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1 Loading the code generator and related modules

theory Code-Generator
imports Pure
keywords
print-codeproc code-thms code-deps :: diag and
export-code code-identifier code-printing code-reserved
code-monad code-refiect :: thy-decl and
checking and
datatypes functions module-name file file-prefix
constant type-constructor type-class class-relation class-instance code-module
;1 quasi-command
begin

(ML)
code-datatype TYPE(‘a::{})

definition holds :: prop where
holds = ((A\z::prop. ) = (A\z. 1))

lemma holds: PROP holds
(proof )

code-datatype holds

lemma implies-code [code]:
(PROP P = PROP holds) = PROP holds
(PROP holds = PROP P) = PROP P

(proof)
(ML)
hide-const (open) holds
end
theory Try0
imports Pure
keywords try0 :: diag
begin

(ML)

end
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2 The basis of Higher-Order Logic

theory HOL
imports Pure Try0 Tools. Code-Generator
keywords
try solve-direct quickcheck print-coercions print-claset
print-induct-rules :: diag and
quickcheck-params :: thy-decl
abbrevs < = J<;
begin

(ML)

2.1 Primitive logic

The definition of the logic is based on Mike Gordon’s technical report [2]
that describes the first implementation of HOL. However, there are a number
of differences. In particular, we start with the definite description operator
and introduce Hilbert’s € operator only much later. Moreover, axiom (P
— Q) — (@ — P) — (P = @) is derived from the other axioms.
The fact that this axiom is derivable was first noticed by Bruno Barras (for
Mike Gordon’s line of HOL systems) and later independently by Alexander
Maletzky (for Isabelle/HOL).

2.1.1 Core syntax

(ML)
default-sort type
(ML)

axiomatization where fun-arity: OFCLASS('a = b, type-class)
instance fun :: (type, type) type (proof)

axiomatization where itself-arity: OFCLASS('a itself, type-class)
instance itself :: (type) type (proof)

typedecl bool
judgment Trueprop :: bool = prop (<(<notation=judgment>-)> 5)

axiomatization implies :: [bool, bool] = bool (infixr (— 25)
and eq :: ['a, 'a] = bool
and The :: (‘a = bool) = 'a

notation (input)
eq (infixl <=» 50)
notation (output)
eq (infix =) 50)
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The input syntax for eq is more permissive than the output syntax because
of the large amount of material that relies on infixl.

2.1.2 Defined connectives and quantifiers

definition True :: bool
where True = ((Az::bool. z) = (Az. x))

definition All :: (‘a = bool) = bool (binder <Y» 10)
where All P = (P = (Az. True))

definition Ez :: (‘a = bool) = bool (binder 3> 10)
where Fx P=V Q. (Vz. Pz — Q) — Q

definition Fulse :: bool
where False = (V P. P)

definition Not :: bool = bool (<(<open-block notation=<prefix —»»— -)» [40] 40)
where not-def: -~ P = P — Fulse

definition conj :: [bool, bool] = bool (infixr «(A\» 35)
where and-def: PAN Q=VR. (P — Q@ — R) — R

definition disj :: [bool, bool] = bool (infixr V> 30)
where or-def: PV Q =VR. (P — R) — (@ — R) — R

definition Unig :: (a = bool) = bool
where Unig P= Vzy. Pt — Py — y = x)

definition Fz! :: (‘a = bool) = bool
where Exl P=3z. Pz A Vy. Py — y = x)

2.1.3 Additional concrete syntax

syntax (ASCII) -Uniq :: pttrn = bool = bool (<(<indent=4 notation=<binder
<nf< -/ -» [0, 10] 10)

syntax -Uniq :: pttrn = bool = bool («(<indent=2 notation=<binder I <13 <1
-/ -» [0, 10] 10)

syntax-consts -Uniq = Uniq

translations 3<yz. P = CONST Uniq (A\z. P)
(ML)

syntax (ASCII)

-Ex1 :: pttrn = bool = bool («(<indent=3 notation=<binder EX'»EX! -./ -)»
[0, 10] 10)
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syntax (input)

-Ex1 :: pttrn = bool = bool («(<indent=3 notation=<binder ?1» 2 -./ -)» [0, 10]
10)
syntax -Ezl :: pttrn = bool = bool («(<indent=38 notation=<binder I!»3!-./ -)
[0, 10] 10)

syntax-consts -EFzrl = FEzrl
translations 3!z. P = CONST Ez1 (\z. P)

(ML)

syntax

-Not-Ex :: idts = bool = bool («(<indent=3 notation=<binder B»nh-./ -)» [0,
10] 10)

-Not-Ez1 :: pttrn = bool = bool («(¢indent=3 notation=<binder B1»3!-./ -)
[0, 10] 10)
syntax-consts

-Not-Ex = Ez and

-Not-Ezl = Bzl
translations

fa. P = 3z P)

Plz. P == (3z. P)

abbreviation not-equal :: ['a, 'a] = bool (infix #> 50)
where z £ y = - (z = y)

notation (ASCII)
Not («(copen-block notation=<prefix ~»~ -)» [40] 40) and
conj (infixr <&> 35) and
disj (infixr <|» 30) and
implies (infixr <——>» 25) and
not-equal (infix <~=» 50)

abbreviation (iff)
iff =2 [bool, bool] = bool (infixr +— 25)
where A «+— B=A=1B

syntax -The :: [pttrn, bool] = 'a (<(<indent=3 notation=<binder THE>» THE -./
Y [0, 10] 10)

syntax-consts -The = The

translations THE z. P = CONST The (Az. P)

(ML)

nonterminal case-syn and cases-syn
syntax
-case-syntaz :: ['a, cases-syn] = ‘b («(<notation=<mizfic case expressioncase -
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of | ) 10)

-casel :: ['a, 'b] = case-syn

(«(¢indent=2 notation=<mizfix case clause(<open-block notation=«pattern cases-)
=/ -)» 10)

i case-syn = cases-syn (<-))

-case? :: [case-syn, cases-syn] = cases-syn (<-/ | =)
syntax (ASCII)

-casel :: ['a, 'b] = case-syn

(<(<indent=2 notation=<mizfix case clauser)(sopen-block notation=«pattern case)-)
=>/-)» 10)

notation (ASCII)
All (binder <ALL » 10) and
Ez (binder (EX » 10)

notation (input)
All (binder <!> 10) and
Ez (binder <7 10)

2.1.4 Axioms and basic definitions

axiomatization where
refl: t = (t::'a) and
subst: s =t =— Ps=— Ptand
ext: (Ax:'a. (fz b)) = g2) = (A\z. fz) = (\z. g 2)
— Extensionality is built into the meta-logic, and this rule expresses a related
property. It is an eta-expanded version of the traditional rule, and similar to the
ABS rule of HOL and

the-eq-trivial: (THE z. z = a) = (a::'a)
axiomatization where

impl: (P = @) = P — @ and

mp: [P — Q; P] = @ and

True-or-False: (P = True) V (P = False)
definition If :: bool = 'a = 'a = 'a («(<notation=<mizfix if expressiony»>if (-)/
then (-)/ else (1)) [0, 0, 10] 10)

where If Pz y = (THE z::'a. (P = True — z = z) A (P = False — z = y))

definition Let :: 'a = ('a = 'b) = 'b
where Let s f = fs

nonterminal letbinds and letbind

open-bundle let-syntaz
begin
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syntax
-bind i [pttrn, 'a] = letbind (<(<indent=2 notation=«mizfiz let
binding>»- =/ -)» 10)
:: letbind = letbinds (¢=»)
-binds it [letbind, letbinds] = letbinds — (¢<-;/ -»)
-Let :: [letbinds, 'a] = 'a (<(xnotation=<mixfiz let expression»let

(-)/ in (-))> [0, 10] 10)
syntax-consts
-bind -binds -Let = Let

translations
-Let (-binds b bs) e = -Let b (-Let bs e)
letz=aine = CONST Let a (Az. €)
end

axiomatization undefined :: 'a

class default = fixes default :: 'a

2.2 Fundamental rules

2.2.1 Equality

lemma sym: s=t =t =s
(proof )

lemma ssubst: t = s = Ps=— Pt
(proof )

lemma trans: [r =s;s=t] = r =1
{proof)

lemma trans-sym [Pure.elim?): r = s =t =s=r =1
{proof)

lemma meta-eq-to-obj-eq:
assumes A = B
shows A = B

{proof )
Useful with erule for proving equalities from known equalities.
lemma boz-equals: [a =b;a=c;b=d] = c=d

{proof )
For calculational reasoning;:

lemma forw-subst: a = b= Pb= Pa
(proof )

lemma back-subst: Pa — a = b — P b
(proof)
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2.2.2 Congruence rules for application

Similar to AP-THM in Gordon’s HOL.

lemma fun-cong: (f : 'a="b) =g= fz =gz
(proof)

Similar to AP-TERM in Gordon’s HOL and FOL’s subst-context.
lemma arg-cong: t =y = fz=fy

(proof)

lemma arg-cong2: [a=b; c=d] = fac=fbd
(proof )

lemma arg-cong3: [t =z, y=y,z2=2]= feyz=faz'y 2’
(proof )

lemma arg-cong4: [w=whz=zy=y2=72]= fwzyz=fw' 2’y 2
(proof)

lemma cong: [f = ¢; (z:7a) =y = fa =gy
(proof)

(ML)

2.2.3 Equality of booleans — iff

lemma iffD2: [P = Q; Q] = P
(proof )

lemma rev-iffD2: [Q; P = Q] = P
(proof )

lemma iffDI1: Q =P = Q = P
(proof )

lemma rev-iff D1: Q — @ = P = P
(proof)

lemma iffE:
assumes major: P = @
and minor: [P — @Q; @ — P] = R
shows R
(proof)

2.2.4 True (1)

lemma Truel: True
(proof )
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lemma eqTrueE: P = True =— P
(proof)

2.2.5 Universal quantifier (1)

lemma spec: Vz::'a. Pz =— Px
(proof )

lemma allF:
assumes major: V. Pz and minor: Pz = R
shows R

{proof)

lemma all-dupFE:
assumes magjor: V. P x and minor: [P z;Vz. Pz] = R
shows R

{proof)

2.2.6 False

Depends upon spec; it is impossible to do propositional logic before quanti-
fiers!

lemma FulseFE: False — P
(proof)

lemma Fualse-neq-True: False = True = P
(proof)

2.2.7 Negation

lemma notl:
assumes P —> Fulse
shows = P

{proof)

lemma False-not-True: False # True
(proof)

lemma True-not-False: True # Fulse

(proof)

lemma notE: [- P; Pl = R
{proof)

2.2.8 Implication

lemma impkFE:
assumes P — Q P QQ — R
shows R
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{proof)

Reduces @ to P — @), allowing substitution in P.

lemma rev-mp: [P; P — Q] = @
(proof )

lemma contrapos-nn:
assumes major: = @
and minor: P = @
shows = P

{proof)

Not used at all, but we already have the other 3 combinations.

lemma contrapos-pn:
assumes major: @
and minor: P = = @
shows — P

{proof)

lemma not-sym: t # s = s #
(proof)

lemma eg-neg-eqg-imp-neq: [t = a; a A b b=y] =z #y
(proof )

2.2.9 Disjunction (1)

lemma disjE:
assumes major: PV @Q
and minorP: P = R
and minor@: Q@ — R
shows R
(proof)

2.2.10 Derivation of iff]

In an intuitionistic version of HOL ffI needs to be an axiom.

lemma iffI:
assumes P —- @ and Q — P
shows P = ()

(proof)
2.2.11 True (2)

lemma eqTruel: P =—> P = True
(proof )
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2.2.12 Universal quantifier (2)

lemma alll:
assumes Az::'a. Pz
shows Vz. P x

{proof)

2.2.13 Existential quantifier

lemma ex/: Pz = 3Jz::’a. Pz
(proof )

lemma ezE:
assumes major: 3x::'a. P x
and minor: Az. P2z = @Q
shows @

{proof)

2.2.14 Conjunction

lemma conjl: [P; Q] = P A Q
(proof)

lemma conjunctl: [P N Q] = P
{proof)

lemma conjunct2: [P N Q] = Q
(proof )

lemma conjF:
assumes major: P A Q
and minor: [P; Q] = R
shows R
(proof)

lemma context-conjl:
assumes P P = (@)
shows P A Q

{proof)

2.2.15 Disjunction (2)

lemma disjli: P = PV @
{proof )

lemma disjI2: Q = PV @
(proof )

2.2.16 Classical logic

lemma classical:
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assumes - P — P
shows P

(proof)
lemmas ccontr = FalseE [THEN classical]

notE with premises exchanged; it discharges — R so that it can be used to
make elimination rules.

lemma rev-notE:
assumes premp: P
and premnot: -~ R — - P
shows R

(proof)

Double negation law.

lemma notnotD: -—— P — P
(proof)

lemma contrapos-pp:
assumes pl: @
and p2: - P = - @
shows P
(proof )

2.2.17 Unique existence

lemma Unig-I [intro?):
assumes Az y. [Pz; Pyl = y ==
shows Uniq P
{proof)

lemma Unig-D [dest?]: [Uniq P; P a; P b] = a=b
{proof)

lemma exil:
assumes Pa A\z. Pz = z = a
shows J!z. Pz

(proof )
Sometimes easier to use: the premises have no shared variables. Safe!

lemma ex-exil:
assumes ez-prem: 3x. Pz
and eq: Az y. [Pz; Pyl =z =1y
shows 3!z. Pz
(proof )

lemma exIF:
assumes major: !z. P z and minor: N\z. [Pz;Vy. Py — y=12] = R
shows R
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(proof)

lemma exl-implies-ex: Ilz. P x —> Jdx. Pz
(proof )

2.2.18 Classical intro rules for disjunction and existential quan-
tifiers

lemma disjCI:
assumes - Q = P
shows PV @

{proof)

lemma ezcluded-middle: = P V P
(proof)

case distinction as a natural deduction rule. Note that — P is the second
case, not the first.

lemma case-split [case-names True False]:
assumes P —= () - P = (@)
shows @

{proof)
Classical implies (—) elimination.

lemma impCE:
assumes major: P — @
and minor: - P— R Q) — R
shows R

{proof)

This version of — elimination works on @ before P. It works best for those
cases in which P holds "almost everywhere". Can’t install as default: would
break old proofs.
lemma impCE":

assumes major: P — @Q

and minor: Q — R - P — R
shows R

{proof)

The analogous introduction rule for conjunction, above, is even constructive

lemma context-disjE:
assumes major: PV @ and minor: P— R -P — ) — R
shows R

(proof)
Classical «+— elimination.

lemma iffCE:
assumes major: P = @
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and minor: [P; Q) = R[- P; - Q] = R
shows R
(proof)

lemma exCI:
assumes Vz. - Pz =— Pa
shows dz. Pz

{proof)

2.2.19 Intuitionistic Reasoning

lemma impE":
assumes 1: P — @
and 2: Q = R
and 3: P — Q = P
shows R

(proof)

lemma allE":
assumes [: Vz. Px
and 2: Pr —= Vz. Pz — (@
shows @

(proof)

lemma notE"
assumes 1: - P
and 2: - P — P
shows R

(proof)

lemma TrueE: True = P = P (proof)
lemma notFalseE: - False = P = P (proof)

lemmas [Pure.elim!] = disjE iffE FalseE conjE exE TrueE notFalseE
and [Pure.introl] = iffI conjl impI Truel notl alll refl
and [Pure.elim 2] = allE notE’ impE’
and [Pure.intro] = exl disjI2 disjl1

lemmas [trans] = trans
and [sym| = sym not-sym
and [Pure.elim? = iffD1 iff D2 impE

2.2.20 Atomizing meta-level connectives
axiomatization where

eq-reflection: ©t = y = x = y — admissible axiom

lemma atomize-all [atomize]: (Nz. P z) = Trueprop (V. P x)
(proof)
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lemma atomize-imp [atomize]: (A = B) = Trueprop (A — B)
(proof)

lemma atomize-not: (A = False) = Trueprop (= A)

(proof)

lemma atomize-eq [atomize, code]: (z = y) = Trueprop (z = y)
(proof)

lemma atomize-conj [atomize]: (A &&& B) = Trueprop (A A B)
(proof)

lemmas [symmetric, rulify] = atomize-all atomize-imp
and [symmetric, defn] = atomize-all atomize-imp atomize-eq
2.2.21 Atomizing elimination rules
lemma atomize-exL[atomize-elim]: (Az. Pz = Q) = ((3z. P z) = Q)

{proof)

lemma atomize-conjL{atomize-elim|: (A = B = C) = (AN B = ()
(proof)

lemma atomize-disjL{atomize-elim]: (A = C) = (B= () = C) = ((A V
B= ()= ()
{proof)

lemma atomize-elimL[atomize-elim]: (\B. (A = B) = B) = Trueprop A (proof)
2.3 Package setup

(ML)

2.3.1 Sledgehammer setup

Theorems blacklisted to Sledgehammer. These theorems typically produce
clauses that are prolific (match too many equality or membership literals)
and relate to seldom-used facts. Some duplicate other rules.

named-theorems no-atp theorems that should be filtered out by Sledgehammer

2.3.2 Classical Reasoner setup

lemma imp-elim: P — @ — (- R — P) — (@ = R) = R
(proof)

lemma swap: ~ P = (- R= P) = R
(proof)

lemma thin-refl: [t = z; PROP W] = PROP W (proof)
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(ML)

declare iffI [introl]
and notl [introl]
and impl [intro!]
and disjCI [intro!]
and conjl [intro!
and Truel [intro!]
and refl [intro!]

declare iffCE [elim!]
and FualseE [elim!]
and impCE [elim!]
and disjE [elim!]
and conjE [elim!]

declare ez-exll [intro!]
and alll [introl|
and ezl [intro]

declare ezE [elim!]
allE [elim)

(ML)

lemma contrapos-np: = Q = (- P = Q) = P
(proof )

declare ez-exll [rule del, intro! 2]
and ez!] [intro]

declare ezt [intro)

lemmas [intro?] = ext
and [elim?] = exI-implies-ex

Better than ex!FE for classical reasoner: needs no quantifier duplication!

lemma alt-ex1E [elim!]:
assumes major: 3!z. Pz
and minor: Az. [Pz;Vyy . PyAPy — y=y] = R
shows R
(proof)

And again using Uniq

lemma alt-ez1E"
assumes 3Jlz. Pz Az. [Pz; 3<1z. Pz] = R
shows R

{proof)

47
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lemma exI-iff-ex-Unigq: (3!z. P z) «+— (3z. Pz) A (3<12. P z)
{proof)

(ML)

2.3.3 THE: definite description operator

lemma the-equality [intro]:
assumes P g

and A\z. Pz =z =a

shows (THE z. Pz) = a

{proof)

lemma thel:
assumes P a
and A\z. Pz =z =a
shows P (THE z. P x)

(proof )

lemma thel” 3lz. Px = P (THE z. P )
{proof)

Easier to apply than thel: only one occurrence of P.

lemma thel2:
assumes Pa A\o. Pr =z =a A\z. Pz = Q=
shows @ (THE z. P z)

{proof)

lemma thell?2:
assumes Jlz. Pz A\z. Pz = Qz
shows @ (THE z. P z)

{proof)

lemma thel-equality [elim?): [3!z. P z; P a) = (THE z. Px) = a
{proof)

lemma thel-equality” [3<12. P x; P a] = (THEz. Pz) = a
{proof)

lemma the-sym-eq-trivial: (THE y. © = y) = x
(proof )

2.3.4 Simplifier

lemma eta-contract-eq: (As. fs) = f {proof)

lemma subst-all:
«(Az. 2 = a = PROP P z) = PROP P

48



THEORY “HOL”

<«(\z. a = £ = PROP P z) = PROP P w
(proof)

lemma simp-thms:
shows not-not: (- = P) = P
and Not-eq-iff: (= P) = (~ Q)) = (P = Q)
and
(P#Q) =P =(0Q)
(PV =P)= True (= PV P)= True
(r = z) = True
and not-True-eg-False [code]: (= True) = False
and not-False-eq-True [code]: (= False) = True
and
(~P)#£P P#(=P)
(True = P) =P
and eg-True: (P = True) = P
and (False = P) = (= P)
and eq-False: (P = False) = (— P)

and
(True — P) = P (False — P) = True
P — True) = True (P — P) = True
P — False) = (= ) (P—-P)=(=P)

(

(

(P A True) = P (True AN P) = P

(P A False) = False (False N P) = False
(PAP)=P (PN(PAQ)=(PAQ)

(P AN~— P)= False (- P A P)= False

(P V True) = True (True V P) = True

(P V False) = P (False V P) =

(PVP)y=P (PV(PV Q)= (PV Q) and
(Vz. P)=P (3z. P)=P Jz.z=t Jz. t =1z

AP. 3z.z=tANPuz)=Pt
.Fz.t=azANPzx)=Pt

NP. YVz.z2 =t — Pz)=Pt

AP. (V2. t=2— Pz)=Pt

(V. z £ t) = False (Vz.t # z) = False

(proof )

lemma disj-absorb: AV A +— A
(proof)

lemma disj-left-absorb: AV (AV B) «— AV B
(proof )

lemma conj-absorb: AN A <+— A
(proof )

lemma conj-left-absorb: AN (A AN B) «— AANB
(proof)

49
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lemma eg-ac:
shows eq-commute: a = b +— b= a
and iff-left-commute: (P +— (Q +— R)) +— (Q +— (P +— R))
and iff-assoc: (P +— Q) «— R) +— (P +— (Q +— R))
(proof)

lemma neg-commute: a # b <— b # a (proof)

lemma conj-comms:
shows conj-commute: P A @Q <— Q N P
and conj-left-commute: P A (Q A R) «— Q A (P A R) (proof)
lemma conj-assoc: (P N Q) A R <— P A (Q A R) (proof)

lemmas conj-ac = conj-commute conj-left-commute conj-assoc

lemma disj-comms:
shows disj-commute: PV Q <— Q V P
and disj-left-commute: PV (Q V R) <— Q V (P V R) (proof)
lemma disj-assoc: (PV Q) V R +— PV (Q V R) (proof)

lemmas disj-ac = disj-commute disj-left-commute disj-assoc

lemma conj-disj-distribL: P A (Q V R) «+— P AN Q V P A R (proof)
lemma conj-disj-distribR: (PV Q) A R+— P ARV Q A R {proof)

lemma disj-conj-distribL: PV (Q N R) +— (P V Q) A (P V R) {proof)
lemma disj-conj-distribR: (P A Q) V R <— (P V R) A (Q V R) (proof)

lemma imp-conjR: (P — (Q A R)) = (P — Q) A (P — R)) (proof)
lemma imp-conjL: (P A Q) — R) = (P — (Q — R)) (proof)
lemma imp-disjL: (P V Q) — R) = (P — R) A (Q — R)) (proof)

These two are specialized, but imp-disj-not! is useful in Auth/ Yahalom.

lemma imp-disj-notl: (P — Q V R) +— (= Q@ — P — R) (proof)
lemma imp-disj-not2: (P — Q V R) «+— (- R — P — Q) (proof)

lemma imp-disj1: (P — Q) V R) +— (P — Q V R) {proof)
lemma imp-disj2: (Q V (P — R)) +— (P — Q V R) {proof)

lgf;ma imp-cong: (P =P) = (P = (Q@=Q") = (P — Q) +— (P! —
{proof)

lemma de-Morgan-disj: = (P V Q) «— — P A = @ (proof)
lemma de-Morgan-conj: = (P A Q) <— = PV = Q (proof)
lemma not-imp: = (P — Q) «— P A = Q (proof)
lemma not-iff: P # Q «— (P <— — Q) {(proof)

lemma disj-notl: = PV Q +— (P — Q) (proof)



THEORY “HOL” o1

lemma disj-not2: PV = Q <— (Q — P) (proof)
lemma imp-conv-disj: (P — Q) «— (= P) V Q (proof)
lemma disj-imp: PV Q «— = P — @ (proof)

lemma iff-conv-conj-imp: (P +— Q) +— (P — Q) A (Q — P) (proof)

lemma cases-simp: (P — Q) AN (= P — Q) +— Q
— Avoids duplication of subgoals after if-split, when the true and false
— cases boil down to the same thing.

(proof)

lemma not-all: = (Vz. P z) «— (3z. = P z) (proof)

lemma imp-all: (Vz. Pz) — Q) +— (Jz. Pz — Q) {(proof)
lemma not-ex: = (3z. P z) +— (Yz. = P x) (proof)

lemma imp-ex: (3z. Pz) — Q) +— (Yz. Pz — Q) (proof)
lemma all-not-ex: (Vx. P x) «— = (32. = P z) (proof)

declare All-def [no-atp]

lemma ex-disj-distrib: (3z. Pz VvV Q z) +— (3z. Px) vV (Jz. Q z) (proof)
lemma all-conj-distrib: (Vx. Pz A Q z) +— (Vz. Px) A (Vz. Q z) (proof)
lemma all-imp-conj-distrib: (Vz. Pz — Q2 A Rz) «— (Vz. Pz — Q x) A
(Vz. Pz — R x)

(proof)

The A congruence rule: not included by default! May slow rewrite proofs
down by as much as 50%

lemma conj-cong: P=P' —= (P = Q=Q) = (PN Q)= (P'ANQ)
(proof)

lemma rev-conj-cong: Q@ = Q' — (@' =— P =P )= (P AN Q)= (P' AN Q)
(proof)

The | congruence rule: not included by default!

lemma disj-cong: P=P' — (- P'—= Q=Q") = (PV Q) =(P'V Q)
(proof )

if-then-else rules

lemma if-True [code]: (if True then z else y) = x

{proof)

lemma if-False [codel: (if False then x else y) = y
{proof)

lemma if-P: P = (if P then x else y) = z
(proof )
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lemma if-not-P: = P = (if P then z else y) = y
{proof )

lemma if-split: P (if Q then z else y) = (@ — Pz) A (- Q@ — P y))
(proof)

lemma if-split-asm: P (if Q then z elsey) = (- ((Q AN~ Pz)V (- QA= Py)))
{proof)

lemmas if-splits [no-atp] = if-split if-split-asm

lemma if-cancel: (if ¢ then x else x) = z
{proof)

lemma if-eq-cancel: (if x = y then y else z) = x
(proof )

lemma if-bool-eq-cong: (if P then Q else R) = (P — Q) A (- P — R))

— This form is useful for expanding ifs on the RIGHT of the = symbol.
(proof )

lemma if-bool-eq-disj: (if P then @ else R) = (P AN Q) V (- P A R))
— And this form is useful for expanding ifs on the LEFT.
(proof)

lemma FEq-Truel: P — P = True {proof)
lemma FEq¢-Falsel: = P = P = Fulse (proof)

let rules for simproc

lemma Let-folded: fz = gox — Letx f = Letz g
(proof)

lemma Let-unfold: fr =g = Letx f =g
(proof)

The following copy of the implication operator is useful for fine-tuning con-
gruence rules. It instructs the simplifier to simplify its premise.

definition simp-implies :: prop = prop = prop (infixr <=simp=>) 1)
where simp-implies = (=)

lemma simp-impliesl:
assumes PQ: (PROP P = PROP Q)
shows PROP P =simp=> PROP @

(proof )

lemma simp-impliesE:
assumes PQ: PROP P =simp=> PROP (@
and P: PROP P
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and QR: PROP Q — PROP R
shows PROP R

{proof)

lemma simp-implies-cong:
assumes PP’ :PROP P = PROP P’
and P'QQ": PROP P! = (PROP @ = PROP Q')
shows (PROP P =simp=> PROP Q) = (PROP P’ =simp=> PROP Q')
(proof)

lemma uncurry:
assumes P — Q — R
shows PA Q — R

{proof)

lemma iff-alll:
assumes A\z. Pz = Q z
shows (Vz. Pz) = (Vz. Q z)
{proof)

lemma iff-exl:
assumes A\z. Pz = Q x
shows (3z. Pz) = (3z. Q x)
{proof)

lemma all-comm: Vzy. Pry) = Vyz. Pzy)
(proof )

lemma ex-comm: (3zy. Pz y) = (3yz. Pxy)
{proof)

(ML)
Simproc for proving (y = x) = False from premise - (z = y):
(ML)

lemma True-implies-equals: (True => PROP P) = PROP P
(proof)

lemma implies- True-equals: (PROP P = True) = Trueprop True
(proof)

lemma False-implies-equals: (False = P) = Trueprop True

(proof)

lemma implies-False-swap:
(False = PROP P — PROP (@)) = (PROP P = Fulse = PROP Q)

{proof)
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(ML)

lemma ex-simps:

AP Q. 3z Pz A Q) =((33«"P~’C)AQ)
AP Q. (3z. PAQz) = (PA(3Jz. Q1))
AP Q. (3z. Pz V Q) =((3$P$)\/Q)
AP Q. (3z. PV Qz) = (PV (32 Q)
AP Q. Bz. Pz — Q)= ((Va. Pz) — Q)
AP Q. (3z. P — Qz)= (P — (Fz. Q1))

— Miniscoping: pushing in existential quantifiers.
(proof)

lemma all-simps:

AP Q. (Va. PiAQ =(Va Pa)A Q)
AP Q. (Vo PA Q1) =(P A (Fs. Q)
AP Q. (Vo Pz Q) = (V2. Pz)V Q)
AP Q. (Vo PV Q1) =(PV (Vs Q)
AP Q. Vz. Pz — Q) = (3z. Pz) — Q)

AP Q. (Vz. P — Q) = (P — (V. Q2)
— Miniscoping: pushing in universal quantifiers.
{proof )

lemmas [simp] =

triv-forall-equality — prunes params

True-implies-equals implies-True-equals — prune True in asms

False-implies-equals — prune False in asms

if-True

if-False

if-cancel

if-eq-cancel

imp-disjL — In general it seems wrong to add distributive laws by default: they
might cause exponential blow-up. But imp-disjL has been in for a while and cannot
be removed without affecting existing proofs. Moreover, rewriting by (P V @ —
R) = (P — R) A (@ — R)) might be justified on the grounds that it allows
simplification of R in the two cases.

conj-assoc

disj-assoc

de-Morgan-conj

de-Morgan-disj

imp-disj1

imp-disj2

not-imp

disj-notl

not-all

not-ex

cases-simp

the-eq-trivial
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the-sym-eq-trivial
ex-simps
all-simps
simp-thms
subst-all

lemmas [cong| = imp-cong simp-implies-cong
lemmas [split] = if-split

(ML)

Simplifies z assuming ¢ and y assuming — c.

lemma if-cong:
assumes b = ¢
and c =z =u
and ~¢c= y=v
shows (if b then z else y) = (if ¢ then u else v)
(proof )

95

Prevents simplification of z and y: faster and allows the execution of func-

tional programs.

lemma if-weak-cong [cong]:
assumes b = ¢
shows (if b then z else y) = (if ¢ then z else y)

{proof)

Prevents simplification of t: much faster

lemma let-weak-cong:
assumes g = b
shows (let z = aintz) = (letx=bintuz)
(proof )

To tidy up the result of a simproc. Only the RHS will be simplified.

lemma eg-cong?2:
assumes u = u’
shows (t = u) = (¢t = u’)
(proof)

lemma if-distrib: f (if ¢ then z else y) = (if ¢ then f z else f y)
(proof )

lemma if-distribR: (if b then f else g) © = (if b then f z else g x)
(proof )

lemma all-if-distrib: (V. if x = a then P z else Q z) «— P a A Vz. 10 —

Q z)
{proof)
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lemma ez-if-distrib: (3z. if v = a then Pz else Q ) <— Pa V (2. z#a N Q x)
{proof)

lemma if-if-eq-conj: (if P then if Q then x else y else y) = (if P N Q then z else
y)
(proof)

As a simplification rule, it replaces all function equalities by first-order equal-
ities.
lemma fun-eq-iff: f = g +— (Va. fz = g x)

(proof )

2.3.5 Generic cases and induction

Rule projections:

(ML)

context
begin

qualified definition induct-forall P =Vz. P x
qualified definition induct-implies A B= A — B
qualified definition induct-equal x y = x = y
qualified definition induct-conj A B= A AN B
qualified definition induct-true = True

qualified definition induct-false = False

lemma induct-forall-eq: (\z. P z) = Trueprop (induct-forall (Az. P z))
{proof)

lemma induct-implies-eq: (A = B) = Trueprop (induct-implies A B)
(proof )

lemma induct-equal-eq: (x = y) = Trueprop (induct-equal T y)
{proof )

lemma induct-conj-eq: (A &&& B) = Trueprop (induct-conj A B)
(proof )

lemmas induct-atomize’ = induct-forall-eq induct-implies-eq induct-conj-eq
lemmas induct-atomize = induct-atomize’ induct-equal-eq
lemmas induct-rulify’ [symmetric] = induct-atomize’
lemmas induct-rulify [symmetric] = induct-atomize
lemmas induct-rulify-fallback =
induct-forall-def induct-implies-def induct-equal-def induct-conj-def
induct-true-def induct-false-def

lemma induct-forall-conj: induct-forall (Az. induct-conj (A z) (B z)) =
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induct-conj (induct-forall A) (induct-forall B)
{proof)

lemma induct-implies-cong: induct-implies C (induct-conj A B) =
induct-conj (induct-implies C' A) (induct-implies C' B)
(proof)

lemma induct-conj-curry: (induct-conj A B = PROP C) = (A = B = PROP
)
(proof)

lemmas induct-conj = induct-forall-conj induct-implies-conj induct-conj-curry

lemma induct-truel: induct-true

(proof)
Method setup.
(ML)
Pre-simplification of induction and cases rules

lemma [induct-simp]: (Az. induct-equal x t = PROP P z) = PROP P t
(proof)

lemma [induct-simp|: (Az. induct-equal t 1 = PROP P z) = PROP P t
{proof)

lemma [induct-simp]: (induct-false => P) = Trueprop induct-true
{proof)

lemma [induct-simp]: (induct-true = PROP P) = PROP P
(proof)

lemma [induct-simp]: (PROP P = induct-true) = Trueprop induct-true
{proof)

lemma [induct-simp]: (Az::'a::{}. induct-true) = Trueprop induct-true
{proof)

lemma [induct-simpl: induct-implies induct-true P = P
{proof)

lemma [induct-simp]: * = x <— True
{proof)

end

(ML)
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2.3.6 Coherent logic
(ML)

2.3.7 Reorienting equalities

(ML)

2.4 Other simple lemmas and lemma duplicates

lemma eg-iff-swap: (z = y +— P) = (y = 2 <— P)

(proof)

lemma all-congl: (Nz. Pz = P’ z) = (Vz. Pz) = (V. P' 1)
{proof)

lemma ez-congl: (Az. Pz = P'z) = (3. Pz) = (3z. P’ x)
(proof)

lemma all-cong: (Az. Qv = Pz =P' 1) = V2. Qz — Pz) = (Vz. Qu
— P'z)
{proof)

lemma ez-cong: (Az. Qv = Pz =P z) = (Jz. Qz A Pz)= 3z Qz A
P’ )
(proof)

lemma exl-eq [iff]: lz. z =t Iz t =z
(proof)

lemma choice-eq: (Vz. 3ly. Pxy) = 3If. Va. Pz (fx)) (is ?lhs = ?rhs)
(proof)

lemmas eq-sym-conv = eq-commute

lemma nnf-simps:
~(PAQ)=(=PV-Q)
~PVQ)=EPA-Q)
(P—Q)=(=PVQ)
(P=Q)=((PANQV(=PA-Q)
Eﬁ(P:Q)):((PAﬂQ)\/(ﬂPAQ))
(

2.5 Basic ML bindings
(ML)

locale cnf
begin



THEORY “HOL” 99

lemma clause2raw-notE: [P; —=P] = False (proof)
lemma clause2raw-not-disj: [~ P; = Q] = — (P V Q) (proof)
lemma clause2raw-not-not: P = —— P (proof)

lemma iff-refl: (P::bool) = P {proof)

lemma iff-trans: [| (P::bool) = Q; @ = R || ==> P = R (proof)

lemma conj-cong: [| P =P, Q= Q' || ==> (P A Q) = (P'A Q") (proof)
lemma disj-cong: [| P =P Q= Q' || ==> (P V Q) = (P’'V Q') (proof)
lemma make-nnf-imp: [| (-P) = P'; @ = Q' || ==> (P — Q) = (P'V Q)

(proof)

lemma make-nnf-iff: || P = P’; (-P) = NP; Q = Q’; (-Q) = NQ || ==> (P =
Q) = ((P"V NQ) A (NP Vv Q) (proof)

lemma make-nnf-not-false: (—False) = True {proof)

lemma make-nnf-not-true: (—True) = False (proof)

lemma make-nnf-not-conj: [| (-P) = P’ (=Q) = Q' || ==> (=(P A Q)) = (P’
Vv Q") (proof)

lemma make-nnf-not-disj: [| (-P) = P’; (-Q) = Q' |] ==> (=(P Vv Q)) = (P' A
Q') (proof)

lemma make-nnf-not-imp: [| P = P’; (—-Q) = Q' |] ==> (~(P — Q)) = (P’ A
Q") (proof)

lemma make-nnf-not-iff: [| P = P’; (-P) = NP; Q = Q; (-Q) = NQ || ==>

(=(P = Q) = ((P"V Q) A (NP V NQ)) (proof)
lemma make-nnf-not-not: P = P’ ==> (=—~P) = P’ (proof)

lemma simp-TF-conj-True-l: || P = True; Q@ = Q' |] ==> (P A Q) = Q' {proof)
lemma simp-TF-conj-True-r: [| P = P'; Q = True || ==> (P A Q) = P’ {proof)
lemma simp-TF-conj-False-l: P = False ==> (P A Q) = False (proof)

lemma simp-TF-conj-False-r: Q = False ==> (P A Q) = False {proof)
lemma simp-TF-disj-True-l: P = True ==> (P V Q) = True (proof)

lemma simp-TF-disj-True-r: Q@ = True ==> (P V Q) = True {(proof)

lemma simp-TF-disj-False-l: || P = False; Q@ = Q' |] ==> (P V Q) = Q' (proof)
lemma simp-TF-disj-False-r: || P = P’; Q = False || ==> (P V Q) = P’ (proof)
lemma make-cnf-disj-conj-l: || (P V R) = PR; (Q V R) = QR || ==> ((P A Q)
V R) = (PR A QR) {proof)

lemma make-cnf-disj-conj-r: [| (P V Q) = PQ; (PV R) = PR || ==> (P V (Q

A R)) = (PQ A PR) (proof)

lemma make-cnfz-disj-ex-1: ((3(x::bool). Px) V Q) = 3z. Pz V Q) (proof)
lemma make-cnfr-disj-ex-r: (P V (3 (z::bool). Q z)) = (Jz. PV Q x) (proof)
lemma make-cnfr-newlit: (P V Q) = (3z. (P V z) A (Q V —z)) (proof)
lemma make-cnfr-ex-cong: (¥ (z::bool). Pz = Q ) = (Jz. Pz) = (3z. Q z)
(proof)

lemma weakening-thm: [| P; Q |] ==> Q (proof)

lemma cnftac-eq-imp: || P = Q; P || ==> Q (proof)
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end

(ML)

3 NO-MATCH simproc

The simplification procedure can be used to avoid simplification of terms of
a certain form.

definition NO-MATCH :: 'a = 'b = bool
where NO-MATCH pat val = True

lemma NO-MATCH-cong|cong]: NO-MATCH pat val = NO-MATCH pat val
{proof)

declare [[coercion-args NO-MATCH — —]
(M)

This setup ensures that a rewrite rule of the form NO-MATCH pat val =
t is only applied, if the pattern pat does not match the value wval.

Tagging a premise of a simp rule with ASSUMPTION forces the simplifier
not to simplify the argument and to solve it by an assumption.

definition ASSUMPTION :: bool = bool
where ASSUMPTION A = A

lemma ASSUMPTION-cong[cong]: ASSUMPTION A = ASSUMPTION A
{proof)

lemma ASSUMPTION-I: A = ASSUMPTION A
{proof)

lemma ASSUMPTION-D: ASSUMPTION A — A
(proof)

(ML)

3.1 Code generator setup
3.1.1 Generic code generator preprocessor setup

lemma conj-left-cong: P +— Q@ = P AN R<+— Q AR
(proof )

lemma disj-left-cong: P +— Q@ = PV R+— Q V R
{proof )

(ML)
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3.1.2 Generic code generator foundation

Datatype bool
code-datatype True Fulse

lemma [code]:
P A True <— P
P A False «+— False
True N P +— P
False N P +— Fulse

{proof)

lemma [code]:
PV True «<— True
PV False +— P
True V P +— True
False V P +— P

{proof)

lemma [code]:

(P — True) «— True
(P —> False) +— — P
(True — P) «— P
(False — P) «— True
(proof)

More about prop

lemma [code nbe]:

(P = R) = Trueprop (P — R)
(PROP Q@ = True) = Trueprop True
(True = PROP @) = PROP Q
(

proof )

lemma Trueprop-code [code]: Trueprop True = Code-Generator.holds

(proof)

declare Trueprop-code [symmetric, code-post]

Cases

lemma Let-case-cert:
assumes CASE = (\z. Let z f)
shows CASE z = fx

(proof )
(ML)

declare [[code abort: undefined]]

61
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3.1.3 Equality

lemma [code nbe]:
<z =z +— True

(proof)

class equal =

fixes equal :: 'a = 'a = bool

assumes equal-eq: equal Ty <+— =y
begin

lemma eg-equal [code]: (=) = equal
{proof)

lemma equal [code-post]: equal = (=)
(proof)

lemma equal-refl: equal x x +— True
(proof)

end
(ML)

instantiation itself :: (type) equal
begin

definition equal-itself :: 'a itself = 'a itself = bool
where equal-itself v y +— = =y

instance
(proof)

end

lemma equal-itself-code [code]: equal TYPE('a) TYPE('a) «— True
{proof)

(ML)
lemma equal-alias-cert: OFCLASS('a, equal-class) = (((=) = 'a = 'a = bool) =
equal)

(is ?ofclass = ?equal)

(proof)

(ML)

3.1.4 Generic code generator target languages

type bool
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code-printing
type-constructor bool —
(SML) bool and (OCaml) bool and (Haskell) Bool and (Scala) Boolean
| constant True —
(SML) true and (OCaml) true and (Haskell) True and (Scala) true
| constant False —
(SML) false and (OCaml) false and (Haskell) False and (Scala) false

code-reserved
(SML) bool true false
and (OCaml) bool
and (Scala) Boolean

code-printing
constant Not —
(SML) not and (OCaml) not and (Haskell) not and (Scala) "' -
| constant HOL.conj —
(SML) infix1 1 andalso and (OCaml) infixl 3 && and (Haskell) infixr 3 &&
and (Scala) infixl 3 &&
| constant HOL.disj —
(SML) infixl 0 orelse and (OCaml) infixl 2 || and (Haskell) infixl 2 || and
(Scala) infix] 1 ||
| constant HOL.implies —
(SML) '(if (-)/ then (-)/ else true)
and (OCaml) 1(if (-)/ then (-)/ else true)
and (Haskell) 1(if (-)/ then (-)/ else True)
and (Scala) 1((-) match {/ case true => (-)/ case false => true/ })
| constant If —
(SML) (if (-)/ then ()] else (-)
and (OCaml) (if (-)/ then (-)/ else (-))
and (Haskell) 1(if (-)/ then (-)/ else (-))
and (Scala) 1((-) match {/ case true => (-)/ case false => (-)/ })

code-reserved
(SML) not
and (OCaml) not

code-identifier
code-module Pure —
(SML) HOL and (OCaml) HOL and (Haskell) HOL and (Scala) HOL

Using built-in Haskell equality.

code-printing

type-class equal — (Haskell) Eq
| constant HOL.equal — (Haskell) infix 4 ==
| constant HOL.eq — (Haskell) infix 4 ==

undefined

code-printing
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constant undefined —
(SML) (raise/ Fail/ undefined)
and (OCaml) failwith/ undefined
and (Haskell) error/ undefined
and (Scala) !sys.error(undefined)

3.1.5 Evaluation and normalization by evaluation

(ML)

3.2 Counterexample Search Units

3.2.1 Quickcheck

quickcheck-params [size = 5, iterations = 50]

3.2.2 Nitpick setup

named-theorems nitpick-unfold alternative definitions of constants as needed by
Nitpick
and nitpick-simp equational specification of constants as needed by Nitpick
and nitpick-psimp partial equational specification of constants as needed by Nitpick
and nitpick-choice-spec choice specification of constants as needed by Nitpick

declare if-bool-eq-conj [nitpick-unfold, no-atp]
and if-bool-eq-disj [no-atp]

3.3 Preprocessing for the predicate compiler

named-theorems code-pred-def alternative definitions of constants for the Predi-
cate Compiler

and code-pred-inline inlining definitions for the Predicate Compiler

and code-pred-simp simplification rules for the optimisations in the Predicate
Compiler

3.4 Legacy tactics and ML bindings
(ML)
hide-const (open) eq equal

end

4 Abstract orderings

theory Orderings

imports HOL

keywords print-orders :: diag
begin
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4.1 Abstract ordering

locale partial-preordering =
fixes less-eq :: <'a = 'a = bools (infix «<»> 50)
assumes refl: <a < a) — not iff: makes problems due to multiple (dual) inter-
pretations
and trans: «a < b=—=b< c=a< o

locale preordering = partial-preordering +
fixes less :: <'a = 'a = booly (infix «<» 50)
assumes strict-iff-not: <a < b+— a < bA-b< @
begin

lemma strict-implies-order:
< b= a< b

(proof)

lemma irrefl: — not iff: makes problems due to multiple (dual) interpretations
ma < a
(proof )

lemma asym:
a < b= b < a = Fulse»

{proof)

lemma strict-transi:
w<b=b<c=a< o
(proof )

lemma strict-trans2:
< b=b<c=a< o
(proof)

lemma strict-trans:
< b=b<c=a< o

{proof)

end

lemma preordering-strict]: — Alternative introduction rule with bias towards
strict order
fixes less-eq (infix «<» 50)
and less (infix «<» 50)
assumes less-eq-less: (Nab. a < b+—a<bVa=b
assumes asym: (Nab. a < b= b < w
assumes irrefl: <N\a. - a < @
assumes trans: <N\abc. a<b=bt<c=a< 0©
shows (preordering (<) (<)

(proof)
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lemma preordering-duall:
fixes less-eq (infix «<» 50)
and less (infix <<» 50)
assumes (preordering (Aa b. b < a) (Aa b. b < a)»
shows «preordering (<) (<)

(proof)

locale ordering = partial-preordering +
fixes less :: <'a = 'a = bool> (infix «<» 50)
assumes strict-iff-order: <a < b+— a < b A a # b
assumes antisym: «a < b = b< a = a = b
begin

sublocale preordering «(<)» «(<)»
(proof)

lemma strict-implies-not-eq:
a< b= a#b
(proof)

lemma not-eq-order-implies-strict:
ww#Fb=a<b=a<b
(proof)

lemma order-iff-strict:
ww<b+—a<bVa=b

{proof)

lemma eg-iff: <a =b+— a < bAbD<
(proof )

end

lemma ordering-strict]: — Alternative introduction rule with bias towards strict
order
fixes less-eq (infix «<» 50)
and less (infix <<» 50)
assumes less-eq-less: (Nab. a < b+— a<bVa=b
assumes asym: (Nab. a < b= -"b< w
assumes irrefl: (Aa. - a < @
assumes trans: <N\abc.a<b=b<c=a<
shows <ordering (<) (<)

(proof)

lemma ordering-duall:
fixes less-eq (infix <> 50)
and less (infix << 50)
assumes (ordering (Aa b. b < a) (Aa b. b < a)»
shows <ordering (<) (<)
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(proof)

locale ordering-top = ordering +
fixes top :: a» (xT)
assumes extremum [simp]: <a < T)
begin

lemma extremum-uniquel:
(T <a=a=T

(proof)

lemma extremum-unique:
(T <a+—a=T

{proof)

lemma extremum-strict [simp]:
(T < ap
{proof)

lemma not-eq-extremum:

a#F T +—a<
(proof)

end

4.2 Syntactic orders

class ord =
fixes less-eq :: 'a = 'a = bool
and less :: 'a = 'a = bool
begin

notation
less-eq (</(<')) and
less-eq («(¢notation=<infix <»-/ < -)» [51, 51] 50) and
less (/(<’)») and
less («(<notation=<infix <»»-/ < -)» [51, 51] 50)

abbreviation (input)
greater-eq (infix > 50)
wherez > y=y <z

abbreviation (input)
greater (infix > 50)
where z > y=y <z

notation (ASCII)
less-eq (¢/(<=")») and
less-eq («(¢notation=«infit <=»-/ <= -)» [51, 51] 50)

67
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notation (input)
greater-eq (infix «>=) 50)

end

4.3 Quasi orders

class preorder = ord +
assumes less-le-not-le: t < y «— z < y A = (y < x)
and order-refl [iff]: © < z
and order-trans: t < y—= y< z =1 < 2

begin

sublocale order: preordering less-eq less + dual-order: preordering greater-eq greater
(proof)

Reflexivity.

lemma eg-refl: t =y= 2z <y
— This form is useful with the classical reasoner.
(proof)

lemma less-irrefl [iff]: -z < z

(proof )

lemma less-imp-le: z < y = 2z < y
(proof )

Asymmetry.

lemma less-not-sym: = < y = - (y < 1)

(proof)

lemma less-asym: ¢ < y = (- P = y < z) = P
(proof)

Transitivity.

lemma less-trans: t < y —= y < z =z < 2
(proof)

lemma le-less-trans: e <y = y< z =z < 2

(proof)

lemma less-le-trans: x < y —= y < z =z < 2
(proof)

Useful for simplification, but too risky to include by default.

lemma less-imp-not-less: < y = (- y < z) «— True
(proof)
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lemma less-imp-triv: © < y = (y < ¢ — P) <— True
(proof)

Transitivity rules for calculational reasoning

lemma less-asym” a < b= b < a = P
(proof)

Dual order

lemma dual-preorder:
<class.preorder (>) (>)
(proof )

end

lemma preordering-preorderl:
<class.preorder (<) (<)» if «preordering (<) (<)
for less-eq (infix <<y 50) and less (infix «<» 50)

(proof)

4.4 Partial orders

class order = preorder +
assumes order-antisym: t < y = y < r ==y
begin

lemma less-le: z < y+— < yANz#y
(proof )

sublocale order: ordering less-eq less + dual-order: ordering greater-eq greater
(proof)

Reflexivity.

lemma le-less: e < y+—zx<yVzr=y
— NOT suitable for iff, since it can cause PROOF FAILED.

(proof)

lemma le-imp-less-or-eq: t <y =2 < yVvVar=y

(proof)

Useful for simplification, but too risky to include by default.
lemma less-imp-not-eq: * < y = (¢ = y) <— False

(proof)

lemma less-imp-not-eq2: © < y = (y = z) <— False

(proof)

Transitivity rules for calculational reasoning

lemma neg-le-trans: a # b = a < b= a < b
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(proof)

lemma le-neg-trans: a < b —= a# b= a < b

(proof)
Asymmetry.

lemma order-eq-iff: t = y<+— 2z < yANy<zx
(proof)

lemma antisym-conv: y <z —= < y+—ax =y
(proof )

lemma less-imp-neq: © < y = x £ y
(proof)

lemma antisym-convi: ~z < y—=zx < y+— =1y
(proof )

lemma antisym-conv2: t < y = "< y+—> =1y
{proof )

lemma leD: y <z = -z <y
(proof)

Least value operator

definition (in ord)
Least :: ('a = bool) = 'a (binder <LEAST » 10) where
Least P= (THE z. Px A (Vy. Py — x < y))

lemma Least-equality:
assumes P z
and A\y. Py= 2 <y
shows Least P =

(proof)

lemma LeastI2-order:
assumes P z
and \y. Py= 2 <y
and A\z. Pz = Vy. Py —2<y—=— Qu
shows @ (Least P)
(proof)

lemma Least-exl:
assumes 3Jlz. Pz A (Vy. Py — z < y)
shows  Least!I: P (Least P) and Leastl-le: P z = Least P < z

{proof)

Greatest value operator

definition Greatest :: (‘a = bool) = 'a (binder «GREATEST » 10) where

70
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Greatest P = (THE z. Pz AN Vy. Py — z > y))

lemma GreatestI2-order:
[ Pz
Ny Py = x>y,
Ne. [Pz;Vy. Py —z>y] = Q]
= @ (Greatest P)
(proof)

lemma Greatest-equality:
[Pz; N\y. Py=z>y] = Greatest P = x

(proof)
end

lemma ordering-orderl:
fixes less-eq (infix «<> 50)
and less (infix «<» 50)
assumes ordering less-eq less
shows class.order less-eq less

(proof)

lemma order-strictl:
fixes less (infix «<» 50)
and less-eq (infix «<» 50)
assumes Aab. a<b+—a<bVa=hb
assumes A\a b. a < b= -b<a
assumes Aa. " a < a
assumes A\abc.a<b=>b<c=a<c
shows class.order less-eq less

(proof)

context order
begin
Dual order

lemma dual-order:
class.order (=) (>)

(proof)
end

4.5 Linear (total) orders

class linorder = order +
assumes linear: t < yVy <z
begin

lemma less-linear: x < yVe=yVy<c
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(proof)

lemma le-less-linear: < y V y < x

(proof)

lemma le-cases [case-names le gel:
(t<y=—P)— (y<z=— P)=— P
(proof)

lemma (in linorder) le-cases3:
[z <yy<d=Ply<zma<z= Pz<zz<y]l= P

72

[:<yy<s]=Ply<zz<s]l =P lz<zz<yl = Pl=P

(proof)

lemma linorder-cases [case-names less equal greater]:
t<y=—=P) = @@r=y=—P)—= (y<z= P)= P

(proof)

lemma linorder-wlog|case-names le sym]:
(ANab.a<b=—= Pab) = (Aab.Pba=— Pab)=— Pabd

(proof)

lemma not-less: ~z < y+— y <z
(proof)

lemma not-less-iff-gr-or-eq: =(x < y) «— (x > y V = y)
(proof )

lemma not-le: "z < y+— y <z
(proof )

lemma neg-iff: t # y+— 2 <yVvVy<z

(proof)

lemma negFb: 2 #y = (2 <y=— R) = (y<2z = R) = R
(proof)

lemma antisym-convd: "y <z = " < y—>r =1y
(proof)

lemmalel: "z <y=y<zx

(proof)

lemma not-le-imp-less: =y <z =z < y
(proof)

lemma linorder-less-wlog[case-names less refl sym):

[Nab.a<b= Pab; Na. Paa; Nab.Pba=— Pabl=— Pabd

{proof)
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Dual order

lemma dual-linorder:
class.linorder (>) (>)

(proof)

end

Alternative introduction rule with bias towards strict order

lemma linorder-strictl:
fixes less-eq (infix <> 50)
and less (infix << 50)
assumes class.order less-eq less
assumes trichotomy: Aab. a < bVa=bVb<a
shows class.linorder less-eq less

(proof)

4.6 Reasoning tools setup

(ML)

The method order allows one to use the order tactic located in . ./Provers/
order_tac.ML in a standalone fashion.

The tactic rearranges the goal to prove Fulse, then retrieves order literals
of partial and linear orders (i.e. z = y, * < y, < y, and their negated
versions) from the premises and finally tries to derive a contradiction. Its
main use case is as a solver to simp (see below), where it e.g. solves premises
of conditional rewrite rules.

The tactic has two configuration attributes that control its behaviour:

e order-trace toggles tracing for the solver.

e order-split-limit limits the number of order literals of the form — z <
y that are passed to the tactic. This is helpful since these literals lead
to case splitting and thus exponential runtime. This only applies to
partial orders.

We setup the solver for HOL with the structure HOL_Order_Tac here
but the prover is agnostic to the object logic. It is possible to register
orders with the prover using the functions HOL_Order_Tac.declare_order
and HOL_Order_Tac.declare_linorder, which we do below for the
type classes order and linorder. If possible, one should instantiate
these type classes instead of registering new orders with the solver.
One can also interpret the type class locales order and linorder. An
example can be seen in Library/Sublist.thy, which contains e.g.
the prefix order on lists.

The diagnostic command print-orders shows all orders known to the
tactic in the current context.
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Declarations to set up transitivity reasoner of partial and linear orders.

context order
begin

lemma nless-le: (- a <b)+— (ma<b)Va=0b
(proof)

(ML)
end

context linorder
begin

lemma nle-le: (na<b)+—b<aAb#a
(proof)

(ML)
end

(ML)

4.7 Bounded quantifiers

syntax (ASCII)

-All-less :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder ALL»>ALL
<~/ ) [0, 0, 10] 10)

-Ez-less :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder EX» EX -<-./
) [0, 0, 10] 10)

-All-less-eq :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder ALL)» ALL
<=-/ ) [0, 0, 10] 10)

-Ex-less-eq :: [idt, 'a, bool] => bool  («(¢indent=3 notation=<binder EX»»EX
<=-/ ) [0, 0, 10] 10)

-All-greater :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder ALL»»ALL
>-/ ) [0, 0, 10] 10)

-Ex-greater :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder EX»» EX
-/ [0, 0, 10] 10)

-All-greater-eq :: [idt, 'a, bool] => bool («(<indent=3 notation=<binder ALLy» ALL
>=-./ -» [0, 0, 10] 10)

-Ex-greater-eq :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder EX» EX
>=-/ ) [0, 0, 10] 10)

-All-neq :: [idt, 'a, bool] => bool  («(¢indent=3 notation=<binder ALL»»ALL
~=-./-» [0, 0, 10] 10)

-Ex-neq :: [idt, 'a, bool] => bool («(<indent=3 notation=<binder EX»EX -~=-./
) [0, 0, 10] 10)
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syntax

-All-less :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder ¥ »¥ -<-./ -)»
[0, 0, 10] 10)

-Ez-less :: [idt, 'a, bool] => bool  (¢«(<indent=3 notation=<binder 3»3-<-./ -)»
[0, 0, 10] 10)

-All-less-eq :: [idt, 'a, bool] => bool  («(¢indent=38 notation=<binder ¥V »V -<-./
) [0, 0, 10] 10)

-Ez-less-eq :: [idt, 'a, bool] => bool  (¢(<indent=38 notation=<binder 3»3-<-./
) [0, 0, 10] 10)

-All-greater :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder ¥ »V ->-./
) 10, 0, 10] 10)

-Ex-greater :: [idt, ‘a, bool] => bool  («(<indent=3 notation=<binder 3,3 ->-./
) [0, 0, 10] 10)

-All-greater-eq :: [idt, 'a, bool] => bool («(<indent=3 notation=<binder ¥V »V ->-./
-0, 0, 10] 10)

-Ex-greater-eq :: [idt, 'a, bool] => bool («(<indent=3 notation=<binder 33 ->-./
) [0, 0, 10] 10)

-All-neq :: [idt, 'a, bool] => bool  («(tindent=3 notation=<binder ¥ »W -#£-./ -)»
[0, 0, 10] 10)

-Ez-neq :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder I » 3 -#-./ -)»
[0, 0, 10] 10)

syntax (input)

-All-less :: [idt, 'a, bool] => bool  («(<indent=38 notation=<binder »! -<-./ -)»
[0, 0, 10] 10)

-Ex-less :: [idt, 'a, bool] => bool  («(¢indent=3 notation=<binder ?»>? -<-./ -)»
[0, 0, 10] 10)

-All-less-eq :: [idt, 'a, bool] => bool  (:(<indent=3 notation=<binder »! -<=-./
) [0, 0, 10] 10)

-Ex-less-eq :: [idt, 'a, bool] => bool («(<indent=38 notation=<binder 9> ? -<=-./
) [0, 0, 10] 10)

-All-neq :: [idt, 'a, bool] => bool  («(<indent=3 notation=<binder !»! -~=-./ -)
[0, 0, 10] 10)

-Ex-neq :: [idt, 'a, bool] => bool  («(sindent=3 notation=<binder ?»>? -~=-./
Y [0, 0, 10] 10)

syntax-consts
-All-less -All-less-eq -All-greater -All-greater-eq -All-neq = All and
-Ezx-less -Fx-less-eq -Fx-greater -FEx-greater-eq -Fx-neq = Ex

translations

Ve<y. P—=Vz.z <y — P
Jae<y. P—~3dz.c <y AP
Ve<y. P—~Vz. 2 <y — P
Je<y. P~dz. 2 <y AP
Ve>y. P—=Vz.x2 >y — P
daz>y. P—~3dz. 2>y AP
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Ve>y. P—~Vz.2 >y — P
Jaz>y. P —~3dz. 2>y AP
Va#£y. P—~Vz. 2 #y — P
Ja#y. P—~3x.z#y AP

=
>

(ML)

4.8 Transitivity reasoning

context ord
begin

IN

lemma ord-le-eq-trans: a < b —=b=c— a < ¢

{proof)

lemma ord-eq-le-trans: a = b= b< c= a < c
(proof)

lemma ord-less-eq-trans: a < b —= b=c=— a < ¢

{proof)

lemma ord-eg-less-trans: a = b =—= b < c = a < ¢
(proof )

end

lemma order-less-subst2: (a::'az:order) < b = fb < (c:i'ciorder) =
Mlzys<y=faz<fy = fa<c
(proof)

lemma order-less-substl: (a::’a::order) < fb = (b::'b::order) < ¢ =
Mzyz<y=fa<fy = a<fc
(proof)

lemma order-le-less-subst2: (a::'a:order) <= b = fb < (c::'c:order) =
My z<=y= foz<=fy = fa<c
(proof)

lemma order-le-less-subst1: (a::'a:order) <= fb = (b::'b:order) < ¢ =
My z<y=fa<fy =a<fc
(proof )

lemma order-less-le-subst2: (a::'a:order) < b = fb <= (c::'ciorder) =
Mlzy s<y=faz<fy = fa<c

(proof)

lemma order-less-le-subst1: (a::'a::order) < fb = (b::'b:iorder) <= ¢ =
Mzy. s<=y=faz<=fy) = a<fc
(proof )
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lemma order-substl: (a::’a:order) <= fb = (b:'buorder) <= ¢ =
Mlzy s<=y= fa<=fy) = a<=fc

(proof)

lemma order-subst2: (a::'a::order) <= b = fb <= (c::/c::order) =
Mxy s<=y= fa<=fy) = fa<=c
(proof)

lemma ord-le-eq-subst: a <= b= fb=c =
Ny z<=y=fa<=fy) = fa<=c

(proof)

lemma ord-eq-le-subst: a = fb = b <= ¢ =
My z<=y= fa<=fy) = a<=fc

(proof)

lemma ord-less-eq-subst: a < b = fb=c =
Mlzy z<y=faz<fy = fa<c

(proof)

lemma ord-eq-less-subst: a = fb —= b < ¢ =
Mxys<y=fa<fy = a<fc
(proof)

Note that this list of rules is in reverse order of priorities.

lemmas [trans] =
order-less-subst2
order-less-subst1
order-le-less-subst2
order-le-less-subst1
order-less-le-subst2
order-less-le-subst1
order-subst2
order-subst1
ord-le-eq-subst
ord-eq-le-subst
ord-less-eq-subst
ord-eq-less-subst
forw-subst
back-subst
rev-mp
mp

lemmas (in order) [trans] =
neg-le-trans

le-neq-trans

lemmas (in preorder) [trans] =

7
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less-trans
less-asym’
le-less-trans
less-le-trans
order-trans

lemmas (in order) [trans] =
order.antisym

lemmas (in ord) [trans] =
ord-le-eq-trans
ord-eqg-le-trans
ord-less-eq-trans
ord-eq-less-trans

lemmas [trans] =
trans

lemmas order-trans-rules =
order-less-subst2
order-less-subst1
order-le-less-subst2
order-le-less-subst1
order-less-le-subst2
order-less-le-subst1
order-subst2
order-subst1
ord-le-eq-subst
ord-eq-le-subst
ord-less-eq-subst
ord-eq-less-subst
forw-subst
back-subst
rev-mp
mp
neg-le-trans
le-neg-trans
less-trans
less-asym’
le-less-trans
less-le-trans
order-trans
order.antisym
ord-le-eq-trans
ord-eg-le-trans
ord-less-eq-trans
ord-eq-less-trans
trans

These support proving chains of decreasing inequalities a > b > ¢ ... in Isar
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proofs.

lemma zt! [no-atp):

a=b=bb>c= a>
a>b=b=c=a>
a=b=b>c= a>
a 2

a::order)

a::order)

a::order)

a::order)

a:order) > b= b>a= P

a::order)

a::order)

a:'azorder) # b= a0 > b= a
fo=0b>c= (Avy z>
b= fb=c= (Azy. z>
fo=0b>c= (Azy x>
b= fb=c= (Azy. =z >

{proof)

lemma zt2 [no-atp):
assumes (a::'a::order) > fb
and b > ¢
and \zy. 2> y=fz>fy
shows a > fc
(proof )

lemma zt3 [no-atp):
assumes (a::'a::order) > b
and (f b::'b:zorder) > ¢
and N\ey. 2> y= fz>fy
shows fa > ¢
(proof)

lemma zt} [no-atp):
assumes (a::'a::order) > fb
and (b::'b::order) > ¢
and A\zy.z>y= fz>fy
shows a > fc
(proof)

lemma zt5 [no-atp):
assumes (a::'a::order) > b
and (f b::'b::order) > ¢
and A\zy. 2>y = fz>fy
shows fa > ¢
(proof )

lemma zt6 [no-atp):

> b

y=fz>fy) = a>fc
y=fz>fy) = fa>c
y=fr>fy)=a=fc
y=fr>fy)=fa>c



THEORY “Orderings”

assumes (a::'a::order) > fb
and b > ¢
and Nz y.z2>y= fz>fy
shows a > fc
(proof )

lemma zt7 [no-atp):
assumes (a::'a::order) > b
and (f b::'b:zorder) > ¢
and N\ey. 2> y= fz>fy
shows fa > ¢
(proof)

lemma zt8 [no-atp):
assumes (a::'a::order) > fb
and (b::'b::order) > ¢
and Azy.z>y= fz>fy
shows a > fc
(proof)

lemma zt9 [no-atp):
assumes (a::'a::order) > b
and (f b::'b:zorder) > ¢
and A\zy. 2>y = fz>fy
shows fa > ¢
(proof )

lemmas xtrans = xtl xt2 xt3 xt4 xtd xt6 xt7 xt8 xt9

4.9 min and max — fundamental
definition (in ord) min :: ‘a = ‘a = 'a where

min a b = (if a < b then a else b)

definition (in ord) maz :: 'a = 'a = 'a where
maz a b = (if a < b then b else a)

lemma min-absorbl: x <y = minzy ==z

{proof)

lemma maz-absorb2: x < y = marzczy =1y
(proof)

lemma min-absorb2: (y::'a::order) <z = minzy =y
(proof )

lemma maz-absorbl: (y::'a:order) < ¢ = mar zy = x

{proof)
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lemma maz-min-same [simp):

fixes z y :: 'a :: linorder

shows maz z (min x y) = ¢ maz (min z y) x = z maz (Min ¢ y) y = y maz y
(minzy) = y
(proof)

4.10 (Unique) top and bottom elements

class bot =
fixes bot :: 'a (xL»)

class order-bot = order + bot +
assumes bot-least: L < a
begin

sublocale bot: ordering-top greater-eq greater bot
(proof )

lemma le-bot:
e < 1l=—a=_L1
(proof )

lemma bot-unique:
a< L +—>a=_1
(proof)

lemma not-less-bot:
—a < L
(proof)

lemma bot-less:
a#Ll+— 1L <a
(proof)

lemma maz-bot[simpl: maz bot x = x

(proof)

lemma maz-bot2[simp|: maz x bot = x
(proof)

lemma min-bot[simp]: min bot x = bot

(proof)

lemma min-bot2[simp|: min x bot = bot

(proof)

end

class top =
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fixes top :: 'a (xT»)

class order-top = order + top +
assumes top-greatest: a < T
begin

sublocale top: ordering-top less-eq less top
(proof)

lemma top-le:
T<a=—a=T
(proof)

lemma top-unique:
T<a+—>a=T
(proof )

lemma not-top-less:
T <a

{proof)

lemma less-top:
a#Z T +—>a<T
(proof)

lemma maz-top[simp|: maz top x = top

(proof)

lemma maz-top2[simp|: mazx x top = top
(proof)

lemma min-top[simp]: min top © = x

(proof)

lemma min-top2[simp|: min = top = x
(proof)

end

4.11 Dense orders

class dense-order = order +
assumes dense: t < y = (Jz. z < 2 ANz < y)

class dense-linorder = linorder + dense-order
begin

lemma dense-le:
fixes y 2z :: a

82
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assumes A\z. 2 <y =z < z
shows y < 2

(proof)

lemma dense-le-bounded:
fixeszyz:'a
assumes 7 < ¥
assumes x: A\w. [z<w;w<y]=w<z
shows y < 2

{(proof)

lemma dense-ge:
fixes y 2 :: a
assumes A\z. z <z = y <z

shows y < z

(proof)

lemma dense-ge-bounded:
fixeszyz:'a
assumes z < z
assumes x: A\w. [z<wiw<z]=y<w
shows y < z
(proof)

end

class no-top = order +
assumes gt-ex: y. x < y

class no-bot = order +
assumes lt-ex: Jy. y < x

class unbounded-dense-linorder = dense-linorder + no-top + no-bot
class unbounded-dense-order = dense-order + no-top + no-bot

instance unbounded-dense-linorder C unbounded-dense-order {(proof)

4.12 Wellorders

class wellorder = linorder +

assumes less-induct [case-names less]: (Az. (Ay. y < © = Py) = Pz) =
Pa
begin

lemma wellorder-Least-lemma:
fixes k :: 'a
assumes P k
shows Leastl: P (LEAST z. P z) and Least-le: (LEAST z. P z) < k
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(proof)

lemma Leastl-ex: 3x. P x = P (Least P)
{proof)

lemma LeastI2:
Pa= (Az. Pz = Q z) = @Q (Least P)

{proof)

lemma LeastI2-ex:
Jda. Pa= (A\z. Pz = Qz) = @ (Least P)

(proof)

lemma LeastI2-wellorder:
assumes P a
and Aa. [Pa; V0. Pb—a<b]= Qa
shows @ (Least P)

(proof)

lemma LeastI2-wellorder-ex:
assumes dz. Pz
and Aa. [Pa; V0. Pb— a<b]= Qa
shows @ (Least P)

(proof)

lemma not-less-Least: k < (LEAST x. Px) = -~ Pk
(proof)

lemma ezists-least-iff: (In. P n) «— (In. Pn A (Vm < n. = P m)) (is ?lhs
> ?rhs)
(proof)

lemma exists-least-iff ":
shows (In. P n) «— P (Least P) A (Ym < (Least P). = P m)

(proof )
end

4.13 Order on bool

instantiation bool :: {order-bot, order-top, linorder}
begin

definition
le-bool-def [simp]: P < Q +— P — @

definition
[simp]: (P::bool) < Q +— = P A Q

definition
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[simp]: L «— False

definition
[simp]: T «— True

instance (proof)
end

lemma le-booll: (P = Q) = P < (@
{proof)

lemma le-booll: P — Q = P < @
{proof)

lemma le-boolE: P< Q = P —= (Q = R) =— R

(proof)

lemma le-boolD: P < ) = P — @
(proof )

lemma bot-boolE: 1 — P
(proof )

lemma top-booll: T
(proof )

lemma [code]:
False < b +— True
True < b <— b
False < b+— b
True < b +— Fulse

{proof)

4.14 Order on - = -

instantiation fun :: (type, ord) ord
begin

definition
le-fun-def: f < g +— (Vx. fz < g x)

definition
(fila="b)<g+—f<gNn-(g<])

instance (proof)

end
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instance fun :: (type, preorder) preorder (proof)
instance fun :: (type, order) order (proof)

instantiation fun :: (type, bot) bot
begin

definition
1L =02 1)

instance (proof)
end

instantiation fun :: (type, order-bot) order-bot
begin

lemma bot-apply [simp, code]:

lz=_1
(proof )

instance (proof)
end

instantiation fun :: (type, top) top
begin

definition
[no-atp]: T = (Az. T)

instance (proof)
end

instantiation fun :: (type, order-top) order-top
begin

lemma top-apply [simp, codel:
Tzx=T
(proof )

instance (proof)

end

lemma le-funl: (A\z. fr < gz) = f <y
(proof )
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lemma le-funE: f < g = (fz < gz =— P) = P
(proof )

lemma le-funD: [ < g = fzx < gz
(proof )

4.15 Order on unary and binary predicates

lemma predicatell:
assumes PQ: A\z. Pz = Qz
shows P < @)

(proof)

lemma predicatelD:
P<@Q=Pzr= Q=
(proof )

lemma rev-predicatelD:
Pr—=P< Q= Qzx
(proof )

lemma predicate2l:
assumes PQ: Nz y. Pry = Quzy
shows P < @)
(proof)

lemma predicate2D:

P<Q=Przy= Quzy
(proof)

lemma rev-predicate2D:
Pry—=—P< Q= Qzvy
(proof )

lemma bot!E [no-atp]: L © = P
{proof)

lemma bot2E: | zy = P
(proof)

lemma topll: T x
(proof)

lemma top2l: T z y
(proof)

4.16 Name duplicates

lemmas antisym = order.antisym
lemmas eq-iff = order.eq-iff

87
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lemmas order-eq-refl = preorder-class.eq-refl

lemmas order-less-irrefl = preorder-class.less-irrefl
lemmas order-less-imp-le = preorder-class.less-imp-le
lemmas order-less-not-sym = preorder-class.less-not-sym
lemmas order-less-asym = preorder-class.less-asym
lemmas order-less-trans = preorder-class.less-trans
lemmas order-le-less-trans = preorder-class.le-less-trans
lemmas order-less-le-trans = preorder-class.less-le-trans
lemmas order-less-imp-not-less = preorder-class.less-imp-not-less
lemmas order-less-imp-triv = preorder-class.less-imp-triv
lemmas order-less-asym’ = preorder-class.less-asym’

lemmas order-less-le = order-class.less-le

lemmas order-le-less = order-class.le-less

lemmas order-le-imp-less-or-eq = order-class.le-imp-less-or-eq
lemmas order-less-imp-not-eq = order-class.less-imp-not-eq
lemmas order-less-imp-not-eq2 = order-class.less-imp-not-eq2
lemmas order-neq-le-trans = order-class.neq-le-trans
lemmas order-le-neq-trans = order-class.le-neq-trans
lemmas order-eq-iff = order-class.order.eq-iff

lemmas order-antisym-conv = order-class.antisym-conv

lemmas linorder-linear = linorder-class.linear

lemmas linorder-less-linear = linorder-class.less-linear
lemmas linorder-le-less-linear = linorder-class.le-less-linear
lemmas linorder-le-cases = linorder-class.le-cases

lemmas linorder-not-less = linorder-class.not-less

lemmas linorder-not-le = linorder-class.not-le

lemmas linorder-neq-iff = linorder-class.neg-iff

lemmas linorder-neqE = linorder-class.neqF

end

5 Groups, also combined with orderings

theory Groups
imports Orderings
begin

5.1 Dynamic facts

named-theorems ac-simps associativity and commutativity simplification rules

and algebra-simps algebra simplification rules for rings

and algebra-split-simps algebra simplification rules for rings, with potential goal
splitting

and field-simps algebra simplification rules for fields

and field-split-simps algebra simplification rules for fields, with potential goal
splitting
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The rewrites accumulated in algebra-simps deal with the classical algebraic
structures of groups, rings and family. They simplify terms by multiplying
everything out (in case of a ring) and bringing sums and products into a
canonical form (by ordered rewriting). As a result it decides group and ring
equalities but also helps with inequalities.

Of course it also works for fields, but it knows nothing about multiplicative
inverses or division. This is catered for by field-simps.

Facts in field-simps multiply with denominators in (in)equations if they can
be proved to be non-zero (for equations) or positive/negative (for inequali-
ties). Can be too aggressive and is therefore separate from the more benign
algebra-simps.

Collections algebra-split-simps and field-split-simps correspond to algebra-simps
and field-simps but contain more aggresive rules that may lead to goal split-
ting.

5.2 Abstract structures

These locales provide basic structures for interpretation into bigger struc-
tures; extensions require careful thinking, otherwise undesired effects may
occur due to interpretation.

locale semigroup =
fixes f :: 'a = 'a = ‘a (infix] x> 70)
assumes assoc [ac-simps]: a * b x ¢ = a * (b * ¢)

locale abel-semigroup = semigroup +
assumes commute [ac-simps]: a % b =1 * a
begin

lemma left-commute [ac-simps]: b * (a * ¢) = a * (b * c)
(proof)

end

locale monoid = semigroup +
fixes z :: 'a (x1»)
assumes left-neutral [simpl: 1 * a = a
assumes right-neutral [simp]: a * 1 = a

locale comm-monoid = abel-semigroup +
fixes z :: ‘a (x1»)
assumes comm-neutral: a *x 1 = a
begin

sublocale monoid
(proof )
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end

locale group = semigroup +
fixes z :: ‘a (11y)
fixes inverse :: 'a = 'a
assumes group-left-neutral: 1 * a = a
assumes left-inverse [simp]: inverse a * a = 1
begin

lemma left-cancel: a * b =a* c+— b= ¢

(proof)

sublocale monoid
(proof)

lemma inverse-unique:
assumes a x b = 1
shows inverse a = b

(proof)

lemma inverse-neutral [simp]: inverse 1 =1
{proof)

lemma inverse-inverse [simpl: inverse (inverse a) = a
(proof)

lemma right-inverse [simp]: a * inverse a = 1

(proof)

lemma inverse-distrib-swap: inverse (a * b) = inverse b * inverse a

{(proof)

lemma right-cancel: b* a = c* a +— b= ¢
(proof )

end

5.3 (Generic operations

class zero =
fixes zero :: 'a (<0»)

class one =
fixes one :: 'a (<1»)

hide-const (open) zero one

lemma Let-0 [simp]: Let 0 f = f 0
{proof)
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lemma Let-1 [simp]: Let 1 f = f 1
(proof )

(ML)

class plus =
fixes plus :: 'a = 'a = ‘o (infix]l <+> 65)

class minus =
fixes minus :: 'a = 'a = ’a (infixl <—> 65)

class uminus =
fixes uminus :: 'a = ‘a («(xopen-block notation=<prefix —»>— -)» [81] 80)

class times =
fixes times :: ‘a = 'a = 'a (infix] < 70)

bundle uminus-syntax

begin

notation uminus (<(sopen-block notation=«<prefic —»— -)» [81] 80)
end

5.4 Semigroups and Monoids

class semigroup-add = plus +
assumes add-assoc: (a + b) + ¢ =a + (b + ¢)
begin

sublocale add: semigroup plus
(proof)

declare add.assoc [algebra-simps, algebra-split-simps, field-simps, field-split-simps]
end
hide-fact add-assoc
class ab-semigroup-add = semigroup-add +
assumes add-commute: a + b =b + a

begin

sublocale add: abel-semigroup plus
(proof )

declare add.commute [algebra-simps, algebra-split-simps, field-simps, field-split-simps]
add.left-commute [algebra-simps, algebra-split-simps, field-simps, field-split-simps]

lemmas add-ac = add.assoc add.commute add.left-commute
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end
hide-fact add-commute
lemmas add-ac = add.assoc add.commute add.left-commute
class semigroup-mult = times +
assumes mult-assoc: (a x b) x ¢ = a * (b * ¢)

begin

sublocale mult: semigroup times
(proof)

declare mult.assoc [algebra-simps, algebra-split-simps, field-simps, field-split-simps]
end
hide-fact mult-assoc
class ab-semigroup-mult = semigroup-mult +
assumes mult-commute: a * b = b * a

begin

sublocale mult: abel-semigroup times
(proof )

declare mult.commute [algebra-simps, algebra-split-simps, field-simps, field-split-simps]
mult.left-commute [algebra-simps, algebra-split-simps, field-simps, field-split-simps]

lemmas mult-ac = mult.assoc mult.commute mult.left-commute
end
hide-fact mult-commute
lemmas mult-ac = mult.assoc mult.commute mult.left-commute
class monoid-add = zero + semigroup-add +

assumes add-0-left: 0 + a = a

and add-0-right: a + 0 = a

begin

sublocale add: monoid plus 0
(proof)

end

lemma zero-reorient: 0 = ¢ +— . = 0
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{proof)

class comm-monoid-add = zero + ab-semigroup-add +
assumes add-0: 0 + a = a
begin

subclass monoid-add
(proof )

sublocale add: comm-monoid plus 0
(proof )

end

class monoid-mult = one + semigroup-mult +
assumes mult-1-left: 1 x a = a
and mult-1-right: a x 1 = a
begin

sublocale mult: monoid times 1
(proof)

end

lemma one-reorient: 1 = x «— z = 1
(proof)

class comm-monoid-mult = one + ab-semigroup-mult +
assumes mult-1: 1 x a = a
begin

subclass monoid-mult

{proof)

sublocale mult: comm-monoid times 1
(proof)

end

class cancel-semigroup-add = semigroup-add +
assumes add-left-imp-eq: a + b=a + ¢c = b= c¢
assumes add-right-imp-eq: b+ a =c+ a = b= ¢

begin

lemma add-left-cancel [simp]: a + b=a 4+ c+— b= ¢
{proof)

lemma add-right-cancel [simp]: b+ a=c+ a +— b=c¢

{proof)

93
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end

class cancel-ab-semigroup-add = ab-semigroup-add + minus +
assumes add-diff-cancel-left’ [simp]: (a + b) — a = b
assumes diff-diff-add [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a—b—c=a—-(b+ ¢
begin

lemma add-diff-cancel-right’ [simp]: (a + b) — b= a
(proof )

subclass cancel-semigroup-add
(proof)

lemma add-diff-cancel-left [simp]: (¢ + a) — (¢ + b) =a — b
(proof)

lemma add-diff-cancel-right [simp]: (a + ¢) — (b+ ¢) =a — b
{proof)

lemma diff-right-commute: a — ¢ —b=a — b — ¢
{proof )

end

class cancel-comm-monoid-add = cancel-ab-semigroup-add + comm-monoid-add
begin

lemma diff-zero [simp]: a« — 0 = a

(proof)

lemma diff-cancel [simp]: a — a = 0
(proof)

lemma add-implies-diff:
assumes c + b = a
shows c = a — b
(proof)

lemma add-cancel-right-right [simpl: a = a + b +— b =0
(is 2P «— ?Q)

(proof)

lemma add-cancel-right-left [simp]: a = b+ a +— b= 0
(proof )

lemma add-cancel-left-right [simp]: a« + b=a +— b= 0

{proof)
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lemma add-cancel-left-left [simp]: b+ a = a +— b= 0
(proof )

end

class comm-monoid-diff = cancel-comm-monoid-add +
assumes zero-diff [simpl: 0 — a = 0
begin

lemma diff-add-zero [simp]: a — (a + b) = 0
(proof )

end

5.5 Groups

class group-add = minus + uminus + monoid-add +
assumes left-minus: — a + a = 0
assumes add-uminus-conv-diff [simp]: a + (— b) = a — b
begin

lemma diff-conv-add-uminus: a — b = a + (— b)
{proof)

sublocale add: group plus 0 uminus
(proof)

lemma minus-unique: a + b =0 — — a=1»>
(proof)

lemma minus-zero: — 0 = 0

(proof)
lemma minus-minus: — (— a) = a
(proof)
lemma right-minus: ¢ + — a = 0
(proof)
lemma diff-self [simp]: a — a = 0
(proof)
subclass cancel-semigroup-add
(proof)
lemma minus-add-cancel [simp]: — a + (a + b) = b

{proof)

95
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lemma add-minus-cancel [simp]: a + (— a + b) = b

(proof)
lemma diff-add-cancel [simp]: a — b+ b = a
(proof)
lemma add-diff-cancel [simp]: a + b — b = a
(proof)
lemma minus-add: — (a + b)) = — b+ — a
(proof)
lemma right-minus-eq [simp]: a — b= 0 <+— a=>
(proof)
lemma eq-iff-diff-eq-0: a = b +— a — b= 10
(proof)
lemma diff-0 [simp]: 0 — a = — a
(proof )
lemma diff-0-right [simp]: a — 0 = a
(proof)
lemma diff-minus-eq-add [simp]: a — — b=a + b
(proof)
lemma neg-equal-iff-equal [simp]: — a = — b+— a=1>
(proof)
lemma neg-equal-0-iff-equal [simp]: — a = 0 +— a =0
(proof)
lemma neg-0-equal-iff-equal [simp]: 0 = — a «— 0 = a
(proof)

The next two equations can make the simplifier loop!

lemma equation-minus-iff: a = — b+— b= — a
(proof)

lemma minus-equation-iff: — a = b +— — b= a
(proof)

lemma eg-neg-iff-add-eq-0: a = — b+— a + b= 0
(proof)

lemma add-eq-0-iff2: a + b =0 +— a=—1

{proof)
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lemma neg-eq-iff-add-eq-0: —a=b+—a+b=20

(proof)

lemma add-eq-0-iff: a + b=0+— b= —a
(proof)

lemma minus-diff-eq [simp]: — (a — b) = b — a
(proof)

lemma add-diff-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a+(b—c)=(a+d)—c
(proof)

lemma diff-add-eq-diff-diff-swap: a — (b+ ¢) =a — ¢ — b
(proof )

lemma diff-eq-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a—b=c+—a=c+V?
(proof)

lemma eq-diff-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps):
a=c—b+<—a+b=c
(proof)

lemma diff-diff-eq?2 [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a—(b—c)=(a+c¢)—b
(proof)

lemma diff-eq-diff-eqg: a —b=c—d = a=b+— c=4d
(proof )

end

class ab-group-add = minus + uminus + comm-monoid-add +
assumes ab-left-minus: — a + a = 0
assumes ab-diff-conv-add-uminus: a — b = a + (— b)

begin

subclass group-add
{proof)

subclass cancel-comm-monoid-add

(proof)

lemma uminus-add-conv-diff [simp]: — a + b=0b— a
{proof)

lemma minus-add-distrib [simp]: — (a + b)) = —a + — b

{proof)
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lemma diff-add-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
(a—b)+c=(a+¢c)—0>
(proof )

lemma minus-diff-commute:
—b—a=—a-—-0"
(proof)

end

5.6 (Partially) Ordered Groups

The theory of partially ordered groups is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society,
1979

o Partially Ordered Algebraic Systems, Pergamon Press, 1963
Most of the used notions can also be looked up in

o http://www.mathworld.com by Eric Weisstein et. al.

o Algebra I by van der Waerden, Springer

class ordered-ab-semigroup-add = order + ab-semigroup-add +
assumes add-left-mono: a < b= c+a<c+ b
begin

lemma add-right-mono: a < b= a+ c< b+ ¢
(proof )

non-strict, in both arguments
lemma add-mono: a < b=—=c<d=a+c<b+d

(proof)

end

Strict monotonicity in both arguments
class strict-ordered-ab-semigroup-add = ordered-ab-semigroup-add +

assumes add-strict-mono: a < b—=c<d=—a+ c< b+ d

class ordered-cancel-ab-semigroup-add =
ordered-ab-semigroup-add + cancel-ab-semigroup-add
begin

lemma add-strict-left-mono: a < b= c+ a<c+ b
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{proof)

lemma add-strict-right-mono: a < b = a+ c < b+ ¢
(proof )

subclass strict-ordered-ab-semigroup-add
(proof)

lemma add-less-le-mono: a < b —=c<d=—=a+c< b+ d
(proof)

lemma add-le-less-mono: a < b—=c<d=—a+c<b+d
(proof)

end

class ordered-ab-semigroup-add-imp-le = ordered-cancel-ab-semigroup-add +
assumes add-le-imp-le-left: c + a < c+ b= a < b
begin

lemma add-less-imp-less-left:
assumes less: ¢+ a < ¢+ b
shows a < b

(proof)

lemma add-less-imp-less-right: a + ¢ < b+ c = a < b
(proof)

lemma add-less-cancel-left [simp]: ¢ + a < ¢ + b +— a < b
{proof)

lemma add-less-cancel-right [simp]: a + ¢ < b+ c+— a < b

{proof)

lemma add-le-cancel-left [simp]: c + a < c+ b+— a <b
(proof )

lemma add-le-cancel-right [simp]: a + ¢ < b+ c+— a < b
{proof)

lemma add-le-imp-le-right: a + ¢ < b+ c= a < b
(proof)

lemma maz-add-distrib-left: mazx zy + 2 = maz (z + 2) (y + 2)
{proof)

lemma min-add-distrib-left: min ¢y + z = min (z + 2) (y + 2)
{proof)
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lemma maz-add-distrib-right: x + max y z = maz (z + y) (z + 2)
{proof)

lemma min-add-distrib-right: x + min y z = min (z + y) (z + 2)
(proof )

end

5.7 Support for reasoning about signs
class ordered-comm-monoid-add = comm-monoid-add + ordered-ab-semigroup-add

begin

lemma add-nonneg-nonneg [simp]: 0 < a = 0<b=0<a+b
{proof)

lemma add-nonpos-nonpos: a < 0 = b< 0= a+ b0

(proof)

lemma add-nonneg-eq-0-iff: 0 <z —=0<y=—=c+y=0+—z=0Ny=20
{proof )

lemma add-nonpos-eq-0-iff: 1 < 0 —= y< 0=z +y=0+—>zx=0ANy=20
(proof )

lemma add-increasing: 0 < a = b< c=b<a+c
(proof)

lemma add-increasing2: 0 < c = b<a=b<a+ ¢
(proof)

lemma add-decreasing: a < 0 = c< b= a4+ c< b
(proof )

lemma add-decreasing2: ¢ < 0 = a < b= a+ c<b

{proof)

lemma add-pos-nonneg: 0 < a =—= 0 < b= 0<a+ b
(proof )

lemma add-pos-pos: 0 < a —= 0 < b= 0<a+ b
(proof)

lemma add-nonneg-pos: 0 < a = 0 < b= 0<a+b
(proof )

lemma add-neg-nonpos: a < 0 = b< 0= a+b< 0
{proof )
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lemma add-neg-neg: a < 0 = b< 0 = a+ b <0
{proof )

lemma add-nonpos-neg: a < 0 = b< 0= a+ b<0
(proof )

lemmas add-sign-intros =
add-pos-nonneg add-pos-pos add-nonneg-pos add-nonneg-nonneq
add-neg-nonpos add-neg-neg add-nonpos-neg add-nonpos-nonpos

end

class strict-ordered-comm-monoid-add = comm-monoid-add + strict-ordered-ab-semigroup-add
begin

lemma pos-add-strict: 0 < a = b<c=b<a+ ¢
(proof)

end

class ordered-cancel-comm-monoid-add = ordered-comm-monoid-add + cancel-ab-semigroup-add
begin

subclass ordered-cancel-ab-semigroup-add (proof)
subclass strict-ordered-comm-monoid-add (proof)

lemma add-strict-increasing: 0 < a = b< c= b < a+ ¢
(proof)

lemma add-strict-increasing2: 0 < a = b<c=b<a+ ¢

(proof)

end

class ordered-ab-semigroup-monoid-add-imp-le = monoid-add + ordered-ab-semigroup-add-imp-le
begin

lemma add-less-same-cancell [simp]: b+ a < b +— a < 0
{proof)

lemma add-less-same-cancel2 [simp]: a + b < b +— a < 0
(proof)

lemma less-add-same-cancell [simp]: a < a + b+— 0 < b
{proof)

lemma less-add-same-cancel? [simp]: a < b+ a+— 0 < b
{proof)
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lemma add-le-same-cancell [simp]: b+ a < b <+— a < 0
{proof)
lemma add-le-same-cancel2 [simpl: a + b < b +— a < 0

