Axiom 5. x—>£y iff z— gy or there exists a term z such that x—)Rz—>Ey.
Axiom 6. If v =% y —7} 2z then . —F, 2.

Definition 7. z 2L yiff e =y or o —>E Y-

Lemma 8. If x =% y =% 2z then v =} 2.

Definition 9 (Confluency). R is confluent iff for all a,b, ¢ such that
a —p b, c there exists d such that b,c —7% d.

Definition 10 (Local Confluency). R is locally confluent iff for all a, b, ¢
such that a — g b, c there exists d such that b, c =% d.

Definition 11 (Termination). R is terminating iff for all a,b such that
a—% b we have b < a.

Definition 12 (Normal Form). A normal form of z in R is a term y
such that x —% v and y has no reducts in R.

Lemma 13. Let R be a terminating rewriting system. Every term z has
a normal form in R.

Proof by induction. |

Theorem 14 (Newman’s Lemma). Every locally confluent terminating
rewriting system is confluent.

Proof. Let R be a rewriting system. Assume R is locally confluent and
terminating.
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Let us demonstrate by induction that for all a, b, ¢ such that a—%b, c there
exists d such that b,c =% d. Let a,b, c be terms.

Let us show that ifa —>§ b, c then we have the thesis. Assume a —>E b, c.

Take u such that a —r u =% b. Take v such that a g v =% c. Take w
such that u,v =% w. Take a normal form d of w in R.

b —% d. Indeed take x such that b,d =% x. ¢ =% d. Indeed take y such
that ¢,d =% y. End. End. |

Copyright

(© Andrei Paskevich (2007), Steffen Frerix (2018), Peter Koepke (2018), Adrian
De Lon (2021), Marcel Schiitz (2025).


http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTC
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTC
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTC
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTC
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reduces
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reduces
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR
http://localhost/symbol?https://naproche.github.io/math/archive/articles?newman.ftl?reducesTCR