(proof)

lemma le-add-same-cancell [simp]: a < a+ b+ 0 <b
{proof)

lemma le-add-same-cancel2 [simp]: a < b+ a+— 0 <b
(proof)

subclass cancel-comm-monoid-add
(proof)

subclass ordered-cancel-comm-monoid-add
(proof )

end

class ordered-ab-group-add = ab-group-add + ordered-ab-semigroup-add
begin

subclass ordered-cancel-ab-semigroup-add (proof)

subclass ordered-ab-semigroup-monoid-add-imp-le

(proof)

lemma maz-diff-distrib-left: max zy — z = maz (z — 2) (y — 2)
{proof)

lemma min-diff-distrib-left: min zy — z = min (x — 2) (y — 2)

{proof)

lemma le-imp-neg-le:
assumes a < b
shows — b < — a

(proof)

lemma neg-le-iff-le [simp]: — b < —a+— a<b
(proof)

lemma neg-le-0-iff-le [simp]: — a < 0 +— 0 < a
{proof)

lemma neg-0-le-iff-le [simp]: 0 < — a +— a < 0

(proof)

lemma neg-less-iff-less [simp]: — b < —a — a < b

102
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{proof)

lemma neg-less-0-iff-less [simp]: — a < 0 +— 0 < a

{proof)

lemma neg-0-less-iff-less [simp]: 0 < — a +— a < 0
(proof)

The next several equations can make the simplifier loop!

lemma less-minus-iff: a < — b+— b < — a

(proof)

lemma minus-less-iff: — a < b+— — b < a

(proof)

lemma le-minus-iff: a < —b+— b < — a

{proof)

lemma minus-le-iff: —a < b+— —b<a
(proof )

lemma diff-less-0-iff-less [simp]: a — b < 0 +— a < b

(proof)
lemmas less-iff-diff-less-0 = diff-less-0-iff-less [symmetric]

lemma diff-less-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a—b<c+—a<c+d

(proof)

lemma less-diff-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a<c—b+—a+b<c

(proof)

lemma diff-gt-0-iff-gt [simp]: a — b > 0 +— a > b
(proof )

lemma diff-le-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a—b<c+—a<c+b
(proof)

lemma le-diff-eq [algebra-simps, algebra-split-simps, field-simps, field-split-simps]:
a<c—b+—a+b<c

(proof)

lemma diff-le-0-iff-le [simp]: a — b < 0 +— a < b
{proof)

lemmas le-iff-diff-le-0 = diff-le-0-iff-le [symmetric]
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lemma diff-ge-0-iff-ge [simpl: a — b > 0 +— a > b
(proof )

lemma diff-eq-diff-less:a —b=c—d = a<b+— c<d
(proof)

lemma diff-eq-diff-less-eq: a — b=c—d = a < b+— c<d
(proof )

lemma diff-mono: a <b=—=d<c=a—-—c<b—-d
(proof )

lemma diff-left-mono: b < a = c—a<c—1»
(proof)

lemma diff-right-mono: a < b= a—c<b—c
{proof )

lemma diff-strict-mono: a < b= d<c=a—c<b-—d
(proof )

lemma diff-strict-left-mono: b < a = ¢ —a < c — b
(proof)

lemma diff-strict-right-mono: a < b = a — c < b — ¢
(proof)

end

locale group-cancel

begin

lemma addl: (A::'a::comm-monoid-add) =k +a= A+ b=k + (a + b)
{proof )

lemma add2: (B::'a::comm-monoid-add) =k + b= a+ B=Fk + (a + b)
(proof )

lemma subl: (A::'a::ab-group-add) =k +a=— A — b=k + (a — b)
(proof)

lemma sub2: (B::'a::ab-group-add) =k + b= a — B=—k + (a — b)
(proof )

lemma negl: (A:'a:ab-group-add) =k +a = — A=—k+ —a
(proof)

lemma rule0: (a::'a::comm-monoid-add) = a + 0

104
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{proof)

end
(ML)

class linordered-ab-semigroup-add =
linorder + ordered-ab-semigroup-add

class linordered-cancel-ab-semigroup-add =
linorder + ordered-cancel-ab-semigroup-add
begin

subclass linordered-ab-semigroup-add {proof)

subclass ordered-ab-semigroup-add-imp-le

(proof)

end

class linordered-ab-group-add = linorder + ordered-ab-group-add
begin

subclass linordered-cancel-ab-semigroup-add (proof)

lemma equal-neg-zero [simp]: a = — a +— a = 0

(proof )

lemma neg-equal-zero [simp): — a = a +— a = 0
(proof)

lemma neg-less-eq-nonneg [simpl: — a < a +— 0 < a

(proof )

lemma neg-less-pos [simp]: — a < a +— 0 < a
(proof)

lemma less-eq-neg-nonpos [simp]: a < — a «— a < 0
(proof)

lemma less-neg-neg [simp]: a < — a +— a < 0
(proof )

lemma double-zero [simp]: a + a = 0 «— a =0
(proof)

lemma double-zero-sym [simp]: 0 = a + a +— a = 0
{proof)
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lemma zero-less-double-add-iff-zero-less-single-add [simp]: 0 < a + a +— 0 < a
(proof)

lemma zero-le-double-add-iff-zero-le-single-add [simp]: 0 < a + a +— 0 < a
(proof )

lemma double-add-less-zero-iff-single-add-less-zero [simp]: a + a < 0 +— a < 0
(proof)

lemma double-add-le-zero-iff-single-add-le-zero [simp]: a + a < 0 +— a < 0

(proof)

lemma minus-maz-eg-min: — mazx zy = min (— z) (— y)
{proof)

lemma minus-min-eg-maz: — min x y = maz (— z) (— y)
(proof)

end

class abs =
fixes abs :: 'a = 'a («(<open-block notation=<mizfix absys|-|)»)

bundle abs-syntax

begin
notation abs («(<open-block notation=<«mizfix abs>|-|)»)
end
class sgn =
fixes sgn :: 'a = a

class ordered-ab-group-add-abs = ordered-ab-group-add + abs +
assumes abs-ge-zero [simp]: |a| > 0
and abs-ge-self: a < |a|
and abs-lel: a < b= —a< b= |a| <)

and abs-minus-cancel [simp]: |—a| = |a]
and abs-triangle-ineq: |a + b| < |a| + |b]
begin
lemma abs-minus-le-zero: — |a| < 0
{proof)

lemma abs-of-nonneg [simpl:
assumes nonneg: 0 < a
shows |a| = a

(proof )

lemma abs-idempotent [simp]: ||a|| = |a

{proof)



THEORY “Groups” 107

lemma abs-eq-0 [simp]: |a| = 0 <— a =0

(proof)
lemma abs-zero [simpl: |0] = 0
{proof)
lemma abs-0-eq [simp]: 0 = |a] +— a =0
(proof)
lemma abs-le-zero-iff [simp]: |a| < 0 <— a =0
(proof)
lemma abs-le-self-iff [simp]: |a] < a +— 0 < a
(proof)
lemma zero-less-abs-iff [simp]: 0 < |a| «— a # 0
{proof)
lemma abs-not-less-zero [simp]: = |a] < 0
(proof)
lemma abs-ge-minus-self: — a < |a
(proof)
lemma abs-minus-commute: |a — b| = |b — af
(proof)

lemma abs-of-pos: 0 < a = |a| = a

{proof)

lemma abs-of-nonpos [simp]:
assumes a < ()

shows |a| = — a

(proof)

lemma abs-of-neg: a < 0 = |a| = — a
{proof)

lemma abs-le-D1: |a| < b= a < b
(proof)

lemma abs-le-D2: |a| < b= —a <)
(proof)

lemma abs-le-iff: |a| < b+—a<bA—a<h

(proof)

lemma abs-triangle-ineq2: |a| — |b] < |a — b
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(proof )

lemma abs-triangle-ineq2-sym: |a| — |b] < |b — a
(proof)

lemma abs-triangle-ineq3: ||a| — |b|] < |a — b
{proof )

lemma abs-triangle-ineq4: |a — b < |a| + |b]

{(proof)

lemma abs-diff-triangle-ineq: |a + b — (¢ + d)| < |a — ¢| + |b — d]
(proof)

lemma abs-add-abs [simp]: ||a| + |b]| = |a| + |b]
(is 7L = ?R)

(proof)

end

lemma dense-eq0-1:
fixes z::'a::{dense-linorder,ordered-ab-group-add-abs}
assumes Ae. 0 < e = |z| < e
shows z = 0

(proof)
hide-fact (open) ab-diff-conv-add-uminus add-0 mult-1 ab-left-minus

lemmas add-0 = add-0-left
lemmas mult-1 = mult-1-left
lemmas ab-left-minus = left-minus

lemmas diff-diff-eq = diff-diff-add

5.8 Canonically ordered monoids

Canonically ordered monoids are never groups.

class canonically-ordered-monoid-add = comm-monoid-add + order +
assumes le-iff-add: a < b +— (Je. b=a + ¢)
begin

lemma zero-le[simpl: 0 < x
{proof)

lemma le-zero-eq[simp]: n < 0 <— n = 0
{proof)

lemma not-less-zero[simp]: = n < 0
{proof)
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lemma zero-less-iff-neq-zero: 0 < n <— n # 0
(proof)

This theorem is useful with blast

lemma gr-zerol: (n = 0 = False) = 0 < n
{proof)

lemma not-gr-zero[simp]: = 0 < n +— n =0
(proof)

subclass ordered-comm-monoid-add
(proof)

lemma gr-implies-not-zero: m < n = n # 0
{proof )

lemma add-eq-0-iff-both-eq-0[simp): © + y= 0 +— =0 ANy =10
(proof )

lemma zero-eg-add-iff-both-eq-0[simp]: 0 = x + y+—2xz=0ANy=0
(proof)

lemma less-eqE:
assumes <a < by
obtains ¢ where <b = a + ¢

{proof)

lemma lessE:
assumes <a < b
obtains ¢ where <b = a + ¢» and <c # 0»

(proof)

lemmas zero-order = zero-le le-zero-eq not-less-zero zero-less-iff-neq-zero not-gr-zero
— This should be attributed with [iff], but then blast fails in Set.

end

class ordered-cancel-comm-monoid-diff =
canonically-ordered-monoid-add + comm-monoid-diff + ordered-ab-semigroup-add-imp-le
begin

context
fixesab::'a
assumes le: a < b
begin

lemma add-diff-inverse: a + (b — a) = b
{proof)
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lemma add-diff-assoc: ¢ + (b — a) = c+ b — a
{proof)

lemma add-diff-assoc2: b —a+ c=b+ ¢c — a
(proof )

lemma diff-add-assoc: ¢ + b — a=c + (b — a)
{proof)

lemma diff-add-assoc2: b+ ¢ —a=b—a+ ¢
(proof)

lemma diff-diff-right: ¢ — (b —a) =c+ a—b
(proof )

lemma diff-add: b — a +a =0
{proof )

lemma le-add-diff: ¢c < b+ ¢ — a
(proof)

lemma le-imp-diff-is-add: a < b=—=b—-—a=c+—b=c+ a
(proof )

lemma le-diff-conv2: c < b—a+—c+a<b
(is 2P «— ?Q)
(proof)

end

end

5.9 Tools setup

lemma add-mono-thms-linordered-semiring:
fixes i j k :: 'a::ordered-ab-semigroup-add
shows i < jAE<L<I= i+ k<j+1
andi=jANEk<]l=1i+Ek<j+1
and i< jAk=l=i+k<j+1
andi=jAk=l=i+k=7+1
(proof)

lemma add-mono-thms-linordered-field:
fixes i j k :: 'a::ordered-cancel-ab-semigroup-add
shows i < jANk=1l= i+ k<j+1
andi=jAk<l=i+k<j+1
and i< jANEL<I]I= i+ Ek<j+1
andi < jANEk<]Il=1i+Ek<j+1
andi < jANk<lIl=1i+k<j+1
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{proof)

code-identifier
code-module Groups — (SML) Arith and (OCaml) Arith and (Haskell) Arith

end

6 Abstract lattices

theory Lattices
imports Groups
begin

6.1 Abstract semilattice

These locales provide a basic structure for interpretation into bigger struc-
tures; extensions require careful thinking, otherwise undesired effects may
occur due to interpretation.

locale semilattice = abel-semigroup +
assumes idem [simp]: a * a = a
begin

lemma left-idem [simp]: a % (a * b) = a * b
{proof)

lemma right-idem [simpl: (a % b) * b=a = b
{proof)

end
locale semilattice-neutr = semilattice + comm-monoid

locale semilattice-order = semilattice +
fixes less-eq :: 'a = 'a = bool (infix «<» 50)
and less :: 'a = 'a = bool (infix (<> 50)
assumes order-iff: a < b+—a=ax* b
and strict-order-iff: a < b+—a=axbANa#b
begin

lemma orderl: a = a%x b= a < b
(proof)

lemma orderE:
assumes a < b
obtains a = a x b

{proof)

sublocale ordering less-eq less
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(proof)

lemma cobounded! [simpl: a * b < a
{proof)

lemma cobounded? [simp]: a % b < b
(proof)

lemma boundedl:
assumes ¢ < band a < ¢
shows a < b * ¢

(proof)

lemma boundedE:
assumes a < b * ¢
obtains ¢ < band a < ¢

(proof)

lemma bounded-iff [simp]: a < bx c+—a<bAa<c
(proof)

lemma strict-boundedE':
assumes a < b * ¢
obtains a < band a < ¢

{proof)

lemma coboundedll: o < ¢c = a *x b < ¢
(proof)

lemma coboundedI2: b < c = a* b < ¢

(proof)

lemma strict-coboundedll: a < ¢ = ax b < ¢
(proof )

lemma strict-coboundedI2: b < ¢ = a * b < ¢
(proof)

lemma mono: a < c=—=b<d=axb< cxd
(proof)

lemma absorbl: a < b= axb=a
(proof)

lemma absorb2: b < a=—a*xb=1>
(proof )

lemma absorb3: a < b =— a*x b=a

{proof)
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lemma absorbf: b < a = a*xb=1>
(proof)

lemma absorb-iffl: a < b+— a*xb=a
(proof)

lemma absorb-iff2: b < a<+— a*xb=15
(proof )

end

locale semilattice-neutr-order = semilattice-neutr + semilattice-order
begin

sublocale ordering-top less-eq less 1
(proof)

lemma eg-neutr-iff [simp]: <a* b=1+—a=1Ab=1
(proof)

lemma neutr-eq-iff [simp]: <1 =a*xb+—a=1ANb=1
{proof)

end

Interpretations for boolean operators

interpretation conj: semilattice-neutr «(A)» True

{proof)
interpretation disj: semilattice-neutr <(V)> False

{proof)
declare conj-assoc [ac-simps del] disj-assoc [ac-simps del] — already simp by de-
fault

6.2 Syntactic infimum and supremum operations
class inf =

fixes inf = '‘a = 'a = ’a (infix]l <7 70)

class sup =
fixes sup :: 'a = 'a = 'a (infix] <L 65)

6.3 Concrete lattices

class semilattice-inf = order + inf +
assumes inf-lel [simp]: 2 Ny < z
and inf-le2 [simp]: z My <y
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and inf-greatest: t <y =2 < z=z < ylMz

class semilattice-sup = order + sup +

assumes sup-gel [simpl: z < x Uy

and sup-ge2 [simpl: y < z Uy

and sup-least: y <z —= z2<z=ylUz<z
begin

Dual lattice.

lemma dual-semilattice: class.semilattice-inf sup greater-eq greater
(proof )

end

class lattice = semilattice-inf + semilattice-sup

6.3.1 Intro and elim rules

context semilattice-inf
begin

lemma le-infl1: a <z = aNb<zx
(proof)

lemma le-infl2: b< = aMNb<z
(proof)

lemma le-infl: t < a =z < b= 2zx<allbd
(proof )

lemma le-infE: t < aMNb— (z<a=—z<b=— P) = P
(proof)

lemma le-inf-iff: t < yMz+— < yANz <z
(proof )

lemma le-iff-inf: 2 < y+—zNy==z

(proof )

lemma inf-mono: a < c = b<d=aNb<cnNd
(proof)

end

context semilattice-sup
begin

lemma le-supll: z < a=2x < albd
(proof)
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lemma le-supl2: < b= 2x<albd
(proof)

lemma le-supl: a <z —=b<z—alUb<z
(proof )

lemma le-supE: aUb <z — (e <z2=b<z=— P)=— P
(proof)

lemma le-sup-iff: s Uy < z¢— < zAy <z
(proof)

lemma le-iff-sup: t < y+—zUy=y

(proof)

lemma sup-mono: a < c = b<d=alUb<clUd
(proof)

end

6.3.2 Equational laws
context semilattice-inf

begin

sublocale inf: semilattice inf
(proof )

sublocale inf: semilattice-order inf less-eq less
(proof )

lemma inf-assoc: (x M y) M z=2xM (yN 2)
{proof)

lemma inf-commute: (x M y) = (y M z)
(proof )

lemma inf-left-commute: £ M (y M 2) =y M (z N 2)
{proof)

lemma inf-idem: Mz =z
(proof)

lemma inf-left-idem: z N (z M y) =z Ny
(proof )

lemma inf-right-idem: (x N y) My =z Ty
{proof)
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lemma inf-absorbl: z < y=—zMNy=1z
(proof)

lemma inf-absorb2: y <z = zMNy=y
(proof)

lemmas inf-aci = inf-commute inf-assoc inf-left-commute inf-left-idem
end

context semilattice-sup
begin

sublocale sup: semilattice sup

(proof)

sublocale sup: semilattice-order sup greater-eq greater
(proof)

lemma sup-assoc: (z U y)Uz=zU (yU 2)
(proof )

lemma sup-commute: (z U y) = (y U )
{proof)

lemma sup-left-commute: z U (y U 2) = y U (z U 2)
(proof)

lemma sup-idem: x U x = x

(proof)

lemma sup-left-idem [simp]: z U (z U y) =z Uy
(proof)

lemma sup-absorbl: y<r=—=zczUy==zx
(proof )

lemma sup-absorb2: t < y=—zUly=y
(proof)

lemmas sup-aci = sup-commute sup-assoc sup-left-commute sup-left-idem
end

context lattice
begin

lemma dual-lattice: class.lattice sup (>) (>) inf
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{proof)

lemma inf-sup-absord [simpl: z M (z U y) = z
{proof)

lemma sup-inf-absord [simp]: z U (z M y) =z
(proof)

lemmas inf-sup-aci = inf-aci sup-aci
lemmas inf-sup-ord = inf-lel inf-le2 sup-gel sup-ge2

Towards distributivity.
lemma distrib-sup-le: z U (y M 2) < (z U y) M (z U 2)
{proof)

lemma distrib-inf-le: (z M y) U (zM2) <zM(yU z)
(proof)
If you have one of them, you have them all.

lemma distrib-imp1:
assumes distrib: Az yz. M (yU 2) = (zNy) U (zN 2)
shows z U (yMz)=(z Uy MN(zU 2)

(proof)

lemma distrib-imp2:
assumes distrib: Az yz. U (yMNz)=(zUy) MN(zU 2)
shows z M (yUz)=(zMNy) U (zN 2)

(proof)

end

6.3.3 Strict order

context semilattice-inf
begin

lemma less-infll: a < 2= aTMb< x
(proof)

lemma less-infl2: b <z = alNb<z
(proof)

end

context semilattice-sup
begin

lemma less-supll: c < a =z < alb
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{proof)

lemma less-supl2: c < b= 2 < albd
(proof )

end

6.4 Distributive lattices

class distrib-lattice = lattice +
assumes sup-inf-distribl: z U (y M z) = (z U y) N (z U 2)

context distrib-lattice
begin

lemma sup-inf-distrib2: (y M z) Uz = (yU 2) N (2 U x)
{proof)

lemma inf-sup-distribl: z M (y U z) = (x N y) U (z N 2)
{proof)

lemma inf-sup-distrib2: (y U z) Mz = (yMNa)U (2N x)
(proof )

lemma dual-distrib-lattice: class.distrib-lattice sup (>) (>) inf
{proof)

lemmas sup-inf-distrib = sup-inf-distribl sup-inf-distrib2

lemmas inf-sup-distrib = inf-sup-distrib1 inf-sup-distrib2

lemmas distrib = sup-inf-distribl sup-inf-distrib2 inf-sup-distrib1 inf-sup-distrib2
end

6.5 Bounded lattices

class bounded-semilattice-inf-top = semilattice-inf + order-top
begin

sublocale inf-top: semilattice-neutr inf top
+ inf-top: semilattice-neutr-order inf top less-eq less
(proof)

lemma inf-top-left: TNz =x
(proof )

lemma inf-top-right: x 1 T =z
(proof)
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lemma inf-eq-top-iff: M y=T ¢—2x=T Ay=T
(proof)

lemma top-eq-inf-iff: T =z MNy+—zxz=T Ay=T
(proof )

end

class bounded-semilattice-sup-bot = semilattice-sup + order-bot
begin

sublocale sup-bot: semilattice-neutr sup bot
+ sup-bot: semilattice-neutr-order sup bot greater-eq greater

(proof)

lemma sup-bot-left: 1 Uz ==z
(proof)

lemma sup-bot-right: x U | = x
(proof )

lemma sup-eq-bot-iff: zx U y=1L ¢— =1L ANy=_1
(proof)

lemma bot-eq-sup-iff: L =z Uy+— =1L ANy=1
(proof )

end

class bounded-lattice-bot = lattice + order-bot
begin

subclass bounded-semilattice-sup-bot (proof)

lemma inf-bot-left [simp]: L Mz = L
(proof)

lemma inf-bot-right [simp]: z M L = L
{proof)

end

class bounded-lattice-top = lattice + order-top
begin

subclass bounded-semilattice-inf-top (proof)

lemma sup-top-left [simp]: T Uz =T
(proof )
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lemma sup-top-right [simp]: c U T =T
(proof )

end

class bounded-lattice = lattice + order-bot + order-top
begin

subclass bounded-lattice-bot (proof)
subclass bounded-lattice-top (proof)

lemma dual-bounded-lattice: class.bounded-lattice sup greater-eq greater inf T L
(proof )

end

6.6 min/max as special case of lattice

context linorder
begin

sublocale min: semilattice-order min less-eq less
+ max: semilattice-order mazx greater-eq greater
(proof )

declare min.absorbl [simp] min.absorb2 [simpl]
min.absorb3 [simp] min.absorbs [simp)
maz.absorbl [simp] maz.absorb2 [simp]
maz.absorb3 [simp] maz.absorby [simp]

lemma min-le-iff-disj: minz y < z+—x <2V y<z
(proof )

lemma le-mazx-iff-disj: z < maxzy +— 2 <z V 2<y
(proof)

lemma min-less-iff-disj: min x y < z +— < zV y < z
(proof )

lemma less-maz-iff-disj: z < marx y +— 2 <z V 2 <y
(proof)

lemma min-less-iff-conj [simp]: z < minzy+— z<x AN z2<y
(proof )

lemma max-less-iff-conj [simp]: maz z y < z+— < 2Ny <z

{proof)
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lemma min-maz-distribl: min (maz b ¢) a = maz (min b a) (min ¢ a)
{proof)

lemma min-maz-distrib2: min a (maz b ¢) = maz (min a b) (min a c)
(proof)

lemma maz-min-distribl: maz (min b ¢) a = min (maz b a) (maz ¢ a)

{proof)

lemma maz-min-distrib2: maz a (min b ¢) = min (max a b) (maz a c)
(proof)

lemmas min-max-distribs = min-maz-distribl min-max-distrib2 maz-min-distribl
maz-min-distrib2

lemma split-min [no-atp]: P (minij) «— (i <j— Pi) A (=i <j— Pj)
(proof)

lemma split-maz [no-atp]: P (maz ij) +— (i <j— PjHA(mi<j— Pi)
{proof)

lemma split-min-lin [no-atp):
<P (minab)«—(b=a—Pa)AN(a<b— Pa)A(b<a— Pb)p
{proof )

lemma split-maz-lin [no-atpl:
<P (mazab) +— (b=a—Pa)AN(a<b— Pb)A(b<a— Pa)p
{proof )

end

lemma inf-min: inf = (min :: '‘a::{semilattice-inf linorder} = 'a = 'a)

{proof)

lemma sup-maz: sup = (maz :: 'a:{semilattice-sup,linorder} = 'a = 'a)
{proof)

6.7 Uniqueness of inf and sup

lemma (in semilattice-inf) inf-unique:
fixes f (infixl <Ay 70)
assumes lel: Az y. 2 Ay <z
and le2: Aoy z Ay <y
and greatest: Az yz. 2 <y=—=z<z=2<y Az
showszMy=z Ay
(proof)

lemma (in semilattice-sup) sup-unique:
fixes f (infixl <V» 70)
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assumes gel [simp]: Az y. 2 <z V y

and ge2: Azy.y<zVy

and least: Neyz. y<zr=— 2<2=yVz<z
shows z U y=2V y

(proof)

6.8 Lattice on - = -

instantiation fun :: (type, semilattice-sup) semilattice-sup
begin

definition f U g = (A\z. fz U g )

lemma sup-apply [simp, code]: (f U g) z=fazU gz
(proof )

instance
(proof)

end

instantiation fun :: (type, semilattice-inf) semilattice-inf
begin

definition f Mg = (A\z. fz M g x)

lemma inf-apply [simp, code]: (f M g) z=fxMgz
(proof)

instance (proof)
end
instance fun :: (type, lattice) lattice (proof)

instance fun :: (type, distrib-lattice) distrib-lattice
(proof )

instance fun :: (type, bounded-lattice) bounded-lattice {proof)

instantiation fun :: (type, uminus) uminus
begin

definition fun-Compl-def: — A = (Az. — A 1)

lemma uminus-apply [simp, code]: (— A) x = — (4 z)
(proof)

instance (proof)
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end

instantiation fun :: (type, minus) minus
begin

definition fun-diff-def: A — B = (Az. A x — B )

lemma minus-apply [simp, code]: (A — B) x = Az — Bx
{proof)

instance (proof)
end

end

7 Boolean Algebras

theory Boolean-Algebras
imports Lattices
begin

7.1 Abstract boolean algebra

locale abstract-boolean-algebra = conj: abel-semigroup «(M)> + disj: abel-semigroup
«(u)»
for conj :: <'a = 'a = 'a» (infixr 7 70)
and disj = <a = 'a = 'a» (infixr <L 65) +
fixes compl :: <'a = ‘o> («(copen-block notation=<prefix —»»— -)» [81] 80)
and zero :: (a> («O))
and one :: o> (\1»)
assumes conj-disj-distrib: <x M (y U z) =(zMy) L ( mz)
and disj-cong-distrib: <z U (y M z) = (z U y) 1 (z U 2)»
and conj-one-right: <z M 1 = x>
and disj-zero-right: <z L1 0 = x»
and conj-cancel-right [simp]: <z T — z = 0>
and disj-cancel-right [simp]: <z U — z = 1»
begin

sublocale conj: semilattice-neutr «(M)» <1
(proof)

sublocale disj: semilattice-neutr <(L1)» <0»

(proof)

7.1.1 Complement

lemma complement-unique:
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assumes [:allz =0
assumes 2: alUz =1
assumes 3: ally =0
assumes 4: ald y =1
shows z =y

(proof)

lemma compl-unique: M y=0=—=zUy=1=— —zx =y
(proof )

lemma double-compl [simp]: — (— z) =z

(proof)

lemma compl-eq-compl-iff [simpl:
(—x=—y+— =1 (is 2P +— ?2Q»)

(proof)

7.1.2 Conjunction

lemma conj-zero-right [simp]: xT1 0 =0
{proof)

lemma compl-one [simp]: — 1 =0
{proof)

lemma conj-zero-left [simp]: 0 M z = 0

{proof)

lemma conj-cancel-left [simp]: — x Tz =0
(proof)

lemma conj-disj-distrib2: (y U 2) Mz = (yMz) U (2M x)
(proof)

lemmas conj-disj-distribs = conj-disj-distrib conj-disj-distrib2

7.1.3 Disjunction

context
begin

interpretation dual: abstract-boolean-algebra «(U)» «(M)» compl 1> <O»
(proof)

lemma disj-one-right [simp]: z U 1 =1

(proof)

lemma compl-zero [simp]: — 0 =1
{proof)
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lemma disj-one-left [simp]: 1 Uz =1
{proof)

lemma disj-cancel-left [simp]: — z Uz =1
(proof )

lemma disj-conj-distrib2: (yMz) Uz = (yU z) M (zU z)
{proof)

lemmas disj-conj-distribs = disj-conj-distrib disj-conj-distrib2

end

7.1.4 De Morgan’s Laws
lemma de-Morgan-conj [simp]: — (z M y) = —zU — y

(proof)

context
begin

interpretation dual: abstract-boolean-algebra «(U)» «(M)» compl 1> <O»
{proof)

lemma de-Morgan-disj [simp]: — (z U y) = —2zM —y
{proof)

end

end

7.2 Symmetric Difference

locale abstract-boolean-algebra-sym-diff = abstract-boolean-algebra +
fixes zor :: <'a = 'a = 'a» (infixr S 65)
assumes zor-def : <z O y=(zMN — y) U (— zM y)»

begin

sublocale zor: comm-monoid zor <0»

(proof)

lemma zor-def2:
xBOy=(Uy) N(—zU—yp

(proof )

lemma zor-one-right [simp]: t 6 1 = — z
{proof )

lemma zor-one-left [simp]: 1 © 2 = — x

(proof )
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lemma zor-self [simp]: 6 =0

(proof )

lemma zor-left-self [simp: 268 (z O y) =y
(proof )

lemma zor-compl-left [simp]: — 260 y=— (26 y)
(proof )

lemma zor-compl-right [simp]: 16 — y = — (z O y)
(proof )

lemma zor-cancel-right [simpl: 6 — z =1
(proof)

lemma zor-cancel-left [simp]: — 26 z =1
(proof )

lemma conj-zor-distrib: M (y © z) = (x M y) © (z M 2)
(proof)

lemma conj-zor-distrib2: (y© z) Mz = (yMz) & (M x)
{proof)

lemmas conj-zor-distribs = conj-zor-distrib conj-ror-distrib2

end

7.3 Type classes

class boolean-algebra = distrib-lattice + bounded-lattice + minus + uminus +
assumes inf-compl-bot: <x M — xz = 1>
and sup-compl-top: <x U — x = T)
assumes diff-eq: <z — y =z M —
begin

sublocale boolean-algebra: abstract-boolean-algebra <(M)» «(U)» uminus L T
{proof)

lemma compl-inf-bot: — x M x = L
(proof)

lemma compl-sup-top: — z U x =T
(proof )

lemma compl-unique:
assumes z 1y = L
and x Uy=T
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shows —z =y

(proof)

lemma double-compl: — (— z) = x
(proof )

lemma compl-eq-compl-iff: —z = — y<+— x =1y
(proof)

lemma compl-bot-eq: — L = T
(proof)

lemma compl-top-eq: — T = L
(proof )

lemma compl-inf: — (zMNy)=—2z U —y
(proof)

lemma compl-sup: — (z U y)=—2zM—y
(proof )

lemma compl-mono:
assumes z < y
shows — y < — z
(proof)

lemma compl-le-compl-iff [simp]: — 2 < —y+— y <z
(proof)

lemma compl-le-swap1:
assumes y < — 7
shows z < —y

(proof)

lemma compl-le-swap2:
assumes — y < T
shows — z < y

(proof)

lemma compl-less-compl-iff [simp]: — 2z < — y+— y <z
(proof)

lemma compl-less-swapl:
assumes y < —
shows z < — y

(proof)

lemma compl-less-swap2:
assumes — y < z
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shows — z < y

(proof)

lemma sup-cancel-leftl: <x U a U (— 2z U b) =T
(proof)

lemma sup-cancel-left2: <—— z U a U (z U b) = T
(proof)

lemma inf-cancel-leftl: <z M a M (— 2z M b) =L
(proof)

lemma inf-cancel-left2: <— z N a M (x 1 b) =L
(proof )

lemma sup-compl-top-left1 [simp]: «<— z U (z U y) = T
(proof)

lemma sup-compl-top-left2 [simp): <z U (— z U y) = T
(proof )

lemma inf-compl-bot-left! [simp]: <— x T (z Ny) = L»
(proof)

lemma inf-compl-bot-left2 [simp]: <z M (— z M y) = L»
(proof)

lemma inf-compl-bot-right [simp]: <z M (y 1N — z) = L)
(proof)

end

7.4 Lattice on bool

instantiation bool :: boolean-algebra
begin

definition bool-Compl-def [simp]: uminus = Not
definition bool-diff-def [simp]: A — B+— AAN—- B
definition [simp]: PN Q <— P A Q

definition [simp]: P LU Q +— PV Q

instance (proof)

end
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lemma sup-booll1: P — P U @
(proof)

lemma sup-booll2: Q = P U Q
(proof)

lemma sup-boolE: PU Q = (P = R) = (@ = R) = R
{proof)

instance fun :: (type, boolean-algebra) boolean-algebra
(proof)

7.5 Lattice on unary and binary predicates
lemma infll: Az = Bz = (AN B) x
(proof )

lemma inf2l: Azvy— Bazy=— (ANB)zy
{proof)

lemma inflE: (AN B) s = (Az = Bx = P) = P
{proof)

lemma inf2E: (AN B)zy— (Azy— Bzy— P) = P
(proof)

lemma infiD1: (AN B)z = Az
{proof)

lemma inf2D1: (AN B)zy=— Azy
(proof )

lemma infiD2: (AN B) x = Bz
{proof)

lemma inf2D2: (AN B)zy = Bzy
{proof)

lemma supill: Az = (AU B) z
{proof)

lemma sup2ll: Azy—=— (AUB)zy
(proof )

lemma supll2: Bz = (AU B) ¢
(proof )

lemma sup2I2: Bxy—=— (AU B) zy
(proof )
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lemma suplE: (AUB)z = (Ar = P) = (Bx = P) = P
{proof)

lemma sup2E: (AUB)zy— (Azy— P) —= (Bzy— P) = P
{proof)

Classical introduction rule: no commitment to A vs B.

lemma sup!CIl: (- Bz = Az) = (AU B) =z
{proof)

lemma sup2Cl: (- Brzy—=— Azy) = (AUB)zy
{proof)

7.6 Simproc setup

locale boolean-algebra-cancel
begin

lemma supl: (A::'a:semilattice-sup) = sup k a = sup A b = sup k (sup a b)
(proof)

lemma sup2: (B::'a::semilattice-sup) = sup k b = sup a B = sup k (sup a b)
(proof )

lemma sup0: (a::'a::bounded-semilattice-sup-bot) = sup a bot

(proof)

lemma infl: (A::'a::semilattice-inf) = infk a = inf A b = inf k (inf a b)
(proof )

lemma inf2: (B::'a::semilattice-inf) = infk b = inf a B = inf k (inf a b)
(proof )

lemma inf0: (a::'a::bounded-semilattice-inf-top) = inf a top
(proof )

end

(ML)

context boolean-algebra
begin

lemma shuntl: (z My < 2) +— (2 < —y U 2)

(proof)

lemma shunt2: (z M —y < 2) «— (z < y U 2)
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{proof)

lemma inf-shunt: (z My = 1) +— (2 < — y)
{proof)

lemma sup-shunt: (z U y=T) +— (—z < y)
(proof)

lemma diff-shunt-var[simpl: (z — y = 1) +— (z < y)
{proof)

lemma diff-shunt[simp]: (L =z — y) «— (z < y)
{proof)

lemma sup-neg-inf:
p<qUr<+—pn—qg<rnr (is <P +— 2Q»)

(proof)

end

end

8 Set theory for higher-order logic

theory Set
imports Lattices Boolean-Algebras
begin

8.1 Sets as predicates
typedecl ‘a set
axiomatization Collect :: (‘a = bool) = 'a set — comprehension

and member :: 'a = ’a set = bool — membership
where mem-Collect-eq [iff, code-unfold]: member a (Collect P) = P a

and Collect-mem-eq [simp, code-unfold]: Collect (A\x. member x A) = A

notation
member (<'(€')y) and
member (<(«notation=<infiz €»-/ € -)» [51, 51] 50)

abbreviation not-member

where not-member t A = = (z € A) — non-membership
notation

not-member (<'(¢")) and

not-member (<(<notation=<infix ¢»-/ ¢ -)» [51, 51] 50)

open-bundle member-ASCII-syntax
begin

131
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notation (ASCII)
member (<'(:")) and
member (<(<notation=<infiz :»»-/ : -)» [51, 51] 50) and
not-member (</(™:')y) and
not-member («<(«notation=<infix ~:»»-/ ~: ) [51, 51] 50)
end

Set comprehensions

syntax
-Coll :: pttrn = bool = 'a set  («(<indent=1 notation=<mixfix set comprehen-

sionn{-./ -}))
syntax-consts
-Coll = Collect
translations
{z. P} = CONST Collect (\z. P)

syntax (ASCII)
-Collect :: pttrn = 'a set = bool = 'a set («(<indent=1 notation=«mizfiz set

comprehension»{(-/: -)./ -})»)
syntax
-Collect :: pttrn = 'a set = bool = 'a set («(«indent=1 notation=<mizfix set

comprehension»{(-/ € -)./ -})»)
translations
{p:A. P} — CONST Collect (A\p. p € A N\ P)

(ML)

lemma Collectl: P a = a € {z. P z}
{proof)

lemma CollectD: a € {x. Pz} = P a
{proof)

lemma Collect-cong: (Nz. Pz = Q z) = {z. Pz} = {z. Q z}
{proof)

Simproc for pulling z = ¢t in {z. ... Az = ¢t A ...} to the front (and
similarly for ¢t = z):
(ML)

lemmas CollectE = CollectD [elim-format)]

lemma set-eql:
assumes A\z. z € A+— z € B
shows A = B

(proof)

lemma set-eq-iff: A= B ¢+— (Vz. 2 € A +— z € B)
{proof)
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lemma Collect-eql:
assumes A\z. Pz = Q x
shows Collect P = Collect @)

(proof)

Lifting of predicate class instances
instantiation set :: (type) boolean-algebra

begin

definition less-eg-set
where A < B +— (Az. member z A) < (Az. member x B)

definition less-set
where A < B <— (Az. member z A) < (Az. member z B)

definition inf-set
where A M B = Collect ((Az. member x A) M (Az. member xz B))

definition sup-set
where A U B = Collect ((Az. member x A) U (Az. member z B))

definition bot-set
where | = Collect L

definition top-set
where T = Collect T

definition uminus-set
where — A = Collect (— (Az. member z A))

definition minus-set
where A — B = Collect ((Ax. member x A) — (Ax. member = B))

instance
(proof )

end

Set enumerations
abbreviation empty :: ‘a set («{}»)
where {} = bot

definition insert :: 'a = ‘a set = 'a set
where insert-compr: insert a B = {x. z = a V z € B}

open-bundle set-enumeration-syntax
begin
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syntax

-Finset :: args = 'a set («(xindent=1 notation=<mizfix set enumeration)»{-})»)
syntax-consts

-Finset = insert
translations

{z, s} = CONST insert x {xs}

{z} = CONST insert z {}

end

8.2 Subsets and bounded quantifiers

abbreviation subset :: 'a set = ‘a set = bool
where subset = less

abbreviation subset-eq :: 'a set = 'a set = bool
where subset-eq = less-eq

notation
subset (<(C’)») and
subset («(«notation=<infix C»-/ C -)» [51, 51] 50) and
subset-eq (</(C'))) and
subset-eq («(«notation=<infiz C»-/ C -)» [51, 51] 50)

abbreviation (input)
supset :: 'a set = 'a set = bool where
supset = greater

abbreviation (input)
supset-eq :: 'a set = 'a set = bool where
supset-eq = greater-eq

notation
supset (<'(D')) and
supset («(«notation=<infix D»»-/ D -)» [51, 51] 50) and
supset-eq (<'(27)») and
supset-eq (<(<notation=<infix D»-/ D -)» [51, 51] 50)

notation (ASCII output)
subset (</(<’)») and
subset («(«nmotation=¢infix <»-/ < -)» [51, 51] 50) and
subset-eq (¢/(<=")) and
subset-eq («(«notation=<infix <=»-/ <= -) [51, 51] 50)

definition Ball :: 'a set = (‘a = bool) = bool
where Ball A P «— (Vxz. 2 € A — P z) — bounded universal quantifiers

definition Bez :: ‘a set = ('a = bool) = bool
where Bex A P <— (3z. x € A AN Pz) — bounded existential quantifiers
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syntax (ASCII)

-Ball o pttrn = 'a set = bool = bool
ALL »ALL (-/:-).] - [0, 0, 10] 10)

-Bex o pttrn = 'a set = bool = bool
EX :»wEX (-/:-)./ -)» [0, 0, 10] 10)

-Bexl i pttrn = 'a set = bool = bool
EX! »EX! (-/-).] ) [0, 0, 10] 10)

-Bleast :id = 'a set = bool = a

LEAST :»LEAST (-/:-)./ -)» [0, 0, 10] 10)

syntax (input)

-Ball i pttrn = 'a set = bool = bool
1 (-/-)./ - [0, 0, 10] 10)

-Bex : pttrn = 'a set = bool = bool
2 (-/:-).] - [0, 0, 10] 10)

-Bexl i pttrn = 'a set = bool = bool

Ao (-/:-)./ ) [0, 0, 10] 10)

syntax

-Ball o pttrn = 'a set = bool = bool
VYoV (-/€-)./ - [0, 0, 10] 10)

-Bex 2 pttrn = 'a set = bool = bool
In3a(-/€-)./ -» [0, 0, 10] 10)

-Bezxl i pttrn = 'a set = bool = bool
Im3l(-/e-)./ - [0, 0, 10] 10)

-Bleast o id = 'a set = bool = 'a

LEAST»LEAST(-/€-).] -)» [0, 0, 10] 10)

syntax-consts
-Ball = Ball and
-Bex = Bexr and
-Bexl = Fx1 and
-Bleast = Least

translations
VzeA. P = CONST Ball A (Az. P)
Jz€A. P = CONST Bex A (\z. P)
JlzecA. P —~3lz. 2 € AANP
LEAST :A. P —~ LEAST z. 2z € AN P

syntax (ASCII output)

135

(«(<indent=3 notation=<binder
(<(<indent=3 notation=<binder
(<(<indent=3 notation=<binder

(<(<indent=3 notation=<binder

(<(¢indent=3 notation=<binder |
(¢(vindent=3 notation=<binder ?

(<(<indent=3 notation=<binder

(¢(<indent=3 notation=<binder
(«(«indent=3 notation=<binder
(«(<indent=3 notation=<binder

(¢(<indent=3 notation=<binder

-setlessAll :: [idt, 'a, bool] = bool («(<indent=38 notation=<binder ALL»»ALL

<~/ ) [0, 0, 10] 10)

-setlessEx :: [idt, 'a, bool] = bool (:(<indent=38 notation=<binder EX»»EX -<-./

) [0, 0, 10] 10)

-setleAll  :: [idt, 'a, bool] = bool («(<indent=38 notation=<binder ALL»»ALL

<=-/ -} [0, 0, 10] 10)

-setleEx  :: [idt, 'a, bool] = bool («(<indent=3 notation=<binder EX» EX -<=-./
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-» [0, 0, 10] 10)
-setleExl  :: [idt, 'a, bool] = bool («(<indent=3 notation=<binder EX!» EX!
-<=-./ -)» [0, 0, 10] 10)

syntax

-setlessAll :: [idt, 'a, bool] = bool (:(¢indent=38 notation=<binder ¥ »V-C-./ -)
[0, 0, 10] 10)

-setlessEx :: [idt, 'a, bool] = bool («(<indent=3 notation=<binder 33 -C-./ -)»
[0, 0, 10] 10)

-setleAll  :: [idt, 'a, bool] = bool (<(<indent=3 notation=<binder ¥V »V-C-./ -)»
[0, 0, 10] 10)

-setleEx  :: [idt, 'a, bool] = bool («(sindent=3 notation=<binder 353 -C-./ -)»
[0, 0, 10] 10)

-setleExl  :: [idt, 'a, bool] = bool («(<indent=3 notation=<binder 3!1»»3!-C-./
) 10, 0, 10] 10)

syntax-consts
-setlessAll -setleAll = All and
-setlessEx -setlebr = Fx and
-setleFrl = Fxl

translations
YVACB.P ~VA. ACB— P
JACB. P ~3A. ACBAP
VACB.P -~ VA ACB— P
JACB. P —~dA. . ACBAP
JI1ACB. P —~31A. ACBAP

(ML)
Translate between {e | zI...2zn. P} and {u. zl...2n. u = e A P}; {y.

dzl...2n. y = e A P} is only translated if [0..n] C bus e.

syntax
-Setcompr :: 'a = idts = bool = 'a set
(<(<indent=1 notation=<mizfix set comprehension»{- |/-./ -})»)
syntax-consts
-Setcompr = Collect

(ML)

lemma balll [introl]: (Nz. x € A= Pz) = Vaz€A. Px
{proof)

lemmas strip = impl alll balll

lemma bspec [dest?): Ve€A. Pr —= € A= Pz
{proof)

Gives better instantiation for bound:
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(ML)

lemma ballE [elim]: Vz€A. Pz —= (P2 —= Q) = (¢t ¢ A = Q) = @
{proof)

lemma bexI [intro]: Pz =— ¢ € A = Jz€A. Pz
— Normally the best argument order: P z constrains the choice of z € A.
(proof)

lemma rev-bexl [intro?]: x € A — Pax — Jz€A. Px
— The best argument order when there is only one z € A.
{proof )

lemma bexCI: (Va€A. - Pz = Pa) = a€ A = Jz€A. Px

(proof)

lemma bezE [elim!]: 3z€A. Pz —= (A\t. 2 € A= Pz = Q) = (@
{proof)

lemma ball-triv [simp]: (Vaz€A. P) +— ((3z. 2 € A) — P)
— trivial rewrite rule.

{proof)

lemma bez-triv [simp]: (Jz€A. P) +— ((3z. 2 € A) A P)
— Dual form for existentials.

(proof)

lemma bez-triv-one-pointl [simp]: (J3z€A. z = a) «— a € A
{proof)

lemma bex-triv-one-point2 [simp]: (Jz€A. a = 1z) +— a € A
{proof)

lemma bez-one-point! [simp|: (3z€A. x =aANPzx)<—ac ANPa
{proof)

lemma bex-one-point2 [simp|: (3z€A. a =z ANPz)«—a€ ANPa

{proof)

lemma ball-one-point! [simp]: (Va€A. 2 = a — Pz)+— (a € A — P a)
{proof)

lemma ball-one-point2 [simp]: (Vz€A. a =2 — Pz)«— (a € A — Pa)

{proof)

lemma ball-conj-distrib: (Vz€A. Pz A Q z) «— (Vz€A. Px) A (Vz€A. Q x)
{proof)

lemma bex-disj-distrib: (3z€A. Pz V Q x) «— (Jz€A. Pz) vV (z€A. Q x)
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{proof)

Congruence rules

lemma ball-cong:
[A=B; Ac. 2 € B= Pz +— Quz] =
(VzeA. Pz) «— (VzeB. Q x)
(proof)

lemma ball-cong-simp [cong]:
[A=DB; Nz.z € B=simp=>Pzr+— Qu] =
(VzeA. Pz) «— (VzeB. Q x)
(proof)

lemma bez-cong:
[A=B; A\e.2€ B= Pz+— Qz] =
(Jz€A. P ) «— (3z€B. Q 1)
(proof )

lemma bez-cong-simp [cong]:
[A=DB; Nz.z € B=simp=>Pzr+— Qur] =
(Fz€A. P z) «+— (Jz€B. Q z)
(proof)

lemma bezi-def: (3lzeX. P z) +— (Jz€X. Pz) AN (VzeX. VyeX. Pz — P
y —z=y)
(proof)

8.3 Basic operations
8.3.1 Subsets

lemma subset! [introl]: (Az. 2 € A= 2 € B)=— ACB

(proof)

Map the type ‘a set = anything to just a; for overloading constants whose
first argument has type ’a set.

lemma subsetD [elim, intro?): AC B=—c€ A= c€B
{proof)

lemma rev-subsetD [intro?,no-atp]: c € A =— AC B=— c€ B

— The same, with reversed premises for use with erule — cf. [¢P; ?P — ?Q)]
= ?2Q.

(proof)

lemma subsetCE [elim,no-atp]: A C B—= (¢ ¢ A — P) = (c € B= P)
— P
— Classical elimination rule.

{proof)



THEORY “Set” 139

lemma subset-eq: A C B «— (Vz€A. x € B)
{proof)

lemma contra-subsetD [no-atp]: AC B=—=c¢ B=—c¢ A
(proof)

lemma subset-refl: A C A
(proof)

lemma subset-trans: A C B=— BC C = AC (C
(proof )

lemma subset-not-subset-eq [code]l: A C B+— ACBA-BCA
(proof)

lemma eg-mem-trans: a =b=—=bc A= ac A
(proof)

lemmas basic-trans-rules [trans] =
order-trans-rules rev-subsetD subsetD eq-mem-trans

8.3.2 Equality

lemma subset-antisym [introl]: AC B=— BC A=— A=1B
— Anti-symmetry of the subset relation.

(proof)

Equality rules from ZF set theory — are they appropriate here?

lemma equalityDl: A= B=— ACB
{proof )

lemma equalityD2: A= B —=— B C A
(proof)

Be careful when adding this to the claset as subset-empty is in the simpset:
A = {} goes to {} C A and A C {} and then back to A = {}!

lemma equalityf: A= B— (ACB=— BC A= P)=— P

(proof)
lemma equalityCFE [elim]: A= B = (c€ A= c€ B= P) = (¢ ¢ A =
c¢ B= P)= P

(proof)

lemma egset-imp-iff: A= B=— 1€ A+— 2 € B
(proof )

lemma egelem-imp-iff: t =y =2 € A+—yec A
(proof )
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8.3.3 The empty set
lemma empty-def: {} = {z. False}
{proof)

lemma empty-iff [simp]: ¢ € {} «— False
(proof)

lemma emptyE [elim!]: a € {} = P
{proof)

lemma empty-subsetl [iff]: {} C A
— One effect is to delete the ASSUMPTION {} C 4
{proof)

lemma equalsOI: (\y. y € A = False) = A = {}
{proof)

lemma equals0D: A ={} = a ¢ A
— Use for reasoning about disjointness: A N B = {}

(proof)

lemma ball-empty [simp]: Ball {} P +— True
{proof)

lemma bex-empty [simp]: Bex {} P <— False
(proof)

8.3.4 The universal set — UNIV

abbreviation UNIV :: 'a set
where UNIV = top

lemma UNIV-def: UNIV = {z. True}

(proof)
lemma UNIV-I [simp]: x € UNIV
{proof)
declare UNIV-I [intro] — unsafe makes it less likely to cause problems

lemma UNIV-witness [intro?): 3z. x € UNIV
{proof)

lemma subset-UNIV: A C UNIV
(proof)

Eta-contracting these two rules (to remove P) causes them to be ignored
because of their interaction with congruence rules.
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lemma ball-UNIV [simp|: Ball UNIV P <— All P
{proof)

lemma bex-UNIV [simp]: Bex UNIV P +— Ex P
(proof)

lemma UNIV-eq-I: (Nz. z € A) = UNIV = A
{proof)

lemma UNIV-not-empty [iff]: UNIV # {}
(proof)

lemma empty-not-UNIV [simp]: {} # UNIV
{proof)

8.3.5 The Powerset operator — Pow
definition Pow :: 'a set = ’a set set

where Pow-def: Pow A = {B. B C A}

lemma Pow-iff [iff]: A € Pow B<+— A C B
{proof)

lemma Powl: AC B=— A € PowB

(proof)

lemma PowD: A € Pow B=— A C B
(proof)

lemma Pow-bottom: {} € Pow B
{proof)

lemma Pow-top: A € Pow A
(proof )

lemma Pow-not-empty: Pow A # {}
{proof)

8.3.6 Set complement

lemma Compl-iff [simp]: c € — A+— c ¢ A
{proof)

lemma ComplI [introl]: (c € A = Fulse) = c€ — A
{proof)

This form, with negated conclusion, works well with the Classical prover.
Negated assumptions behave like formulae on the right side of the notional
turnstile . ..
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lemma ComplD [destl]: c€ — A= c¢ A
{proof)

lemmas ComplE = ComplD [elim-format)

lemma Compl-eq: — A = {z. -z € A}
{proof )
8.3.7 Binary intersection
abbreviation inter :: ‘a set = ‘a set = 'a set (infixl <"y 70)

where (N) = inf

notation (ASCII)
inter (infixl <Int> 70)

lemma Int-def: AN B={z.2€ ANz € B}
(proof )

lemma Int-iff [simp]: c€ ANB+—c€ ANc€EB
{proof)

lemma Intl [introl]: c€e A= ce€ B=c€ ANB
{proof)

lemma IntDl: c€c ANB=cc A

{proof)

lemma IntD2: c€ ANB=— c€ B
(proof)

lemma IntE [elim!]: c€e ANB= (c€ A= c€ B= P)=P
{proof)

8.3.8 Binary union

abbreviation union :: ‘a set = ‘a set = ‘a set (infixl (U 65)
where union = sup

notation (ASCII)
union (infixl «Un» 65)

lemma Un-def: AUB={z.2€ AV z € B}
(proof )

lemma Un-iff [simp]: c€ AUB+—c€ AV ceRB
{proof)

lemma Unl! [elim?: c€ A= c€ AUB
{proof)
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lemma Unl2 [elim?: c€ B= c€ AUB
{proof)

Classical introduction rule: no commitment to A vs. B.

lemma UnCI [introl]: (c¢ B=— c€ A) = c€ AUB
(proof)
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lemma UnFE [elim!]: c€ AUB= (c€e A= P) = (c€ B= P) =P

{proof)

lemma insert-def: insert « B = {z. x = a} U B
(proof )

8.3.9 Set difference

lemma Diff-iff [simp]: c€ A — B+—c€ ANc¢ B
(proof )

lemma DiffI [introl]: c€ A= c¢ B=—=c€ A - B
{proof)

lemma DiffDl1: c€ A— B= c€ A
{proof )

lemma DiffD2: c€ A— B=— c€ B=— P

(proof)

lemma DiffE [elim!]: c€ A — B=— (c€ A= c¢ B=— P) = P
{proof)

lemma set-diff-eq: A — B={z. 2 € ANz ¢ B}
{proof)

lemma Compl-eq-Diff-UNIV: — A = (UNIV — A)
(proof )

abbreviation sym-diff :: 'a set = ’a set = 'a set where
sym-diff A B= ((A — B) U (B—A))

8.3.10 Augmenting a set — insert

lemma insert-iff [simp]: a € insert b A<—a=bVac A
{proof)

lemma insertll: a € insert a B
(proof)

lemma insertl2: a € B — a € insert b B
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{proof)

lemma insertE [elim!]: a € insertb A = (a=b=—= P) = (a € A = P) =
pP

(proof)

lemma insertCI [introl]: (a ¢ B = a = b) = a € insert b B
— Classical introduction rule.

{proof)

lemma subset-insert-iff: A C insert x B <— (if x € A then A — {z} C B else A
€ B)
{proof)

lemma set-insert:
assumes z € A
obtains B where A = insert t Band z ¢ B

(proof)

lemma insert-ident: © ¢ A = 1 ¢ B = insertx A = insert z B+— A =B
{proof)

lemma insert-eq-iff:
assumes a ¢ A b ¢ B
shows insert a A = insert b B +—
(ifa="bthen A= Belse 3C. A=insertb C Nb¢ CANB=inserta CAa

¢ C)

(is /L +— ?R)
(proof)

lemma insert-UNIV [simp]: insert © UNIV = UNIV
{proof)

8.3.11 Singletons, using insert

lemma singletonI [introl]: a € {a}
— Redundant? But unlike insertCI, it proves the subgoal immediately!
{proof )

lemma singletonD [dest!]: b € {a} = b= a
{proof)

lemmas singletonE = singletonD [elim-format]

lemma singleton-iff: b € {a} +— b= a
{proof)

lemma singleton-inject [dest!]: {a} = {b} = a =D
{proof)
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lemma singleton-insert-inj-eq [iff]: {b} = insert a A +— a=b AN A C {b}
{proof)

lemma singleton-insert-inj-eq’ [iff]: insert a A = {b} +— a =b AN A C {b}
{proof)

lemma subset-singletonD: A C {z} = A ={} v A = {a}
{proof)

lemma subset-singleton-iff: X C {a} +— X ={} V X = {a}
{proof)

lemma subset-singleton-iff-Uniq: (3a. A C {a}) +— (I<12. z € A)

(proof)

lemma singleton-conv [simp]: {z. z = a} = {a}
{proof)

lemma singleton-conv2 [simp]: {z. a = z} = {a}
{proof)

lemma Diff-single-insert: A — {z} C B = A C insert z B
{proof)

lemma subset-Diff-insert: A C B — insertt C +— ACB—-CAz¢ A
(proof )

lemma doubleton-eq-iff: {a, b} = {c, d} ¢—>a=cAb=dVa=dANb=c
{proof)

lemma Un-singleton-iff: AU B={z} +— A={} AB={2}vVA={z} AB
=V A= = (o
proo

lemma singleton-Un-iff: {z} = AUB+— A={}AB={2}VvA={z} AB
=0V A=t B = o)
proo

8.3.12 Image of a set under a function

Frequently b does not have the syntactic form of f z.

definition image :: ('a = 'b) = 'a set = 'b set  (infixr ¢ 90)
where f ‘A = {y. 3z€A. y = [z}

lemma image-eql [simp, intro]: b=fz — 2 € A= bef‘A
(proof )

lemma imagel: 1 € A = fr e f A
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{proof)

lemma rev-image-eql: t € A —= b=fx = be fA
— This version’s more effective when we already have the required z.
(proof )

lemma imageFE [elim!]:
assumes b € (A\z. fz) ‘A — The eta-expansion gives variable-name preservation.
obtains z where b = frand z € A

(proof)

lemma Compr-image-eq: {z € f “A. Pax} =f‘{z € A. P (fz)}
{proof)

lemma image-Un: f*(AUB)=f‘AUf‘B
(proof)

lemma image-iff: z € f ‘A «— (Jz€A. z = fx)
(proof )

lemma image-subsetl: (A\z. 1 € A= fz € B)=— f‘ACB
— Replaces the three steps subsetl, imageE, hypsubst, but breaks too many existing
proofs.

{proof)

lemma image-subset-iff: f A C B «— (Va€A. fz € B)
— This rewrite rule would confuse users if made default.
(proof )

lemma subset-imagek:
assumes BC f ‘A
obtains C where C C Aand B=f°‘C

(proof)

lemma subset-image-iff: B C f ‘A +— (JAACA. B=f‘AA)
(proof )

lemma image-ident [simp]: (A\z. z) ‘Y =Y
{proof)

lemma image-empty [simp]: f *{} = {}
{proof)

lemma image-insert [simpl: f ¢ insert a B = insert (f a) (f  B)
{proof)

lemma image-constant: t € A = (\z. ¢) ‘A = {c}
(proof)
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lemma image-constant-conv: (A\z. ¢) ‘A = (if A = {} then {} else {c})
{proof)

lemma image-image: f ‘(g *4) = (Az. f (gz)) ‘A
(proof )

lemma insert-image [simp]: © € A = insert (fz) (f ‘A)=f‘A4
{proof)

lemma image-is-empty [iff]: f ‘A ={} +— A ={}
(proof)

lemma empty-is-image [iff|: {} =f ‘A +— A= {}
{proof)

lemma image-Collect: f ‘{z. Pz} = {fz | x. Pz}

— NOT suitable as a default simp rule: the RHS isn’t simpler than the LHS,
with its implicit quantifier and conjunction. Also image enjoys better equational
properties than does the RHS.

{proof)

lemma if-image-distrib [simpl:
(M. if Pz then frelsegz) ‘S=f(SNn{z. Pz})Ug ‘(SN {z. - Pz}
{proof )

lemma image-cong:
f*M=g‘NifM=NNANev.ze N= fz=gz
(proof)

lemma image-cong-simp [cong]:
fM=g‘NifM=N Az.z€ N =simp=>fez=gux
(proof )

lemma image-Int-subset: f (AN B) C f‘ANf‘B
(proof )

lemma image-diff-subset: f ‘A — f B C f‘(A — B)
(proof )

lemma Setcompr-eg-image: {fz |x. x € A} = f‘A
(proof )

lemma setcompr-eq-image: {f ¢ |z. Pz} = f *{x. Pz}
{proof)

lemma ball-imageD: Vzef ‘ A. Px = Vz€A. P (f )
(proof )

lemma bex-imageD: Fz€f ‘ A. Px = Jz€A. P (f x)
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{proof)

lemma image-add-0 [simp]: (+) (0::'a::comm-monoid-add) < S = S
{proof)

theorem Cantors-theorem: Af. f A = Pow A
(proof)

Range of a function — just an abbreviation for image!
abbreviation range :: (‘a = 'b) = b set — of function
where range f = f ¢ UNIV

lemma range-eql: b = fx = b € range f
(proof)

lemma rangel: fz € range f
(proof)

lemma rangeE [elim?]: b € range (A\z. fz) = (Az. b= fzr = P) = P

{proof)

lemma range-subsetD: range f C B — fi € B

{proof)

lemma full-SetCompr-eq: {u. Ix. u = fz} = range f
(proof)

lemma range-composition: range (Az. f (g x)) = f ‘ range g
(proof )

lemma range-constant [simp): range (A-. ) = {z}
{proof)

lemma range-eq-singletonD: range f = {a} = fz = a
{proof )

8.3.13 Some rules with if

Elimination of {z. ... Az =t A ... }.

lemma Collect-conv-if: {z. z = a N P z} = (if P a then {a} else {})
(proof)

lemma Collect-conv-if2: {z. a = x A Pz} = (if P a then {a} else {})
{proof)

Rewrite rules for boolean case-splitting: faster than if-split [split].
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lemma if-split-eql: (if Q thenz elsey) =b+— (@ — z =) AN (- Q — y =

b)
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{proof)

lemma if-split-eq2: a = (if Q then z else y) +— (@ — a=2) AN (- Q — a =
y)
(proof )

Split ifs on either side of the membership relation. Not for [simp] — can
cause goals to blow up!
lemma if-split-meml1: (if Q then zelsey) € b+— (@ — z€D) A (- Q — y
€ b)

(proof)

lemma if-split-mem?2: (a € (if Q then x else y)) +— (@ — a € z) A (- Q@ —
a€y)
(proof)

lemmas split-ifs = if-bool-eq-conj if-split-eql if-split-eq2 if-split-mem1 if-split-mem2

8.4 Further operations and lemmas
8.4.1 The “proper subset” relation

lemma psubset! [introl: ACB=— A#B=— ACB

(proof)

lemma psubsetE [elim!]]: ACB=—= (ACB=—-BCA=— R)=—R
{proof)

lemma psubset-insert-iff:

A C insert t B «— (if € Bthen A C Belse if v € A then A — {z} C B else
A C B)

{proof )

lemma psubset-eq: AC B+— AC BANA#B
(proof )

lemma psubset-imp-subset: A C B=— A C B
(proof)

lemma psubset-trans: A C B— BC C —= AcC C
(proof)

lemma psubsetD: A C B=—= c€ A= c€ B
(proof)

lemma psubset-subset-trans: A C B— BC C —= A cC C
(proof)

lemma subset-psubset-trans: AC B=— BC C = AC C
(proof )
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lemma psubset-imp-ex-mem: A C B=—= 3b. b€ B — A
(proof)

lemma atomize-ball: (Az. © € A = P x) = Trueprop (Vz€A. P 1)
{proof)

lemmas [symmetric, rulify] = atomize-ball
and [symmetric, defn] = atomize-ball

lemma image-Pow-mono: f * A C B = image [ * Pow A C Pow B
(proof )

lemma image-Pow-surj: f ¢ A = B = image f * Pow A = Pow B

(proof)

8.4.2 Derived rules involving subsets.

insert.
lemma subset-insertl: B C insert a B

{proof)

lemma subset-insertl2: A C B = A C insert b B
(proof )

lemma subset-insert: x ¢ A = A C insert  B<+— AC B

(proof)

Finite Union — the least upper bound of two sets.
lemma Un-upperl: A C AU B
(proof )

lemma Un-upper2: B C AU B
(proof )

lemma Un-least: AC C = BC C=— AUBCC
(proof)

Finite Intersection — the greatest lower bound of two sets.
lemma Int-lowerl: AN BC A
(proof )

lemma Int-lower2: AN B C B
(proof)

lemma Int-greatest: C C A= CCB=— CCANB
(proof)



THEORY “Set” 151

Set difference.
lemma Diff-subset[simp]: A — BC A
{proof )

lemma Diff-subset-conv: A — BC C+— AC BUC
(proof )

8.4.3 Equalities involving union, intersection, inclusion, etc.

{+-

lemma Collect-const [simp]: {s. P} = (if P then UNIV else {})
— supersedes Collect-Fualse-empty
(proof )

lemma subset-empty [simp]: A C {} +— A ={}
{proof)

lemma not-psubset-empty [iff]: = (4 < {})
(proof)

lemma Collect-subset [simp]: {z€A. P 2} C A (proof)

lemma Collect-empty-eq [simp]: Collect P = {} +— (Vz. = P x)
{proof)

lemma empty-Collect-eq [simp]: {} = Collect P <+— (V. - P z)
{proof)

lemma Collect-neg-eq: {z. =~ Pz} = — {z. Pz}
(proof)

lemma Collect-disj-eq: {x. Pz V Q z} = {z. Pz} U {z. Q =}
(proof)

lemma Collect-imp-eq: {x. Pz — Q z} = — {z. Pz} U {z. Q z}
{proof)

lemma Collect-conj-eq: {x. Pz A Q z} = {x. P2} N {z. Q z}
{proof)

lemma Collect-conj-eq2: {v € A. Pz AN Qz} ={z € A. Pz} Nn{z € A. Q z}
{proof )

lemma Collect-mono-iff: Collect P C Collect Q <— (Vz. Pz — Q )
(proof)

insert.

lemma insert-is-Un: insert a A = {a} U A
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— NOT SUITABLE FOR REWRITING since {a} = insert a {}
(proof)

lemma insert-not-empty [simp]: insert a A # {}
and empty-not-insert [simpl: {} # insert a A
{proof)

lemma insert-absorb: a € A = insert a A = A
— [simp] causes recursive calls when there are nested inserts
— with quadratic running time

(proof)

lemma insert-absorb2 [simp]: insert « (insert x A) = insert © A
{proof)

lemma insert-commute: insert x (insert y A) = insert y (insert x A)
(proof)

lemma insert-subset [simp): insert t A C B+—z € BANACB
(proof )

lemma mk-disjoint-insert: a« € A = 3B. A = insert a BN a ¢ B
— use new B rather than A — {a} to avoid infinite unfolding

{proof)

lemma insert-Collect: insert a (Collect P) = {u. v # a — P u}
{proof)

lemma insert-inter-insert [simpl: insert a A N insert a B = insert a (A N B)
{proof)

lemma insert-disjoint [simp):
inserta ANB={}+—a¢ BANANB={}
{}=inserta ANB+—a¢BAN{}=ANB

{proof)

lemma disjoint-insert [simp):
Bninserta A={}+—a¢ BANBNA={}
{}=Aninsertb B<—bg¢g AN{}=ANDB

{proof)

Int

lemma Int-absorb: AN A=A
(proof)

lemma Int-left-absorb: AN (AN B)=ANB
{proof)

lemma Int-commute: AN B=BNA
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{proof)

lemma Int-left-commute: AN (BN C)=BN (AN C)
{proof)

lemma Int-assoc: (AN B)N C=AnN (BN C)
(proof)

lemmas Int-ac = Int-assoc Int-left-absorb Int-commute Int-left-commute
— Intersection is an AC-operator

lemma Int-absorbl: BC A=— AN B=28
(proof)

lemma Int-absorb2: AC B=— ANB=A
(proof )

lemma Int-empty-left: {} N B = {}
(proof)

lemma Int-empty-right: AN {} = {}
{proof)

lemma disjoint-eq-subset-Compl: AN B={}+— AC - B
(proof )

lemma disjoint-iff: AN B ={} +— (Vz. z€A — z ¢ B)
(proof)

lemma disjoint-iff-not-equal: A N B = {} +— (Vz€A. VyEB. © # y)
(proof )

lemma Int-UNIV-left: UNIV N B = B
{proof)

lemma Int-UNIV-right: AN UNIV = A
(proof)

lemma Int-Un-distrib: AN (BUC)=(ANB)U (AN C)
(proof)

lemma Int-Un-distrib2: (BU C)N A= (BN A) U (CnN A
(proof)

lemma Int-UNIV: AN B = UNIV < A= UNIV A B = UNIV
{proof)

lemma Int-subset-iff: C C ANB+— CZCANCCRB
(proof )
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lemma Int-Collect: x € AN{z. Pz} +— 2z € ANPux
{proof)

Un.
lemma Un-absorb: AU A=A
(proof)

lemma Un-left-absorb: AU (AU B) =AU B
{proof)

lemma Un-commute: AU B=BUA
(proof)

lemma Un-left-commute: AU (BU C) =B U (AU C)
{proof)

lemma Un-assoc: (AU B)U C =AU (BU C)
{proof)

lemmas Un-ac = Un-assoc Un-left-absorb Un-commute Un-left-commute
— Union is an AC-operator

lemma Un-absorbl: AC B=— AU B=B
(proof)

lemma Un-absord2: BC A=— AU B=A
(proof)

lemma Un-empty-left: {} U B = B
{proof)

lemma Un-empty-right: AU {} = A
(proof )

lemma Un-UNIV-left: UNIV U B = UNIV
(proof)

lemma Un-UNIV-right: A U UNIV = UNIV
(proof )

lemma Un-insert-left [simp]: (insert a B) U C = insert a (B U C)
{proof)

lemma Un-insert-right [simp]: A U (insert a B) = insert a (A U B)
{proof)

lemma Int-insert-left: (insert a B) N C = (if a € C then insert a (BN C) else B
nae)
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{proof)

lemma Int-insert-left-if0 [simp]: a ¢ C = (insert a B)N C = BN C
{proof)

lemma Int-insert-left-if1 [simp]: a € C = (insert a B) N C = insert a (B N C)
(proof)

lemma Int-insert-right: A N (insert a B) = (if a € A then insert a (A N B) else
AN B)

(proof)

lemma Int-insert-right-if0 [simp]: a ¢ A = A N (insert a B) = AN B
{proof)

lemma Int-insert-right-ifl [simp]: « € A = A N (insert a B) = insert a (A N
B)
(proof)

lemma Un-Int-distrib: AU (BN C)=(AUB)N (AU C)
{proof)

lemma Un-Int-distrib2: (BN C)U A= (BU A) N (CUA)
{proof)

lemma Un-Int-crazy: (AN B)U (BN C)U(CNA)=(AUB)Nn(BUC)N (C
U A)

(proof )

lemma subset-Un-eq: A C B+— AU B =B
(proof)

lemma Un-empty [iff]: AUB={}+«— A={} AB={}
(proof )

lemma Un-subset-iff: AUBC C+— ACCABCC
(proof )

lemma Un-Diff-Int: (A — B)U (AN B)=A4
{proof)

lemma Diff-Int2: ANC - BN C=AnNnC-B
(proof)

lemma subset-UnkE:

assumes C C AU B

obtains A’ B’ where A’ C A B'C BC = A'U B’
(proof )
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lemma Un-Int-eq [simp]: (SUT)NS=SSUT)NT=TSNSUT)=S
TNSUT) =T

(proof)
lemma Int-Un-eq [simp]: (SN T)US=S(SNTH)UuT=TSUSNT)=S
TUSNT)=T

(proof)

Set complement

lemma Compl-disjoint [simp]: AN — A = {}

{proof )

lemma Compl-disjoint2 [simp]: — AN A = {}
(proof )

lemma Compl-partition: A U — A = UNIV
{proof)

lemma Compl-partition2: — A U A = UNIV
{proof )

lemma double-complement: — (—A) = A for A :: 'a set
(proof)

lemma Compl-Un: — (AU B) = (— A) N (- B)
{proof )

lemma Compl-Int: — (AN B) = (— A) U (— B)
(proof)

lemma subset-Compl-self-eq: A C — A +— A = {}
(proof )

lemma Un-Int-assoc-eq: (AN B)UC=AN(BUC)+— CCA
— Halmos, Naive Set Theory, page 16.
(proof)

lemma Compl-UNIV-eq: — UNIV = {}
{proof)

lemma Compl-empty-eq: — {} = UNIV
{proof )

lemma Compl-subset-Compl-iff [iff]; — AC — B+— BC A
(proof )

lemma Compl-eq-Compl-iff [iff]: — A= — B+— A=1HB
for A B :: 'a set
(proof)
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lemma Compl-insert: — insert t A = (— A) — {z}
{proof)

Bounded quantifiers.
The following are not added to the default simpset because (a) they duplicate
the body and (b) there are no similar rules for Int.

lemma ball-Un: Vo € AU B. Px) +— (Vz€A. Pxz) A (Vz€B. P x)
(proof)

lemma bex-Un: (3z € AU B. Px) «— (Jz€A. Pz)V (3z€B. Px)
{proof)

Set difference.

lemma Diff-eq: A — B= AN (— B)
{proof)

lemma Diff-eq-empty-iff: A — B={} +— ACB
(proof)

lemma Diff-cancel [simp]: A — A = {}
{proof)

lemma Diff-idemp [simp]: (A — B) — B=A — B
for A B :: 'a set
{proof )

lemma Diff-triv: AN B={} = A—-B=A4
{proof)

lemma empty-Diff [simp]: {} — A = {}
{proof)

lemma Diff-empty [simp]: A — {} = A
{proof)

lemma Diff-UNIV [simp]: A — UNIV = {}
{proof)

lemma Diff-insert0 [simp]: x ¢ A= A — insertt B=A — B
{proof)

lemma Diff-insert: A — insert a B= A — B — {a}
— NOT SUITABLE FOR REWRITING since {a} = insert a 0
{proof)

lemma Diff-insert2: A — insert a B= A — {a} — B
— NOT SUITABLE FOR REWRITING since {a} = insert a 0
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{proof)
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lemma insert-Diff-if: insert t A — B = (if ¢ € B then A — B else insert ¢ (A —

B))

(proof)

lemma insert-Diff1 [simp]: v € B = insertt A — B=A - B
{proof)

lemma insert-Diff-single[simp]: insert a (A — {a}) = insert a A
(proof)

lemma insert-Diff: a € A = insert a (A — {a}) = A
{proof)

lemma Diff-insert-absorb: © ¢ A = (insert z A) — {z} = A
(proof)

lemma Diff-disjoint [simp]: AN (B — A) = {}
{proof)

lemma Diff-partition: AC B=— AU (B — A) =B
{proof)

lemma double-diff: ACB=—BC (C=B—-(C—-A) =4
(proof)

lemma Un-Diff-cancel [simp]: AU (B — A) = AU B
{proof)

lemma Un-Diff-cancel?2 [simp]: (B — A)UA=BUA
{proof)

lemma Diff-Un: A — (BUC)=(4A—-B)n((4A-0C)
(proof)

lemma Diff-Int: A — (BN C)=(A—- B)U (4 - C)
(proof)

lemma Diff-Diff-Int: A — (A — B)=ANDB
{proof)

lemma Un-Diff: (AUB) — C=(A—-C)U (B - ()
(proof)

lemma Int-Diff: (AN B) — C=AN (B - C)
(proof)

lemma Diff-Int-distrib: C N (A — B) = (C N A) — (C N B)
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{proof)

lemma Diff-Int-distrib2: (A — B)Nn C = (AN C) - (BN C)
{proof)

lemma Diff-Compl [simp]: A — (— B) = AN B
{proof)

lemma Compl-Diff-eq [simp]: — (A — B) = — AU B
(proof )

lemma subset-Compl-singleton [simp]: A C — {b} «+— b ¢ A
{proof)

Quantification over type bool.
lemma bool-induct: P True — P Fualse — P x
(proof)

lemma ali-bool-eq: (Vb. P b) «<— P True A P False
{proof)

lemma bool-contrapos: P x = — P False = P True
(proof)

lemma ex-bool-eq: (3b. P b) «— P True V P Fulse
{proof)

lemma UNIV-bool: UNIV = {Fualse, True}
{proof)

Pow
lemma Pow-empty [simp]: Pow {} = {{}}
(proof)

lemma Pow-singleton-iff [simp]: Pow X = {Y} +— X ={} A Y ={}
(proof)

lemma Pow-insert: Pow (insert a A) = Pow A U (insert a * Pow A)
{proof)

lemma Pow-Compl: Pow (— A) = {— B | B. A € Pow B}
{proof)

lemma Pow-UNIV [simp]: Pow UNIV = UNIV
{proof)

lemma Un-Pow-subset: Pow A U Pow B C Pow (A U B)
(proof)
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lemma Pow-Int-eq [simp]: Pow (A N B) = Pow A N Pow B
{proof)

Miscellany.

lemma Int-Diff-disjoint: AN BN (A — B) ={}
{proof)

lemma Int-Diff-Un: AN BU(A—-B)=A
{proof)

lemma set-eq-subset: A= B+— AC BABCA
(proof )

lemma subset-iff: A C B+— (Vt.t € A — t € B)
(proof )

lemma subset-iff-psubset-e¢: A C B+— AC BV A=1B
(proof)

lemma all-not-in-conv [simp]: Vz. z ¢ A) +— A = {}
{proof)

lemma ex-in-conv: (Jz. z € A) +— A # {}

{proof)

lemma ball-simps [simp, no-atp):
NAPQ. Vz€A. Pax Vv Q) +— ((Vz€A. Pz) V Q)
NAPQ. Vz€A. PV Q) «— (PV (VzeA. Q1))
NAPQ. Vz€A. P — Q1) +— (P — (Vz€A. Qx))
NAP Q. Ve€A. Pz — Q) «— ((F2z€A. Pz) — Q)
NP. Vze{}. P x) «— True
AP. (Vz€UNIV. P z) <— (Vz. P x)
Na B P. (Vaz€insert a B. P z) +— (P a A (Vz€B. P x))
AP Q. (VzeCollect Q. P z) «— (Vz. Qz — P x)
NA P f. (Vzef‘A. Pz) «— (Vz€A. P (fz))
NA P. (- (Vz€A. Pz)) +— (3z€A. = Px)
(proof)

lemma bex-simps [simp, no-atp]:
NA P Q. (FzecA. Px A Q) +— ((Fz€A. Px) A Q)
NA P Q. (3z€A. PN Qu) <— (P A (Fz€A. Qux))
AP. (3z€{}. P z) «— False
AP. (32€UNIV. P z) +— (3z. P x)
Na B P. (3zcinsert a B. P z) +— (P a V (3z€B. P x))
AP Q. (3zeCollect Q. P z) «— (Jz. Qz A P x)
NA P f. (Jzef‘A. Pz)«— (Fz€A. P (fz))
NA P. (=(3z€A. Pz)) «— (Vz€A. = P x)
(proof)
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lemma ex-image-cong-iff [simp, no-atp):
(Fz. zef'A) «— A#{} 3. z€f'ANPz)+— (Jz€A. P (fz))
(proof )

8.4.4 Monotonicity of various operations
lemma image-mono: AC B=—= f‘ACf‘B

(proof)

lemma Pow-mono: A C B = Pow A C Pow B
(proof )

lemma insert-mono: C C D = insert a C C insert a D
(proof)

lemma Un-mono: AC C —= BCD=— AUBC CUD
(proof)

lemma Int-mono: AC C = BCD=—ANBCCND
(proof)

lemma Diff-mono: AC C = DCB=—A—-BCC-D
(proof)

lemma Compl-anti-mono: A C B— — BC — A

{proof)

Monotonicity of implications.
lemma in-mono: AC B— 1€ A—x€B
(proof)

lemma conj-mono: P1 — Q1 = P2 — Q2 = (P1 AN P2) — (QI AN Q2)
(proof)

lemma disj-mono: P1 — Q1 — P2 — Q2 — (P1 vV P2) — (Q1 V Q2)
(proof)

lemma imp-mono: Q1 — Pl = P2 — Q2 — (P1 — P2) — (Q1 —
Q2)
(proof)

lemma imp-refl: P — P (proof)

lemma not-mono: Q — P — - P — = @
(proof)

lemma ex-mono: (Az. Pz — Q2) = (Jz. Pz) — (Fz. Q z)
(proof )
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lemma all-mono: (Az. Pz — Q z) = (Vz. Pz) — (V2. Q )
{proof)

lemma Collect-mono: (Az. P x — Q ) = Collect P C Collect Q
(proof)

lemma Int-Collect-mono: A C B = (A\z. 1 € A= Pz — Qz) = AN
Collect P C B N Collect Q

(proof)

lemmas basic-monos =
subset-refl imp-refl disj-mono conj-mono ex-mono Collect-mono in-mono

lemma eg-to-mono: a =b—c=d =0 —d=— a— ¢
(proof )

8.4.5 Inverse image of a function

definition vimage :: (‘a = 'b) = b set = 'a set (infixr <—% 90)
where f — B = {z. fz € B}

lemma vimage-eq [simp]: a € f —* B «— fa € B
(proof )

lemma vimage-singleton-eq: a € f —*{b} «— fa =10

{proof)

lemma vimagel [intro]: fa=b=—= b€ B=—= a€f—‘B
(proof)

lemma vimagel2: fa € A= acf—‘A
{proof )

lemma vimageE [elim!]: a € f —*B = (A\z. fa=2 = 21€ B= P) = P
{proof)

lemma vimageD: a € f — A = fa € A

{proof)

lemma vimage-empty [simpl: f —{} = {}
(proof )

lemma vimage-Compl: f —(— A) = — (f —“ A)
{proof)

lemma vimage-Un [simp]: f — (AU B) = (f —*A) U (f —° B)
(proof )
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lemma vimage-Int [simp]: f — (AN B)=(f —“A) N (f —*B)
(proof )

lemma vimage-Collect-eq [simp]: f —¢ Collect P = {y. P (fy)}
(proof )

lemma vimage-Collect: (Nz. P (fz) = Q ) = f —* (Collect P) = Collect Q
{proof)

lemma vimage-insert: f —* (insert a B) = (f —‘{a}) U (f = B)
— NOT suitable for rewriting because of the recurrence of {a}.
{proof)

lemma vimage-Diff: f —*(A — B) = (f —“A) — (f = B)
(proof )

lemma vimage-UNIV [simp]: f —¢ UNIV = UNIV
{proof)

lemma vimage-mono: AC B=— f—-—‘ACf—‘B
— monotonicity
(proof)

lemma vimage-image-eq: f —‘(f ‘' A) = {y. Jz€A. fz = fy}
(proof )

lemma image-vimage-subset: f  (f —<A) C A
(proof )

lemma image-vimage-eq [simp: f* (f —¢A) = A N range f

(proof)

lemma image-subset-iff-subset-vimage: f ‘A C B«+— ACf—‘B
{proof )

lemma subset-vimage-iff: A C f —° B «— (Va€A. fz € B)

(proof)

lemma vimage-const [simp]: (Az. ¢) —“ A) = (if ¢ € A then UNIV else {})
{proof)

lemma vimage-if [simp]: ((Az. if x € B then c else d) —‘ A) =
(if c € A then (if d € A then UNIV else B)
else if d € A then — B else {})

{proof)

lemma vimage-inter-cong: (A w. w € S = fuw=gw) = f —‘yNS=g-—*
ynS
(proof )
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lemma vimage-ident [simp]: (A\z. z) =Y =Y
{proof)

8.4.6 Singleton sets

definition is-singleton :: 'a set = bool
where is-singleton A «+— (Fz. A = {z})

lemma is-singletonl [simp, introl]: is-singleton {z}

{proof)

lemma is-singleton]” A # {} = (\vy. 2 € A = y€ A = z =y =
is-singleton A
(proof)

lemma is-singletonE: is-singleton A = (Az. A = {a} = P) = P
{proof)

lemma is-singleton-iff-ex1:
<is-singleton A +— (3lz. z € A)
(proof)

8.4.7 Getting the contents of a singleton set

definition the-elem :: 'a set = 'a
where the-clem X = (THE z. X = {x})

lemma the-elem-eq [simpl: the-elem {z} = z

(proof)

lemma is-singleton-the-elem: is-singleton A <— A = {the-elem A}
{proof)

lemma the-elem-image-unique:
assumes A # {}
and x: A\y. y€e A= fy=a
shows the-elem (f ‘' A) = a
(proof)

8.4.8 Monad operation

definition bind :: ‘a set = (‘a = b set) = 'b set
where bind A f = {z. 3B € f‘A. © € B}

hide-const (open) bind

lemma bind-bind: Set.bind (Set.bind A B) C = Set.bind A (Az. Set.bind (B z)
)

for A :: 'a set
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{proof)

lemma empty-bind [simp]: Set.bind {} f = {}
{proof)

lemma nonempty-bind-const: A # {} = Set.bind A (\-. B) = B
{proof)

lemma bind-const: Set.bind A (A-. B) = (if A = {} then {} else B)
{proof)

lemma bind-singleton-conv-image: Set.bind A (\z. {fz})=f A
{proof)

8.4.9 Operations for execution

Use those operations only for generating executable / efficient code. Other-
wise use the RHSs directly.

context
begin

qualified definition is-empty :: ‘a set = bool — only for code generation
where is-empty-iff [code-abbrev, simp]: is-empty A +— A = {}

qualified definition remove :: ‘a = ’a set = 'a set — only for code generation
where remove-eq [code-abbrev, simp|: remove v A = A — {z}

qualified definition filter :: (‘a = bool) = 'a set = 'a set — only for code
generation
where filter-eq [code-abbrev, simp]: filter P A = {a € A. P a}

qualified definition can-select :: (‘a = bool) = 'a set = bool — only for code
generation
where can-select-iff [code-abbrev, simp]: can-select P A = (3lz€A. P x)

qualified lemma can-select-iff-is-singleton:
«Set.can-select P A <— is-singleton (Set.filter P A)»

{proof)

end

instantiation set :: (equal) equal
begin

definition HOL.equal A B+— AC BANBC A

instance
(proof )
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end

Misc

definition pairwise :: ('a = 'a = bool) = 'a set = bool
where pairwise R S «— (Vz € S.Vye S.z#y— Rzy)

lemma pairwise-alt: pairwise R S «— (Vz€S. VyeS—{z}. R z y)

(proof)

lemma pairwise-trivial [simpl: pairwise (Aij. j # i) I
(proof )

lemma pairwisel [intro?):
pairwise R Sif N\ey.z € S=—=yeS=zx#y=— Ruzy
{proof )

lemma pairwiseD:
Rzyand Ryz
if pairwise R Sz € Sand y € S and z # y
(proof)

lemma pairwise-empty [simp|: pairwise P {}
(proof )

lemma pairwise-singleton [simp|: pairwise P {A}
{proof)

lemma pairwise-insert:
pairwise r (insert x 8) «— (Vy. y € sANy £z — rxy A ryz) A pairwise v s
(proof )

lemma pairwise-subset: pairwise P S = T C S = pairwise P T
(proof )

lemma pairwise-mono: [pairwise P A; Nz y. Pz y = Q zy; B C A] = pairwise
QB
(proof)

lemma pairwise-imagel:
pairwise P (f < A)
fAzyred=yecAd=a#ty= fao#fy= P (fz)(fy)
(proof)

lemma pairwise-image: pairwise r (f ¢ s) «+— pairwise Az y. (fx # fy) — r (f
z) (fy) s
(proof )

definition disjnt :: 'a set = 'a set = bool
where disjint A B+— AN B={}
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lemma disjnt-self-iff-empty [simp]: disjnt S S +— S = {}
(proof )

lemma disjnt-commute: disjnt A B = disjnt B A
(proof)

lemma disjnt-iff: disjint A B +— (Vz. - (x € A ANz € B))
{proof)

lemma disjnt-sym: disjnt A B = disjnt B A
{proof )

lemma disjnt-emptyl [simp: disjnt {} A and disjnt-empty2 [simpl: disjnt A {}
(proof )

lemma disjnt-insert! [simp]: disjnt (insert a X) YV <— a ¢ Y A disint X YV
{proof)

lemma disjnt-insert2 [simpl: disjnt Y (insert a X) +— a ¢ Y A disjnt Y X
{proof)

lemma disjnt-subset! : [disint X YV; Z C X]| = disjnt Z'Y
(proof )

lemma disjnt-subset2 : [disint X Y; Z C Y] = disjnt X Z
(proof )

lemma disjnt-Unl [simp]: disjnt (A U B) C <— disjnt A C A disjnt B C
{proof)

lemma disjnt-Un2 [simp]: disjnt C (A U B) <+— disjnt C A A disjnt C B
(proof)

lemma disjnt-Diff1: disint (X—Y) (U—V) and disjnt-Diff2: disjnt (U-V) (X-Y)
ifXCV
(proof)

lemma disjoint-image-subset: [pairwise disjint A; NX. X e A= fX C X] =
pairwise disjnt (f ‘A)
(proof)

lemma pairwise-disjnt-iff: pairwise disjint A «— (Vz. 3<1 X. X € ANz € X)
(proof )

lemma disjnt-insert:
<disjnt (insert x M) N» if <z ¢ N» «disjnt M N)»

(proof)
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lemma Int-emptyl: (Nz. v € A = z € B = Fulse) = AN B = {}
{proof)

lemma in-image-insert-iff:

assumes AC. C € B=z ¢ C

shows A € insertx ‘B<+—x € ANA - {z} € B (is 2P +— ?Q)
(proof )

hide-const (open) member not-member

lemmas equalityl = subset-antisym
lemmas set-mp = subsetD
lemmas set-rev-mp = rev-subsetD

end

9 HOL type definitions

theory Typedef
imports Set
keywords
typedef :: thy-goal-defn and
morphisms :: quasi-command
begin

locale type-definition =
fixes Rep and Abs and A
assumes Rep: Rep z € A
and Rep-inverse: Abs (Rep z) = x
and Abs-inverse: y € A => Rep (Abs y) =y
— This will be axiomatized for each typedef!
begin

lemma Rep-inject: Rep x = Rep y +— x =y
(proof)

lemma Abs-inject:
assumes z € Aand y € A
shows Abs z = Abs y «— z =y

(proof)

lemma Rep-cases [cases set]:
assumes y € A
and hyp: Az. y = Repx =— P
shows P
(proof)

lemma Abs-cases [cases type]:
assumes 7 A\y. 2 = Absy—=y€ A— P
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shows P
(proof)

lemma Rep-induct [induct set]:
assumes y: y € A
and hyp: Az. P (Rep x)
shows P y
(proof)

lemma Abs-induct [induct type]:
assumes 7: A\y. y € A = P (Abs y)
shows P z

(proof)

lemma Rep-range: range Rep = A

(proof)

lemma Abs-image: Abs ‘ A = UNIV
(proof)

end

(ML)

10 Notions about functions

theory Fun

imports Set

keywords functor :: thy-goal-defn
begin

lemma apply-inverse: fr = u—=— (\z. Px = ¢ (fz) =2) = Pz =z =y
u

(proof)

Uniqueness, so NOT the axiom of choice.
lemma unig-choice: Vz. Ily. Q xy = 3f. Vz. Q z (f z)
(proof )

lemma b-unig-choice: Vz€S. ly. Qzy = If. VaeS. Q z (fz)
(proof )
10.1 The Identity Function id

definition id :: ‘a = 'a
where id = (\z. 1)
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lemma id-apply [simp]: id z = z
(proof )

lemma image-id [simp]: image id = id
(proof )

lemma vimage-id [simp]: vimage id = id
(proof )

lemma eg-id-iff: (V. fo =z) «— f=1id
(proof )

code-printing
constant id — (Haskell) id
10.2 The Composition Operator f o ¢
definition comp :: ('b = '¢) = (‘a = 'b) = ‘a = ‘¢ (infixl (o) 55)

where f o g = (Az. f (g9 ©))

notation (ASCII)
comp (infixl <o» 55)

lemma comp-apply [simpl: (f o g) x = f (g )
(proof )

lemma comp-assoc: (f o g) o h=f o (go h)
{proof)

lemma id-comp [simp]: id o g = ¢
(proof)

lemma comp-id [simp]: f o id = f

(proof)

lemma comp-eg-dest: a o b=cod = a (bv) =c (dv)
{proof)

lemma comp-eg-elim: a o b=cod = ((Av. a (bv) =c(dv))=— R) = R
{proof)

lemma comp-eq-dest-lhs: a o b= ¢c = a (bv) = cv
{proof)

lemma comp-eq-id-dest: a o b =id o ¢c = a (bv) = cv
{proof)

lemma image-comp: f ‘(g ‘r) = (fog) ‘r
(proof)
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lemma vimage-comp: f —‘(g —‘z) = (go f) —‘z
{proof )

lemma image-eq-imp-comp: f ‘A =g ‘B= (hof) “A=(hog) ‘B
(proof )

lemma image-bind: f ¢ (Set.bind A g) = Set.bind A (() f o g)
{proof)

lemma bind-image: Set.bind (f ¢ A) g = Set.bind A (g o f)
(proof )

lemma (in group-add) minus-comp-minus [simp]: uminus o uminus = id

(proof)

lemma (in boolean-algebra) minus-comp-minus [simpl: uminus o uminus = id
{proof)

code-printing
constant comp — (SML) infixl 5 o and (Haskell) infixr 9 .

10.3 The Forward Composition Operator fcomp

definition fecomp :: ('a = b)) = ('b = '¢) = ’‘a = 'c¢ (infixl o> 60)
where f o> g = (Az. g (f 1))

lemma fcomp-apply [simp]: (f o> g) z = g (fz)
(proof )

lemma fcomp-assoc: (f o> g) o> h = f o> (g o> h)
{proof)

lemma id-fcomp [simp]: id o> g =g
(proof)

lemma fcomp-id [simp]: f o> id = f
(proof)

lemma fcomp-comp: fcomp fg = comp g f
(proof)

code-printing
constant fcomp — (Fval) infixl 1 #>

no-notation fecomp (infixl (o> 60)

10.4 Mapping functions

definition map-fun :: ('c = 'a) = (b= 'd) = (la= b)) = 'c="d
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where map-fun fgh =go ho f

lemma map-fun-apply [simp]: map-fun f g h x = g (h (f z))
(proof)

10.5 Injectivity and Bijectivity
definition inj-on :: (Ya = 'b) = ’a set = bool — injective

where inj-on f A «— (Vz€A. VyeA. fe=fy — z=y)

definition bij-betw :: (‘a = 'b) = 'a set = 'b set = bool — bijective
where bij-betw f A B +— inj-on fANf‘A=B

A common special case: functions injective, surjective or bijective over the
entire domain type.
abbreviation inj :: (‘a = 'b) = bool

where inj f = inj-on f UNIV

abbreviation surj :: (‘a = 'b) = bool
where surj f = range f = UNIV

translations — The negated case:
- CONST surj f — CONST range f # CONST UNIV

abbreviation bij :: (‘a = 'b) = bool
where bij f = bij-betw f UNIV UNIV

lemma inj-def: inj f «— Vzy. fz=fy— z=1y)

(proof)

lemma injl: (Nzy. fr=fy=—=z=9y) = injf
(proof )

theorem range-exl-eq: inj f = b € range f +— (lz. b = fz)
(proof )

lemma injD: inj f —= fo =fy=— 2=y
(proof)

lemma inj-on-eq-iff: injfon fA=—=rec A= yc A= for=fy+—ax=y
(proof)

lemma inj-on-cong: (Na. a € A = fa = g a) = inj-on f A +— inj-on g A
(proof )

lemma image-strict-mono: inj-on fB— AC B = f‘AC f‘B

{proof)

lemma inj-compose: inj f = inj g = inj (f o g)
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{proof)

lemma inj-fun: inj f = inj (A\z y. f )
(proof )

lemma inj-eq: injf = fer=fy+— =y
(proof)

lemma inj-on-iff-Uniq: inj-on f A +— (Vz€A. I3<1y. yeA A fz = fy)
(proof )

lemma inj-on-id[simp]: inj-on id A
(proof )

lemma inj-on-id2[simp|: inj-on (Az. x) A
{proof)

lemma inj-on-Int: inj-on f A V inj-on f B = inj-on f (A N B)
(proof )

lemma surj-id: surj id
(proof)

lemma bij-id[simp]: bij id
(proof)

lemma bij-uminus: bij (uminus :: 'a = ’a::group-add)
(proof)

lemma bij-betwkE: bij-betw f A B — VacA. fa € B
(proof )

lemma inj-onl [intro?]: ANz y. 1€ A —=ye A= foz=fy— z=y) —
inj-on f A
(proof)

For those frequent proofs by contradiction

lemma inj-onCl: (A\zy. 2 € A = ye A= foz=fy= z # y = False)
= inj-on f A
(proof )

lemma inj-on-inversel: (Nz. v € A = ¢ (fz) = ) = inj-on f A
{proof)

lemma inj-onD: inj-on fA —= fr=fy—=r € A= yc A= z=y

{proof)

lemma inj-on-subset:
[ inj-on f A; BC A] = inj-onfB
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(proof)

lemma comp-inj-on: inj-on f A = inj-on g (f * A) = inj-on (go f) A
(proof )

lemma inj-on-imagel: inj-on (g o f) A = inj-on g (f * A)
(proof )

lemma inj-on-image-iff:

VeeA. VyeA. g (fz) =9 (fy) +— gaz =gy = injon f A = inj-on g (f ¢
A) «— inj-on g A

(proof )

lemma inj-on-contraD: inj-on fA —= r#y—2€c A= yc A= fa#fy
(proof )

lemma inj-singleton [simp]: inj-on (Az. {z}) A

(proof )
lemma inj-on-emptyliff]: inj-on f {}

(proof)
lemma inj-on-Un: inj-on f (A U B) «— inj-on f A A inj-on f BA f*‘(A — B) N
frB=4)={}

(proof)

lemma inj-on-insert [iff]: inj-on f (insert a A) «— inj-on fANfa ¢ f* (4 —
{a})
(proof )

lemma inj-on-diff: inj-on f A = inj-on f (A — B)
(proof )

lemma comp-inj-on-iff: inj-on f A = inj-on f’ (f * A) +— inj-on (f' o f) A
(proof )

lemma inj-on-imagel2: inj-on (f' o f) A = inj-on f A
(proof )

lemma inj-img-insertE:
assumes inj-on f A
assumes z ¢ B
and insertx B=f ‘A
obtains z’ A’ where ' ¢ A’ and A = insert ' A’and ¢ = fz'and B=f°
A/
(proof)

lemma linorder-inj-onlI:
fixes A :: 'a::order set
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assumes ne: Az y. [z < y; 2€A; yeA] = fz # fy and lin: Az y. [z€A; yeA]
= 1<y V y<z
shows inj-on f A

(proof)

lemma linorder-inj-onl”:
fixes A :: ‘a :: linorder set
assumes \ij i€ A —=jec A= i<j= fi#[j
shows inj-on f A
(proof )

lemma linorder-injl:
assumes Az y:'a:linorder. 1 < y = fx # fy
shows inj f
— Courtesy of Stephan Merz

(proof)

lemma inj-on-image-Pow: inj-on f A =>inj-on (image f) (Pow A)
(proof )

lemma inj-on-vimage-image: inj-on (Ab. f —*{b}) (f < A)
(proof)

lemma bij-betw-image-Pow: bij-betw f A B = bij-betw (image f) (Pow A) (Pow
B)
(proof )

lemma surj-def: surj f +— (Vy. Jz. y = fx)
(proof )

lemma surjl:
assumes Az. g (fz) =z
shows surj g

{proof)

lemma surjD: surj f = dx. y = fx
(proof )

lemma surjE: surj f = (N\z.y=fz = C) = C
(proof )

lemma comp-surj: surj f = surj g = surj (g o f)
(proof )

lemma bij-betw-imagel: inj-on fA = f ‘A = B = bij-betw f A B
(proof )

lemma bij-betw-imp-surj-on: bij-betw fA B— f ‘A =B
(proof )
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lemma bij-betw-imp-surj: bij-betw f A UNIV = surj f
(proof)

lemma bij-betw-emptyl: bij-betw f {} A = A = {}
{proof)

lemma bij-betw-empty2: bij-betw f A {} = A = {}
(proof)

lemma inj-on-imp-bij-betw: inj-on f A = bij-betw f A (f * A)
(proof )

lemma bij-betw-DiffI:
assumes bij-betw f A B bij-betw f C D C C ADCB
shows bij-betw f (A — C) (B — D)
(proof)

lemma bij-betw-singleton-iff [simp]: bij-betw f {z} {y} +— fx =y
(proof)

lemma bij-betw-singletonl [intro]: fx = y = bij-betw f {z} {y}
(proof )

lemma bij-betw-imp-empty-iff: bij-betw f A B = A ={} +— B ={}
(proof )

lemma bij-betw-imp-Ez-iff: bij-betw f {z. Pz} {z. Q 2} = (Jz. Pz) +— (Jz.
Q z)
{proof)

lemma bij-betw-imp-Bex-iff: bij-betw f {x€A. Pz} {z€B. Q 2} = (Jz€A. Px)
+— (Jz€B. Q )
{proof)

lemma bij-betw-apply: [bij-betw f A B; a € A] = fa € B
(proof )

lemma bij-def: bij f <— inj f A surj f
(proof)

lemma bijl: inj f = surj f = bij f
(proof)

lemma bij-is-inj: bij f = inj f
(proof )

lemma bij-is-surj: bij f = surj f

{proof)
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lemma bij-betw-imp-inj-on: bij-betw f A B = inj-on f A
(proof)

lemma bij-betw-trans: bij-betw f A B = bij-betw g B C = bij-betw (g o f) A C
{proof)

lemma bij-comp: bij f = bij g = bij (g o f)
(proof )

lemma bij-betw-comp-iff: bij-betw f A A’ => bij-betw f' A" A" +— bij-betw (f’ o
/) A
(proof )

lemma bij-betw-Collect:
assumes bij-betw fA B \e. 2 € A = Q (fz) «— Pz
shows  bij-betw f {z€A. P z} {yeB. Q y}

{proof)

lemma bij-betw-comp-iff2:
assumes bij: bij-betw f' A" A"
and img: f ‘A < A’
shows bij-betw f A A’ +— bij-betw (f' o f) A A” (is ?L «— ?R)
(proof)

lemma bij-betw-inv:
assumes bij-betw f A B
shows 3 g. bij-betw g B A

(proof)

lemma bij-betw-cong: (Na. a € A = fa =g a) = bij-betw f A A’ = bij-betw ¢
A A
(proof )

lemma bij-betw-id|intro, simpl: bij-betw id A A
(proof)

lemma bij-betw-id-iff : bij-betw id A B +— A =B
(proof )

lemma bij-betw-combine:

bij-betw f A B = bij-betw f C D = BN D = {} = bij-betw f (AU C) (BU
D)

(proof)

lemma bij-betw-subset: bij-betw f A A’ = B C A = ‘B = B’ = bij-betw f
B B’
(proof )
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lemma bij-betw-ball: bij-betw f A B = (Vb € B. phi b) = (Va € A. phi (f a))
{proof)

lemma bij-pointE:

assumes bij f

obtains r where y = frzand Az’ y = fz' = z' =2
(proof)

lemma bij-iff:
bij f +— (Vao. Iy fy=2x) (is <P +— 2Q»)
(proof)

lemma bij-betw-partition:
<bij-betw f A B>
if <bij-betw f (A U C) (B U D)y <bij-betw f C Dy <AN C={h«BnNnD={h

(proof)

lemma surj-image-vimage-eq: surj f = f‘(f —“A) = A
(proof )

lemma surj-vimage-empty:
assumes surj f
shows [ —A={} +— A={}
(proof)

lemma inj-vimage-image-eq: inj f = f —“(f *A) = A
(proof )

lemma vimage-subsetD: surjf — f —‘BC A= BC f‘A
(proof )

lemma vimage-subsetl: injf = BC f‘ A= f—-‘BCA

{proof)

lemma vimage-subset-eq: bij f = f —BC A+—> BCf‘A
(proof )

lemma inj-on-image-eq-iff: inj-on fC — A C C = BC (C = f‘A=f‘B
«~— A=10B
(proof )

lemma inj-on-Un-image-eq-iff: injron f (AUB) = f‘A=f‘B+— A=DB
(proof )
lemma inj-on-image-Int: inj-on fC — A C C = BC (C = f‘(ANB)=f
“ANf‘B
(proof )

lemma inj-on-image-set-diff: inj-on fC = A — BC C = BC C = f ‘(4
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—~B)=f‘A—f‘B
(proof)

lemma image-Int: injf = f (ANB)=f‘ANf‘B
(proof )
lemma image-set-diff: inj f = f ‘(A - B) =f‘A—-f‘B
(proof )

lemma inj-on-image-mem-iff: inj-on fB=—a € B=— ACB= faef‘A
+—ac A
(proof)

lemma inj-image-mem-iff: injf = fa € f‘A+— ac A
(proof )

lemma inj-image-subset-iff: inj f = f*ACf‘B+— ACB
{proof )

lemma inj-image-eq-iff: injf —= f‘A=f‘ B<+—> A=1B
(proof)

lemma surj-Compl-image-subset: surj f = — (f * A) C f ‘(= A)
(proof )

lemma inj-image-Compl-subset: inj f = f ‘(= A) C — (f * 4)
(proof )

lemma bij-image-Compl-eq: bij f = f (= A) = — (f * 4)
(proof )

singleton.

lemma inj-vimage-singleton: inj f = f —‘{a} C {THE z. fz = a}
— The inverse image of a singleton under an injective function is included in a
{proof )

lemma inj-on-vimage-singleton: inj-on fA = f —‘{a} N A C{THE z. z € A
Afz=a}
(proof )

lemma bij-betw-by Witness:
assumes left: Va € A. f' (fa) = a

and right: Va' € A" f (f'a’) = a’
and f ‘A C A’

and img2: f' ‘A’ C A

shows bij-betw f A A’
(proof )

corollary notIn-Un-bij-betw:
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assumes b ¢ A
and fb ¢ A’
and bij-betw f A A’
shows bij-betw f (A U {b}) (A" U {f b})
(proof)

lemma notln-Un-bij-betw3:
assumes b ¢ A
and fb ¢ A’
shows bij-betw f A A’ = bij-betw f (A U {b}) (A" U {f b})
(proof)

lemma inj-on-disjoint-Un:
assumes inj-on f A and inj-on g B
and f ‘ANg‘B={}
shows inj-on (Az. if x € A then fx else g ) (A U B)
(proof)

lemma bij-betw-disjoint- Un:
assumes bij-betw f A C and bij-betw g B D
and AN B = {}
and C N D={}
shows bij-betw (Az. if x € A then fxz else g z) (AU B) (C U D)

{proof)

lemma involuntory-imp-bij:
b frif N\z. f (fz) =2
(proof)

10.5.1 1Inj/surj/bij of Algebraic Operations
context cancel-semigroup-add

begin

lemma inj-on-add [simp]:
inj-on ((+) a) A
(proof )

lemma inj-on-add’ [simp]:
inj-on (Ab. b+ a) A
(proof)
lemma bij-betw-add [simp]:
bij-betw ((+) a) A B<+— (+)a ‘A =B
(proof)

end

context group-add
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begin

lemma diff-left-imp-eq: a — b=a — ¢c = b= ¢

(proof)

lemma inj-uminus[simp, intro|: inj-on uminus A
(proof)

lemma surj-uminus[simp|: surj uminus

{(proof)

lemma surj-plus [simp]:
surj ((+) a)
(proof)

lemma surj-plus-right [simp]:
surj (Ab. b+a)
(proof)

lemma inj-on-diff-left [simp):
<ing-on ((=) a) A>
(proof)

lemma inj-on-diff-right [simpl:
<ing-on (Ab. b — a) A»

(proof)

lemma surj-diff [simp]:
surj ((—) a)

(proof)

lemma surj-diff-right [simp:
surj (A\z. z — a)
(proof)

lemma shows bij-plus: bij ((+) a) and bij-plus-right: bij (Az. = + a)
and bij-uminus: bij uminus
and bij-diff: bij ((—) a) and bij-diff-right: bij (A\z. x — a)

(proof)

lemma translation-subtract-Compl:
M.z —a) ‘(= t) == ((Az. 2 — a) “¥)

(proof)

lemma translation-diff:
(Ha‘(s=1)=((+)a’s)—((+)a’t)
(proof )

lemma translation-subtract-diff:
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M.z —a) ‘(s—t)=((Ae.z—a) ‘s) — (A\z. z — a) ‘1)
(proof)

lemma translation-Int:
(H)a‘(snt)y=((+)a‘s)yNn((+) a ‘)
(proof)

lemma translation-subtract-Int:
M.z —a) “(sNnt)y=(Az.z—a) “s)N((Az. 2 — a) ‘1)
{(proof)

lemma translation-Compl:
(Ha(=t)=—-(+)a’?)
(proof)

end

10.6 Function Updating

definition fun-upd :: ('a = 'b) = 'a = b = (la = 'b)
where fun-upd f a b = (Az. if © = a then b else f 1)

nonterminal updbinds and updbind

open-bundle update-syntaz
begin

syntax

-updbind :: 'a = 'a = updbind («(<indent=2 notation=<mizfix updates-
=/ -))

it updbind = updbinds («=)
-updbinds:: updbind = updbinds = updbinds (<-,/ -»)
-Update :: 'a = updbinds = 'a
(<(<open-block notation=<mizfix function updaters-/'((2-)"))» [1000, 0] 900)

syntax-consts

-Update = fun-upd
translations

-Update f (-updbinds b bs) = -Update (-Update f b) bs

flz:=y) = CONST fun-upd f z y

end

lemma fun-upd-idem-iff: f(r:=y) = f +— fz =y
(proof )

lemma fun-upd-idem: fo =y = f(z :=y) =f
(proof)
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lemma fun-upd-triv [iff]: f(x == fz) = f
(proof )

lemma fun-upd-apply [simp]: (f(z := y)) z = (if z = z then y else f z)
{proof)

lemma fun-upd-same: (f(z :=y)) z =y
(proof)
lemma fun-upd-other: z # © = (f(z :=y)) 2= f 2
(proof)
lemma fun-upd-upd [simp): f(z ==y, x = z) = f(z := 2)
(proof)
lemma fun-upd-twist: a # ¢ = (m(a := b))(c ;= d) = (m(c := d))(a := b)
(proof)
lemma inj-on-fun-updl: inj-on fA = y ¢ f * A = inj-on (f(z :=y)) A
(proof)
lemma fun-upd-image: f(z == y) ‘A = (if x € A then insert y (f * (A — {z}))
else f < A)
(proof)
lemma fun-upd-comp: f o (g(z
(proof)

lemma fun-upd-eqD: f(z :=y) = g(z :=2) = y =2
(proof)

10.7  owverride-on
definition override-on :: (‘a = 'b) = (‘a = 'b) = ‘a set = 'a = "b
where override-on f g A = (Aa. if a € A then g a else f a)

lemma override-on-emptyset[simpl: override-on f g {} = f
(proof )

lemma override-on-apply-notin[simp]: a« ¢ A = (override-on f g A) a = fa
(proof )

lemma override-on-apply-in[simpl: a € A = (override-on fg A) a = g a
{proof)

lemma override-on-insert: override-on f g (insert x X) = (override-on f g X)(x:=g

2)
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{proof)

lemma override-on-insert”. override-on f g (insert x X) = (override-on (f(x:=g
) 9 X)
(proof)

10.8 Inversion of injective functions

definition the-inv-into :: 'a set = ('a = 'b) = ('b = 'a)
where the-inv-into A f = (Ax. THE y. y € AN fy = 1)

lemma the-inv-into-f-f: inj-on f A = x € A = the-inv-into A f (fz) ==z
(proof )

lemma f-the-inv-into-f: inj-on fA = y € f ‘A = f (the-inv-into A fy) =y
(proof )

lemma f-the-inv-into-f-bij-betw:
bij-betw f A B = (bij-betw f A B = z € B) = [ (the-inv-into A fz) =z
(proof)

lemma the-inv-into-into: inj-on fA =z € f‘ A = A C B = the-inv-into A
fxeB
(proof )

lemma the-inv-into-onto [simpl: inj-on f A = the-inv-into A f * (f ‘A) = A
(proof )

lemma the-inv-into-f-eq: inj-on fA = fz =y = x € A = the-inv-into A fy
==z
(proof)

lemma the-inv-into-comp:
inj-on f (¢ ‘A) = injong A = z€f‘g‘ A=
the-inv-into A (f o g) = = (the-inv-into A g o the-inv-into (g ‘ A) f) z
(proof)

lemma inj-on-the-inv-into: inj-on f A = inj-on (the-inv-into A f) (f < A)
(proof )

lemma bij-betw-the-inv-into: bij-betw f A B => bij-betw (the-inv-into A f) B A
(proof )

lemma bij-betw-iff-bijections:

bij-betw fA B<+— (3g. Vz € A. fe e BAg(fz)=2) A(NVye B.gye AA
flgy) =)

(is ?lhs = %rhs)
(proof)
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abbreviation the-inv :: ('a = 'b) = (b = 'a)
where the-inv f = the-inv-into UNIV f

lemma the-inv-f-f: the-inv f (f ) = x if inj f
(proof )

10.9 Monotonicity

definition monotone-on :: ‘a set = ('a = 'a = bool) = ('b = 'b = bool) = ('a
= 'b) = bool
where monotone-on A orda ordb f +— (Vax€A. VyeA. orda x y — ordb (f z)

(fv)

abbreviation monotone :: ('a = 'a = bool) = ('b = 'b = bool) = ('a = 'b) =
bool
where monotone = monotone-on UNIV

lemma monotone-def[no-atp]: monotone orda ordb f +— (Vz y. orda x y — ordb

(fz) (fy))
(proof)

Lemma monotone-def is provided for backward compatibility.

lemma monotone-onl:
Nty z€ A= ye A= ordazy = ordb (fz) (fy)) = monotone-on A
orda ordb f

(proof )

lemma monotonel[intro?): (Az y. orda vy = ordb (f z) (f y)) = monotone
orda ordb f

{proof)

lemma monotone-onD:
monotone-on A orda ordb f = 1 € A= y € A = orda xy = ordb (fz) (f

Y)
(proof)

lemma monotoneD[dest?]: monotone orda ordb f = orda x y => ordb (fz) (fy)
(proof )

lemma monotone-on-subset: monotone-on A orda ordb f = B C A = mono-
tone-on B orda ordb f

(proof )

lemma monotone-on-empty[simp|: monotone-on {} orda ordb f
{proof)

lemma monotone-on-o:
assumes
mono-f: monotone-on A orda ordb f and
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mono-g: monotone-on B ordc orda g and
g ‘BCA
shows monotone-on B ordc ordb (f o g)

(proof)

10.9.1 Specializations For ord Type Class And More

context ord begin

abbreviation mono-on :: ‘a set = (‘a = 'b :: ord) = bool
where mono-on A = monotone-on A (<) (<)

abbreviation strict-mono-on :: 'a set = (‘a = b :: ord) = bool
where strict-mono-on A = monotone-on A (<) (<)

abbreviation antimono-on :: 'a set = (‘a = 'b :: ord) = bool
where antimono-on A = monotone-on A (<) Az y. y < x)

abbreviation strict-antimono-on :: 'a set = (‘a = 'b :: ord) = bool
where strict-antimono-on A = monotone-on A (<) (Az y. y < )

lemma mono-on-def[no-atp]: mono-on A f +— (Vrs.re ANs€e AANT <35
— fr<fs)
{proof)

lemma strict-mono-on-def[no-atpl:
strict-mono-on A f +— (Vrs.r€ ANs€ AANTr<s— fr<fs)
{proof )

Lemmas mono-on-def and strict-mono-on-def are provided for backward
compatibility.
lemma mono-onl:
ArssredA=secA=r<s= fr<fs) = mono-on A f
(proof )

lemma strict-mono-onl:
Arssre A= sec A= r<s= fr<fs) = strict-mono-on A f
(proof )

lemma mono-onD: [mono-on A f;r€ A;s€e A;r <s] = fr<fs
(proof)

lemma strict-mono-onD: [strict-mono-on A fy r € A; s € A;r < s] = fr<fs
(proof)

lemma mono-on-subset: mono-on A f = B C A = mono-on B f
(proof )

end
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context order begin

abbreviation mono :: (‘a = 'b::order) = bool
where mono = mono-on UNIV

abbreviation strict-mono :: ('a = 'b::order) = bool
where strict-mono = strict-mono-on UNIV

abbreviation antimono :: (‘a = 'b::order) = bool
where antimono = monotone (<) (A\z y. y < x)

lemma mono-def[no-atp]: mono f +— Vzxy. 2 <y — faz < fy)
(proof )

lemma strict-mono-def[no-atp): strict-mono f +— NVzy. z <y — fz < fy)
(proof)

lemma antimono-def[no-atp|: antimono f +— Nz y. 2 <y — fz > fy)
(proof )

Lemmas mono-def, strict-mono-def, and antimono-def are provided for back-
ward compatibility.

lemma monol [intro?]: (Azy. 2 <y = fz < fy) = mono f
(proof )

lemma strict-monol [intro?: (Nz y. © < y = fz < fy) = strict-mono f

(proof)

lemma antimonol [intro?: (Nzy. 2 < y = fz > fy) = antimono f
(proof)

lemma monoD [dest?: mono f =z <y = fz < fy
{proof)

lemma strict-monoD [dest?): strict-mono f = z <y = fz < fy
(proof )

lemma antimonoD [dest?]: antimono f — =z < y= fz > fy
(proof )

lemma monokE:
assumes mono f
assumes z < y
obtains fz < fy
(proof)

lemma antimonokFE:
fixes f :: 'a = 'b::order
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assumes antimono f

assumes z < ¥y

obtains fz > fy
(proof )

end

lemma mono-imp-mono-on: mono f = mono-on A f
(proof )

lemma strict-mono-on-imp-mono-on: strict-mono-on A f = mono-on A f
for f :: ‘a::order = 'b::preorder
(proof)

lemma strict-mono-mono [dest?):
strict-mono f = mono f

(proof)

lemma mono-on-ident: mono-on S (Az. x)
{proof)

lemma mono-on-id: mono-on S id
(proof )

lemma strict-mono-on-ident: strict-mono-on S (Az. z)
(proof)

lemma strict-mono-on-id: strict-mono-on S id
(proof )

lemma mono-on-const:
fixes a :: 'b::preorder shows mono-on S (A\z. a)

{proof)

lemma antimono-on-const:
fixes a :: 'b::preorder shows antimono-on S (Az. a)

(proof)

context linorder begin

lemma mono-on-strict-invE:
fixes f :: 'a = 'b:preorder
assumes mono-on S f
assumes £ € Sy € S
assumes fz < fy
obtains z < y

(proof)
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corollary mono-on-invE:
fixes f :: 'a = 'bupreorder
assumes mono-on S f
assumes x € Sy € S
assumes fx < fy
obtains z < y

{proof)

lemma strict-mono-on-eq:
assumes strict-mono-on S (f::'a = 'b::preorder)
assumes z € Sy € S
shows fr =fy+—z =y

(proof)

lemma strict-mono-on-less-eq:
assumes strict-mono-on S (f::'a = 'b::preorder)
assumes ¢t € Sy € S
shows fr < fy+— <y

(proof)

lemma strict-mono-on-less:
assumes strict-mono-on S (f::'a = -::preorder)
assumes z € Sy € S
shows fz < fy+—z <y

{proof)

lemmas mono-invE = mono-on-invE[OF - UNIV-I UNIV-I

lemmas mono-strict-invE = mono-on-strict-invE[OF - UNIV-I UNIV-I]
lemmas strict-mono-eq = strict-mono-on-eq(OF - UNIV-I UNIV-I]
lemmas strict-mono-less-eq = strict-mono-on-less-eqOF - UNIV-I UNIV-I|
lemmas strict-mono-less = strict-mono-on-less|OF - UNIV-I UNIV-I|

end

lemma strict-mono-inv:
fixes f :: ('a::linorder) = ('b::linorder)
assumes strict-mono f and surj f and inv: Az. g (fz) = =
shows strict-mono g

(proof)

lemma strict-mono-on-imp-inj-on:
fixes [ :: 'a::linorder = 'b::preorder
assumes strict-mono-on A f
shows inj-on f A

(proof)

lemma strict-mono-on-leD:
fixes [ :: 'a::order = 'b:preorder
assumes strict-mono-on A fr € Aye Az <y
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shows fz < fy
(proof)

lemma strict-mono-on-eqD:
fixes [ :: 'c::linorder = 'd::preorder
assumes strict-mono-on A ffr=fyrec Aye A
shows y =z
(proof)

lemma mono-imp-strict-mono:
fixes [ :: 'a::order = 'b::order
shows [mono-on S f; inj-on f S] = strict-mono-on S f
(proof )

lemma strict-mono-iff-mono:

fixes [ :: 'a::linorder = 'b::order

shows strict-mono-on S f <— mono-on S f A inj-on f S
(proof)

lemma antimono-imp-strict-antimono:
fixes [ :: 'a::order = 'b::order
shows [antimono-on S f; inj-on f S] = strict-antimono-on S f
(proof)

lemma strict-antimono-iff-antimono:
fixes [ :: 'a::linorder = 'b::order
shows strict-antimono-on S f <— antimono-on S f A inj-on f S

(proof)

lemma mono-compose: mono @ = mono (Ai z. Q i (fz))

(proof)

lemma mono-add:
fixes a :: ‘a::ordered-ab-semigroup-add
shows mono ((+) a)

{proof)

lemma (in semilattice-inf) mono-inf: mono f = f (AN B) < fANfB
for f :: 'a = 'b::semilattice-inf
(proof )

lemma (in semilattice-sup) mono-sup: mono f —= fAU fB < f (AU B)
for f :: 'a = 'b::semilattice-sup
(proof )

lemma monotone-on-sup-fun:

fixes f g :: - = -1 semilattice-sup

shows monotone-on A P (<) f = monotone-on A P (<) ¢ = monotone-on
AP (<) (fUyg)
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{proof)

lemma monotone-on-inf-fun:

fixes f g :: - = - semilattice-inf

shows monotone-on A P (<) f = monotone-on A P (<) g = monotone-on
AP(<)(fryg)

(proof)

lemma antimonotone-on-sup-fun:

fixes f g :: - = -1 semilattice-sup

shows monotone-on A P (>) f = monotone-on A P (>) ¢ = monotone-on
AP(z)(fUy)

{proof )

lemma antimonotone-on-inf-fun:

fixes fg :: - = -1 semilattice-inf

shows monotone-on A P (>) f = monotone-on A P (>) g = monotone-on
AP (2)(fMyg)

{proof)

lemma (in linorder) min-of-mono: mono f = min (f m) (f n) = f (min m n)
(proof )

lemma (in linorder) maz-of-mono: mono f = maz (f m) (fn) = f (maz m n)

{proof)

lemma (in linorder)
maz-of-antimono: antimono f = maz (fz) (fy) = f (min z y) and
min-of-antimono: antimono f = min (fz) (fy) = f (maz z y)
(proof )

lemma (in linorder) strict-mono-imp-inj-on: strict-mono f = inj-on f A

{proof)

lemma mono-Int: mono f = f (AN B)C fANfB
(proof )

lemma mono-Un: mono f = fAU fB C f (AU B)
(proof )

10.9.2 Least value operator

lemma Least-mono: mono f = 3z€S.VyeS. z < y = (LEAST y. y € f ©5)
=f (LEAST z. z € 5)

for f :: 'a::order = 'b:order

— Courtesy of Stephan Merz

(proof )
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10.10 Setup
10.10.1 Proof tools

Simplify terms of the form f(...,z:=y,...,z:=2,...) to f(...,z:=2,...)
(ML)

10.10.2 Functorial structure of types
(ML)

functor map-fun: map-fun
(proof)

functor vimage
(proof)

Legacy theorem names

lemmas o-def = comp-def

lemmas o-apply = comp-apply

lemmas o-assoc = comp-assoc [symmetric]
lemmas id-o = id-comp

lemmas o-id = comp-id

lemmas o-eq-dest = comp-eq-dest
lemmas o-eq-elim = comp-eq-elim
lemmas o0-eq-dest-lhs = comp-eq-dest-lhs
lemmas o0-eq-id-dest = comp-eq-id-dest

end

11 Complete lattices

theory Complete-Lattices
imports Fun
begin

11.1 Syntactic infimum and supremum operations
class Inf =

fixes Inf :: 'a set = 'a («(<open-block notation=<prefiz [|»[] -)» [900] 900)

class Sup =
fixes Sup :: ‘a set = ‘a («(<open-block notation=<prefiz | |»| | -)» [900] 900)

syntax

-INF1  : pttrns = 'b = 'b (<(<indent=3 notation=<binder INF»»INF
-/ -)» [0, 10] 10)

-INF = opttrn = 'a set = 'b = b («(«indent=3 notation=<binder INF»)INF

e~/ ) [0, 0, 10] 10)
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-SUP1  : pltrns = 'b="b («(<indent=3 notation=<binder SUP»»SUP
_/ -» [0, 10] 10)
-SUP  :: pttrn = 'a set = 'b = 'b («(<indent=3 notation=<binder SUP»»SUP

-/ ) [0, 0, 10] 10)

syntax

-INF1 opttrns = b = b (<(<indent=3 notation=<binder [ ]»[]-./
) [0, 10] 10)

-INF  :: pitrn = 'a set = 'b = 'b («(<indent=38 notation=<binder [ ][ |-€-./
Y [0, 0, 10] 10)

-SUP1  : pttrns = b= b (<(<indent=3 notation=<binder | |»||-./
) [0, 10] 10)

-SUP  :: pitrn = 'a set = 'b = b (s(xindent=3 notation=<binder | |»| |-€-./

) [0, 0, 10] 10)

syntax-consts
-INF1 -INF = Inf and
-SUP1 -SUP = Sup

translations
Moy f =Tle Ty [
[Mz. f = T[](CONST range (Az. f))
Ma€A. f = CONST Inf (Az. f) © A)
Uzy f =Uz Uy f
Llz. f = |](CONST range (A\z. f))
| |zeA. f = CONST Sup ((Az. f) ¢ A)

context Inf
begin

lemma INF-image: [ (g ‘f“A) =[] ((go f) ‘A

{proof)

lemma INF-identity-eq [simp]: ([Jz€A. z) =[] A4
{proof)

lemma INF-id-eq [simp]: [](id ‘ A) =[]4
{proof)

lemma INF-cong: A= B=— (Az. 2 € B= Cz=Dz)=[](C“ A =[](D
{B)
(proof)

lemma INF-cong-simp:
A=B= (Av.z € B=simp=> Caz=Dz)=[|(C*‘ A =[](D ‘B)
{proof)

end
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context Sup
begin

lemma SUP-image: | | (g ‘f“A) =] ((go f) “4)
(proof)

lemma SUP-identity-eq [simp]: (| Jz€A. z) =] 4
(proof)

lemma SUP-id-eq [simp]: | |(id ‘ A) = | |A
(proof)

lemma SUP-cong: A=B= (A\v.2 € B= Cz=Dz)=||(C‘A) =D
(B)
(proof)

lemma SUP-cong-simp:
A=B= (Az.z € B=simp=> Cz=Dz)= | |(C*‘A) =|](D ‘B)
(proof)

end

11.2 Abstract complete lattices

A complete lattice always has a bottom and a top, so we include them into
the following type class, along with assumptions that define bottom and top
in terms of infimum and supremum.

class complete-lattice = lattice + Inf + Sup + bot + top +
assumes Inf-lower: z € A =[]A <z

and Inf-greatest: (N\z. 2 € A = 2<z) = 2 <[]A
and Sup-upper: z € A =z < | |A
and Sup-least: (Nz. 2 € A =< 2) = |4 <z
and Inf-empty [simp]: [1{} =T
and Sup-empty [simp]: | [{} = L

begin

subclass bounded-lattice

(proof)

lemma dual-complete-lattice: class.complete-lattice Sup Inf sup (>) (>) inf T L
(proof )

end

context complete-lattice
begin

lemma Sup-eql:
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Ny yveAd=y<z)= ANy N2. 2€e A = 2<y) = z<y = []4

==z
(proof)

lemma Inf-eql:

Ni.ieAdA=z<i) = Ay Ni.i€e A= y<i)=y<z)=][|lAd==z

{proof)

lemma SUP-eql:

(Ni.ic A= fi<z)= (Ay. Ni. i€ A = fi<y) =z

(Lli€A. fi) =z
(proof )

lemma INF-eql:

Ni.i e A= 2 <fi)= Ny- Ni. i e A= fi>y =z

(MicA. fi) =z
(proof )

lemma INF-lower: i € A = ([|i€A. fi) < fi
{proof)

lemma INF-greatest: (N\i. i € A = u < fi) = u < ([]i€A. f1)
{proof)

lemma SUP-upper: i € A = fi < (| |i€A. f1)
(proof )

lemma SUP-least: (\i. i € A = fi<u) = (|Ji€A. fi)<u
{proof)

lemma Inf-lower2: u € A = u<v=7_[]A< v
{proof)

lemma INF-lower2: i € A = fi < u= ([]icA. fi) < u
{proof)

lemma Sup-upper2: u € A —=v<u=—0v<|[]|A
(proof)

lemma SUP-upper2: i € A —= u < fi = u < (| |i€A. f1)
(proof )

lemma le-Inf-iff: b <[4 +— (VacA. b < a)
(proof)

lemma le-INF-iff: u < ([1i€A. fi) +— (Vi€A. u < fi)
(proof )

lemma Sup-le-iff: | |A < b +— (Va€A. a < D)

IA

v

y) =
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{proof)

lemma SUP-le-iff: (| ]i€A. fi) < u<+— (Vi€cA. fi < u)
{proof)

lemma Inf-insert [simp]: [|(insert a A) = a M []A4
{proof)

lemma INF-insert: ([|z€insert a A. fz) = fa N [](f‘A)
(proof )

lemma Sup-insert [simp]: | | (insert a A) = a U [ |A
{proof)

lemma SUP-insert: (| |z€insert a A. fz) = fa U ||(f ‘A)
{proof)

lemma INF-empty: ([|z€{}. fz) =T
(proof)

lemma SUP-empty: (| |z€{}. fz) =L
{proof)

lemma Inf-UNIV [simp]: [JUNIV = L
{proof)

lemma Sup-UNIV [simp]: | |UNIV = T
{proof)

lemma Inf-eq-Sup: [1|A = | |{b. Va € A. b < a}
{proof)

lemma Sup-eq-Inf: | |A =[]{b.Va € A. a < b}
{proof)

lemma Inf-superset-mono: B C A = []A <[]|B
(proof)

lemma Sup-subset-mono: A C B= | |A <||B
{proof)

lemma Inf-mono:
assumes A\b. b € B= JacA. a <)
shows [|A <[]B

(proof)

196

lemma INF-mono: (Am. m € B = 3neA. fn < gm) = ([|n€d. fn) <

([TneB. g n)
(proof )
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lemma INF-mono” (N\z. fz < gz) = ([|z€A. fz) < ([|z€A. g )
{proof)

lemma Sup-mono:
assumes Aa. a € A = JbeB. a < b
shows | |[A < | |B

(proof )

lemma SUP-mono: (An. n € A = ImeB. fn < gm) = (| n€A. fn) <
(LIneB. g n)
{proof )

lemma SUP-mono”: (Az. fz < gz) = (|Jz€A. fz) < (|z€A. g )
(proof )

lemma INF-superset-mono: BC A = (A\z. 2 € B= fz < gz) = ([|z€A.
f7) < (M#eB. g 1)

— The last inclusion is POSITIVE!

(proof)

lemma SUP-subset-mono: AC B= (N\z. 2 € A= fz < gz) = (| Jz€A. f
z) < (| JzeB. g z)
(proof)

lemma Inf-less-eq:
assumes Av. v € A = v < u
and A # {}
shows [ |4 < u
(proof)

lemma less-eq-Sup:
assumes A\v. v € A = u < v

and A # {}
shows v < | |4

(proof)

lemma INF-eq:
assumes Ai. i € A= 3jeB. fi> g}
and A\j.j € B= 3icA. gj>fi
shows ['](f “ A) =T1(g * B)
(proof)

lemma SUP-eq:
assumes \i. i € A = 3jeB. fi < gj
and A\j. j€ B= 3icA. gj < fi
shows | |(f“A4) = [I(g * B)
(proof)
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lemma less-eq-Inf-inter: [|AU[]B <[](A N B)
{proof)

lemma Sup-inter-less-eq: | |(AN B) < | |AN||B
(proof)

lemma Inf-union-distrib: [1(AU B) =[|AN[]|B
{proof)

lemma INF-union: ([|i € AUB. Mi)=([]i€ A M) ([|i€eB. M)
(proof)

lemma Sup-union-distrib: | |[(A U B) = | JA U ||B
{proof)

lemma SUP-union: (| |i € AUB. Mi)=(]i€ A Mi) U (| |i€eB. M)
(proof)

lemma INF-inf-distrib: ([Ja€A. fa) M ([1a€A. g a) = ([1a€A. faTl ga)
{proof)

lemma SUP-sup-distrib: (| |a€A. fa) U (| Ja€A. ga) = (| ]a€A. fa U ga)
(is ?L = ?R)
(proof)

lemma Inf-top-conv [simp]:
[MA=T++— (Veecd. z2=T)
T=[]4A+— (Vz€d. 2 =T)
(proof)

lemma INF-top-conv [simp]:
([Nz€A. Bz) =T +— (Vz€A. Bz =T)
T=(z€A. Bz) +— (Vz€cA. Bz =T)
{proof)

lemma Sup-bot-conv [simp):
A =1 +— (Veed. z = 1)
1=]A+— (Vezed. z = 1)
{proof)

lemma SUP-bot-conv [simp]:
([ Jz€A. Bz) = L +— (Vz€A. Bz = 1)
1L =(Jz€A. Bz) +— (Vz€A. Bz = 1)
(proof )

lemma INF-constant: ([|y€A. ¢) = (if A = {} then T else ¢)
{proof)

lemma SUP-constant: (| Jy€eA. ¢) = (if A = {} then L else ¢)
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{proof)

lemma INF-const [simp]: A # {} = ([li€d. ) =f
{proof)

lemma SUP-const [simp]: A # {} = (| |i€A. f) =f
{proof)

lemma INF-top [simp]: ([|z€A. T) =T
(proof)

lemma SUP-bot [simp]: (| Jz€A. L) = L
{proof)

lemma INF-commute: ([ |i€A. [1j€B. fij) = ([1j€B. [i€A. fi}j)
{proof)

lemma SUP-commute: (| |i€A. | |j€B. fij) = (ljeB. | Ji€A. fij)
{proof)

lemma INF-absorb:
assumes k € [
shows A kM ([]iel. A i) = ([iel. A i)

(proof)

lemma SUP-absorb:
assumes k € |
shows A kU (| ]iel. A i) = (| ]iel. Ai)

(proof)

lemma INF-inf-constl: I # {} = ([|i€l. infz (f7)) = infz ([]i€l. f1)
(proof)

lemma INF-inf-const2: I # {} = ([|i€l. inf (f i) z) = inf ([i€l. fi) x
{proof)

lemma less-INF-D:
assumes y < ([i€A. fi)ie A
shows y < fi

(proof)

lemma SUP-lessD:
assumes (| |i€A. fi)<yie A
shows fi < y

(proof)

lemma INF-UNIV-bool-expand: ([1b. A b) = A True M A False
{proof)
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lemma SUP-UNIV-bool-expand: (| |b. A b) = A True U A False
{proof)

lemma Inf-le-Sup: A # {} = Inf A < Sup A
(proof)

lemma INF-le-SUP: A # {} =T1(f“A) <J(f ‘A
{proof)

lemma INF-eq-const: [ # {} = (N\i. i€l = fi=2)=T[|(f‘]) ==z
(proof)

lemma SUP-eq-const: [ # {} = (N\i. i€l = fi=2)=|J{f‘]) ==
{proof)

lemma INF-eq-iff: I # {} = (Ni. i€l = fi<c¢)=T|(f‘I) =c+—
(Viel. fi=c¢)
{proof)

lemma SUP-eq-iff: I # {} = (N\i. i€l = c<fi)= (f]) =c+—
(Viel. fi = c)
{proof)

end

context complete-lattice

begin

lemma Sup-Inf-le: Sup (Inf ‘{f “A|f. ¥ YeA.fY e Y)}) <Inf (Sup ‘A
(proof)

end

class complete-distrib-lattice = complete-lattice +
assumes Inf-Sup-le: Inf (Sup ‘A) < Sup (Inf ‘{f “A|f. ¥V Ye€eA.fY €
Y)})

begin

lemma Inf-Sup: Inf (Sup ‘A) = Sup (Inf ‘{f“A|f.VYeA.fYeY)}
{proof)

subclass distrib-lattice

(proof)

end

context complete-lattice

begin

context
fixes [ :: 'a = 'b::complete-lattice
assumes mono f

begin
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lemma mono-Inf: f ([1A4) < ([z€A. fz)
{proof)

lemma mono-Sup: (| |Jz€A. fz) < f (| |A)
{proof)

lemma mono-INF: f ([i€l. A i) < ([(z€l. f (A z))
{proof)

lemma mono-SUP: (| Jzel. f (A z)) < f (|]iel. A Q)
(proof)

end
end

class complete-boolean-algebra = boolean-algebra + complete-distrib-lattice
begin

lemma uminus-Inf: — ([14) = || (uminus ‘ A)

(proof)

lemma uminus-INF: — ([|z€A. Bz) = (| Jz€A. — B z)
{proof)

lemma uminus-Sup: — (| |A) = [](uminus © A)

(proof)

lemma uminus-SUP: — (| |z€A. Bz) = ([|z€A. — B x)
{proof)

end

class complete-linorder = linorder + complete-lattice
begin

lemma dual-complete-linorder:
class.complete-linorder Sup Inf sup (>) (>) inf T L

{proof)

lemma complete-linorder-inf-min: inf = min
(proof)

lemma complete-linorder-sup-max: sup = max
(proof )

lemma Inf-less-iff: [ 1S < a «— (Fz€S8. z < a)

{proof)
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lemma INF-less-iff: ([|i€A. fi) < a «— (Jz€A. fz < a)
{proof)

lemma less-Sup-iff: a < | |S +— (3z€S. a < 1)
{proof)

lemma less-SUP-iff: a < (| |i€A. fi) «+— (Fz€A. a < fx)
{proof)

lemma Sup-eq-top-iff [simp]: | |[A =T +— (Va<T. Jich. z < i)
(proof )

lemma SUP-eq-top-iff [simp]: (| |i€A. fi) =T «— (Va<T. Jicd. x < f1)
{proof)

lemma Inf-eg-bot-iff [simp]: [1|A = L +— (Vz>1.3Fi€A. i < 1)
{proof)

lemma INF-eg-bot-iff [simp]: ([1i€A. fi) = L +— (Va>1. Fi€A. fi < z)
{proof)

lemma Inf-le-iff: [|A < z +— (Vy>z. Ja€A. y > a)
(proof)

lemma INF-le-iff: [](f “ A) < z +— (Vy>z. Ji€A. y > f1)
(proof )

lemma le-Sup-iff: z < | |A +— (Vy<z. Fa€A. y < a)
(proof)

lemma le-SUP-iff: z < | |(f “ 4) +— (Vy<z. Ji€A. y < f1)
(proof )

end

11.3 Complete lattice on bool

instantiation bool :: complete-lattice
begin

definition [simp, code]: [ |A «— Fualse ¢ A
definition [simp, code]: | |A +— True € A

instance
(proof )

end
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lemma not-False-in-image-Ball [simp]: False ¢ P * A «— Ball A P
{proof)

lemma True-in-image-Bex [simp]: True € P * A +— Bex A P
{proof)

lemma INF-bool-eq [simp]: (AA f.[](f ¢ A)) = Ball
{proof)

lemma SUP-bool-eq [simp]: (A f. | |(f “ A)) = Bex
(proof)

instance bool :: complete-boolean-algebra
(proof )

11.4 Complete lattice on - = -

instantiation fun :: (type, Inf) Inf
begin

definition []A = (A\z. [|f€A. fz)

lemma Inf-apply [simp, code]: ([14) z = ([|f€A. fz)
(proof)

instance (proof)
end

instantiation fun :: (type, Sup) Sup
begin

definition | |A = (A\z. | |f€A. fx)

lemma Sup-apply [simp, code]: (| |A) z = (| |f€A. fx)
{proof)

instance (proof)
end

instantiation fun :: (type, complete-lattice) complete-lattice
begin

instance
(proof )

end
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lemma INF-apply [simp]: ([|y€A. fy) z = ([|y€A. fyx)
(proof )

lemma SUP-apply [simp]: (| |y€A. fy) z = (| |yeA. fyx)
(proof )

11.5 Complete lattice on unary and binary predicates

lemma Infl-I: (AP. P€ A= Pa) = ([14) a
{proof)

lemma INFI-I: (Az. 2 € A= Bz b) = ([|z€A. Bz) b
{proof)

lemma INF2-I: (Az. 2 € A= Bz bc) = ([|z€A. Bz) bc
{proof)

lemma Inf2-I: (A\r.r€ A= rab) = ([14) abd
(proof)

lemma Infl-D: ([|A) a = P€ A= Pa
{proof)

lemma INFI-D: ([|z€A. Bz) b= a€ A= Bab
(proof)

lemma Inf2-D: ([1|A) ab=re A= rabd
{proof)

lemma INF2-D: ([|z€A. Bz) bc = a€ A= Babc
{proof)

lemma Inf1-E:
assumes ([ |4) a
obtains Pa | P ¢ A

{proof)

lemma INF1-E:
assumes ([ |z€A. Bz) b
obtains Bab|a ¢ A

{proof)

lemma Inf2-E:
assumes ([|4) a b
obtains rab|r¢ A

{proof)

lemma INF2-E:
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assumes ([ |z€A. Bz) b ¢
obtains Babc|a ¢ A

{proof)

lemma Supl-I: P€ A= Pa= (| |4) a
(proof)

lemma SUPI-I: a € A= Bab= (| Jz€A. Bxz) b
{proof)

lemma Sup2-I: r€e A= rab= (| J4) a b
(proof)

lemma SUP2-I: a € A= Babc= (| Jz€A. Bz) bc
{proof)

lemma Supi-E:
assumes (| |A) a
obtains P where P € A and P a

{proof)

lemma SUPI-E:
assumes (| Jz€A. Bx) b
obtains z where 2 € A and Bz b

{proof)

lemma Sup2-E:
assumes (| JA) a b
obtains » where r € A rabd

{proof)

lemma SUP2-E:
assumes (| Jz€A. Bz) b ¢
obtains z where z € A Bz b ¢

{proof)

11.6 Complete lattice on - set

instantiation set :: (type) complete-lattice
begin

definition [ |4 = {z. [|((AB. z € B) ‘ A)}
definition | |A = {z. | |((AB. z € B) ‘ A)}

instance
(proof )

end
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11.6.1 Inter

abbreviation Inter :: ‘a set set = 'a set ()

where S =[15

lemma Inter-eq: (V1A = {z. VB € A. z € B}
(proof )

lemma Inter-iff [simp]: A € C +— (VXeC. A € X)
{proof)

lemma Interl [introl]: (N X. X € C = A€ X) = AecC
{proof)

A “destruct” rule — every X in C contains A as an element, but A € X can
hold when X € C does not! This rule is analogous to spec.

lemma InterD [elim, Pure.elim]: A€ ((1C = X € C = A€ X
{proof)

lemma InterE [elim]: Ae¢ (1C = (X¢ (C—=— R)— (A€ X = R)=— R
— “Classical” elimination rule — does not require proving X € C.

{proof)

lemma Inter-lower: B € A = (1A C B
(proof )

lemma Inter-subset: (A X. X € A—= XCB) = A#{} = NACB
{proof)

lemma Inter-greatest: (N X. X e A— CC X)= CCN4
{proof)

lemma Inter-empty: (\{} = UNIV
{proof)

lemma Inter-UNIV: (UNIV = {}
(proof)

lemma Inter-insert: [ (insert a B) = a N (B
{proof)

lemma Inter-Un-subset: (YA U (B C (4N B)
{proof)

lemma Inter-Un-distrib: (J(AU B) =(VAN(B
{proof)

lemma Inter-UNIV-conv [simp]:
NA = UNIV «— (Yo€A. z = UNIV)
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UNIV = N A «— (Vz€A. z = UNIV)
{proof)

lemma Inter-anti-mono: BC A = (V1A C (B
(proof)

11.6.2 Intersections of families

syntax (ASCII)

-INTER1  :: pttrns = 'b set = 'b set («(<indent=3 notation=<binder
INTWINT -/ -)» [0, 10] 10)
-INTER = opttrn = 'a set = 'b set = 'b set («(«indent=3 notation=<binder

INTHINT --./ -)» [0, 0, 10] 10)

syntax

-INTER!  :: pttrns = 'b set = b set («(<indent=3 notation=<binder
N»N-/ -)» [0, 10] 10)

-INTER 2 opttrn = 'a set = b set = 'b set («(«indent=3 notation=<binder

N»N-€-./ ) [0, 0, 10] 10)

syntax (latez output)

-INTER1 i pttrns = 'b set = b set (<(3 (xunbreakabler-)/ -)» [0,
10] 10)

-INTER i opttrn = 'a set = b set = 'b set («(3[) (tunbreakable>.c.)/ -)»
[0, 0, 10] 10)

syntax-consts
-INTER!1 -INTER = Inter

translations

Nzy f =Nz Ny f
Nz. f = () (CONST range (Az. f))
NzeA. f = CONST Inter ((Az. f) “ A)

lemma INTER-eq: ((z€A. Bz) = {y. Va€A. y € Bz}
{proof)

lemma INT-iff [simp]: b € ((x€A. Bz) <— (Vz€A. b€ Bux)
{proof)

lemma INT-I [introl]: (Az. 2 € A= be Bzx) = b e ([z€A. Bx)
(proof)

lemma INT-D [elim, Pure.elim]: b € (N2€A. Bz) = a € A= be Ba
{proof)

lemma INT-E [elim]: b € (((z€A. Bz) = (b€ Ba = R) = (a ¢ A= R)
— R
— "Classical" elimination — by the Excluded Middle on a € A.
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{proof)

lemma Collect-ball-eq: {z. VycA. Pz y} = ((yeA. {z. Pz y})
{proof)

lemma Collect-all-eq: {z. Vy. Pz y} = ((y. {z. Pz y})
(proof)

lemma INT-lower: a € A = ((Jz€A. Bz) C Ba
{proof)

lemma INT-greatest: (Nz. v € A= C C Bz) = C C ([\z€A. B x)
{proof)

lemma INT-empty: ((z€{}. Bz) = UNIV
{proof)

lemma INT-absorb: k € I = A kN (Nicl. Ai) = (iel. A1)
{proof)

lemma INT-subset-iff: B C ((i€l. A i) «+— (Viel. B C A1)
{proof)

lemma INT-insert [simp]: (z € insert a A. Bz) = BanN () (B ‘A)
{proof)

lemma INT-Un: (i€ AUB. Mi)= (i€ A Mi)n (i€B. Mi)
(proof)

lemma INT-insert-distrib: uw € A = ((x€A. insert a (B z)) = insert a ([ z€A.
B z)
{proof)

lemma INT-constant [simp]: (" y€A. ¢) = (if A = {} then UNIV else c)
{proof)

lemma INTER-UNIV-conv:
(UNIV = (Nz€A. Bz)) = (Va€A. Bz = UNIV)
((Nz€A. Bz) = UNIV) = (Vaz€A. Bx = UNIV)

{proof)

lemma INT-bool-eq: ((b. A b) = A True N A False
{proof)

lemma INT-anti-mono: AC B= (A\z. 2 € A = fz C gz) = ((z€B. fz)
C (NzeA. g x)

— The last inclusion is POSITIVE!

(proof )
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lemma Pow-INT-eq: Pow ((z€A. B z) = ((Nz€A. Pow (B z))
{proof)

lemma vimage-INT: f —‘((z€A. Bz) = ((z€A. f —* B )
(proof)
11.6.3 Union

abbreviation Union :: 'a set set = 'a set («U»)

where S =S

lemma Union-eq: | JA = {z. 3B € A. z € B}
(proof)

lemma Union-iff [simp]: A € |JC +— (3XeC. AeX)
{proof)

lemma Unionl [intro: X € C = Ae X = Aec|JC
— The order of the premises presupposes that C' is rigid; A may be flexible.

(proof)

lemma UnionE [eliml]: Ac JC = (A X. Ae X = Xe(C= R)=— R
{proof)

lemma Union-upper: B€ A= B C|JA4
(proof)

lemma Union-least: (A X. X € A= XC ()= |JACC
{proof)

lemma Union-empty: |J{} = {}
(proof )

lemma Union-UNIV: |J UNIV = UNIV
{proof)

lemma Union-insert: |J (insert a B) = a U |J B
{proof)

lemma Union-Un-distrib [simp]: J(AU B) =JAUUB
{proof)

lemma Union-Int-subset: | J(AN B) CUANnUB
{proof)

lemma Union-empty-conv: ((JA4 = {}) +— (Va€Ad. z = {})
(proof )

lemma empty-Union-conv: ({} = JA) «— (Vz€Ad. z = {})
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{proof)

lemma subset-Pow-Union: A C Pow (|JA)
{proof)

lemma Union-Pow-eq [simp]: |J (Pow A) = A
{proof)

lemma Union-mono: A C B= |JAC B
(proof)

lemma Union-subsetl: (Nz. z € A= 3Jy.ye BAzCy) = JACUB
{proof)

lemma disjnt-inj-on-iff:
[inj-on f (UA); X € A; Y €e A] = disint (f ‘X)) (f‘Y) «— disint X Y
(proof)

lemma disjnt-Unionl [simp]: disjint (JA) B «— (VA € A. disjnt A B)
{proof)

lemma disjnt-Union2 [simp]: disjnt B (JA) «— (VA € A. disjnt B A)
(proof)

11.6.4 Unions of families

syntax (ASCII)

-UNION1  : pttrns => 'b set => 'b set («(<indent=3 notation=<binder
UN»UN -./ -)» [0, 10] 10)

-UNION  :: pttrn => 'a set => 'b set => 'b set («(<indent=3 notation=<binder
UN»UN =-./ -)> [0, 0, 10] 10)

syntax
-UNION1  :: pttrns => b set => b set («(<indent=3 notation=<binder

J»U-/-» o, 10] 10)

-UNION  :: pttrn => 'a set => 'b set => 'b set («(<indent=3 notation=<binder

U»Uy-e-./ -» [0, 0, 10] 10)

syntax (latex output)

-UNION1 i pttrns => b set => 'b set («(8U (xunbreakables-)/ -)»
[0, 10] 10)

-UNION opttrn => 'a set => b set => b set («(3 (cunbreakabler_c.)/
) [0, 0, 10] 10)

syntax-consts
-UNION1 -UNION = Union

translations

Uzy f =U=z Uy f
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Uz. f = U(CONST range (\z. f))
UzeA. f = CONST Union ((Az. f) ‘ A)

Note the difference between ordinary syntax of indexed unions and intersec-
tions (e.g. [Ja1€A4;. B) and their ITEX rendition: | 4,4, B

lemma disjoint-UN-iff: disjnt A (|Ji€l. B i) «+— (Vi€l. disjnt A (B 1))
(proof)

lemma UNION-eq: ((Jz€A. B z) = {y. 3z€A. y € Bz}
{proof)

lemma bind-UNION [code]: Set.bind A f = J(f ‘ A)
{proof)

lemma member-bind [simp]: x € Set.bind A f «— z € |J(f * 4)
(proof)

lemma Union-SetCompr-eq: \J{f x| z. Pz} = {a. 3z. Pz A a € fx}
{proof)

lemma UN-iff [simp]: b € (Jz€A. Bz) +— (Jz€A. b € Bz)
(proof)

lemma UN-I [intro]: a € A= b€ Ba= b e ((Jz€A. Bx)
— The order of the premises presupposes that A is rigid; b may be flexible.
(proof )

lemma UN-E [elim!]: b € (Jz€A. Bz) = (A\z. 2€A = b€ Br = R) =
R

{proof)

lemma UN-upper: a € A = Ba C (|Jz€A. Bx)
(proof)

lemma UN-least: (Az. 2 € A= Bz C C) = (Jz€A. Bz) C C
{proof)

lemma Collect-bex-eq: {x. JycA. Pz y} = (JyeA. {z. Pz y})
(proof )

lemma UN-insert-distrib: uw € A = (|Jz€A. insert a (B z)) = insert a (|Jz€A.
B z)
{proof)

lemma UN-empty: (|Jze{}. Bz) = {}
(proof)

lemma UN-empty2: (Jz€A. {}) = {}
(proof )
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lemma UN-absorb: k€ | = A kU (Jiel. Ai) = (Jiel. Ai)
{proof)

lemma UN-insert [simp]: (Jz€insert a A. Bx) = Ba U |J(B ‘ A)
{proof)

lemma UN-Un [simp]: (Ji € AU B. M i) = (JicA. Mi)U (Ui€B. M i)
{proof)

lemma UN-UN-flatten: (Jz € (JyeA. By). Cz) = (Jyed. JzeB y. C x)
(proof)

lemma UN-subset-iff: ((Ji€l. A4) C B) = (Viel. A i C B)
{proof)

lemma UN-constant [simp]: (Jy€A. ¢) = (if A = {} then {} else c)
{proof)

lemma UNION-singleton-eg-range: ((Jxz€A. {fz}) =f A
(proof )

lemma image-Union: f ‘|JS = (Jz€eS. f ‘)
{proof)

lemma UNION-empty-conv:
{} = (Uz€A. Bz) +— (Vz€A. Bz = {})
EU a:Ef;l Bz)={} +— (Vz€A. Bz ={})
proo.

lemma Collect-ex-eq: {z. Jy. Pz y} = (Uy. {z. Pz y})
{proof)

lemma ball-UN: (Vz € |J(B ‘A). P2) +— (Va€A.Vz € Bz. P 2)
{proof)

lemma bex-UN: (3z € |J(B ‘A). Pz) +— (Jz€A. 3z€B . P 2)
{proof)

lemma Un-eq-UN: AU B = (|Jb. if b then A else B)
{proof)

lemma UN-bool-eq: (|Jb. A b) = (A True U A False)
(proof)

lemma UN-Pow-subset: (| Jz€A. Pow (B z)) C Pow (|Jz€A. B x)
{proof)

lemma UN-mono:
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ACB= (\v.z2€e A= fzCgz) =
<(U~’;§A~f$) € (UzeB. g z)
proo

lemma vimage-Union: f —‘((JA) = (UX€A. f —° X)
(proof )

lemma vimage-UN: f —‘ (Jz€A. Bz) = (Jz€A. f — B x)
{proof)

lemma vimage-eq-UN: f —* B = (JyeB. f —‘{y})

— NOT suitable for rewriting
{proof )

lemma image-UN: f ‘|J(B ‘ 4) = (Jz€A. f ‘B x)
(proof)

lemma UN-singleton [simp]: (|Jz€A. {z}) = 4
{proof)

lemma inj-on-image: inj-on f (JA) = inj-on (() f) A
(proof)

11.6.5 Distributive laws

lemma Int-Union: AN|yB = (JCeB. An C)
(proof)

lemma Un-Inter: AU (B = (((CeB. AU ()
{proof)

lemma Int-Union2: |JBN A= (JCeB. C N A)
{proof)

lemma INT-Int-distrib: ((\i€l. AiN Bi) = (iel. Ai) N (Ni€l. Bi)
{proof)

lemma UN-Un-distrib: (Ji€l. AiU Bi) = (Jiel. Ai) U (Ui€l. Bi)
{proof)

lemma Int-Inter-image: (2z€C. Az N Bz) =4 ‘C)NN(B‘C)
{proof)

lemma Int-Inter-eq: A N (B = (if B={} then A else (BeB. AN B))
OB N A= (if B={} then A else (BeB. BN A))

{proof)

lemma Un-Union-image: ((JzeC. Az U Bzx)=J(A‘C)ulJ(B ‘C)

— Devlin, Fundamentals of Contemporary Set Theory, page 12, exercise 5:

213
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— Union of a family of unions
(proof)

lemma Un-INT-distrib: B U ((i€l. A i) = ((i€l. BU A i)
(proof)

lemma Int-UN-distrib: BN (Jiel. A i) = (Jiel. BN A4)
— Halmos, Naive Set Theory, page 35.
(proof)

lemma Int-UN-distrib2: ((Jiel. A i) N (Ujed. Bj) = (Uiel. UjeJ. AinN B
7)
{proof )

lemma Un-INT-distrib2: (i€l. A i) U (NjeJ. Bj) = (Niel. NjeJ. AiU B
7)
(proof)

lemma Union-disjoint: (JC N A ={}) «— (VBeC. BN A= {})
{proof)

lemma SUP-UNION: (| |ze(Uy€A. g y). fz) = (| JyeA. | Jz€g y. fz = - =
complete-lattice)
{proof )

11.7 Injections and bijections

lemma inj-on-Inter: S # {} = (ANA. A € S = inj-on f A) = inj-on f (N S)
{proof)

lemma inj-on-INTER: I # {} = (\i. i € I = inj-on f (A 7)) = inj-on f
(Niel A9
{proof)

lemma inj-on- UNION-chain:
assumes chain: N\ij. i€l = jel = Ai<AjVvVAjj<Ai
and inj: A\i. i € I = inj-on f (A7)
shows inj-on f (Ji € I. A7)
(proof)

lemma bij-betw- UNION-chain:
assumes chain: N\ij. i€l = jel = Ai<AjVvVAjj<Ai
and bij: \i. i € I = bij-betw f (A i) (A7)
shows bij-betw f (Jie I. Ai) (Uie Il A )
(proof )

lemma image-INT: inj-on f C = V2€A. B: C C = jc A= f‘(N(B‘A))
= (Nz€A. f ‘B )
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{proof)

lemma bij-image-INT: bij f = f (" (B ‘ A)) = (Nz€A. f ‘B x)
{proof)

lemma UNION-fun-upd: |J(A(i:= B) ‘J)=U(A ‘(J — {i})) U (if i € J then
B<else ;>})
Proo

lemma bij-betw-Pow:
assumes bij-betw f A B
shows bij-betw (image f) (Pow A) (Pow B)

(proof)

11.7.1 Complement

lemma Compl-INT [simp]: — ((z€A. Bz) = (Jz€A. —B )
{proof)

lemma Compl-UN [simp]: — (Jz€A. Bz) = ((z€A. —B x)
(proof)

11.7.2 Miniscoping and maxiscoping

Miniscoping: pushing in quantifiers and big Unions and Intersections.

lemma UN-simps [simp]:
Na B C. (JzeC. insert a (B x)) = (if C={} then {} else insert a (Jz€C. B
z))
NA B C. (JzeC. Az U B)
NABC.(JzeC. AUBz

E ) if C={} then {} else (JzeC. A z) U B))
NABC. (JzeC. A znN B)

(

(

(

(
(if C={} then {} else AU (|JzeC. B x)))
(UzeC. A z) N B)

P Ry

NABC. (UzeC. AN Bz)=(ANUzeC. Brx))
NABC.(JzeC. Az — B) = ((UzeC. A z) — B)
NABC. (JzeC. A — Bz)=(A - (NzeC. Bx))

NA B. (UzelJA. Bz) = (JyeA. Jzey. Brx)

NA B C. (Jze(U(B “4)). Cz) = (JzeAd. |JzeBz. C2)
{\A §>f (Jzef‘A. Bz) = (Ja€A. B (fa))

proo

lemma INT-simps [simp]:
NA B C. (NzeC. A x N B) = (if C={} then UNIV else (z€C. A z) N B)
NA B C. (NzeC. AN Bzx) = (if C={} then UNIV else A N((z€C. B x))
NA B C. (NzeC. A x — B) = (if C={} then UNIV else ((z€C. A ) — B)
NA B C. (NzeC. A — Bz) = (if C={} then UNIV else A — ((Jz€C. B x))
Na B C. (NzeC. insert a (B z)) = insert a (((z€C. B x)
NA BC. (NzeC. Az U B) = ((NzeC. A z)U B)
NA BC. (NzeC. AUBz)= (AU (NzeC. Bx))
NA B. (NzelJA. Bz) = (NyeA. Nze€y. B )
NA B C. (Nze(U(B “A)). Cz) =(Nzcd. NzeBz. C2)
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AA B f. (Nzef‘A. Bz) = (NacA. B (f a))
(proof)

lemma UN-ball-bex-simps [simp):
NA P. (VzeJA. Pz) +— (VyeA. Vzey. P x)
NA BP. (Vze(J(B “A). Pz) = (VacA. V€ Ba. P 1)
NA P. (3zeJA. Pz) «— (JycA. Jz€y. P z)
NA BP. (3ze(J(B “4)). Pz) «— (FacA. Jz€Ba. P x)
{proof)

Maxiscoping: pulling out big Unions and Intersections.

lemma UN-extend-simps:

Na B C. insert a (JzeC. B z) = (if C={} then {a} else (Jz€C. insert a (B
7))

NA B C. (JUzeC. A z) U B = (if C={} then B else ((JzeC. A z U B))

NA B C. AU (JzeC. Bz) = (if C={} then A else (JzeC. AU B z))

NABC. (UzeC. Az)N B)=(JzeC. Az N B)

NABC. (An (UzeC. Bz)) = (JzeC. AN Bx)

NA B C. ((JzeC. Az) — B) = (JzeC. Az — B)

NABC. (A—- (NzeC. Bz)) = (JzeC. A — Bux)

NA B. (JyeA. Jzey. Bz) = (JzeJA. Bz)

NA BC. (JzeA. JzeBz. Cz) = (Jze(U(B “4)). C=z)

{\A §>f (Ua€A. B (fa)) = (Jzef‘A. B x)

proo

lemma INT-extend-simps:
NA B C. (NzeC. A z) N B = (if C={} then B else (Nz€C. A z N B))
NA B C. An (NzeC. Bzx) = (if C={} then A else (Nz€C. AN B x))
NA B C. (NzeC. A z) — B = (if C={} then UNIV — B else ((zeC. Az —
5))
NA B C. A— (JzeC. Bz) = (if C={} then A else (NzeC. A — B 1))
Na B C. insert o (Nz€C. Bz) = (zeC. insert a (B z))
NA B C. ((NzeC. Az)U B) =(NzeC. Az U B)
NABC. AU (NzeC. Bz) = (NzeC. AU Bxz)
NA B. (NyeA. Nzcy. Bz) = (NzeJA. Bz)
NA B C. (Nz€A. NzeBz. Cz)=(Nze(U(B “A4). C=z)
{\A §>f (Na€A. B (fa)) = (Nzef‘A. B x)
Proo

Finally

lemmas mem-simps =
insert-iff empty-iff Un-iff Int-iff Compl-iff Diff-iff
mem-Collect-eq UN-iff Union-iff INT-iff Inter-iff
— Each of these has ALREADY been added [simp] above.

end
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12 Wrapping Existing Freely Generated Type’s Con-
structors

theory Ctr-Sugar
imports HOL
keywords
print-case-translations :: diag and
free-constructors :: thy-goal
begin

consts
case-guard :: bool = 'a = ('a = 'b) = 'b
case-nil :: 'a = 'b
case-cons :: ('a = 'b) = (la = 'b) = 'a = 'b
case-elem :: 'a = 'b = 'a = b
case-abs :: ('c = 'b) = 'b

declare [[coercion-args case-gquard — + —|]
declare [[coercion-args case-cons — —|]
declare [[coercion-args case-abs —|]
declare [[coercion-args case-elem — +]]

(ML)

lemma iffl-np: [t = -~ y; ~z = y] = "z +—y
(proof)

lemma iff-contradict:
- P—P+— Q— Q=R
- Q=P+— Q= P= R
(proof)

(ML)

Coinduction method that avoids some boilerplate compared with coinduct.

(ML)

end

13 Knaster-Tarski Fixpoint Theorem and induc-
tive definitions

theory Inductive
imports Complete-Lattices Ctr-Sugar
keywords
inductive coinductive inductive-cases inductive-simps :: thy-defn and
monos and
print-inductives :: diag and
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old-rep-datatype :: thy-goal and
primrec :: thy-defn
begin

13.1 Least fixed points

context complete-lattice
begin

definition Ifp :: (a = ’a) = 'a
where Ifp f = Inf {u. fu < u}

lemma Ifp-lowerbound: fA < A= Ifpf < A
{proof )

lemma [fp-greatest: (Au. fu <u=—= A<u)= A<Ipf
(proof )

end

lemma [fp-fizpoint:
assumes mono f
shows f (Ifp f) = Ufp f
(proof)

lemma Ifp-unfold: mono f = Ifp f = f (ifp f)
(proof)

lemma Ifp-const: Ifp (\z. t) =t
(proof)

lemma Ifp-eqgl: mono F — Fr=2=—= (N2. Fz2=z2=12<2) = lp F==x

(proof)

13.2 General induction rules for least fixed points

lemma Ifp-ordinal-induct [case-names mono step union]:
fixes [ :: 'a::complete-lattice = 'a
assumes mono: mono f
and P-f: AS.PS = S<Ilfpf= P (f95)
and P-Union: NA\M.VSeM. PS = P (Sup M)
shows P (ifp f)

(proof)

theorem Ifp-induct:
assumes mono: mono f
and ind: f (inf (ifp f) P) < P
shows Ifp f < P
(proof)
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lemma [fp-induct-set:
assumes Ifp: a € Ifp f
and mono: mono f
and hyp: Ax.z € f (Ifp f N {z. Pz}) = Pux
shows P a

{proof)

lemma [fp-ordinal-induct-set:
assumes mono: mono f
and P-f: AS. PS = P (f9)
and P-Union: A\M.VSeM. P S = P (JM)
shows P (Ifp f)

(proof)
Definition forms of [fp-unfold and Ifp-induct, to control unfolding.
lemma def-Ifp-unfold: h = lfp f = mono f = h = fh

(proof )

lemma def-Iifp-induct: A =lfp f = mono f = f (inf AP)< P = A<P
{proof )

lemma def-Ifp-induct-set:
A=lfpf=monof=a€c A= (A\v.zef(ANn{z. Pz}) = Pz) =
Pa

{proof)

Monotonicity of Ifp!

lemma Ilfp-mono: ( NZ. fZ < gZ)=1fpf<lfpyg
(proof )

13.3 Greatest fixed points

context complete-lattice
begin

definition ¢fp :: ('a = 'a) = 'a
where gfp f = Sup {u. v < fu}

lemma gfp-upperbound: X < fX = X < gfp f
(proof)

lemma gfp-least: (Nu. v < fu = u< X) = gfpf < X
{proof)

end

lemma Ifp-le-gfp: mono f = Ifp [ < gfp f
(proof)
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lemma gfp-fixpoint:
assumes mono f

shows f (gfp f) = gfp f
{proof)

lemma gfp-unfold: mono f —> gfp f = f (9fp f)
{proof)

lemma gfp-const: gfp (A\z. t) =t
(proof )

lemma gfp-eql: mono F — Fao =2 — (N\2. Fz2=2= 2<2) = gfp F =
x

{proof)

13.4 Coinduction rules for greatest fixed points

Weak version.

lemma weak-coinduct: a € X = X C fX = a € gfp f
(proof)

lemma weak-coinduct-image: a € X = ¢’ X C f (¢ X) = ga € gfp |
{proof )

lemma coinduct-lemma: X < f (sup X (gfp f)) = mono f = sup X (gfp f) <

[ (sup X (gfp f))
(proof )

Strong version, thanks to Coen and Frost.

lemma coinduct-set: mono f = a € X = X Cf (X Ugfpf) = acgfpf
(proof )

lemma gfp-fun-Unl2: mono f = a € gfp f = a € f (X U gfp f)
(proof )

lemma gfp-ordinal-induct[case-names mono step union|:
fixes [ :: 'a::complete-lattice = 'a
assumes mono: mono f
and P-f: AS.PS = gfpf<S= P (f9)
and P-Union: NA\M.VSeM. P S = P (Inf M)
shows P (gfp f)
(proof)

lemma coinduct:
assumes mono: mono f
and ind: X < f (sup X (gfp f))
shows X < gfp f
(proof)
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13.5 Even Stronger Coinduction Rule, by Martin Coen

Weakens the condition X C f X to one expressed using both Ifp and gfp

lemma coinduct3-mono-lemma: mono f => mono (Az. fz U X U B)
(proof)

lemma coinduct3-lemma:
XCf(fp (M. fzU X Ugfpf) = mono f =
Ufp Az. fz U X Ugfpf) Cf(fp (Ao fz U X Ugfpf))
(proof)

lemma coinduct3: mono f — a € X = X C f (lIfp (Az. fzr U X U gfp f)) =

a€gfpf
(proof )

Definition forms of gfp-unfold and coinduct, to control unfolding.

lemma def-gfp-unfold: A = gfp f = mono f — A =fA
{proof )

lemma def-coinduct: A = gfp f = mono f —= X < f(sup X A) = X < A
(proof )

lemma def-coinduct-set: A = gfp f = mono f = a € X = X C f (X U A)
= a€ A

{proof)

lemma def-Collect-coinduct:
A = gfp (Aw. Collect (P w)) = mono (Aw. Collect (P w)) = a € X =
(Nz.z2€e X =P (XUA) z)=acd
(proof)

lemma def-coinducts: A= gfp f = monof = a € X = X C f (ifp (\z. f=z
UXUA)=acAd

(proof)
Monotonicity of gfp!

lemma gfp-mono: (NZ. fZ < gZ)= gfpf<gfpg
(proof)

13.6 Rules for fixed point calculus

lemma [fp-rolling:

assumes mono g mono f

shows g (Ifp (Az. f (g9 2))) = Ifp (Az. g (f2))
(proof)

lemma Ifp-ifp:
assumes f: Az y w z. z

shows Ifp (A\z. ifp (f z))

y=—=w<z= fzw<fyz
Ifp (Az. fxx)

[ IA
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(proof)

lemma gfp-rolling:
assumes mono g mono f

shows g (gfp (A\z. f (g 2))) = gfp (Az. g (f 7))
(proof)

lemma gfp-gfp:
assumes f: Neywz s<y—=w<z= faw<fyz

shows gfp (A\z. gfp (f2)) = gfp (\z. fx )
(proof)

13.7 Inductive predicates and sets

Package setup.

lemmas basic-monos =
subset-refl imp-refl disj-mono conj-mono ex-mono all-mono if-bool-eq-conj
Collect-mono in-mono vimage-mono

lemma le-rel-bool-arg-iff: X < Y +— X False < Y Fualse A X True < Y True
(proof )

lemma imp-conj-iff: (P — Q) A P) = (P A Q)
(proof)

lemma meta-fun-cong: P = QQ = Pa= Q a
(proof)

(ML)

lemmas [mono] =
imp-refl disj-mono conj-mono ex-mono all-mono if-bool-eq-conj
imp-mono not-mono

Ball-def Bez-def
induct-rulify-fallback

13.8 The Schroeder-Bernstein Theorem

See also:

e $ISABELLE_HOME/src/HOL/ex/Set_Theory.thy
o http://planetmath.org/proofofschroederbernsteintheoremusingtarskiknastertheorem

o Springer LNCS 828 (cover page)

theorem Schroeder-Bernstein:
fixes f:: '/a= band g :: 'b = "a


http://planetmath.org/proofofschroederbernsteintheoremusingtarskiknastertheorem
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and A :: ‘a set and B :: b set
assumes injl: inj-on f A and subl: f ‘A
and nj2: inj-on g B and sub2: g ‘ B C
shows 3 h. bij-betw h A B
(proof )

CcB
A

13.9 Inductive datatypes and primitive recursion

Package setup.
(ML)
Lambda-abstractions with pattern matching:

syntax (ASCII)

-lam-pats-syntax :: cases-syn = ’‘a = 'b (<(<notation=abstraction>%-)» 10)
syntax

-lam-pats-syntax :: cases-syn = ‘a = 'b («(<notation=abstraction’\-)» 10)
(ML)

end

14 Cartesian products

theory Product-Type

imports Typedef Inductive Fun

keywords inductive-set coinductive-set :: thy-defn
begin
14.1 bool is a datatype

free-constructors (discs-sels) case-bool for True | False
{proof)

Avoid name clashes by prefixing the output of old-rep-datatype with old.
(ML)

old-rep-datatype True False {proof)

(ML)

But erase the prefix for properties that are not generated by free-constructors.
(L)

lemmas induct = old.bool.induct

lemmas inducts = old.bool.inducts

lemmas rec = old.bool.rec

lemmas simps = bool.distinct bool.case bool.rec

(ML)
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declare case-split [cases type: bool]
— prefer plain propositional version

lemma [code]:
HOL.equal False P +— — P
HOL.equal True P <— P
HOL.equal P False <— — P
HOL.equal P True +— P

(proof)

lemma [code nbel:
HOL.equal P P <— True for P :: bool

{proof)

lemma If-case-cert:
assumes CASE = (\b. If b f g)
shows (CASE True = f) &&& (CASE False = g)

(proof)
(ML)

code-printing
constant HOL.equal :: bool = bool = bool — (Haskell) infix 4 ==
| class-instance bool :: equal — (Haskell) —

14.2 The unit type

typedef unit = { True}
(proof)

definition Unity :: unit (<'(')»)
where () = Abs-unit True

lemma unit-eq [no-atp]: u = ()

{proof)

Simplification procedure for wunit-eq. Cannot use this rule directly — it
loops!

(ML)

free-constructors case-unit for ()

{proof )
Avoid name clashes by prefixing the output of old-rep-datatype with old.
(ML)

old-rep-datatype () (proof)



THEORY “Product-Type” 225

(ML)
But erase the prefix for properties that are not generated by free-constructors.

(ML)

lemmas induct = old.unit.induct
lemmas inducts = old.unit.inducts
lemmas rec = old.unit.rec
lemmas simps = unit.case unit.rec

(ML)

lemma unit-all-eq1: (Az::unit. PROP P z) = PROP P ()
{proof)

lemma unit-all-eq2: (\z::unit. PROP P) = PROP P
{proof)

This rewrite counters the effect of simproc unit-eq on Au::unit. f u, replacing
it by f rather than by Au. f ().

lemma unit-abs-eta-conv [simp|: (Auzunit. f () = f
{proof)

lemma UNIV-unit: UNIV = {()}
(proof)

instantiation unit :: default
begin

definition default = ()
instance (proof)
end

instantiation unit :: {complete-boolean-algebra,complete-linorder wellorder}
begin

definition less-eqg-unit :: unit = unit = bool
where (-:unit) < - «— True

lemma less-eg-unit [iff]: u < v for u v :: unit
{proof)

definition less-unit :: unit = unit = bool
where (-::unit) < - «— False

lemma less-unit [iff]: = u < v for u v :: unit
{proof)
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definition bot-unit :: unit
where [code-unfold]: L = ()

definition top-unit :: unit
where [code-unfold]: T = ()

definition inf-unit :: unit = unit = unit
where [simp]: - M - = ()

definition sup-unit :: unit = unit = unit
where [simp]: - U - = ()

definition Inf-unit :: unit set = unit
where [simp]: []- = ()

definition Sup-unit :: unit set = unit
where [simp]: | |- = ()

definition uminus-unit :: unit = unit
where [simp]: — - = ()

declare less-eq-unit-def [abs-def, code-unfold)
less-unit-def [abs-def, code-unfold)
inf-unit-def [abs-def, code-unfold]
sup-unit-def [abs-def, code-unfold)
Inf-unit-def [abs-def, code-unfold]
Sup-unit-def [abs-def, code-unfold)
uminus-unit-def [abs-def, code-unfold)

instance
(proof)

end

lemma [code]: HOL.equal uw v +— True for u v ::

(proof)

code-printing
type-constructor unit —

(SML) unit
and (OCaml) unit
and (Haskell) ()
and (Scala) Unit

| constant Unity —
(SML) ()
and (OCaml) ()
and (Haskell) ()
and (Scala) ()

unit

226
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| class-instance unit :: equal —
(Haskell) —

| constant HOL.equal :: unit = unit = bool —
(Haskell) infix 4 ==

code-reserved
(SML) unit
and (OCaml) unit
and (Scala) Unit
14.3 The product type

14.3.1 Type definition

definition Pair-Rep :: 'a = 'b = 'a = 'b = bool
where Pair-Rep a b = Az y. x = a Ay =b)

definition prod = {f. 3a b. f = Pair-Rep (a::'a) (b::'b)}

typedef (‘a, 'b) prod (<(<notation=<infiz x»>»- x/ -)» [21, 20] 20) = prod :: ('a
= 'b = bool) set
{proof)

type-notation (ASCII)
prod (infixr x> 20)

definition Pair :: 'a = b= ’a x b
where Pair a b = Abs-prod (Pair-Rep a b)

lemma prod-cases: (Aa b. P (Pair a b)) = P p
{proof)

free-constructors case-prod for Pair fst snd

(proof)

Avoid name clashes by prefixing the output of old-rep-datatype with old.
(ML)

old-rep-datatype Pair
(proof )

(ML)

But erase the prefix for properties that are not generated by free-constructors.

(ML)
declare old.prod.inject [iff del]

lemmas induct = old.prod.induct
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lemmas inducts = old.prod.inducts
lemmas rec = old.prod.rec
lemmas simps = prod.inject prod.case prod.rec

(ML)

declare prod.case [nitpick-simp del]
declare old.prod.case-cong-weak [cong del]
declare prod.case-eq-if [mono)

declare prod.split [no-atp)

declare prod.split-asm [no-atp]

prod.split could be declared as [split] done after the Splitter has been speeded
up significantly; precompute the constants involved and don’t do anything
unless the current goal contains one of those constants.

14.3.2 Tuple syntax

Patterns — extends pre-defined type pttrn used in abstractions.

nonterminal tuple-args and patterns

open-bundle tuple-syntax

begin
syntax

-tuple = 'a = tuple-args = 'a x 'b (¢(<indent=1 notation=<mizfix
tuple»>’(-,/ -"))»)

-tuple-arg :: 'a = tuple-args (¢~

-tuple-args :: 'a = tuple-args = tuple-args  (<-,/ =)

-pattern  :: pttrn = patterns = pttrn «(<open-block notation=<pattern
tuple»y'(-,/ -))»)

i pttrn = patterns («=)
-patterns :: pttrn = patterns = patterns (¢-,/ =)
-unit : pttrn (<(<open-block notation=<pattern

unit» ("))
syntax-consts
-pattern -patterns = case-prod and
-unit = case-unit
translations
(z, y) = CONST Pair z y
-pattern x y = CONST Pair x y
-patterns ¢y = CONST Pair z y
-tuple © (-tuple-args y z) = -tuple x (-tuple-arg (-tuple y z))
Az, y, 2s). b = CONST case-prod (Az (y, zs). b)
Az, y). b = CONST case-prod (Az y. b)
-abs (CONST Pair z y) t — Az, y). t
— This rule accommodates tuples in case C ... (x, y) ... = ...: The (x, y) is
parsed as Pair x y because it is logic, not pttrn.
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A(). b = CONST case-unit b
-abs (CONST Unity) t — X(). ¢

end

print case-prod f as case-prod f and case-prod f as case-prod f
(ML)
Reconstruct pattern from (nested) case-prods, avoiding eta-contraction of

body; required for enclosing "let", if "let" does not avoid eta-contraction,
which has been observed to occur.

(ML)

14.3.3 Code generator setup

code-printing
type-constructor prod —

(SML) infix 2 x
and (OCaml) infix 2 *
and (Haskell) 1((-),/ (-))
and (Scala) ((-),/ (-))

| constant Pair —
(SML) \((-)./ ()
and (0Cami) !((-),/ (-)
and (Haskell) '((-),/ (-))
and (Scala) /((-),/ (-))

| class-instance prod :: equal —
(Haskell) —

| constant HOL.equal :: 'a X 'b = 'a x 'b = bool —
(Haskell) infix / ==

| constant fst — (Haskell) fst

| constant snd — (Haskell) snd

14.3.4 Fundamental operations and properties
lemma Pair-inject: (a, b) = (a/, b)) = (e =a' = b=b'"— R) = R
(proof)

lemma surj-pair [simp]: 3z y. p = (z, y)
(proof )

lemma fst-eqD: fst (z,y) = a =z = a
(proof )

lemma snd-eqD: snd (z, y) = a = y = a
(proof )

lemma case-prod-unfold [nitpick-unfold]: case-prod = (Ac p. ¢ (fst p) (snd p))
(proof )
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lemma case-prod-conv [simp, code]: (case (a, b) of (¢, d) = fcd)=fab
{proof)

lemmas surjective-pairing = prod.collapse [symmetric]

lemma prod-eq-iff: s =t <— fst s = fst t \ snd s = snd t
(proof)

lemma prod-eql [intro?]: fst p = fst ¢ = sndp = snd ¢ = p = ¢
(proof )

lemma case-prodl: f a b = case (a, b) of (¢, d) = fcd
(proof )

lemma case-prodD: (case (a, b) of (¢, d) = fcd) = fab
(proof)

lemma case-prod-Pair [simp]: case-prod Pair = id
(proof)

lemma case-prod-eta: (A\(z, y). f (z, y)) = f
— Subsumes the old split-Pair when f is the identity function.

{proof)

lemma case-prod-comp: (case z of (a, b) = (f o g) a b) = f (g (fst x)) (snd x)
{proof)

lemma The-case-prod: The (case-prod P) = (THE xy. P (fst zy) (snd xy))
{proof)

lemma cond-case-prod-eta: (Azy. fzy =g (z,y) = Mz, y). fzy) =g
(proof )

lemma split-paired-all [no-atp]: (Az. PROP P z) = (Aa b. PROP P (a, b))
(proof)

The rule split-paired-all does not work with the Simplifier because it also
affects premises in congrence rules, where this can lead to premises of the
form Aa b. ... = ?P(a, b) which cannot be solved by reflexivity.

lemmas split-tupled-all = split-paired-all unit-all-eq2
(ML)
lemma split-paired-All [simp, no-atp]: (Vz. P z) <— (Va b. P (a, b))

— [iff] is not a good idea because it makes blast loop
{proof)
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lemma split-paired-Ex [simp, no-atp]: (3z. P z) «— (Ja b. P (a, b))
{proof)

lemma split-paired-The [no-atp): (THE z. P x) = (THE (a, b). P (a, b))
— Can’t be added to simpset: loops!
(proof)

Simplification procedure for cond-case-prod-eta. Using case-prod-eta as a
rewrite rule is not general enough, and using cond-case-prod-eta directly
would render some existing proofs very inefficient; similarly for prod.case-eq-if.

(ML)

lemma case-prod-beta’s (M(z,y). fz y) = (Az. f (fst z) (snd x))
(proof)

case-prod used as a logical connective or set former.

These rules are for use with blast; could instead call simp using prod.split
as rewrite.

lemma case-prodl2:
Ap. (Aab.p=1(a, b) = cabd) = case p of (a, b) = cabd
(proof)

lemma case-prodI2’:
Ap. (Na b. (a,b) =p = cabz) = (casep of (a, b) = cad)x
(proof)

lemma case-prodE [elim!]:
(case p of (a,b) = cabd) = (Nzy.p=(z,y) = cry = Q) = Q
(proof )

lemma case-prodE’ [elim!]:
(case p of (a,b) = cad) z= (Nzy.p=(2,y) = cryz= Q) = @
{proof)

lemma case-prodE2:
assumes ¢: @ (case z of (a, b) = P ab)
and Az y. 2= (z,y) = Q (Pzry) = R
shows R
(proof)

lemma case-prodD’: (case (a, b) of (¢, d) = Rcd)c= Rabc
{proof)

lemma mem-case-prodl: z € ¢ a b => z € (case (a, b) of (d, e) = ¢ d e)
{proof)
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lemma mem-case-prodI2 [introl]:
Ap. (Aab.p=(a,b) = z€ cab) = z¢€ (case p of (a, b) = cab)
{proof)

declare mem-case-prodI [intro!] — postponed to maintain traditional declaration
order!

declare case-prodI2’ [intro!] — postponed to maintain traditional declaration or-
der!

declare case-prodI2 [intro!] — postponed to maintain traditional declaration order!
declare case-prodl [intro!] — postponed to maintain traditional declaration order!

lemma mem-case-prodE [elim!]:
assumes z € case-prod ¢ p
obtains z y where p = (z, y) and z € cz y

(proof)
(ML)

lemma split-eta-SetCompr [simp, no-atp]: (Au. Iz y. u = (z, y) A P (z, y)) = P
{proof)

lemma split-eta-SetCompr2 [simp, no-atp]: (Au. Iz y. v = (x, y) A Pz y) =
case-prod P
(proof)

lemma split-part [simp]: (A(a,b). P A Q a b) = (Aab. P A case-prod Q ab)
— Allows simplifications of nested splits in case of independent predicates.
(proof)

lemma split-comp-eq:
fixes f: 'a= b= ¢
and g :: 'd = 'a
shows (A\u. f (g (fst u)) (snd u)) = case-prod (Az. f (g z))
(proof)

lemma pair-imagel [intro]: (a, b)) € A= fabe (A(a, b). fab) ‘A
{proof)

lemma Collect-const-case-prod[simp]: {(a,b). P} = (if P then UNIV else {})
(proof)

lemma The-split-eq [simp]: (THE (z'y). x =z’ Ny =y') = (z, y)
(proof )

lemma case-prod-beta: case-prod fp = f (fst p) (snd p)
(proof )
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lemma prod-cases3 [cases type):
obtains (fields) a b ¢ where y = (a, b, ¢)
(proof )

lemma prod-induct3 [case-names fields, induct type]:
(Aabec P(a, b, ¢c)) = Pux
(proof )

lemma prod-cases) [cases type]:
obtains (fields) a b ¢ d where y = (a, b, ¢, d)
(proof )

lemma prod-inductj [case-names fields, induct type]:
(Aabcd. P(a,b,c,d)) = Pux
(proof )

lemma prod-cases5 [cases type]:
obtains (fields) a b ¢ d e where y = (a, b, ¢, d, €)
(proof)

lemma prod-induct5 [case-names fields, induct type]:
(Aabcde P(a, b c d e) = Px
(proof )

lemma prod-cases6 [cases type]:
obtains (fields) a b ¢ d e f where y = (a, b, ¢, d, e, f)
(proof )

lemma prod-induct6 [case-names fields, induct type]:
(Aabcdef. P(a, b c,d, e f))=— Pz
(proof )

lemma prod-cases7 [cases type]:
obtains (fields) a b ¢ d e f g where y = (a, b, ¢, d, e, f, g)
(proof)

lemma prod-induct7 [case-names fields, induct type]:
(Nabecdefg P (a, b e d, e f, g9)=— Pz
(proof )

definition internal-case-prod :: ('a = 'b = 'c) = 'a x 'b = 'c
where internal-case-prod = case-prod

lemma internal-case-prod-conv: internal-case-prod ¢ (a, b) = ca b

(proof)

233
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(ML)

hide-const internal-case-prod

14.3.5 Derived operations

definition curry = (‘a x b= '¢) = ‘a = b= 'c
where curry = (Acz y. ¢ (z, y))

lemma curry-conv [simp, code]: curry fa b = f (a, b)

{proof)

lemma curryl [introl]: f (a, b) = curry fa b
{proof)

lemma curryD [dest!]: curry fa b = f (a, b)
(proof )

lemma curryE: curry fa b = (f (a, b)) = Q) = Q
(proof)

lemma curry-case-prod [simp]: curry (case-prod f) = f
(proof )

lemma case-prod-curry [simpl: case-prod (curry f) = f
(proof )

lemma curry-K: curry (Az. ¢) = (Az y. ¢)
{proof)

The composition-uncurry combinator.

definition scomp :: (Yfa = b x '¢) = ('b = ‘¢ = 'd) = 'a = 'd (infix] <o—
60)
where [ o— g = (Az. case-prod g (f z))

no-notation scomp (infixl <o—) 60)

bundle state-combinator-syntax
begin

notation fecomp (infixl <o>) 60)
notation scomp (infixl <o—) 60)
end

context
includes state-combinator-syntax
begin

lemma scomp-unfold: (o—) = (Af g z. g (fst (fz)) (snd (f z)))
(proof )
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lemma scomp-apply [simp]: (f o— g) © = case-prod g (f x)
(proof )

lemma Pair-scomp: Pair x o— f = fx
(proof)

lemma scomp-Pair: x o— Pair = x
(proof )

lemma scomp-scomp: (f o— g) o= h = f o— (Az. g £ o— h)
(proof )

lemma scomp-fcomp: (f o— g) o> h = f o— (Az. g x o> h)

(proof)

lemma fcomp-scomp: (f o> g) o— h = f o> (g o— h)
(proof )

end

code-printing
constant scomp — (Fval) infix] 3 #—>

map-prod — action of the product functor upon functions.
definition map-prod :: (‘la = '¢) = (‘b= 'd) = 'a x b= "¢ x 'd
where map-prod f g = (\(z, y). (fz, g y))

lemma map-prod-simp [simp, code]: map-prod f g (a, b) = (fa, g b)
(proof)

functor map-prod: map-prod
(proof )

lemma fst-map-prod [simp)|: fst (map-prod f g ) = f (fst )
(proof )

lemma snd-map-prod [simp]: snd (map-prod f g x) = g (snd x)
(proof )

lemma fst-comp-map-prod [simpl: fst o map-prod f g = f o fst
{proof )

lemma snd-comp-map-prod [simp]: snd o map-prod f g = g o snd
{proof)

lemma map-prod-compose: map-prod (f1 o f2) (g1 o ¢g2) = (map-prod f1 g1 o
map-prod f2 g2)
(proof )
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lemma map-prod-ident [simp|: map-prod (Az. z) (Ay. y) = (Az. 2)
{proof)

lemma map-prod-imagel [intro]: (a, b) € R = (fa, g b) € map-prod f g ‘ R
(proof)

lemma prod-fun-imageE [elim!]:
assumes major: ¢ € map-prod f g ‘ R
and cases: Az y. c = (fz,9y) = (z,y) € R=— P
shows P

(proof)

definition apfst :: (‘a = 'c) = ‘a x b= "c x b
where apfst f = map-prod f id

definition apsnd :: ('b = 'c) = 'a x b= "a x ¢
where apsnd f = map-prod id f

lemma apfst-conv [simp, codel: apfst f (z, y) = (f z, y)
(proof)

lemma apsnd-conv [simp, code]: apsnd [ (z, y) = (z, [ y)
(proof )

lemma fst-apfst [simp: fst (apfst fz) = f (fst x)
(proof )

lemma fst-comp-apfst [simp]: fst o apfst f = f o fst
(proof )

lemma fst-apsnd [simp]: fst (apsnd fx) = fst
(proof )

lemma fst-comp-apsnd [simp]: fst o apsnd f = fst
(proof)

lemma snd-apfst [simp]: snd (apfst fx) = snd
(proof )

lemma snd-comp-apfst [simp]: snd o apfst f = snd
(proof )

lemma snd-apsnd [simpl: snd (apsnd fz) = f (snd x)
{proof)

lemma snd-comp-apsnd [simp]: snd o apsnd f = f o snd
{proof)
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lemma apfst-compose: apfst f (apfst g x) = apfst (f o g)
{proof )

lemma apsnd-compose: apsnd f (apsnd g x) = apsnd (f o g) z
(proof)

lemma apfst-apsnd [simp]: apfst f (apsnd g ) = (f (fst x), g (snd z))
(proof )

lemma apsnd-apfst [simp]: apsnd f (apfst g ) = (g (fst x), f (snd z))
(proof )

lemma apfst-id [simp]: apfst id = id
(proof )

lemma apsnd-id [simp]: apsnd id = id
(proof)

lemma apfst-eq-conv [simp|: apfst f x = apfst gz +— [ (fst z) = g (fst z)
(proof )

lemma apsnd-eq-conv [simp: apsnd fx = apsnd g x <— [ (snd ) = g (snd x)
(proof)

lemma apsnd-apfst-commute: apsnd f (apfst g p) = apfst g (apsnd f p)
(proof )

context
begin

(ML)

definition swap :: '‘a x 'b = b x 'a
where swap p = (snd p, fst p)

end

lemma swap-simp [simp]: prod.swap (z, y) = (y, )
(proof)

lemma swap-swap [simp): prod.swap (prod.swap p) = p
(proof )

lemma swap-comp-swap [simp: prod.swap o prod.swap = id
(proof)

lemma pair-in-swap-image [simp]: (y, ) € prod.swap ‘ A +— (z, y) € A
(proof)
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lemma inj-swap [simp]: inj-on prod.swap A
(proof )

lemma swap-inj-on: inj-on (A(¢, §). (j, 7)) A
(proof )

lemma surj-swap [simp|: surj prod.swap
(proof )

lemma bij-swap [simp]: bij prod.swap
(proof )

lemma case-swap [simp]: (case prod.swap p of (y, z) = fz y) = (case p of (z, y)
= fzy)
(proof )

lemma fst-swap [simp]: fst (prod.swap z) = snd x
(proof )

lemma snd-swap [simp]: snd (prod.swap z) = fst x
(proof )

lemma split-pairs: (A,B) = X «— fst X = AANsnd X =B
and split-pairs2: X = (A,B) +— fst X = A A snd X = B
(proof )

Disjoint union of a family of sets — Sigma.

definition Sigma :: ‘a set = (‘a = b set) = (‘a x 'b) set
where Sigma A B = |Jz€A. |JyeB z. {Pair = y}

context

begin

qualified abbreviation Times :: 'a set = 'b set = (‘a x 'b) set (infixr «x) 80)
where A x B = Sigma A (A-. B)

end

bundle set-product-syntax

begin

notation Product-Type. Times (infixr ¢x» 80)
end

syntax
-Sigma :: pttrn = 'a set = 'b set = (‘a x 'b) set
(<(<indent=3 notation=<binder SIGMA» SIGMA -:-./ -)» [0, 0, 10] 10)
syntax-consts
-Sigma = Sigma
translations
SIGMA z:A. B = CONST Sigma A (Az. B)
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lemma Sigmal [introl]: a € A= b€ Ba = (a, b) € Sigma A B
{proof)

lemma SigmaFE [elim!]: ¢ € Sigma A B —= (N2 y. 1 € A= y€ Bz = ¢ =
(z,y) = P) = P

— The general elimination rule.

{proof )

Elimination of (a, b)) € A x B — introduces no eigenvariables.

lemma SigmaD1: (a, b) € Sigma A B— a € A
(proof )

lemma SigmaD2: (a, b) € Sigma A B=— b € Ba
(proof)

lemma SigmaE?2: (a, b) € Sigma A B=—= (e € A= b&c Ba=— P) =P
{proof)

lemma Sigma-cong: A = B = (A\z. t € B= Cz =D z) = (SIGMA z:A.
C ) = (SIGMA z:B. D z)

{proof)

lemma Sigma-mono: A C C = (A\z. t € A= Bx C Dz) = Sigma A B C
Sigma C D

{proof)

lemma Sigma-emptyl [simp]: Sigma {} B = {}
{proof)

lemma Sigma-empty2 [simp]: A x {} = {}
(proof)

lemma UNIV-Times-UNIV [simp]: UNIV x UNIV = UNIV
(proof)

lemma Compl-Times-UNIV1 [simp]: — (UNIV x A) = UNIV x (—A)
{proof)

lemma Compl-Times-UNIV2 [simp]: — (A x UNIV) = (—A) x UNIV
{proof)

lemma mem-Sigma-iff [iff]: (a, b) € Sigma A B<+— a € AANb€E Ba
(proof )

lemma mem-Times-iff: © € A X B<— fstz € AN sndzx € B

{proof)

lemma Sigma-empty-iff: (SIGMA ¢:I. X i) = {} «— (Viel. X i = {})
{proof)
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lemma Times-subset-cancel2: 1 € C =—= A x CC Bx C+— ACB
(proof)

lemma Times-eq-cancel2: 1 € C = A x C =B x C +—+ A=B
(proof)

lemma Collect-case-prod-Sigma: {(z, y). Pz A Q z y} = (SIGMA z:Collect P.
Collect (Q z))

(proof)

lemma Collect-case-prod [simp]: {(a, b). P a A Q b} = Collect P x Collect @
{proof)

lemma Collect-case-prodD: © € Collect (case-prod A) = A (fst z) (snd z)
{proof)

lemma Collect-case-prod-mono: A < B = Collect (case-prod A) C Collect (case-prod
B)
{proof)

lemma Collect-split-mono-strong:
X=fst ' A= Y =snd A= VacX.Vbe Y. Pab— Qabd
= A C Collect (case-prod P) = A C Collect (case-prod Q)

{proof)

lemma UN-Times-distrib: (|J (a, b))€A x B.Ea x Fb)=(E “4) x J(F ‘B)
— Suggested by Pierre Chartier
{proof )

lemma split-paired-Ball-Sigma [simp, no-atp]: (Vz€Sigma A B. P z) +— (Vz€A.
VyeBx. P (z, y))
(proof)

lemma split-paired-Bez-Sigma [simp, no-atp]: (32€Sigma A B. P z) +— (Fz€A.
JyeBx. P (z, y))
(proof )

lemma Sigma-Un-distribl: Sigma (I U J) C = Sigma I C U Sigma J C
(proof )

lemma Sigma-Un-distrib2: (SIGMA i:1. A i U B i) = Sigma I A U Sigma I B
{proof)

lemma Sigma-Int-distrib1: Sigma (I N J) C = Sigma I C N Sigma J C
(proof )

lemma Sigma-Int-distrib2: (SIGMA i:1. A i N B i) = Sigma I A N Sigma I B
(proof)
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lemma Sigma-Diff-distrib1: Sigma (I — J) C = Sigma I C — Sigma J C
(proof )

lemma Sigma-Diff-distrib2: (SIGMA i:I. A i — B i) = Sigma I A — Sigma I B
(proof)

lemma Sigma-Union: Sigma (|JX) B = (|JA€X. Sigma A B)
{proof)

lemma Pair-vimage-Sigma: Pair x —* Sigma A f = (if ¢ € A then f z else {})
(proof )

Non-dependent versions are needed to avoid the need for higher-order match-
ing, especially when the rules are re-oriented.

lemma Times-Un-distribl: (AU B) x C = Ax CUBx C
{proof)

lemma Times-Int-distribl: (AN B) x C=Ax CNBxC
{proof)

lemma Times-Diff-distribl: (A — B) x C =Ax C — Bx C
{proof )

lemma Times-empty [simp]: A x B={}+— A={} Vv B={}
(proof)

lemma times-subset-iff: A x C C Bx D+— A={} VC={} VACBACCD
{proof)

lemma times-eq-iff: Ax B=Cx D+ A=CANB=DV(A={}VvB=
HAaC={vD={}

(proof)

lemma fst-image-times [simp]: fst < (A x B) = (if B = {} then {} else A)
{proof)

lemma snd-image-times [simp]: snd ‘ (A x B) = (if A = {} then {} else B)
{proof)

lemma fst-image-Sigma: fst “ (Sigma A B) = {z € A. B(z) # {}}
(proof)

lemma snd-image-Sigma: snd ‘ (Sigma A B) = (|J = € A. B x)
{proof)

lemma vimage-fst: fst —< A = A x UNIV
(proof )
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lemma vimage-snd: snd —* A = UNIV x A
{proof )

lemma insert-Times-insert [simp]:
insert a A x insert b B = insert (a,b) (A x insert b B U {a} x B)
{proof)

lemma sing-Times-sing: {z}x{y} = {(z,y)}
(proof)

lemma vimage-Times: f — (A X B) = (fsto f) =—“ AN (snd o f) —*B
(proof)

lemma Times-Int-Times: A x BN C x D= (AN C) x (BN D)
{proof)

lemma image-paired-Times:
A(z,y). (fz, gy)) “(Ax B)=(f"4) x(g°B)
{proof )

lemma Times-insert-right: A X insert y B = (Az. (z, y)) ‘AU A x B
(proof)

lemma Times-insert-left: insert t A x B = (\y. (z,y)) ‘BUA X B
{proof)

lemma product-swap: prod.swap ‘(A x B) = B x A
(proof )

lemma swap-product: (A(4, j). (j, ©)) ‘(A x B) =B x A
(proof)
lemma image-split-eq-Sigma: (A\z. (f z, g x)) * A = Sigma (f * 4) A\z. g “ (f =°
{z} N 4))
(proof)

lemma subset-fst-snd: A C (fst A x snd “ A)
(proof )

lemma inj-on-apfst [simp]: inj-on (apfst f) (A x UNIV) +— inj-on f A
(proof)

lemma inj-apfst [simp]: inj (apfst f) <— inj f
(proof )

lemma inj-on-apsnd [simpl: inj-on (apsnd f) (UNIV x A) +— inj-on f A
(proof )

lemma inj-apsnd [simp]: inj (apsnd f) «— inj f
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{proof)

context
begin

qualified definition product :: ‘a set = 'b set = ('a x 'b) set
where [code-abbrev]: product A B= A x B

lemma member-product: x € Product-Type.product A B +— z € A x B
(proof )

end

The following map-prod lemmas are due to Joachim Breitner:

lemma map-prod-inj-on:
assumes inj-on f A
and inj-on g B
shows inj-on (map-prod f g) (A x B)
(proof)

lemma map-prod-surj:
fixes f :: 'a = b
and g :: 'c = d
assumes surj f and surj g
shows surj (map-prod f g)
(proof)

lemma map-prod-surj-on:
assumes f ‘A = A’and g ‘B = B’
shows map-prod f g ‘(A x B) = A’ x B’
(proof )

lemma bij-betw-map-prod:
assumes bij-betw f A C bij-betw g B D
shows  bij-betw (map-prod f g) (A x B) (C x D)
(proof)

14.4 Code generator setup for paired and tripled bounded
set comprehension

context
begin

qualified lemma paired-bounded-Collect-eq-filter [code-unfold, no-atpl:
(z, y). (xz,y) € AN Pzxy} = Set.filter Nz, y). Pzy) A
(proof) lemma tripled-bounded-Collect-eq-filter [code-unfold, no-atp]:
A(z, y, 2). (z,y,2) € ANPuxyz} = Set.filter (MNz, y, 2). Pryz) A
(proof )
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end

14.5 Simproc for rewriting a set comprehension into a point-
free expression

(ML)

14.6 Lemmas about disjointness
lemma disjnt-Times1-iff [simp]: disjnt (C x A) (C x B) +— C = {} V disjnt
A B

(proof)

lemma disjnt-Times2-iff [simp]: disint (A x C) (B x C) «— C = {} V disjnt
A B
{proof)

lemma disjnt-Sigma-iff: disjnt (Sigma A C) (Sigma B C) «+— (Vi € ANB. C'i
={}) Vv disjnt A B
(proof )

14.7 Inductively defined sets
(ML)

14.8 Legacy theorem bindings and duplicates

lemmas fst-conv = prod.sel(1)
lemmas snd-conv = prod.sel(2)
lemmas split-def = case-prod-unfold
lemmas split-beta’ = case-prod-beta’
lemmas split-beta = prod.case-eq-if
lemmas split-conv = case-prod-conv
lemmas split = case-prod-conv

hide-const (open) prod

end

15 The Disjoint Sum of Two Types

theory Sum-Type
imports Typedef Inductive Fun
begin

15.1 Construction of the sum type and its basic abstract
operations

definition Inl-Rep :: 'a = 'a = 'b = bool = bool
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where Inl-Repazyp+—x=aAp

definition Inr-Rep :: 'b = ’‘a = b = bool = bool
where Inr-Rep bx yp<—y=bA—-p

definition sum = {f. (Fa. f = Inl-Rep (a::'a)) vV (Fb. f = Inr-Rep (b::'b))}

typedef (‘a, 'b) sum (infixr <+ 10) = sum :: ('a = 'b = bool = bool) set

{proof)

lemma Inl-Repl: Inl-Rep a € sum
(proof)

lemma Inr-Repl: Inr-Rep b € sum

(proof)

lemma inj-on-Abs-sum: A C sum = inj-on Abs-sum A
{proof )

lemma Inl-Rep-inject: inj-on Inl-Rep A
(proof )

lemma Inr-Rep-inject: inj-on Inr-Rep A

(proof)

lemma Inl-Rep-not-Inr-Rep: Inl-Rep a # Inr-Rep b
(proof )

definition Inl :: '"a = 'a + b
where Inl = Abs-sum o Inl-Rep

definition Inr :: 'b = ‘a + 'b
where Inr = Abs-sum o Inr-Rep

lemma inj-Inl [simp]: inj-on Inl A

{proof)

lemma Inl-inject: Inlx = Inly —= z =y
(proof)

lemma inj-Inr [simp]: inj-on Inr A
(proof )

lemma Inr-inject: Intrx = Inry =z =y
(proof)

lemma Inl-not-Inr: Inl a # Inr b

(proof)

245
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lemma Inr-not-Ini: Inr b # Inl a
{proof )

lemma sumkE:
assumes Az:'a. s = Inlz = P
and Ay:'b. s = Inry = P
shows P
(proof)

free-constructors case-sum for
isl: Inl projl

| Inr projr
(proof)

Avoid name clashes by prefixing the output of old-rep-datatype with old.
(ML)

old-rep-datatype Inl Inr
(proof)

(ML)

But erase the prefix for properties that are not generated by free-constructors.

(ML)

declare
old.sum.inject[iff del]
old.sum.distinct(1)[simp del, induct-simp del]

lemmas induct = old.sum.induct

lemmas inducts = old.sum.inducts

lemmas rec = old.sum.rec

lemmas simps = sum.inject sum.distinct sum.case sum.rec

(ML)

primrec map-sum :: ('a = '¢) = (‘b= "'d) = 'a+ b= "c+ 'd
where
map-sum f1 f2 (Inl o) = Inl (f1 a)
| map-sum f1 f2 (Inr a) = Inr (f2 a)

functor map-sum: map-sum

(proof)

lemma split-sum-all: (Vz. P z) «— (Vz. P (Inl z)) A (Vz. P (Inr z))
{proof)

lemma split-sum-ex: (Jz. P z) +— (Jz. P (Inl z)) V (z. P (Inr x))
{proof )
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15.2 Projections

lemma case-sum-KK [simp]: case-sum (Az. a) (Az. a) = (Az. a)
{proof)

lemma surjective-sum: case-sum (Az::'a. f (Inl z)) (Ay::'b. f (Inr y)) = f

(proof)

lemma case-sum-inject:
assumes a: case-sum fl f2 = case-sum g1 g2
and r: fl = g1l = f2 =92 = P
shows P
(proof)

primrec Suml :: (‘la = 'c) = 'a + b= 'c
where Suml f (Inlz) = fz

primrec Sumr :: (b= 'c) = ‘a + b= 'c
where Sumr f (Inr z) = fz

lemma Suml-inject:
assumes Suml f = Suml g
shows f = g

(proof)

lemma Sumr-inject:
assumes Sumr f = Sumr g
shows f = g

(proof)

15.3 The Disjoint Sum of Sets

definition Plus :: ‘a set = 'b set = ('a + 'b) set (infixr «<+>) 65)
where A <+> B=Inl ‘AU Inr ‘B

hide-const (open) Plus — Valuable identifier

lemma Inll [introl]: a € A = Inla € A <+> B

(proof)

lemma Inrl [introl]: b€ B= Inrbc A <+> B
{proof)

Exhaustion rule for sums, a degenerate form of induction

lemma PlusE [elim!]:

247

veEA<+>B= (A\e.z€e A= u=hls = P) = (A\y. y€ B= u =

Inry = P) = P
{proof)

lemma Plus-eq-empty-conv [simp]: A <+> B ={} +— A={} A B={}
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{proof)

lemma UNIV-Plus-UNIV [simp]: UNIV <+> UNIV = UNIV
(proof)

lemma UNIV-sum: UNIV = Inl * UNIV U Inr ¢ UNIV
(proof)

hide-const (open) Suml Sumr sum

end

16 Rings

theory Rings
imports Groups Set Fun
begin
16.1 Semirings and rings

class semiring = ab-semigroup-add + semigroup-mult +

248

assumes distrib-right [algebra-simps, algebra-split-simps]: (a + b) * ¢ = a *x ¢ +

bx*c

assumes distrib-left [algebra-simps, algebra-split-simps]: a * (b + ¢) = a x b +

a* ¢
begin

For the combine-numerals simproc

lemma combine-common-factor: a x e + (b* e + ¢) = (a + b) x e + ¢
{proof)

end

class mult-zero = times + zero +
assumes mult-zero-left [simp]: 0 x a = 0
assumes mult-zero-right [simpl: a x 0 = 0

begin

lemma mult-not-zero: a * b # 0 = a # 0 ANb # 0
(proof )

end
class semiring-0 = semiring + comm-monoid-add + mult-zero

class semiring-0-cancel = semiring + cancel-comm-monoid-add
begin

subclass semiring-0
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(proof)

end

class comm-semiring = ab-semigroup-add + ab-semigroup-mult +
assumes distrib: (a + b) x c =ax c+ bxc
begin

subclass semiring

{(proof)

end

class comm-semiring-0 = comm-semiring + comm-monoid-add + mult-zero
begin

subclass semiring-0 (proof)
end

class comm-semiring-0-cancel = comm-semiring + cancel-comm-monoid-add
begin

subclass semiring-0-cancel (proof)
subclass comm-semiring-0 (proof)
end

class zero-neg-one = zero + one +
assumes zero-neg-one [simp]: 0 # 1
begin

lemma one-neg-zero [simp]: 1 # 0
(proof )

definition of-bool :: bool = 'a
where of-bool p = (if p then 1 else 0)

lemma of-bool-eq [simp, code]:
of-bool False = 0
of-bool True = 1

{proof)

lemma of-bool-eq-iff: of-bool p = of-bool ¢ +— p = ¢
(proof )

lemma split-of-bool [split]: P (of-bool p) +— (p — P 1) A (- p — P 0)
(proof)
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lemma split-of-bool-asm: P (of-bool p) «+— - (p A= P 1V -p A - PO0)

{proof)

lemma of-bool-eq-0-iff [simp):
<of-bool P = 0 <— — P»
{proof )

lemma of-bool-eq-1-iff [simp]:
<of-bool P = 1 +— P>
(proof )

end

class semiring-1 = zero-neq-one + semiring-0 + monoid-mult
begin

lemma of-bool-conj:
of-bool (P N\ Q) = of-bool P * of-bool Q)
(proof )

end

lemma lambda-zero: (Ah::'a::mult-zero. 0) = (%) 0
{proof)

lemma lambda-one: (Ax::'a::monoid-mult. ) = (x) 1
(proof)

16.2 Abstract divisibility

class dvd = times
begin

definition dvd :: 'a = 'a = bool (infix <dvds 50)
where b dvd a +— (k. a = b * k)

lemma dvdl [intro?]: a = bx k = b dvd a
{proof)

lemma dvdE [elim]: b dvd « = (Ak. a =bx k= P) = P
(proof)

end

context comm-monoid-mult
begin

subclass dvd (proof)

250
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lemma dvd-refl [simp]: a dvd a
(proof)

lemma dvd-trans [trans]:
assumes a dvd b and b dvd ¢
shows a dvd ¢

(proof)

lemma subset-divisors-dvd: {c. ¢ dvd a} C {c. ¢ dvd b} «— a dvd b
(proof)

lemma strict-subset-divisors-dvd: {c. ¢ dvd a} C {c. ¢ dvd b} +— a dvd b A = b
dvd a

(proof)

lemma one-dvd [simp]: 1 dvd a
{proof)

lemma dvd-mult [simp]: a dvd (b % ¢) if a dvd ¢
{proof)

lemma dvd-mult2 [simp]: a dvd (b * ¢) if a dvd b
{proof)

lemma dvd-triv-right [simp]: a dvd b * a
{proof)

lemma dvd-triv-left [simp]: a dvd a % b
{proof)

lemma mult-dvd-mono:
assumes a dvd b

and c dvd d

shows a x ¢ dvd b x d

(proof)

lemma dvd-mult-left: a * b dvd ¢ => a dvd ¢
(proof)

lemma dvd-mult-right: a * b dvd ¢ = b dvd ¢
(proof )

end

class comm-semiring-1 = zero-neq-one + comm-semiring-0 + comm-monoid-mult
begin

subclass semiring-1 (proof)
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lemma dvd-0-left-iff [simp]: 0 dvd a «— a = 0

(proof)
lemma dvd-0-right [iff]: a dvd 0
(proof)
lemma dvd-0-left: 0 dvd a = a = 0
(proof )

lemma dvd-add [simp]:
assumes a dvd b and a dvd ¢
shows a dvd (b + ¢)

(proof)

end

class semiring-1-cancel = semiring + cancel-comm-monoid-add
+ zero-neq-one + monoid-mult
begin

subclass semiring-0-cancel (proof)
subclass semiring-1 (proof)
end

class comm-semiring-1-cancel =
comm-semiring + cancel-comm-monoid-add + zero-neq-one + comm-monoid-mult
+
assumes right-diff-distrib’ [algebra-simps, algebra-split-simps]:
ax(b—c)=axb—axc
begin

subclass semiring-1-cancel (proof)
subclass comm-semiring-0-cancel {proof)
subclass comm-semiring-1 (proof)

lemma left-diff-distrib’ [algebra-simps, algebra-split-simps]:
(b—c)xa=bxa—cx*a
(proof )

lemma dvd-add-times-triv-left-iff [simp]: a dvd ¢ * a + b <— a dvd b
(proof)

lemma dvd-add-times-triv-right-iff [simp]: a dvd b 4+ ¢ * a +— a dvd b

(proof)

lemma dvd-add-triv-left-iff [simp]: a dvd a + b <— a dvd b
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{proof)

lemma dvd-add-triv-right-iff [simp]: a dvd b + a +— a dvd b
(proof)

lemma dvd-add-right-iff:

assumes a dvd b
shows a dvd b + ¢ +— a dvd ¢ (is P «— ?Q))

(proof)

lemma dvd-add-left-iff: a dvd ¢ = a dvd b + ¢ <— a dvd b
(proof)

end

class ring = semiring + ab-group-add
begin

subclass semiring-0-cancel (proof)

Distribution rules

lemma minus-mult-left: — (a x b)) = — a * b
{proof)

lemma minus-mult-right: — (a * b) = a % — b
{proof)

Extract signs from products

lemmas mult-minus-left [simp] = minus-mult-left [symmetric]
lemmas mult-minus-right [simp] = minus-mult-right [symmetric]

lemma minus-mult-minus [simp]: — a * — b= a x b
(proof)

lemma minus-mult-commute: — a x b = a * — b
(proof)

lemma right-diff-distrib [algebra-simps, algebra-split-simps|:
ax(b—c)=axb—axc
(proof )

lemma left-diff-distrib [algebra-simps, algebra-split-simps]:
(a—b)xc=axc—Dbx*c
{proof)

lemmas ring-distribs = distrib-left distrib-right left-diff-distrib right-diff-distrib

lemma eg-add-iffl: ax e+ c=bxe+d+— (a—b)xe+c=4d
{proof )
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lemma eg-add-iff2: a x e+ c=bxe+d+—c=(b—a)xe+ d
{proof)

end
lemmas ring-distribs = distrib-left distrib-right left-diff-distrib right-diff-distrib

class comm-ring = comm-semiring + ab-group-add
begin

subclass ring (proof)
subclass comm-semiring-0-cancel (proof)

lemma square-diff-square-factored: © * x — y x y = (x + y) * (z — y)
(proof )

end

class ring-1 = ring + zero-neg-one + monoid-mult
begin

subclass semiring-1-cancel (proof)
lemma of-bool-not-iff:
<of-bool (- P) = 1 — of-bool P»
(proof)

lemma square-diff-one-factored: v x x — 1 = (x + 1) *x (z — 1)
{proof)

end

class comm-ring-1 = comm-ring + zero-neq-one + comm-monoid-mult
begin

subclass ring-1 {proof)
subclass comm-semiring-1-cancel

(proof )
lemma dvd-minus-iff [simpl: © dvd — y «— x dvd y
(proof)
lemma minus-dvd-iff [simp]: — x dvd y «— z dvd y
(proof)

lemma dvd-diff-right-iff:
assumes a dvd b
shows a dvd b — ¢ «— a dvd ¢ (is 7P +— ?Q)
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{proof)

lemma dvd-diff-left-iff:
shows a dvd c = a dvd b — ¢ +— a dvd b
(proof)

lemma dvd-diff [simp]: z dvd y = z dvd z = z dvd (y — 2)
{proof)

end

16.3 Towards integral domains

class semiring-no-zero-divisors = semiring-0 +
assumes no-zero-divisors: ¢ # 0 => b # 0 = a x b # 0
begin

lemma divisors-zero:
assumes a x b = 0
shows a =0V b=20

(proof)

lemma mult-eq-0-iff [simp]: a x b=0+—a=0V b=10

(proof)

end

class semiring-1-no-zero-divisors = semiring-1 + semiring-no-zero-divisors

class semiring-no-zero-divisors-cancel = semiring-no-zero-divisors +
assumes mult-cancel-right [simp]: a x c =bx c+—>c=0V a=1b
and mult-cancel-left [simp]: cx a=c*x b+—>c=0Va=1b

begin

lemma mult-left-cancel: ¢ # 0 = cxa=c*b+—>a=1»>

{proof)

lemma mult-right-cancel: ¢ # 0 = ax c=b*xc+—>a=2>
{proof)

end

class ring-no-zero-divisors = ring + semiring-no-zero-divisors
begin

subclass semiring-no-zero-divisors-cancel

(proof)

end
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class ring-1-no-zero-divisors = ring-1 + ring-no-zero-divisors
begin

subclass semiring-1-no-zero-divisors {proof)

lemma square-eq-1-iff: x x x =1 +—x =1V 2 = — 1

(proof)

lemma mult-cancel-right! [simp]: c =bx c+—c=0V b= 1
(proof)

lemma mult-cancel-right2 [simp]: a x c = c+— c=0V a=1
{proof)

lemma mult-cancel-leftl [simp]: c=c*x b<+—c=0V b= 1

(proof)

lemma mult-cancel-left2 [simp]: cx a=c+—c=0V a=1

{proof)

end

class semidom = comm-semiring-1-cancel + semiring-no-zero-divisors
begin

subclass semiring-1-no-zero-divisors (proof)
end

class idom = comm-ring-1 + semiring-no-zero-divisors
begin

subclass semidom (proof)
subclass ring-1-no-zero-divisors {proof)

lemma dvd-mult-cancel-right [simp]:
axcdodbsxc+—c=0Vadudbd

(proof)

lemma dvd-mult-cancel-left [simp]:
cxadvdcxb— c=0Vadvudbd
(proof )

lemma square-eq-iff: a x a =bxb+—a=bVa=—-10>

{(proof)

lemma inj-mult-left [simp]: <inj ((%) a) «— a # 0> (is <?P <— 2Q»)

256
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(proof)

end

class idom-abs-sgn = idom + abs + sgn +
assumes sgn-mult-abs: sgn a * |a| = a
and sgn-sgn [simp]: sgn (sgn a) = sgn a
and abs-abs [simp]: ||a|| = |a]
and abs-0 [simp]: |0] = 0
and sgn-0 [simp]: sgn 0 = 0
and sgn-1 [simp]: sgn 1 = 1

and sgn-minus-1: sgn (— 1) = — 1
and sgn-mult: sgn (a * b) = sgn a * sgn b
begin

lemma sgn-eq-0-iff:
sgna =0 <4+—a =10
(proof )

lemma abs-eq-0-iff:
la] =0 «— a=0

(proof)

lemma abs-mult-sgn:
la] * sgn a = a
(proof)

lemma abs-1 [simp]:
1] = 1
{proof)

lemma sgn-abs [simp]:
|sgn a| = of-bool (a # 0)
{proof)

lemma abs-sgn [simp]:
sgn |a| = of-bool (a # 0)
{proof)

lemma abs-mult:
la x b = |a| * [b]
(proof)

lemma sgn-minus [simp]:
sgn (— a) = — sgn a
(proof)

lemma abs-minus [simp]:
|— al = ]
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(proof)

end

16.4 (Partial) Division

class divide =
fixes divide :: 'a = 'a = 'a (infix] <div> 70)

(ML)

context semiring
begin

lemma [field-simps, field-split-simps):
shows distrib-left-NO-MATCH: NO-MATCH (z divy) a = a * (b + ¢) = a *
b+ axc
and distrib-right-NO-MATCH: NO-MATCH (z divy) ¢ = (a + b) x ¢ = a
xc+ bxc
(proof)

end

context ring
begin

lemma |(field-simps, field-split-simps]:
shows left-diff-distrib-NO-MATCH: NO-MATCH (z divy) ¢ = (a — b) x ¢ =
axc—bxc
and right-diff-distrib-NO-MATCH: NO-MATCH (z divy) a = a * (b — ¢)
=axb—axc

{proof)

end
(ML)

class divide-trivial = zero 4+ one + divide +
assumes div-by-0 [simpl: <a div 0 = 0>
and div-by-1 [simp]: <a div 1 = @
and div-0 [simp]: <0 div a = 0>

Algebraic classes with division

class semidom-divide = semidom + divide +
assumes nonzero-mult-div-cancel-right [simp]: <b # 0 = (a * b) div b = a»
assumes semidom-div-by-0: <a div 0 = 0>

begin

lemma nonzero-mult-div-cancel-left [simp]: <a # 0 = (a * b) div a = b
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{proof)

subclass divide-trivial

(proof)

subclass semiring-no-zero-divisors-cancel
(proof)

lemma div-self [simp]: a # 0 = a diva = 1
(proof )

lemma dvd-div-eq-0-iff:
assumes b dvd a
shows a divb =0 <+— a=20

(proof)

lemma dvd-div-eq-cancel:
adivec=bdive—=— cdvda — cdvdb—=— a=0»>

{proof)

lemma dvd-div-eq-iff:
cdvda = cdvd b= adivc=bdivc+— a=0>
(proof )

lemma inj-on-mult:
inj-on ((x) a) Aif a # 0
(proof)

end

class idom-divide = idom + semidom-divide
begin

lemma dvd-neg-div:

assumes b dvd a

shows — a div b = — (a div b)
(proof)

lemma dvd-div-neg:
assumes b dvd a
shows a div — b = — (a div b)

(proof)

end

class algebraic-semidom = semidom-divide
begin

Class algebraic-semidom enriches a integral domain by notions from algebra,
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like units in a ring. It is a separate class to avoid spoiling fields with notions
which are degenerated there.

lemma dvd-times-left-cancel-iff [simp]:
assumes a # 0
shows a * b dvd a * ¢ +— b dvd ¢
(is ?lhs <— ?rhs)

(proof)

lemma dvd-times-right-cancel-iff [simp]:
assumes a # 0
shows b % a dvd ¢ x a ¢<— b dvd ¢

{proof)

lemma div-dvd-iff-mult:
assumes b # 0 and b dvd a
shows a div b dvd ¢ +— a dvd c * b

(proof)

lemma dvd-div-iff-mult:
assumes ¢ # 0 and c¢ dvd b
shows a dvd b div ¢ +— a % ¢ dvd b

(proof)

lemma div-dvd-div [simp]:
assumes a dvd b and a dvd ¢
shows b div a dvd ¢ div a <— b dvd ¢

(proof)

lemma div-add [simp]:

assumes c¢ dvd a and ¢ dvd b

shows (a + b) dive =adive+ bdive
(proof)

lemma div-mult-div-if-dvd:

assumes b dvd a and d dvd ¢

shows (a div b) * (¢ div d) = (a * ¢) div (b * d)
(proof)

lemma dvd-div-eq-mult:
assumes a # ( and a dvd b
shows bdiva=c+—b=cxa
(is ?lhs «— 9rhs)
(proof)

lemma dvd-div-mult-self [simp]: a dvd b = b diva *x a = b
{proof)

lemma dvd-mult-div-cancel [simp]: a dvd b = a % (b diva) = b
{proof)
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lemma div-mult-swap:
assumes c dvd b
shows a * (b div ¢) = (a * b) div ¢

(proof)

lemma dvd-div-mult: ¢ dvd b = b div ¢ x a = (b * a) div ¢
{proof)

lemma dvd-div-mult2-eq:
assumes b * ¢ dvd a
shows a div (b * ¢) = a div b div ¢

(proof)

lemma dvd-div-div-eqg-mult:
assumes a # 0 c # 0 and a dvd b ¢ dvd d
shows bdiva=ddivc+— bxc=axd
(is ?lhs «— ?rhs)
(proof)

lemma dvd-mult-imp-div:
assumes a * ¢ dvd b
shows a dvd b div ¢

(proof)

lemma div-div-eq-right:
assumes c dvd b b dvd a
shows a div (b divc) = adivbxc

(proof)

lemma div-div-div-same:

assumes d dvd b b dvd a

shows (a div d) div (b div d) = a div b
(proof)

Units: invertible elements in a ring

abbreviation is-unit :: ‘a = bool
where is-unit a = a dvd 1

lemma not-is-unit-0 [simp]: — is-unit 0
{proof)

lemma unit-imp-dvd [dest]: is-unit b = b dvd a

(proof)

lemma unit-dvdE:
assumes is-unit a
obtains ¢ where a # 0 and b = a * ¢

(proof)
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lemma dvd-unit-imp-unit: a dvd b = is-unit b = is-unit a
(proof)

lemma unit-div-1-unit [simp, introl:
assumes s-unit a
shows is-unit (1 div a)

(proof )

lemma is-unitE [elim?]:
assumes s-unit a
obtains b where a # 0 and b # 0
and is-unit band 1 diva =band 1 divb=a
and ax b=1and cdiva=cx*x b

(proof)

lemma unit-prod [intro|: is-unit a = is-unit b = is-unit (a * b)
{proof)

lemma is-unit-mult-iff: is-unit (a * b) <— is-unit a A is-unit b
{proof)

lemma unit-div [intro|: is-unit a = is-unit b = is-unit (a div b)
{proof)

lemma mult-unit-dvd-iff :
assumes is-unit b
shows a * b dvd ¢ +— a dvd ¢

(proof)

lemma mult-unit-dvd-iff "+ is-unit a = (a * b) dvd ¢ +— b dvd ¢
{proof)

lemma dvd-mult-unit-iff:
assumes is-unit b
shows a dvd ¢ x b +— a dvd ¢

(proof)

lemma dvd-mult-unit-iff " is-unit b = a dvd b * ¢ <— a dvd ¢
(proof )

lemma div-unit-dvd-iff: is-unit b = a div b dvd ¢ +— a dvd ¢
(proof)

lemma dvd-div-unit-iff: is-unit b = a dvd ¢ div b +— a dvd ¢
(proof )

lemmas unit-dvd-iff = mult-unit-dvd-iff mult-unit-dvd-iff’
dvd-mult-unit-iff dvd-mult-unit-iff’
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div-unit-dvd-iff dvd-div-unit-iff

lemma unit-mult-div-div [simp]: is-unit a = b * (1 div a) = b div a
{proof)

lemma unit-div-mult-self [simp]: is-unit a = b diva * a = b
(proof)

lemma unit-div-1-div-1 [simp)]: is-unit a = 1 div (1 div a) = a
{proof)

lemma unit-div-mult-swap: is-unit ¢ => a * (b div ¢) = (a * b) div ¢
{proof)

lemma unit-div-commute: is-unit b = (a div b) * ¢ = (a * ¢) div b
{proof)

lemma unit-eq-divl: is-unit b = a divb=c<—a=c* b
(proof)

lemma unit-eq-div2: is-unit b = a = cdivb +— ax b= c
(proof)

lemma unit-mult-left-cancel: is-unit a = ax b=a*x c+— b=c¢
(proof )

lemma unit-mult-right-cancel: is-unit a = b*x a=c*xa+— b=c
(proof)

lemma unit-div-cancel:
assumes is-unit a
shows b diva=cdiva+— b=c

(proof)

lemma is-unit-div-mult2-eq:
assumes is-unit b and is-unit ¢
shows a div (b * ¢) = a div b div ¢

(proof)

lemma is-unit-div-mult-cancel-left:
assumes a #* (0 and is-unit b
shows a div (a % b) = 1 div b

(proof)

lemma is-unit-div-mult-cancel-right:
assumes a # 0 and is-unit b
shows a div (b* a) = 1 div b

(proof)
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lemma unit-div-eq-0-iff:
assumes is-unit b
shows a divb =0 <+— a=20

{proof)

lemma div-mult-unit2:
is-unit ¢ = b dvd a = a div (b * ¢) = a div b div ¢

(proof)
Coprimality

definition coprime :: 'a = 'a = bool
where coprime a b +— (Ve. ¢ dvd a — ¢ dvd b — is-unit ¢)

lemma coprimel:
assumes Ac. ¢ dvd a = ¢ dvd b = is-unit ¢
shows coprime a b

{proof)

lemma not-coprimel:
assumes c¢ dvd a and c¢ dvd b and — is-unit c
shows — coprime a b

{proof)

lemma coprime-common-divisor:
is-unit ¢ if coprime a b and c dvd a and ¢ dvd b

{proof)

lemma not-coprimek:
assumes — coprime a b
obtains ¢ where ¢ dvd a and ¢ dvd b and — is-unit ¢

{proof)

lemma coprime-imp-coprime:
coprime a b if coprime ¢ d
and Ae. - is-unit e = e dvd a => e dvd b = e dvd ¢
and Ae. - is-unit e = e dvd a = e dvd b = e dvd d

(proof)

lemma coprime-divisors:
coprime a b if a dvd ¢ b dvd d and coprime c d

(proof)

lemma coprime-self [simp]:
coprime a a +— is-unit a (is 7P +— ?Q)

(proof)

lemma coprime-commute [ac-simps]:
coprime b a «— coprime a b
{proof)
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lemma is-unit-left-imp-coprime:
coprime a b if is-unit a

(proof)

lemma is-unit-right-imp-coprime:
coprime a b if is-unit b
(proof )

lemma coprime-1-left [simp]:
coprime 1 a
{proof )

lemma coprime-1-right [simp]:
coprime a 1
(proof )

lemma coprime-0-left-iff [simp]:
coprime 0 a <— is-unit a
(proof )

lemma coprime-0-right-iff [simp]:
coprime a 0 <— is-unit a
(proof)

lemma coprime-mult-self-left-iff [simp]:
coprime (¢ x a) (¢ * b) +— is-unit ¢ A coprime a b
(proof)

lemma coprime-mult-self-right-iff [simp):
coprime (a * ¢) (b % ¢) +— is-unit ¢ A\ coprime a b
{proof)

lemma coprime-absorb-left:
assumes z dvd y
shows coprime © y <— is-unit x

(proof)

lemma coprime-absorb-right:
assumes y dvd x
shows coprime © y <— is-unit y
(proof )

end

class unit-factor =
fixes unit-factor :: 'a = 'a

class semidom-divide-unit-factor = semidom-divide + unit-factor +

265
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assumes unit-factor-0 [simp]: unit-factor 0 = 0
and is-unit-unit-factor: a dvd 1 = unit-factor a = a
and unit-factor-is-unit: a # 0 = unit-factor a dvd 1
and unit-factor-mult-unit-left: o dvd 1 = unit-factor (a * b) = a x unit-factor
b
— This fine-grained hierarchy will later on allow lean normalization of polynomials
begin

lemma unit-factor-mult-unit-right: a dvd 1 = unit-factor (b * a) = unit-factor
b* a

(proof)
lemmas [simp] = unit-factor-mult-unit-left unit-factor-mult-unit-right
end

class normalization-semidom = algebraic-semidom + semidom-divide-unit-factor
+
fixes normalize :: 'a = 'a
assumes unit-factor-mult-normalize [simp]: unit-factor a * normalize a = a
and normalize-0 [simp]: normalize 0 = 0
begin

Class normalization-semidom cultivates the idea that each integral domain
can be split into equivalence classes whose representants are associated, i.e.
divide each other. normalize specifies a canonical representant for each
equivalence class. The rationale behind this is that it is easier to reason
about equality than equivalences, hence we prefer to think about equality
of normalized values rather than associated elements.

declare unit-factor-is-unit [iff]

lemma unit-factor-dvd [simpl: a # 0 = unit-factor a dvd b
(proof )

lemma unit-factor-self [simp]: unit-factor a dvd a
(proof )

lemma normalize-mult-unit-factor [simpl: normalize a * unit-factor a = a

(proof)

lemma normalize-eq-0-iff [simp]: normalize a = 0 +— a = 0
(is ?lhs «— ?2rhs)
(proof)

lemma unit-factor-eq-0-iff [simp]: unit-factor a = 0 +— a = 0
(is ?lhs <— ?rhs)

(proof)

lemma div-unit-factor [simp]: a div unit-factor a = normalize a
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(proof)

lemma normalize-div [simp]: normalize a div a = 1 div unit-factor a

(proof)

lemma is-unit-normalize:
assumes is-unit a
shows normalize a = 1

(proof)

lemma unit-factor-1 [simp: unit-factor 1 = 1
{proof)

lemma normalize-1 [simp]: normalize 1 = 1

(proof)

lemma normalize-1-iff: normalize a = 1 +— is-unit a
(is ?lhs «— ?rhs)
(proof)

lemma div-normalize [simpl: a div normalize a = unit-factor a

(proof)

lemma mult-one-div-unit-factor [simp]: a * (1 div unit-factor b) = a div unit-factor
b
(proof)

lemma inv-unit-factor-eq-0-iff [simp):
1 div unit-factor a = 0 +— a = 0
(is ?lhs «— ?rhs)

{(proof)

lemma unit-factor-idem [simp]: unit-factor (unit-factor a) = unit-factor a
{proof)

lemma normalize-unit-factor [simpl: a # 0 = normalize (unit-factor a) = 1
(proof)

lemma normalize-mult-unit-left [simp):
assumes a dvd 1
shows normalize (a * b) = normalize b

(proof)

lemma normalize-mult-unit-right [simpl:
assumes b dvd 1
shows normalize (a * b) = normalize a

(proof)

lemma normalize-idem [simp]: normalize (normalize a) = normalize a
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(proof)

lemma unit-factor-normalize [simp):
assumes a # 0
shows unit-factor (normalize a) = 1

(proof)

lemma normalize-dvd-iff [simpl: normalize a dvd b +— a dvd b
(proof)

lemma dvd-normalize-iff [simpl: a dvd normalize b «— a dvd b

(proof)

lemma normalize-idem-imp-unit-factor-eq:
assumes normalize a = a
shows unit-factor a = of-bool (a # 0)
(proof)

lemma normalize-idem-imp-is-unit-iff:
assumes normalize a = a
shows is-unit a <— a = 1

{proof)

lemma coprime-normalize-left-iff [simp):
coprime (normalize a) b <— coprime a b
(proof)

lemma coprime-normalize-right-iff [simp]:
coprime a (normalize b) <— coprime a b
{proof)

We avoid an explicit definition of associated elements but prefer explicit nor-
malisation instead. In theory we could define an abbreviation like associated
a b = (normalize a = normalize b) but this is counterproductive without
suggestive infix syntax, which we do not want to sacrifice for this purpose
here.

lemma associatedl:

assumes a dvd b and b dvd a
shows normalize a = normalize b

(proof)

lemma associatedD1: normalize a = normalize b —> a dvd b
(proof )

lemma associatedD2: normalize a = normalize b = b dvd a
(proof )

lemma associated-unit: normalize a = normalize b —> is-unit a —> is-unit b
(proof)
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lemma associated-iff-dvd: normalize a = normalize b <— a dvd b A\ b dvd a
(is ?lhs «— ?rhs)

(proof)

lemma associated-eql:
assumes a dvd b and b dvd a
assumes normalize a = a and normalize b = b
shows a = b

{(proof)

lemma normalize-unit-factor-eql:
assumes normalize a = normalize b
and unit-factor a = unit-factor b
shows a = b

(proof)

lemma normalize-mult-normalize-left [simp|: normalize (normalize a x b) = nor-
malize (a * b)
{proof)

lemma normalize-mult-normalize-right [simp|: normalize (a x normalize b) = nor-
malize (a * b)
{proof )

end

class normalization-semidom-multiplicative = normalization-semidom +
assumes unit-factor-mult: unit-factor (a * b) = unit-factor a * unit-factor b
begin

lemma normalize-mult: normalize (a * b) = normalize a * normalize b
(proof)

lemma dvd-unit-factor-div:
assumes b dvd a
shows unit-factor (a div b) = unit-factor a div unit-factor b

(proof)

lemma dvd-normalize-div:
assumes b dvd a
shows normalize (a div b) = normalize a div normalize b

(proof)

end

Syntactic division remainder operator

class modulo = dvd + divide +
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fixes modulo :: 'a = 'a = 'a (infixl «(mod> 70)

Arbitrary quotient and remainder partitions

class semiring-modulo = comm-semiring-1-cancel + divide + modulo +
assumes div-mult-mod-eq: <a div b * b + a mod b =
begin

lemma mod-div-decomp:
fixes a b
obtains ¢ » where ¢ = a div b and r = a mod b
and a =qgx b+ r
(proof)

lemma mult-div-mod-eq: b * (a div b) + a mod b = a

{proof)

lemma mod-div-mult-eq: a mod b + a div b x b = a
(proof )

lemma mod-mult-div-eq: a mod b + b * (a div b) = a
{proof)

adivb*xb=amodb

lemma minus-div-mult-eq-mod: a
(proof)

lemma minus-mult-div-eg-mod: a — b x (a div b) = a mod b
{proof)

lemma minus-mod-eq-div-mult: a — a mod b = a div b x b
(proof)

lemma minus-mod-eg-mult-div: a — a mod b = b * (a div b)
{proof)

lemma mod-0-imp-dvd [dest!]:
b dvd a if a mod b = 0
(proof)

lemma [nitpick-unfold):
amodb=a—advbxb
(proof )

end

class semiring-modulo-trivial = semiring-modulo 4+ divide-trivial
begin

lemma mod-0 [simp]:
<0 mod a = 0>
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{proof)

lemma mod-by-0 [simp]:
<a mod 0 = a
(proof)

lemma mod-by-1 [simpl:
<amod 1 = 0>
(proof)

end

16.5 Quotient and remainder in integral domains

class semidom-modulo = algebraic-semidom + semiring-modulo
begin

subclass semiring-modulo-trivial (proof)

lemma mod-self [simp]:
amod a =0

{proof)

lemma dvd-imp-mod-0 [simp]:
b mod a = 0 if a dvd b
{proof )

lemma mod-eq-0-iff-dvd:
amodb=0 < bdvda
(proof )

lemma dvd-eqg-mod-eq-0 [nitpick-unfold, code]:
advd b <— bmoda=20

(proof)

lemma dvd-mod-iff:
assumes ¢ dvd b
shows ¢ dvd a mod b +— ¢ dvd a

(proof)

lemma dvd-mod-imp-dvd:
assumes ¢ dvd a mod b and ¢ dvd b
shows ¢ dvd a

{proof)

lemma dvd-minus-mod [simp]:
b dvd a — a mod b

{proof)
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lemma cancel-div-mod-rules:
((adivd) * b+ amodb) + c=a+ ¢
(b (a divbd) +amodd)+c=a+ c
{proof)

end

class idom-modulo = idom + semidom-modulo
begin

subclass idom-divide (proof)
lemma div-diff [simp]:
cdvda = cdvdb= (a — b) divc=adivec—bdivc

(proof)

end

16.6 Interlude: basic tool support for algebraic and arith-
metic calculations

named-theorems arith arith facts —— only ground formulas
(ML)

16.7 Ordered semirings and rings

The theory of partially ordered rings is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society,
1979

e Partially Ordered Algebraic Systems, Pergamon Press, 1963
Most of the used notions can also be looked up in

o http://www.mathworld.com by Eric Weisstein et. al.

e Algebra I by van der Waerden, Springer

class ordered-semiring = semiring + ordered-comm-monoid-add +
assumes mult-left-mono: a < b= 0 < c= c*xa < cxb
assumes mult-right-mono: a < b=—= 0 < c=axc<bxc

begin

lemma mult-mono: a <b—= c<d=—=0<b=0<c=axc<bxd
(proof)

lemma mult-mono: a < b= c<d=0<a=0<c=axc<bxd
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{proof)

end

lemma mono-mult:
fixes a :: ‘a::ordered-semiring
shows a > 0 = mono ((%) a)
(proof)

class ordered-semiring-0 = semiring-0 + ordered-semiring
begin

lemma mult-nonneg-nonneg [simp]: 0 < a = 0 < b= 0 <axb
(proof )

lemma mult-nonneg-nonpos: 0 < a = b< 0 = ax b < 0
(proof)

lemma mult-nonpos-nonneg: a < 0 = 0 < b= ax b < 0
(proof)

Legacy — use mult-nonpos-nonneg.

lemma mult-nonneg-nonpos2: 0 < a = b< 0 = bx*xa <0
(proof)

lemma split-mult-neg-le: (0 < aANb<0)V(a<OANO<b = axb<0
(proof )

end

class zero-less-one = order + zero + one +
assumes zero-less-one [simpl: 0 < 1
begin

subclass zero-neg-one
(proof )

lemma zero-le-one [simpl:
<0 < 1> {proof)

end

class ordered-semiring-1 = ordered-semiring-0 + semiring-1 + zero-less-one
begin

lemma convex-bound-le:
assumes r < gand y < esand 0 <wvand 0 <vand u + v =1
shows ux 2z + vy <a

(proof)
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end

class ordered-cancel-semiring = ordered-semiring + cancel-comm-monoid-add
begin

subclass semiring-0-cancel (proof)

subclass ordered-semiring-0 {proof)

subclass ordered-cancel-ab-semigroup-add (proof)
end

class linordered-semiring = ordered-semiring + linordered-cancel-ab-semigroup-add
begin

subclass ordered-cancel-semiring (proof)
subclass ordered-cancel-comm-monoid-add {proof)
subclass ordered-ab-semigroup-monoid-add-imp-le (proof)

lemma mult-left-less-imp-less: c x a < cx b= 0 < c= a < b
(proof )

lemma mult-right-less-imp-less: a x c < bx c = 0 < c = a < b
(proof)

end

class ordered-semiring-strict = semiring + comm-monoid-add + ordered-cancel-ab-semigroup-add
+

assumes mult-strict-left-mono: a < b = 0 < c = c*xa < cx*x b

assumes mult-strict-right-mono: a < b= 0 < c = a*xc < bxc
begin

subclass semiring-0-cancel (proof)

subclass ordered-semiring

(proof)

lemma mult-pos-pos[simp]: 0 < a = 0 < b= 0 < ax*b
(proof )

lemma mult-pos-neg: 0 < a = b< 0 = a*xb< 0
(proof )
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lemma mult-neg-pos: a < 0 = 0 < b= a*xb <0
{proof )

Strict monotonicity in both arguments

lemma mult-strict-mono:
assumes a < bc<d0<b0<c
shows a x ¢ < b x d

(proof)

This weaker variant has more natural premises

lemma mult-strict-mono’:
assumes ¢ < band c < dand 0 < aand 0 < ¢
shows a x ¢ < b x d

(proof)

lemma mult-less-le-imp-less:
assumes a < bc<d0<al<c
shows a x ¢ < b x d

(proof)

lemma mult-le-less-imp-less:
assumes ¢ < band c< dand 0 < eaand 0 < ¢
shows a x ¢ < b *x d

(proof)

end

class linordered-semiring-1 = linordered-semiring + semiring-1 + zero-less-one
begin

lemma convex-bound-le:
assumes r < ay<al0<ul<vu+uv=1
shows uxz + vy <a

(proof)
end
subclass (in linordered-semiring-1) ordered-semiring-1 {proof)

class linordered-semiring-strict = semiring + comm-monoid-add + linordered-cancel-ab-semigroup-add

+
assumes mult-strict-left-mono: a < b = 0 < c = c*xa < cx* b
assumes mult-strict-right-mono: ¢ < b= 0 < c= a*xc < bxc
begin

subclass semiring-0-cancel {proof)

subclass linordered-semiring
(proof)
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subclass (in linordered-semiring-strict) ordered-semiring-strict
(proof)

lemma mult-left-le-imp-le: c x a < cx b= 0 < c= a < b
(proof)

lemma mult-right-le-imp-le: a x c < bx c = 0 < c= a < b

{proof)

lemma zero-less-mult-pos:
assumes 0 < a x b 0 < a shows 0 < b

(proof)

lemma zero-less-mult-pos2:
assumes 0 < b * a 0 < a shows 0 < b

(proof)

end

class linordered-semiring-1-strict = linordered-semiring-strict + semiring-1 + zero-less-one
begin

subclass linordered-semiring-1 (proof)

lemma convez-bound-It:
assumes r < ay<al<ul<vu+uv=1
shows u xz + v*xy < a

(proof)
end

class ordered-semiring-1-strict = ordered-semiring-strict + semiring-1 + zero-less-one
— analogous to linordered-semiring-1-strict not requiring a total order
begin

subclass ordered-semiring-1 {proof)
lemma convez-bound-lt:

assumes r < aand y < ecand 0 <wvand 0 <vand u + v =1
shows uxz + vy <a

(proof)

end
subclass (in linordered-semiring-1-strict) ordered-semiring-1-strict (proof)

class ordered-comm-semiring = comm-semiring-0 + ordered-ab-semigroup-add +
assumes comm-mult-left-mono: a < b=—= 0<c=cxa<cx*xb
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begin

subclass ordered-semiring

(proof)

end

class ordered-cancel-comm-semiring = ordered-comm-semiring + cancel-comm-monoid-add
begin

subclass comm-semiring-0-cancel {proof)
subclass ordered-comm-semiring (proof)
subclass ordered-cancel-semiring (proof)

end

class linordered-comm-semiring-strict = comm-semiring-0 + linordered-cancel-ab-semigroup-add

Jr
assumes comm-mult-strict-left-mono: a < b —= 0 < c = c*x a < c* b
begin

subclass linordered-semiring-strict
(proof)

subclass ordered-cancel-comm-semiring

(proof)

end

class ordered-comm-semiring-strict = comm-semiring-0 + ordered-cancel-ab-semigroup-add
+

— analogous to linordered-comm-semiring-strict not requiring a total order

assumes comm-mult-strict-left-mono: a < b = 0 < c = c*xa < cx* b
begin

subclass ordered-semiring-strict

(proof)

subclass ordered-cancel-comm-semiring
(proof)

end

subclass (in linordered-comm-semiring-strict) ordered-comm-semiring-strict
(proof)

class ordered-ring = ring + ordered-cancel-semiring
begin
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subclass ordered-ab-group-add {proof)

lemma less-add-iffi: ax e+ c<bxe+d+— (a—b)xe+c<d
{proof)

lemma less-add-iff2: a x e + c<bxe+d+—>c<(b—a)*xe+d
{proof )

lemma le-add-iffl: ax e+ c<bxe+ d+— (a—b)xe+c<d
(proof)

lemma le-add-iff2: ax e+ c<bxe+d+—c<(b—a)xe+d
{proof)

lemma mult-left-mono-neg: b < a = ¢ < 0 = cxa<cx*xb
(proof)

lemma mult-right-mono-neg: b < a = ¢ < 0 = axc< bx*xc
(proof )

lemma mult-nonpos-nonpos: a < 0 —= b< 0 — 0 < ax*xb
(proof)

lemma split-mult-pos-le: (0 < a N0 <bV(@a<OANbL0)=0<axb
{proof)

end

class abs-if = minus + uminus + ord + zero + abs +
assumes abs-if: |a| = (if a < 0 then — a else a)

class linordered-ring = ring + linordered-semiring + linordered-ab-group-add +
abs-if
begin

subclass ordered-ring (proof)

subclass ordered-ab-group-add-abs

(proof)

lemma zero-le-square [simp]: 0 < a * a
(proof)

lemma not-square-less-zero [simpl: = (a * a < 0)
{proof)

proposition abs-eq-iff: |z| = |y| +— =y V z = —y

(proof)
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lemma abs-eq-iff .

lal =b+—b>0AN(a=bVa=—0)
(proof)

lemma eq-abs-iff .
a=b|+—a>0AN(b=aVb=—a)
(proof)

lemma sum-squares-ge-zero: 0 < z x x + y * y
(proof)

lemma not-sum-squares-lt-zero: = x x + y x y < 0
(proof)

end

class linordered-ring-strict = ring + linordered-semiring-strict
+ ordered-ab-group-add + abs-if
begin

subclass linordered-ring (proof)

lemma mult-strict-left-mono-neg: b < a = ¢ < 0 = c*xa < cx b
(proof)

lemma mult-strict-right-mono-neg: b < a = ¢ < 0 = axc < bxc
(proof)

lemma mult-neg-neg: a < 0 = b< 0= 0 < axb
(proof )

subclass ring-no-zero-divisors

(proof)

lemma zero-less-mult-iff [algebra-split-simps, field-split-simps]:
0<axb+—=0<aAN0<bVa<OANb<O
(proof )

lemma zero-le-mult-iff [algebra-split-simps, field-split-simps]:
0<axb+—0<aNn0<bVa<OANbZO
(proof )

lemma mult-less-0-iff [algebra-split-simps, field-split-simps]:
axb<0+—0<aANb<O0OVa<OANO<D
(proof)

lemma mult-le-0-iff [algebra-split-simps, field-split-simps]:
a*xb< 0+—=0<aNb<0Va<OANO<D

{proof)
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Cancellation laws for ¢ x a < ¢ * band a * ¢ < b * ¢, also with the relations
< and equality.

These “disjunction” versions produce two cases when the comparison is an
assumption, but effectively four when the comparison is a goal.

lemma mult-less-cancel-right-disj: a ¥ ¢c < bx c+—= 0 < cAa<bVc<O0A
b<a

(proof)

lemma mult-less-cancel-left-disj: ¢ * a < cx b— 0 < cNa<bVc<OAND
<a
(proof)

The “conjunction of implication” lemmas produce two cases when the com-
parison is a goal, but give four when the comparison is an assumption.
lemma mult-less-cancel-right: a x c < b*x c+— (0 <c—a<b) A(c<0—
b < a)

(proof)

lemma mult-less-cancel-left: c x a < cx b+— (0 < c—a<b) A(c<0—
b < a)
{proof)

lemma mult-le-cancel-right: a * ¢ < bx c+— (0 <c¢c—a<b) A(c< 0 —
b<a)
(proof )

lemma mult-le-cancel-left: c x a < cxb+— (0 <c—a<b A(c<0—b
< a)
(proof )

lemma mult-le-cancel-left-pos: 0 < ¢c = c*x a < cxb+— a<b
(proof)

lemma mult-le-cancel-left-neg: ¢ < 0 = cxa < c*xb+— b <a
(proof)

lemma mult-less-cancel-left-pos: 0 < ¢ = c*x a < c*x b+— a < b

(proof)

lemma mult-less-cancel-left-neg: ¢ < 0 = cxa < cxb+—>b<a
(proof)

lemma mult-le-cancel-right-pos: 0 < ¢c = a*x c<bxc+—a<b
(proof)

lemma mult-le-cancel-right-neg: ¢ < 0 = ax c < bxc+— b< a
(proof)
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lemma mult-less-cancel-right-pos: 0 < ¢ => a* ¢ < b*x c+— a < b
{proof )

lemma mult-less-cancel-right-neg: ¢ < 0 = ax c < bx c+— b < a
(proof )

end

lemmas mult-sign-intros =
mult-nonneg-nonneg mult-nonneg-nonpos
mult-nonpos-nonneg mult-nonpos-nonpos
mult-pos-pos mult-pos-neg
mult-neg-pos mult-neg-neg

class ordered-comm-ring = comm-ring + ordered-comm-semiring
begin

subclass ordered-ring {proof)
subclass ordered-cancel-comm-semiring (proof)

end

class linordered-nonzero-semiring = ordered-comm-semiring + monoid-mult + linorder
+ zero-less-one +

assumes add-monol: a < b= a+ 1 < b+ 1
begin

subclass zero-neg-one (proof)

subclass comm-semiring-1

(proof)

subclass ordered-semiring-1 (proof)

lemma not-one-le-zero [simpl: = 1 < 0
{proof)

lemma not-one-less-zero [simp]: = 1 < 0
{proof)

lemma of-bool-less-eq-iff [simp]:
<of-bool P < of-bool Q +— (P — Q)»
(proof )

lemma of-bool-less-iff [simp]:
<of-bool P < of-bool Q <— =~ P N @
(proof )

lemma mult-left-le: ¢c < 1 = 0 < a=—ax*xc< a
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{proof)

lemma mult-le-one: a <1 = 0<b—=b<1 = axb< 1]
(proof)

lemma zero-less-two: 0 < 1 + 1
(proof )

end

class linordered-semidom = semidom + linordered-comm-semiring-strict + zero-less-one
+

assumes le-add-diff-inverse2 [simp]: b<a=a—b+b=a
begin

subclass linordered-nonzero-semiring

(proof)

lemma zero-less-eq-of-bool [simp]:
<0 < of-bool P>
(proof )

lemma zero-less-of-bool-iff [simp):
<0 < of-bool P +— P>
(proof )

lemma of-bool-less-eq-one [simp]:
<of-bool P < 1)
{proof )

lemma of-bool-less-one-iff [simpl:
<of-bool P < 1 <— = P»

(proof )
lemma of-bool-or-iff [simp]:

<of-bool (P V Q) = maz (of-bool P) (of-bool Q)»
(proof)

Addition is the inverse of subtraction.
lemma le-add-diff-inverse [simp]: b < a = b+ (a — b) = a

{proof)

lemma add-diff-inverse: ~a < b= b+ (¢ — b) = a

(proof)

lemma add-le-imp-le-diff:
assumes ¢ + kK < nshows i <n — k
(proof)
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lemma add-le-add-imp-diff-le:
assumes 1: 7+ k<mn
and 2: n<j+ k
shows i + k<n—=>n<j4+k=n—-k<j

(proof)

lemma less-1-mult: 1 <m—1<n—1<mx*n
(proof )

lemma less-1-mult’:
shows I <a=—= 1 <b= 1<ax*b

{proof)

end

class linordered-idom = comm-ring-1 + linordered-comm-semiring-strict +
ordered-ab-group-add + abs-if + sgn +
assumes sgn-if: sgn x = (if © = 0 then 0 else if 0 < x then 1 else — 1)
begin

subclass linordered-ring-strict (proof)

subclass linordered-semiring-1-strict
(proof)

subclass ordered-comm-ring (proof)
subclass idom {proof)

subclass linordered-semidom
(proof)

subclass idom-abs-sgn

{proof)

lemma abs-bool-eq [simp]:
<|of-bool P| = of-bool P>
(proof)

lemma linorder-neqE-linordered-idom:
assumes t # y
obtainsz <y |y <=z

(proof )

These cancellation simp rules also produce two cases when the comparison
is a goal.
lemma mult-le-cancel-rightl: ¢ < bxc+— (0 <c—1 < A(c<0—b
<1)

(proof)



THEORY “Rings” 284

lemma mult-le-cancel-right2: a x c < c+— (0 <c¢c—a< 1) AN(c< 0 —1
< a)
{proof)

lemma mult-le-cancel-leftl: ¢ < cx b+— (0 <c— 1 <b) A(c<0—b<
1)
(proof)

IN

lemma mult-le-cancel-left2: cx a < c+— (0 <c—a< 1) A(c< 00— 1
a)

(proof)

lemma mult-less-cancel-rightl: ¢ < bx c+— (0 < c— 1 <b) A (¢ <0 —
b< 1)
{proof)

lemma mult-less-cancel-right2: a x c < c +— (0 < c—a < 1) AN (c <0 —
1 < a)
{proof)

lemma mult-less-cancel-leftl: ¢ < cx b+— (0 < ¢c— 1 <b) A(c<0—b
<1)
(proof)

lemma mult-less-cancel-left2: c x a < c+— (0 < c—a< 1) AN (¢ <0 — 1
< a)
{proof)

lemma sgn-0-0: sgn a = 0 <— a = 0
(proof )

lemma sgn-1-pos: sgn a = 1 <— a > 0

{proof)

lemma sgn-1-neg: sgna = — 1 +— a < 0
(proof)

lemma sgn-pos [simp]: 0 < a = sgn a = 1
{proof)

lemma sgn-neg [simp]: a < 0 = sgna = — 1
(proof )

lemma abs-sgn: |k| = k x sgn k
{proof)

lemma sgn-greater [simpl: 0 < sgn a +— 0 < a
(proof )
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lemma sgn-less [simp]: sgn a < 0 +— a < 0
{proof)

lemma abs-sgn-eq-1 [simp]:
a# 0= |sgna|l =1
(proof )

lemma abs-sgn-eq: |sgn a| = (if a = 0 then 0 else 1)
{proof)

lemma sgn-mult-self-eq [simp:
sgn a * sgn a = of-bool (a # 0)
{proof)

lemma left-sgn-mult-self-eq [simpl:
<sgn a * (sgn a x b) = of-bool (a # 0) * b
(proof)

lemma abs-mult-self-eq [simp]:
la| % |a] = a % a
(proof )

lemma same-sgn-sgn-add:
sgn (a + b) = sgn a if sgn b = sgn a
(proof)

lemma same-sgn-abs-add:
la + 0| = |a| + |b] if sgn b = sgn a

(proof)

lemma sgn-not-eq-imp:
sgn a = — sgn b if sgn b # sgn a and sgn a # 0 and sgn b # 0
(proof )

lemma abs-dvd-iff [simp]: |m| dvd k +— m dvd k
{proof)

lemma dvd-abs-iff [simp]: m dvd |k| <— m dvd k
{proof)

lemma dvd-if-abs-eq: |l| = |k| = [ dvd k

(proof)
The following lemmas can be proven in more general structures, but are
dangerous as simp rules in absence of (— %a = %a) = (%a = 0), (— %a <
%a) = (0 < %a), (— %a < %a) = (0 < “a).
lemma equation-minus-iff-1 [simp, no-atp]: 1 = — a +— a = — 1

(proof)



THEORY “Rings”

lemma minus-equation-iff-1 [simp, no-alp]: — a =1 +— a = — 1
(proof )

lemma le-minus-iff-1 [simp, no-atp]: 1 < — b +— b < — 1
(proof )

lemma minus-le-iff-1 [simp, no-atp]: — a < 1 +— — 1 < a
(proof )

lemma less-minus-iff-1 [simp, no-atp]: 1 < — b +— b < — 1
(proof )

lemma minus-less-iff-1 [simp, no-atp]: —a < 1 +— — 1 < a
(proof )

lemma add-less-zeroD:
shows z+y < 0 = 2<0 V y<0
(proof )

Is this really better than just rewriting with abs-if?

286

lemma abs-split [no-atp]: <P la] +— (0 < a— Pa)A(a< 0 — P (— a)p

{proof)

end

class discrete-linordered-semidom = linordered-semidom +
assumes less-iff-succ-less-eq: <a < b+— a + 1 < b
begin

lemma less-eq-iff-succ-less:
a<b+—a<b+ 1

(proof)
end

Reasoning about inequalities with division

context linordered-semidom
begin

lemma less-add-one: a < a + 1

(proof)

end

context [inordered-idom
begin

lemma mult-right-le-one-le: 0 <z —= 0 < y=—=y< 1 =zxy<uzx
(proof )



THEORY “Rings”

lemma mult-left-le-one-le: 0 <z —= 0<y—=y< 1 =yxz <z
(proof)

end

Absolute Value

context [inordered-idom
begin

lemma mult-sgn-abs: sgn = * |z| = x
{proof)

lemma abs-one: |1| = 1
{proof)

end

class ordered-ring-abs = ordered-ring + ordered-ab-group-add-abs +
assumes abs-eq-mult:
(0<aVvVa<O)ANO<bVDILSO)=lax*b =]|a| b

context linordered-idom
begin

subclass ordered-ring-abs
(proof )

lemma abs-mult-self: |a| * |a| = a * a
(proof)

lemma abs-mult-less:
assumes ac: |a] < ¢

and bd: |b| < d

shows |a| * |b] < ¢ * d

(proof)

lemma abs-less-iff: |a| < b+— a<bA—a<b
{proof)

lemma abs-mult-pos: 0 < © = |y| x z = |y * z
{proof)

lemma abs-mult-pos” 0 < x = x * |y| = |z * y|
{proof)

lemma abs-diff-less-iff: |t — a| < r+—a—-r<zAhz<a+r
{proof)

287
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lemma abs-diff-le-iff: |z —a| <r+—a—-r<zAhz<a+r
(proof)

lemma abs-add-one-gt-zero: 0 < 1 + |z
{proof)

end

16.8 Dioids

Dioids are the alternative extensions of semirings, a semiring can either be
a ring or a dioid but never both.

class dioid = semiring-1 + canonically-ordered-monoid-add
begin

subclass ordered-semiring
(proof )

end

hide-fact (open) comm-mult-left-mono comm-mult-strict-left-mono distrib

code-identifier
code-module Rings — (SML) Arith and (OCaml) Arith and (Haskell) Arith

end

17 Natural numbers

theory Nat
imports Inductive Typedef Fun Rings
begin

17.1 Type ind
typedecl ind

axiomatization Zero-Rep :: ind and Suc-Rep :: ind = ind
— The axiom of infinity in 2 parts:
where Suc-Rep-inject: Suc-Rep © = Suc-Rep y — = =y
and Suc-Rep-not-Zero-Rep: Suc-Rep © # Zero-Rep

17.2 Type nat

Type definition

inductive Nat :: ind = bool
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where
Zero-Repl: Nat Zero-Rep
| Suc-Repl: Nat i => Nat (Suc-Rep 1)

typedef nat = {n. Nat n}
morphisms Rep-Nat Abs-Nat

{proof)

lemma Nat-Rep-Nat: Nat (Rep-Nat n)
{proof)

lemma Nat-Abs-Nat-inverse: Nat n => Rep-Nat (Abs-Nat n) = n
{proof)

lemma Nat-Abs-Nat-inject: Nat n => Nat m = Abs-Nat n = Abs-Nat m +— n
=m
(proof)

instantiation nat :: zero
begin

definition Zero-nat-def: 0 = Abs-Nat Zero-Rep
instance (proof)
end

definition Suc :: nat = nat
where Suc n = Abs-Nat (Suc-Rep (Rep-Nat n))

lemma Suc-not-Zero: Suc m # 0
(proof )

lemma Zero-not-Suc: 0 # Suc m
{proof )

lemma Suc-Rep-inject’: Suc-Rep x = Suc-Rep y +— 1 =y
(proof)

lemma nat-induct0:
assumes P 0 and An. P n = P (Suc n)
shows P n

(proof)

free-constructors case-nat for 0 :: nat | Suc pred
where pred (0 :: nat) = (0 :: nat)

(proof)

(ML)
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old-rep-datatype 0 :: nat Suc
(proof)

(ML)

declare old.nat.inject[iff del]
and old.nat.distinct(1)[simp del, induct-simp del]

lemmas induct = old.nat.induct

lemmas inducts = old.nat.inducts

lemmas rec = old.nat.rec

lemmas simps = nat.inject nat.distinct nat.case nat.rec

(ML)

abbreviation rec-nat :: ‘a = (nat = 'a = 'a) = nat = 'a
where rec-nat = old.rec-nat

declare nat.sel[code del]
hide-const (open) Nat.pred — hide everything related to the selector

lemma nat-exhaust [case-names 0 Suc, cases type: nat]:
(y =0 = P) = (Anat. y = Suc nat = P) = P
— for backward compatibility — names of variables differ

(proof)

lemma nat-induct [case-names 0 Suc, induct type: nat):
fixes n
assumes P 0 and An. P n = P (Suc n)
shows P n
— for backward compatibility — names of variables differ

{proof)

hide-fact
nat-exhaust
nat-induct0

(ML)

Injectiveness and distinctness lemmas

lemma inj-Suc [simpl:
inj-on Suc N

(proof)

lemma bij-betw-Suc [simp]:
bij-betw Suc M N +— Suc ‘M = N
{proof)

290
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lemma Suc-neg-Zero: Suc m = 0 = R
(proof)

lemma Zero-neq-Suc: 0 = Suc m = R
(proof )

lemma Suc-inject: Suc x = Sucy =z =y
(proof)

lemma n-not-Suc-n: n # Suc n
(proof)

lemma Suc-n-not-n: Suc n # n
(proof )

A special form of induction for reasoning about m < n and m — n.

lemma diff-induct:
assumes Az. Pz 0
and Ay. P 0 (Suc y)
and Az y. Pz y = P (Suc z) (Suc y)
shows P m n

(proof)

17.3 Arithmetic operators

instantiation nat :: comm-monoid-diff
begin

primrec plus-nat
where
add-0 [code]: 0 + n = (n:nat)
| add-Suc: Suc m + n = Suc (m + n)

lemma add-0-right [simp]: m + 0 = m
for m :: nat
{proof)

lemma add-Suc-right [simp]: m + Suc n = Suc (m + n)
(proof)

lemma add-Suc-shift [code]: Suc m + n = m + Suc n
{proof)

primrec minus-nat
where
diff-0 [code]: m — 0 = (m:nat)
| diff-Suc: m — Suc n = (case m — n of 0 = 0 | Suc k = k)

declare diff-Suc [simp del]
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lemma diff-0-eq-0 [simp, code]: 0 — n = 0
for n :: nat
(proof)

lemma diff-Suc-Suc [simp, code]: Suc m — Sucn =m — n
(proof)

instance

{(proof)

end
hide-fact (open) add-0 add-0-right diff-0

instantiation nat :: comm-semiring-1-cancel
begin

definition One-nat-def [simp]: 1 = Suc 0

primrec times-nat
where
mult-0: 0 * n = (0::nat)
| mult-Suc: Suc m x n = n + (m * n)

lemma mult-0-right [simp]: m * 0 = 0
for m :: nat
{proof )

lemma mult-Suc-right [simp]: m * Suc n = m + (m x n)

(proof)

lemma add-mult-distrib: (m + n) « k= (m x k) + (n * k)
for m n k :: nat

{proof)

instance

(proof)

end

17.3.1 Addition

Reasoning about m + 0 = 0, etc.

lemma add-is-0 [iff: m + n=0<+— m=0An=20
for m n :: nat
{proof )

lemma add-is-1: m +n=Suc 0 +<— m=SucO0 An=0V m=0ANn= Suc0
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{proof)

lemma one-is-add: Suc 0 = m + n<+— m=8Suc 0 An=0Vm=0An=
Suc 0

(proof)

lemma add-eq-self-zero: m +n=m =— n =0
for m n :: nat

(proof )

lemma plus-1-eq-Suc:
plus 1 = Suc
(proof)

lemma Suc-eq-plusl: Sucn =mn + 1
(proof)

lemma Suc-eg-plusi-left: Sucn =1+ n
(proof)

17.3.2 Difference

lemma Suc-diff-diff [simp]: (Suc m — n) — Suck=m —n — k
{proof)

lemma diff-Suc-1: Sucn — 1 = n

{proof)

lemma diff-Suc-1' [simp]: Suc n — Suc 0 = n
{proof)

17.3.3 Multiplication

lemma mult-is-0 [simp]: m * n =0 <— m =0V n = 0 for m n :: nat
{proof)

lemma mult-eq-1-iff [simp]: m * n = Suc 0 <— m = Suc 0 A n = Suc 0

(proof)

lemma one-eq-mult-iff [simp]: Suc 0 = m * n +— m = Suc 0 A n = Suc 0
(proof )

lemma nat-mult-eq-1-iff [simp]: m*n=1+—> m=1An=1
and nat-1-eg-mult-iff [simp]: 1 = m*xn+— m =1 A n=1 for mn :: nat
(proof )

lemma mult-cancell [simpl: kxm=kxn+—m=nV k=10
for km n :: nat

(proof)
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lemma mult-cancel2 [simp]: mxk=nxk+—> m=nVk=10
for k m n :: nat

{proof)

lemma Suc-mult-cancell: Suc k * m = Suck * n <— m =n
(proof )

17.4 Orders on nat
17.4.1 Operation definition

instantiation nat :: linorder
begin

primrec less-eq-nat
where
(0::nat) < n <— True
| Suc m < n <— (case n of 0 = False | Suc n = m < n)

declare less-eq-nat.simps [simp del]

lemma le0 [iff]: 0 < n for
n :: nat
{proof )

lemma [code]: 0 < n +— True
for n :: nat

{proof)

definition less-nat
where less-eq-Suc-le: n < m +— Sucn < m

lemma Suc-le-mono [iff]: Suc n < Sucm <— n < m

(proof)

lemma Suc-le-eq [code]: Suc m < n +— m < n
{proof)

lemma le-0-eq [iff]: n < 0 «— n =0
for n :: nat
{proof)

lemma not-less0 [iff]: - n < 0
for n :: nat

{proof)

lemma less-nat-zero-code [code]: n < 0 <— False
for n :: nat

(proof)
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lemma Suc-less-eq [iff]: Suc m < Suc n <— m < n

{proof)

lemma less-Suc-eq-le [code]: m < Suc n +— m < n

(proof)

lemma Suc-less-eq2: Suc n < m <— (Im’. m = Suc m’' A n < m’)

{proof)

lemma le-Sucl: m < n = m < Sucn

(proof)

lemma Suc-leD: Sucm <n=— m<n

{proof)

lemma less-Sucl: m < n = m < Sucn

(proof)

lemma Suc-lessD: Sucm < n=— m<n

{proof)

instance
(proof)

end

instantiation nat :: order-bot
begin

definition bot-nat :: nat
where bot-nat = 0

instance
(proof )

end

instance nat :: no-top
(proof )

17.4.2 Introduction properties

lemma lessI [iff]: n < Suc n
{proof)

lemma zero-less-Suc [iff]: 0 < Suc n

(proof)

295
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17.4.3 Elimination properties

lemma less-not-refl: = n < n
for n :: nat

(proof)

lemma less-not-refi2: n < m = m # n
for m n :: nat

{proof)

lemma less-not-refl3: s < t = s £ ¢
for st :: nat

{proof)

lemma less-irrefi-nat: n < n = R
for n :: nat

{proof)

lemma less-zeroE: n < 0 — R
for n :: nat

(proof)

lemma less-Suc-eq: m < Sucn — m < nV m=mn
(proof)

lemma less-SucO [iff]: (n < Suc 0) = (n = 0)
(proof)

lemma less-one [iff; n < 1 «—n =10
for n :: nat

(proof)
lemma Suc-mono: m < n = Suc m < Suc n

{proof)

"Less than" is antisymmetric, sort of.
lemma less-antisym: = n < m = n < Sucm = m =n

{proof)

lemma nat-neg-iff: m Zn+—> m<nVn<m
for m n :: nat

{proof)

17.4.4 Inductive (?) properties
lemma Suc-lessl: m < n = Suc m # n = Suc m < n
{proof )

lemma lessE:
assumes major: i < k
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and 1: k= Suci — P
and 2: \j.i<j= k= Sucj=— P
shows P

(proof)

lemma less-Suck:
assumes major: m < Suc n
and less: m < n = P
and e¢: m =n = P
shows P

(proof)

lemma Suc-lessE:
assumes major: Suc i < k
and minor: \j. i < j = k= Sucj = P
shows P

(proof)

lemma Suc-less-SucD: Suc m < Sucn =— m < n
(proof)

lemma less-trans-Suc:
assumes le: i < j
shows j < k = Suci < k

(proof)
Can be used with less-Suc-eq to get n = m V n < m.

lemma not-less-eq: = m < n +— n < Sucm
(proof)

lemma not-less-eq-eq: = m < n +— Sucn < m
(proof)

Properties of "less than or equal".
lemma le-imp-less-Suc: m < n — m < Sucn

(proof)

lemma Suc-n-not-le-n: = Sucn < n
(proof)

lemma le-Suc-eq: m < Sucn +— m < nV m= Sucn
(proof )

lemma le-SucE: m < Sucn = (m < n= R) = (m = Sucn = R) = R
{proof)

lemma Suc-lel: m < n = Sucm < n
(proof )

Stronger version of Suc-leD.
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lemma Suc-le-lessD: Suc m < n—=— m < n
(proof)

lemma less-imp-le-nat: m < n = m < n for m n :: nat
(proof )
For instance, (Suc m < Suc n) = (Suc m < n) = (m < n)

lemmas le-simps = less-imp-le-nat less-Suc-eq-le Suc-le-eq

Equivalence of m < nand m < nV m=n
lemma less-or-eq-imp-le: m < nVm=n= m < n
for m n :: nat
(proof)

lemma le-eq-less-or-e¢: m < n+— m < nVm=n
for m n :: nat
(proof )

Useful with blast.

lemma eg-imp-le: m = n = m < n
for m n :: nat
(proof )

lemma le-refl: n < n
for n :: nat

(proof )

lemma le-trans: 1 < j —= j< k=1 <k
for i j k :: nat
(proof )

lemma le-antisym: m < n=n<m=— m=n
for m n :: nat
(proof)

lemma nat-less-le: m < n<— m<nAm#n
for m n :: nat

{proof)

lemma le-neq-implies-less: m < n = m#n= m < n
for m n :: nat
(proof)

lemma nat-le-linear: m < nVvVn<m
for m n :: nat

{proof)

lemmas linorder-neqE-nat = linorder-neqE [where 'a = nat]
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lemma le-less-Suc-eqg: m < n = n < Suc m ¢— n=m
(proof)

lemma not-less-less-Suc-eq: = n < m = n < Suc m +— n =m
(proof )

lemmas not-less-simps = not-less-less-Suc-eq le-less-Suc-eq

lemma not0-implies-Suc: n # 0 = Im. n = Suc m
(proof )

lemma gr0-implies-Suc: n > 0 = Im. n = Suc m
(proof)

lemma gr-implies-not0: m < n = n # 0
for m n :: nat
(proof)

lemma neq0-convliff]: n # 0 +— 0 < n
for n :: nat

(proof )
This theorem is useful with blast

lemma ¢gr0l: (n = 0 = False) = 0 < n
for n :: nat

{proof)

lemma gr0-conv-Suc: 0 < n <— (Im. n = Suc m)
{proof)

lemma not-gr0 [iff]: = 0 < n+—n=20
for n :: nat
{proof)

lemma Suc-le-D: Sucn < m' = Im. m’ = Sucm
(proof)

Useful in certain inductive arguments
lemma less-Suc-eq-0-disj: m < Sucn +— m =0V (3j. m = Sucj A j < n)

{proof)

lemma All-less-Suc: (Vi < Sucn. Pi)=(Pn A (Vi< n. Pi))
(proof)

lemma All-less-Suc2: (Vi < Sucn. Pi) = (P 0 AN (Vi < n. P(Suc 1)))
{proof)

lemma FEz-less-Suc: (3¢ < Sucn. Pi) = (PnV (3i < n. Pi))
{proof )
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lemma FEz-less-Suc2: (3i < Suc n. Pi) = (P 0V (3i < n. P(Suc 7))
{proof)

mono (non-strict) doesn’t imply increasing, as the function could be constant

lemma strict-mono-imp-increasing:
fixes n::nat
assumes strict-mono f shows fn > n

(proof)

17.4.5 Monotonicity of Addition

lemma Suc-pred [simp]: n > 0 = Suc (n — Suc 0) = n
(proof)

lemma Suc-diff-1 [simp]: 0 < n = Suc (n — 1) =n
{proof)

lemma nat-add-left-cancel-le [simp]: k + m < k 4+ n<+— m <n
for km n :: nat

{proof)

lemma nat-add-left-cancel-less [simp]: k + m < k + n +— m < n
for k m n :: nat

(proof)

lemma add-gr-0 [iff: m +n>0+—m>0Vn>0
for m n :: nat

(proof )

strict, in 1st argument

lemma add-less-monol: i < j = it + k< j+k
for i j k :: nat

(proof)

strict, in both arguments

lemma add-less-mono:
fixes i j kI :: nat
assumes i < jk < [ shows i + k < j+ 1

(proof)
lemma less-imp-Suc-add: m < n = Ik. n = Suc (m + k)
(proof)
lemma le-Suc-ex: k <1l = (In. Il =k + n)
for k1 :: nat
{proof)

lemma less-natk:
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assumes (m < n)
obtains ¢ where (n = Suc (m + ¢)»

{proof)

strict, in 1st argument; proof is by induction on & > 0

lemma mult-less-mono2:
fixes i j :: nat
assumes i < jand 0 < k
shows k ¢ < k % j

(proof)

Addition is the inverse of subtraction: if n < m then n + (m — n) = m.
lemma add-diff-inverse-nat: = m < n = n+ (m —n) =m

for m n :: nat

{proof)

lemma nat-le-iff-add: m < n +— (k. n = m + k)
for m n :: nat
{proof)

The naturals form an ordered semidom and a dioid.

instance nat :: discrete-linordered-semidom
(proof)

instance nat :: dioid
(proof)

declare le0[simp del] — This is now 0 < %z

declare le-0-eq[simp del] — This is now (?n < 0) = (%n = 0)
declare not-less0[simp del] — This is now = #n < 0

declare not-gr0[simp del] — This is now (- 0 < ?n) = (n = 0)

instance nat :: ordered-cancel-comm-monoid-add {(proof)
instance nat :: ordered-cancel-comm-monoid-diff (proof)

17.4.6 min and max

global-interpretation bot-nat-0: ordering-top <(>)» «(>)» <0::naty

(proof)

global-interpretation maz-nat: semilattice-neutr-order maz <0::naty <(>)> <«(>)
{proof)

lemma mono-Suc: mono Suc
(proof)

lemma min-0L [simp]: min 0 n = 0
for n :: nat
{proof)
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lemma min-0R [simp]: min n 0 = 0
for n :: nat
{proof)

lemma min-Suc-Suc [simp]: min (Suc m) (Suc n) = Suc (min m n)
(proof)

lemma min-Sucl: min (Suc n) m = (case m of 0 = 0 | Suc m’ = Suc(min n
m’))

(proof)

lemma min-Suc2: min m (Suc n) = (case m of 0 = 0 | Suc m’ = Suc(min m’

n))
(proof)

lemma maz-0L [simp]: maz 0 n = n
for n :: nat

{proof)

lemma maz-0R [simp]: maz n 0 = n
for n :: nat
{proof )

lemma maz-Suc-Suc [simp]: maz (Suc m) (Suc n) = Suc (maz m n)
(proof)

lemma maz-Sucl: maz (Suc n) m = (case m of 0 = Suc n | Suc m’ = Suc (maz
nm'))
{proof)

lemma maz-Suc2: maz m (Suc n) = (case m of 0 = Suc n | Suc m’ = Suc (maz
m’ n))
(proof)

lemma nat-mult-min-left: min m n x ¢ = min (m * q) (n * q)
for m n q :: nat
{proof)

lemma nat-mult-min-right: m x min n ¢ = min (m x n) (m * q)
for m n q :: nat
(proof)

lemma nat-add-max-left: maz m n + ¢ = maz (m + q) (n + q)
for m n q :: nat
{proof)

lemma nat-add-maz-right: m + maz n ¢ = mazx (m + n) (m + q)
for m n q :: nat
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{proof)

lemma nat-mult-maz-left: max m n * ¢ = mazx (m * q) (n * q)
for m n q :: nat
(proof)

lemma nat-mult-maz-right: m * maz n ¢ = maz (m * n) (m * q)
for m n q :: nat
{proof)

17.4.7 Additional theorems about (<)

Complete induction, aka course-of-values induction

instance nat :: wellorder
(proof)

lemma Least-eq-0[simp]: P 0 = Least P = 0
for P :: nat = bool

{proof)

lemma Least-Suc:
assumes Pn - P (0
shows (LEAST n. P n) = Suc (LEAST m. P (Suc m))

(proof)

lemma Least-Suc2: Pn = Q@ m — - P 0 = Vk. P (Suck) = Q k = Least
P = Suc (Least Q)
{proof)

lemma ezx-least-nat-le:
fixes P :: nat = bool
assumes P n
shows Jk<n. (Vi<k. -~ Pi) APk

(proof)

lemma ezx-least-nat-less:

fixes P :: nat = bool

assumes Pn - P (

shows Jk<n. (Vi<k. = P i) A P (Suc k)
(proof)

lemma nat-less-induct:
fixes P :: nat = bool
assumes An.Vm. m <n— Pm = Pn
shows P n

{proof)
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lemma measure-induct-rule [case-names less]:
fixes [ :: 'a = 'bwellorder
assumes step: Az. (Ay. fy<fz = Py) = Pux
shows P a

(proof)

old style induction rules:

lemma measure-induct:
fixes [ :: 'a = 'b:wellorder
shows (Az. Vy. fy<fz — Py=— Pz) = Pa

{proof)

lemma full-nat-induct:
assumes step: An. (Vm. Sucm <n — Pm) = Pn
shows P n

{proof)

An induction rule for establishing binary relations

lemma less-Suc-induct [consumes 1]:
assumes less: 1 < j
and step: A\i. P i (Suc 9)
and trans: \ijk. i<j—j<k=—Pij— Pjk—=— Pik
shows P i j
(proof)

The method of infinite descent, frequently used in number theory. Provided
by Roelof Oosterhuis. P n is true for all natural numbers if

e case “0”: given n = 0 prove P n

e case “smaller”: given n > 0 and — P n prove there exists a smaller
natural number m such that = P m.

lemma infinite-descent: (An. = P n = Im<n. = P m) = P n for P :: nat =
bool
— compact version without explicit base case

(proof)

lemma infinite-descent0 [case-names 0 smaller]:
fixes P :: nat = bool
assumes P 0
and An.n>0 = -"Pn=3dIm.m<nA-Pm
shows P n

(proof)

Infinite descent using a mapping to nat: P x is true for all x € D if there
exists a V € D = nat and

e case “0": given V z = 0 prove Pz
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e “smaller”: given V z > 0 and — P z prove there exists a y € D such
that Vy < Vzand - Py.

corollary infinite-descent0-measure [case-names 0 smaller]:
fixes V :: 'a = nat
assumes I: A\z. Vo =0 = Pz
and 2: A\z. V2> 0= - Pz= 3Jy. Vy< VaA-Py
shows P x

(proof)

Again, without explicit base case:

lemma infinite-descent-measure:
fixes V :: 'a = nat
assumes Az. " Pz = Jy. Vy< VaA- Py
shows P x

(proof)

A (clumsy) way of lifting < monotonicity to < monotonicity

lemma less-mono-imp-le-mono:
fixes f :: nat = nat
and ¢ j :: nat
assumes Aijunat. i < j = fi < f]
and i < j
shows fi < fj
(proof)

non-strict, in 1st argument

lemma add-le-monol: i < j=—= i+ k< j+k
for i j k :: nat
(proof )

non-strict, in both arguments

lemma add-leemono: i < j—= k<= 1+ k< j+1
for i j k1l :: nat
(proof)

lemma le-add2: n < m + n
for m n :: nat

(proof)

lemma le-addl: n < n -+ m
for m n :: nat

{proof)

lemma less-add-Sucl: i < Suc (i + m)
{proof )

lemma less-add-Suc2: i < Suc (m + 1)
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{proof)

lemma less-iff-Suc-add: m < n <— (3k. n = Suc (m + k))
{proof)

lemma trans-le-addl: i < j=—= i< j+m
for i j m :: nat
{proof )

lemma trans-le-add2: i < j = i< m 4+ j
for i j m :: nat
(proof)

lemma trans-less-addl: i < j = i1 < j+ m
for i j m :: nat
(proof )

lemma trans-less-add2: i < j = i< m + j
for i jm :: nat
(proof)

lemma add-lessD1: i + j < k= i< k
for i j k :: nat
(proof )

lemma not-add-less! [iff]: =i+ j < i
for i j :: nat

{proof)

lemma not-add-less2 [iff]: —j + i <1
for i j :: nat
{proof)

lemma add-leD1: m + k<n—m<n
for £ m n :: nat

{proof)

lemma add-leD2: m + k< n—=—=k<n
for k. m n :: nat

{proof)

lemma add-leE: m + k<n—=— (m<n=—k<n=— R)— R

for k. m n :: nat
(proof )

needs Ak for ac-simps to work

lemma less-add-eq-less: Nk.k<l=m+Il=k+n=m<n

for [ m n :: nat
(proof)

306
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17.4.8 More results about difference

lemma Suc-diff-le: n < m = Suc m — n = Suc (m — n)
{proof)

lemma diff-less-Suc: m — n < Suc m
{proof )

lemma diff-le-self [simp]: m — n < m
for m n :: nat
(proof )

lemma less-imp-diff-less: j < k= j — n < k
for j kn :: nat
(proof )

lemma diff-Suc-less [simp]: 0 < n = n — Suci < n
{proof)

lemma diff-add-assoc: k < j= (i +j) —k=1i+ (j — k)
for i j k :: nat
(proof)

lemma add-diff-assoc [simp): k< j= i+ (j— k) =i+j—k
for i j k :: nat
(proof )

lemma diff-add-assoc2: k < j= (j+1i) —k=0G—k) + ¢
for i j k :: nat
{proof)

lemma add-diff-assoc2 [simp: k< j=—=j—k+i=j+i—k
for ij k :: nat
(proof )

lemma le-imp-diff-is-add: i < j = (j—i=k)=(G=k+ 1)
for i j k :: nat
(proof )

lemma diff-is-0-eq [simp]: m — n =0 +— m < n
for m n :: nat
(proof )

lemma diff-is-0-eq’ [simp]: m < n = m — n =0
for m n :: nat
(proof)

lemma zero-less-diff [simp]: 0 < n — m<+— m < n
for m n :: nat

{proof)
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lemma less-imp-add-positive:
assumes i < j
shows Jkinat. 0 < kENi+ k=]

(proof)

a nice rewrite for bounded subtraction

lemma nat-minus-add-max: n — m + m = max n m
for m n :: nat

{proof)

lemma nat-diff-split: P (a — b) +— (a <b— PO)A (Vd.a=b+d — Pd)
for a b :: nat
— elimination of — on nat

{proof)

lemma nat-diff-split-asm: P (a — b) +— -~ (a<bA- POV (Id.a=b+dA
- Pd))

for a b :: nat

— elimination of — on nat in assumptions

(proof)
lemmas nat-diff-splits = nat-diff-split nat-diff-split-asm

lemma Suc-pred”: 0 < n = n = Suc(n — 1)
{proof)

lemma add-eq-if: m + n = (if m = 0 then n else Suc ((m — 1) + n))
{proof)

lemma mult-eq-if: m * n = (if m = 0 then 0 else n + ((m — 1) * n))

for m n :: nat
(proof)

lemma Suc-diff-eq-diff-pred: 0 < n = Sucm —n=m — (n — 1)
(proof)

lemma diff-Suc-eq-diff-pred: m — Sucn = (m — 1) — n
(proof )

lemma Let-Suc [simp]: Let (Suc n) f = f (Suc n)
{proof)

17.4.9 Monotonicity of multiplication
lemma mult-le-monol: i < j = i x k < jxk
for i j k :: nat
(proof )
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lemma mult-le-mono2: i < j = kxi < k=xj
for i j k :: nat
{proof )

< monotonicity, BOTH arguments

lemma mult-le-mono: i < j—= k< Il=ix k< jx*x|
for i j k1 :: nat

(proof)
lemma mult-less-monol: i < j = 0 < k= ix k<jxk

for i j k :: nat

(proof)

Differs from the standard zero-less-mult-iff in that there are no negative
numbers.

lemma nat-0-less-mult-iff [simp]: 0 < m*n<+— 0 <mA 0 <n
for m n :: nat

{(proof)

lemma one-le-mult-iff [simp]: Suc 0 < m x n +— Suc 0 < m A Suc 0 < n
(proof)

lemma mult-less-cancel2 [simp]: m x k< nxk+— 0 <kAm<n
for k m n :: nat

(proof)

lemma mult-less-cancell [simpl: k* m < kxn+— 0 <kAm<mn
for k m n :: nat

(proof)

lemma mult-le-cancell [simp]: kx m < kxn<+— (0 <k — m < n)
for k m n :: nat

{proof)

lemma mult-le-cancel2 [simp]: m x k < n*x k<+— (0 <k — m < n)
for km n :: nat

{proof)

lemma Suc-mult-less-cancell: Suc k * m < Suck x n<+— m < n
(proof)

lemma Suc-mult-le-cancell: Suck * m < Suck *n+— m <n
(proof)

lemma le-square: m < m *x m
for m :: nat

{proof)

lemma le-cube: m < m * (m x m)
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for m :: nat
(proof )

Lemma for ged

lemma mult-eq-self-implies-10:
fixes m n :: nat
assumes m = m * nshows n =1V m =20

(proof)

lemma mono-times-nat:
fixes n :: nat
assumes n > 0
shows mono (times n)

(proof)

The lattice order on nat.

instantiation nat :: distrib-lattice
begin

definition (inf :: nat = nat = nat) = min
definition (sup :: nat = nat = nat) = maz

instance
(proof )

end

17.5 Natural operation of natural numbers on functions

We use the same logical constant for the power operations on functions and
relations, in order to share the same syntax.

consts compow :: nat = 'a = 'a

abbreviation compower :: ‘a = nat = ‘a (infixr <7 80)
where f 7" n = compow n f

notation (latez output)
compower («(-7)» [1000] 1000)

f 7 n=/fo...of the n-fold composition of f

overloading
funpow = compow :: nat = ('a = 'a) = (‘a = 'a)
begin

primrec funpow :: nat = ('a = 'a) = 'a = 'a
where
Sfunpow 0 f = id
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| funpow (Suc n) f = f o funpow n f
end

lemma funpow-0 [simpl: (f ~~0) z =z
{proof)

lemma funpow-Suc-right: f =~ Sucn=f " "nof
(proof)

lemmas funpow-simps-right = funpow.simps(1) funpow-Suc-right

For code generation.

context
begin

qualified definition funpow :: nat = (‘a = 'a) = 'a = 'a
where funpow-code-def [code-abbrev]: funpow = compow

lemma [code]:
funpow 0 f = id
funpow (Suc n) f = f o funpow n f
(proof )

end

lemma funpow-add: f =~ (m + n) = f
(proof)

lemma funpow-mult: (f " m) " n=f""(mx*n)
for f::'a = 'a
{proof)

lemma funpow-swapl: f ((f 7" n) z) = (f " n) (fz)
(proof)

lemma comp-funpow: comp f =" n = comp (f " n)
for f :: 'a = 'a
(proof )

lemma Suc-funpow[simp]: Suc =" n = ((+) n)
{proof)

PN

lemma id-funpow[simpl: id " n = id

(proof)

lemma funpow-mono: mono f = A< B= (f " n) A< (f " n) B
for f :: 'a = (‘a::order)
(proof)
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lemma funpow-mono2:
assumes mono f
and i < j
and z < y
and z < fx
shows (f i)z < (f ) y
(proof)

lemma inj-fn[simp]:
fixes fi:'a = a
assumes inj f
shows inj (f~"n)
(proof)

lemma surj-fn[simp:
fixes f::'a = a
assumes surj f
shows surj (f~"n)
(proof)

lemma bij-fn[simp):
fixes f::'a = a
assumes bij f
shows bij (f""n)
{proof )

lemma bij-betw-funpow:
assumes bij-betw f S S shows bij-betw (f ~"n) S5

(proof)

17.6 Kleene iteration

lemma Kleene-iter-Ipfp:
fixes [ :: 'a::order-bot = 'a
assumes mono f

and fp < p
shows (f 7" k) bot < p
(proof)

lemma [fp-Kleene-iter:
assumes mono f
and (f 7 Suc k) bot = (f 7 k) bot
shows Ifp f = (f 7" k) bot
(proof)

lemma mono-pow: mono f = mono (f = n)
for f :: 'a = 'a::order
(proof )



THEORY “Nat” 313

lemma [fp-funpow:

assumes f: mono f

shows Ifp (f 7~ Suc n) = Ifp f
(proof )

lemma gfp-funpow:
assumes f: mono f

shows gfp (f 7~ Suc n) = gfp f
(proof)

lemma Kleene-iter-gpfp:
fixes [ :: 'a::order-top = 'a
assumes mono f

and p < fp
shows p < (f 7" k) top
(proof )

lemma gfp-Kleene-iter:

assumes mono f
and (f 7" Suc k) top = (f k) top

shows gfp f = (f 7 k) top
(is ?lhs = ?rhs)

(proof)

17.7 Embedding of the naturals into any semiring-1: of-nat

context semiring-1
begin

definition of-nat :: nat = 'a
where of-nat n = (plus 1 """ n) 0

lemma of-nat-simps [simp]:
shows of-nat-0: of-nat 0 = 0
and of-nat-Suc: of-nat (Suc m) = 1 + of-nat m
(proof)

lemma of-nat-1 [simp]: of-nat 1 = 1
(proof )

lemma of-nat-add [simp]: of-nat (m + n) = of-nat m + of-nat n
(proof )

lemma of-nat-mult [simp]: of-nat (m x n) = of-nat m x of-nat n
{proof)

lemma mult-of-nat-commute: of-nat x x y = y x of-nat x
(proof)
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primrec of-nat-auz :: ('a = 'a) = nat = ‘a = 'a
where
of-nat-auzx inc 01 = 1
| of-nat-aux inc (Suc n) i = of-nat-auz inc n (inc {) — tail recursive

lemma of-nat-code: of-nat n = of-nat-auz (Mi. i + 1) n 0

(proof)

lemma of-nat-of-bool [simpl:
of-nat (of-bool P) = of-bool P
{proof )

end
declare of-nat-code [code]

context semiring-1-cancel
begin

lemma of-nat-diff [simp]:
<of-nat (m — n) = of-nat m — of-nat ny if «n < m»

(proof)

lemma of-nat-diff-if: <of-nat (m — n) = (if n<m then of-nat m — of-nat n else
0)
(proof)

end
Class for unital semirings with characteristic zero. Includes non-ordered
rings like the complex numbers.

class semiring-char-0 = semiring-1 +
assumes inj-of-nat: inj of-nat
begin

lemma of-nat-eq-iff [simp]: of-nat m = of-nat n «— m =n
(proof )

Special cases where either operand is zero
lemma of-nat-0-eq-iff [simp]: 0 = of-nat n +— 0 = n
(proof)

lemma of-nat-eq-0-iff [simpl: of-nat m = 0 +— m = 0

(proof)

lemma of-nat-1-eq-iff [simp]: 1 = of-nat n +— n=1

{proof)
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lemma of-nat-eq-1-iff [simp]: of-nat n = 1 +— n=1
(proof )

lemma of-nat-neq-0 [simp]: of-nat (Suc n) # 0
(proof )

lemma of-nat-0-neq [simp]: 0 # of-nat (Suc n)
{proof)

end
class ring-char-0 = ring-1 + semiring-char-0

lemma (in ordered-semiring-1) of-nat-0-le-iff [simp]: 0 < of-nat n
(proof )

context linordered-nonzero-semiring
begin

lemma of-nat-less-0-iff [simp]: = of-nat m < 0

(proof)

lemma of-nat-mono[simpl: i < j = of-nat i < of-nat j
(proof )

lemma of-nat-less-iff [simpl: of-nat m < of-nat n +— m < n

(proof)

lemma of-nat-le-iff [simp]: of-nat m < of-nat n +— m < n
(proof )

lemma less-imp-of-nat-less: m < n = of-nat m < of-nat n

{proof)

lemma of-nat-less-imp-less: of-nat m < of-nat n = m < n
(proof )

Every linordered-nonzero-semiring has characteristic zero.

subclass semiring-char-0
(proof)

Special cases where either operand is zero

lemma of-nat-le-0-iff [simp]: of-nat m < 0 «— m = 0
{proof)

lemma of-nat-0-less-iff [simp]: 0 < of-nat n +— 0 < n
(proof )

end
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context linordered-nonzero-semiring
begin

lemma of-nat-max: of-nat (maz x y) = mazx (of-nat z) (of-nat y)
(proof )

lemma of-nat-min: of-nat (min z y) = min (of-nat z) (of-nat y)
{proof)

end

context linordered-semidom
begin

subclass linordered-nonzero-semiring (proof)
subclass semiring-char-0 (proof)
end

context [inordered-idom
begin

lemma abs-of-nat [simp]:
|of-nat n| = of-nat n
{proof)

lemma sgn-of-nat [simp]:
sgn (of-nat n) = of-bool (n > 0)
(proof)

end

lemma of-nat-id [simpl: of-nat n = n
(proof)

lemma of-nat-eg-id [simp]: of-nat = id
{proof)

17.8 The set of natural numbers

context semiring-1
begin

definition Nats :: ‘a set (<IN))
where N = range of-nat

lemma of-nat-in-Nats [simp]: of-nat n € N

316
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{proof)

lemma Nats-0 [simp]: 0 € N
{proof)

lemma Nats-1 [simp]: 1 € N
{proof)

lemma Nats-add [simp: a e N=beN=a+beN
{proof)

lemma Nats-mult [simp]: a € N=be N = axbecN
{proof)

lemma Nats-cases [cases set: Nats|:
assumes ¢ € N
obtains (of-nat) n where z = of-nat n

{proof)

lemma Nats-induct [case-names of-nat, induct set: Nats]: © € N = (An. P
(of-nat n)) = Px
{proof)

lemma Nats-nonempty [simp]: N # {}
{proof)

end

lemma Nats-diff [simp]:
fixes a:: 'a::linordered-idom
assumes a € Nbe Nb< ashowsa —beN

(proof)

17.9 Further arithmetic facts concerning the natural num-
bers

lemma subst-equals:
assumes t = sand u = ¢
shows u = s

{proof)

locale nat-arith
begin

lemma addl: (A::'a::comm-monoid-add) =k +a= A+ b=k+ (a+ b)
{proof)

lemma add2: (B::'a::comm-monoid-add) =k + b= a+ B=Fk + (a + b)
(proof)
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lemma sucl: A==k + a=— SucA=k+ Suca
(proof )

lemma rule0: (a::'a::comm-monoid-add) = a + 0
{proof)

end
(ML)

context preorder
begin

lemma [ift-Suc-mono-le:
assumes mono: An. fn < f (Suc n)
and n < n’
shows fn < fn'
(proof)

lemma [lift-Suc-antimono-le:
assumes mono: A\n. fn > f (Suc n)
and n < n’
shows fn > fn'

(proof)

lemma lift-Suc-mono-less:
assumes mono: An. fn < f (Suc n)
and n < n’
shows fn < fn’

(proof)

lemma lift-Suc-mono-less-iff: (An. fn < f (Sucn)) = fn<fm+—>n<m
{proof )

end

lemma mono-iff-le-Suc: mono f +— (Vn. fn < f (Suc n))
(proof)

lemma antimono-iff-le-Suc: antimono f <— (¥ n. f (Suc n) < fn)
(proof)

lemma strict-mono-Suc-iff: strict-mono f <— (Vn. fn < f (Suc n))
(proof)

lemma strict-mono-add: strict-mono (An::’a::linordered-semidom. n + k)
{proof)
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lemma mono-nat-linear-1b:
fixes f :: nat = nat
assumes A\mn. m<n= fm< fn
shows fm + k < f (m+ k)

(proof )

lemma bez-consti-if-mono-below-diag: fixes f :: nat = nat assumes mono f
shows fn < n = Ji<n. f(Suci) = fi
(proof)

lemma bez-consti-if-mono-below-diag-Suc:

fixes [ :: nat = nat assumes mono f f(Suc m) < m
shows 3i<m. f (Suc i) = f1

(proof)

Subtraction laws, mostly by Clemens Ballarin

lemma diff-less-mono:
fixes a b ¢ :: nat
assumes a¢ < band ¢ < a
shows a — c< b — ¢

(proof)
lemma less-diff-conv: i < j —k+— i+ k< j
for i j k :: nat
(proof)

lemma less-diff-conv2: k< j— j—k<i<+— j<i+k
for j k¢ :: nat
(proof )

lemma le-diff-conv: j — k< i+— j<i+k
for j ki :: nat
(proof )

lemma diff-diff-cancel [simp]: i < n = n— (n — i) =1

for i n :: nat
(proof )

lemma diff-less [simp]: 0 <n=0<m=m—n<m
for ¢ n :: nat
(proof )

Simplification of relational expressions involving subtraction

lemma diff-diff-eq: k<m —=k<n=—m—-k—(n—k)=m—n
for m n k :: nat
(proof)

hide-fact (open) diff-diff-eq
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lemma eq-diff-iffi k<m=—=>k<n=m-k=n—-kLk+<—>m=n
for m n k :: nat
{proof )

lemma less-diff-iff: k< m=k<n=>m—-k<n—-—k+—>m<n
for m n k :: nat
(proof )

lemma le-diff-iff: k< m=—=k<n=>m—-k<n—-k+—>m<n
for m n k :: nat
(proof )

lemma le-diff-iff ra < c=b<c=c—-—a<c—b+—b<a
for a b ¢ :: nat

{proof)
(Anti)Monotonicity of subtraction — by Stephan Merz

lemma diff-le-mono: m <n=m —1<n —1
for m nl :: nat
(proof )

lemma diff-le-mono2: m <n=>1—-n<Il—m
for m nl :: nat
(proof )

lemma diff-less-mono2: m <n=—=m<l=1l—-n<l—m
for m nl :: nat

(proof)

lemma diffsO-imp-equal: m —n=0=—=n— m=0—=— m=n
for m n :: nat
(proof)

lemma min-diff: min (m — i) (n — () = min mn — ¢
for m n i :: nat
(proof)

lemma inj-on-diff-nat:
fixes k :: nat
assumes An.n € N =k <n
shows inj-on (An. n — k) N
(proof)

Rewriting to pull differences out

lemma diff-diff-right [simp|: k< j=i—(j—k) =i+ k—j
for i j k :: nat
(proof )

lemma diff-Suc-diff-eql [simp]:
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assumes k < j
shows i — Suc (j — k) =i+ k — Sucj
(proof)

lemma diff-Suc-diff-eq2 [simp]:

assumes k < j

shows Suc (j — k) — i = Sucj — (k + 9)
(proof)

lemma Suc-diff-Suc:

assumes n < m

shows Suc (m — Sucn) =m — n
(proof)

lemma one-less-mult: Suc 0 < n = Suc 0 < m = Suc 0 < m=x*n
(proof)

lemma n-less-m-mult-n: 0 < n = Suc 0 < m=—n<m=x*n
(proof )

lemma n-less-n-mult-m: 0 < n = Suc 0 < m=—n<nsx*m
(proof )

Induction starting beyond zero

lemma nat-induct-at-least [consumes 1, case-names base Suc]:
Pnifn>mPmAn. n>m= Pn= P (Sucn)
(proof)

lemma nat-induct-non-zero [consumes 1, case-names 1 Suc]:
Pnifn>0P1 An.n>0= Pn= P (Sucn)

(proof)

Specialized induction principles that work "backwards":

lemma inc-induct [consumes 1, case-names base stepl:
assumes less: © < j
and base: P j
and step: An. i <n=n<j= P (Sucn) = Pn
shows P i

{proof)

lemma strict-inc-induct [consumes 1, case-names base stepl:
assumes less: 1 < j
and base: \i. j = Suc i = Pi
and step: A\i. Suci < j = P (Suci) = Pi
shows P i
(proof)

lemma zero-induct-lemma: P k = (An. P (Suc n) = Pn) = P (k — i)
(proof)
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lemma zero-induct: P k = (An. P (Suc n) = Pn) = P 0
{proof)

Further induction rule similar to [% < 2j; 2P %j; An. [%1 < n; n < %j; 2P

(Suc n)] = ?P n] = ?P 7i.

lemma dec-induct [consumes 1, case-names base step]:
i<j=Pi=Ani<n=>n<j= Pn= P (Sucn)) = Pj

(proof)

lemma transitive-stepwise-le:

assumes m < n Az. Rzz Avyz. Roy= Ryz= Rzzand An. R n
(Suc n)

shows R m n

(proof)

17.9.1 Greatest operator

lemma ex-has-greatest-nat:
P (kinat) = Vy. Py —y<b=—=3Jz. Pz A (NVy. Py — y < 1)
(proof )

lemma
fixes k::nat
assumes P k and minor: A\y. Py = y < b
shows Greatestl-nat: P (Greatest P)
and Greatest-le-nat: k < Greatest P

(proof)

lemma Greatestl-ex-nat:
[ 3kunat. Pk; Ay. Py=— y < b] = P (Greatest P)
(proof)

17.10 Monotonicity of funpow

lemma funpow-increasing: m < n = mono f = (f ~ n) T <(f " m) T
for f :: 'a::order-top = 'a
(proof )

lemma funpow-decreasing: m < n = mono f = (f 7" m) L < (f T n) L
for f :: ‘a:order-bot = 'a
(proof)

lemma mono-funpow: mono @ = mono (Ai. (@ ~ i) L)
for Q :: 'a::order-bot = 'a
{proof)

lemma antimono-funpow: mono @ = antimono (Ai. (Q ~ i) T)
for Q :: 'a::order-top = ’a
{proof)
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17.11 Kleene’s fixed point theorem for continuous functions

Kleene’s fixed point theorem shows that the Ifp of a omega-continuous func-
tion can be obtained as the supremum of an omega chain. It only requires
an omega-complete partial order. We prove it here for complete lattices be-
cause the latter structures are not defined in Main but the theorem is also
useful for complete lattices.

definition omega-chain :: (nat = ('a::complete-lattice)) = bool where
omega-chain C = (Vi. Ci < C(Suc 7))

definition omega-cont :: ((‘a::complete-lattice) = ('b::complete-lattice)) = bool
where
omega-cont f = (V C. omega-chain C — f(SUP n. C'n) = (SUP n. f(C n)))

lemma omega-chain-mono: omega-chain C — i < j— Ci < C}j
(proof)

lemma mono-if-omega-cont: fixes f :: ('a::complete-lattice) = ('b::complete-lattice)
assumes omega-cont f shows mono f

(proof)

lemma omega-chain-iterates: fixes f :: ('a::complete-lattice) = 'a

assumes mono f shows omega-chain(An. (f~"n) bot)

(proof)

theorem Kleene-Ifp:
assumes omega-cont f shows Ifp f = (SUP n. (f~ n) bot) (is - = ?U)
(proof)

17.12 The divides relation on nat

lemma dvd-1-left [iff]: Suc 0 dvd k
{proof)

lemma dvd-1-iff-1 [simp]: m dvd Suc 0 «— m = Suc 0
{proof)

lemma nat-dvd-1-iff-1 [simp]: m dvd 1 +— m = 1
for m :: nat
(proof)

lemma dvd-antisym: m dvd n = n dvd m = m = n
for m n :: nat

{proof)

lemma dvd-diff-nat [simp]: k dvd m = k dvd n = k dvd (m — n)
for km n :: nat

{proof)
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lemma dvd-diffD:
fixes k m n :: nat
assumes k dovd m — nkdvdnn<m
shows k dvd m

(proof)

lemma dvd-diffD1: k dvd m — n = kdvd m = n < m = k dvd n
for k m n :: nat

{proof)

lemma dvd-mult-cancel:
fixes m n k :: nat
assumes k x m dvd k * nand 0 < k
shows m dvd n

(proof)

lemma dvd-mult-cancell :
fixes m n :: nat
assumes ( < m
shows m x n dvd m «<— n = 1

(proof)

lemma dvd-mult-cancel2: 0 < m = n * m dvd m «<— n = 1
for m n :: nat

{proof)

lemma dvd-imp-le: k dvd n = 0 < n =k <n
for k n :: nat

{proof)

lemma nat-dvd-not-less: 0 < m — m < n — - n dvd m
for m n :: nat

{proof)

lemma less-eq-dvd-minus:
fixes m n :: nat
assumes m < n
shows m dvd n +— m dvd n — m

(proof)

lemma dvd-minus-self: m dvd n — m <— n < m V m dvd n
for m n :: nat

{proof)

lemma dvd-minus-add:
fixes m n q r :: nat
assumes ¢ < nqg<r*xm
shows m dvd n — ¢ +— m dvd n + (r * m — q)

(proof)
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17.13 Aliasses

lemma nat-mult-1: 1 * n=n
for n :: nat

(proof)

lemma nat-mult-1-right: n x 1 = n
for n :: nat

{proof)

lemma diff-mult-distrib: (m — n) * k= (m x k) — (n x k)
for k. m n :: nat
(proof)

lemma diff-mult-distriv2: k x (m — n) = (k x m) — (k * n)
for k m n :: nat

{proof)

lemma le-diff-conv2: k< j= (i <j— k)= (i + k<)
for i j k :: nat
(proof)

lemma diff-self-eq-0 [simp]: m — m = 0
for m :: nat

(proof )

lemma diff-diff-left [simp]: i —j — k=140 — (j + k)
for i j k :: nat
(proof)

lemma diff-commute: i — j — k=149 —k — j
for ij k :: nat
(proof)

lemma diff-add-inverse: (n + m) — n = m
for m n :: nat
(proof )

lemma diff-add-inverse2: (m + n) — n=m
for m n :: nat

(proof )

lemma diff-cancel: (k+ m) — (k+n) =m —n
for km n :: nat
{proof)

lemma diff-cancel2: (m + k) — (n + k) =m —n
for k. m n :: nat
(proof)
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lemma diff-add-0: n — (n + m) = 0
for m n :: nat
(proof)

lemma add-mult-distrib2: k * (m + n) = (k x m) + (k * n)
for k m n :: nat
{proof )

lemmas nat-distrib =
add-mult-distrib distrib-left diff-mult-distrib diff-mult-distrib2

17.14 Size of a datatype value

class size =
fixes size :: 'a = nat — see further theory Wellfounded

instantiation nat :: size
begin

definition size-nat where [simp, code]: size (n::nat) = n
instance (proof)

end

lemmas size-nat = size-nat-def

lemma size-neg-size-imp-neq: size t # size y => T # y
(proof)

17.15 Code module namespace

code-identifier
code-module Nat — (SML) Arith and (OCaml) Arith and (Haskell) Arith

hide-const (open) of-nat-auz

end

18 Fields
theory Fields

imports Nat
begin

18.1 Division rings

A division ring is like a field, but without the commutativity requirement.
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class inverse = divide +
fixes inverse :: 'a = 'a
begin

abbreviation inverse-divide :: 'a = 'a = 'a (infixl ¢’/> 70)
where
inverse-divide = divide

end

Setup for linear arithmetic prover

(ML)
lemmas [linarith-split] = nat-diff-split split-min split-maz abs-split

Lemmas divide-simps move division to the outside and eliminates them on
(in)equalities.

named-theorems divide-simps rewrite rules to eliminate divisions

class division-ring = ring-1 + inverse +
assumes left-inverse [simp]: a # 0 = inverse a x a = 1
assumes right-inverse [simp]: a # 0 = a * inverse a = 1
assumes divide-inverse: a /| b = a * inverse b
assumes inverse-zero [simp): inverse 0 = 0

begin

subclass ring-1-no-zero-divisors
(proof)

lemma nonzero-imp-inverse-nonzero:
a # 0 = inverse a # 0

(proof)

lemma inverse-zero-imp-zero:
assumes inverse a = () shows a = 0

(proof)

lemma inverse-unique:
assumes ab: a x b = 1
shows inverse a = b

(proof )
lemma nonzero-inverse-minus-eq:

a # 0 = inverse (— a) = — inverse a
(proof )

lemma nonzero-inverse-inverse-eq:
a # 0 = inverse (inverse a) = a

(proof)
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lemma nonzero-inverse-eq-imp-eq:
assumes inverse a = inverse b and a # 0 and b # 0
shows a = b

(proof)

lemma inverse-1 [simp]: inverse 1 = 1
{proof)

subclass divide-trivial
(proof )

lemma nonzero-inverse-mult-distrib:
assumes a # 0 and b # 0
shows inverse (a * b) = inverse b x inverse a

(proof)

lemma division-ring-inverse-add:
a# 0= b# 0 = inverse a + inverse b = inverse a x (a + b) % inverse b
(proof)

lemma division-ring-inverse-diff:
a# 0= b# 0 = inverse a — inverse b = inverse a x (b — a) * inverse b
(proof)

lemma right-inverse-eq: b # 0 = a /b=1+—a=b>

(proof)

lemma nonzero-inverse-eq-divide: a # 0 = inverse a = 1 / a
(proof)

lemma divide-self [simp]: a # 0 = a [/ a = 1

(proof)

lemma inverse-eq-divide [field-simps, field-split-simps, divide-simps|: inverse a =
1/a
(proof)

lemma add-divide-distrib: (a+b) / ¢ = a/c + b/c
(proof)

lemma times-divide-eq-right [simp]: a x (b / ¢) = (a * b) / ¢
{proof)

lemma minus-divide-left: — (a / b) = (—a) / b
{proof)

lemma nonzero-minus-divide-right: b # 0 = — (a / b) = a / (— D)

{proof)
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lemma nonzero-minus-divide-divide: b # 0 = (—a) / (=b) =a / b
{proof)

lemma divide-minus-left [simp]: (—a) / b= — (a / b)
{proof)

lemma diff-divide-distrib: (a — b) J c=a/c—b/ ¢
{proof)

lemma nonzero-eqg-divide-eq [field-simps]: ¢ # 0 = a=b/ c<—a*xc=b

(proof)

lemma nonzero-divide-eq-eq [field-simps]: ¢ £ 0 = b/ c=a+— b=axc

(proof)

lemma nonzero-neg-divide-eq-eq [field-simps]: b # 0 = — (a / b) = ¢ +— — a
=cxb
{proof)

lemma nonzero-neg-divide-eq-eq2 [field-simps]: b # 0 = ¢ = — (a / b) +— ¢ *
b=—-a
{proof)

lemma divide-eg-imp: ¢ 20 = b=axc= b/ c=a
(proof )

lemma eq-divide-imp: ¢ 0 = axc=b=a=10b/ ¢
(proof )

lemma add-divide-eq-iff [field-simps]:
220 =z+4+y/z=(xxz+y) /=2
{proof )

lemma divide-add-eq-iff [field-simps]:
2#0=z/z+y=(@+y=*xz2)/z
(proof )

lemma diff-divide-eq-iff [field-simps]:
rFO0=z—y/z=(@xz2-y) /2
(proof )

lemma minus-divide-add-eq-iff [field-simps]:
2#0=—(z/2)+y=(—c+y=*x2)/z
{proof )

lemma divide-diff-eq-iff [field-simps]:
22 0=z/z—y=(—yx2z)/z
(proof )
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lemma minus-divide-diff-eq-iff [field-simps]:
zF0=—(x/2)—y=(—z—y=x2z2)/2

(proof )

lemma division-ring-divide-zero:
a/0=0
(proof)

lemma divide-self-if [simp]:
a/ a=(if a = 0then 0 else 1)
(proof)

lemma inverse-nonzero-iff-nonzero [simp):
tnverse a = 0 <— a =0

(proof )
lemma inverse-minus-eq [simpl:
inverse (— a) = — inverse a
(proof)

lemma inverse-inverse-eq [simp):
inverse (inverse a) = a

(proof)

lemma inverse-eq-imp-eq:
inverse a = inverse b =—- a = b
(proof)

lemma inverse-eq-iff-eq [simp):
inverse a = inverse b «— a =0
(proof )

lemma mult-commute-imp-mult-inverse-commute:
assumes y x £ = I x Y
shows inverse y x x = x * inverse y

(proof)

lemmas mult-inverse-of-nat-commute =
mult-commute-imp-mult-inverse-commute| OF mult-of-nat-commute]

lemma divide-divide-eq-left’:
(a/b)/c=a](cxDb)
(proof )

lemma add-divide-eq-if-simps [field-split-simps, divide-simps]:
a+b/z=_(if 2= 0then aelse (a x z + b) / 2)
a/z+b=_(if 2= 0thenbelse (a +bxz)/ 2)
—(a/2)+b=(if 2= 0thenbelse (—a+ bx z) / 2)
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a—0b/z=(if 2= 0then aelse (a x z — b) / 2)
a/z—b=(if 2= 0then —belse (a — bx z) / 2)
—(a/2)—b=(if 2= 0then —belse (—a—bx2z)/ 2
{proof)

lemma [field-split-simps, divide-simps]:

shows divide-eq-eq: b / ¢ = a <— (if ¢ # 0 then b = a * ¢ else a = 0)
and eg-divide-eq: a = b / ¢ +— (if ¢ # 0 then a x ¢ = b else a = 0)
and minus-divide-eq-eq: — (b / ¢) = a +— (if ¢ # 0 then — b = a * c else a
0)
and eg-minus-divide-eq: a = — (b / ¢) «— (if ¢ # 0 thena x ¢ = — b else a
0)

(proof)

end

18.2 Fields

class field = comm-ring-1 + inverse +
assumes field-inverse: a # 0 = inverse a ¥ a = 1
assumes field-divide-inverse: a / b = a * inverse b
assumes field-inverse-zero: inverse 0 = 0

begin

subclass division-ring
(proof)

subclass idom-divide

(proof)

There is no slick version using division by zero.

lemma inverse-add:
a# 0= b# 0= inverse a + inverse b = (a + b) x inverse a * inverse b

{proof)

lemma nonzero-mult-divide-mult-cancel-left [simp]:
assumes [simp]: ¢ # 0
shows (¢ xa) / (cxb)=a /b

(proof)

lemma nonzero-mult-divide-mult-cancel-right [simpl:
c#0 = (axc)/(bxc)=a /Db
{proof)

lemma times-divide-eq-left [simp]: (b / ¢) x a = (b * a) / ¢
{proof)

lemma divide-inverse-commute: a / b = inverse b x a

{proof)
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lemma add-frac-eq:

assumes y # 0 and z # 0

showsz /y+w/z=(x*xz+wxy)/ (yx*2)
(proof)

Special Cancellation Simprules for Division

lemma nonzero-divide-mult-cancel-right [simp]:
b£0=10b/(axb)=1/a
{proof)

lemma nonzero-divide-mult-cancel-left [simp]:
a#0=a/(axb)=1/b
(proof )

lemma nonzero-mult-divide-mult-cancel-left2 [simp:
c#0 = (cxa)/(bxc)=a/Db
(proof)

lemma nonzero-mult-divide-mult-cancel-right2 [simp]:
c#0= (axc)/(cxb)=a/b
{proof)

lemma diff-frac-eq:
yF0=z#0=z/y—-w/z=(@*z-wxy) /(y*2)
{proof )

lemma frac-eq-eq:

y#£0=2#0= (z/y=w/2)=(x*x2z2=wx*y)
{proof)

lemma divide-minus! [simp]: 2 /| — 1 = — x
{proof)

This version builds in division by zero while also re-orienting the right-hand
side.

lemma inverse-mult-distrib [simp]:
inverse (a % b) = inverse a * inverse b

(proof)

lemma inverse-divide [simp]:
inverse (a / b) =b/ a
{proof)

Calculations with fractions

There is a whole bunch of simp-rules just for class field but none for class
field and nonzero-divides because the latter are covered by a simproc.

lemmas mult-divide-mult-cancel-left = nonzero-mult-divide-mult-cancel-left
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lemmas mult-divide-mult-cancel-right = nonzero-mult-divide-mult-cancel-right

lemma divide-divide-eg-right [simp]:
a/(b/c)=(axc)/b

{proof)

lemma divide-divide-eq-left [simp):
(a/b)/c=a/(bxc)

(proof)

lemma divide-divide-times-eq:
(z/y) /(2 )] w)=(xxw)/(yx*2)

{proof)

Special Cancellation Simprules for Division

lemma mult-divide-mult-cancel-left-if [simp]:
shows (¢ * a) / (¢ * b) = (if ¢ = 0 then 0 else a / b)
(proof )

Division and Unary Minus

lemma minus-divide-right:
—(a/b)=a/—b
(proof )

lemma divide-minus-right [simp]:
a/—b=—-(a/b)
{proof)

lemma minus-divide-divide:
(—a)/(=b)=a/b

{proof)

lemma inverse-eq-1-iff [simpl:
inverse x = 1 +— x = 1
(proof )

lemma divide-eq-0-iff [simp]:
a/b=0+—a=0Vb=20
(proof )

lemma divide-cancel-right [simp]:
a/c=b/c<—c=0Va=hb
{proof)

lemma divide-cancel-left [simp:
c/a=c/b+—c=0Va=b
{proof)
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lemma divide-eq-1-iff [simp]:
a/b=1«—b#0ANa=1b
{proof)

lemma one-eq-divide-iff [simp]:
I=a/bs+—b#0Na=Db
{proof)

lemma divide-eq-minus-1-iff:
(a/b==1)+—b#0ANa=—-
(proof )

lemma times-divide-times-eq:
(z/y)*(z/w)=(zx2)/(y*w)
(proof )

lemma add-frac-num:
yFO0=z/y+z=(@+zxy/y
{proof )

lemma add-num-frac:
y#F0=z+z/y=(x+zxy)/y
(proof)

lemma dvd-field-iff:
advdb<+— (a=0— b=0)

(proof)

lemma inj-divide-right [simp):
inj (Ab. b/ a)+— a#0
{proof )

end

class field-char-0 = field + ring-char-0

18.3 Ordered fields

class field-abs-sgn = field + idom-abs-sgn
begin

lemma sgn-inverse [simp]:
sgn (inverse a) = inverse (sgn a)
(proof)

lemma abs-inverse [simp]:
|inverse a| = inverse |al
(proof)

334
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lemma sgn-divide [simp]:
sgn (a / b) = sgn a / sgn b

{proof)

lemma abs-divide [simpl:
la /b = lal / [0]
{proof)

end

class linordered-field = field + linordered-idom
begin

lemma positive-imp-inverse-positive:
assumes a-gt-0: 0 < a
shows 0 < inverse a

(proof)

lemma negative-imp-inverse-negative:
a < 0 = inverse a < 0
(proof )

lemma inverse-le-imp-le:
assumes nvle: inverse a < inverse b and apos: 0 < a
shows b < ¢

(proof)

lemma inverse-positive-imp-positive:
assumes nv-gt-0: 0 < inverse a and nz: a # 0
shows 0 < a

{(proof)

lemma inverse-negative-imp-negative:
assumes inv-less-0: inverse a < 0 and nz: a # 0
shows a < 0

(proof)

lemma linordered-field-no-b:
Ve dy. y <z
(proof)

lemma linordered-field-no-ub:
Vx. dy y>z
(proof)

lemma less-imp-inverse-less:
assumes less: a < b and apos: 0 < a
shows inverse b < inverse a

(proof)



THEORY “Fields” 336

lemma inverse-less-imp-less:
assumes inverse a < inverse b 0 < a
shows b < a

(proof)

Both premises are essential. Consider -1 and 1.

lemma inverse-less-iff-less [simp):
0 <a= 0 < b= inverse a < inverse b +— b < a
(proof)

lemma le-imp-inverse-le:
a < b=— 0 < a = inverse b < inverse a

{proof)

lemma inverse-le-iff-le [simp]:
0 <a=— 0 < b= inverse a < inverse b +— b < a
{proof )

These results refer to both operands being negative. The opposite-sign case
is trivial, since inverse preserves signs.

lemma inverse-le-imp-le-neg:
assumes nverse a < inverse b b < 0
shows b < a

(proof)

lemma less-imp-inverse-less-neg:
assumes a < b b < 0
shows inverse b < inverse a

(proof)

lemma inverse-less-imp-less-neg:
assumes inverse a < inverse b b < 0
shows b < a

(proof)

lemma inverse-less-iff-less-neg [simp]:
a < 0= b< 0= inverse a < inverse b <— b < a

(proof)

lemma le-imp-inverse-le-neg:
a < b= b< 0= inverse b < inverse a
(proof)

lemma inverse-le-iff-le-neg [simp]:
a< 0= b< 0 = inverse a < inverse b «+— b < a
{proof )

lemma one-less-inverse:
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0<a= a< 1= 1 < inverse a
(proof )

lemma one-le-inverse:
0 <a=— a<1=—1 < inverse a

{proof)

lemma pos-le-divide-eq [field-simps]:
assumes ( < ¢
shows a <b/c+—a*xc<bh

(proof)

lemma pos-less-divide-eq [field-simps]:
assumes 0 < ¢
showsa <b/c—a*xc<b

(proof)

lemma neg-less-divide-eq [field-simps]:

assumes ¢ < 0
showsa <b/c—b<axc

(proof)

lemma neg-le-divide-eq [field-simps]:
assumes ¢ < (
shows a <b/c+—b<axc

(proof)

lemma pos-divide-le-eq [field-simps]:
assumes ( < c¢
shows b/ c<a+—b<axc

{(proof)

lemma pos-divide-less-eq [field-simps]:
assumes 0 < ¢
shows b/ c<a+— b<axc

(proof)

lemma neg-divide-le-eq [field-simps]:
assumes c < 0
shows b / c<a<+—axc<b

(proof)

lemma neg-divide-less-eq [field-simps]:

assumes ¢ < 0
shows b/ c<a<+—a*xc<b

(proof)

337

The following field-simps rules are necessary, as minus is always moved atop

of division but we want to get rid of division.
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lemma pos-le-minus-divide-eq [field-simps]: 0 < ¢ = a < — (b / ¢) «— a *x ¢
<-b
{proof)

lemma neg-le-minus-divide-eq [field-simps]: ¢ < 0 = a < — (b / ¢) «— — b <
a*c
{proof)

lemma pos-less-minus-divide-eq [field-simps]: 0 < c = a < — (b / ¢) +— ax ¢
<=0
(proof)

lemma neg-less-minus-divide-eq [field-simps]: ¢ < 0 = a < — (b / ¢) «— — b
<axc

(proof)

lemma pos-minus-divide-less-eq [field-simps]: 0 < ¢ = — (b / ¢) < a<+— — b
<axc
{proof)

lemma neg-minus-divide-less-eq [field-simps]: ¢ < 0 = — (b / ¢) < a+— a * ¢
<—b
{proof)

lemma pos-minus-divide-le-eq [field-simps]: 0 < ¢ = — (b / ¢) < a+— — b <
a*c
{proof)

lemma neg-minus-divide-le-eq [field-simps]: ¢ < 0 = — (b / ¢) < a+— a * ¢
<-b

(proof)

lemma frac-less-eq:
Y#£0=2#0 =z /y<w/z+— (xxz—wxy)/(yx2)<0
{proof)

lemma frac-le-eq:
y£0=2#420=z/y<w/z+—(x*xz—wxy)/(yxz2)<0
(proof)

lemma divide-pos-pos|simp]:
I<r=0<y=0<z/y

(proof)

lemma divide-nonneg-pos:
0<r=0<y=0<z/y

{(proof)

lemma divide-neg-pos:
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r<0=0<y=z/y<y0
{proof)

lemma divide-nonpos-pos:
<0 =0<y=z/y<0
(proof)

lemma divide-pos-neg:
I<r=y<0=2z/y<0
(proof )

lemma divide-nonneg-neg:
0<z=y<0=1z/y<0
(proof )

lemma divide-neg-neg:
r<0=y<0=0<z/y
(proof)

lemma divide-nonpos-neg:
<0 =y<0=0<z/y
(proof )

lemma divide-strict-right-mono:
[a<b0<c]=a/c<b/c
(proof )

lemma divide-strict-right-mono-neg:
assumes b < ac< 0showsa/c<b/c

{(proof)

The last premise ensures that a and b have the same sign

lemma divide-strict-left-mono:
[b<a;0<c¢ 0<axb)=c/a<c/Db
(proof)

lemma divide-left-mono:
[b<a;0<c;0<axb)=c/a<c/Db
(proof)

lemma divide-strict-left-mono-neg:
[a<be<0;0<axb))=c/a<c/b

(proof)

lemma mult-imp-div-pos-le: 0 < y =z < zxy =12/ y <z

{proof)

lemma mult-imp-le-div-pos: 0 < y = zxy< oz = z2<uz/y

339
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{proof)

lemma mult-imp-div-pos-less: 0 < y =z < zxy=—= 2z [/ y < z
(proof )

lemma mult-imp-less-div-pos: 0 < y = z+xy<z = z2<2xz/y
(proof)

lemma frac-le:

assumes 0 < yzrz <yl <ww<z
showsz / z2<y/w

(proof)

lemma frac-less:
assumes ) <zz <yl <ww<z
showsz /2 <y /w

(proof)

lemma frac-less2:
assumes 0 < zz <yl <ww<z
showsz / 2 <y / w

(proof)

As above, with a better name

lemma divide-mono:
[b<a;ce<d;0<b;0<c]=c/a<d/b
(proof)

lemma less-half-sum: o < b = a < (a+b) / (1+1)
(proof)

lemma gt-half-sum: a < b = (a+b)/(14+1) < b
{proof)

subclass unbounded-dense-linorder
(proof)

subclass field-abs-sgn {proof)

lemma inverse-sgn [simp]:
inverse (sgn a) = sgn a
{proof)

lemma divide-sgn [simp]:
a/sgnb=axsgnb
{proof )

lemma nonzero-abs-inverse:
a # 0 = |inverse a| = inverse |a|
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{proof)

lemma nonzero-abs-divide:
b# 0= la/ bl =lal / [}
(proof)

lemma field-le-epsilon:
assumes e: N\e. 0 < e=z<y+e
shows z < y

{(proof)

lemma inverse-positive-iff-positive [simp|: (0 < inverse a) = (0 < a)

(proof)

lemma inverse-negative-iff-negative [simp]: (inverse a < 0) = (a < 0)

(proof)

lemma inverse-nonnegative-iff-nonnegative [simp|: 0 < inverse a +— 0 < a
{proof )

lemma inverse-nonpositive-iff-nonpositive [simpl: inverse a < 0 +— a < 0
(proof )

lemma one-less-inverse-iff: 1 < inverse x +— 0 < z AN x < 1
(proof )

lemma one-le-inverse-iff: 1 < inverse z +— 0 < z ANz < 1

(proof)

lemma inverse-less-1-iff: inverse x < 1 +—xz < 0V 1 <=z

(proof)

lemma inverse-le-1-iff: inverse x < 1 +—xz < 0V I <=z
(proof)

lemma [field-split-simps, divide-simps]:
shows le-divide-eq: a < b / ¢ «— (if 0 < c then a x ¢ < b else if ¢ < 0 then b

< ax*celsea<0)

and divide-le-eq: b / ¢ < a +— (if 0 < cthen b < a x c else if ¢ < 0 then a x
c<belse 0 < a)

and less-divide-eq: a < b / ¢ +— (if 0 < c then a x ¢ < b else if ¢ < 0 then b
< ax*celsea<0)

and divide-less-eq: b / ¢ < a <— (if 0 < c then b < a * c else if ¢ < 0 then a
*x c < belse 0 < a)

and le-minus-divide-eq: a < — (b / ¢) «— (if 0 < c then a x ¢ < — b else if
c< 0then — b < ax*celsea<0)

and minus-divide-le-eq: — (b / ¢) < a +— (if 0 < c then — b < a * c else if
¢ < O0thenax*xc < —belse 0<a)

and less-minus-divide-eq: a < — (b / ¢) +— (if 0 < c then a x ¢ < — b else
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if c < Othen — b < ax*celse a<0)

and minus-divide-less-eq: — (b [/ ¢) < a «— (if 0 < c then — b < a * ¢ else
if c < 0thenax c < — belse 0 < a)

{proof)

Division and Signs

lemma

shows zero-less-divide-iff: 0 < a /b+— 0 <aAN0<bVa<OANb<O
and divide-less-0-iff: a / b< 0= 0<aAb<OVa<OANO<D
and zero-le-divide-iff: 0 < a /b+— 0<aN0<bVa<OANDbLO
and diwvide-le-0-iff: a /| b < 0+— 0 <aAb<O0Va<ONO<D
(proof)

Division and the Number One

Simplify expressions equated with 1

lemma zero-eq-1-divide-iff [simp]: 0 = 1 [ a +— a =0
(proof)

lemma one-divide-eq-0-iff [simp]: 1 [ a =0 <— a =10
{proof)

Simplify expressions such as 0 < 1/xto 0 < z
lemma zero-le-divide-1-iff [simp]:
0<1/a<—0<a
{proof )

lemma zero-less-divide-1-iff [simp]:
0<1/a+—0<a
{proof)

lemma divide-le-0-1-iff [simp]:
1/a<0+—a<?
{proof)

lemma divide-less-0-1-iff [simpl:
1/a<0+—a<0
{proof)

lemma divide-right-mono:
[a<b;0<c]= a/c<b/c
(proof )

lemma divide-right-mono-neg: a < b= ¢ <0 =1"b/c<a/c
(proof)

lemma divide-left-mono-neg: a < b=—= ¢c< 0= 0<axb=c/a<c/b
(proof)
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lemma inverse-le-iff: inverse a < inverse b +— (0 < ax b — b <a)A(ax*xb
<0 — a<b)
{proof)

lemma inverse-less-iff: inverse a < inverse b <— (0 < a*x b — b < a) A (a *
b<0-—a<hb)
{proof )

lemma divide-le-cancel: a [ ¢ < b/ c+— (0 <c—a<b A(c<0—b<
a)

(proof)

lemma divide-less-cancel: a / ¢ < b/ c+— (0 <c—a<b) A(c<0—b
<a)Nc#0
{proof)

Simplify quotients that are compared with the value 1.
lemma le-divide-eq-1:
(1 <b/a)=((0<aNna<bd)V(e<0ANb<a))
(proof )

lemma divide-le-eq-1:
b/a<1)=((0<anb<a)V(e<O0ANa<b)Va=0)
(proof )

lemma less-divide-eq-1:
(I <b/a)=(0<ana<b)V(a<0ADb<a))
(proof )

lemma divide-less-eq-1:
b/a<)=((0<anb<a)V(e<0ANa<b)Va=0)
(proof )

lemma divide-nonneg-nonneg [simp):
0<r=0<y=0<z/y
{proof )

lemma divide-nonpos-nonpos:
1<0=y<0=0<z/y
(proof )

lemma divide-nonneg-nonpos:
0<r=y<0=2z/y<0

(proof)

lemma divide-nonpos-nonneg:
2<0=0<y=z/y<0
(proof )

Conditional Simplification Rules: No Case Splits
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lemma le-divide-eq-1-pos [simp]:
0<a= (1 <b/a)=(a<D)
(proof )

lemma le-divide-eq-1-neg [simp]:
a< 0= (1 <b/a)=(b< a)
{proof )

lemma divide-le-eq-1-pos [simp):
0<a= (b/a<1)=(b<a)
(proof )

lemma divide-le-eq-1-neg [simpl:
a< 0= (b/a<1)=(a<D)

(proof)

lemma less-divide-eq-1-pos [simp]:
0<a= (1 <b/a)=(a<b)
(proof )

lemma less-divide-eq-1-neg [simp]:
a< 0= (1 <b/a)=(b<a)
{proof )

lemma divide-less-eq-1-pos [simp]:
0<a= (b/la<1)=(b<a)
(proof )

lemma divide-less-eq-1-neg [simp]:
a< 0= bla<1+—a<b

(proof)

lemma eq-divide-eg-1 [simp]:
(1= bja) = ((a £ 0 A a=b)
(proof )

lemma divide-eg-eq-1 [simp]:
(b/a=1)=((a# 0 A a=D))
(proof)

lemma abs-div-pos: 0 < y =>|z| / y = |z / ¥
(proof)

lemma zero-le-divide-abs-iff [simp]: (0 < a / |b]) = (0 < aV b= 0)

{proof)

lemma divide-le-0-abs-iff [simp]: (a / |b] < 0)=(a <0V b= 0)

(proof)

344
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lemma field-le-mult-one-interval:
assumes x: N\z. [0 < z;2< 1] = zx2<y
shows z < y

(proof)

For creating values between u and v.

lemma scaling-mono:
assumes u < v 0 <rr<s
shows u + 7% (v—u) /s<w
(proof)

end

Min/max Simplification Rules

lemma min-mult-distrib-left:

fixes x::'a::linordered-idom

shows p x min x y = (if 0 < p then min (pxx) (pxy) else maz (pxz) (pxy))
(proof)

lemma min-mult-distrib-right:

fixes z::'a::linordered-idom

shows min z y * p = (if 0 < p then min (zxp) (y*p) else maz (xxp) (y*p))
(proof)

lemma min-divide-distrib-right:

fixes z::'a::linordered-field

shows min zy / p = (if 0 < p then min (z/p) (y/p) else maz (x/p) (y/p))
(proof)

lemma maz-mult-distrib-left:

fixes z::’a::linordered-idom

shows p x maz z y = (if 0 < p then maz (pxx) (pxy) else min (pxz) (pxy))
(proof)

lemma maz-mult-distrib-right:

fixes z::’a::linordered-idom

shows maz x y * p = (if 0 < p then maz (zxp) (y*p) else min (xxp) (y*p))
(proof)

lemma maz-divide-distrib-right:

fixes z::'a::linordered-field

shows maz xzy / p = (if 0 < p then maz (z/p) (y/p) else min (z/p) (y/p))
(proof)

hide-fact (open) field-inverse field-divide-inverse field-inverse-zero

code-identifier
code-module Fields — (SML) Arith and (OCaml) Arith and (Haskell) Arith
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end

19 Relations — as sets of pairs, and binary predi-
cates

theory Relation
imports Product-Type Sum-Type Fields
begin

A preliminary: classical rules for reasoning on predicates

declare predicatell [Pure.introl, intro!]
declare predicatelD [Pure.dest, dest]
declare predicate2l [Pure.introl, introl]
declare predicate2D [Pure.dest, dest]
declare bot1FE [elim!
declare bot2E [elim!
declare toplI [intro!
declare top2I [intro!
declare inf11 [intro!]
declare inf2I [introl]
declare infIE [elim!]
declare inf2E [elim!]
declare sup1I1 [intro?]
declare sup2I1 [intro?
declare sup1I2 [intro?
declare sup2I2 [intro?
declare suplE [elim!]
declare sup2E [elim!]
declare sup1CI [intro!]
declare sup2CI [intro!
declare Inf1-I [intro!]
declare INF1-I [intro!]
declare Inf2-I [intro!]
declare INF2-I [intro!]
declare Inf1-D [elim)]
declare INF1-D [elim]
declare Inf2-D [elim]
declare INF2-D [elim]
declare Inf1-E [elim)]
declare INFI-E [elim)
declare Inf2-E [elim)]
declare INF2-E [elim]
declare SupI-I [intro]
declare SUP1-I [intro]
declare Sup2-I [intro)
declare SUP2-I [intro]
declare SupI-E [elim]
declare SUPI-FE [elim!]
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declare Sup2-E [elim]]
declare SUP2-E [elim!]

19.1 Fundamental

19.1.1 Relations as sets of pairs

type-synonym ’‘a rel = (‘a x 'a) set

lemma subrell: (Azy. (z,y) € r = (z,y) € s) = r C s
— Version of subset] for binary relations

{proof)

lemma Ifp-induct2:
(a, b) € lfp f = mono [ =
(Aa b (a,b) e f(fpfn{(z,y). Pry})) = Pab) = Pabd
— Version of [fp-induct for binary relations

{proof)

19.1.2 Conversions between set and predicate relations

lemma pred-equals-eq [pred-set-conv]: (Az. © € R) = (Az. 2 € S) +— R=S
(proof)

lemma pred-equals-eq2 [pred-set-conv]: (Az y. (z, y) € R) = (Az y. (z, y) € )
+— R=2S
{proof)

lemma pred-subset-eq [pred-set-conv]: (A\z. z € R) < (Az.z € §)«— RC S
{proof)

lemma pred-subset-eq2 [pred-set-conv]: (Az y. (z, y) € R) < (A y. (z, y) € 5)
+~— RCS
{proof )

lemma bot-empty-eq [pred-set-conv]: L = (Az. z € {})
(proof )

lemma bot-empty-eq2 [pred-set-conv]: L = (Az y. (z, y) € {})
(proof)

lemma top-empty-eq: T = (Az. z € UNIV)
(proof )

lemma top-empty-eq2: T = (Az y. (z, y) € UNIV)
(proof )

lemma inf-Int-eq [pred-set-conv]: (Az. © € R) M (Az. z € §) = (Az. x € RN S)
{proof)
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lemma inf-Int-eq2 [pred-set-conv]: Az y. (z, y) € R) N Az y. (z, y) € §) = (A\z
y- (z,y) € RN S)
{proof )

lemma sup-Un-eq [pred-set-conv]: (Az. € R) U (Az. 2 € S) = (Az. 2 € RU S)
(proof)

lemma sup-Un-eq2 [pred-set-conv]: (Az y. (z, y) € R) U (Az y. (z, y) € S) = Az
y. (z, y) € RUS)
{proof)

lemma INF-INT-eq [pred-set-conv]: ([1¢€S. (A\z. z € 1)) = (Az. z € ((i€S. r
i)

(proof)
lemma INF-INT-eq2 [pred-set-conv]: ([1i€S. Az y. (z, y) € ri)) = Az y. (¢, y)
€ (Nies. ri))

(proo)

lemma SUP-UN-eq [pred-set-conv]: (| |i€S. (A\z. z € 71)) = (A\z. z € (UieS. r
i)

(proof )
lemma SUP-UN-eq2 [pred-set-conv]: (|]i€S. Az y. (z, y) € ri)) = Az y. (=, y)
e (Uies. ri))

(proof )

lemma Inf-INT-eq [pred-set-conv]: [ 1S = (Az. z € ([ (Collect * S)))
{proof)

lemma INF-Int-eq [pred-set-conv]: ([1i€S. (Az. € 7)) = (Az. z € N 5)
{proof)

lemma Inf-INT-eq2 [pred-set-conv]: [1S = (Az y. (z, y) € ([ (Collect ¢ case-prod
*59)))
{proof)

lemma INF-Int-eq2 [pred-set-conv]: ([1i€S. (Az y. (z, y) € 7)) = Az y. (z, y) €
Ns)
(proof)

lemma Sup-SUP-eq [pred-set-conv]: | | S = (Az. x € |J(Collect ¢ S))
{proof)

lemma SUP-Sup-eq [pred-set-conv]: (| |i€S. (A\z. z € ©)) = (Az. z € | 5)
{proof)

lemma Sup-SUP-eq2 [pred-set-conv]: | | S = (Az y. (z, y) € (U (Collect ¢ case-prod
*5)))
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{proof)

lemma SUP-Sup-eq2 [pred-set-conv]: (| |i€S. Az y. (z, y) € 7)) = Az y. (z, y)
eUs)

(proof)

19.2 Properties of relations

19.2.1 Reflexivity
definition refl-on :: 'a set = 'a rel = bool

where refl-on A r «— (Vz€A. (z, z) € r)

abbreviation refl :: ‘a rel = bool — reflexivity over a type
where refl = refl-on UNIV

definition reflp-on :: 'a set = (‘a = 'a = bool) = bool
where refip-on A R «+— (Vz€A. Rz 1)

abbreviation reflp :: (‘a = 'a = bool) = bool
where refip = reflp-on UNIV

lemma reflp-def[no-atp]: reflp R +— (Vz. R z x)
(proof )
refip-def is for backward compatibility.

lemma reflp-on-refl-on-eq[pred-set-conv]: reflp-on A (Aa b. (a, b) € r) «— refl-on
Ar
(proof )

lemmas reflp-refl-eq = refip-on-refl-on-eq[of UNIV]

lemma refl-onl [intro?): (Az. z € A = (z, ) € 1) = refl-on A r
{proof)

lemma refll: (Nz. (z, x) € 1) = reflr
(proof)

lemma refip-onl:
(Nz. 2 € A= R zx) = reflp-on AR

(proof)

lemma refipl[intro?): (Az. R © z) = reflp R
{proof)

lemma refl-onD: reflon Ar —= a € A = (a,a) € r
{proof)

lemma refiD: refl r = (a, a) € r
{proof)
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lemma refip-onD:
reflp-on AR—z € A= Raxzx

{proof)

lemma reflpD[dest?): reflp R — Rz x
(proof)

lemma refipE:
assumes reflp r
obtains r z x

{proof)

lemma refl-on-top[simp]: refl-on A T

(proof)

lemma reflp-on-top[simp|: reflp-on A T
(proof )

lemma reflp-on-mono-strong:

reflp-on BR— ACB—=— (\zy 1€ A—=yc A= Rzy—=— Quy —
reflp-on A Q

(proof)

lemma refip-on-mono[mono]: A C B = R < @ = reflp-on B R < reflp-on A

Q
{proof)

lemma refip-on-subset: reflp-on B R =— A C B = reflp-on A R
(proof )

lemma reflp-on-image: reflp-on (f * A) R <— reflp-on A (Aa b. R (f a) (f b))
(proof)

lemma refl-on-Int: refl-on A r = refl-on B s = refl-on (AN B) (rNs)
{proof)

lemma reflp-on-inf: reflp-on A R = reflp-on B S = reflp-on (AN B) (R 5)
(proof)

lemma reflp-inf: reflp r = reflp s = reflp (r M s)
(proof )

lemma refl-on-Un: refl-on A r = refl-on B s = refl-on (A U B) (r U s)
(proof )

lemma refip-on-sup: reflp-on A R = reflp-on B .S = reflp-on (AU B) (RU S)
(proof )



THEORY “Relation” 351

lemma reflp-sup: reflp r = reflp s = reflp (r U s)
(proof )

ge)r)nma refl-on-INTER: ¥V z€S. refl-on (A z) (r ) = refl-on (N (4 9)) (N(r

{proof)

lSe;)nma reflp-on-Inf: ¥V z€S. reflp-on (A z) (R z) = reflp-on (N (4 *S)) (R *

(proof)

lemma refl-on-UNION: ¥ z€S. refl-on (A z) (r z) = refl-on (J(A *9)) (U (r*

5))
(proof )

lerr)l)ma reflp-on-Sup: ¥V z€S. reflp-on (A z) (R z) = reflp-on (U4 ©9)) (L(R
‘S
(proof)

lemma refl-on-empty [simp]: refl-on {} r
(proof )

lemma reflp-on-empty [simpl: reflp-on {} R
(proof )

lemma refl-on-singleton [simp]: refl-on {z} {(z, z)}

(proof)

lemma reflp-on-equality [simp]: reflp-on A (=)
(proof )

lemma (in preorder) reflp-on-le[simp]: reflp-on A (<)

{proof)

lemma (in preorder) reflp-on-ge[simpl: reflp-on A (>)
(proof )

19.2.2 Irreflexivity

definition irrefl-on :: ‘a set = ’a rel = bool where
irrefl-on A r <— (Va € A. (a, a) ¢ 1)

abbreviation irrefl :: 'a rel = bool where
irrefl = irrefl-on UNIV

definition irrefip-on :: ‘a set = (‘a = 'a = bool) = bool where
irreflp-on A R +— (Va € A. = R aa)

abbreviation irrefip :: (‘a = 'a = bool) = bool where
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irreflp = irreflp-on UNIV

lemma irrefl-def[no-atp: irrefl r +— (Va. (a, a) ¢ 1)
{proof)

lemma irreflp-def[no-atp]: irreflp R +— (Ya. = R a a)
(proof)

trrefl-def and irrefip-def are for backward compatibility.

lemma irreflp-on-irrefl-on-eq [pred-set-conv|: irreflp-on A (Aa b. (a, b) € 1) +—
irrefl-on A r
(proof )

lemmas irreflp-irrefl-eq = irreflp-on-irrefl-on-eq[of UNIV]

lemma irrefl-onl: (Na. « € A = (a, a) ¢ r) = irreflon A r
{proof)

lemma irrefll[intro?): (N\a. (a, a) ¢ r) = drrefl r
(proof)

lemma irrefip-onl: (Aa. a € A = = R a a) = idrreflp-on A R
(proof )

lemma irrefipI[intro?): (Na. = R a a) = drreflp R
{proof)

lemma irrefl-onD: irrefl-on Ar —= a € A = (a, a) ¢ r
(proof)

lemma irrefiD: irrefl r = (z, z) ¢
{proof)

lemma irrefip-onD: irreflp-on AR — a € A= - Raa

{proof)

lemma irreflpD: irreflp R — - Rz x
(proof )

lemma irrefl-on-bot[simp]: irrefl-on A L
{proof)

lemma irreflp-on-bot[simp]: irreflp-on A L

(proof)

lemma irrefl-on-distinct [code]: irrefl-on A r «— (V(a, b)) €r.ae A —be A
— a #b)
{proof)
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lemmas irrefi-distinct = irrefi-on-distinct — For backward compatibility

lemma irrefip-on-mono-strong:

irreflp-on BQ —= ACB= ANty 1€ A=y A= Rzy—= Quzy)
= Jdrrefip-on A R

(proof )

lemma irreflp-on-mono[monol: A C B= R < Q = irreflp-on B Q < irreflp-on
AR
(proof )

lemma irrefl-on-subset: irrefl-on Br = A C B = irrefl-on A r
(proof)

lemma irrefip-on-subset: irrefip-on B R = A C B = irrefip-on A R
(proof )

lemma irreflp-on-image: irreflp-on (f * A) R <— irreflp-on A (Aa b. R (f a) (f 1))
(proof )

lemma (in preorder) irreflp-on-less[simp]: irreflp-on A (<)
(proof)

lemma (in preorder) irreflp-on-greater|[simp): irreflp-on A (>)
(proof )

19.2.3 Asymmetry
definition asym-on :: ‘a set = ’a rel = bool where

asym-on Ar+— Ve € A Vye A (z,y) €r — (y, z) ¢ 1)

abbreviation asym :: ‘a rel = bool where
asym = asym-on UNIV

definition asymp-on :: ‘a set = (‘a = 'a = bool) = bool where
asymp-on A R +— (Ve € AVye AL Rzy — - Ryuz)

abbreviation asymp :: (‘a = 'a = bool) = bool where
asymp = asymp-on UNIV

lemma asymp-on-asym-on-eq[pred-set-conv|: asymp-on A (Ax y. (z, y) € r) +—
asym-on A r
(proof)

lemmas asymp-asym-eq = asymp-on-asym-on-eq[of UNIV] — For backward com-
patibility

lemma asym-onl[intro|:
Ny red=yecA= (z,y) €r= (y,z) ¢ 1) => asym-on A r
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{proof)

lemma asyml[intro]: (Az y. (z, y) € r = (y, ) ¢ 1) = asym r
{proof)

lemma asymp-onl[intro:
ANzy.2€ A= ye A= Rzy— - Ryz) = asymp-on A R
(proof)

lemma asympl[intro]: (Azy. Rxy = -~ R yxz) = asymp R
(proof )

lemma asym-onD: asym-on Ar —= 2 € A=y A= (z,y) € r = (y, z)
¢r
(proof )

lemma asymD: asym r = (z, y) € r = (y, z) ¢ r
{proof)

lemma asymp-onD: asymp-on AR —=2r € A=—=yc A= Rrxy=— - Ryz
(proof )

lemma asympD: asymp R — Rzxy— - Ryzx
(proof)

lemma asym-on-bot[simp]: asym-on A L
{proof)

lemma asymp-on-bot[simpl: asymp-on A L
(proof )

lemma asym-iff: asym r +— Vz y. (z,y) € r — (y,z) ¢ 1)

{proof)

lemma asymp-on-mono-strong:

asymp-on BQ —= ACB = (A\ty 1€ A=y A= Rzy—= Quzy)
= asymp-on A R

(proof)

lemma asymp-on-mono[mono|: A C B=—= R < Q = asymp-on B Q < asymp-on
AR
(proof )

lemma asym-on-subset: asym-on Br = A C B = asym-on A r
(proof)

lemma asymp-on-subset: asymp-on B R = A C B = asymp-on A R
(proof )
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lemma asymp-on-image: asymp-on (f ¢ A) R «— asymp-on A (Aa b. R (f a) (f

b))
(proof)

lemma irrefl-on-if-asym-on[simpl: asym-on A r = drrefl-on A r
(proof)

lemma irreflp-on-if-asymp-on[simp|: asymp-on A r = irreflp-on A r
(proof )

lemma (in preorder) asymp-on-less[simp]: asymp-on A (<)
(proof)

lemma (in preorder) asymp-on-greater|simpl: asymp-on A (>)
(proof )

19.2.4 Symmetry

definition sym-on :: ‘a set = 'a rel = bool where

sym-on Ar«— Veze A Vye A (z,y) e r — (y,z) €7)

abbreviation sym :: ‘a rel = bool where
sym = sym-on UNIV

definition symp-on :: ‘a set = (‘a = 'a = bool) = bool where
symp-on AR +— Wz € AVye AL Rzy — Ryux)

abbreviation symp :: (‘a = ‘a = bool) = bool where
symp = symp-on UNIV

lemma sym-def[no-atp]: sym r +— Nz y. (z,y) € r — (y,z) € 1)
(proof )

lemma symp-def[no-atp]: symp R +— (Vzy. Rzy — Ry x)
(proof )

sym-def and symp-def are for backward compatibility.

lemma symp-on-sym-on-eq[pred-set-conv]: symp-on A Az y. (z, y) € r) +—
sym-on A r
(proof)

lemmas symp-sym-eq = symp-on-sym-on-eq[of UNIV]| — For backward compati-
bility

lemma sym-onl: (Azy. 1 € A = ye A= (z,y) € r = (y, z) € 1) =
sym-on A r
(proof )

lemma syml [intro?: (Nzy. (z,y) € r = (y, ) € 1) = sym r
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{proof)

lemma symp-onl: (N\ey. 2 € A— y€ A= Rzy—=— Ryz) = symp-on A
R
(proof )

lemma sympl [intro?): (Azy. Ry = R yz) = symp R
(proof )

lemma symkFE:
assumes sym r and (b, a) € r
obtains (a, b) € r
{proof )

lemma sympkE:
assumes symp r and r b a
obtains r a b

{proof)

lemma sym-onD: sym-on Ar =1 € A= ye A= (z,y) €r= (y,z) €T
{proof)

lemma symD [dest?]: sym r = (z, y) € r = (y, z) € r
{proof)

lemma symp-onD: symp-on AR—=zr€ A=—=yec A= Rzy— Ryzx
(proof)

lemma sympD [dest?): symp R — Raxy—=— Ry
(proof )

lemma sym-on-bot[simp]: sym-on A L

{proof)

lemma symp-on-bot[simp|: symp-on A L
(proof)

lemma sym-on-top[simpl: sym-on A T
{proof)

lemma symp-on-top[simpl: symp-on A T
(proof )

lemma sym-on-subset: sym-on Br = A C B = sym-on A r
(proof)

lemma symp-on-subset: symp-on B R = A C B = symp-on A R
(proof )
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lemma symp-on-image: symp-on (f ¢ A) R <— symp-on A (Aa b. R (f a) (f b))

{proof)

lemma symp-on-equality[simp]: symp-on A (=)
(proof )

lemma sym-Int: sym r = sym s = sym (r N s)
(proof )

lemma symp-inf: symp r = symp s = symp (r M s)
(proof )

lemma sym-Un: sym r = sym s = sym (r U s)
(proof )

lemma symp-sup: symp r => symp s = symp (r U s)
(proof)

lemma sym-INTER: V z€S. sym (r z) = sym ([ (r © 9))
{proof)

lemma symp-INF: YV z€S. symp (r z) = symp ([](r ©9))
(proof)

lemma sym-UNION: ¥V zeS. sym (r z) = sym (J(r ¢ S))
(proof)

lemma symp-SUP: YV z€S. symp (r x) = symp (| |(r * S))
{proof)

19.2.5 Antisymmetry

definition antisym-on :: 'a set = 'a rel = bool where

antisym-on A r +— Vex € A Vye A (z,y) €r — (y,2) Er — z=1y)

abbreviation antisym :: ‘a rel = bool where
antisym = antisym-on UNIV

definition antisymp-on :: 'a set = (‘a = 'a = bool) = bool where
antisymp-on AR «— (WVz € AVye A. Rey— Ryz — z=1y)

abbreviation antisymp :: (‘e = 'a = bool) = bool where
antisymp = antisymp-on UNIV

lemma antisym-def[no-atpl: antisym r +— Vz y. (z,y) € r — (y, z) € r —

T =y)
(proof)

lemma antisymp-def[no-atpl: antisymp R +— Vzxy. Rzy — Ryz — z =
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Y)
(proof)

antisym-def and antisymp-def are for backward compatibility.
lemma antisymp-on-antisym-on-eq|pred-set-conv:

antisymp-on A (Ax y. (z, y) € r) +— antisym-on A r
(proof )

lemmas antisymp-antisym-eq = antisymp-on-antisym-on-eq|of UNIV| — For back-
ward compatibility

lemma antisym-onl:

Nty zeA=—=ye A= (2,y) €r=(y,2) € r = z = y) = antisym-on
Ar

(proof)

lemma antisyml [intro?):
ANzy. (z,y) er= (y,2) €E r = z = y) = antisym r
(proof )

lemma antisymp-onl:
Nty € A= ye A= Rzy— Ryzr—=— x=y) = antisymp-on A R
(proof )

lemma antisympl [intro?:
(Azy. Rey=— Ryz— z =y) = antisymp R
(proof )

lemma antisym-onD:
antisym-on Ar =z € A—=ye A= (z,y) €r= (y,z) Er=x =1y
{proof )

lemma antisymD [dest?]:
antisymr = (z,y) € r = (y,x) Er =z =1y
(proof)

lemma antisymp-onD:
antisymp-on AR—=zr € A—yc A= Raozy— Ryz =z =y

(proof)

lemma antisympD [dest?):
antisymp R—= Rz y— Ryzrx —= 2=y
{proof)

lemma antisym-on-bot[simp|: antisym-on A L

{proof)

lemma antisymp-on-bot[simp|: antisymp-on A L
(proof)
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lemma antisymp-on-mono-stronger:

fixes
A::'aset and R :: 'a = 'a = bool and
B ::'bsetand @ :: 'b = ‘b = bool and
fula="b

assumes antisymp-on B Q and f ‘A C B and
Q-imp-R: N\ey. 1€ A—ye A= Rzy—= Q (fz) (fy) and
ing-f: inj-on f A

shows antisymp-on A R

(proof)

lemma antisymp-on-mono-strong:

antisymp-on BQ —= ACB = Aty 1€ A—ye A= Rzy—=— Q=x
y) = antisymp-on A R

(proof )

lemma antisymp-on-mono[monol: A C B = R < @ = antisymp-on B Q <
antisymp-on A R
(proof )

lemma antisym-on-subset: antisym-on B r — A C B = antisym-on A r
(proof)

lemma antisymp-on-subset: antisymp-on B R = A C B = antisymp-on A R

(proof)

lemma antisymp-on-image:
assumes inj-on f A
shows antisymp-on (f ¢ A) R «— antisymp-on A (Aa b. R (f a) (f b))
(proof)

lemma antisym-subset:
r C s = antisym s = antisym r

{proof)

lemma antisymp-less-eq:
r < s = antisymp s = antisymp r
(proof)

lemma antisymp-on-equality[simp): antisymp-on A (=)

(proof )

lemma antisym-singleton [simp]:
antisym {z}
{proof)

lemma antisym-on-if-asym-on: asym-on A r = antisym-on A r

{proof)
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lemma antisymp-on-if-asymp-on: asymp-on A R = antisymp-on A R
(proof)

lemma (in preorder) antisymp-on-less[simp]: antisymp-on A (<)
(proof)

lemma (in preorder) antisymp-on-greater|[simpl: antisymp-on A (>)
(proof )

lemma (in order) antisymp-on-le[simp]: antisymp-on A (<)
(proof)

lemma (in order) antisymp-on-ge[simp|: antisymp-on A (>)

(proof)

19.2.6 Transitivity

definition trans-on :: 'a set = ’a rel = bool where
trans-on A r +— Ve € AVye A Vze A (z,y) e r — (y, 2) € 1 — (=,
z) €r)

abbreviation trans :: ‘a rel = bool where
trans = trans-on UNIV

definition transp-on :: 'a set = (‘a = 'a = bool) = bool where
transp-on A R +— (Ve € AVye AVze A . Rxy— Ryz— Rx2)

abbreviation transp :: (‘a = 'a = bool) = bool where
transp = transp-on UNIV

lemma trans-def[no-atp]: trans r «— Vzy z. (z,y) € r — (y, 2) € 1 — (z,
z) €r)
(proof )

lemma transp-def: transp R +— Wz yz. Rxy — Ryz — Rz 2)
(proof )

trans-def and transp-def are for backward compatibility.

lemma transp-on-trans-on-eq[pred-set-conv|: transp-on A (Az y. (z, y) € 1) +—
trans-on A r

{proof)

lemmas transp-trans-eq = transp-on-trans-on-eq[of UNIV] — For backward com-
patibility

lemma trans-onl:
Nyzred=ye A= zeAd= (z,y) er= (y,2) € r = (z, 2)
er) =
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trans-on A r
(proof )

lemma transl [intro?): (Azy 2. (z,y) € r = (v, 2) € r = (2, 2) € 1) =
trans r
(proof )

lemma transp-onl:
NyzzeAd=—=yeAd—=2eE€A=—= Rry— Ryz— Ru1:z) =
transp-on A R

(proof)

lemma transpl [intro?): (Az y2. Rty = Ryz = Rz 2z) = transp R
{proof)

lemma transkE:
assumes trans r and (z, y) € r and (y, z) € r
obtains (z, 2) € r
{proof )

lemma transpE:
assumes transp r and rz y and r y z
obtains r z z

{proof)

lemma trans-onD:

transson Ar —=1€A=—=yc A= 26 A= (r,y) €r=(y,2) € r =
(z,2) er

(proof)

lemma transD[dest?): trans r = (z, y) € r = (y, 2) € r = (z, 2) € T
{proof)

lemma transp-onD: transp-on AR —= 1€ A—yec A= 2€ A= Ruzy
— Ryz=—= Ruzxz
(proof )

lemma transpD]|dest?]: transp R =— Rz y—=— Ryz=— Rz z
(proof )

lemma trans-on-subset: trans-on Br = A C B = trans-on A r
(proof)

lemma transp-on-subset: transp-on B R = A C B = transp-on A R
(proof)

lemma transp-on-image: transp-on (f ¢ A) R +— transp-on A (Aa b. R (f a) (f

b))

{proof)
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lemma trans-Int: trans r = trans s = trans (r N s)
{proof)

lemma transp-inf: transp r = transp s = transp (r M s)
(proof )

lemma trans-INTER: ¥ z€S. trans (r ) = trans ((\(r *S))
{proof)

lemma transp-INF: V z€S. transp (r z) = transp ([](r ©5))
(proof)

lemma trans-on-join [code]:
trans-on A r +— (V(z,yl)er.z € A — yl € A —
V2, 2)er.yl=y2 — 2€ A— (z,2) €T))
{proof )

lemma trans-join: trans r «— (V(z, y1) € r. ¥V (y2, z) € r. yl = y2 — (=, 2)
€r)
{proof)

lemma transp-trans: transp r <— trans {(z, y). r = y}
(proof )

lemma transp-on-equality[simp]: transp-on A (=)
{proof)

lemma trans-on-bot[simp|: trans-on A L
{proof)

lemma transp-on-bot[simp): transp-on A L

{proof)

lemma trans-on-top[simp|: trans-on A T
{proof)

lemma transp-on-top[simp|: transp-on A T
(proof)

lemma transp-empty [simp): transp (Az y. False)
(proof )

lemma trans-singleton [simpl: trans {(a, a)}
{proof)

lemma transp-singleton [simp: transp Az y. € = a A\ y = a)
(proof )
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lemma asym-on-iff-irrefi-on-if-trans-on: trans-on A r = asym-on A r <— ir-
refl-on A r
{proof )

lemma asymp-on-iff-irreflp-on-if-transp-on: transp-on A R —> asymp-on A R
«— drreflp-on A R
(proof)

lemma (in preorder) transp-on-le[simp]: transp-on A (<)
{proof)

lemma (in preorder) transp-on-less[simp]: transp-on A (<)
{proof)

lemma (in preorder) transp-on-ge[simp|: transp-on A (>)
{proof)

lemma (in preorder) transp-on-greater[simp]: transp-on A (>)
{proof)

19.2.7 Totality

definition total-on :: 'a set = 'a rel = bool where
total-on A r +— (VzcA. VycA. v #y — (z,y) €rV (y,z) €1)

abbreviation total :: 'a rel = bool where
total = total-on UNIV

definition totalp-on :: ‘a set = (‘a = 'a = bool) = bool where
totalp-on AR +— Wz € AVye A,z #y— RzyV Ryx)

abbreviation totalp :: (‘a = 'a = bool) = bool where
totalp = totalp-on UNIV

lemma totalp-on-total-on-eq[pred-set-conv]: totalp-on A (Az y. (z, y) € r) +—
total-on A r

(proof)

lemma total-onl [intro?):
Nty red=ycA=cs#y= (z,y) €rV (y,2) € ) = total-on A r
{proof)

lemma totall: (ANzy. z #y = (z,y) € rV (y, x) € r) = total r
(proof)

lemma totalp-onl: (Ney. € A—=ye A=2#4y=—RazyV Ryz) =
totalp-on A R

(proof)
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lemma totalpl: (Nzy. x # y = Rz yV R yz) = totalp R
{proof )

lemma totalp-onD:
totalp-on AR—=zr € A—yc A=zr#y=—RzyVRycz

{proof)

lemma totalpD: totalp R—=x #y=— Rz yV Ry=x
(proof )

lemma total-on-top[simp]: total-on A T
{proof)

lemma totalp-on-top[simp): totalp-on A T

(proof)

lemma totalp-on-mono-stronger:
fixes
A:'asetand R :: 'a = 'a = bool and
B:'bsetand Q :: 'b = 'b = bool and
fa'la="b
assumes totalp-on B Q and f ‘ A C B and
Q-imp-R: N\ey. 1€ A—ye A= Q (fz) (fy) = Rz yand
ing-f: inj-on f A
shows totalp-on A R
{proof )

lemma totalp-on-mono-stronger-alt:
fixes
A:'asetand R :: 'a = 'a = bool and
B ::'bsetand @Q :: 'b = ‘b = bool and
fab="a
assumes totalp-on B Q and A C f ‘B and
Q-imp-R: Nyt € B=—=ye B=— Qazy=— R (fz) (fy)
shows totalp-on A R
(proof)

lemma totalp-on-mono-strong:

totalp-on BQ — ACB = (A\ty 1€ A—=yc A= Qry—=— Ruzy)
= totalp-on A R

(proof)

lemma totalp-on-mono[mono]: A C B = @ < R = totalp-on B Q < totalp-on
AR

{proof)

lemma total-on-subset: total-on Br =— A C B = total-on A r
(proof)
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lemma totalp-on-subset: totalp-on B R = A C B = totalp-on A R
(proof)

lemma totalp-on-image:
assumes inj-on f A
shows totalp-on (f ¢ A) R +— totalp-on A (Aa b. R (f a) (f b))
(proof)

lemma total-on-empty [simp]: total-on {} r
{proof)

lemma totalp-on-empty [simp]: totalp-on {} R
(proof )

lemma total-on-singleton [simpl: total-on {z} r
{proof)

lemma totalp-on-singleton [simp]: totalp-on {z} R
(proof )

lemma (in linorder) totalp-on-less[simp]: totalp-on A (<)
{proof)

lemma (in linorder) totalp-on-greater[simp): totalp-on A (>)
{proof)

lemma (in linorder) totalp-on-le[simp]: totalp-on A (<)
(proof)

lemma (in linorder) totalp-on-ge[simp]: totalp-on A (>)
{proof)

19.2.8 Left uniqueness

definition left-unique :: ('a = 'b = bool) = bool where

left-unique R +— (Ve yz. Rxz — Ryz — z =y)

lemma left-uniquel: (Nxy 2. Azz = Ayz—=— z=1y) = left-unique A
(proof )

lemma left-uniqueD: left-unique A = Az 2= Ayz=—= =1y
(proof )

lemma left-unique-iff-Uniq: left-unique r +— (Vy. I<1z. 7 2 y)
(proof )

lemma left-unique-bot[simp]: left-unique L
(proof)
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lemma left-unique-mono-strong:
left-unique @ = (Az y. Rz y = Q z y) = left-unique R
(proof)

lemma left-unique-mono[mono]: R < Q = left-unique @ < left-unique R
(proof)

19.2.9 Right uniqueness

definition single-valued :: (‘a x 'b) set = bool
where single-valued r +— (Vz y. (z,y) € r — V2. (z, 2) € r — y = 2))

definition right-unique :: (Ya = 'b = bool) = bool where
right-unique R +— (Vzyz. Rxy — Rz z — y = 2)

lemma right-unique-single-valued-eq [pred-set-conv):
right-unique (Az y. (z, y) € r) +— single-valued r
(proof )

lemma right-unique-iff- Uniq:
right-unique v <— (Vz. I<1y. 7z y)
(proof)

lemma single-valuedlI:
Az y. (z,y) € r = (N\z. (¢, 2) € r = y = 2)) = single-valued r
(proof)

lemma right-uniquel: (Axy 2. Rz y = R 2 2z = y = 2) = right-unique R
(proof )

lemma single-valuedD:
single-valued r = (z, y) € r = (2, 2) €Er = y = 2
(proof)

lemma right-uniqueD: right-unigque R =—= Rz y=— Rz 2z = y =z
(proof )

lemma single-valued-empty [simp]:
single-valued {}
{proof)

lemma right-unique-bot|[simp|: right-unique L
(proof)

lemma right-unique-mono-strong:
right-unique @ = (Azy. Rz y = Q = y) = right-unique R
(proof )

lemma right-unique-mono[monol: R < @Q = right-unique @ < right-unique R
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{proof)

lemma single-valued-subset:
r C s = single-valued s = single-valued r

(proof)

lemma right-unique-less-eq: r < s = right-unique s = right-unique r
(proof)

19.3 Relation operations

19.3.1 The identity relation

definition Id :: 'a rel
where Id = {p. Jz. p = (z, z)}

lemma IdI [intro]: (a, a) € Id

{proof)

lemma IdE [elim!]: p € Id = (A\z. p = (¢, ) = P) = P
{proof)

lemma pair-in-Id-conv [iff]: (a, b) € Id +— a = b
{proof)

lemma refi-1d: refl Id
(proof )

lemma antisym-Id: antisym Id
— A strange result, since Id is also symmetric.

{proof)

lemma sym-Id: sym Id

(proof)

lemma trans-Id: trans Id
(proof)

lemma single-valued-Id [simp): single-valued Id
{proof)

lemma irrefl-diff-Id [simp]: irrefl (r — Id)
(proof )

lemma trans-on-diff-Id: trans-on A r = antisym-on A r = trans-on A (r —
Id)
{proof)

lemma trans-diff-Id[no-atp): trans r = antisym r = trans (r — Id)
{proof)
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lemma total-on-diff-Id [simp]: total-on A (r — Id) = total-on A r
{proof)

lemma Id-fstsnd-eq: Id = {x. fst x = snd z}
(proof)

19.3.2 Diagonal: identity over a set

definition Id-on :: 'a set = 'a rel

where Id-on A = (|Jz€A. {(z, 2)})

lemma Id-on-empty [simp]: Id-on {} = {}
{proof)

lemma Id-on-eql: ¢« = b= a € A = (a, b) € Id-on A
{proof)

lemma Id-onl [introl]: « € A = (a, a) € Id-on A
{proof)

lemma Id-onFE [elim!]: ¢ € Id-on A = (A\z. 2 € A= ¢ = (2, 1) = P) = P
— The general elimination rule.

{proof )
lemma Id-on-iff: (z, y) € Id-on A +—z=y ANz € A

(proof )
lemma Id-on-def’ [nitpick-unfold): Id-on {z. A x} = Collect (A(z, y). =y N A
T

)<pr00f )

lemma Id-on-subset-Times: Id-on A C A x A
(proof)

lemma refl-on-Id-on: refl-on A (Id-on A)
(proof )

lemma antisym-Id-on [simp]: antisym (Id-on A)
{proof)

lemma sym-Id-on [simp]: sym (Id-on A)
(proof)

lemma trans-Id-on [simp]: trans (Id-on A)
{proof)

lemma single-valued-Id-on [simp]: single-valued (Id-on A)
{proof)
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19.3.3 Composition
inductive-set relcomp :: (‘a x 'b) set = ('b x 'c) set = (‘a x 'c) set
for r :: ('a x 'b) set and s :: ('b x ‘c¢) set
where relcompl [intro]: (a, b) € r = (b, ¢) € s = (a, ¢) € relcomp s

open-bundle relcomp-syntax

begin

notation relcomp (infixr <«O> 75) and relcompp (infixr <00y 75)
end

lemmas relcomppl = relcompp.intros
For historic reasons, the elimination rules are not wholly corresponding. Feel
free to consolidate this.

inductive-cases relcompEpair: (a, ¢) € r O s
inductive-cases relcomppE [elim!]: (r OO s) a ¢

lemma relcompE [eliml]: 2z € r O s =
Neyzaoz=(z,2) = (z,y) €r= (y,2) €s = P) = P
{proof )

lemma R-O-Id [simp]: R O Id = R
{proof)

lemma Id-O-R [simp]: Id O R = R
{proof)

lemma relcomp-emptyl [simp]: {} O R = {}
{proof)

lemma relcompp-botl [simp]: L OO R = L
(proof )

lemma relcomp-empty2 [simp]: R O {} = {}
(proof)

lemma relcompp-bot2 [simp]: R OO0 L = L
(proof )

lemma O-assoc: (R OS) OT=RO (SOT)
(proof)

lemma relcompp-assoc: (r 00 s) OO t = r 00 (s 00 t)
{proof)

lemma trans-O-subset: trans r — r O r C r
(proof )

lemma transp-relcompp-less-eq: transp r = r OO r < r
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{proof)

lemma relcomp-mono: v’ Cr= s'Cs=1r"0s"CrO0s
(proof)

lemma relcompp-mono: v’ < r = s' < s=1r"00s'"<r00s
(proof)

lemma relcomp-subset-Sigma: 1 C A X B=—=sCBx (C=r0sCAxC(C
(proof)

lemma relcomp-distrib [simp]: R O (SUT)=(ROS)U(ROT)
{proof)

lemma relcompp-distrib [simp]: R OO (SU T)=R OOSUROOT
{proof)

lemma relcomp-distrib2 [simp]: (SU T) OR= (SO R)U (T O R)
{proof)

lemma relcompp-distrib2 [simp]: (SU T) OO R =S OO RU T OO R
{proof)

lemma relcomp-UNION-distrib: s O |J(r ‘1) = (Ji€l. s O r i)
{proof)

lemma relcompp-SUP-distrib: s OO | |(r ‘1) = (| ]i€l. s OO0 r 1)
(proof)

lemma relcomp-UNION-distrib2: |J(r ‘1) O s = (Ui€l. ri O s)
{proof)

lemma relcompp-SUP-distrib2: | |(r ‘1) OO0 s = (| ]i€l. ri OO s)
{proof)

lemma single-valued-relcomp: single-valued r = single-valued s = single-valued
(r0s)
(proof)

lemma relcomp-unfold: v O s = {(z, 2). Jy. (z, y) € r A (y, z) € s}
{proof)

lemma relcompp-apply: (R 00 S) a ¢ +— (Ib. Rab A Sbc)
(proof)

lemma eg-00: (=) OO R = R
{proof)

lemma OO-eq: R OO (=) = R
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{proof)

19.3.4 Converse

inductive-set converse :: (‘a x 'b) set = ('b X 'a) set
for r :: (a x 'b) set
where (a, b) € r = (b, a) € converse r

open-bundle converse-syntax
begin
notation
converse («(<notation=<postfix —1»-"1), [1000] 999) and
conversep («(<notation=«postfix —1—1»>-"171), [1000] 1000)
notation (ASCII)
converse («(<notation=<postfic —1»>-"—1)» [1000] 999) and
conversep (<(snotation=«<postfic —1—1»-"——1)» [1000] 1000)
end
lemma conversel [sym]: (a, b) € r = (b, a) € r~!
(proof )

lemma conversepl : ra b= r"'"1ba
(proof)

lemma converseD [sym]: (a, b) € r~! = (b, a) € 7
{proof)

lemma conversepD : ™!l ba = rabd

(proof)
lemma converseE [elim!]: yzr € r™!' = (Az y. yz = (y, ) = (7, y) € r =
P)=— P

— More general than converseD, as it “splits” the member of the relation.

{proof)

lemmas conversepE [elim!] = conversep.cases

lemma converse-iff [iff]: (a, b) € r~! +— (b, a) € 7

(proof )
lemma conversep-iff [iff]: T 'L ab=1rba
(proof )
lemma converse-converse [simp]: (r=*)~! = r
(proof )
lemma conversep-conversep [simp]: (r~1=1)7171 =y

(proof)
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lemma converse-empty[simpl: {} =1 = {}
{proof)

lemma converse-UNIV [simp]: UNIV ' = UNIV
(proof)

lemma converse-relcomp: (r O s)~! = s71 O r~!
{proof)

lemma converse-relcompp: (r 00 s)~171 = s71=1 00 r=1-1

(proof)

lemma converse-Int: (r N )=t = r~1 N s71
{proof)

lemma converse-meet: (r M s) 171 = p=t=1 5711
(proof)

lemma converse-Un: (r U s)~t = r=1 U s71
{proof)

lemma converse-join: (r U s)717t = p7171 ) g7171
(proof)

lemma converse-INTER: (" (r  S))™ = (Nz€S. (rz)™1)

(proof)

lemma converse-UNION: ((J(r “8))~! = (Jz€S. (rz)™h)

{proof)

lemma converse-mono[simp]: 1~ C s "L +— r Cs
{proof)

lemma conversep-mono[simp|: 171 < s 7171l ¢ <

{proof)

lemma converse-inject[simp]: 1=t = s "L «— r =35
{proof)

1-1 —-1-1

lemma conversep-inject[simpl: r~ =5 — =

{proof)

lemma converse-subset-swap: r C s ~1 = r "1 C s
(proof )

lemma conversep-le-swap: r < s 171 — r 7171 < g

(proof)

lemma converse-I1d [simp): Id~! = Id

372
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{proof)

lemma converse-Id-on [simp]: (Id-on A)~! = Id-on A
{proof)

lemma refl-on-converse [simp): refi-on A (r=1) = reflon A r
(proof)

lemma refip-on-conversp [simp]: reflp-on A R=171 «— reflp-on A R
(proof )

lemma irrefl-on-converse [simp): irrefl-on A (r=1) = irrefl-on A r
{proof)

lemma irrefip-on-converse [simpl: irreflp-on A (r='=1) = irrefip-on A r
{proof)

lemma sym-on-converse [simpl: sym-on A (r~1) = sym-on A r
{proof)

lemma symp-on-conversep [simp|: symp-on A R~*71 = symp-on A R
(proof )

lemma asym-on-converse [simp|: asym-on A (r=') = asym-on A r
(proof)

lemma asymp-on-conversep [simp]: asymp-on A R=171 = asymp-on A R
(proof )

lemma antisym-on-converse [simp|: antisym-on A (r~1) = antisym-on A r

(proof)

lemma antisymp-on-conversep [simp|: antisymp-on A R=1=! = antisymp-on A R
{proof )

lemma trans-on-converse [simp): trans-on A (r=') = trans-on A r
(proof)

lemma transp-on-conversep [simpl: transp-on A R~'~' = transp-on A R
(proof)

lemma SYm-conv-converse-eq: SYm r <— ’f’_l =T

{proof)

lemma sym-Un-converse: sym (r U r—1)
{proof)

lemma sym-Int-converse: sym (r N r—1)

{proof)
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lemma total-on-converse [simp): total-on A (r~1) = total-on A r
{proof)

lemma totalp-on-converse [simp]: totalp-on A R=1=! = totalp-on A R
(proof)

lemma left-unique-conversep|simpl: left-unique A=1~1 «+— right-unique A
(proof )

lemma right-unique-conversep|simp): right-unique A=1=1 +— left-unique A
(proof)

lemma conversep-noteq [simp]: (#)717! = (#)

(proof)

lemma conversep-eq [simpl: (=)"17! = (=)

{proof)

lemma converse-unfold [code]: r—1 = {(y, x). (z, y) € 7}
{proof)

19.3.5 Domain, range and field

inductive-set Domain :: (‘a x 'b) set = ’a set for r :: (Ya x 'b) set
where Domainl [intro]: (a, b) € r = a € Domain r

lemmas DomainPI = Domainp.Domainl

inductive-cases DomainE [elim!]: a € Domain r
inductive-cases DomainpE [elim!]: Domainp r a

inductive-set Range :: ('a x 'b) set = 'b set for r :: (‘a x 'b) set
where Rangel [intro]: (a, b) € r = b € Range r

lemmas RangePI = Rangep.Rangel

inductive-cases RangeE [elim!]: b € Range r
inductive-cases RangepFE [elim!]: Rangep r b

definition Field :: 'a rel = 'a set
where Field r = Domain v U Range r

lemma Field-iff: x € Field r «+— (3y. (z,y) € r V (y,x) € 1)
{proof)

lemma Fieldl1: (i, j) € R = i € Field R
(proof )
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lemma Fieldl2: (i, j) € R = j € Field R
{proof)

lemma Domain-fst [code]: Domain r = fst ‘r
(proof)

lemma Range-snd [code]: Range r = snd ‘r
{proof)

lemma fst-eq-Domain: fst * R = Domain R
(proof)

lemma snd-eq-Range: snd ‘ R = Range R
(proof )

lemma range-fst [simpl: range fst = UNIV
(proof )

lemma range-snd [simp]: range snd = UNIV
(proof)

lemma Domain-empty [simp]: Domain {} = {}
(proof)

lemma Range-empty [simp]: Range {} = {}
(proof)

lemma Field-empty [simp]: Field {} = {}
{proof )

lemma Domain-empty-iff: Domain r = {} +— r = {}
{proof)

lemma Range-empty-iff: Range r = {} +— r = {}
(proof )

lemma Domain-insert [simp]: Domain (insert (a, b) r) = insert a (Domain r)
{proof)

lemma Range-insert [simp]: Range (insert (a, b) r) = insert b (Range 1)
{proof)

lemma Field-insert [simp]: Field (insert (a, b) v) = {a, b} U Field r
{proof)

lemma Domain-iff: a € Domain r <— (3y. (a, y) € 1)

(proof)

lemma Range-iff: a € Range r +— (Jy. (y, a) € 1)
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{proof)

lemma Domain-Id [simp]: Domain Id = UNIV
{proof)

lemma Range-Id [simp]: Range Id = UNIV
(proof)

lemma Domain-Id-on [simp]: Domain (Id-on A) = A
{proof)

lemma Range-Id-on [simp]: Range (Id-on A) = A
{proof)

lemma Domain-Un-eq: Domain (A U B) = Domain A U Domain B
{proof)

lemma Range-Un-eq: Range (A U B) = Range A U Range B
(proof )

lemma Field-Un [simp]: Field (r U s) = Field r U Field s
{proof)

lemma Domain-Int-subset: Domain (A N B) C Domain A N Domain B
{proof)

lemma Range-Int-subset: Range (A N B) C Range A N Range B
(proof)

lemma Domain-Diff-subset: Domain A — Domain B C Domain (A — B)

(proof)

lemma Range-Diff-subset: Range A — Range B C Range (A — B)
{proof )

lemma Domain-Union: Domain (|JS) = (JA€S. Domain A)
(proof)

lemma Range-Union: Range (|JS) = (|JA€S. Range A)
{proof)

lemma Field-Union [simp]: Field (JR) = | (Field ‘ R)
{proof)

lemma Domain-converse [simp]: Domain (r—') = Range r
{proof)

lemma Range-converse [simp]: Range (r—1') = Domain r

{proof)
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lemma Field-converse [simp|: Field (r~') = Field r
{proof)

lemma Domain-Collect-case-prod [simp]: Domain {(z, y). Pz y} = {z. 3y. Pz

y}
(proof)

lemma Range-Collect-case-prod [simp]: Range {(z, y). P x y} = {y. Jz. P z y}
{proof)

lemma Domain-mono: r C s = Domain r C Domain s
(proof)

lemma Range-mono: r C s = Range r C Range s
(proof )

lemma mono-Field: r C s = Field r C Field s
(proof)

lemma Domain-unfold: Domain r = {z. Jy. (z, y) € r}
(proof)

lemma Field-square [simp|: Field (z x z) = z
{proof)

19.3.6 Image of a set under a relation
definition Image :: ('a x 'b) set = 'a set = 'b set (infixr ‘9 90)

where r “ s = {y. Jz€s. (x, y) € r}

lemma Image-iff: b € r*A +— (Jz€A. (z, b) € 1)
(proof )

lemma Image-singleton: r*{a} = {b. (a, b) € 1}
{proof)

lemma I'mage-singleton-iff [iff]: b € r*{a} <— (a, b) € 1
{proof)

lemma I'magel [intro]: (a, b)) E r = a € A= b e r“A
{proof)

lemma ImageE [elim!]: ber “ A= (Nz. (2, b)) er=12€ A= P)= P
{proof)

lemma rev-Imagel: a € A = (a, b)) e r = ber “A
— This version’s more effective when we already have the required a

{proof)
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lemma Image-emptyl [simp]: {} “X = {}
(proof)

lemma Image-empty2 [simp]: R‘“{} = {}
(proof)

lemma Image-Id [simp]: Id “ A = A
{proof)

lemma Image-Id-on [simp]: Id-on A “B = AN B
{proof)

lemma Image-Int-subset: R “(ANB)CR“ANR“B
{proof)

lemma Image-Int-eq: single-valued (converse R) = R “(ANB)=R “ANR
%3 B
{proof)

lemma Image-Un: R “(AUB)=R “AUR “B
(proof)

lemma Un-Image: (RUS) “A=R “AUS“A
{proof)

lemma Image-subset: r C A x B= r*“C C B
(proof)

lemma Image-eq-UN: B = ((Jye B. r*{y})
— NOT suitable for rewriting

(proof)

lemma Image-mono: ' Cr = A’ C A= (v’ “A’) C (r “ A)
(proof)

lemma Image-UN: r “ (J(B ‘ A)) = (Jz€A. r “ (B x))
(proof)

lemma UN-Image: ({|Jiel. X i) “S = (Jiel. X1 “59)
{proof)

lemma Image-INT-subset: (r ““ (1 (B ‘ 4))) C (Nz€A. r “ (B x))
(proof)

Converse inclusion requires some assumptions

lemma Image-INT-eq:
assumes single-valued (r=1)
and 4 # {}



THEORY “Relation” 379

shows r “ (N (B ‘ A)) = (Nz€A. r “ Bx)
(proof)

lemma Image-subset-eq: 7°A C B +— A C — ((r7') “ (-~ B))
(proof)

lemma Image-Collect-case-prod [simp: {(z, y). Pz y} “ A = {y. Jz€A. Pz y}
{proof)

lemma Sigma-Image: (SIGMA z:A. Bz) “ X = (UzeX N A. B )
{proof)

lemma relcomp-Image: (X OY) “Z =Y “(X “ 2)
{proof)

19.3.7 Inverse image
definition inv-image :: ‘b rel = (‘a = 'b) = 'a rel

where inv-image v f = {(z, y). (fz, fy) € r}

definition inv-imagep :: ('b = b = bool) = (‘a = 'b) = 'a = 'a = bool
where inv-imagep r f = Az y. v (fz) (fy))

lemma [pred-set-conv]: inv-imagep Az y. (z, y) € r) f = Az y. (z, y) € inv-image

rf)
(proof)

lemma sym-inv-image: sym r = sym (inv-image r f)
{proof )

lemma trans-inv-image: trans 1 = trans (inv-image r f)
(proof)

lemma total-inv-image: [inj f; total r] = total (inv-image r f)
(proof)

lemma asym-inv-image: asym R => asym (inv-image R f)
(proof)

lemma in-inv-image[simpl: (z, y) € inv-image v f +— (fz, fy) € r
(proof )

lemma converse-inv-image[simp|: (inv-image R f)~! = inv-image (R~ f
(proof)

lemma in-inv-imagep [simp]: inv-imagep r fxy = r (fz) (f y)
(proof )
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19.3.8 Powerset

definition Powp :: (‘a = bool) = 'a set = bool
where Powp A = (AB.Vz € B. A z)

lemma Powp-Pow-eq [pred-set-conv]: Powp (Az. © € A) = (Az. x € Pow A)
(proof)

lemmas Powp-mono [mono] = Pow-mono [to-pred]

end

20 Finite sets

theory Finite-Set
imports Product-Type Sum-Type Fields Relation
begin

20.1 Predicate for finite sets

context notes [[inductive-internals]]
begin

inductive finite :: ‘a set = bool
where
emptyl [simp, introl]: finite {}
| insert] [simp, intro!]: finite A = finite (insert a A)

end
(ML)
declare [[simproc del: finite-Collect])

lemma finite-induct [case-names empty insert, induct set: finite]:
— Discharging = ¢ F' entails extra work.
assumes finite F'
assumes P {}
and insert: Az F. finite F — 2 ¢ F — P F = P (insert « F)
shows P F

{proof)

lemma infinite-finite-induct [case-names infinite empty insert|:
assumes infinite: NA. - finite A=— P A
and empty: P {}
and insert: Nz F. finite F = = ¢ F = P F = P (insert x F)
shows P A

(proof)
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20.1.1 Choice principles

lemma ex-new-if-finite: — does not depend on def of finite at all
assumes — finite (UNIV :: 'a set) and finite A
shows Ja::'a. a ¢ A

(proof)

A finite choice principle. Does not need the SOME choice operator.

lemma finite-set-choice: finite A =— Va€A. Jy. Pxy = 3f. Vz€A. Pz (fx)
(proof)

20.1.2 Finite sets are the images of initial segments of natural
numbers

lemma finite-imp-nat-seg-image-inj-on:
assumes finite A
shows 3 (nunat) f. A= f{i. i <n} Ainjonf {i.i<n}
(proof)

lemma nat-seg-image-imp-finite: A = f ‘ {i:nat. i < n} = finite A

(proof)

lemma finite-conv-nat-seg-image: finite A «— (In f. A = f {iznat. i < n})
(proof )

lemma finite-imp-inj-to-nat-seg:
assumes finite A
shows 3fn. f ‘A = {iznat. i < n} A inj-on fA

(proof)

lemma finite-Collect-less-nat [iff]: finite {n:nat. n < k}
{proof)

lemma finite-Collect-le-nat [iff]: finite {n:nat. n < k}
{proof)

20.2 Finiteness and common set operations

lemma rev-finite-subset: finite B=—= A C B = finite A

{(proof)

lemma finite-subset: A C B = finite B = finite A
(proof)

(ML)

declare [[simproc del: finite]]

lemma finite-Unl:
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assumes finite F' and finite G
shows finite (F U G)

{proof)

lemma finite-Un [iff]: finite (F U G) «— finite F A finite G
(proof )

lemma finite-insert [simpl: finite (insert a A) +— finite A
(proof)

lemma finite-Int [simp, intro]: finite F' V finite G = finite (F N G)
(proof )

lemma finite-Collect-congl [simp, intro):
finite {x. Pz} V finite {z. Q z} = finite {z. Pz N Q x}
(proof)

lemma finite-Collect-disjI [simp):
finite {z. Pz VvV Q z} «— finite {z. P z} A finite {z. Q z}
(proof )

lemma finite-Diff [simp, introl: finite A = finite (A — B)
(proof)

lemma finite-Diff2 [simp]:
assumes finite B
shows finite (A — B) «— finite A
(proof)

lemma finite-Diff-insert [iff]: finite (A — insert a B) +— finite (A — B)
(proof)

lemma finite-compl [simp]:
finite (A :: 'a set) = finite (— A) «— finite (UNIV :: 'a set)
{proof)

lemma finite-Collect-not [simp]:
finite {z :: 'a. P 2} = finite {x. = P x} <— finite (UNIV :: 'a set)
{proof )

lemma finite-Union [simp, intro):
finite A = (AM. M € A = finite M) = finite (J A)
(proof )

lemma finite-UN-I [intro]:
finite A = (A\a. a € A = finite (B a)) = finite (|Ja€A. B a)
(proof)

lemma finite-UN [simp]: finite A = finite ((J (B ¢ A)) «+— (Vz€A. finite (B 1))
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{proof)

lemma finite-Inter [intro]: 3A€M. finite A = finite ((\ M)
{proof)

lemma finite-INT [intro]: Jz€l. finite (A x) = finite ((z€l. A 1)
(proof)

lemma finite-imagel [simp, intro|: finite F = finite (h * F')
(proof )

lemma finite-image-set [simp: finite {x. P 2} = finite {f z |z. P z}
{proof)

lemma finite-image-set2:
finite {z. Pz} = finite {y. Q y} = finite {fz y|zy. Pz A Q y}
(proof )

lemma finite-imageD:
assumes finite (f ¢ A) and inj-on f A
shows finite A
(proof)

lemma finite-image-iff: inj-on f A = finite (f * A) «— finite A
(proof )

lemma finite-surj: finite A =— B C f ‘ A = finite B
(proof )

lemma finite-range-imagel: finite (range g) = finite (range (Az. f (g x)))

(proof)

lemma finite-subset-image:
assumes finite B
shows BC f‘A = JCCA. finite CNB=f‘C
(proof)

lemma all-subset-image: (VB. BC f ‘A — PB)<«— (YB.BC A — P(f°

B))
(proof)

lemma all-finite-subset-image:
(VB. finite BABC f‘A— PB)<+— (VB. finitt BABC A — P (f*‘B))
(proof)

lemma ex-finite-subset-image:
(3B. finite BABC f‘AANPB)+— (IB. finite BABC AAP(f*B))

(proof)
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lemma finite-vimage-Intl: finite F — inj-on h A = finite (h —“ F N A)
(proof )

lemma finite-finite-vimage-Intl:
assumes finite F'
and A\y. y € F = finite (b —‘{y}) N A)
shows finite (h —¢ F N A)
(proof)

lemma finite-vimagel: finite F — inj h = finite (h — F)
(proof )

lemma finite-vimageD': finite (f —* A) = A C range f = finite A
(proof )

lemma finite-vimageD: finite (h —¢ F) = surj h = finite F'
(proof)

lemma finite-vimage-iff: bij h = finite (h —‘ F) «— finite F
(proof )

lemma finite-inverse-image-gen:
assumes finite A inj-on f D
shows finite {jeD. fj € A}
(proof)

lemma finite-inverse-image:
assumes finite A inj f
shows finite {j. fj € A}
(proof)

lemma finite-Collect-bex [simp):

assumes finite A

shows finite {z. JycA. Q z y} +— (Vy€eA. finite {z. Q z y})
(proof )

lemma finite-Collect-bounded-ex [simp]:

assumes finite {y. P y}

shows finite {z. 3y. Py A Q z y} +— (Vy. Py — finite {z. Q z y})
(proof)

lemma finite-Plus: finite A = finite B = finite (A <+> B)
(proof)

lemma finite-PlusD:
fixes A :: 'a set and B :: b set
assumes fin: finite (A <+> B)
shows finite A finite B

(proof)
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lemma finite-Plus-iff [simp]: finite (A <+> B) +— finite A A finite B
(proof )

lemma finite- Plus-UNIV-iff [simp]:

finite (UNIV :: (‘a + 'b) set) +— finite (UNIV :: 'a set) A finite (UNIV = 'b
set)

{proof )

lemma finite-Sigmal [simp, intro]:
finite A = (\a. a€ A = finite (B a)) = finite (SIGMA a:A. B a)
{proof)

lemma finite-Sigmal2:
assumes finite {t€A. Bz # {}}
and Aa. a € A = finite (B a)
shows finite (Sigma A B)
(proof)

lemma finite-cartesian-product: finite A = finite B = finite (A x B)
(proof )

lemma finite-Prod-UNIV:

finite (UNIV :: 'a set) = finite (UNIV :: 'b set) = finite (UNIV :: ('a x 'b)
set)

(proof)

lemma finite-cartesian-productD1:
assumes finite (A x B) and B # {}
shows finite A

{(proof)

lemma finite-cartesian-productD2:

assumes finite (A x B) and A # {}
shows finite B

(proof)

lemma finite-cartesian-product-iff:
finite (A x B) «— (A ={} Vv B={}V (finite A A finite B))
(proof)

lemma finite-prod:

finite (UNIV :: (‘a x 'b) set) +— finite (UNIV :: 'a set) A finite (UNIV ::'b
set)

(proof)

lemma finite-Pow-iff [iff]: finite (Pow A) <— finite A
(proof)
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corollary finite-Collect-subsets [simp, introl: finite A = finite {B. B C A}
(proof )

lemma finite-set: finite (UNIV :: 'a set set) +— finite (UNIV :: 'a set)
(proof)

lemma finite-UnionD: finite (| A) = finite A
{proof)

lemma finite-bind:
assumes finite S
assumes Vz € S. finite (f z)
shows finite (Set.bind S f)

(proof)

lemma finite-filter [simp]: finite S = finite (Set.filter P S)
(proof)

lemma finite-set-of-finite-funs:

assumes finite A finite B

shows finite {f.Vz. (t € A — fz € B)A (t ¢ A — fz = d)} (is finite 25)
(proof)

lemma not-finite-existsD:
assumes — finite {a. P a}
shows Ja. P a

(proof)

lemma finite-converse [iff]: finite (r~') «— finite r
{proof)

lemma finite-Domain: finite r = finite (Domain )

{proof)

lemma finite-Range: finite r = finite (Range )
(proof )

lemma finite-Field: finite r = finite (Field r)
(proof)

lemma finite-Image[simp|: finite R = finite (R ““ A)
(proof )

20.3 Further induction rules on finite sets

lemma finite-ne-induct [case-names singleton insert, consumes 21
assumes finite F' and F # {}
assumes Az. P {z}
and Az F. finite F = F #{} =2 ¢ F = PF = P (inserta F)
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shows P F
(proof )

lemma finite-subset-induct [consumes 2, case-names empty insert]:
assumes finite F and F C A
and empty: P {}
and insert: \a F. finite F = a € A= a ¢ F = P F = P (insert a I)
shows P F

{proof)

lemma finite-empty-induct:
assumes finite A
and P A
and remove: Na A. finite A=— o€ A= PA = P (A — {a})
shows P {}

(proof)

lemma finite-update-induct [consumes 1, case-names const update]:
assumes finite: finite {a. f a # ¢}
and const: P (\a. ¢)
and update: Na b f. finite {a. fa # ¢} = fa=c=b#c= Pf =P
(f(a:=b))
shows P f
(proof)

lemma finite-subset-induct’ [consumes 2, case-names empty insert]:
assumes finite F and F' C A
and empty: P {}
and insert: Aa F. [finite F; a € A; F C A;a¢ F; PF]| = P (insert a F)
shows P F'
(proof )

20.4 Class finite

class finite =
assumes finite-UNIV: finite (UNIV :: 'a set)
begin

lemma finite [simp]: finite (A :: 'a set)
{proof)

lemma finite-code [code]: finite (A :: 'a set) +— True
{proof)

end

instance prod :: (finite, finite) finite
(proof )
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lemma inj-graph: inj (\f. {(z, y). y = fx})
{proof )

instance fun :: (finite, finite) finite

(proof)

instance bool :: finite
(proof)

instance set :: (finite) finite
(proof )

instance unit :: finite
(proof )

instance sum :: (finite, finite) finite
(proof )

20.5 A basic fold functional for finite sets

The intended behaviour is fold f z {z1, ..., zp} = fx1 (... (fzn 2)...)if f
is “left-commutative”. The commutativity requirement is relativised to the
carrier set S:

locale comp-fun-commute-on =

fixes S :: ‘a set

fixes f:: 'la="b="b

assumes comp-fun-commute-on: t € S = y € S = fyofax=fzofy
begin

lemma fun-left-comm: z € S = ye S = fy (fzz)=fz (fy2)
(proof )

lemma commute-left-comp: t € S = y€ S = fyo(fzxog)=fzo(fyoyg)
(proof )

end

inductive fold-graph :: ('a = 'b = 'b) = 'b = 'a set = 'b = bool
for f::’a= b= 'band z :: 'b
where
emptyl [intro]: fold-graph f 2z {} 2
| insert] [intro]: x ¢ A = fold-graph f z A y = fold-graph f z (insert x A) (f =
y)

inductive-cases empty-fold-graphE [elim!]: fold-graph f z {} =
lemma fold-graph-closed-lemma:

fold-graph f z A x Nz € B
if fold-graph g z A x



THEORY “Finite-Set” 389

Nab.ae A= beB= fab=gab
Naebac A= beB=gabeB
2z € B

{proof)

lemma fold-graph-closed-eq:
fold-graph f z A = fold-graph g z A
if N\ab.ae A= beB= fab=gabd
Nab.ac A= beB=gabeB
2 € B

(proof)

definition fold :: (‘la = b= 'b) = b= ‘a set = b
where fold f z A = (if finite A then (THE y. fold-graph f z A y) else 2)

lemma fold-closed-eq: fold fz A = fold g z A
if N\ab.ac A= beB= fab=gab
Nab.ac A= beB=gabeB

2z € B

{proof)

A tempting alternative for the definition is if finite A then THE y. fold-graph
fz Ay else e. It allows the removal of finiteness assumptions from the
theorems fold-comm, fold-reindex and fold-distrib. The proofs become ugly.
It is not worth the effort. (777?)

lemma finite-imp-fold-graph: finite A =—> Jx. fold-graph f z A x
(proof )

20.5.1 From fold-graph to fold

context comp-fun-commute-on
begin

lemma fold-graph-finite:
assumes fold-graph fz A y
shows finite A
(proof )

lemma fold-graph-insertE-aux:
assumes A C S
assumes fold-graph fz A ya € A
shows 3y’ y = fa y' A fold-graph f z (A — {a}) ¢’
(proof )

lemma fold-graph-insertE:
assumes insert t A C S
assumes fold-graph f z (insert z A) v and z ¢ A
obtains y where v = fz y and fold-graph fz A y
(proof )
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lemma fold-graph-determ:
assumes A C S
assumes fold-graph f z A x fold-graph fz A y
shows y =z
(proof)

lemma fold-equality: A C S = fold-graph fz A y = foldfz A=y
(proof )

lemma fold-graph-fold:

assumes A C S

assumes finite A

shows fold-graph f z A (fold f z A)
{proof )

The base case for fold:

lemma (in —) fold-infinite [simp]: — finite A = fold f z A = z
(proof )

lemma (in —) fold-empty [simp]: fold f z {} = z
{proof)

The various recursion equations for fold:

lemma fold-insert [simp]:

assumes insert t A C S

assumes finite A and z ¢ A

shows fold f z (insert  A) = fz (fold f 2z A)
(proof)

declare (in —) empty-fold-graphE [rule del] fold-graph.intros [rule del)
— No more proofs involve these.

lemma fold-fun-left-comm:
assumes insert t A C S finite A
shows fz (fold fz A) = fold f (fzz) A
(proof )

lemma fold-insert2:
insertx A C S = finite A =z ¢ A = fold f z (insert t A) = fold f (fz z)
A

(proof)

lemma fold-rec:

assumes A C S

assumes finite A and z € A

shows fold fz A = fx (fold f z (A — {z}))
(proof)
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lemma fold-insert-remowve:

assumes insert t A C S

assumes finite A

shows fold f z (insert ¢ A) = fz (fold f z (A — {z}))
(proof )

lemma fold-set-union-disj:
assumes A C SBC S
assumes finite A finite BAN B = {}
shows Finite-Set.fold f z (A U B) = Finite-Set.fold f (Finite-Set.fold f z A) B
(proof )

end

Other properties of fold:

lemma finite-set-fold-single [simp]: Finite-Set.fold f z {z} = fz 2
(proof)

lemma fold-graph-image:

assumes inj-on g A

shows fold-graph f z (g * A) = fold-graph (f o g) z A
(proof)

lemma fold-image:

assumes inj-on g A

shows fold fz (g ' A) = fold (f o g) z A
(proof)

lemma fold-cong:
assumes comp-fun-commute-on S f comp-fun-commute-on S g
and A C S finite A
and cong: N\o. 1 € A = fz =gz
and s =tand A =B
shows fold fs A = fold gt B
(proof)

A simplified version for idempotent functions:

locale comp-fun-idem-on = comp-fun-commute-on +
assumes comp-fun-idem-on: x € S = fx o fzx = fz
begin

lemma fun-left-idem: x € S = fz (fz2)=fz 2
{proof )

lemma fold-insert-idem:
assumes insert t A C S
assumes fin: finite A
shows fold f z (insert x A) = fz (fold f z A)
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(proof)
declare fold-insert [simp del] fold-insert-idem [simp]

lemma fold-insert-idem2: insert v A C S = finite A = fold f z (insert x A) =

fold f (fz2z2) A
(proof )

end

20.5.2 Liftings to comp-fun-commute-on etc.

lemma (in comp-fun-commute-on) comp-comp-fun-commaute-on:
range g C S = comp-fun-commute-on R (f o g)
(proof )

lemma (in comp-fun-idem-on) comp-comp-fun-idem-on:
assumes range g C S
shows comp-fun-idem-on R (f o g)

{(proof)

lemma (in comp-fun-commute-on) comp-fun-commute-on-funpow:
comp-fun-commute-on S (Az. fz = g x)
(proof)

20.5.3 UNIV as carrier set

locale comp-fun-commute =

fixes f:: 'la= b= "b

assumes comp-fun-commute: fyo fx = fx o fy
begin

lemma (in —) comp-fun-commute-def': comp-fun-commute f = comp-fun-commute-on
UNIV f
(proof )

We abuse the rewrites functionality of locales to remove trivial assumptions
that result from instantiating the carrier set to UNIV.
sublocale comp-fun-commute-on UNIV f
rewrites AX. (X C UNIV) = True
and Az. x € UNIV = True
and AP. (True = P) = Trueprop P
and AP Q. (True = PROP P = PROP Q) = (PROP P = True =
PROP Q)
(proof )

end

lemma (in comp-fun-commute) comp-comp-fun-commute: comp-fun-commute (f o
9)



THEORY “Finite-Set” 393

{proof)

lemma (in comp-fun-commaute) comp-fun-commute-funpow: comp-fun-commute (Ax.
fz""gu)
(proof )

locale comp-fun-idem = comp-fun-commute +
assumes comp-fun-idem: fz o fz = fzx
begin

lemma (in —) comp-fun-idem-def’: comp-fun-idem f = comp-fun-idem-on UNIV

f
{proof)

Again, we abuse the rewrites functionality of locales to remove trivial as-
sumptions that result from instantiating the carrier set to UNIV.

sublocale comp-fun-idem-on UNIV f
rewrites AX. (X C UNIV) = True
and Az. x € UNIV = True
and AP. (True = P) = Trueprop P
and AP Q. (True = PROP P — PROP @) = (PROP P = True —
PROP Q)

(proof)

end

lemma (in comp-fun-idem) comp-comp-fun-idem: comp-fun-idem (f o g)

(proof)
20.5.4 Expressing set operations via fold
lemma comp-fun-commute-const: comp-fun-commaute (A-. f)

{proof)

lemma comp-fun-idem-insert: comp-fun-idem insert
(proof )

lemma comp-fun-idem-remove: comp-fun-idem Set.remove
(proof)

lemma (in semilattice-inf) comp-fun-idem-inf: comp-fun-idem inf
(proof )

lemma (in semilattice-sup) comp-fun-idem-sup: comp-fun-idem sup
(proof)

lemma union-fold-insert:
assumes finite A
shows A U B = fold insert B A
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(proof)

lemma minus-fold-remove:
assumes finite A
shows B — A = fold Set.remove B A

(proof)

lemma comp-fun-commute-filter-fold:
comp-fun-commute (A\x A’. if P x then Set.insert z A’ else A)

{(proof)

lemma Set-filter-fold:
assumes finite A
shows Set.filter P A = fold (Ax A’. if P x then Set.insert © A’ else A") {} A

(proof)

lemma inter-Set-filter:
assumes finite B
shows A N B = Set.filter (A\z. z € A) B

{proof)

lemma image-fold-insert:
assumes finite A
shows image f A = fold (A\k A. Set.insert (fk) A) {} A

(proof)

lemma Ball-fold:
assumes finite A
shows Ball A P = fold (A\k s. s N P k) True A

(proof)

lemma Bez-fold:
assumes finite A
shows Bex A P = fold (\k s. s V P k) False A

(proof)

lemma comp-fun-commute-Pow-fold: comp-fun-commute (A\z A. A U Set.insert x
{A)
(proof)

lemma Pow-fold:
assumes finite A
shows Pow A = fold (Ax A. A U Set.insert x “ A) {{}} A

(proof)

lemma fold-union-pair:
assumes finite B
shows (| JyeB. {(z, y)}) U A = fold (\y. Set.insert (z, y)) A B

(proof)
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lemma comp-fun-commute-product-fold:
finite B => comp-fun-commute (Az z. fold (A\y. Set.insert (z, y)) z B)

{proof)

lemma product-fold:
assumes finite A finite B
shows A x B = fold (\x z. fold (\y. Set.insert (z, y)) z B) {} A

(proof)

context complete-lattice
begin

lemma inf-Inf-fold-inf:

assumes finite A

shows inf (Inf A) B = fold inf B A
(proof)

lemma sup-Sup-fold-sup:
assumes finite A
shows sup (Sup A) B = fold sup B A

(proof)

lemma Inf-fold-inf: finite A = Inf A = fold inf top A
(proof )

lemma Sup-fold-sup: finite A = Sup A = fold sup bot A
(proof)

lemma inf-INF-fold-inf:

assumes finite A

shows inf B ([1(f ¢ A)) = fold (inf o f) B A (is %inf = ?fold)
(proof)

lemma sup-SUP-fold-sup:

assumes finite A

shows sup B (|| (f “ A)) = fold (sup o f) B A (is ?sup = ?fold)
(proof)

lemma INF-fold-inf: finite A = [|(f ¢ A) = fold (inf o f) top A
(proof )

lemma SUP-fold-sup: finite A = | |(f * A) = fold (sup o f) bot A
(proof )

lemma finite-Inf-in:

assumes finite A AZ#{} and inf: Az y. [r € A;y € A] = infay e A

shows InfA € A
(proof )

395
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lemma finite-Sup-in:
assumes finite A A#{} and sup: Az y. [t € A; y € A] = supzxy € A
shows Sup A € A

{proof)

end

20.5.5 Expressing relation operations via fold

lemma Id-on-fold:
assumes finite A
shows Id-on A = Finite-Set.fold (Az. Set.insert (Pair z z)) {} A

(proof)

lemma comp-fun-commute-Image-fold:
comp-fun-commute (N(z,y) A. if z € S then Set.insert y A else A)

(proof)

lemma Image-fold:

assumes finite R

shows R “ S = Finite-Set.fold (A(z,y) A. if © € S then Set.insert y A else A)
{} R
(proof )

lemma insert-relcomp-union-fold:

assumes finite S

shows {z} O S U X = Finite-Set.fold (A\(w,z) A'. if snd x = w then Set.insert
(fst z,2) A’ else A" X S
(proof)

lemma insert-relcomp-fold:
assumes finite S
shows Set.insert t R O S =
Finite-Set.fold (A(w,z) A’. if snd © = w then Set.insert (fst z,z) A’ else A') (R
08)S
(proof)

lemma comp-fun-commute-relcomp-fold:
assumes finite S
shows comp-fun-commute (A(z,y) A.
Finite-Set.fold (Mw,z) A'. if y = w then Set.insert (z,z) A’ else A') A S)
(proof)

lemma relcomp-fold:
assumes finite R finite S
shows R O S = Finite-Set.fold
(Mz,y) A. Finite-Set.fold (Mw,z) A’. if y = w then Set.insert (x,z) A’ else A”)
AS){} R
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(proof)

20.6 Locales as mini-packages for fold operations
20.6.1 The natural case

locale folding-on =

fixes S :: ‘a set

fixes f::'a='b= "band z :: 'b

assumes comp-fun-commute-on: x € S = ye€ S = fyofrz=fxofy
begin

interpretation fold?: comp-fun-commute-on S f
(proof)

definition F :: 'a set = b
where eq-fold: F A = Finite-Set.fold f z A

lemma empty [simp]: F {} = 2
{proof)

lemma infinite [simp]: — finite A —= F A = z
{proof)

lemma insert [simp]:
assumes insert © A C S and finite A and = ¢ A
shows F (insert x A) = fz (F A)

(proof)

lemma remove:
assumes A C S and finite A and z € A
shows F A = fz (F (A — {z}))

(proof)

lemma insert-remove:
assumes insert t A C S and finite A
shows F (insert x A) = fa (F (A — {z}))
(proof )

end

20.6.2 With idempotency
locale folding-idem-on = folding-on +

assumes comp-fun-idem-on: x € S = y € S = frxofax = fz
begin

declare insert [simp del]

interpretation fold?: comp-fun-idem-on S f
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{proof)

lemma insert-idem [simp]:
assumes insert t A C S and finite A
shows F (insert x A) = fz (F A)
(proof)

end

20.6.3 UNIV as the carrier set

locale folding =

fixes f:: 'a='b= 'band z :: 'b

assumes comp-fun-commute: fyo fx = fx o fy
begin

lemma (in —) folding-def”: folding f = folding-on UNIV f
(proof )

Again, we abuse the rewrites functionality of locales to remove trivial as-
sumptions that result from instantiating the carrier set to UNIV.

sublocale folding-on UNIV f
rewrites AX. (X C UNIV) = True
and Az. x € UNIV = True
and AP. (True = P) = Trueprop P
and AP Q. (True = PROP P = PROP Q) = (PROP P = True =
PROP Q)

(proof)

end

locale folding-idem = folding +
assumes comp-fun-idem: frz o fx = fx
begin

lemma (in —) folding-idem-def’: folding-idem f = folding-idem-on UNIV f
(proof )

Again, we abuse the rewrites functionality of locales to remove trivial as-
sumptions that result from instantiating the carrier set to UNIV.

sublocale folding-idem-on UNIV f
rewrites AX. (X C UNIV) = True
and Az. x € UNIV = True
and AP. (True = P) = Trueprop P
and AP Q. (True = PROP P = PROP @) = (PROP P = True =
PROP Q)

(proof)

end
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20.7 Finite cardinality

The traditional definition card A = LEAST n. 3f. A = {fi|i. i < n} is
ugly to work with. But now that we have fold things are easy:

global-interpretation card: folding A-. Suc 0
defines card = folding-on.F (A-. Suc) 0

{proof)

lemma card-insert-disjoint: finite A = © ¢ A = card (insert x A) = Suc (card
4)
{proof)

lemma card-insert-if: finite A = card (insert x A) = (if ¢ € A then card A else
Suc (card A))

(proof)

lemma card-ge-0-finite: card A > 0 = finite A
(proof)

lemma card-0-eq [simp]: finite A = card A = 0 +— A = {}
{proof)

lemma finite-UNIV-card-ge-0: finite (UNIV :: 'a set) = card (UNIV :: 'a set)
>0
{proof)

lemma card-eq-0-iff: card A = 0 +— A = {} V = finite A
(proof )

lemma card-range-greater-zero: finite (range f) = card (range f) > 0
(proof )

lemma card-gt-0-iff: 0 < card A «— A # {} A finite A
{proof )

lemma card-Suc-Diff1:
assumes finite A © € A shows Suc (card (A — {z})) = card A

(proof)

lemma card-insert-le-m1:
assumes n > 0 card y < n — 1 shows card (insert x y) < n

(proof)

lemma card-Diff-singleton:
assumes z € A shows card (A — {z}) = card A — 1

(proof)

lemma card-Diff-singleton-if:
card (A — {z}) = (if z € A then card A — 1 else card A)
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{proof)

lemma card-Diff-insert[simp):

assumes a € A and a ¢ B

shows card (A — insert a B) = card (A — B) — 1
(proof)

lemma card-insert-le: card A < card (insert z A)
(proof)

lemma card-Collect-less-nat[simp]: card {i:nat. i < n} =n
{proof)

lemma card-Collect-le-nat[simp]: card {i::nat. i < n} = Suc n

(proof)

lemma card-mono:
assumes finite B and A C B
shows card A < card B

(proof)

lemma card-seteq:
assumes finite B and A: A C B card B < card A
shows A = B

{proof)

lemma psubset-card-mono: finite B— A < B = card A < card B
(proof )

lemma card-Un-Int:
assumes finite A finite B
shows card A + card B = card (A U B) + card (A N B)

{proof)

lemma card-Un-disjoint: finite A = finite B=—= AN B ={} = card (AU B)
= card A + card B

(proof)

lemma card-Un-disjnt: [finite A; finite B; disjnt A B] = card (A U B) = card
A + card B
(proof )

lemma card-Un-le: card (A U B) < card A + card B
(proof)

lemma card-Diff-subset:
assumes finite B
and BC A
shows card (A — B) = card A — card B
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{proof)

lemma card-Diff-subset-Int:
assumes finite (A N B)
shows card (A — B) = card A — card (A N B)

(proof)

lemma card-Int-Diff:
assumes finite A
shows card A = card (AN B) + card (A — B)

(proof)

lemma diff-card-le-card-Diff:
assumes finite B
shows card A — card B < card (A — B)

(proof)

lemma card-le-sym-Diff:
assumes finite A finite B card A < card B
shows card(A — B) < card(B — A)

(proof)

lemma card-less-sym-Diff:
assumes finite A finite B card A < card B
shows card(A — B) < card(B — A)

(proof)

lemma card-Diff1-less-iff: card (A — {z}) < card A <— finite ANz € A
(proof)

lemma card-Diff1-less: finite A = ¢ € A = card (A — {z}) < card A
{proof)

lemma card-Diff2-less:
assumes finite A x € A y € A shows card (A — {z} — {y}) < card A

(proof)

lemma card-Diff1-le: card (A — {z}) < card A
(proof)

lemma card-psubset: finite B=—=> A C B=—= card A < card B— A < B
(proof )

lemma card-le-inj:
assumes fA: finite A
and fB: finite B
and c¢: card A < card B
shows 3f. f“A C B A inj-on f A
(proof)
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lemma card-subset-eq:
assumes fB: finite B
and AB: ACB
and c: card A = card B
shows A = B

(proof)

lemma insert-partition:
¢ F=Vecl €insertx F.Vc2 € insertx F.cl #c2 — clNc2={} =
zNUF =1}

{proof)

lemma finite-psubset-induct [consumes 1, case-names psubset]:
assumes finite: finite A
and major: NA. finite A— (AB.BC A=— PB)=— P A
shows P A

{proof)

lemma finite-induct-select [consumes 1, case-names empty select):
assumes finite S
and P {}
and select: NT. T C S = P T = 3s€S — T. P (insert s T)
shows P S

(proof)

lemma remove-induct [case-names empty infinite remove]:
assumes empty: P ({} :: 'a set)
and infinite: - finite B— P B
and remove: NA. finite A—= A#{} = ACB= (A\e. 2€¢ A= P (A
~{a}) — P4
shows P B
(proof)

lemma finite-remove-induct [consumes 1, case-names empty remove):
fixes P :: 'a set = bool
assumes finite B
and P {}
and AA. finite A= A#{} = ACB= (A\w.2€ A= P (A — {z}))
= P A
defines B’ = B
shows P B’

{proof)

Main cardinality theorem.

lemma card-partition [rule-format]:
finite C = finite (|JC) = (VceC. card ¢ = k) =
Vel e C.Ve2e Cocl #¢2 —clnNe2={}) =
k * card C = card (| C)
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(proof)

lemma card-eq-UNIV-imp-eq-UNIV:
assumes fin: finite (UNIV :: 'a set)
and card: card A = card (UNIV :: 'a set)
shows A = (UNIV :: 'a set)

(proof)

The form of a finite set of given cardinality

lemma card-eq-SucD:
assumes card A = Suc k
shows 3b B. A= insert b BAb¢ BANcardB=kA (k=0 — B={})

(proof)

lemma card-Suc-eq:
card A = Suc k +—
(3bB. A=insert bBANb¢ BANcard B=kAN (k=0 — B=1{}))

(proof)

lemma card-Suc-eg-finite:
card A = Suc k <— (3b B. A =insert b BAb¢ B A card B =k A finite B)

{proof)

lemma card-1-singletonE:
assumes card A = 1
obtains z where A = {z}

{proof)

lemma is-singleton-iff-card-eq-Suc-0 [code]:
<is-singleton A «— card A = Suc 0»
{proof )

lemma is-singleton-altdef:
<is-singleton A <— card A = 1)

{proof)

lemma card-eq-Suc-0-iff-is-singleton:
<card A = Suc 0 +— is-singleton A»
(proof )

lemma card-1-singleton-iff:
<card A = Suc 0 +— (Fz. A = {z})
(proof)

lemma card-le-Suc0-iff-eq:
assumes finite A
shows card A < Suc 0 +— (Val € A. Va2 € A al = a2) (is 7C = ?A)

(proof)
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lemma card-le-Suc-iff:
Sucn < card A= (3aB. A=insert a BANa¢ BAn< card B A finite B)

(proof)

lemma finite-fun-UNIVD2:
assumes fin: finite (UNIV :: (‘a = 'b) set)
shows finite (UNIV :: 'b set)

(proof )

lemma card-UNIV-unit [simp]: card (UNIV :: unit set) = 1
(proof)

lemma infinite-arbitrarily-large:
assumes — finite A
shows 3 B. finite BA card B=nANB C A

(proof)

corollary finite-arbitrarily-large-disj:

[ - finite(UNIV::'a set); finite (A::'a set) | = I B. finite B A card B=n A A
NnB={}
(proof)

Sometimes, to prove that a set is finite, it is convenient to work with finite
subsets and to show that their cardinalities are uniformly bounded. This
possibility is formalized in the next criterion.

lemma finite-if-finite-subsets-card-bdd:
assumes A\G. G C F = finite G = card G < C
shows finite F N card F < C

(proof)

lemma obtain-subset-with-card-n:
assumes n < card S
obtains T where T C S card T = n finite T

(proof)

lemma exists-subset-between:
assumes
card A < n
n < card C
ACC
finite C
shows 3IB. ACBABC CAcard B=n
(proof)

20.7.1 Cardinality of image

lemma card-image-le: finite A = card (f * A) < card A
{proof)
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lemma card-image: inj-on f A = card (f * A) = card A
(proof )

lemma bij-betw-same-card: bij-betw f A B = card A = card B
(proof )

lemma endo-inj-surj: finite A —= f‘AC A= injonfA= f‘ A=A
(proof)

lemma eg-card-imp-ing-on:
assumes finite A card(f * A) = card A
shows inj-on f A
(proof)

lemma inj-on-iff-eq-card: finite A = inj-on f A «— card (f * A) = card A
(proof )

lemma card-inj-on-le:
assumes inj-on f A f ‘A C B finite B
shows card A < card B

(proof)

lemma inj-on-iff-card-le:
[ finite A; finite B = (3f. injron fANf A < B) = (card A < card B)
(proof)

lemma surj-card-le: finite A=— B C f ‘A = card B < card A
(proof )

lemma card-bij-eq:
injonfA=— f°AC B= injrong B=— g ‘B C A = finite A = finite B
= card A = card B

{proof)

lemma bij-betw-finite: bij-betw f A B = finite A <— finite B
(proof )

lemma inj-on-finite: inj-on f A = f ‘A < B = finite B = finite A
{proof )

lemma card-vimage-ingj-on-le:
assumes inj-on f D finite A
shows card (f—‘A N D) < card A
(proof)

lemma card-vimage-ing: inj f = A C range f = card (f —‘ A) = card A

(proof)

lemma card-inverse[simp|: card (R™') = card R
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(proof)

20.7.2 Pigeonhole Principles

lemma pigeonhole: card A > card (f * A) = — inj-on f A

{proof)

lemma pigeonhole-infinite:
assumes - finite A and finite (f‘A)
shows Ja0€A. - finite {a€A. fa = fal}

{proof)

lemma pigeonhole-infinite-rel:
assumes — finite A
and finite B
and Va€eA. 3b€B. Ra b
shows 3 beB. - finite {a:A. R a b}

(proof)

20.7.3 Cardinality of sums

lemma card-Plus:
assumes finite A finite B
shows card (A <+> B) = card A + card B

(proof)

lemma card-Plus-conv-if:
card (A <+> B) = (if finite A A finite B then card A + card B else 0)

(proof)
Relates to equivalence classes. Based on a theorem of F. Kammiiller.

lemma dvd-partition:
assumes f: finite (| C)
and VceC. k dvd card ¢ Vc1€C. ¥V c2€C. ¢l # ¢2 — ¢l N2 ={}
shows k dvd card (| C)

(proof)

20.8 Minimal and maximal elements of finite sets

context begin

qualified lemma
assumes finite A and asymp-on A R and transp-on A R and 3z € A. Pz
shows
bex-min-element-with-property: 3z € A. Px A (Vy € A. Ryx — - P y) and
bex-maz-element-with-property: 3z € A. Pz AN Vy € A. Rxy — - Py)
(proof) lemma
assumes finite A and asymp-on A R and transp-on A R and A # {}
shows
bex-min-element: 3m € A.Vzx € A. x # m — - R z m and
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ber-maz-element: 3m € A Ve € A,z #m — - Rmux
{proof )

end

The following alternative form might sometimes be easier to work with.
lemma is-min-element-in-set-iff:
asymp-on AR=—= Vye A. y#z— - Ryz)+— Vy. Ryzx — y ¢ A
(proof)

lemma is-max-element-in-set-iff:
asymp-on AR = Vye€e A y#z—-Ray) +— Vy. Rey— y¢ A
(proof )

context begin

qualified lemma
assumes finite A and A # {} and transp-on A R and totalp-on A R
shows
bezr-least-element: 3l € A.Vz € A. x # 1 — R lz and
bex-greatest-element: 3g € A. Ve € A.x #g9g— Rzxyg

{proof)

end

20.8.1 Finite orders

context order
begin

lemma finite-has-mazximal:
assumes finite A and A # {}
showsd me AVbeA m<b—m=0»>

(proof)

lemma finite-has-mazimal2:
[ finite Ayaec Al=3I meAd a<mANMbeA m<b— m=0>)

(proof)

lemma finite-has-minimal:
assumes finite A and A # {}
showsd me A VbeA b<m-—m=0»>

(proof)

lemma finite-has-minimal2:
[ finite A;ae Al=3TI meA m<aAN(MbeAb<m-— m=0Db)
(proof )

end
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20.8.2 Relating injectivity and surjectivity

lemma finite-surj-ing:
assumes finite A A C f‘A
shows inj-on f A

(proof)

lemma finite- UNIV-surj-inj: finite(UNIV:: 'a set) = surj f = inj f
for f:: 'a = 'a
(proof )

lemma finite-UNIV-inj-surj: finite(UNIV:: 'a set) = inj f = surj f
for f::'a = 'a
(proof )

lemma surjective-iff-injective-gen:
assumes fS: finite S
and fT: finite T
and c¢: card S = card T
and ST: f‘SC T
shows (Vye T.3z € S. fz =y) +— injon f S
(is ?lhs «— ?rhs)
(proof)

hide-const (open) Finite-Set.fold

20.9 Infinite Sets

Some elementary facts about infinite sets, mostly by Stephan Merz. Beware!
Because "infinite" merely abbreviates a negation, these lemmas may not work
well with blast.

abbreviation infinite :: ‘a set = bool
where infinite S = - finite S
Infinite sets are non-empty, and if we remove some elements from an infinite
set, the result is still infinite.
lemma infinite-UNIV-nat [iff]: infinite (UNIV :: nat set)
(proof)

lemma infinite-UNIV-char-0: infinite (UNIV :: 'a::semiring-char-0 set)
(proof)

lemma infinite-imp-nonempty: infinite S = S # {}
(proof)

lemma infinite-remove: infinite S = infinite (S — {a})
(proof )

lemma Diff-infinite-finite:
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assumes finite T infinite S
shows infinite (S — T)
{proof)

lemma Un-infinite: infinite S = infinite (S U T)
(proof )

lemma infinite-Un: infinite (S U T) «— infinite S V infinite T
(proof )

lemma infinite-super:
assumes S C T
and infinite S
shows infinite T

(proof)

proposition infinite-coinduct [consumes 1, case-names infinite]:
assumes X A
and step: NA. X A = JzeA. X (A — {z}) V infinite (A — {z})
shows infinite A

(proof)

For any function with infinite domain and finite range there is some element
that is the image of infinitely many domain elements. In particular, any
infinite sequence of elements from a finite set contains some element that
occurs infinitely often.
lemma inf-img-fin-dom':

assumes img: finite (f * A)

and dom: infinite A

shows Jy € [ A. infinite (f —‘{y} N A)

(proof)

lemma inf-img-fin-domE":
assumes finite (f * A) and infinite A
obtains y where y € f‘A and infinite (f —‘ {y} N A)
(proof)

lemma inf-img-fin-dom:
assumes img: finite (f‘A) and dom: infinite A
shows Jy € f‘A. infinite (f —* {y})
(proof)

lemma inf-img-fin-domkFE:
assumes finite (f‘A) and infinite A
obtains y where y € f‘A and infinite (f —*{y})
(proof)

proposition finite-image-absD: finite (abs < S) = finite S
for S :: 'a::linordered-ring set
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{proof)

20.10 The finite powerset operator

definition Fpow :: 'a set = 'a set set
where Fpow A = {X. X C A A finite X}

lemma Fpow-mono: A C B = Fpow A C Fpow B

{(proof)

lemma empty-in-Fpow: {} € Fpow A
(proof)

lemma Fpow-not-empty: Fpow A # {}
(proof)

lemma Fpow-subset-Pow: Fpow A C Pow A
(proof)

lemma Fpow-Pow-finite: Fpow A = Pow A Int {A. finite A}
(proof)

lemma inj-on-image-Fpow:
assumes inj-on f A
shows inj-on (image f) (Fpow A)
(proof )

lemma image-Fpow-mono:
assumes f ‘A C B
shows (image f) ¢ (Fpow A) C Fpow B
{proof)

end

21 Reflexive and Transitive closure of a relation

theory Transitive-Closure
imports Finite-Set
abbrevs Tx = * **
and 4+ =T +F
and ==
begin

=+

(ML)
rtrancl is reflexive/transitive closure, trancl is transitive closure, reficl is
reflexive closure.

These postfix operators have mazimum priority, forcing their operands to
be atomic.
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context notes [[inductive-internals]]
begin

inductive-set rtrancl :: (Ya x 'a) set = (‘a x 'a) set («(<notation=<postfix x»>-*)»
[1000] 999)
for r :: (a x 'a) set
where
rtrancl-refl [intro!, Pure.introl, simpl: (a, a) € r*
| rtrancl-into-rtrancl [Pure.introl: (a, b) € r* = (b, ¢) € r = (a, ¢) € r*
inductive-set trancl :: (a x 'a) set = (‘a x 'a) set («(<notation=<postfix +»-+)»
[1000] 999)
for r :: (a x 'a) set
where
r-into-trancl [intro, Pure.introl: (a, b) € 1 = (a, b) € rT
| trancl-into-trancl [Pure.introl: (a, b) € r* = (b, ¢) € r = (a, ¢) € T

notation
rtranclp (s(<notation=«postfiz **»»-**)y [1000] 1000) and
tranclp (<(<notation=<postfix +-+»-+1), [1000] 1000)

declare
rtrancl-def [nitpick-unfold del]
rtranclp-def [nitpick-unfold del]
trancl-def [nitpick-unfold del]
tranclp-def [nitpick-unfold del]

end

lemma trancl-incr: r C rt

{(proof)

abbreviation reficl :: ('a x 'a) set = ("a x 'a) set (<(<notation=<postfix =»»-=)»
[1000] 999)
where = =r U Id

abbreviation reflclp :: (Ya = 'a = bool) = 'a = 'a = bool (:(<notation=¢postfix
==»-=") [1000] 1000)
where == = sup r (=)

notation (ASCII)
rtrancl (<(<notation=<postfix *»-"x)» [1000] 999) and
trancl (<(<notation=<postfix +»»-"+)» [1000] 999) and
reflcl («(<notation=<postfix =»>-"=)» [1000] 999) and
rtranclp (<(<notation=<postfiz xx»>-"xx)» [1000] 1000) and
tranclp (<(<notation=<postfix ++»-"++)> [1000] 1000) and
reflclp  («(snotation=«postfiz ==»»-"==)» [1000] 1000)

bundle rtrancl-syntax
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begin
notation
rtrancl (<(<notation=<postfix *»-*)» [1000] 999) and
rtranclp (s(<notation=<postfix x+»-**)» [1000] 1000)
notation (ASCII)
rtrancl (<(<notation=<postfix x»>-"x)» [1000] 999) and
rtranclp («(<notation=«postfiz **»»-"xx)y [1000] 1000)
end

bundle trancl-syntax
begin
notation
trancl («(«<notation=«postfix +»-T)» [1000] 999) and
tranclp (<(<notation=<postfiz +-+»-TT) [1000] 1000)
notation (ASCII)
trancl (<(<notation=<postfix +»»-"+)» [1000] 999) and
tranclp (<(<notation=<postfix ++»>-"++)» [1000] 1000)
end

bundle reficl-syntax
begin
notation
reflcl («(¢notation=«postfiz =»-=)> [1000] 999) and
reflclp  («(snotation=«postfiz ==»>-==)» [1000] 1000)
notation (ASCII)
reflcl («(<notation=<postfix =»>-"=)» [1000] 999) and
reflclp  («(snotation=«postfic ==»»-"==)» [1000] 1000)
end

21.1 Reflexive closure

lemma reficl-set-eq [pred-set-conv]: (sup Az y. (z, y) € r) (=) = Az y. (z, y) €
r U Id)
(proof)

lemma refl-reficl[simp]: refl (r~)
{proof)

lemma reflp-on-reficlp[simp]: reflp-on A R==
(proof )

lemma antisym-on-reflcl[simpl: antisym-on A (r=) +— antisym-on A r
(proof )

lemma antisymp-on-reflclp[simpl: antisymp-on A R== +— antisymp-on A R
(proof )

lemma trans-on-reflcl[simp]: trans-on A r = trans-on A (r=)
{proof)
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lemma transp-on-reficlp[simp]: transp-on A R = transp-on A R==
(proof)

lemma antisymp-on-reficlp-if-asymp-on:
assumes asymp-on A R
shows antisymp-on A R==
(proof)

lemma antisym-on-reflcl-if-asym-on: asym-on A R = antisym-on A (R™)
(proof)

lemma reflclp-idemp [simp]: (P==)== = P==
{proof)

lemma reficlp-ident-if-reflp[simp]: reflp R = R== = R
{proof)

The following are special cases of reficlp-ident-if-reflp, but they appear du-
plicated in multiple, independent theories, which causes name clashes.

lemma (in preorder) reflclp-less-eq[simp]: (<)== = (<)
(proof)

lemma (in preorder) reflclp-greater-eqsimp|: (>)== = (>)
(proof)

lemma order-reficlp-if-transp-and-asymp:
assumes transp R and asymp R
shows class.order R== R

(proof)

21.2 Reflexive-transitive closure

lemma r-into-rtrancl [intro]: Ap. p € r = p € r*
— rtrancl of r contains r
(proof )

lemma r-into-rtranclp [intro]: rcy = r** z y
— rtrancl of r contains r

(proof)

lemma rtranclp-mono: r < s = r** < §**
— monotonicity of rtrancl

(proof)

* %

lemma mono-rtranclpimonol: (ANa b. zab — yad) = z** a b — y** a'b

(proof)

lemmas rtrancl-mono = rtranclp-mono [to-set]
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theorem rtranclp-induct [consumes 1, case-names base step, induct set: rtranclpl:
assumes a: r** a b
and cases: Pa N\yz. rm* ay=—ryz=— Py—=— Pz
shows P b

{proof)

lemmas rtrancl-induct [induct set: rtrancl] = rtranclp-induct [to-set]

lemmas rtranclp-induct? =
rtranclp-induct|of - (az,ay) (bx,by), split-rule, consumes 1, case-names refl step|

lemmas rtrancl-induct? =
rtrancl-induct[of (az,ay) (bz,by), split-format (complete), consumes 1, case-names

refl step)

lemma refl-rtrancl: refl (r*)
{proof)

Transitivity of transitive closure.

lemma trans-rtrancl: trans (r*)
(proof)

lemmas rtrancl-trans = trans-rtrancl [THEN transD)

lemma rtranclp-trans:
assumes r** x y
and r** y z
shows r** z z

(proof)

lemma rtranclE [cases set: rtrancl):
fixes a b :: 'a
assumes magjor: (a, b) € r*
obtains
(base) a = b
| (step) y where (a, y) € ™ and (y, b) € r
— elimination of rtrancl — by induction on a special formula

(proof)

lemma rtrancl-Int-subset: Id C s = (r* Ns) Or C s = r* C s
(proof)

lemma converse-rtranclp-into-rtranclp: ra b = r** b ¢ = r** a ¢
(proof)

lemmas converse-rtrancl-into-rtrancl = converse-rtranclp-into-rtranclp [to-set]

More r* equations and inclusions.
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lemma rtranclp-idemyp [simp]: (r**)** = r**

(proof)
lemmas rtrancl-idemp [simp] = rtranclp-idemp [to-set]

lemma rtrancl-idemp-self-comp [simp]: R* O R* = R*
(proof)

lemma rtrancl-subset-rtrancl: r C s* — r* C s*
(proof)

lemma rtranclp-subset: R < § — S < R** — §** = R**
(proof)

lemmas rtrancl-subset = rtranclp-subset [to-set]

lemma rtranclp-sup-rtranclp: (sup (R**) (S**))** = (sup R S)**
{proof)

lemmas rtrancl-Un-rtrancl = rtranclp-sup-rtranclp [to-set)

lemma rtranclp-reficlp [simp]: (R==)** = R**
(proof)

lemmas rtrancl-reflcl [simp] = rtranclp-reflclp [to-set]

lemma rtrancl-r-diff-I1d: (r — Id)* = r*
(proof)

lemma rtranclp-r-diff-1d: (inf r (£))** = r**
{proof)

theorem rtranclp-converseD:
assumes (r~'71)** 1y
shows r** y x
(proof )

lemmas rtrancl-converseD = rtranclp-converseD [to-set]

theorem rtranclp-conversel:
assumes r** y z
shows (r=171)**
(proof)

zYy

lemmas rtrancl-conversel = rtranclp-conversel [to-set]

lemma rtrancl-converse: (r=1)* = (r*)71
{proof)
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lemma sym-rtrancl: sym r = sym (r*)
{proof )

theorem converse-rtranclp-induct [consumes 1, case-names base step):
assumes major: r** a b
and cases: Pb A\yz.ryz=r"*2b=—= Pz=— Py
shows P a

{proof)

lemmas converse-rtrancl-induct = converse-rtranclp-induct [to-set)

lemmas converse-rtranclp-induct2 =
converse-rtranclp-induct [of - (az, ay) (bz, by), split-rule, consumes 1, case-names

refl step]

lemmas converse-rtrancl-induct? =
converse-rtrancl-induct [of (az, ay) (bz, by), split-format (complete),
consumes 1, case-names refl step]

lemma converse-rtranclpE [consumes 1, case-names base step):
assumes major: v** r z
and cases: x =z = P N\y.ray = r"*yz=— P
shows P

(proof)

lemmas converse-rtranclE = converse-rtranclpE [to-set]
lemmas converse-rtranclpE2 = converse-rtranclpE [of - (za,xb) (za,zb), split-rule]
lemmas converse-rtranclE2 = converse-rtranclE [of (za,xb) (za,zb), split-rule]

lemma r-comp-rtrancl-eq: r O r* = r* O r

{proof)

lemma rtrancl-unfold: r* = Id U r* O r
(proof )

lemma rtrancl-Un-separatorE:

(a, b)) e (PU Q) = Vzy. (a,z) € P* — (2,y) € Q — 2=y = (a, b)
€ P*
(proof )

lemma rtrancl-Un-separator-converseE:

(a, b)) e (PU Q) = Vzuy. (xg,b) e P — (y,2) € Q — y=12= (a, b)
e p*
(proof )

lemma Image-closed-trancl:
assumes 7 “ X C X
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shows r* “ X = X
(proof)

lemma rtranclp-ident-if-refip-and-transp:
assumes reflp R and transp R
shows R** = R

(proof)

The following are special cases of rtranclp-ident-if-refip-and-transp, but they
appear duplicated in multiple, independent theories, which causes name
clashes.

* %k

lemma (in preorder) rtranclp-less-eq[simp]: (<)** = (<)
{proof)

lemma (in preorder) rtranclp-greater-eq[simp): (>)** = (>)
(proof)

21.3 Transitive closure

lemma totalp-on-tranclp: totalp-on A R = totalp-on A (tranclp R)
(proof )

lemma total-on-trancl: total-on A r = total-on A (trancl r)
(proof)

lemma trancl-mono:
assumes p € vt r C s
shows p € st

(proof)

lemma trancl-mono-subset: A C B = A"+ C B ™+
(proof)

lemma r-into-trancl’: Ap. p € r = p € r*
(proof)

Conversions between trancl and rtrancl.
lemma tranclp-into-rtranclp: v+ a b = r** a b
(proof)

lemmas trancl-into-rtrancl = tranclp-into-rtranclp [to-set]

lemma rtranclp-into-tranclp1:
assumes 7** a b
shows rbc= rtt ac

(proof)

lemmas rtrancl-into-trancll = rtranclp-into-tranclpl [to-set]
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lemma rtranclp-into-tranclp2:
assumes r a b r** b ¢ shows rT1 g ¢
— intro rule from r and rtrancl

(proof)
lemmas rtrancl-into-trancl2 = rtranclp-into-tranclp2 [to-set]

Nice induction rule for trancl

lemma tranclp-induct [consumes 1, case-names base step, induct pred: tranclp|:
assumes a: vt a b
and cases: N\y.ray= Py Nyz.r"Tay=ryz= Py= Pz
shows P b

{proof)
lemmas trancl-induct [induct set: trancl] = tranclp-induct [to-set]

lemmas tranclp-induct2 =
tranclp-induct [of - (ax, ay) (bx, by), split-rule, consumes 1, case-names base
step)

lemmas trancl-induct2 =
trancl-induct [of (az, ay) (bz, by), split-format (complete),
consumes 1, case-names base step]

lemma tranclp-trans-induct:
assumes major: v x y
and cases: N\zy. rzy= PrzyNvyz r"tzy= Pory=rtt y: =
Pyz=— Pzz
shows Pz y
— Another induction rule for trancl, incorporating transitivity

{proof)

lemmas trancl-trans-induct = tranclp-trans-induct [to-set]

lemma tranclE [cases set: trancl]:
assumes (a, b) € rt
obtains
(base) (a, b) € r
| (step) ¢ where (a, ¢) € r* and (¢, b) € r
(proof)

lemma trancl-Int-subset: r C s = (r* Ns) Or Cs= rT C s

(proof)

lemma trancl-unfold: r™ =r U rt Or
{proof )

Transitivity of r+
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lemma trans-trancl [simp|: trans (rT)
(proof)

lemmas trancl-trans = trans-trancl [THEN transD]

lemma tranclp-trans:
assumes r* T z y
and vt y 2
shows r™+ z 2

(proof)

lemma trancl-id [simpl: trans r = r* = r
{proof)

lemma rtranclp-tranclp-tranclp:
assumes r** z y
shows A\z. r*t yz = r*t z 2

{proof)

lemmas rtrancl-trancl-trancl = rtranclp-tranclp-tranclp [to-set]

lemma tranclp-into-tranclp2: ra b = r*t bec= r*T ac
(proof)

lemmas trancl-into-trancl2 = tranclp-into-tranclp2 [to-set]

lemma trancl-trancl-Un: (A™+ U B) ™+ = (A U B) ™+
(proof)

lemma trancl-absorb-subset-trancl: B C A™+ = (AU B) ™+ =A™+
(proof)

lemma tranclp-conversel:
assumes (rtT)"1=1 z ¢ shows (r~'=1H)** gy
{proof )

lemmas trancl-conversel = tranclp-conversel [to-set]
lemma tranclp-converseD:

assumes (r~!~H** gy shows (rT+)" 171 gy
(proof)

lemmas trancl-converseD = tranclp-converseD [to-set]

lemma tranclp-converse: (r~1=1)*+ = (p++)-1-1
(proof)

lemmas trancl-converse = tranclp-converse [to-set]
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lemma sym-trancl: sym r = sym (r™)
{proof )

lemma converse-tranclp-induct [consumes 1, case-names base step]:
assumes major: vt a b
and cases: N\y. ryb= Py ANyz.ryz=rtT 2b= P2= Py
shows P a

(proof)

lemmas converse-trancl-induct = converse-tranclp-induct [to-set]

lemma tranclpD: R*T zy = 32. Rz 2z A R** zy
(proof)

lemmas tranclD = tranclpD [to-set]

lemma converse-tranclpE:
assumes major: tranclp v x z
and base: r v z = P
and step: \y. rzy = tranclp ry z = P
shows P

(proof)

lemmas converse-tranclE = converse-tranclpE [to-set]

lemma tranclD2: (z, y) € RT = Jz. (z, 2) € R* A (2, y) € R
{proof)

lemma irrefi-trancll: 1 N r* = {} = (2, ) ¢ r*
{proof)

lemma irrefi-trancl-rD: Vz. (z,2) ¢ r™ = (2, y) € r =1 # y

{proof)

lemma trancl-subset-Sigma-auz: (a, b)) € r* = r CAx A= a=bVac A
{proof)

lemma trancl-subset-Sigma:
assumes r C A x Ashows rT C 4 x A

(proof)

* 3k

lemma reflelp-tranclp [simp]: (+++)== = r
{proof)

lemmas reficl-trancl [simp] = reflclp-tranclp [to-set]

lemma trancl-reficl [simp]: (r=)" = r*

(proof)
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lemma rtrancl-trancl-reflcl [code]: r* = (r)=
{proof)

lemma trancl-empty [simp]: {}T = {}
(proof)

lemma rtrancl-empty [simp]: {}* = Id
{proof)

lemma rtrancl--Id[simp|: Id* = Id

(proof)

lemma rtranclpD: R** a b= a=bVa#bAR™ ab
(proof )

lemmas rtranclD = rtranclpD [to-set)

lemma rtrancl-eg-or-trancl: (z,y) € R* «—z=yV z # y A (z,y) € Rt
(proof )

lemma trancl-unfold-right: r+ = r* O r
(proof)

lemma trancl-unfold-left: r*™ = r O r*
(proof )

lemma tranclp-unfold-left: r™++ = r OO 1 7*x*
(proof)

lemma trancl-insert: (insert (y, ) )™ = r* U {(a, b). (a, y) € r* A (z, b) € r*}
— primitive recursion for trancl over finite relations

(proof)

lemma trancl-insert2:
(insert (a, b) )" = rt U {(z, y). (z, a) €erT Ve =a)A((byy) ert Vy=
b)}

(proof)

lemma rtrancl-insert: (insert (a,b) r)* = r* U {(z, y). (z, a) € r* A (b, y) € r*}
(proof)

Simplifying nested closures

lemma rtrancl-trancl-absorb[simp|: (R*)T = R*

(proof)

lemma trancl-rtrancl-absorb[simp]: (RT)* = R*
(proof )

lemma rtrancl-reflcl-absorb[simp): (R*)= = R*
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{proof)

Domain and Range

lemma Domain-rtrancl [simp]: Domain (R*) = UNIV
{proof)

lemma Range-rtrancl [simp]: Range (R*) = UNIV
{proof)

lemma rtrancl-Un-subset: (R* U S*) C (R U S)*
(proof)

lemma in-rtrancl-Unl: x € R* Vx € §* = z € (RU 9)*
(proof)

lemma trancl-domain [simp]: Domain (r+) = Domain r
{proof)

lemma trancl-range [simp]: Range (r™) = Range r
(proof)

lemma Not-Domain-rtrancl:
assumes z ¢ Domain R shows (z, y) € R* «+— xz =y

(proof)

lemma trancl-subset-Field2: r+ C Field r x Field r
(proof)

lemma finite-trancl[simp): finite (r*) = finite r

(proof)

lemma finite-rtrancl-Image[simp|: assumes finite R finite A shows finite (R*
4)
(proof )

More about converse rtrancl and trancl, should be merged with main body.

lemma single-valued-confluent:
assumes single-valued r and zy: (z, y) € r* and zz: (z, 2) € r
shows (y, z) € r* V (z, y) € r*
(proof )

*

lemma r-r-into-trancl: (a, b) € R = (b, ¢) € R = (a, ¢) € R
(proof)

lemma trancl-into-trancl: (a, b) € r* = (b, ¢) € r = (a, ¢) € r*
{proof)

lemma tranclp-rtranclp-tranclp:
assumes r*t ¢ b 7** b ¢ shows r71 a ¢
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(proof)

lemma rtranclp-conversep: r—171x* = prx—1-1

(proof )
lemmas symp-rtranclp = sym-rtrancl[to-pred)
lemmas symp-conv-conversep-eq = sym-conv-converse-eq|to-pred)

lemmas rtranclp-tranclp-absorb [simp] = rtrancl-trancl-absorb[to-pred]
lemmas tranclp-rtranclp-absorb [simp] = trancl-rtrancl-absorb[to-pred]
lemmas rtranclp-reflclp-absord [simp] = rtrancl-reflcl-absorb[to-pred)

lemmas trancl-rtrancl-trancl = tranclp-rtranclp-tranclp [to-set]

lemmas transitive-closure-trans [trans] =
r-r-into-trancl trancl-trans rtrancl-trans
trancl.trancl-into-trancl trancl-into-trancl2
rtrancl.rtrancl-into-rtrancl converse-rtrancl-into-rtrancl
rtrancl-trancl-trancl trancl-rtrancl-trancl

lemmas transitive-closurep-trans’ [trans] =
tranclp-trans rtranclp-trans
tranclp.trancl-into-trancl tranclp-into-tranclp2
rtranclp.rtrancl-into-rtrancl converse-rtranclp-into-rtranclp
rtranclp-tranclp-tranclp tranclp-rtranclp-tranclp

declare trancl-into-rtrancl [elim)]

lemma tranclp-ident-if-transp:
assumes transp R
shows RT* = R

(proof)

The following are special cases of tranclp-ident-if-transp, but they appear
duplicated in multiple, independent theories, which causes name clashes.
lemma (in preorder) tranclp-less[simp]: (<)TT = (<)

(proof )

lemma (in preorder) tranclp-less-eq[simp]: (<)TF = (<)
{proof)

lemma (in preorder) tranclp-greater|simp]: (>)*T = (>)

{proof)

lemma (in preorder) tranclp-greater-eq[simp]: (>)T1 = (>)
(proof)
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21.4 Symmetric closure

definition symclp :: ('a = 'a = bool) = 'a = 'a = bool
where symclp rey «— rzyVryax

lemma symclpl [simp, intro?):
shows symclpll: rx y = symclp rx y
and symclpl2: ryx = symclp rx y
(proof )

lemma symclpE [consumes 1, cases pred]:
assumes symclp r z y
obtains (base) rzy | (sym) ry z

(proof)
lemma symclp-pointfree: symclp r = sup r r—171
(proof )
lemma symclp-greater: v < symclp r
(proof)
lemma symclp-conversep [simp|: symelp v = symclp r

{proof)

lemma symp-on-symclp [simp]: symp-on A (symclp R)
(proof )

lemma symp-symclp-eq: symp r = symclp r = r
(proof)

lemma symp-rtranclp-symclp [simp]: symp (symclp r)**
(proof)

lemma rtranclp-symclp-sym [sym]: (symclp r)** zy = (symclp r)** y z

{proof)

lemma symclp-idem [simp]: symclp (symclp r) = symclp r
(proof )

lemma reflp-on-rtranclp [simp): reflp-on A R**
(proof)

21.5 The power operation on relations

R 7" n=RO... OR, the n-fold composition of R

overloading

relpow = compow :: nat = (‘a x 'a) set = ('a x 'a) set

relpowp = compow :: nat = ('a = 'a = bool) = (‘a = 'a = bool)
begin

424
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primrec relpow :: nat = (‘a x ‘a) set = (‘a x 'a) set
where
relpow 0 R = Id
| relpow (Sucn) R=(R " n) OR

primrec relpowp :: nat = (‘a = 'a = bool) = ('a = 'a = bool)
where
relpowp 0 R = HOL.eq
| relpowp (Suc n) R = (R "~ n) OO R

end
lemmas relpowp-Suc-right = relpowp.simps(2)

lemma relpowp-relpow-eq [pred-set-convl:
M y. (z,y) € R) T n=(Azy. (z,y) € R " n)for R :: 'a rel
(proof)

For code generation:

definition relpow :: nat = (‘a x 'a) set = (‘a x 'a) set
where relpow-code-def [code-abbrev]: relpow = compow

definition relpowp :: nat = (‘a = 'a = bool) = ('a = 'a = bool)
where relpowp-code-def [code-abbrev]: relpowp = compow

lemma [code]:
relpow 0 R = Id
relpow (Suc n) R = relpown R O R
(proof)

lemma [code]:
relpowp 0 R = HOL.eq
relpowp (Suc n) R = relpowp n R OO R
(proof)

hide-const (open) relpow
hide-const (open) relpowp

lemma relpow-1 [simp]: R =~ 1 = R
for R :: (‘a x 'a) set
{proof)

lemma relpowp-1 [simp]: P~ 1 = P
for P :: 'a = 'a = bool

{proof)

lemma relpowp-Suc-0 [simp]: P~ (Suc 0) = P
for P :: 'a = 'a = bool
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{proof)

lemma relpow-0-1: (z, x) € R~ 0
{proof)

lemma relpowp-0-I: (P =" 0) z z
(proof)

lemma relpow-Suc-I: (z, y) € R~ n= (y,2) € R= (z,2) € R " Sucn
{proof)

lemma relpowp-Suc-I[trans]: (P ~ " n)xy = Pyz = (P~ Sucn) z z
{proof)

lemma relpow-Suc-12: (z, y) € R = (y, 2) € R~ n= (2, 2) € R ™" Sucn
{proof)

lemma relpowp-Suc-12[trans]: Pxy = (P " n) yz = (P = Sucn) z z
{proof)

lemma relpow-0-E: (z,y) € R0 = (t=y = P) = P
(proof)

lemma relpowp-0-E: (P~ 0)zy = (z =y = Q) = @
(proof)

lemma relpow-Suc-E: (z, z) € R =~ Suc n = (Ay. (z, y) € R " n = (y, 2)
€ER=— P)= P
(proof)

lemma relpowp-Suc-E: (P ™" Sucn) xz = (Ay. (P " n)zy= Pyz=— Q)
—t Q

{proof)

lemma relpow-E:
(z,2) € R n=
n=0=2=72—=— P) =
(Aym.n=Sucem = (z,y) € R~ m= (y,2) € R— P) =P
(proof)

lemma relpowp-F:
(P 7"n) zz =
n=0=2=2= Q) =
(Aym.n=Sucem = (P " m)zy= Pyz=—= Q) = Q
(proof)

~~

lemma relpow-Suc-D2: (z, z) € R ™" Sucn = (3y. (z, y) € RA(y, 2) € R
n)

{proof)
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lemma relpowp-Suc-D2: (P ™~ Suc n) z z = Jy. Pz y N (P
(proof )

n)yz

lemma relpow-Suc-E2: (z, z) € R~ Sucn = (Ay. (z, y) € R = (y, 2) € R
“n= P)= P
(proof)

lemma relpowp-Suc-E2: (P "~ Sucn) z 2 = (A\y. Pry = (P " "n) y 2 =
Q = Q
(proof)

lemma relpow-Suc-D2":Vzyz (z,y) € R " nA(y,2) € R— Fuw. (2, w) €
RA(w,2z) € R " n)
{proof)

A~~~

lemma relpowp-Suc-D2"Vxyz. (P n)zyANPyz— Sw. PzwA (P
n) wz)
{proof)

lemma relpow-E2:
assumes (z,2) € R " nn=0=2=2z2=— P
ANym.n=Sucm= (z,y) € R=(y,2) € R~ m=7P
shows P

(proof)

lemma relpowp-E2:

(P 7n) zz =
n=0=2=2= Q) =
(Aym.n=Suem = Pry=— (P " m)yz= Q) = @

(proof)

lemma relpowp-trans[trans]: (R "~ i) zy = (R " jlyz= (R "~ (i+j)) zz
(proof)

lemma relpowp-mono:

fixeszy:: 'a

shows (Azy. Rey= Szy) = (R n)zy= (S n)zy
(proof)

lemma relpow-trans[trans]: (z, y) € R~ i = (y, z2) € R~ j = (z, 2) € R
~ i +J)
{proof)

lemma relpowp-left-unique:
fixes R :: ‘a = 'a = booland n :: nat and z y z :: 'a
assumes lunique: A\e y2z. Rtz = Ryz=—z =y
shows (R " n)zz= (R " n)yz=z=y

(proof)
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lemma relpow-left-unique:
fixes R :: (Ya X 'a) set and n :: nat and z y z :: 'a

shows (Azy 2. (2,2) € R= (y,2) €E R=—= 1z =y =

(t,2) €ER T n= (y,2) ER " n=uz=y
(proof)

lemma relpowp-right-unique:
fixes R :: ‘a = 'a = booland n :: nat and z y 2z :: 'a
assumes runique: Nt yz. Rey— Rzrz— y =z
shows (R " n)zy= (R " n)rzz=y=2

(proof)

lemma relpow-right-unique:
fixes R :: (a x 'a) setand n :: nat and z y 2z :: 'a

shows (Azy 2. (1,y) € R = (7,2) € R =y = 2) =

(I7y)G(RMH)E(I,Z)G(RMn):}y:z
{proof)

lemma relpow-add: R " (m 4+ n) =R m OR™"n
{proof)

lemma relpowp-add: P ™" (m +n) =P " m OOP " n

{proof)

lemma relpow-commute: ROR " n=R " nOR
(proof )

lemma relpowp-commute: P OO P ~ " n=P "~ n OO P
(proof )

lemma relpowp-Suc-left: R =~ Sucn = R 00 (R "~ n)
(proof)

lemma relpow-empty: 0 < n = ({} = (‘a x 'a) set) " n

{proof)

{

lemma relpowp-bot: 0 < n = (L :: 'a = 'a = bool) ~"n =1

{proof)

lemma rtrancl-imp- UN-relpow:
assumes p € R*
shows p € (Un. R " n)
(proof)

lemma rtranclp-imp-Sup-relpowp:
assumes (P**) z y
shows (| |n. P ""n) zy
(proof)

428
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lemma relpow-imp-rtrancl:
assumes p € R " n
shows p € R*

(proof)

lemma relpowp-imp-rtranclp: (P~ " n) zy = (P**) z y
(proof )

lemma rtrancl-is-UN-relpow: R* = (Jn. R 7" n)
(proof)

lemma rtranclp-is-Sup-relpowp: P** = (| n. P """ n)
(proof )

lemma rtrancl-power: p € R* «+— (dn. p € R " n)
(proof)

lemma rtranclp-power: (P**) ¢y +— (In. (P " " n) z y)
{proof)

lemma trancl-power: p € R* <— (In > 0. p € R "~ n)
(proof)

lemma tranclp-power: (PT™+) zy +— (3n > 0. (P " n) zy)
(proof)

lemma rtrancl-imp-relpow: p € R* = In.p € R " n

{proof)

~~

lemma rtranclp-imp-relpowp: (P**) x y = In. (P

(proof)
By Sternagel/Thiemann:

n)xy

A~

lemma relpow-fun-conv: (a, b) € R

(f i, f (Suci)) € R))
(proof)

429

n+— 3f.f0=anfn=0bA Vi<n.

lemma relpowp-fun-conv: (P """ n) zy +— 3f. fO=azANfn=yA (Vi<n. P

(f9) (f (Suci))))
(proof )

lemma relpow-finite-bounded1 :
fixes R :: (‘a x 'a) set
assumes finite R and k > 0
shows R™k C (Une{n. 0 <n An < card R}. R"n)
(is - C 7r)
(proof)
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lemma relpow-finite-bounded:

fixes R :: ('a X 'a) set

assumes finite R

shows R™k C (Une{n. n < card R}. R™ n)
(proof)

lemma rtrancl-finite-eg-relpow: finite R — R* = ((Un€{n. n < card R}. R™"n)
(proof )

lemma trancl-finite-eq-relpow:
assumes finite R shows Rt = ([Un€{n. 0 < n A n < card R}. R""n)

(proof)

lemma finite-relcomp[simp,intro):
assumes finite R and finite S
shows finite (R O S)

(proof)

lemma finite-relpow [simp, intro:
fixes R :: ('a x 'a) set
assumes finite R
shows n > 0 = finite (R "n)
(proof)

lemma single-valued-relpow:
fixes R :: (Ya x 'a) set
shows single-valued R = single-valued (R ~ " n)

(proof)

21.6 Bounded transitive closure

definition ntrancl :: nat = (‘a x 'a) set = ('a x 'a) set
where ntrancln R = (Ji€{i. 0 < i A i < Suen}. R 77 4)

lemma ntrancl-Zero [simp, code]: ntrancl 0 R = R
(proof)

lemma ntrancl-Suc [simp]: ntrancl (Suc n) R = ntrancln R O (Id U R)

{(proof)

lemma [code]: ntrancl (Suc n) r = (let v’ = ntrancln rin v’ U r’ O r)
{proof)

lemma finite-trancl-ntranl: finite R = trancl R = ntrancl (card R — 1) R
(proof)

21.7 Acyclic relations

definition acyclic :: (a x 'a) set = bool
where acyclic r +— (Vz. (z,2) ¢ r™)
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abbreviation acyclicP :: (‘a = 'a = bool) = bool
where acyclicP r = acyclic {(z, y). r z y}

lemma acyclic-irrefl [code]: acyclic v <— irrefl (rT)
(proof )

lemma acyclicl: Vz. (z, z) ¢ r* = acyclic r
{proof)

lemma (in preorder) acyclicl-order:
assumes x: Na b. (a,b) € r = fb< fa
shows acyclic r

(proof)

lemma acyclic-insert [iff]: acyclic (insert (y, x) r) +— acyclic r A (z, y) ¢ r*
(proof)

lemma acyclic-converse [iff]: acyclic (r=1) «— acyclic r
{proof)

lemmas acyclicP-converse [iff] = acyclic-converse [to-pred]

lemma acyclic-impl-antisym-rtrancl: acyclic r = antisym (r*)
(proof )

lemma acyclic-subset: acyclic s = r C s = acyclic r
(proof )

21.8 Setup of transitivity reasoner
(ML)

lemma transp-rtranclp [simp|: transp R**
(proof )

Optional methods.
(ML)

end

22 Well-founded Recursion

theory Wellfounded
imports Transitive-Closure
begin
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22.1 Basic Definitions

definition wf-on :: ‘a set = ’a rel = bool where
wf-on Ar+— (VP. Yz e A. Vye A. (y,z) € r — Py) — Pz) — (Vz
€ A. Px))

abbreviation wf :: (‘a x 'a) set = bool where
wf = wf-on UNIV

definition wfp-on :: ‘a set = (‘a = 'a = bool) = bool where
wfp-on A R +— (VP. Vz € A. Vye A Ryz — Py) — Pz) — (Vz €
A. P x))

abbreviation wfP :: (‘a = 'a = bool) = bool where
wfP = wfp-on UNIV

alias wfp = wfP

We keep old name wfp for backward compatibility, but offer new name wfp
to be consistent with similar predicates, e.g., asymp, transp, totalp.

22.2 Equivalence of Definitions

lemma wfp-on-wf-on-eq[pred-set-conv]: wfp-on A (Az y. (z, y) € r) +— wf-on A
r
(proof )

lemma wf-def: wfr +— (VP. V2. Vy. (y,z) € r — Py) — Pz) — (V.
P 1))
{proof )

lemma wfp-def: wfp r +— wf {(z, y). r = y}
(proof )

lemma wfp-wf-eq: wip Az y. (z, y) € r) = wfr
(proof )

22.3 Induction Principles

lemma wf-on-induct[consumes 1, case-names in-set less, induct set: wf-on):
assumes wf-on Arand z € Aand A\v. 2 € A = (Ay.y€ A = (y,z) €r
= Py) = Pz
shows P x

{proof)

lemma wfp-on-induct[consumes 1, case-names in-set less, induct pred: wfp-on):
assumes wfp-on Arandz € Aand A\z. 1 € A = (A\y. y€e A= ryz—
Py)= Pz
shows P ¢

{proof)
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lemma wf-induct:
assumes wf r
and A\z.Vy. (y,z) € r — Py—=— Pz
shows P a

(proof )
lemmas wfp-induct = wf-induct [to-pred]

lemmas wf-induct-rule = wf-induct [rule-format, consumes 1, case-names less,
induct set: wf]

lemmas wfp-induct-rule = wf-induct-rule [to-pred, induct set: wfp)

lemma wf-on-iff-wf: wf-on A r +— wf {(z,y) €r.z € ANy e A}

(proof)

22.4 Introduction Rules

lemma wfUNIVI: (AP z. V2. Vy. (y,z) € r — Py) — Pz) = Pz1) =
wf r
{proof)

lemmas wfpUNIVI = wfUNIVI [to-pred]

Restriction to domain A and range B. If r is well-founded over their inter-
section, then wf r.

lemma wfT:
assumes 1 C A x B
and Az P. [Vz. Vy. (y,z) € r — Py) — Puz; s € A;z € Bl — Pz
shows wf r
(proof)

22.5 Ordering Properties

lemma wf-not-sym: wfr = (a, z) € r = (z, a) ¢ r
{proof)

lemma wf-asym:
assumes wf r (a, z) € 7
obtains (z, a) ¢ r
{proof)

lemma wf-imp-asym: wf r = asym r
(proof)

lemma wfp-imp-asymp: wfp r = asymp r

(proof)
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lemma wf-not-refl [simp]: wfr = (a, a) ¢ r
{proof)

lemma wf-irrefi:
assumes wf r
obtains (a, a) ¢ r
(proof)

lemma wf-imp-irrefi:
assumes wf r shows irrefl r
(proof)

lemma wfp-imp-irreflp: wfp r = irreflp r
(proof )

lemma wf-wellorderl:
assumes wf: wf {(z::'aord, y). z < y}
and lin: OFCLASS('a::ord, linorder-class)
shows OFCLASS('a::ord, wellorder-class)

{proof)

lemma (in wellorder) wf: wf {(z, y). < y}
(proof)

lemma (in wellorder) wfp-on-less[simp]: wfp-on A (<)
(proof)

22.6 Basic Results

Point-free characterization of well-foundedness

lemma wf-onE-pf:
assumes uwf: wf-on Arand BC Aand BCr “B
shows B = {}

(proof)

lemma wfE-pf: wfR —= ACR “A= A={}
(proof )

lemma wf-onl-pf:
assumes AB. BC A= BCR “B= B={}
shows wf-on A R

(proof)

lemma wfl-pf: (NA. ACR“A= A={}) = wfR
{proof)
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22.6.1 Minimal-element characterization of well-foundedness
lemma wf-on-iff-ex-minimal: wf-on A R+— VB C A. B#{} — (3z€ B. Vy.
(y,2) € R — y ¢ B))

(proof)

lemma wf-iff-ez-minimal: wf R «— (VB. B# {} — (32 € B.Vy. (y, 2) € R
— y ¢ B))
{proof)

lemma wfp-on-iff-ex-minimal: wfp-on A R +— VB C A. B# {} — (32 € B.
Vy. Ryz — y ¢ B))
(proof)

lemma wfp-iff-ex-minimal: wfp R +— (VB. B#{} — (32€ B.Vy. Ryz —

y ¢ B))

{proof)

lemma wfE-min:
assumes wf: wf R and Q: z € @
obtains z where z € Q A\y. (y,2) € R—=y ¢ Q
(proof)

lemma wfE-min”:

wfR= Q#{} = (N2z. 2€ Q = (A\y. (y, 2) € R= y ¢ Q) = thesis)
— thesis

(proof)

lemma wfl-min:
assumes a: Az Q. 1 € Q = F2€Q.Vy. (y,2) € R— y & Q
shows wf R

(proof)

lemma wf-eg-minimal: wfr +— VQz. z € Q — (F2€Q.Vy. (y,2) €Er — ¥y

¢ Q)
(proof )

lemmas wfp-eg-minimal = wf-eqg-minimal [to-pred]

22.6.2 Finite characterization of well-foundedness

lemma strict-partial-order-wfp-on-finite-set:
assumes transp-on X R and asymp-on X R and finite X
shows wfp-on X R

{proof)

22.6.3 Antimonotonicity

lemma wfp-on-mono-stronger:
fixes
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A ::'a set and B :: 'b set and

f:'a= "band

R:'b= 'b= booland Q :: 'a = 'a = bool
assumes

wf: wfp-on B R and

sub: f ¢ A C B and

mono: Nzy. 1 € A—=ye A= Qzy—=— R (fz) (fy)
shows wfp-on A @
(proof )

lemma wf-on-mono-stronger:
assumes
wf-on B r and
f A C Band
Ny zedA=ye A= (z,y) € q= (fa, fy) €r)
shows wf-on A ¢
(proof)

lemma wf-on-mono-strong:

assumes wf-on Brand A C Band (Azy. 2 € A = ye€ A = (2, y) € ¢
= (z,9) € 1)

shows wf-on A ¢

(proof )

lemma wfp-on-mono-strong:

wfp-on BR—= ACB=— (N\ty 1€ A—=yc A= Qry— Rzy —
wfp-on A Q

(proof )

lemma wf-on-mono: A C B = q C r = wf-on Br < wf-on A q

(proof)

lemma wfp-on-mono: A C B = @ < R = wfp-on B R < wfp-on A Q
(proof)

lemma wf-on-subset: wf-on Br = A C B = wf-on A r
(proof )

lemma wfp-on-subset: wfp-on B R = A C B = wfp-on A R
(proof)

22.6.4 Equivalence between wfp-on and wfp

lemma wfp-on-iff-wfp: wfp-on A R +— wfp Az y. Rzy N z€ ANy € A)
(is ?LHS «— ?RHS)

(proof)

22.6.5 Well-foundedness of transitive closure

lemma bez-rtrancl-min-element-if-wf-on:
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assumes wf: wf-on A r and z-in: x € A
shows Jy € A. (y,z) € ™ A -3z € A. (2, y) € 1)
(proof)

lemma bex-rtransclp-min-element-if-wfp-on: wfp-on A R — z € A — JycA.
R*yx AN—-(32€A. R 2z y)
(proof)

lemma ex-terminating-rtranclp-strong:
assumes wf: wfp-on {z’. R** r 1’} R~!
shows Jy. R** zy A (2. Ry 2)
(proof)

-1

lemma ex-terminating-rtranclp:
assumes wf: wfp R~17!
shows Jy. R** zy A (2. Ry 2)
(proof)

lemma wf-trancl:
assumes wf r
shows wf (r)

(proof)

lemmas wfp-tranclp = wf-trancl [to-pred]
lemma wf-converse-trancl: wf (r=1) = wf ((r*)71)
(proof)

Well-foundedness of subsets
lemma wf-subset: wfr = p Cr = wfp
(proof )

lemmas wfp-subset = wf-subset [to-pred]

Well-foundedness of the empty relation
lemma wf-on-bot[iff]: wf-on A L
(proof)

lemma wfp-on-bot[iff]: wfp-on A L
(proof )

lemma wfp-empty [iff]: wfp (A\z y. False)
(proof )

lemma wf-Intl: wfr = wf (r N r’)
(proof)

lemma wf-Int2: wfr = wf (r' N r)
(proof)
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Exponentiation.

lemma wf-exp:
assumes wf (R
shows wf R

(proof)

Well-foundedness of insert.

~~

n)

lemma wf-insert [iff]: wf (insert (y,z) r) +— wfr A (z,y) & r* (is ?lhs = ?rhs)

{(proof)

22.6.6 Well-foundedness of image

lemma wf-map-prod-image-Dom-Ran:
fixes r:: ('a x 'a) set
and f:: ‘a = b
assumes wf-r: wf r
and inj: A\ a a’. a € Domainr = a' € Ranger = fa=fa' = a=a’
shows wf (map-prod f f ‘ r)
(proof)

lemma wf-map-prod-image: wf r = inj f = wf (map-prod f f ‘)

(proof)

lemma wfp-on-image: wfp-on (f * A) R <— wfp-on A (Aa b. R (fa) (f)))
(proof)

22.7 Well-Foundedness Results for Unions

lemma wf-union-compatible:
assumes wf R wf S
assumes R O S C R
shows wf (R U S)

(proof)
Well-foundedness of indexed union with disjoint domains and ranges.

lemma wf-UN:
assumes r: \i. i € [ = wf (r 1)
and disj: Nij. [i € I;j € I; ri # r j] = Domain (r i) N Range (rj) = {}
shows wf (Ji€l. r i)
(proof )

lemma wfp-SUP:
Vi wfp (ri) = Vij. ri#rj— inf (Domainp (r 7)) (Rangep (r j)) = bot
_—
wfp (] (range r))
(proof )

lemma wf-Union:
assumes VreR. wf r
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and VreR. VseR. r # s — Domain r N Range s = {}
shows wf (UR)

{proof)

439

Intuition: We find an R U S-min element of a nonempty subset A by case

distinction.

1. There is a step a —R— b with a, b € A. Pick an R-min element z of
the (nonempty) set {a€A | 3b€A. a —R— b}. By definition, there
is 2/ € Ast. 2z —R— 2’. Because z is R-min in the subset, z’ must
be R-min in A. Because z’ has an R-predecessor, it cannot have an

S-successor and is thus S-min in A as well.

2. There is no such step. Pick an S-min element of A. In this case it

must be an R-min element of A as well.

lemma wf-Un: wf r = wf s = Domain r N Range s = {} = wf (r U s)
(proof )

lemma wf-union-merge: wf (R U S) =wf (RORUSORUS)
(is wf ?A = wf ?B)
(proof)

lemma wf-comp-self: wf R «+— wf (R O R) — special case

(proof)

22.8 Well-Foundedness of Composition

Bachmair and Dershowitz 1986, Lemma 2. [Provided by Tjark Weber]

lemma qc-wf-relto-iff:
assumes R O S C (RU S)* O R — R quasi-commutes over S
shows wf (S* O R O S*) +— wf R
(is wf 95 +— -)
(proof)

corollary wf-relcomp-compatible:
assumes wf Rand RO S C SOR
shows wf (S O R)

(proof)

22.9 Acyclic relations

lemma wf-acyclic: wf r = acyclic
(proof )

lemmas wfp-acyclicP = wf-acyclic [to-pred]
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22.9.1 Wellfoundedness of finite acyclic relations
lemma finite-acyclic-wf:

assumes finite r acyclic r shows wf r

(proof )

lemma finite-acyclic-wf-converse: finite r = acyclic r = wf (r~1)
(proof)

Observe that the converse of an irreflexive, transitive, and finite relation is
again well-founded. Thus, we may employ it for well-founded induction.
lemma wf-converse:

assumes irrefl v and trans r and finite r
shows wf (r—1)

(proof)

lemma wf-iff-acyclic-if-finite: finite r = wf r = acyclic r
(proof )

22.10 nat is well-founded

lemma less-nat-rel: (<) = (Am n. n = Suc m)*+
(proof )

definition pred-nat :: (nat x nat) set
where pred-nat = {(m, n). n = Suc m}

definition less-than :: (nat x nat) set
where less-than = pred-nat™

lemma less-eq: (m, n) € pred-nat™ +— m < n

{proof)

lemma pred-nat-trancl-eg-le: (m, n) € pred-nat* +— m < n
(proof )

lemma wf-pred-nat: wf pred-nat
(proof)

lemma wf-less-than [iff]: wf less-than
(proof )

lemma trans-less-than [iff]: trans less-than
{proof)

lemma less-than-iff [iff]: ((z,y) € less-than) = (z<y)
(proof)

lemma irrefi-less-than: irrefl less-than
(proof )
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lemma asym-less-than: asym less-than
(proof)

lemma total-less-than: total less-than and total-on-less-than [simp]: total-on A
less-than

{proof)

lemma wf-less: wf {(z, y:nat). z < y}
(proof )

22.11 Accessible Part

Inductive definition of the accessible part acc r of a relation; see also [6].

inductive-set acc :: (a x 'a) set = 'a set for r :: (Ya x 'a) set
where accl: (Ay. (v, z) € r =y € accr) = © € accr

abbreviation termip :: (‘a = 'a = bool) = 'a = bool
where termip r = accp (r=171)

abbreviation termi :: (‘a x 'a) set = 'a set
where termi r = acc (r—1)

lemmas accpl = accp.accl

lemma accp-eq-ace [code]: accp r = (Ax. x € Wellfounded.acc {(z, y). v © y})
(proof)

Induction rules

theorem accp-induct:
assumes major: accp r a
assumes hyp: A\z. accprz = Vy. ryz — Py— Pz
shows P a

(proof)

lemmas accp-induct-rule = accp-induct [rule-format, induct set: accp)

theorem accp-downward: accp rb = ra b = accp r a

(proof)

lemma not-accp-down:
assumes na: - accp R x
obtains z where R z x and — accp R 2

(proof)

lemma accp-downwards-auz: r** b a = accp r a —> accp r b
(proof)

theorem accp-downwards: accp r a = r** b a = accp r b
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{proof)

theorem accp-wfpl: V. accp r v = wfp r

(proof)

theorem accp-wfpD: wfp r = acep r x
(proof)

theorem wfp-iff-accp: wfp r = (V. acep r x)
(proof )

Smaller relations have bigger accessible parts:

lemma accp-subset:
assumes R1 < R2
shows accp R2 < accp R1

(proof)

This is a generalized induction theorem that works on subsets of the acces-
sible part.

lemma accp-subset-induct:
assumes subset: D < accp R
and del: Az 2. Dz = Rzz = Dz
and Dz
and istep: A\z. Dz = (A\2. Rze = Pz) = Pz
shows P x

{(proof)

Set versions of the above theorems

lemmas acc-induct = accp-induct [to-set]

lemmas acc-induct-rule = acc-induct [rule-format, induct set: acc]
lemmas acc-downward = accp-downward [to-set]

lemmas not-acc-down = not-accp-down [to-set]

lemmas acc-downwards-aur = accp-downwards-aux [to-set]
lemmas acc-downwards = accp-downwards [to-set]
lemmas acc-wfl = accp-wfpl [to-set]

lemmas acc-wfD = accp-wfpD [to-set]

lemmas wf-iff-acc = wfp-iff-accp [to-set]

lemmas acc-subset = accp-subset [to-set]

lemmas acc-subset-induct = accp-subset-induct [to-set]

22.12 Tools for building wellfounded relations

Inverse Image

lemma wf-inv-image [simp,intro!]:
fixes f : 'a='b
assumes wf r
shows wf (inv-image r f)
(proof)
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lemma wfp-on-inv-imagep:
assumes wf: wfp-on (f *A) R
shows wfp-on A (inv-imagep R f)
(proof )

22.12.1 Conversion to a known well-founded relation

lemma wfp-on-if-convertible-to-wfp-on:
assumes

wf: wfp-on (f “A) Q and
convertible: (Nzy. 2 € A—ye A= Rzy—= Q (fz) (fy))
shows wfp-on A R

{proof)

lemma wf-on-if-convertible-to-wf-on: wf-on (f ‘A) @ = Az y. 2 € A = y €
A= (z,y) € R= (fz,fy) € Q) = wf-on AR
(proof )

lemma wf-if-convertible-to-wf:
fixes r :: ‘arel and s :: ‘b rel and f :: ‘a = b
assumes wf s and convertible: Nz y. (z, y) € r = (fz, fy) € s
shows wf r

(proof)

lemma wfp-if-convertible-to-wfp: wfp S = (Azy. Rz y = S (fz) (fy) =
wfp R
(proof )

Converting to nat is a very common special case that might be found more
easily by Sledgehammer.
lemma wfp-if-convertible-to-nat:

fixes f :: - = nat

shows (Azy. Rey = faz < fy) = wfp R

(proof )

22.12.2 Measure functions into nat
definition measure :: ('a = nat) = (‘a x 'a) set

where measure = inv-image less-than

lemma in-measure[simp, code-unfold]: (z, y) € measure f «— fz < fy
(proof )

lemma wf-measure [iff]: wf (measure f)
{proof)

lemma wf-if-measure: (Nz. Pz = f(gz) < fz) = wf {(y,z). Pz Ay = gz}
for f :: 'a = nat
(proof )
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22.12.3 Lexicographic combinations

definition lez-prod :: (‘a x'a) set = ('b x 'b) set = (("a x 'b) x (‘a x 'b)) set
(infixr (<xlexx>> 80)
where ra <xlexx> rb = {((a, b), (a’, b")). (a, a’) € ra V a = a’ A (b, b') € rb}

lemma in-lex-prod[simp]: ((a, b), (a’, ') € r <xlexx> s <— (a, a’) € r V a =
a’' A (b, b)) €s
{proof)

lemma wf-on-lex-prod[intro]:
assumes wfA: wf-on A r, and wfB: wf-on B rp
shows wf-on (A x B) (ra <xlexx> rp)
{proof)

lemma wf-lex-prod [introl]:
assumes wf ra wf rb
shows wf (ra <xlexx> rb)

{proof)

lemma refl-lex-prod[simp): refl rg = refl (ra <slexx> rp)
(proof )

lemma irrefl-on-lex-prod|simpl:
irrefl-on A ry = irrefl-on B rg = irrefl-on (A x B) (ra <xlexx> rp)
(proof)

lemma irrefl-lex-prod[simp]: irrefl ra = irrefl rg = irrefl (ra <slexx> rp)
(proof )

lemma sym-on-lez-prod[simp]:
sym-on A 14 => sym-on B rg => sym-on (A X B) (ra <xlexx> rp)
(proof )

lemma sym-lez-prod[simp):
sym rao == sym rg = sym (ra <xlexx> rp)
(proof )

lemma asym-on-lez-prod|simp]:
asym-on A r4 = asym-on B rp => asym-on (A X B) (ra <xlexx> rp)
{proof)

lemma asym-lez-prod[simp):
asym r4 = asym rg = asym (ra <xlexx> rp)
(proof)

lemma trans-on-lex-prod[simp):
assumes trans-on A r4 and trans-on B rp
shows trans-on (A x B) (ra <xlexx> rpg)

(proof)
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lemma trans-lez-prod [simp,introl]: trans r4 = trans rp = trans (ra <slexx>
’I“B)
{proof)

lemma total-on-lex-prod|simp]:
total-on A r4 = total-on B rp = total-on (A x B) (ra <xlexx> rp)

{proof)

lemma total-lex-prod[simp]: total ry = total rp = total (ra <xlexx> rp)
(proof)

lexicographic combinations with measure functions

definition mlez-prod :: (‘a = nat) = (‘a x 'a) set = (‘a x ’a) set (infixr
(<xkmlexx>> 80)
where f <sxmlezx> R = inv-image (less-than <xlexx> R) (Az. (f z, z))

lemma
wf-mlex: wf R = wf (f <+«mlexx> R) and
mlez-less: fz < fy = (z, y) € f <*mlexx> R and
mlex-leq: fz < fy = (z,y) € R = (x, y) € f <xmlezx> R and
mlex-iff: (z, y) € f <smlexx> R +— foz < fyV fz=fyA(z,y) €R
(proof )

Proper subset relation on finite sets.

definition finite-psubset :: (‘a set X 'a set) set
where finite-psubset = {(A, B). A C B A finite B}

lemma wf-finite-psubset[simp]: wf finite-psubset
(proof)

lemma trans-finite-psubset: trans finite-psubset
(proof )

lemma in-finite-psubset|[simp|: (A, B) € finite-psubset +— A C B A finite B
(proof )

max- and min-extension of order to finite sets

inductive-set maz-ext :: (‘a x 'a) set = ('a set x 'a set) set

for R :: (Ya x 'a) set

where maz-ext][intro]:

finite X = finite Y = YV #{} = (A\v.z € X = JyeY. (2, y) € R) =
(X, Y) € maz-ext R

lemma maz-ext-wf:
assumes wf: wf r
shows wf (maz-ext r)

(proof)
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lemma maz-ezt-additive: (A, B) € maz-ext R = (C, D) € maz-ext R = (A U
C, BU D) € maz-ext R
{proof)

definition min-ext :: (‘a x ‘a) set = ('a set x 'a set) set
where min-ext r = {(X, V) | X Y. X A {3 ANVye Y. Bre X (z,9) €r))}

lemma min-ext-wf:
assumes wf r
shows wf (min-ext r)

(proof)

22.12.4 Bounded increase must terminate

lemma wf-bounded-measure:
fixes ub :: 'a = nat
and [ :: 'a = nat
assumes Aab. (bya)er=—= ubb<ubaAhuba>fbAfb>fa
shows wf r

(proof)

lemma wf-bounded-set:
fixes ub :: ‘a = 'b set
and f :: 'a = b set
assumes Aa b. (b,a) € r = finite (uba) ANubbCubaAubaDfbANfbDf
a
shows wf r

{proof)

lemma finite-subset-wf:
assumes finite A
shows wf {(X, Y). X C Y AY C 4}
{proof )

hide-const (open) acc accp

22.13 Code Generation Setup

Code equations with wf or wfp on the left-hand side are not supported
by the code generation module because of the UNIV hidden behind the
abbreviations. To sidestep this problem, we provide the following wrapper
definitions and use code-abbrev to register the definitions with the pre- and
post-processors of the code generator.

definition wf-code :: (‘a x 'a) set = bool where
[code-abbrev]: wf-code r +— wf r

definition wfp-code :: (‘a = 'a = bool) = bool where
[code-abbrev]: wfp-code R +— wfp R
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end

23 Well-Founded Recursion Combinator

theory Wfrec
imports Wellfounded
begin

inductive wfrec-rel :: ('a x 'a) set = (('a = 'b) = (‘a = b)) = 'a = 'b = bool
for R F
where wfrecl: (Az. (z, ©) € R = wfrec-rel R F z (g z)) = wfrec-rel R F z (F

g )

definition cut :: ('a = b)) = (‘a x 'a) set = 'a = 'a = 'b
where cut f Rz = (Ay. if (y, ) € R then fy else undefined)

definition adm-wf :: (Ya x ‘a) set = ((a = 'b) = (‘a = 'b)) = bool
where adm-wf R F +— (Vfgaz. Vz. (z,2) E R — fz=9g2) — Ffz=F
g 1)

definition wfrec :: (‘a x 'a) set = (('a = 'b) = ('a = b)) = (a = 'b)
where wfrec R F = (Ax. THE y. wfrec-rel R (M z. F (cut f R z) z) © y)

lemma cuts-eq: (cut fRx = cut g Rz) «— (Vy. (y,2) € R— fy=gy)
(proof )

lemma cut-apply: (z, a) € R=—= cut fRaz = fz
(proof )

Inductive characterization of wfrec combinator; for details see: John Harri-
son, "Inductive definitions: automation and application".
lemma thel-unique: 'x. Px = Pz <— x = The P

(proof )

lemma wfrec-unique:
assumes adm-wf R F wf R
shows 3ly. wfrec-rel R F z y

(proof)

lemma adm-lemma: adm-wf R (Afz. F (cut f R z) x)
{proof)

lemma wfrec: wf R = wfrec R F a = F (cut (wfrec R F) R a) a
{proof)

This form avoids giant explosions in proofs. NOTE USE OF =.
lemma def-wfrec: f = wfrec RF — wfR = fa=F (cut fR a) a
(proof )
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23.0.1 Well-founded recursion via genuine fixpoints

lemma wfrec-fixpoint:
assumes wf: wf R
and adm: adm-wf R F
shows wfrec R F' = F (wfrec R F)

(proof)

lemma wfrec-def-adm: f = wfrec R F — wf R = adm-wf R F — f=F f
(proof )

23.1 Wellfoundedness of same-fst

definition same-fst :: (‘a = bool) = (‘a = (b x 'b) set) = (('a x 'b) x (‘a x
‘b)) set
where same-fst PR = {((z', y'), (z, y)) .2’ =2 APz A (y,y) € R z}
— For wfrec declarations where the first n parameters stay unchanged in the
recursive call.

lemma same-fstI [introl]: Pz = (y', y) € Rz = ((z, ¥'), (=, y)) € same-fst
PR
{proof)

lemma wf-same-fst:

assumes Az. Pz = wf (R x)
shows wf (same-fst P R)

(proof)

end

24 Orders as Relations

theory Order-Relation
imports Wfrec
begin

24.1 Orders on a set

definition preorder-on Ar=r C A x A A refl-on A r A trans r
definition partial-order-on A r = preorder-on A r A antisym r
definition linear-order-on A r = partial-order-on A r A total-on A r
definition strict-linear-order-on A r = trans r A irrefl v A total-on A r
definition well-order-on A r = linear-order-on A r A wf(r — Id)

lemmas order-on-defs =
preorder-on-def partial-order-on-def linear-order-on-def
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strict-linear-order-on-def well-order-on-def

lemma partial-order-onD:
assumes partial-order-on A r shows refl-on A r and trans r and antisym r
and r C A x A

{proof)

lemma preorder-on-empty[simp): preorder-on {} {}
{proof)

lemma partial-order-on-empty[simp): partial-order-on {} {}
{proof)

lemma Inear-order-on-empty[simp)|: linear-order-on {} {}

(proof)

lemma well-order-on-empty[simpl: well-order-on {} {}
{proof)

lemma preorder-on-converse[simpl: preorder-on A (r~') = preorder-on A r
(proof)

lemma partial-order-on-converse[simp|: partial-order-on A (r—') = partial-order-on
Ar

(proof)

lemma linear-order-on-converse|[simp|: linear-order-on A (r=!) = linear-order-on

Ar
(proof )

lemma partial-order-on-acyclic:
partial-order-on A r = acyclic (r — Id)

{proof)

lemma partial-order-on-well-order-on:
finite r = partial-order-on A r = wf (r — Id)
(proof )

lemma strict-linear-order-on-diff-1d: linear-order-on A r = strict-linear-order-on
A (r — Id)
(proof)

lemma linear-order-on-singleton [simpl: linear-order-on {z} {(z, z)}
{proof)

lemma linear-order-on-acyclic:
assumes linear-order-on A r
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shows acyclic (r — Id)
{proof)

lemma linear-order-on-well-order-on:
assumes finite r
shows linear-order-on A r +— well-order-on A r

{proof)

24.2 Orders on the field
abbreviation Refl r = refl-on (Field r) r

abbreviation Preorder r = preorder-on (Field r) r
abbreviation Partial-order r = partial-order-on (Field r) r
abbreviation Total r = total-on (Field r) r

abbreviation Linear-order r = linear-order-on (Field r) r

abbreviation Well-order r = well-order-on (Field r) r

lemma subset-Image-Image-iff:
Preorder r = A C Field r = B C Field r =
r“ACr“B<+— (VacA.IbeB. (b, a) € 1)
(proof)

lemma subset-Imagel-Imagel-iff:
Preorder r = a € Fieldr = b € Fiellr = r “{a} Cr “{b} +— (b, a) €
r

{proof)

lemma Refl-antisym-eq-Imagel-Imagel-iff:
assumes Refl r
and as: antisym r
and abf: a € Field r b € Field r
shows r “{a} =r “{b} +— a=1b
(is 2lhs <— ?rhs)

(proof)

lemma Partial-order-eq-Imagel-Imagel-iff:
Partial-order r = a € Fiellr = b € Fieldr = r “{a} =1 “{b} +— a =
b

(proof)

lemma Total-I1d-Field:
assumes Total r
and not-Id: = r C Id
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shows Field r = Field (r — Id)
(proof)

24.3 Relations given by a predicate and the field

definition relation-of :: (‘a = 'a = bool) = 'a set = (‘a X 'a) set
where relation-of PA={ (a,b) € A x A.Pab}

lemma refl-relation-ofD: refl (relation-of R S) = reflp-on S R
(proof )

lemma irrefi-relation-ofD: irrefl (relation-of R S) = irrefip-on S R
(proof)

lemma sym-relation-of [simp]: sym (relation-of R S) «— symp-on S R
(proof)

lemma asym-relation-of [simp]: asym (relation-of R S) <— asymp-on S R

(proof)

lemma antisym-relation-of [simp: antisym (relation-of R S) +— antisymp-on S
R
(proof )

lemma trans-relation-of [simp]: trans (relation-of R S) <— transp-on S R
(proof)

lemma total-relation-ofD: total (relation-of R S) = totalp-on S R
(proof )

lemma Field-relation-of:
assumes relation-of P A C A x A and refl-on A (relation-of P A)
shows Field (relation-of P A) = A

(proof)

lemma partial-order-on-relation-ofI:
assumes refl: Na. a € A= Paa
and trans: Aabc. [a€e A;be A;ce Al=— Pab=— Pbc=— Pac
and antisym: Nab.[a€ A;b e A] = Pab=— Pba=a=1
shows partial-order-on A (relation-of P A)

(proof)

lemma Partial-order-relation-ofI:
assumes partial-order-on A (relation-of P A)
shows Partial-order (relation-of P A)

(proof)

24.4 Orders on a type

abbreviation strict-linear-order = strict-linear-order-on UNIV
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abbreviation linear-order = linear-order-on UNIV

abbreviation well-order = well-order-on UNIV

24.5 Order-like relations

In this subsection, we develop basic concepts and results pertaining to order-
like relations, i.e., to reflexive and/or transitive and/or symmetric and/or
total relations. We also further define upper and lower bounds operators.

24.5.1 Auxiliaries

corollary well-order-on-domain: well-order-on A r => (a, b)) € r=a € AN D
S|

(proof )

lemma well-order-on-Field: well-order-on A r = A = Field r
(proof )

lemma well-order-on-Well-order: well-order-on A r = A = Field r N Well-order
r

{proof)

lemma Total-subset-1d:
assumes Total r

and r C Id
shows r = {} V (Ja. r = {(a, a)})
{(proof)

lemma Linear-order-in-diff-1d:
assumes Linear-order r
and a € Field r
and b € Field r
shows (a, b) € r «— (b, a) ¢ r — Id
(proof )

24.5.2 The upper and lower bounds operators

Here we define upper (“above") and lower (“below") bounds operators. We
think of r as a non-strict relation. The suffix S at the names of some
operators indicates that the bounds are strict — e.g., underS a is the set of
all strict lower bounds of a (w.r.t. r). Capitalization of the first letter in
the name reminds that the operator acts on sets, rather than on individual
elements.

definition under :: 'a rel = 'a = 'a set
where under r a = {b. (b, a) € 1}



THEORY “Order-Relation” 453

definition underS :: ‘a rel = 'a = 'a set
where underS ra ={b. b # a A (b, a) € 1}

definition Under :: 'a rel = 'a set = 'a set
where Under r A = {b € Fieldr.Va € A. (b, a) € 1}

definition UnderS :: 'a rel = 'a set = 'a set
where UnderSr A= {b € Fieldr.Va€ A. b# a A (b, a) € 1}

definition above :: 'a rel = 'a = 'a set
where above r a = {b. (a, b) € r}

definition aboveS :: 'a rel = 'a = 'a set
where aboveS ra={b. b# a A (a, b) € r}

definition Above :: ‘a rel = 'a set = 'a set
where Above r A = {b € Fieldr.Va € A. (a, b) € r}

definition AboveS :: 'a rel = 'a set = 'a set
where AboveS r A ={b € Fieldr.Va € A. b # a A (a, b) € r}

definition ofilter :: 'a rel = 'a set = bool
where ofilter r A= A C Fieldr AN (Va € A. under r a C A)

Note: In the definitions of Above[S] and Under[S], we bounded comprehen-
sion by Field r in order to properly cover the case of A being empty.

lemma underS-subset-under: underS r a C under r a
(proof)

lemma underS-notIn: a ¢ underS r a
(proof)

lemma Refl-under-in: Refl r = a € Field r = a € under r a
(proof)

lemma AboveS-disjoint: A N (AboveS r A) = {}
{proof)

lemma in-AboveS-underS: a € Field r = a € AboveS 1 (underS r a)
(proof)

lemma Refl-under-underS: Refl r = a € Field r = under r a = underS r a U
{a}
{proof )

lemma underS-empty: a ¢ Field r = underS r a = {}
{proof)
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lemma under-Field: under r a C Field r
(proof)

lemma underS-Field: underS r a C Field r

(proof)

lemma underS-Field2: a € Field r = underS r a C Field r
(proof )

lemma underS-Field3: Field r # {} = underS r a C Field r
(proof)

lemma AboveS-Field: AboveS r A C Field r
(proof)

lemma under-incr:
assumes trans r
and (a, b) € r
shows under r a C under r b

{proof)

lemma underS-incr:
assumes trans r
and antisym r
and ab: (a, b) € r
shows underS r a C underS r b
(proof)

lemma underS-incl-iff:
assumes LO: Linear-order r
and INa: a € Field r
and INb: b € Field r
shows underS r a C underS r b «— (a, b) € r
(is ?lhs «— ?rhs)
(proof)

lemma finite- Partial-order-induct[consumes 3, case-names stepl:
assumes Partial-order r
and z € Field r
and finite r
and step: Az. ¢ € Fieldr = (A\y. y € aboveS rz = Py) = Pz
shows P z

{proof)

lemma finite-Linear-order-induct[consumes 3, case-names stepl:
assumes Linear-order r
and z € Field r
and finite r
and step: \z. z € Field r = (\y. y € aboveSrz = Py) = Pux
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shows P z
(proof )

24.6 Variations on Well-Founded Relations

This subsection contains some variations of the results from HOL. Wellfounded:

e means for slightly more direct definitions by well-founded recursion;
e variations of well-founded induction;

e means for proving a linear order to be a well-order.

24.6.1 Characterizations of well-foundedness

A transitive relation is well-founded iff it is “locally” well-founded, i.e., iff
its restriction to the lower bounds of of any element is well-founded.

lemma trans-wf-iff:

assumes trans r

shows wf r «+— (Va. wf (r N (r~1*{a} x r~1{a})))
(proof)

A transitive relation is well-founded if all initial segments are finite.

corollary wf-finite-segments:
assumes irrefl r and trans r and Az. finite {y. (y, x) € r}
shows wf r

(proof)

The next lemma is a variation of wf-eqg-minimal from Wellfounded, allowing
one to assume the set included in the field.

lemma wf-eg-minimal2: wfr +— (VA. A C Fieldr N A # {} — (3a€ A.Va’
€ A (a';a)¢r))
(proof )

24.6.2 Characterizations of well-foundedness

The next lemma and its corollary enable one to prove that a linear order is
a well-order in a way which is more standard than via well-foundedness of
the strict version of the relation.

lemma Linear-order-wf-diff-1d:

assumes Linear-order r

shows wf (r — Id) «— (VA C Fieldr. A # {} — (Ja€ A Va' € A. (a, a))
€r))

{(proof)
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corollary Linear-order- Well-order-iff:
Linear-order r =
Well-order r «+— (VA C Fieldr. A# {} — (3a€ A.Va' € A. (a, a’) € 1))

{proof)

end

25 Hilbert’s Epsilon-Operator and the Axiom of
Choice

theory Hilbert-Choice

imports Wellfounded

keywords specification :: thy-goal-defn
begin

25.1 Hilbert’s epsilon

axiomatization Eps :: (‘a = bool) = 'a
where somel: P x = P (Eps P)

syntax (epsilon)

-Eps :: pttrn = bool = 'a («(<indent=38 notation=<binder e»e-./ -)» [0, 10] 10)
syntax (input)

-Eps :: pttrn = bool = 'a («(<indent=3 notation=<binder @»Q -./ -)» [0, 10]
10)
syntax

-Eps :: pttrn = bool = 'a (<(<indent=3 notation=<binder SOME»»SOME -./ -)
[0, 10] 10)

syntax-consts -Eps = Eps

translations
SOME z. P = CONST Eps (Az. P)

(ML)

definition inv-into :: ‘a set = (‘a = 'b) = ('b = 'a) where
inv-into A f = (Az. SOME y. y € AN fy = z)

lemma inv-into-def2: inv-into A fz = (SOME y. y € AN fy = x)
(proof)

abbreviation inv :: (‘a = 'b) = ('b = 'a) where
inv = inv-into UNTV
25.2 Hilbert’s Epsilon-operator

lemma Eps-cong:
assumes A\z. Pz = Q x
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shows Eps P = Eps
(proof)

Easier to use than somel if the witness comes from an existential formula.

lemma somel-ex [elim?): 3. Px = P (SOME z. P x)
{proof)

lemma some-eq-imp:
assumes Eps P = a P b shows P a
(proof)

Easier to use than somel because the conclusion has only one occurrence of

P.

lemma somel2: Pa = (Az. Pz = Q z) = Q (SOME z. P x)
{proof)

Easier to use than somel2 if the witness comes from an existential formula.

lemma somel2-ex: 3a. Pa = (A\z. Pz = Q z) = Q (SOME z. P x)
{proof)

lemma somel2-bex: 3a€A. Pa —= (A\z. 2 € ANPz = Q2z) = Q (SOME
x.x € AN Px)
(proof )

lemma some-equality [intro]: P a = (A\z. Px = z = a) = (SOME z. P 1)

=a
(proof)

lemma somel-equality: 3\z. Px = P a = (SOME z. Px) = a
{proof)

lemma some-eq-ex: P (SOME z. P z) «— (3. P x)
{proof)

lemma some-in-eq: (SOME z. x € A) € A +— A # {}
{proof)

lemma some-eg-trivial [simp]: (SOME y. y = z) =«
{proof)

lemma some-sym-eg-trivial [simp]: (SOME y. z = y) = x

(proof)

25.3 Axiom of Choice, Proved Using the Description Oper-
ator

lemma choice: Vz. Jy. Qry = 3f. V. Qz (fz)
(proof )
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lemma bchoice: VzeS. Jy. Qxy = If. VzeS. Q = (fz)
(proof )

lemma choice-iff: (Va. Jy. Qzy) +— (Af. V. Q z (fx))
(proof)

lemma choice-iff: (Vz. Pz — (3y. Qzy)) «— (3f. V. Pz — Qz (fz))
{proof)

lemma behoice-iff: (Vaz€S. Jy. Qxy) «— (If. VzeS. Q z (f x))
(proof )

lemma bchoice-iff: (Vz€S. Pz — (Jy. Qzy)) «— (3f. VzeS. Pz — Q=

(fz))
(proof)

lemma dependent-nat-choice:
assumes 1: Jz. P 0 x
and 2: Azn. Pnaz = Jy. P (Sucn) yAQ@Qnzy
shows 3f.Vn. Pn (fn) A @n (fn) (f (Suc n))

(proof)

lemma finite-subset-Union:
assumes finite A A CJB
obtains F where finite F F C B ACUF

(proof)

25.4 Getting an element of a nonempty set

definition some-elem :: 'a set = 'a

where some-elem A = (SOME z. z € A)

lemma some-elem-eq [simp]: some-elem {z} = z
(proof)

lemma some-elem-nonempty: A # {} = some-elem A € A
{proof)

lemma is-singleton-some-elem: is-singleton A «— A = {some-elem A}
(proof)

lemma some-elem-image-unique:
assumes A # {}
and x: A\y. ye A= fy=a
shows some-elem (f * A) = a
(proof)

25.5 Function Inverse

lemma inv-def: inv f = (A\y. SOME z. fz = y)
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{proof)

lemma inv-into-into: x € f * A = inv-into A fz € A
(proof )

lemma inv-identity [simp]: inv (Aa. a) = (Aa. a)
(proof)

lemma inv-id [simp]: inv id = id
{proof)

lemma inv-into-f-f [simp]: inj-on fA = z € A = inv-into A f (fz) =z
(proof )

lemma inv-f-f: inj f = inv f (fz) =z
(proof )

lemma f-inv-into-f: y € f'A = f (inv-into A fy) =y
(proof )

lemma inv-into-f-eq: inj-on fA — € A = fz =y = inv-into A fy ==z
(proof)

lemma inv-f-eq: injf = fr =y = invfy=1zx
(proof )

lemma inj-imp-inv-eq: inj f = V. f (gr) =z = invf =g
(proof )

But is it useful?

lemma inj-transfer:
assumes inj: inj f
and minor: A\y. y € range f = P (inv f y)
shows P z

(proof)

lemma inj-iff: inj f +— inv f o f =1id
(proof )

lemma inv-o-cancel[simp): inj f = inv f o f = id
(proof )

lemma o-inv-o-cancel[simpl: inj f = goinvfof=g

(proof)

lemma inv-into-image-cancel[simp]: inj-on fA = S C A = inv-into A f *f ¢S
=38
{proof )
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lemma inj-imp-surj-inv: inj f = surj (inv f)
{proof )

lemma surj-f-inv-f: surj f = f (inv fy) =y
(proof)

lemma bij-inv-eq-iff: bijp =z =invpy<+—pr =y
(proof)

lemma inv-into-injective:
assumes eq: inv-into A fx = inv-into A fy
and z: ¢ € f‘A
and y: y € f‘A
shows z = y

(proof)

lemma inj-on-inv-into: B C f‘A = inj-on (inv-into A f) B
{proof)

lemma inj-imp-bij-betw-inv: inj f = bij-betw (inv f) (f * M) M
(proof )

lemma bij-betw-inv-into: bij-betw f A B = bij-betw (inv-into A f) B A
(proof )

lemma surj-imp-inj-inv: surj f = inj (inv f)
(proof )

lemma surj-iff: surj f +— f o inv f = id
(proof )

lemma surj-iff-all: surj f +— (Vz. f (inv fz) = z)
(proof )

lemma surj-imp-inv-eq:
assumes surj f and gf: Az. g (fz) =z
shows inv f = ¢

(proof)

lemma bij-imp-bij-inv: bij f = bij (inv f)
(proof )

lemma inv-equality: (Nz. g (fz) =2) = (ANy- f(9y) =y) = invf=yg
(proof)

lemma inv-inv-eq: bij f = inv (inv f) = f
(proof )

bij (inv f) implies little about f. Consider f :: bool = bool such that f True
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= f False = True. Then it ia consistent with axiom somel that inv f could
be any function at all, including the identity function. If inv f = id then
inv f is a bijection, but inj f, surj f and inv (inv f) = f all fail.
lemma inv-into-comp:
injron f (¢ ‘A) = injongA =z € f‘g ‘A=
inv-into A (f o ¢g) z = (inv-into A g o inv-into (g ‘ A) f) z
(proof)

lemma o-inv-distrib: bij f = bij g = inv (f o g) = inv g o inv f
(proof )

lemma image-f-inv-f: surj f = f*(inv f*A) = A
(proof )

lemma image-inv-f-f: inj f = inv f ‘ (f *A) = A
(proof )

lemma bij-image-Collect-eq:
assumes bij f
shows f ¢ Collect P = {y. P (inv fy)}

(proof)

lemma bij-vimage-eq-inv-image:
assumes bij f
shows f —“A=invf‘A
(proof)

lemma inv-fn-o-fn-is-id:

fixes f::'a = a

assumes bij f

shows ((inv f)"n) o (f""n) = (\z. z)
(proof)

lemma fn-o-inv-fn-is-id:

fixes f::'a = a

assumes bij f

shows (" n) o ((inv f)""n) = (A\z. z)
(proof)

lemma inv-fn:

fixes f::'a = 'a

assumes bij f

shows inv (f~n) = ((inv f) ""n)
(proof)

lemma funpow-inj-finite:
assumes <inj p) <finite {y. In. y = (p ~ n) zp
obtains n where <n > 0» «(p " " n) z =
(proof)
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lemma mono-inv:
fixes f::'a::linorder = 'b:linorder
assumes mono f bij f
shows mono (inv f)

(proof)

lemma strict-mono-inv-on-range:
fixes [ :: 'a::linorder = 'b::order
assumes strict-mono f
shows strict-mono-on (range f) (inv f)

(proof)

lemma mono-bij-Inf:
fixes [ :: 'a::complete-linorder = 'b::complete-linorder
assumes mono f bij f
shows [ (Inf A) = Inf (f‘A)

(proof)

lemma finite-fun-UNIVD1:
assumes fin: finite (UNIV :: (‘a = 'b) set)
and card: card (UNIV :: 'b set) # Suc 0
shows finite (UNIV :: 'a set)

(proof)

Every infinite set contains a countable subset. More precisely we show that
a set S is infinite if and only if there exists an injective function from the
naturals into S.

The “only if” direction is harder because it requires the construction of a
sequence of pairwise different elements of an infinite set S. The idea is to
construct a sequence of non-empty and infinite subsets of S obtained by
successively removing elements of S.

lemma infinite-countable-subset:
assumes inf: - finite S
shows 3 f:nat = ‘a. inj f A range f C S
— Courtesy of Stephan Merz

(proof)

lemma infinite-iff-countable-subset: = finite S +— (3 f:inat = 'a. inj f A range f
c9)

— Courtesy of Stephan Merz

(proof )

lemma image-inv-into-cancel:
assumes surj: f‘A = A’
and sub: B’ C A’
shows f {((inv-into A f)‘B’) = B’
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{proof)

lemma inv-into-inv-into-eq:
assumes bij-betw f A A’
and a: a € A
shows inv-into A’ (inv-into A f) a = fa
(proof)

lemma inj-on-iff-surj:

assumes A # {}

shows (3f. injron fANf AC A)+— (Fg. g A= A)
(proof)

lemma Ez-inj-on- UNION-Sigma:
3f. (injron f (Ui € I. Ad) A f (Uie I Ai)C (SIGMAi:1. Ai))
(proof)

lemma inv-unique-comp:
assumes fg: f o g = id
and gf: go f =1id
shows inv f = ¢
(proof)

lemma subset-image-inj:
SCf‘T+«— 3U.UCTANinjonfUANS=fU)
(proof)

25.6 Other Consequences of Hilbert’s Epsilon
Hilbert’s Epsilon and the split Operator

Looping simprule!

lemma split-paired-Eps: (SOME z. P z) = (SOME (a, b). P (a, b))
{proof)

lemma FEps-case-prod: Eps (case-prod P) = (SOME zy. P (fst zy) (snd xy))
(proof)

lemma Eps-case-prod-eq [simpl: (SOME (z', y'). z = ' ANy = y') = (z, y)
(proof )

A relation is wellfounded iff it has no infinite descending chain.
lemma wf-iff-no-infinite-down-chain: wf r +— (Af. Vi. (f (Suc i), fi) € r)
(is - «— = Zex)

(proof)

lemma wf-no-infinite-down-chaink:
assumes wf r
obtains k where (f (Suc k), fk) & r
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{proof)

A dynamically-scoped fact for TFL

lemma ifl-some: VP z. Pz — P (Eps P)
(proof)

25.7 An aside: bounded accessible part

Finite monotone eventually stable sequences
lemma finite-mono-remains-stable-implies-strict-prefiz:
fixes [ :: nat = 'a::order
assumes S: finite (range f) mono f
and eq: Vn. fn=f (Sucn) — f (Sucn) = f (Suc (Suc n))
shows IN. (Vn<N.Vm<N.m<n— fm<fn)AN(Vn>N.fN = fn)
(proof)

lemma finite-mono-strict-prefix-implies-finite-fixpoint:
fixes [ :: nat = 'a set
assumes S: Ai. fi C S finite S
and ex: IN. (Vn<N.Vm<N.m<n— fmC fn) AN(Vn>N.fN = fn)
shows f (card S) = (Un. fn)
(proof)

25.8 More on injections, bijections, and inverses

locale bijection =
fixes f :: 'la = "a
assumes bij: bij f
begin

lemma bij-inv: bij (inv f)
(proof )

lemma surj [simp]: surj f
(proof )

lemma inj: inj f
(proof)

lemma surj-inv [simpl: surj (inv f)
{proof)

lemma inj-inv: inj (inv f)
(proof )

lemma eql: fa=fb=—= a=b
(proof)

lemma eq-iff [simp]: fa=fb+— a=1b
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{proof)

lemma eg-invl: inv fa=invfb=— a=2>5
(proof )

lemma eg-inv-iff [simpl: inv fa =inv fb<+— a=D>
(proof )

lemma inv-left [simp]: inv f (fa) = a
(proof )

lemma inv-comp-left [simp]: inv f o f = id
(proof )

lemma inv-right [simp): f (inv fa) = a
(proof )

lemma inv-comp-right [simp]: f o inv f = id
(proof)

lemma inv-left-eq-iff [simpl: inv fa =b+— fb=a
(proof )

lemma inv-right-eq-iff [simp]: b = inv fa +— fb=a
(proof)

end

lemma infinite-imp-bij-betw:
assumes infinite: - finite A
shows 3 h. bij-betw h A (A — {a})

(proof)

lemma infinite-imp-bij-betw2:
assumes — finite A
shows 3 h. bij-betw h A (A U {a})

(proof)

lemma bij-betw-inv-into-left: bij-betw fA A’ =— a € A = inv-into A f (fa) = a
(proof )

lemma bij-betw-inv-into-right: bij-betw f A A’ = o’ € A’ = f (inv-into A f a’)
= a/
(proof )

lemma bij-betw-inv-into-subset:
bij-betw fA A'= B C A= f ‘B = B’ = bij-betw (inv-into A f) B’ B
(proof )
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25.9 Specification package — Hilbertized version
lemma exE-some: Ex P — ¢ = Eps P = P c
(proof )

(ML)
25.10 Complete Distributive Lattices — Properties depend-
ing on Hilbert Choice

context complete-distrib-lattice
begin

lemma Sup-Inf: | | (Inf *A) =[] (Sup ‘{f ‘A |f. VBEA. f B € B})
(proof)

lemma dual-complete-distrib-lattice:
class.complete-distrib-lattice Sup Inf sup (>) (>) inf T L
(proof )

lemma sup-Inf: « U[]B =[]((l) a ‘ B)
(proof)

lemma inf-Sup: a M| |B = |((M) a ¢ B)
(proof )

lemma INF-SUP: ([y. | |z. Pzy) = (Uf - []z. P (fz) )
(proof)

lemma INF-SUP-set: ([1B€A. | |(g ‘B)) = (| IBe{f ‘A |f.VCeA. fC € C}.
(g *B))

(proof)

(is - = (|| BE?F. -)

lemma SUP-INF: (| |y. [1z. Pz y) = ([z. | ]y. P (z y) y)
(proof )

lemma SUP-INF-set: (| Jz€A. || (¢ ‘z)) = ([Jze{f ‘A |f.-VYeEA. fY € Y}

L (g *2))
{proof)

end

context complete-distrib-lattice
begin

lemma sup-INF: o U ([]b€B. fb) = ([1b€B. a U fb)
(proof)
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lemma inf-SUP: a M (| JbeB. fb) = (L JbeB. aN fb)
{proof)

lemma Inf-sup: [|BU a = ([]b€B. b U a)
(proof)

lemma Sup-inf: | |B M a= (]beB. bM a)
{proof)

lemma INF-sup: ([1b€B. fb) Ua= ([]b€B. fbU a)
{proof)

lemma SUP-inf: (| |beB. fb) Ma = (|beB. fbN a)
{proof)

lemma Inf-sup-eg-top-iff: [1BUa=T) +— (VbeB. bUa=T)
(proof)

lemma Sup-inf-eq-bot-iff: (| |BMa= 1) +— (VbeB. bMa= 1)
{proof)

lemma INF-sup-distrib2: ([Ja€A. fa) U ([1b€B. g b) = ([|acA.[]b€B. falyg
b)
{proof)

lemma SUP-inf-distrib2: (| Ja€A. fa) M (| |b€B. gb) = (| Ja€A. | |bEB. fa g
b)
{proof)

end

instantiation set :: (type) complete-distrib-lattice

begin

instance (proof)

end

instance set :: (type) complete-boolean-algebra (proof)

instantiation fun :: (type, complete-distrib-lattice) complete-distrib-lattice
begin

instance (proof)

end

instance fun :: (type, complete-boolean-algebra) complete-boolean-algebra (proof)

context complete-linorder
begin

subclass complete-distrib-lattice
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(proof)

end

end

26 Zorn’s Lemma and the Well-ordering Theorem

theory Zorn
imports Order-Relation Hilbert-Choice
begin

26.1 Zorn’s Lemma for the Subset Relation

26.1.1 Results that do not require an order

Let P be a binary predicate on the set A.

locale pred-on =
fixes A :: ‘a set
and P :: 'a = 'a = bool (infix () 50)
begin

abbreviation Peqg :: 'a = 'a = bool (infix Ty 50)
where t C y =P~z y
A chain is a totally ordered subset of A.

definition chain :: 'a set = bool
where chain C +— C C AN (VzeC.VyeC. 2 C y V y C 1)

We call a chain that is a proper superset of some set X, but not necessarily
a chain itself, a superchain of X.

abbreviation superchain :: 'a set = ‘a set = bool (infix <<c» 50)
where X <c C = chain C AN X C C

A maximal chain is a chain that does not have a superchain.

definition mazchain :: 'a set = bool
where mazchain C < chain C A (3S. C <c S)

We define the successor of a set to be an arbitrary superchain, if such exists,
or the set itself, otherwise.
definition suc :: 'a set = 'a set

where suc C = (if = chain C V mazchain C then C else (SOME D. C <c¢ D))

lemma chainl [Pure.intro?): C CA = (A\zy.2€ C =y (C=zCyVy
C 2) = chain C
{proof)

lemma chain-total: chain C —=2r€ C = ye C=2CyVyLCuzx
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{proof)

lemma not-chain-suc [simp]: = chain X = suc X = X
{proof)

lemma mazxchain-suc [simp]: mazchain X = suc X = X
(proof)

lemma suc-subset: X C suc X
(proof)

lemma chain-empty [simp]: chain {}
{proof)

lemma not-mazchain-Some: chain C' = — mazchain C = C <c (SOME D. C
<c¢ D)
{proof)

lemma suc-not-equals: chain C = — mazchain C = suc C' # C
(proof )

lemma subset-suc:
assumes X C Y
shows X C suc Y

{proof)

We build a set C that is closed under applications of suc and contains the
union of all its subsets.

inductive-set suc-Union-closed («C»)
where
suc: X € C = suc X € C
| Union [unfolded Pow-iff]: X € Pow C = |JX € C

Since the empty set as well as the set itself is a subset of every set, C contains
at least {} e Cand |J C € C.

lemma suc-Union-closed-empty: {} € C
and suc-Union-closed-Union: | JC € C

(proof)

Thus closure under suc will hit a maximal chain eventually, as is shown
below.

lemma suc-Union-closed-induct [consumes 1, case-names suc Union, induct pred:
suc-Ungon-closed):
assumes X € C
and AX. X €eC = QX = Q (suc X)
and A X. X CC=VzeX. Qz = Q (UX)
shows @ X

(proof )
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lemma suc-Union-closed-cases [consumes 1, case-names suc Union, cases pred:
suc-Union-closed):
assumes X € C
and \V. X=sucY =Y el = Q
and A\ V. X=JY =Y CC= Q@
shows @
(proof)

On chains, suc yields a chain.

lemma chain-suc:
assumes chain X
shows chain (suc X)

{proof)

lemma chain-sucD:
assumes chain X
shows suc X C A A chain (suc X)

(proof)

lemma suc-Union-closed-total’:
assumes X € Cand Y € C
andx NZ. ZeC—=ZCY=Z=YVsucZCY
shows X C Y VsucY C X

{proof)

lemma suc-Union-closed-subsetD:
assumes VY C Xand X e Cand Y € C
shows X = Y VsucY C X

(proof)
The elements of C are totally ordered by the subset relation.

lemma suc-Union-closed-total:
assumes X € Cand Y e C
shows X C YV Y CX

(proof)

Once we hit a fixed point w.r.t. suc, all other elements of C are subsets of
this fixed point.
lemma suc-Union-closed-suc:

assumes X € Cand Y e¢Cand suc Y =Y
shows X C Y

{proof)

lemma eg-suc-Union:
assumes X € C
shows suc X = X +— X =JC
(is ?lhs <— ?rhs)
(proof)
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lemma suc-in-carrier:
assumes X C 4
shows suc X C A

(proof)

lemma suc-Union-closed-in-carrier:
assumes X € C
shows X C A

(proof)

All elements of C are chains.

lemma suc-Union-closed-chain:
assumes X € C
shows chain X

(proof)

26.1.2 Hausdorff’s Maximum Principle
There exists a maximal totally ordered subset of A. (Note that we do not
require A to be partially ordered.)

theorem Hausdorff: 3 C. maxchain C
(proof)

Make notation C available again.
no-notation suc-Union-closed («C»)

lemma chain-extend: chain C = 2z € A = Vaze€C. z C z = chain ({z} U C)
(proof)

lemma mazxchain-imp-chain: mazchain C — chain C
(proof)

end

Hide constant pred-on.suc-Union-closed, which was just needed for the proof
of Hausforff’s maximum principle.

hide-const pred-on.suc-Union-closed
lemma chain-mono:
assumes A\zy r € A—ye A= Pry=— Quzy

and pred-on.chain A P C
shows pred-on.chain A @ C

{proof)

26.1.3 Results for the proper subset relation
interpretation subset: pred-on A (C) for A (proof)
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lemma subset-mazchain-maz:
assumes subset.mazxchain A C
and X € A
and JC C X
shows | JC = X
(proof)

lemma subset-chain-def: \A. subset.chain AC = (C C AN (VXeC.VYeC. X
CYVYCX))
(proof)

lemma subset-chain-insert:
subset.chain A (insert B B) «+— B € AN (VXeB. X C BV B C X) A sub-
set.chain A B

(proof)

26.1.4 Zorn’s lemma

If every chain has an upper bound, then there is a maximal set.

theorem subset-Zorn:
assumes A C. subset.chain A C — F3Ue€A.VXeC. X C U
shows IMcA. VXcA M C X — X =M

(proof)

Alternative version of Zorn’s lemma for the subset relation.

lemma subset-Zorn':
assumes A C. subset.chain A C = |JC € A
shows IMeA. VXeA M CX — X =M

(proof)

26.2 Zorn’s Lemma for Partial Orders

Relate old to new definitions.

definition chain-subset :: ‘a set set = bool (<chainc»)
where chainc C +— (VAeC.VBeC. AC BV B C A)

definition chains :: ‘a set set = ’'a set set set
where chains A = {C. C C A A chainc C}

definition Chains :: (‘a x 'a) set = 'a set set
where Chains r = {C. VaeC.Vbel. (a, b) € r V (b, a) € 1}

lemma chains-extend: ¢ € chains S = 2 € S =VzeccrzCz= {2} Uce
chains S
for z :: 'a set

{proof)
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lemma mono-Chains: r C s = Chains r C Chains s
(proof)

lemma chain-subset-alt-def: chainc C' = subset.chain UNIV C
(proof)

lemma chains-alt-def: chains A = {C. subset.chain A C}
{proof)

lemma Chains-subset: Chains r C {C. pred-on.chain UNIV (Azy. (z, y) € r) C}
(proof)

lemma Chains-subset’:
assumes refl r
shows {C. pred-on.chain UNIV (Az y. (z, y) € r) C} C Chains r

(proof)

lemma Chains-alt-def:
assumes refl r
shows Chains r = {C. pred-on.chain UNIV (Az y. (z, y) € r) C}

(proof)

lemma Chains-relation-of:
assumes C € Chains (relation-of P A) shows C C A

{proof)

lemma pairwise-chain-Union:
assumes P: AS. S € C = pairwise R S and chainc C
shows pairwise R (|JC)

{proof)
lemma Zorn-Lemma: ¥ Cechains A. |JC € A = IMecA. VXecA M C X —
X=M

{proof)
lemma Zorn-Lemma2:V Cechains A. AUEA.VXeC. X C U — dMecA.VXeA.
MCX —X=M

{proof)

26.3 Other variants of Zorn’s Lemma
lemma chainsD: ¢ € chains S = r € c=—=ycc=—=2CyVyCuz
{proof )

lemma chainsD2: ¢ € chains S =— ¢ C S
(proof )

lemma Zorns-po-lemma:
assumes po: Partial-order r
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and u: AC. C € Chains r = JueField r.VacC. (a, u) € r
shows ImeField r. VacField r. (m, a) € —> a=m

(proof)

lemma predicate-Zorn:
assumes po: partial-order-on A (relation-of P A)
and ch: AC. C € Chains (relation-of P A) = 3u € A.Vae C. Pau
shows dm € A.Va€e A. Pma—a=m

(proof)

lemma Union-in-chain: [finite B; B # {}; subset.chain A B] = B € B
(proof)

lemma Inter-in-chain: [finite B; B # {}; subset.chain A B] = B € B
(proof)

lemma finite-subset- Union-chain:
assumes finite A A C |JB B # {} and sub: subset.chain A B
obtains B where Be B ACRB

(proof)

lemma subset-Zorn-nonempty:
assumes A # {} and ch: A\C. [C#{}; subset.chain AC] = YC € A
shows IMecA. VXcA MCX — X=M

(proof)

26.4 The Well Ordering Theorem
definition init-seg-of :: ((a x 'a) set x (‘a x 'a) set) set
where init-seg-of = {(r, s). r C s A (Vabec. (a,b) €sA(bc)er— (ab)

er)}

abbreviation initial-segment-of-syntaz :: (‘a x 'a) set = ('a x 'a) set = bool
(infix <initial’-segment’-of» 55)
where r initial-segment-of s = (r, s) € init-seg-of

lemma refl-on-init-seg-of [simp|: r initial-segment-of r
(proof)

lemma trans-init-seg-of:
r initial-segment-of s = s initial-segment-of t = r initial-segment-of t
(proof)

lemma antisym-init-seg-of: r initial-segment-of s = s initial-segment-of r = r
=3
(proof)

lemma Chains-init-seg-of-Union: R € Chains init-seg-of => r€ R = r initial-segment-of

UR
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{proof)

lemma chain-subset-trans-Union:
assumes chainc R VreR. trans r
shows trans (| R)

(proof)

lemma chain-subset-antisym-Union:
assumes chainc R VreR. antisym r
shows antisym (| R)

(proof)

lemma chain-subset-Total- Union:
assumes chainc R and VreR. Total r
shows Total (| R)

(proof)

lemma wf- Union-wf-init-segs:
assumes R € Chains init-seg-of
and VreR. wfr
shows wf (UR)

(proof)

lemma initial-segment-of-Diff: p initial-segment-of ¢ = p — s initial-segment-of
qg—s
(proof )

lemma Chains-inits-Diffl: R € Chains init-seg-of => {r — s |r. r € R} € Chains
init-seg-of
{proof)

theorem well-ordering: 3r::'a rel. Well-order r A Field r = UNIV
(proof)

corollary well-order-on: 3r::'a rel. well-order-on A r
(proof)

lemma dependent-wf-choice:
fixes P :: (la = 'b) = 'a = 'b = bool
assumes wf R
and adm: Nfgzr. (Nz. (2,2) e R= fz=9gz2)= Pfar=Pguxr
and P: Az f. (Ay. (y,2) e R= Pfy (fy) = 3Ir. Pfar
shows 3f. Vz. P fz (f z)

(proof)

lemma (in wellorder) dependent-wellorder-choice:
assumes Arfgz. (A\y. y<z= fy=9gy) = Pfzr=Pguzr
and P: Az f. (A\y. y<z= Pfy(fy) = 3Ir.Pfar
shows 3f. Vz. P fz (f z)
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{proof)

end

27 Well-Order Relations as Needed by Bounded
Natural Functors

theory BNF-Wellorder-Relation
imports Order-Relation
begin

In this section, we develop basic concepts and results pertaining to well-order
relations. Note that we consider well-order relations as non-strict relations,
i.e., as containing the diagonals of their fields.
locale wo-rel =

fixes r :: ‘a rel

assumes WELL: Well-order r
begin

The following context encompasses all this section. In other words, for the
whole section, we consider a fixed well-order relation r.

abbreviation under where under = Order-Relation.under r
abbreviation underS where underS = Order-Relation.underS r
abbreviation Under where Under = Order-Relation. Under r
abbreviation UnderS where UnderS = Order-Relation.UnderS r
abbreviation above where above = Order-Relation.above r
abbreviation aboveS where aboveS = Order-Relation.aboveS r
abbreviation Above where Above = Order-Relation.Above r
abbreviation AboveS where AboveS = Order-Relation. AboveS r
abbreviation ofilter where ofilter = Order-Relation.ofilter r
lemmas ofilter-def = Order-Relation.ofilter-def[of ]

27.1 Auxiliaries

lemma REFL: Refl r
(proof)

lemma TRANS: trans r
(proof)

lemma ANTISYM: antisym r
(proof)

lemma TOTAL: Total r
(proof )

lemma TOTALS:Va € Field r.¥Yb € Field r. (a,b) € r V (b,a) € r
{proof)
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lemma LIN: Linear-order r
(proof )

lemma WF: wf (r — Id)
{proof)

lemma cases-Total:
N phi a b. [{a,b} <= Field r; ((a,b) € r = phi a b); ((b,a) € r => phi a b)]
— phiab
(proof)

lemma cases-Total3:
N phia b. [{a,b} < Field r; ((a,b) € 7 — Id V (b,a) € r — Id = phi a b);
(a =b= phiad)] = phiad
(proof )

27.2 Well-founded induction and recursion adapted to non-
strict well-order relations

Here we provide induction and recursion principles specific to non-strict
well-order relations. Although minor variations of those for well-founded
relations, they will be useful for doing away with the tediousness of having
to take out the diagonal each time in order to switch to a well-founded
relation.

lemma well-order-induct:
assumes IND: Az.Vy. y#z AN (y,z) Er — Py— Pz
shows P a

(proof)

definition
worec :: (('a = 'b) = 'a = 'b) = 'a="b
where
worec F' = wfrec (r — Id) F

definition
adm-wo :: (('a = 'b) = 'a = 'b) = bool
where
adm-wo H =Vfga. Vy € underSz. fy=9gy) —m Hfz=Hgzx

lemma worec-fixpoint:
assumes ADM: adm-wo H
shows worec H = H (worec H)

(proof)
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27.3 The notions of maximum, minimum, supremum, suc-
cessor and order filter

We define the successor of a set, and not of an element (the latter is of
course a particular case). Also, we define the maximum of two elements,
maz2, and the minimum of a set, minim — we chose these variants since we
consider them the most useful for well-orders. The minimum is defined in
terms of the auxiliary relational operator isMinim. Then, supremum and
successor are defined in terms of minimum as expected. The minimum is
only meaningful for non-empty sets, and the successor is only meaningful
for sets for which strict upper bounds exist. Order filters for well-orders are
also known as “initial segments".

definition maz2 :: ‘a = 'a = 'a
where maz2 a b = if (a,b) € r then b else a

definition isMinim :: 'a set = 'a = bool
where isMinim Ab=be AN (Va € A. (b,a) € 1)

definition minim :: 'a set = 'a
where minim A = THE b. isMinim A b

definition supr :: ‘a set = 'a
where supr A = minim (Above A)

definition suc :: 'a set = 'a
where suc A = minim (AboveS A)

27.3.1 Properties of max2

lemma maz2-greater-among:
assumes a € Field r and b € Field r
shows (a, maz2 a b) € r A (b, maz2 a b) € r AN maz2 a b € {a,b}

(proof)

lemma max2-greater:
assumes a € Field r and b € Field r
shows (a, maz2 a b) € r A (b, maz2 a b) € r

{proof)

lemma maz2-among:
assumes a € Field r and b € Field r
shows maz2 a b € {a, b}

{proof)

lemma mazx2-equalsi:
assumes a € Field r and b € Field r
shows (maz2 a b = a) = ((b,a) € 1)
(proof)
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lemma maz2-equals?2:
assumes a € Field r and b € Field r
shows (maz2 a b = b) = ((a,b) € 1)
(proof )

lemma in-notinl:
assumes (j,i) ¢ rV j =i and i € Field r and j € Field r
shows (i,j) € r (proof)

27.3.2 Existence and uniqueness for isMinim and well-definedness
of minim

lemma isMinim-unique:
assumes isMinim B a isMinim B o’
shows a = a’

{proof)

lemma Well-order-isMinim-exists:
assumes SUB: B < Field r and NE: B # {}
shows 3b. isMinim B b

(proof)

lemma minim-isMinim:
assumes SUB: B < Field r and NE: B # {}
shows isMinim B (minim B)

(proof)

27.3.3 Properties of minim

lemma minim-in:
assumes B < Field r and B # {}
shows minim B € B

{proof)

lemma minim-inField:
assumes B < Field r and B # {}
shows minim B € Field r

(proof)

lemma minim-least:
assumes SUB: B < Field r and IN: b € B
shows (minim B, b) € r

(proof)

lemma equals-minim:
assumes SUB: B < Field r and IN: a € B and
LEAST: Nb.be B= (a,b) €r
shows a = minim B
(proof)
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27.3.4 Properties of successor

lemma suc-AboveS:
assumes SUB: B < Field r and ABOVES: AboveS B # {}
shows suc B € AboveS B

(proof)

lemma suc-greater:
assumes SUB: B < Field r and ABOVES: AboveS B # {} and IN: b € B
shows suc B # b A (b,suc B) € r

{proof)

lemma suc-least-AboveS:
assumes ABOVES: a € AboveS B
shows (suc B,a) € r

(proof)

lemma suc-inField:
assumes B < Field r and AboveS B # {}
shows suc B € Field r

(proof)

lemma equals-suc-AbovesS:

assumes B < Field r and a € AboveS B and A\ a'. a’ € AboveS B = (a,a’)
er

shows a = suc B

(proof)

lemma suc-underS:
assumes IN: a € Field r
shows a = suc (underS a)

(proof)

27.3.5 Properties of order filters

lemma under-ofilter: ofilter (under a)
(proof)

lemma underS-ofilter: ofilter (undersS a)
{proof)

lemma Field-ofilter:
ofilter (Field r)
(proof)

lemma ofilter-underS-Field:
ofilter A = ((3a € Field r. A = underS a) V (A = Field r))

(proof)

lemma ofilter-UNION:
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(N i. i€ I = ofilter(4 7)) = ofilter (Ji € I. A7)
{proof)

lemma ofilter-under-UNION:
assumes ofilter A
shows A = (|Ja € A. under a)

(proof)

27.3.6 Other properties

lemma ofilter-linord:
assumes OF'1: ofilter A and OF2: ofilter B
shows A< BV B< A

(proof)

lemma ofilter-AboveS-Field:
assumes ofilter A
shows A U (AboveS A) = Field r

(proof)

lemma suc-ofilter-in:
assumes OF: ofilter A and ABOVE-NE: AboveS A # {} and
REL: (b,suc A) € r and DIFF: b # suc A
shows b € A

(proof)

end

end

28 Well-Order Embeddings as Needed by Bounded
Natural Functors

theory BNF-Wellorder-Embedding
imports Hilbert-Choice BNF-Wellorder-Relation
begin

In this section, we introduce well-order embeddings and isomorphisms and
prove their basic properties. The notion of embedding is considered from the
point of view of the theory of ordinals, and therefore requires the source to be
injected as an initial segment (i.e., order filter) of the target. A main result
of this section is the existence of embeddings (in one direction or another)
between any two well-orders, having as a consequence the fact that, given
any two sets on any two types, one is smaller than (i.e., can be injected into)
the other.
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28.1 Auxiliaries

lemma UNION-inj-on-ofilter:
assumes WELL: Well-order r and
OF: A i. i € I = wo-rel.ofilter r (A i) and
INJ: N\ i. i€ I = inj-onf (A1)
shows inj-on f (Ui € I. A i)
(proof)

lemma under-underS-bij-betw:
assumes WELL: Well-order r and WELL': Well-order r' and
IN: a € Field r and IN": f a € Field r' and
BIJ: bij-betw f (underS r a) (underS r' (f a))
shows bij-betw f (under r a) (under v’ (f a))

(proof)

28.2 (Well-order) embeddings, strict embeddings, isomor-
phisms and order-compatible functions

Standardly, a function is an embedding of a well-order in another if it in-
jectively and order-compatibly maps the former into an order filter of the
latter. Here we opt for a more succinct definition (operator embed), ask-
ing that, for any element in the source, the function should be a bijection
between the set of strict lower bounds of that element and the set of strict
lower bounds of its image. (Later we prove equivalence with the standard
definition — lemma embed-iff-compat-inj-on-ofilter.) A strict embedding (op-
erator embedS) is a non-bijective embedding and an isomorphism (operator
is0) is a bijective embedding.

definition embed :: ‘a rel = 'a’ rel = ('a = 'a’) = bool

where
embed r v’ f =V a € Field r. bij-betw f (under r a) (under v’ (f a))

lemmas embed-defs = embed-def embed-def|abs-def]

Strict embeddings:
definition embedS :: 'a rel = ‘a’ rel = ('a = 'a’) = bool
where
embedS rr' f = embed r v’ f N = bij-betw f (Field r) (Field r’)
lemmas embedS-defs = embedS-def embedS-def[abs-def]
definition iso :: ‘a rel = ‘a’ rel = ('a = 'a’) = bool
where
isorr' f=embed rr’f A bij-betw f (Field r) (Field r’)

lemmas iso-defs = iso-def iso-def[abs-def]

definition compat :: ‘a rel = ‘a’ rel = ('a = 'a’) = bool
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where
compat r v’ f =Vab. (a,b) €r — (fa, fb) er’

lemma compat-wf:
assumes CMP: compat v v’ f and WF: wf r’
shows wf r

(proof)

lemma id-embed: embed r r id
(proof)

lemma id-iso: iso r r id
(proof )

lemma embed-compat:
assumes EMB: embed v r' f
shows compat r ' f

{proof)

lemma embed-in-Field:
assumes EMB: embed r v’ f and IN: a € Field r
shows f a € Field r'

(proof)

lemma comp-embed:
assumes EMB: embed r v’ f and EMB': embed v’ v’ f'
shows embed r r'' (f' o f)

(proof)

lemma comp-iso:
assumes EMB: iso r v’ f and EMB’": iso v’ r” f'
shows iso r "' (f' o f)

{proof)

That embedS is also preserved by function composition shall be proved only
later.

lemma embed-Field: embed r v’ f = f{(Field r) < Field r’
{proof)

lemma embed-preserves-ofilter:
assumes WELL: Well-order r and WELL": Well-order r' and
EMB: embed v v’ f and OF': wo-rel.ofilter v A
shows wo-rel.ofilter v’ (f‘A)

(proof)

lemma embed-Field-ofilter:
assumes WELL: Well-order r and WELL': Well-order v’ and
EMB: embed v r' f
shows wo-rel.ofilter v/ (f{(Field 1))
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(proof)

lemma embed-inj-on:
assumes WELL: Well-order r and EMB: embed r 1’ f
shows inj-on f (Field r)

(proof)

lemma embed-undersS:
assumes WELL: Well-order r and
EMB: embed r v’ f and IN: a € Field r
shows bij-betw f (underS r a) (underS v’ (f a))

(proof)

lemma embed-iff-compat-inj-on-ofilter:

assumes WELL: Well-order r and WELL': Well-order r’

shows embed v v’ f = (compat r v’ f A inj-on f (Field r) N wo-rel.ofilter r'
(f{(Field 1)))

(proof )

lemma inv-into-ofilter-embed:
assumes WELL: Well-order r and OF: wo-rel.ofilter r A and
BIJ: Vb € A. bij-betw f (under r b) (under v’ (f b)) and
IMAGE: f * A = Field r'
shows embed 1’ r (inv-into A f)
(proof)

lemma inv-into-underS-embed:
assumes WELL: Well-order r and
BIJ: Vb € underS r a. bij-betw f (under v b) (under v’ (f b)) and
IN: a € Field r and
IMAGE: f ¢ (underS r a) = Field r’
shows embed v’ r (inv-into (underS r a) f)

{proof)

lemma inv-into-Field-embed:
assumes WELL: Well-order r and EMB: embed r v’ f and
IMAGE: Field r' < f ¢ (Field 1)
shows embed v’ r (inv-into (Field r) f)
(proof)

lemma inv-into-Field-embed-bij-betw:
assumes FEMB: embed r r' f and BILJ: bij-betw f (Field r) (Field r")
shows embed v’ r (inv-into (Field r) f)

(proof)

28.3 Given any two well-orders, one can be embedded in the
other

Here is an overview of the proof of of this fact, stated in theorem wellorders-totally-ordered:
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Fix the well-orders r::’a rel and r”:’a’ rel. Attempt to define an embedding
f:'a = 'a’ from r to r’in the natural way by well-order recursion ("hoping"
that Field r turns out to be smaller than Field r'), but also record, at the
recursive step, in a function g::’a = bool, the extra information of whether
Field r’ gets exhausted or not.

If Field v’ does not get exhausted, then Field r is indeed smaller and f is
the desired embedding from r to 7’ (lemma wellorders-totally-ordered-auz).

Otherwise, it means that Field r’ is the smaller one, and the inverse of
(the "good" segment of) f is the desired embedding from 7’ to r (lemma
wellorders-totally-ordered-auz?).

lemma wellorders-totally-ordered-auz:
fixes r ::’a rel and r":’a’ rel and
f:'a= 'a’and a:'a
assumes WELL: Well-order r and WELL": Well-order v’ and IN: a € Field r
and
IH: Vb € underS r a. bij-betw f (under r b) (under r' (f b)) and
NOT: [ ¢ (underS r a) # Field r' and SUC: f a = wo-rel.suc r' (f(underS r
a))

shows bij-betw f (under r a) (under v’ (f a))
(proof)

lemma wellorders-totally-ordered-auz2:
fixes r ::’a rel and r’:'a’ rel and
fu'a="a"and g :: 'a = bool and a::'a
assumes WELL: Well-order r and WELL': Well-order r' and
MAINT:
N\ a. (False ¢ g{(underS r a) A f{(underS r a) # Field r’
— fa = wo-rel.suc v’ (f(underS r a)) A g a = True)
A
(—(False ¢ (g(underS r a)) A f{(underS r a) # Field r')
— g a = False) and
MAIN2: \ a. a € Field r A False ¢ g{(under r a) —
bij-betw f (under r a) (under r' (f a)) and
Case: a € Field r A False € g(under r a)
shows 3f’. embed r' r [’

(proof)

theorem wellorders-totally-ordered:

fixes r ::'a rel and r”::'a’ rel

assumes WELL: Well-order r and WELL'": Well-order r'
shows (3f. embed r ' f) vV (3f'. embed r' r f')
(proof )

28.4 Uniqueness of embeddings

Here we show a fact complementary to the one from the previous subsection
— namely, that between any two well-orders there is at most one embed-
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ding, and is the one definable by the expected well-order recursive equation.
As a consequence, any two embeddings of opposite directions are mutually
inverse.

lemma embed-determined:
assumes WELL: Well-order r and WELL': Well-order v’ and
EMB: embed r v’ f and IN: a € Field r
shows f a = wo-rel.suc r' (f(underS r a))

(proof)

lemma embed-unique:
assumes WELL: Well-order r and WELL': Well-order v’ and
EMBYf: embed r r' f and EMBg: embed r r' g
shows a € Fiellr — fa=ga

(proof)

lemma embed-both Ways-inverse:
assumes WELL: Well-order r and WELL": Well-order r' and
EMB: embed r v’ f and EMB': embed r' r f’
shows (Va € Field r. f'(fa) = a) A (Va' € Field r'. f(f' a’) = a’)
{proof)

lemma embed-both Ways-bij-betw:
assumes WELL: Well-order r and WELL": Well-order r' and
EMB: embed v v’ f and EMB': embed v’ r g
shows bij-betw f (Field r) (Field r')

(proof)

lemma embed-both Ways-iso:
assumes WELL: Well-order r and WELL". Well-order r' and
EMB: embed r v’ f and EMB': embed v’ r g
shows iso r 1’ f

{proof)

28.5 More properties of embeddings, strict embeddings and
isomorphisms

lemma embed-both Ways-Field-bij-betw:
assumes WELL: Well-order r and WELL": Well-order v’ and
EMB: embed r v’ f and EMB': embed r' r f’
shows bij-betw f (Field r) (Field r')

(proof)

lemma embedS-comp-embed:
assumes WELL: Well-order r and WELL": Well-order r’
and EMB: embedS r v’ f and EMB': embed v’ v'’ f'
shows embedS r r' (f' o f)

(proof)

lemma embed-comp-embedsS:
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assumes WELL: Well-order r and WELL": Well-order r’
and EMB: embed r v’ f and EMB': embedS v’ v’ f'
shows embedS r r'' (f' o f)

(proof)

lemma embed-comp-iso:
assumes EMB: embed r v’ f and EMB’: iso r' r' [’
shows embed r "' (f' o f) (proof)

lemma iso-comp-embed:
assumes EMB: iso r v’ f and EMB': embed r' v f'
shows embed r "' (f' o f)

{proof)

lemma embedS-comp-iso:
assumes EMB: embedS r v’ f and EMB'": iso r' r" f'
shows embedS r r'" (f' o f)

(proof)

lemma iso-comp-embedsS:
assumes WELL: Well-order r and WELL": Well-order r’
and EMB: iso r v’ f and EMB" embedS r' r" f'
shows embedS r v (f' o f)

{proof)

lemma embedS-Field:
assumes WELL: Well-order r and EMB: embedS r r' f
shows f ‘ (Field r) < Field r’

(proof)

lemma embedS-iff:
assumes WELL: Well-order r and ISO: embed v 1’ f
shows embedS r v’ f = (f ¢ (Field r) < Field r’)

(proof)

lemma iso-Field: iso r r' f = f ¢ (Field r) = Field r’
(proof)

lemma iso-iff:

assumes Well-order r

shows iso r 1’ f = (embed r v’ f N f ¢ (Field r) = Field 1)
(proof)

lemma iso-iff2: iso r v’ f +—
bij-betw f (Field r) (Field r') A

(Va € Field r. Vb € Field r. (a, b) € 7 <— (fa, fb) € 1)

(is ?lhs = %rhs)

(proof)

487
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lemma iso-iff3:

assumes WELL: Well-order r and WELL': Well-order r’

shows iso r v’ f = (bij-betw f (Field r) (Field r') N compat v 1’ f)
(proof )

lemma iso-imp-inj-on:
assumes iso r 1’ f shows inj-on f (Field r)
(proof)

lemma iso-backward-Field:
assumes z € Field v’ isorr' f
shows inv-into (Field r) fx € Field r

{proof)

lemma iso-backward:

assumes (z,y) € v’ and iso: iso r r' f

shows (inv-into (Field ) f x, inv-into (Field v) fy) € 7
(proof )

lemma iso-forward:
assumes (z,y) € riso r v’ f shows (fz,fy) € r’
(proof )

lemma iso-trans:
assumes trans r and iso: iso v v’ f shows trans r’

(proof)

lemma iso-Total:
assumes Total r and iso: iso r r' f shows Total '

{proof)

lemma iso-wf:
assumes wf r and iso: iso r r’ f shows wf r’
(proof)

end

29 Constructions on Wellorders as Needed by Bounded
Natural Functors

theory BNF-Wellorder-Constructions
imports BNF-Wellorder-Embedding
begin

In this section, we study basic constructions on well-orders, such as restric-
tion to a set/order filter, copy via direct images, ordinal-like sum of disjoint
well-orders, and bounded square. We also define between well-orders the
relations ordLeq, of being embedded (abbreviated <o), ordLess, of being
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strictly embedded (abbreviated <o), and ordlso, of being isomorphic (ab-
breviated =o0). We study the connections between these relations, order
filters, and the aforementioned constructions. A main result of this section
is that <o is well-founded.

29.1 Restriction to a set

abbreviation Restr :: 'a rel = 'a set = 'a rel
where Restr r A = r Int (A x A)

lemma Restr-subset:
A < B = Restr (Restr r B) A = Restr r A
(proof )

lemma Restr-Field: Restr v (Field r) = r
{proof)

lemma Refl-Restr: Refl r = Refl(Restr r A)
(proof )

lemma linear-order-on-Restr:
linear-order-on A r = linear-order-on (A N above r x) (Restr r (above r x))

(proof)

lemma antisym-Restr:
antisym r = antisym(Restr r A)

{proof)

lemma Total-Restr:
Total r = Total(Restr r A)

{proof)

lemma total-on-imp-Total-Restr: total-on A 1 = Total (Restr r A)
{proof)

lemma trans-Restr:
trans r = trans(Restr r A)

{proof)

lemma Preorder-Restr:
assumes Preorder r
shows Preorder(Restr r A)

{proof)

lemma Partial-order-Restr:
Partial-order r = Partial-order(Restr r A)

{proof)

lemma Linear-order-Restr:
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Linear-order 1 = Linear-order(Restr r A)
{proof)

lemma Well-order-Restr:
assumes Well-order r
shows Well-order(Restr r A)

{proof)

lemma Field-Restr-subset: Field(Restr r A) < A
{proof)

lemma Refl-Field-Restr:
Refl r = Field(Restr r A) = (Field r) Int A
{proof)

lemma Refi-Field-Restr2:
[Refl r; A < Field r] = Field(Restr r A) = A
{proof )

lemma well-order-on-Restr:
assumes WELL: Well-order r and SUB: A < Field r
shows well-order-on A (Restr r A)

{proof)

29.2 Order filters versus restrictions and embeddings

lemma Field-Restr-ofilter:
[Well-order r; wo-rel.ofilter r A] => Field(Restr r A) = A
{proof)

lemma ofilter-Restr-under:
assumes WELL: Well-order r and OF: wo-rel.ofilter r A and IN: a € A
shows under (Restr r A) a = under r a

(proof)

lemma ofilter-embed:

assumes Well-order r

shows wo-rel.ofilter r A = (A < Field r N embed (Restr r A) r id)
(proof)

lemma ofilter-Restr-Int:
assumes WELL: Well-order r and OFA: wo-rel.ofilter r A
shows wo-rel.ofilter (Restr r B) (A Int B)

(proof)

lemma ofilter-Restr-subset:
assumes WELL: Well-order r and OFA: wo-rel.ofilter r A and SUB: A < B
shows wo-rel.ofilter (Restr r B) A

(proof)



THEORY “BNF-Wellorder-Constructions” 491

lemma ofilter-subset-embed:
assumes WELL: Well-order r and
OFA: wo-rel.ofilter r A and OFB: wo-rel.ofilter r B
shows (4 < B) = (embed (Restr r A) (Restr r B) id)

(proof)

lemma ofilter-subset-embedS-iso:
assumes WELL: Well-order r and
OFA: wo-rel.ofilter r A and OFB: wo-rel.ofilter r B
shows ((A < B) = (embedS (Restr r A) (Restr r B) id)) A
((A = B) = (iso (Restr r A) (Restr r B) id))
(proof)

lemma ofilter-subset-embedsS:
assumes WELL: Well-order r and
OFA: wo-rel.ofilter r A and OFB: wo-rel.ofilter r B
shows (A < B) = embedS (Restr r A) (Restr r B) id

{proof)

lemma embed-implies-iso-Restr:
assumes WELL: Well-order r and WELL': Well-order v’ and
EMB: embed r' r f
shows iso v’ (Restr r (f © (Field v))) f

(proof)

29.3 The strict inclusion on proper ofilters is well-founded

definition ofilterIncl :: 'a rel = 'a set rel
where
ofilterIncl r = {(A,B). wo-rel.ofilter r A N A # Field r N
wo-rel.ofilter 1 B A B # Field r N A < B}

lemma wf-ofilterIncl:
assumes WELL: Well-order r
shows wf (ofilterIncl r)

(proof )
29.4 Ordering the well-orders by existence of embeddings
We define three relations between well-orders:

o ordLeq, of being embedded (abbreviated <o);

 ordLess, of being strictly embedded (abbreviated <o);

o ordlso, of being isomorphic (abbreviated =o).

The prefix "ord" and the index "o" in these names stand for "ordinal-like".
These relations shall be proved to be inter-connected in a similar fashion as
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the trio <, <, = associated to a total order on a set.

definition ordLeq :: ('a rel x 'a’ rel) set
where
ordLeq = {(r,r). Well-order r N Well-order r' N (3 f. embed r v’ f)}

abbreviation ordLeq2 :: 'a rel = 'a’ rel = bool (infix «<=0> 50)
where r <=o0 r’' = (r,r) € ordLeq

abbreviation ordLeq3 :: 'a rel = 'a’ rel = bool (infix <oy 50)
where r <or’'=r <=or'

definition ordLess :: ('a rel x 'a’ rel) set
where
ordLess = {(r,r’). Well-order r N Well-order ' A (3 f. embedS r v’ f)}

abbreviation ordLess2 :: ‘a rel = 'a’ rel = bool (infix «<o0> 50)
where r <o r' = (r,r’) € ordLess

definition ordlso :: (‘a rel * 'a’ rel) set
where
ordlso = {(r,r'). Well-order r A Well-order v’ A (3f. iso r v’ f)}

abbreviation ordlso2 :: 'a rel = 'a’ rel = bool (infix «=0> 50)
where r =o r' = (r,r) € ordlso

lemmas ordRels-def = ordLeq-def ordLess-def ordIso-def

lemma ordLeq- Well-order-simp:
assumes r <o r’
shows Well-order r A Well-order r’

{proof)

Notice that the relations <o, <o, =0 connect well-orders on potentially
distinct types. However, some of the lemmas below, including the next one,
restrict implicitly the type of these relations to ((‘a rel) x ('a rel)) set , i.e.,
to 'a rel rel.

lemma ordLeg-reflexive:
Well-order r = r <o r

(proof)

lemma ordLeg-transitive[trans]:
assumes r <o r’and r’ <o r’’
shows r <o r’”’

{proof)

lemma ordLeqg-total:
[Well-order r; Well-order r'] = r <or’'V r'<or

{proof)
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lemma ordlso-reflezive:
Well-order r = r =o r

{proof)

lemma ordIso-transitive[trans]:
assumes x: 7 =o r’ and *x: v’ =0 r"’
shows r =o 1"’

{proof)

lemma ordlso-symmetric:
assumes *: 7 =0 1’
shows r’ =o r

(proof)

lemma ordLeg-ordLess-trans[trans]:
assumes r <o r’'and r’ <o r”
shows r <o r”

(proof)

lemma ordLess-ordLeg-trans[trans]:
assumes r <o r’'and r’ <or’”
shows r <o r”

{proof)

lemma ordLeq-ordIso-trans|trans]:
assumes r <o r'and r’'=or’
shows r <o r”

{proof)

lemma ordlso-ordLeg-trans|trans]:
assumes r =o r'and r’ <o r’
shows r <o r”

{proof)

lemma ordLess-ordIso-trans(trans):
assumes r <o r’and r’ =o r"
shows r <o r”

{proof)

lemma ordlso-ordLess-trans[trans):
assumes r =o r’ and r’ <o r"
shows r <o r”

{proof)

lemma ordLess-not-embed:
assumes r <o r’
shows —(3f'. embed r' r f')
(proof )
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lemma ordLess-Field:
assumes OL: r1 <o r2 and EMB: embed r1 r2 f
shows — (f{(Field r1) = Field r2)

(proof)

lemma ordLess-iff:

r <o r' = (Well-order r N Well-order v’ A =(3 f'. embed r' r f"))

(proof)

lemma ordLess-irreflexive: = r <o r
(proof)

lemma ordLeg-iff-ordLess-or-ordlso:
r<or'=(r<or’'Vr=or)

(proof)

lemma ordlso-iff-ordLeg:
(r=or)=(r<or’'Ar'<or)
(proof )

lemma not-ordLess-ordLeq:
r<or'= -r'<or
(proof)

lemma not-ordLeq-ordLess:
r<or’'= -r'<or
(proof)

lemma ordLess-or-ordLeg:
assumes WELL: Well-order r and WELL": Well-order r'
shows r <or’Vvr' <or

(proof)

lemma not-ordLess-ordlso:
r<or' = -r=or'
(proof)

lemma not-ordLeg-iff-ordLess:
assumes WELL: Well-order r and WELL': Well-order r’
shows (- ' <or) = (r <o)
(proof)

lemma not-ordLess-iff-ordLeq:
assumes WELL: Well-order r and WELL': Well-order r’
shows (- r' <o) = (r <o)
(proof )

lemma ordLess-transitive[trans]:
[r<orir' <or’] = r<or”

494
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{proof)

corollary ordLess-trans: trans ordLess
(proof )

lemmas ordlso-equivalence = ordlso-transitive ordlso-reflexive ordIso-symmetric

lemma ordlso-imp-ordLeq:
r=or' = r<or’
(proof )

lemma ordLess-imp-ordLeq:
r<or' = r<or’
(proof )

lemma ofilter-subset-ordLeq:
assumes WELL: Well-order r and
OFA: wo-rel.ofilter r A and OFB: wo-rel.ofilter r B
shows (A < B) = (Restr r A <o Restr r B)

(proof)

lemma ofilter-subset-ordLess:
assumes WELL: Well-order r and
OFA: wo-rel.ofilter r A and OFB: wo-rel.ofilter r B
shows (A < B) = (Restr r A <o Restr r B)

(proof)

lemma ofilter-ordLess:
[Well-order r; wo-rel.ofilter r A] = (A < Field r) = (Restrr A <o r)

{proof)

corollary underS-Restr-ordLess:
assumes Well-order r and Field r # {}
shows Restr r (underS r a) <o r

(proof)

lemma embed-ordLess-ofilterIncl:
assumes
OL12: r1 <o r2 and OL23: r2 <o r3 and
EMB13: embed r1 13 f13 and EMB23: embed r2 r3 f23
shows (f154 Field r1), f284(Field r2)) € (ofilterIncl r3)

(proof)

lemma ordLess-iff-ordIso-Restr:
assumes WELL: Well-order r and WELL": Well-order r’
shows (r' <o r) = (3a € Field r. v’ =0 Restr r (underS r a))

{(proof)

lemma internalize-ordLess:
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(r'<or)=(3p. Fieldp < Fieldr Nv'=0p A p <or)
(proof)

lemma internalize-ordLeq:
(r'<or) = (3p. Fieldp < Fiellr A" =op A p <or)
(proof )

lemma ordLeq-iff-ordLess-Restr:
assumes WELL: Well-order r and WELL": Well-order r’
shows (r <o r’) = (Va € Field r. Restr r (underS r a) <o r’)

(proof)

lemma finite-ordLess-infinite:
assumes WELL: Well-order r and WELL'": Well-order r' and
FIN: finite(Field v) and INF: —finite(Field r")
shows r <o r’

(proof)

lemma finite-well-order-on-ordlso:
assumes FIN: finite A and
WELL: well-order-on A r and WELL'": well-order-on A r'
shows r =o r’

(proof)

29.5 <o is well-founded
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Of course, it only makes sense to state that the <o is well-founded on the
restricted type ‘a rel rel. We prove this by first showing that, for any set of
well-orders all embedded in a fixed well-order, the function mapping each
well-order in the set to an order filter of the fixed well-order is compatible
w.r.t. to <o versus strict inclusion; and we already know that strict inclusion

of order filters is well-founded.

definition ord-to-filter :: 'a rel = 'a rel = 'a set
where ord-to-filter r0 r = (SOME f. embed v 10 f) * (Field r)

lemma ord-to-filter-compat:
compat (ordLess Int (ordLess=“{r0} x ordLess~‘{r0}))
(ofilterIncl r0)
(ord-to-filter r0)

(proof)

theorem wf-ordLess: wf ordLess

(proof)

corollary exists-minim-Well-order:
assumes NE: R # {} and WELL: Vr € R. Well-order r
shows 3r €¢ R.Vr'e R. r <o r’

(proof)
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29.6 Copy via direct images

The direct image operator is the dual of the inverse image operator inv-image
from Relation.thy. It is useful for transporting a well-order between different

types.

definition dir-image :: 'a rel = (‘a = 'a’) = 'a’ rel
where
dir-image v f = {(f a, fb)| a b. (a,b) € r}

lemma dir-image-Field:
Field(dir-image r ) = f * (Field r)
{proof)

lemma dir-image-minus-1d:
inj-on f (Field r) = (dir-image r ) — Id = dir-image (r — Id) f
{proof )

lemma dir-image-subset:

assumes r C A x B

shows dir-image rf C f ‘A x f‘B
(proof)

lemma Refl-dir-image:
assumes Refl r
shows Refl(dir-image r f)
(proof)

lemma trans-dir-image:
assumes TRANS: trans r and INJ: inj-on f (Field r)
shows trans(dir-image r f)

{proof)

lemma Preorder-dir-image:
assumes Preorder r and inj: inj-on f (Field r)
shows Preorder (dir-image r f)

{proof)

lemma antisym-dir-image:
assumes AN: antisym r and INJ: inj-on f (Field r)
shows antisym(dir-image r f)
(proof)

lemma Partial-order-dir-image:
[Partial-order r; inj-on f (Field r)] = Partial-order (dir-image r f)

(proof)

lemma Total-dir-image:
assumes TOT: Total r and INJ: inj-on f (Field r)
shows Total(dir-image r f)



THEORY “BNF-Wellorder-Constructions” 498

(proof)

lemma Linear-order-dir-image:
[Linear-order r; inj-on f (Field r)] = Linear-order (dir-image r f)
(proof)

lemma wf-dir-image:
assumes WFE: wf r and INJ: inj-on f (Field r)
shows wf(dir-image r f)

{(proof)

lemma Well-order-dir-image:
[Well-order r; inj-on f (Field r)] = Well-order (dir-image r f)
{proof)

lemma dir-image-bij-betw:
[ing-on f (Field )] = bij-betw f (Field r) (Field (dir-image r f))
{proof )

lemma dir-image-compat:
compat r (dir-image r f) f
(proof)

lemma dir-image-iso:
[Well-order r; inj-on f (Field r)] = iso r (dir-image r f) f
(proof)

lemma dir-image-ordlso:
[Well-order r; inj-on f (Field r)] = r =o dir-image r f
{proof)

lemma Well-order-iso-copy:
assumes WELL: well-order-on A r and BIJ: bij-betw f A A’
shows 37’ well-order-on A’ r' A r =o 1’

(proof)

29.7 Bounded square

This construction essentially defines, for an order relation r, a lexicographic
order bsqr r on (Field r) x (Field r), applying the following criteria (in this
order):

e compare the maximums;
e compare the first components;
e compare the second components.

The only application of this construction that we are aware of is at proving
that the square of an infinite set has the same cardinal as that set. The
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essential property required there (and which is ensured by this construction)
is that any proper order filter of the product order is included in a rectangle,
i.e., in a product of proper filters on the original relation (assumed to be a
well-order).
definition bsqr :: 'a rel => (‘a x 'a)rel
where
bsqr r = {((al,a2),(b1,b2)).
{a1,a2,b1,b2} < Field r N
(a1 = b1 Na2 =02V
(wo-rel.maz2 r al a2, wo-rel.maz2 r b1 b2) € r — Id V
wo-rel.maz2 r al a2 = wo-rel.maz2 r b1 b2 A (al,bl) € r — Id V
wo-rel.maz2 r al a2 = wo-rel.maz2 r b1 b2 N al = bl A (a2,b2) € r

)}

lemma Field-bsqr:
Field (bsqr r) = Field r x Field r

{(proof)

— Id

lemma bsqr-subset:
assumes r C Field r x Field r
shows bsqr r C Field (bsqr r) x Field (bsqr r)
(proof)

lemma bsqr-Refl: Refl(bsqr r)
{proof)

lemma bsqr-Trans:
assumes Well-order r
shows trans (bsqr r)

{proof)

lemma bsqr-antisym:
assumes Well-order r
shows antisym (bsqr r)

(proof)

lemma bsqr-Total:
assumes Well-order r
shows Total(bsqr r)

(proof)

lemma bsqr-Linear-order:
assumes Well-order r
shows Linear-order(bsqr r)

(proof)

lemma bsqgr-Well-order:
assumes Well-order r
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shows Well-order(bsqr r)
{proof)

lemma bsqr-max2:
assumes WELL: Well-order r and LEQ: ((al,a2),(b1,b2)) € bsqr r
shows (wo-rel.maz2 r al a2, wo-rel.max2 r b1 b2) € r

(proof)

lemma bsqr-ofilter:
assumes WELL: Well-order r and
OF: wo-rel.ofilter (bsqr r) D and SUB: D < Field r x Field r and
NE: = (Fa. Field r = under r a)
shows 3 A. wo-rel.ofilter r AN A < Fieldr N D < A x A

(proof)

definition Func where
Func AB={f.YVa€A fae B)A (VY a.a ¢ A — fa = undefined)}

lemma Func-empty:
Func {} B = {\z. undefined}

(proof)

lemma Func-elim:
assumes g € Func A Band a € A
shows 3 b.be BAga=1b

(proof)

definition curr where
curr A f = X a. if a € A then A\b. f (a,b) else undefined

lemma curr-in:
assumes f: f € Func (A x B) C
shows curr A f € Func A (Func B C)

{proof)

lemma curr-ing:
assumes fI € Func (A x B) C and f2 € Func (A x B) C
shows curr A f1 = curr A f2 +— f1 = f2

(proof)

lemma curr-surj:
assumes g € Func A (Func B C)
shows 3 f € Func (A x B) C. curr Af =g

(proof)

lemma bij-betw-curr:
bij-betw (curr A) (Func (A x B) C) (Func A (Func B C))

(proof)
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definition Func-map where
Func-map B2 f1 2 g b2 = if b2 € B2 then f1 (g (f2 b2)) else undefined

lemma Func-map:
assumes ¢: g € Func A2 A1 and f1: f1 A1 C Bl and f2: f2 * B2 C A2
shows Func-map B2 f1 f2 g € Func B2 Bl

{proof)

lemma Func-non-emp:
assumes B # {}
shows Func A B # {}

(proof)

lemma Func-is-emp:
Func AB={}+— A#{} NB={} (is ?L +— ?R)
(proof)

lemma Func-map-sury:
assumes B1: f1 ‘Al = Bl and A2: inj-on f2 B2 f2 < B2 C A2
and B2A2: B2 = {} = A2 = {}
shows Func B2 B1 = Func-map B2 f1 f2 * Func A2 Al

(proof)

end

30 Cardinal-Order Relations as Needed by Bounded
Natural Functors

theory BNF-Cardinal-Order-Relation
imports Zorn BNF-Wellorder-Constructions
begin

In this section, we define cardinal-order relations to be minim well-orders on
their field. Then we define the cardinal of a set to be some cardinal-order
relation on that set, which will be unique up to order isomorphism. Then
we study the connection between cardinals and:

o standard set-theoretic constructions: products, sums, unions, lists, pow-
ersets, set-of finite sets operator;

o finiteness and infiniteness (in particular, with the numeric cardinal
operator for finite sets, card, from the theory Finite-Sets.thy).

On the way, we define the canonical w cardinal and finite cardinals. We
also define (again, up to order isomorphism) the successor of a cardinal, and
show that any cardinal admits a successor.

Main results of this section are the existence of cardinal relations and the
facts that, in the presence of infiniteness, most of the standard set-theoretic
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constructions (except for the powerset) do not increase cardinality. In partic-
ular, e.g., the set of words/lists over any infinite set has the same cardinality
(hence, is in bijection) with that set.

30.1 Cardinal orders

A cardinal order in our setting shall be a well-order minim w.r.t. the order-
embedding relation, <o (which is the same as being minimal w.r.t. the strict
order-embedding relation, <o), among all the well-orders on its field.

definition card-order-on :: 'a set = 'a rel = bool
where
card-order-on A r = well-order-on A v A (Vr'. well-order-on A v’ — r <o r)

abbreviation Card-order r = card-order-on (Field r) r
abbreviation card-order r = card-order-on UNIV r

lemma card-order-on-well-order-on:
assumes card-order-on A r
shows well-order-on A r

{proof)

lemma card-order-on-Card-order:
card-order-on A r = A = Field r N Card-order r

(proof)

The existence of a cardinal relation on any given set (which will mean that
any set has a cardinal) follows from two facts:

o Zermelo’s theorem (proved in Zorn.thy as theorem well-order-on),
which states that on any given set there exists a well-order;

e The well-founded-ness of <o, ensuring that then there exists a minimal
such well-order, i.e., a cardinal order.

theorem card-order-on: 3r. card-order-on A r
(proof)

lemma card-order-on-ordlso:
assumes CO: card-order-on A r and CO’: card-order-on A r’
shows r =0 r’

{proof)

lemma Card-order-ordIso:
assumes CO: Card-order r and ISO: v’ =0 r
shows Card-order r’

{proof)

lemma Card-order-ordlso2:
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assumes CO: Card-order r and ISO: r =o r'
shows Card-order r’

{proof)

30.2 Cardinal of a set

We define the cardinal of set to be some cardinal order on that set. We
shall prove that this notion is unique up to order isomorphism, meaning
that order isomorphism shall be the true identity of cardinals.

definition card-of :: 'a set = 'a rel (<(<open-block notation=«mizfix card-of»»|-|)»)
where card-of A = (SOME r. card-order-on A r)

lemma card-of-card-order-on: card-order-on A |A|
{proof)

lemma card-of-well-order-on: well-order-on A |A|
{proof)

lemma Field-card-of: Field |A] = A
{proof)

lemma card-of-Card-order: Card-order |A|

(proof)

corollary ordlso-card-of-imp-Card-order:
r =o |A| = Card-order r
(proof)

lemma card-of-Well-order: Well-order |A|
{proof)

lemma card-of-refl: |A| =o |A|
{proof)

lemma card-of-least: well-order-on A r = |A] <o r
{proof)

lemma card-of-ordlso:
(3f. bij-betw f A B) = ( |A] =0 |B|)
(proof)

lemma card-of-ordLeq:
(3f. inj-on fANf*A< B)=(|A] <o|B])
(proof)

lemma card-of-ordLeq2:
A#{} = (3g.9 ' B=A)= (|4 <o |B[)
(proof)
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lemma card-of-ordLess:
(~(3f. inj-on fA A f*A < B)) = (|B| <o |4])
(proof )

lemma card-of-ordLess2:
B#{} = (=(3f. f*A=B)) = (|A]l <o |B])
(proof)

lemma card-of-ordlsol:
assumes bij-betw f A B
shows |4| =o |B|
(proof)

lemma card-of-ordLeql:
assumes inj-on fAand A\ a. a € A = fa € B
shows |A| <o |B|
(proof)

lemma card-of-unique:
card-order-on A r = r =o |A|

(proof)

lemma card-of-monol:
A< B = |A| <o |B|
(proof )

lemma card-of-mono2:
assumes r <o r’
shows |Field r| <o |Field |
(proof)

lemma card-of-cong: r =0 r’ = |Field r| =o |Field 1’|

{proof)

lemma card-of-Field-ordIso:
assumes Card-order r
shows |Field r| =o r

(proof)

lemma Card-order-iff-ordIso-card-of:
Card-order r = (r =o |Field r| )
(proof)

lemma Card-order-iff-ordLeqg-card-of :
Card-order r = (r <o |Field r| )
(proof)

lemma Card-order-iff- Restr-undersS:
assumes Well-order r
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shows Card-order r = (Y a € Field r. Restr v (underS r a) <o |Field r| )
{proof)

lemma card-of-undersS:
assumes r: Card-order r and a: a € Field r
shows |underS r a| <o r

(proof)

lemma ordLess-Field:
assumes r <o r’
shows |Field r| <o r’

(proof)

lemma internalize-card-of-ordLeq:
(|A] <or)= (3B < Field r. |A| =0 |B| A |B| <o)
(proof)

lemma internalize-card-of-ordLeq2:
(Al <o|C]) =3B < C.|Al =0 [B| A|B| <o |C])
(proof )

30.3 Cardinals versus set operations on arbitrary sets

Here we embark in a long journey of simple results showing that the standard
set-theoretic operations are well-behaved w.r.t. the notion of cardinal —
essentially, this means that they preserve the “cardinal identity" =0 and are
monotonic w.r.t. <o.

lemma card-of-empty: |{}| <o |A]
{proof)

lemma card-of-empty1:
assumes Well-order r V Card-order r
shows [{}| <or

(proof)

corollary Card-order-empty:
Card-order r = |{}| <o r {(proof)

lemma card-of-empty2:
assumes |A| =o |{}]
shows A = {}

{proof)

lemma card-of-empty3:
assumes |A| <o |[{}]
shows A = {}

(proof)



THEORY “BNF-Cardinal-Order-Relation”

lemma card-of-empty-ordlso:
{}::'a set] =o |{}::'b set]
{proof)

lemma card-of-image:
[f Al <o |A]
(proof)

lemma surj-imp-ordLeq:
assumes BC f ‘A
shows |B| <o |A|
(proof)

lemma card-of-singl-ordLeq:
assumes A # {}
shows [{b}| <o |4]
(proof)

corollary Card-order-singl-ordLeq:
[Card-order r; Field r # {}] = |{b}| <or
(proof)

lemma card-of-Pow: |A| <o |Pow A|
{proof)

corollary Card-order-Pow:
Card-order r => r <o |Pow(Field r)|

{proof)

506

lemma card-of-Plus1: |A| <o |A <+> B| and card-of-Plus2: |B| <o |A <+> B]

(proof)

corollary Card-order-Plus1:
Card-order r => r <o |(Field r) <+> B]

{proof)

corollary Card-order-Plus2:
Card-order r = r <o |A <+> (Field r)|

{proof)

lemma card-of-Plus-emptyl: |A| =0 |A <+> {}|

(proof)

lemma card-of-Plus-empty2: |A| =o |{} <+> A]

(proof)

lemma card-of-Plus-commute: |A <+> B| =o |B <+> A]

(proof)
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lemma card-of-Plus-assoc:
fixes A :: 'a set and B :: 'b set and C :: ‘c set
shows |(4 <+> B) <+> (| =0 |A <+> B <+> (|

(proof)

lemma card-of-Plus-monol:
assumes |A| <o |B|
shows |4 <+> (| <o |B <+> (]
(proof)

corollary ordLeg-Plus-monol:
assumes r <o r’
shows |(Field r) <4+> C| <o |(Field r") <+> C|

{proof)

lemma card-of-Plus-mono2:
assumes |A| <o |B|
shows |C <+> A| <o |C <+> B
(proof)

corollary ordLeg-Plus-mono2:
assumes r <o r’
shows |A <+> (Field r)| <o |A <+> (Field r')|

{proof)

lemma card-of-Plus-mono:
assumes |A| <o |B| and |C| <o |D|
shows |4 <+> (] <o |B <+> D|
(proof)

corollary ordLeg-Plus-mono:
assumes r <o r’ and p <o p’
shows |(Field r) <+> (Field p)| <o |(Field r') <+> (Field p")|

{proof)

lemma card-of-Plus-congl:
assumes |A| =o |B|
shows |A <+> C| =0 |B <+> (]
(proof)

corollary ordlso-Plus-congl:
assumes 7 =o 1’
shows |(Field r) <+> C| =o |(Field r’) <+> C|

{proof)

lemma card-of-Plus-cong2:
assumes |A| =o |B|
shows |C <+> A| =0 |C <+> B
(proof)
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corollary ordlso-Plus-cong?2:
assumes 7 =o 1’
shows |A <+> (Field r)| =0 |A <+> (Field r')

(proof)

lemma card-of-Plus-cong:
assumes |A| =0 |B| and |C| =0 |D|
shows |4 <+> C| =0 |B <+> D|
(proof)

corollary ordIso-Plus-cong:
assumes r =0 r’ and p =o p’
shows |(Field r) <+> (Field p)| =o |(Field r’) <4+> (Field p’)|
(proof)

lemma card-of-Un-Plus-ordLeq:
|A U B| <o |A <+> B
(proof)

lemma card-of-Times1:
assumes A # {}
shows |B| <o |B x A]
(proof)

lemma card-of-Times-commute: |A x B| =o |B x A]

(proof)

lemma card-of-Times2:
assumes A # {} shows |B| <o |A X B]

(proof)

corollary Card-order-Times1:
[Card-order r; B # {}] = r <o |(Field r) x B]

{proof)

corollary Card-order-Times2:
[Card-order r; A # {}] = r <o |A x (Field )]

{proof)

lemma card-of-Times3: |A| <o |A x A|
(proof)

lemma card-of-Plus- Times-bool: |A <+> A| =0 |A x (UNIV::bool set)|
(proof)

lemma card-of-Times-monol:
assumes |4| <o |B|
shows |4 x C| <o |B x (|
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(proof)

corollary ordLeg-Times-monol:
assumes r <o r’
shows |(Field r) x C| <o |(Field r') x C|
(proof)

lemma card-of-Times-mono2:
assumes |A| <o |B|
shows |C' x A| <o |C x B]
(proof)

corollary ordLeq-Times-mono2:
assumes r <o r’
shows |4 x (Field r)| <o |A x (Field r')|
(proof )

lemma card-of-Sigma-monol:
assumes Vi € I. |4 4| <o |B i
shows |SIGMA i : 1. Ai| <o |SIGMA i:I. Bi]

(proof)

lemma card-of-UNION-Sigma:
Uie . Ai <o |SIGMA i: 1. A i
(proof )

lemma card-of-bool:
assumes al # a2
shows |UNIV::bool set| =o |{al,a2}]

(proof)

lemma card-of-Plus- Times-aux:
assumes A2: al # a2 A {al,a2} < A and
LEQ: |4] <o |B|
shows |A <+> B| <o |A x B|
(proof)

lemma card-of-Plus- Times:
assumes A2: al # a2 A {al,a2} < A and B2: b1 # b2 N {b1,b2} < B
shows |A <+> B| <o |A x B

(proof)

lemma card-of-Times-Plus-distrib:
|[A x (B <+> ()] =0 |A x B<+> A x C| (is |RHS| =0 |?LHS]|)
(proof)

lemma card-of-ordLeg-finite:
assumes |A| <o |B| and finite B
shows finite A
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{proof)

lemma card-of-ordLeq-infinite:
assumes |A| <o |B| and - finite A
shows — finite B
(proof)

lemma card-of-ordlso-finite:
assumes |A| =o |B|
shows finite A = finite B
(proof)

lemma card-of-ordlso-finite-Field:
assumes Card-order r and r =o | 4|
shows finite(Field r) = finite A
(proof )

30.4 Cardinals versus set operations involving infinite sets

Here we show that, for infinite sets, most set-theoretic constructions do not
increase the cardinality. The cornerstone for this is theorem Card-order-Times-same-infinite,
which states that self-product does not increase cardinality — the proof of
this fact adapts a standard set-theoretic argument, as presented, e.g., in the
proof of theorem 1.5.11 at page 47 in [4]. Then everything else follows fairly
easily.
lemma infinite-iff-card-of-nat:
- finite A «— ( |UNIV::nat set| <o |A| )
(proof)

The next two results correspond to the ZF fact that all infinite cardinals are
limit ordinals:

lemma Card-order-infinite-not-under:
assumes CARD: Card-order r and INF: —finite (Field r)
shows — (Fa. Field r = under r a)

(proof)

lemma infinite-Card-order-limit:
assumes r: Card-order r and —finite (Field r)
and a: a € Field r
shows 3b € Fieldr. a # b A (a,b) € 1

(proof)

theorem Card-order-Times-same-infinite:
assumes CO: Card-order r and INF: —finite( Field r)
shows |Field r x Field r| <o r

(proof)

corollary card-of-Times-same-infinite:



THEORY “BNF-Cardinal-Order-Relation” 511

assumes —finite A
shows |A x A| =o |A]
(proof )

lemma card-of-Times-infinite:
assumes INF: —finite A and NE: B # {} and LEQ: |B| <o |A]
shows |A x B| =0 |A| A |B x A| =0 |4]

(proof)

corollary Card-order-Times-infinite:
assumes INF: —finite(Field r) and CARD: Card-order r and
NE: Field p # {} and LEQ: p <o r
shows | (Field r) x (Field p) | =0 r A | (Field p) x (Fieldr) | =0 r
(proof)

lemma card-of-Sigma-ordLeg-infinite:
assumes INF: —finite B and
LEQ-I: |I| <o |B] and LEQ: Vi€ I. |A i| <o |B|
shows |SIGMA i : I. A i| <o |B|
(proof)

lemma card-of-Sigma-ordLeg-infinite- Field:
assumes INF': —finite (Field r) and r: Card-order r and
LEQ-I: |I| <orand LEQ:Viec I.|A i <or
shows |SIGMA i : I. Ai| <or
(proof)

lemma card-of-Times-ordLeqg-infinite-Field:
[—finite (Field r); |A| <o r; |B| <o r; Card-order r] = |A x B| <o r
{proof)

lemma card-of-Times-infinite-simps:
[finite A; B £ {}; |B| <o [A]] = |4 x B| =o |4
[finite A: B # {}: |B| <o |A]] = |A| =0 |A x B|
[finite A+ B # {3+ |B <o |A]l = |B x 4] =o |4
[~finite A; B # {}; |B] <o |A[]] = |A] =0 |B x A
(proof )

lemma card-of-UNION-ordLeg-infinite:
assumes INF: —finite B and LEQ-I: |I| <o |B| and LEQ: Vi € I. |A i <o |B]
shows ||Ji € I. A i| <o |B]

(proof)

corollary card-of-UNION-ordLeg-infinite-Field:
assumes INF': —finite (Field r) and r: Card-order r and
LEQ-I: |I| <orand LEQ: Vi€ I. |[Ai <or
shows |Ji e I. Ai] <or

(proof)
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lemma card-of-Plus-infinitel :
assumes INF: —finite A and LEQ: |B| <o |A]
shows |A <+> B| =o | 4]

(proof)

lemma card-of-Plus-infinite2:
assumes INF: —finite A and LEQ: |B| <o |A]
shows |B <+> A| =o |A]
{proof)

lemma card-of-Plus-infinite:
assumes INF: —finite A and LEQ: |B| <o |A]
shows |4 <+> B| =0 |A| A |B <+> A| =0 |4]
{proof)

corollary Card-order-Plus-infinite:
assumes INF: —finite(Field r) and CARD: Card-order r and
LEQ: p <or
shows | (Field r) <+> (Field p) | =o r A | (Field p) <+> (Field r) | =o r
(proof)

30.5 The cardinal w and the finite cardinals

The cardinal w, of natural numbers, shall be the standard non-strict order
relation on nat, that we abbreviate by natLeq. The finite cardinals shall be
the restrictions of these relations to the numbers smaller than fixed numbers
n, that we abbreviate by natLeg-on n.

definition (natLeq::(nat * nat) set) = {(z,y). z < y}

definition (natLess::(nat * nat) set) = {(z,y). z < y}

abbreviation natLeg-on :: nat = (nat % nat) set
where natLeg-on n = {(z,y). c < nAy<nAz<y}

lemma infinite-cartesian-product:
assumes —finite A —finite B
shows —finite (A x B)

(proof )

30.5.1 First as well-orders

lemma Field-natLeq: Field natLeq = (UNIV::nat set)
(proof)

lemma natLeq-Refl: Refl natLeq
(proof )

lemma natLeg-trans: trans natLeq
(proof)
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lemma natLeq-Preorder: Preorder natLeq
(proof)

lemma natLeg-antisym: antisym natLeq
(proof )

lemma natLeqg-Partial-order: Partial-order natLeq
(proof)

lemma natLeg-Total: Total natLeq
(proof )

lemma natLeg-Linear-order: Linear-order natLeq
(proof )

lemma natLeg-natLess-1d: natLess = natLeq — Id
(proof)

lemma natLeq- Well-order: Well-order natLeq
(proof )

lemma Field-natLeg-on: Field (natLeg-on n) = {z. x < n}
(proof)

lemma natLeg-underS-less: underS natLeq n = {z. © < n}
(proof)

lemma Restr-natLeq: Restr natLeq {z. x < n} = natLeg-on n
(proof )

lemma Restr-natLeq2:
Restr natLeq (underS natLeq n) = natLeg-on n

{proof)

lemma natLeq-on- Well-order: Well-order(natLeg-on n)
{proof)

corollary natLeq-on-well-order-on: well-order-on {z. z < n} (natLeg-on n)
(proof)

lemma natLeg-on-wo-rel: wo-rel(natLeg-on n)
(proof)

30.5.2 Then as cardinals

lemma natLeq-Card-order: Card-order natLeq

(proof)

corollary card-of-Field-natLeq:
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| Field natLeq| =0 natLeq
{proof)

corollary card-of-nat:
|UNIV ::nat set| =o natLeq

{proof)

corollary infinite-iff-natLeq-ordLeq:
—finite A = ( natLeq <o |A| )
(proof )

corollary finite-iff-ordLess-natLeq:
finite A = ( |A| <o natLeq)
(proof)

30.6 The successor of a cardinal

First we define isCardSuc r r', the notion of r’ being a successor cardinal
of r. Although the definition does not require r to be a cardinal, only this
case will be meaningful.

definition isCardSuc :: 'a rel = 'a set rel = bool
where
1sCardSuc r r' =
Card-order v’ A r <o r’ A
(V(r'::'a set rel). Card-order r"" N r <or' — 1’ <o r")

Now we introduce the cardinal-successor operator cardSuc, by picking some
cardinal-order relation fulfilling isCardSuc. Again, the picked item shall be
proved unique up to order-isomorphism.

definition cardSuc :: 'a rel = 'a set rel
where cardSuc r = SOME r’. isCardSuc r r’

lemma exists-minim-Card-order:

[R#{};Vr € R. Card-order r] = 3r € R.¥r' € R.r <or’
{proof)

lemma exists-isCardSuc:
assumes Card-order r
shows 3r’. isCardSuc r r’

(proof)

lemma cardSuc-isCardSuc:
assumes Card-order r
shows isCardSuc r (cardSuc r)

{proof)

lemma cardSuc-Card-order:
Card-order r = Card-order(cardSuc 1)
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{proof)

lemma cardSuc-greater:
Card-order r = r <o cardSuc r

(proof)

lemma cardSuc-ordLeq:
Card-order r = r <o cardSuc r

{proof)

The minimality property of cardSuc originally present in its definition is
local to the type ‘a set rel, i.e., that of cardSuc r:

lemma cardSuc-least-auz:
[Card-order (r::'a rel); Card-order (r':'a set rel); r <o r'] = cardSuc r <o r’
(proof)

But from this we can infer general minimality:

lemma cardSuc-least:
assumes CARD: Card-order r and CARD'": Card-order v’ and LESS: r <o r’

shows cardSuc r <o r’
(proof)

lemma cardSuc-ordLess-ordLeq:
assumes CARD: Card-order r and CARD": Card-order r’
shows (r <o r’) = (cardSuc r <o 1)

(proof)

lemma cardSuc-ordLeq-ordLess:
assumes CARD: Card-order r and CARD': Card-order r'
shows (r’ <o cardSuc r) = (r’ <o r)

(proof)

lemma cardSuc-mono-ordLeq:
assumes CARD: Card-order r and CARD": Card-order r’
shows (cardSuc r <o cardSuc r') = (r <o r’)

{proof)

lemma cardSuc-invar-ordlso:
assumes CARD: Card-order r and CARD'": Card-order r’
shows (cardSuc r =o cardSuc r') = (r =o r’)

(proof)

lemma card-of-cardSuc-finite:
finite(Field(cardSuc |A| )) = finite A
(proof)

lemma cardSuc-finite:
assumes Card-order r
shows finite (Field (cardSuc r)) = finite (Field r)
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(proof)

lemma Field-cardSuc-not-empty:
assumes Card-order r
shows Field (cardSuc r) # {}

(proof)

typedef 'a suc = Field (cardSuc |UNIV :: 'a set|)
{proof)

definition card-suc :: 'a rel = 'a suc rel where
card-suc = A-. map-prod Abs-suc Abs-suc ¢ cardSuc |[UNIV :: 'a set|

lemma Field-card-suc: Field (card-suc r) = UNIV
(proof)

lemma card-suc-alt: card-suc r = dir-image (cardSuc |UNIV :: 'a set] ) Abs-suc
{proof)

lemma cardSuc-Well-order: Card-order r = Well-order(cardSuc r)
{proof)

lemma cardSuc-ordlso-card-suc:
assumes card-order r
shows cardSuc r =o card-suc (r :: 'a rel)

(proof)

lemma Card-order-card-suc: card-order r = Card-order (card-suc r)
{proof)

lemma card-order-card-suc: card-order 1 = card-order (card-suc )
{proof)

lemma card-suc-greater: card-order r = r <o card-suc r
(proof)

lemma card-of-Plus-ordLess-infinite:
assumes INF: —finite C and LESS1: |A| <o |C| and LESS2: |B| <o |C|
shows |A <+> B| <o |C]

(proof)

lemma card-of-Plus-ordLess-infinite- Field:
assumes INF: —finite (Field r) and r: Card-order r and
LESS1: |A| <o r and LESS2: |B| <or
shows |A <+> B| <or

(proof)

lemma card-of-Plus-ordLeq-infinite- Field:
assumes r: —~finite (Field r) and A: |A| <o r and B: |B| <o r
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and c: Card-order r
shows |A <+> B| <or

(proof)

lemma card-of-Un-ordLeg-infinite-Field:
assumes C: —finite (Field r) and A: |4| <o r and B: |B| <or
and Card-order r
shows |4 Un B| <o r

{proof)

lemma card-of-Un-ordLess-infinite:
assumes INF: —finite C and
LESS1: |A| <o |C| and LESS2: |B| <o |C]
shows |A U B| <o |C]
(proof )

lemma card-of-Un-ordLess-infinite-Field:
assumes INF': —finite (Field r) and r: Card-order r and
LESS1: |A| <o r and LESS2: |B| <o r
shows |4 Un B| <o r

(proof)

30.7 Regular cardinals

definition cofinal where
cofinal Ar =Va € Fieldr. 3b€ A. a # b A (a,d) €1

definition reqularCard where
reqularCard r =V K. K < Field r A cofinal K r — |K| =o r

definition relChain where
relChain r As =Vij. (i,j) € r — Asi < Asj

lemma regularCard-UNION:
assumes 7: Card-order v regularCard r
and As: relChain r As
and Bsub: B < (|Ji € Field r. As 1)
and cardB: |B| <o r
shows 3¢ € Fieldr. B < As i

(proof)

lemma infinite-cardSuc-reqularCard:
assumes r-inf: —finite (Field r) and r-card: Card-order r
shows regularCard (cardSuc r)

(proof)

lemma cardSuc-UNION:
assumes r: Card-order r and —finite (Field r)
and As: relChain (cardSuc r) As
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and Bsub: B < (|J ¢ € Field (cardSuc r). As i)
and cardB: |B| <o r
shows 37 € Field (cardSuc r). B < As i

(proof)

30.8 Others

lemma card-of-Func-Times:
|Func (A x B) C| =o |Func A (Func B C)|

{proof)

lemma card-of-Pow-Func:
|Pow A| =0 |Func A (UNIV::bool set)|

(proof)

lemma card-of-Func-UNIV:
|Func (UNIV::'a set) (B::'b set)| =o |{f::'a = 'b. range f C B}|
(proof)

lemma Func-Times-Range:
|Func A (B x C)| =0 |Func A B x Func A C| (is |?LHS| =o |?RHS)|)

(proof)

30.9 Regular vs. stable cardinals

definition stable :: 'a rel = bool
where
stable r =V (A::'a set) (F :: 'a = 'a set).
Al <or A (Ya € A. |Fal| <or)
— |SIGMA o : A. Fa| <or

lemma regularCard-stable:
assumes cr: Card-order r and ir: —finite (Field r) and reg: reqularCard r
shows stable r

(proof)

lemma stable-reqularCard:
assumes cr: Card-order r and ir: —finite (Field r) and st: stable r
shows reqularCard r

(proof)

lemma internalize-card-of-ordLess:
(14] <or) = (3B < Field r. |A| =0 |B| A |B| <o)
(proof)

lemma card-of-Sigma-congl:
assumes Vi € [. |A i| =0 |B i|
shows |SIGMA i : 1. A i| =0 |SIGMA i : I. B i
(proof)
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lemma card-of-Sigma-cong2:

assumes bij-betw f (I::'i set) (J::'j set)

shows |SIGMA i : I. (A:'j = 'a set) (fi)] =0 |SIGMA j: J. A j|
(proof)

lemma card-of-Sigma-cong:
assumes BIJ: bij-betw f I J and ISO: Vj € J. |A j| =0 |B j|
shows |SIGMA i : 1. A (fi)| =0 |SIGMA j: J. B j|

(proof)

lemma stable-elim:
assumes ST: stable r and A-LESS: |A| <o r and
F-LESS: N a.a€ A= |Fa| <or
shows |SIGMA a : A. Fa| <or

(proof)

lemma stable-natLeq: stable natLeq
(proof)

corollary regularCard-natLeq: regularCard natLeq
(proof)

lemma stable-ordlsol:
assumes ST': stable r and ISO: r' =o r
shows stable r’

(proof)

lemma stable-UNION:
assumes stable r and |[A| <orand A\ a. a € A = |Fa| <or
shows ||Ja € A. Fa| <or

(proof)

corollary card-of-UNION-ordLess-infinite:
assumes stable |B| and |I| <o |B] and Vi € I. |A i| <o |B|
shows || Ji € I. A i| <o |B|
(proof)

corollary card-of-UNION-ordLess-infinite-Field:
assumes ST: stable r and r: Card-order r and
LEQ-I: |I| <orand LEQ: Vi€ I. |Ai| <or
shows |Ji e I. Ai] <or

(proof)

end
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31 Cardinal Arithmetic as Needed by Bounded
Natural Functors

theory BNF-Cardinal-Arithmetic
imports BNF-Cardinal-Order-Relation
begin

lemma dir-image: [Nz y. (fz = fy) = (z = y); Card-order r] = r =o dir-image
rf
(proof )

lemma card-order-dir-image:
assumes bij: bij f and co: card-order r
shows card-order (dir-image r f)

(proof)

lemma ordlso-refl: Card-order r = r =o r
(proof)

lemma ordLeq-refi: Card-order r = r <o r
(proof )

lemma card-of-ordIso-subst: A = B = |A| =0 |B|
(proof)

lemma Field-card-order: card-order r —> Field r = UNIV
(proof)

31.1 Zero

definition czero where
czero = card-of {}

lemma czero-ordIso: czero =o czero

(proof)

lemma card-of-ordlso-czero-iff-empty:
|A| =0 (czero :: 'b rel) «— A = ({} :: 'a set)
{proof)

abbreviation Cnotzero where
Cnotzero (r :: 'a rel) = —(r =o (czero :: 'a rel)) A Card-order r

lemma Cnotzero-imp-not-empty: Cnotzero r = Field r # {}
(proof )

lemma czerol:



THEORY “BNF-Cardinal-Arithmetic” 521

[Card-order r; Field r = {}] = r =0 czero
{proof)

lemma czeroE:
r =0 czero = Field r = {}

{proof)

lemma Chnotzero-mono:
[Cnotzero r; Card-order g; r <o q] = Cnotzero q

(proof)

31.2 (In)finite cardinals

definition cinfinite where
cinfinite r = (— finite (Field 1))

abbreviation Cinfinite where
Cinfinite r = cinfinite v N Card-order r

definition cfinite where
cfinite v = finite (Field r)

abbreviation Cfinite where
Cfinite r = cfinite v A Card-order r

lemma Cfinite-ordLess-Cinfinite: [Cfinite r; Cinfinite s] = r <o s
(proof)

lemmas natLeq-card-order = natLeq-Card-order[unfolded Field-natLeq]

lemma natLeg-cinfinite: cinfinite natLeq
(proof)

lemma natLeq-Cinfinite: Cinfinite natLeq
(proof )

lemma natLeq-ordLeg-cinfinite:
assumes inf: Cinfinite r
shows natlLeq <o r

(proof)

lemma cinfinite-not-czero: cinfinite r => — (r =o (czero :: 'a rel))
{proof)

lemma Cinfinite-Cnotzero: Cinfinite r = Cnotzero r
(proof)

lemma Cinfinite-cong: [r1 =o r2; Cinfinite r1] => Cinfinite 2
(proof)
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lemma cinfinite-mono: [r1 <o r2; cinfinite r1] = cinfinite r2
{proof)

lemma regularCard-ordIso:
assumes k =o k' and Cinfinite k and regularCard k
shows reqularCard k'

(proof)

corollary card-of-UNION-ordLess-infinite- Field-reqularCard:
assumes regularCard r and Cinfinite r and |I| <or and Vi € I. |[Ai| <or
shows |Ji e I. Ai] <or

{proof)

31.3 Binary sum

definition csum (infixr <+¢> 65)
where r! +c r2 = |Field r1 <+> Field r2|

lemma Field-csum: Field (r +c s) = Inl ‘ Field v U Inr © Field s
{proof)

lemma Card-order-csum: Card-order (r1 +c r2)
{proof)

lemma csum-Cnotzerol: Cnotzero r1 = Cnotzero (r1 +c 12)
{proof )

lemma card-order-csum:
assumes card-order r1 card-order r2
shows card-order (r1 +c r2)

(proof)

lemma cinfinite-csum:
cinfinite 1 V cinfinite r2 = cinfinite (r1 +c r2)

{proof)

lemma Cinfinite-csum:
Cinfinite r1 V Cinfinite r2 = Clinfinite (rl +c r2)
(proof )

lemma Cinfinite-csuml: Cinfinite r1 = Cinfinite (r1 +c r2)
(proof )

lemma Cinfinite-csum-weak:
[Cinfinite r1; Cinfinite r2] = Cinfinite (r1 +c r2)
(proof)

lemma csum-cong: [pl =o r1; p2 =o r2] = pl +c p2 =orl +cr2
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{proof)

lemma csum-congl: p1 =orl = pl +cqg=o0rl +cq
(proof)

lemma csum-cong2: p2 =o r2 = q +c p2 =0 q +c r2
(proof )

lemma csum-mono: [pl <o rl; p2 <o r2] = pl +cp2 <orl +cr2
(proof )

lemma csum-monol: pl <orl = pl +cq<orl +cq
(proof)

lemma csum-mono2: p2 <o r2 = q +c p2 <o q +cr2
(proof)

lemma ordLeq-csuml1: Card-order p1 = p1 <o pl +c p2
(proof)

lemma ordLeq-csum2: Card-order p2 — p2 <o pl +c p2
(proof)

lemma csum-com: pl +c p2 =o0 p2 +c pl
(proof)

lemma csum-assoc: (p1 +c p2) +c p3 =o pl +c p2 +c p3
(proof)

lemma Cfinite-csum: [Cfinite r; Cfinite s] = Cfinite (r +c s)
{proof)

lemma csum-csum: (r1 +c r2) +c (r3 +cr4) =0 (r1 +c13) +c (r2 +c r4)
(proof)

lemma Plus-csum: |A <+> B| =o |4| +c¢ |B|
(proof)

lemma Un-csum: |A U B| <o |4| +c¢ |B|
{proof)

31.4 One

definition cone where

cone = card-of {()}

lemma Card-order-cone: Card-order cone
(proof )
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lemma Cfinite-cone: Cfinite cone
{proof )

lemma cone-not-czero: = (cone =o czero)
(proof)

lemma cone-ordLeg-Cnotzero: Cnotzero r = cone <o r
(proof)

31.5 Two
definition ctwo where

ctwo = |UNIV :: bool set]

lemma Card-order-ctwo: Card-order ctwo
(proof )

lemma ctwo-not-czero: = (ctwo =o czero)
{proof)

lemma ctwo-Cnotzero: Cnotzero ctwo
(proof )

31.6 Family sum

definition Csum where
Csum r rs = |SIGMA i : Field r. Field (rs )|

syntax -Csum ::
pttrn => (‘a x 'a) set => b * 'b set => (('a * 'b) x ('a x 'b)) set
(«(<indent=3 notation=<binder CSUM»» CSUM -:-. -)» [0, 51, 10] 10)

syntax-consts
-Csum == Csum

translations

CSUM i:r. rs == CONST Csum v (%i. rs)

lemma SIGMA-CSUM: |SIGMA i : I. Asi| = (CSUM i : |I|. |As i| )
(proof)

31.7 Product

definition cprod (infixr <xcy 80) where
r1 xc 12 = |Field r1 x Field r2|

lemma card-order-cprod:
assumes card-order r1 card-order r2
shows card-order (r1 *xc r2)



THEORY “BNF-Cardinal-Arithmetic” 525

(proof)

lemma Card-order-cprod: Card-order (r1 *c r2)
{proof)

lemma cprod-monol: pl <o rl = pl xc q <o rl *cq
(proof )

lemma cprod-mono2: p2 <o r2 = q xc p2 <o q *xc r2
(proof )

lemma cprod-mono: [pl <o r1; p2 <o r2] = pl *c p2 <o rl *c 12
(proof)

lemma ordLeg-cprod2: [Cnotzero pl; Card-order p2] = p2 <o pl xc p2
(proof)

lemma cinfinite-cprod: [cinfinite r1; cinfinite r2] = cinfinite (r1 *c r2)
(proof )

lemma cinfinite-cprod2: [Cnotzero r1; Cinfinite r2] = cinfinite (r1 xc r2)
(proof )

lemma Cinfinite-cprod2: [Cnotzero r1; Cinfinite 2] = Cinfinite (r1 *c r2)
(proof)

lemma cprod-cong: [pl =o r1; p2 =o0 r2] = pl xc p2 =o rl *c r2
(proof)

lemma cprod-congl: [pl =o r1] = pl *c p2 =o rl *c p2

(proof)

lemma cprod-cong2: p2 =o0 r2 = q *c p2 =o0 q *c r2
(proof)

lemma cprod-com: pl xc p2 =o p2 *c pl
(proof )

lemma card-of-Csum-Times:
Viel |Ail <o|Bl = (CSUMi: |I|. |Ai]) <o |I| *c |B]
(proof )

lemma card-of-Csum-Times":
assumes Card-order r Vi € 1. |Ai| <or
shows (CSUM i : |I|. |A i) <o |[I| xcr
(proof)

lemma cprod-csum-distribl: r1 xc r2 +c 1l xc 13 =0 rl xc (r2 +c r3)

{proof)
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lemma csum-absorb2”: [Card-order r2; r1 <o r2; cinfinite r1 V cinfinite r2] =
rl +cr2 =o1r2
(proof)

lemma csum-absorbl’:
assumes card: Card-order r2
and r12: r1 <o r2 and cri12: cinfinite r1 V cinfinite r2
shows r2 +c rl =0 r2

{(proof)

lemma csum-absorbl: [Cinfinite r2; r1 <o r2] = 12 +c 1l =0 12
{proof)

lemma csum-absorb2: [Cinfinite r2 ; r1 <o r2] = rl +cr2 =0 r2
{proof)

lemma regularCard-csum:
assumes Clinfinite r Cinfinite s reqularCard r reqularCard s
shows regularCard (r +c s)

(proof)

lemma csum-mono-strict:
assumes Card-order: Card-order r Card-order q
and Cinfinite: Cinfinite r' Cinfinite q’
and less: r <o r’ q <o q’
shows r +c ¢ <o r’' +c q’

(proof)

31.8 Exponentiation

definition cezp (infixr < "¢ 90) where
rl "¢ r2 = |Func (Field r2) (Field r1)|

lemma Card-order-cexp: Card-order (r1 "¢ r2)

{proof)

lemma cezp-mono:
assumes 1: pl <o rl and 2: p2 <o r2
and n: Field p2 = {} = Field r2 = {}
shows pl "¢ p2 <orl “cr2
(proof)

lemma cexp-mono:
assumes 1: pl <o rl and 2: p2 <o r2
and n: p2 =o czero = 12 =0 czero and card: Card-order p2
shows pl "¢ p2 <orl "¢ 12
(proof)
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lemma cezp-monol:
assumes 1: pl <o rl and q: Card-order q
shows p1 "cq<orl cq
(proof )

lemma cexp-mono2’:
assumes 2: p2 <o r2 and q: Card-order q
and n: Field p2 = {} = Field r2 = {}
shows ¢ "¢ p2 <o q "¢ r2
(proof )

lemma cexp-mono2:
assumes 2: p2 <o r2 and q: Card-order q
and n: p2 =o czero = r2 =o czero and card: Card-order p2
shows ¢ "¢ p2 <o q "¢ 12
(proof )

lemma cezp-mono2-Cnotzero:
assumes p2 <o 12 Card-order q Cnotzero p2
shows ¢ "¢ p2 <o q "¢ r2
(proof )

lemma cexp-cong:
assumes I1: pl =orl and 2: p2 =0 12
and Cr: Card-order r2
and Cp: Card-order p2
shows pl "¢ p2 =orl "¢ 12
(proof)

lemma cexp-congl:
assumes 1: pl =o r1 and ¢: Card-order q
shows pl "cq=o0rl "cq

{proof)

lemma cexp-cong2:
assumes 2: p2 =o r2 and ¢q: Card-order q and p: Card-order p2
shows ¢ "¢ p2 =0 q "cr2
(proof)

lemma cexp-cone:
assumes Card-order r
shows r "¢ cone =o r

(proof)

lemma cexp-cprod:
assumes r1: Card-order r1
shows (r1 "¢ r2) "¢ r8 =orl "¢ (r2 xc r3) (is YL =0 ?R)

(proof)
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lemma cprod-infinitel”: [Cinfinite r; Cnotzero p; p <o r] = r xcp =or
(proof )

lemma cprod-infinite: Cinfinite r = r xcr =o r
(proof )

lemma cexp-cprod-ordLeq:
assumes r1: Card-order r1 and r2: Cinfinite r2
and r3: Cnotzero r3 r8 <o r2
shows (r1 "¢ r2) "¢ r8 =orl "cr2 (is ?L =0 ?R)

(proof)

lemma Cnotzero-UNIV: Cnotzero |UNIV|
{proof)

lemma ordLess-ctwo-cexp:
assumes Card-order r
shows r <o ctwo "¢ r

(proof)

lemma ordLeq-cexpl:
assumes Cnotzero r Card-order q
shows ¢ <o q cr

(proof)

lemma ordLeq-cexp2:
assumes ctwo <o q Card-order r
shows r <o q "cr

(proof)

lemma cinfinite-cexp: [ctwo <o ¢; Cinfinite r] = cinfinite (¢ "c )
{proof)

lemma Cinfinite-cexp:
[ctwo <o ¢; Cinfinite r] = Cinfinite (¢ "¢ r)
{proof)

lemma card-order-cezp:
assumes card-order r1 card-order r2
shows card-order (r1 "¢ r2)

(proof)

lemma ctwo-ordLess-natLeq: ctwo <o natLeq
(proof )

lemma ctwo-ordLess-Cinfinite: Cinfinite r = ctwo <o r

(proof)

lemma ctwo-ordLeq-Cinfinite:
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assumes Clinfinite r
shows ctwo <o r

{proof)

lemma Un-Cinfinite-bound: [|A| <o r; |B| <o r; Cinfinite r] = |A U B| <o r
{proof)

lemma Un-Cinfinite-bound-strict: [|A| <o r; |B| <o r; Cinfinite r] = |A U B]
<or
{proof)

lemma UNION-Cinfinite-bound: [|I| <o r; Vi € 1. |A i| <o r; Cinfinite r] =
Uiel Aid <or
{proof)

lemma csum-cinfinite-bound:
assumes p <o r q¢ <o r Card-order p Card-order q Cinfinite r
shows p +c g <or

(proof)

lemma cprod-cinfinite-bound:
assumes p <o r q¢ <o r Card-order p Card-order q Cinfinite r
shows p xc ¢ <o r

(proof)

lemma cprod-infinite2”: [Cnotzero r1; Cinfinite r2; r1 <o r2] = rl *c r2 =o
r2
(proof)

lemma regularCard-cprod:
assumes Cinfinite r Cinfinite s regularCard r regularCard s
shows reqularCard (r *c s)

(proof)

lemma cprod-csum-cexp:
rl xc r2 <o (rl +c r2) "¢ ctwo

(proof)

lemma Cfinite-cprod-Cinfinite: [Cfinite r; Cinfinite s] = r *c s <o s
(proof )

lemma cprod-cexp: (r xc s) "ct=or ctxcs ct
{proof)

lemma cprod-cexp-csum-cexp-Cinfinite:
assumes t: Cinfinite t
shows (r xc s) "¢t <o (r +cs) "¢t

(proof)
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lemma Cfinite-cexp-Cinfinite:
assumes s: Cfinite s and t: Cinfinite t
shows s "¢t <o ctwo "¢t

(proof)

lemma csum-Cfinite-cexp-Cinfinite:
assumes r: Card-order r and s: Cfinite s and t: Cinfinite t
shows (r +c s) "¢t <o (r 4+c ctwo) "¢ t

(proof)

lemma Cinfinite-cardSuc: Cinfinite r = Cinfinite (cardSuc )
(proof )

lemma cardSuc-UNION-Clinfinite:

assumes Cinfinite r relChain (cardSuc v) As B < (|Ji € Field (cardSuc r). As
i) |B| <=or

shows 37 € Field (cardSuc r). B < As i

{proof)

lemma Cinfinite-card-suc: [ Cinfinite r ; card-order r | = Clinfinite (card-suc r)
(proof )

lemma card-suc-least: [card-order r; Card-order s; r <o s] = card-suc r <o s
(proof)

lemma reqularCard-cardSuc: Cinfinite k = regularCard (cardSuc k)
(proof)

lemma reqularCard-card-suc: card-order r = Cinfinite r = regularCard (card-suc
r)
(proof)

end

32 Function Definition Base

theory Fun-Def-Base
imports Ctr-Sugar Set Wellfounded
begin

(ML)
named-theorems termination-simp simplification rules for termination proofs

(ML)

end
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33 Definition of Bounded Natural Functors

theory BNF-Def
imports BNF-Cardinal-Arithmetic Fun-Def-Base
keywords
print-bnfs :: diag and
bnf :: thy-goal-defn
begin

lemma Collect-case-prodD: © € Collect (case-prod A) = A (fst z) (snd z)
{proof)

inductive
rel-sum :: (a = 'c = bool) = ('b = 'd = bool) = 'a + 'b = 'c + 'd = bool
for R1 R2
where
R1 a ¢ = rel-sum R1 R2 (Inl a) (Inl ¢)
| R2 b d = rel-sum R1 R2 (Inr b) (Inr d)

definition

rel-fun :: ('la = 'c = bool) = (b = 'd = bool) = ('a = 'b) = (‘c = 'd) = bool
where

rel-fun A B=(MAg Vzy. Azy — B (fz) (gy))

lemma rel-funl [intro):
assumes Az y. Azy = B (fz) (gy)
shows rel-fun A B f g

(proof)

lemma rel-funD:
assumes rel-fun A Bfgand A z vy
shows B (f z) (g y)

(proof)

lemma rel-fun-mono:

[rel-fun XAfgy Ney. Yey— Xzy; Nzy. Azy=— Bzy] = rel-fun Y
Bfg
{proof )

lemma rel-fun-mono’ [monol:

[Azy. Yoy — Xzy; N\zy. Azy — Baxy] = rel-fun X A f g — rel-fun
YBfyg
(proof)

definition rel-set :: ('a = 'b = bool) = 'a set = 'b set = bool
where rel-set R = (AMA B. (Vaz€A. JyeB. Rz y) A (VyeB. 3z€A. R z y))

lemma rel-setl:
assumes Az. x € A = JyeB. Rz y
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assumes A\y. y € B=—= Jz€A. Rz y
shows rel-set R A B

{proof)

lemma predicate2-transferD:

[rel-fun R1 (rel-fun R2 (=)) P Q; a € A; b€ B; A C {(z, y). R1 z y}; B C
{(z, v). R2zy}] —

P (fst a) (fst b) <— @ (snd a) (snd b)

{proof)

definition collect where
collect Fox = (Jf € F. fx)

lemma fstl: z = (y, z) = fstz =y

(proof)

lemma sndl: z = (y, 2) = snd z = z
{proof)

lemma bl [Azy. (fe=fy)=(x=vy); A\y. Jz. y=fz] = bij f
(proof)

definition Gr A f = {(a, fa) | a. a € A}
definition Grp A f = (Aa b. b= fa A a € A)

definition vimage2p where
vimage2p f g R = (Azy. R (fz) (g y))

lemma collect-comp: collect F o g = collect (Mf. f o g) ‘ F)
{proof)

definition convol («(<indent=1 notation=<mizfix convol)){-,/ -))») where

(f, 9) = Aa. (fa, ga)

lemma fst-convol: fst o (f, g) = f
(proof)

lemma snd-convol: snd o (f, g) =
{proof)

lemma convol-mem-Grpl:
z € A= (id, g) v € (Collect (case-prod (Grp A g)))
(proof)

definition csquare where
csquare A f1 2 pl p2 «— (Y a € A. f1 (pl a) = f2 (p2a))
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lemma eg-alt: (=) = Grp UNIV id
{proof)

lemma leg-conversepl: R = (=) = R < R717!
(proof)

lemma leg-O0OI: R = (=) = R< R OOR
(proof)

lemma OO-Grp-alt: (Grp A f)™ 171 00 GrpAg= Avy.3z.2€ ANfz=1aA
9z=1y)
(proof )

lemma Grp-UNIV-id: f = id = (Grp UNIV )11 OO0 Grp UNIV f = Grp
UNIV f
(proof )

lemma Grp-UNIV-idl: © = y = Grp UNIVid z y
(proof)

lemma Grp-mono: A< B=— Grp Af < Grp Bf
(proof)

lemma Grpl: [fr=y;z € Al = Grp A fzy
(proof)

lemma GrpE: Grp A fry = ([fr=y; 2 € A] = R) = R
(proof)

lemma Collect-case-prod-Grp-eqD: z € Collect (case-prod (Grp A f)) = (f o fst)
z = snd z

(proof)

lemma Collect-case-prod-Grp-in: z € Collect (case-prod (Grp A f)) = fst z € A
(proof )

definition pick-middlep P Q a ¢ = (SOMEb. Pa b A Qb c)

lemma pick-middlep:
(P OO Q) a c = P a (pick-middlep P Q a ¢c) N Q (pick-middlep P Q a c) ¢
(proof)

definition fstOp where
fstOp P Q ac = (fst ac, pick-middlep P Q (fst ac) (snd ac))

definition sndOp where
sndOp P Q ac = (pick-middlep P Q (fst ac) (snd ac), (snd ac))

lemma fstOp-in: ac € Collect (case-prod (P 00 Q)) = fstOp P @ ac € Collect
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(case-prod P)
(proof )

lemma fst-fstOp: fst bc = (fst o fstOp P Q) be
(proof )

lemma snd-sndOp: snd bc = (snd o sndOp P Q) be
(proof )

lemma sndOp-in: ac € Collect (case-prod (P OO0 Q)) = sndOp P Q ac € Collect
(case-prod Q)
(proof)

lemma csquare-fstOp-sndOp:
esquare (Collect (f (P OO0 Q))) snd fst (fstOp P Q) (sndOp P Q)

(proof)

lemma snd-fst-flip: snd zy = (fst o (%(z, v). (y, z))) zy
(proof )

lemma fst-snd-flip: fst zy = (snd o (%(z, y). (y, 7)) =y
(proof )

lemma flip-pred: A C Collect (case-prod (R ~171)) = (%(z, v). (y, z)) ‘A C
Collect (case-prod R)
(proof)

lemma predicate2-eqD: A = B=—= Aab<+— Babd
(proof)

lemma case-sum-o-inj: case-sum f g o Inl = f case-sum f g o Inr = g
(proof )

lemma map-sum-o-inj: map-sum f g o Inl = Inl o f map-sum fg o Inr = Inr o g
(proof)

lemma card-order-csum-cone-cexp-def:
card-order r = ( |A1] +c cone) "¢ r = |Func UNIV (Inl * A1 U {Inr ()})|

{proof)

lemma If-the-inv-into-in-Func:
[inj-on g C; C C BU {z}] =
(Ai. if i € g ¢ C then the-inv-into C g i else x) € Func UNIV (B U {z})
(proof)

lemma If-the-inv-into-f-f:

[¢ € C; inj-on g C] = ((Ai. if i € g ¢ C then the-inv-into C g i else z) o g) i =
id 1

(proof )
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lemma the-inv-f-o-f-id: inj f = (the-inv f o f) 2 = id z
(proof)

lemma vimage2pl: R (fz) (9 y) = vimage2p fg Rz y
(proof )

lemma rel-fun-iff-leg-vimage2p: (rel-fun R S) f g = (R < vimage2p f g S)
(proof )

lemma convol-image-vimage2p: (f o fst, g o snd) ‘ Collect (case-prod (vimageZ2p f
g R)) C Collect (case-prod R)
(proof )

lemma vimage2p-Grp: vimage2p f g P = Grp UNIV f OO P OO (Grp UNIV
g~ 11
(proof)

lemma subst-Pair: Pz y = a = (z, y) = P (fst a) (snd a)
{proof)

lemma comp-apply-eq: f (9z) =h (kz) = (fog)z=(hok)z
(proof)

lemma refl-ge-eq: (Az. Rz z) = (=) < R
(proof)

lemma ge-eq-refl: (=) < R=— Rzz
(proof )

lemma reflp-eq: reflp R = ((=) < R)
(proof)

lemma transp-relcompp: transp r <— r OO r < r
(proof)

lemma symp-conversep: symp R = (R~171 < R)
(proof )

lemma diag-imp-eg-le: (Nz. 1 € A= Rzz) =Veyrz€Ad—yecAd—uz
=y—Ruzy
(proof)

definition eg-onp :: (‘a = bool) = 'a = 'a = bool
where eq-onp R = (Azy. Rz Az = y)

lemma eg-onp-Grp: eq-onp P = BNF-Def.Grp (Collect P) id
(proof)
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lemma eg-onp-to-eq: eq-onp Pxy — x =y
{proof )

lemma eg-onp-top-eq-eq: eq-onp top = (=)
(proof )

lemma eg-onp-same-args: eq-onp Pxx = P x
(proof)

lemma eg-onp-eqD: eq-onp P = Q = Pzrxz=Quzz
(proof)

lemma Ball-Collect: Ball A P = (A C (Collect P))
{proof)

lemma eg-onp-mono0: VzeA. Px — Q z — Vz€A. VycA. eq-onp Pxy —
eqg-onp Q Ty
(proof)

lemma eg-onp-True: eq-onp (A-. True) = (=)
{proof)

lemma Ball-image-comp: Ball (f * A) g = Ball A (g o f)
(proof )

lemma rel-fun-Collect-case-prodD:

rel-fun A B f g = X C Collect (case-prod A) = z € X = B ((f o fst) z) ((g
o snd) x)

(proof)

lemma eg-onp-mono-iff: eg-onp P < eq-onp Q +— P < Q
(proof)

(ML)

end

34 Composition of Bounded Natural Functors

theory BNF-Composition
imports BNF-Def
begin

lemma ssubst-mem: [t = s; s € X] =t € X
{proof)

lemma empty-natural: (A-. {}) o f = image g o (A-. {})
{proof)
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lemma Cinfinite-gt-empty: Cinfinite r = |{}| <o r
{proof)

lemma Union-natural: Union o image (image f) = image f o Union
(proof )

lemma in-Union-o-assoc: x € (Union o gset o gmap) A = x € (Union o (gset o
gmap)) A
{proof)

lemma regularCard-UNION-bound:
assumes Cinfinite r reqularCard r and |I| <or Ni. i € I = |A i| <or
shows || Ji€l. A i| <or

{proof)

lemma comp-single-set-bd-strict:
assumes fbd: Cinfinite fod reqularCard fbd and
gbd: Cinfinite gbd reqularCard gbd and
fset-bd: Nz. |fset z| <o fbd and
gset-bd: N\z. |gset x| <o gbd
shows ||J (fset * gset x)| <o gbd *c fbd
(proof )

lemma comp-single-set-bd:
assumes fbd-Card-order: Card-order fbd and
fset-bd: Az. |fset z| <o fbd and
gset-bd: N\z. |gset x| <o gbd
shows | (fset ‘ gset z)| <o gbd xc fbd
(proof)

lemma csum-dup: cinfinite r = Card-order 1 = p +c p' =or +cr = p +cC
li
p'=or

{proof)

lemma cprod-dup: cinfinite r => Card-order r => p xc p’ =or xcr => p *c p’

=or
(proof)

lemma Union-image-insert: |J (f < insert a B) = fa U J(f ¢ B)
{proof)

lemma Union-image-empty: A U J(f ‘{}) = A
(proof)

lemma image-o-collect: collect ((\f. image g o f) * F') = image g o collect F
(proof )

lemma conj-subset-def: A C {z. Pz AN Qz} = (AC{z. Pz} N A C {z. Qz})
{proof)
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lemma UN-image-subset: |J(f ‘g2) C X = (gz C {z. fz C X})
{proof)

lemma comp-set-bd-Union-o-collect: ||J (J ((Af. fz) * X))| <o hbd = |(Union o
collect X) x| <o hbd

{proof)

lemma comp-set-bd-Union-o-collect-strict: ||J (U (A\f. fz) *X))| <o hbd = |(Union
o collect X) x| <o hbd

(proof)

lemma Collect-inj: Collect P = Collect Q = P = @
(proof )

lemma Grp-fst-snd: (Grp (Collect (case-prod R)) fst)=*=1 OO Grp (Collect (case-prod
R)) snd = R
(proof)

lemma OO0-Grp-cong: A= B = (Grp A f)™171 00 Grp A g = (Grp B f)~~!
00 Grp B g
(proof )

lemma vimage2p-relcompp-mono: R 00 § < T =
vimage2p f g R OO vimage2p g h S < vimage2p fh T
(proof )

lemma type-copy-map-cong0: M (gx) = N (hz) = (foMog)z=(fo No
h) x
(proof )

lemma type-copy-set-bd: (Ay. |S y| <o bd) = |(S o Rep) z| <o bd
(proof)

lemma vimage2p-cong: R = S = vimage2p f g R = vimage2p fg S
(proof )

lemma Ball-comp-iff: (Ax. Ball (A z) f) o g = (Az. Ball ((A o g) z) f)
(proof)

lemma conj-comp-iff: (Az. Pz A Qz)og= (Az. (Pog)z A (Qo g) x)
(proof)

context

fixes Rep Abs

assumes type-copy: type-definition Rep Abs UNIV
begin

lemma type-copy-map-id0: M = id = Abs o M o Rep = id
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{proof)

lemma type-copy-map-comp0: M = M1 o M2 = f o M o g = (f o M1 o Rep)
o (Abs o M2 o g)
(proof )

lemma type-copy-set-map0: S o M = image f o S’ = (S o Rep) o (Abs o M o
g) = image f o (8" o g)
(proof )

lemma type-copy-wit: x € (S o Rep) (Absy) = z € Sy
(proof)

lemma type-copy-vimage2p-Grp-Rep: vimage2p f Rep (Grp (Collect P) h) =
Grp (Collect (Az. P (f x))) (Abs o h o f)
(proof )

lemma type-copy-vimage2p-Grp-Abs:

Ah. vimage2p g Abs (Grp (Collect P) h) = Grp (Collect (Az. P (g z))) (Rep o h
°g)

(proof)

lemma type-copy-ex-Repl: (3b. F'b) = (3b. F' (Rep b))
(proof)

lemma vimage2p-relcompp-converse:
vimage2p f g (R7171 00 S) = (vimage2p Rep f R)~*~1 OO vimage2p Rep g S
(proof )

end

bnf DEADID: 'a
map: id :: 'a = 'a
bd: natLeq
rel: (=) = 'a = 'a = bool
(proof )

definition id-bnf :: 'a = 'a where
id-bnf = (\z. z)

lemma id-bnf-apply: id-bnf x = z
(proof )

buf ID: 'a
map: id-bnf :: (‘la = 'b) = ‘a="b
sets: Ax. {z}
bd: natLeq
rel: id-bnf :: (Ya = 'b = bool) = 'a = 'b = bool
pred: id-bnf :: (‘a = bool) = 'a = bool
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{proof)

lemma type-definition-id-bnf-UNIV: type-definition id-bnf id-bnf UNIV
(proof )

(ML)

hide-fact

DEADID.inj-map DEADID.inj-map-strong DEADID.map-comp DEADID.map-cong
DEADID.map-cong0

DEADID.map-cong-simp DEADID.map-id DEADID.map-id0 DEADID.map-ident
DEADID.map-transfer

DEADID.rel-Grp DEADID.rel-compp DEADID.rel-compp-Grp DEADID.rel-conversep
DEADID.rel-eq

DEADID.rel-flip DEADID.rel-map DEADID.rel-mono DEADID.rel-transfer

ID.inj-map ID.inj-map-strong ID.map-comp ID.map-cong ID.map-cong0 ID.map-cong-simp
ID.map-id

ID.map-id0 ID.map-ident ID.map-transfer ID.rel-Grp ID.rel-compp ID.rel-compp-Grp
ID.rel-conversep

ID.rel-eq ID.rel-flip ID.rel-map ID.rel-mono ID.rel-transfer ID.set-map ID.set-transfer

end

35 Registration of Basic Types as Bounded Natu-
ral Functors

theory Basic-BNFs
imports BNF-Def
begin

inductive-set setl :: ‘a + 'b = 'a set for s :: ‘a + 'b where
s=Inlrt = 1z € setl s

inductive-set setr :: ‘a + 'b = 'b set for s :: 'a + 'b where
s=Inrz = x € selr s

lemma sum-set-defs [code]:
setl = (Az. case x of Inl z = {z} | - = {})
setr = (Az. case x of Inr z = {z} | - = {})

{proof)

lemma rel-sum-simps [code, simp]:
rel-sum R1 R2 (Inl al) (Inl b1) = R1 al b1
rel-sum R1 R2 (Inl al) (Inr b2) = False
rel-sum R1 R2 (Inr a2) (Inl b1) = False
rel-sum R1 R2 (Inr a2) (Inr b2) = R2 a2 b2

{proof)

inductive
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pred-sum :: (‘a = bool) = ('b = bool) = 'a + 'b = bool for P1 P2
where

P1 a = pred-sum P1 P2 (Inl a)
| P2 b = pred-sum P1 P2 (Inrb)

lemma pred-sum-inject [code, simpl:
pred-sum P1 P2 (Inl a) <— P1 a
pred-sum P1 P2 (Inr b) <— P2b

{proof)

bnf ‘a + b
map: map-sum
sets: setl setr
bd: natLeq
wits: Inl Inr
rel: rel-sum
pred: pred-sum

(proof)

inductive-set fsts :: 'a X 'b = ’a set for p :: 'a x 'b where
fstp e fstsp

inductive-set snds :: ‘a x 'b = 'b set for p :: ‘a x 'b where
sndp € snds p

lemma prod-set-defs|code]: fsts = (Ap. {fst p}) snds = (Ap. {snd p})
(proof)

inductive

rel-prod :: ('a = 'b = bool) = (‘¢ = 'd = bool) = 'a x 'c = 'b x 'd = bool
for R1 R2
where

[R1 a b; R2 ¢ d] = rel-prod R1 R2 (a, c) (b, d)

inductive

pred-prod :: ('a = bool) = ('b = bool) = 'a x 'b = bool for P1 P2
where

[P1 a; P2 b] = pred-prod P1 P2 (a, b)

lemma rel-prod-inject [code, simp]:
rel-prod R1 R2 (a, b) (¢, d) «— Rl ac AN R20bd
(proof )

lemma pred-prod-inject [code, simp]:
pred-prod P1 P2 (a, b) «— P1 a N P2
(proof)

lemma rel-prod-conv:
rel-prod R1 R2 = (A(a, b) (¢, d). R1 a ¢ A R2 b d)
(proof )
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definition

pred-fun :: (‘a = bool) = ('b = bool) = ('a = 'b) = bool
where

pred-fun A B = (Af.Vz. Az — B (f z))

lemma pred-funl: (Az. A x = B (f z)) = pred-fun A B f
(proof )

bnf ‘a x b
map: map-prod
sets: fsts snds
bd: natLeq
rel: rel-prod
pred: pred-prod

(proof )

lemma card-order-bd-fun: card-order (natLeq +c card-suc ( |UNIV|))
{proof)

lemma Cinfinite-bd-fun: Cinfinite (natLeq +c card-suc ( |UNIV| ))
(proof)

lemma regularCard-bd-fun: regularCard (natLeq +c card-suc ( |UNIV|))
(is regularCard (- ¢ card-suc ?U))

(proof)

lemma ordLess-bd-fun: |UNIV::'a set| <o natLeq +c card-suc ( |UNIV::'a set| )
(is - <o (- +¢ card-suc (2U :: 'a rel)))
(proof)

bnf ‘a = b
map: (o)
sets: range
bd: natLeq +c card-suc ( |UNIV::'a set| )
rel: rel-fun (=)
pred: pred-fun (A-. True)
(proof )

end

36 Shared Fixpoint Operations on Bounded Nat-
ural Functors
theory BNF-Firpoint-Base

imports BNF-Composition Basic-BNFs
begin
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lemma conj-imp-eq-imp-imp: (P A Q@ = PROP R) = (P = @ — PROP R)
(proof )

lemma predicate2D-conj: P< QAR = RA (Pxzy — Quy)
(proof )

lemma eg-sym-Unity-conv: (z = (() = ())) = =
{proof)

lemma case-unit-Unity: (case u of () = f) = f
(proof )

lemma case-prod-Pair-iden: (case p of (z, y) = (z, y)) = p
(proof )

lemma unit-all-impl: (P () = Q () = V2. Pz — Quz
(proof)

lemma pointfree-idE: f o g =id = f (g z) =
(proof )

lemma o0-bij:
assumes gf: go f = id and fg: f o g = id
shows bij f

(proof)

lemma case-sum-step:
case-sum (case-sum f’ g') g (Inl p) = case-sum f' g’ p
case-sum | (case-sum f’ g') (Inr p) = case-sum f' g’ p
(proof)

lemma obj-one-pointE:Vz. s =z — P = P

{proof)

lemma type-copy-obj-one-point-absk:
assumes type-definition Rep Abs UNIV Y z. s = Abs x — P shows P
(proof )

lemma obj-sumFE-f:
assumes Vz. s = f (Inlz) — PVz. s=f (Inrz) — P
shows Vz.s=fz — P

(proof)

lemma case-sum-if:
case-sum f g (if p then Inl z else Inr y) = (if p then f x else g y)

{proof)

lemma prod-set-simps|simp]:

fsts (z, y) = {z}
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snds (z, y) = {y}
{proof)

lemma sum-set-simps|[simp]:
setl (Inl z) = {z}
setl (Inr z) = {}
)

setr (Inl ) = {}
setr (Inr z) = {z}
{proof)

lemma Ini-Inr-False: (Inl x = Inr y) = False
(proof)

lemma Inr-Inl-False: (Inr x = Inl y) = False

(proof)

lemma spec2: Vzy. Pry=— Puay
{proof )

lemma rewriteR-comp-comp: [goh=r] = fogoh=for
(proof )

lemma rewriteR-comp-comp2: [go h=rl or2;forl =] = fogoh=1lo
72
(proof )

lemma rewriteL-comp-comp: [f o g=1] = fo(goh)=10oh
(proof)

lemma rewriteL-comp-comp2: [f o g =11 012;120h=r] = fo(goh) =11
or
(proof )

lemma convol-o: {f, g) o h = {(f o h, g o h)
(proof )

lemma map-prod-o-convol: map-prod h1 h2 o (f, g) = (hl o f, h2 o g)
(proof)

lemma map-prod-o-convol-id: (map-prod f id o (id, ¢)) z = (id o f, g) x
(proof)

lemma o-case-sum: h o case-sum f g = case-sum (h o f) (h o g)
(proof)

lemma case-sum-o-map-sum: case-sum f g o map-sum hl h2 = case-sum (f o hi)
(g o h2)
(proof )
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lemma case-sum-o-map-sum-id: (case-sum id g o map-sum fid) x = case-sum (f
oid) gz
{proof)

lemma rel-fun-def-butlast:
rel-fun R (rel-fun S T) fg= Vaxy. Rzy — (rel-fun S T) (fz) (9 y))
(proof)

lemma subst-eq-imp: (Va b. a =b— Pab)=(Va. Paa)
{proof)

lemma eg-subset: (=) < (Aab. PabV a=D0)
{proof)

lemma eg-le-Grp-id-iff: ((=) < Grp (Collect R) id) = (All R)
{proof)

lemma Grp-id-mono-subst: (Az y. Grp P idzy = Grp Q id (fz) (fy)) =
(Nt. 2€e P= fz e Q)
(proof )

lemma vimage2p-mono: vimage2p fg Rxy — R < S = vimage2p fgSzy
(proof)

lemma vimage2p-refl: (Az. R © z) = vimage2p ff R x x
(proof )

lemma

assumes type-definition Rep Abs UNIV

shows type-copy-Rep-0-Abs: Rep o Abs = id and type-copy-Abs-o-Rep: Abs o Rep
=1id

(proof )

lemma type-copy-map-comp0-undo:
assumes type-definition Rep Abs UNIV
type-definition Rep’ Abs’ UNIV
type-definition Rep'’ Abs"" UNIV
shows Abs’ o M o Rep” = (Abs’ o M1 o Rep) o (Abs o M2 o Rep’) = M1 o
M2 =M
(proof)

lemma vimage2p-id: vimage2p id id R = R
(proof)

lemma vimage2p-comp: vimage2p (f1 o f2) (g1 o g2) = vimage2p f2 g2 o vimage2p
f1 g1
(proof )

lemma vimage2p-rel-fun: rel-fun (vimage2p fg R) R f g
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{proof)

lemma fun-cong-unused-0: f = (Az. g) = f (A\z. 0) = ¢
(proof )

lemma inj-on-convol-ident: inj-on (Az. (z, fz)) X
(proof)

lemma map-sum-if-distrib-then:
NS g exy. map-sum f g (if e then Inl z else y) = (if e then Inl (f z) else map-sum

fay)
NS g exy. map-sum f g (if e then Inr x else y) = (if e then Inr (g x) else map-sum

favy)
(proof)

lemma map-sum-if-distrib-else:
NS g e xy. map-sum [ g (if e then x else Inl y) = (if e then map-sum f g z else

Inl (fy))
NS g e xy. map-sum f g (if e then x else Inr y) = (if e then map-sum f g x else

Inr (gy))
(proof)

lemma case-prod-app: case-prod f x y = case-prod (Al r. flry) x
(proof)

lemma case-sum-map-sum: case-sum 1 r (map-sum f g ) = case-sum (L o f) (r o
9) x
{proof )

lemma case-sum-transfer:
rel-fun (rel-fun R T) (rel-fun (rel-fun S T) (rel-fun (rel-sum R S) T)) case-sum

case-sum

{proof)

lemma case-prod-map-prod: case-prod h (map-prod f g x) = case-prod (Al r. h (f
)(gr) =

(proof)

lemma case-prod-o-map-prod: case-prod f o map-prod g1 g2 = case-prod (Al r. f

(g11) (g2 1))
(proof )

lemma case-prod-transfer:
(rel-fun (rel-fun A (rel-fun B C)) (rel-fun (rel-prod A B) C)) case-prod case-prod
{proof)

lemma eg-ifl: (P — t = ul) = (- P — t = u2) = t = (if P then ul else
u2)
{proof)
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lemma comp-transfer:
rel-fun (rel-fun B C) (rel-fun (rel-fun A B) (rel-fun A C)) (o) (o)
{proof)

lemma If-transfer: rel-fun (=) (rel-fun A (rel-fun A A)) If If
(proof)

lemma Abs-transfer:
assumes type-copyl: type-definition Repl Abs1 UNIV
assumes type-copy2: type-definition Rep2 Abs2 UNIV
shows rel-fun R (vimage2p Repl Rep2 R) Absl Abs2

{proof)

lemma Ini-transfer:
rel-fun S (rel-sum S T) Inl Inl

(proof)

lemma Inr-transfer:
rel-fun T (rel-sum S T) Inr Inr

(proof)

lemma Pair-transfer: rel-fun A (rel-fun B (rel-prod A B)) Pair Pair
{proof)

lemma eg-onp-live-step: x = y = eq-onp Pa a AN x +— Pa Ay
(proof )

lemma top-conj: top x N P <— P P A top x <— P
(proof )

lemma fst-convol”: fst ({f, g) ) = f =
(proof)

lemma snd-convol”: snd ({f, g) z) = gz
{proof)

lemma convol-expand-snd: fst o f = g = (g, snd o f) = f
{proof )

lemma convol-expand-snd’:
assumes (fst o f = g)
shows h = snd o f «— (g, h) = f
(proof)

lemma case-sum-expand-Inr-pointfree: f o Inl = ¢ = case-sum g (f o Inr) = f

(proof)

lemma case-sum-expand-Inr’: f o Inl = g = h = f o Inr +— case-sum g h = f
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{proof)

lemma case-sum-expand-Inr: f o Inl = g = fx = case-sum g (f o Inr) z
(proof )

lemma id-transfer: rel-fun A A id id
{proof )

lemma fst-transfer: rel-fun (rel-prod A B) A fst fst
(proof )

lemma snd-transfer: rel-fun (rel-prod A B) B snd snd
(proof )

lemma convol-transfer:
rel-fun (rel-fun R S) (rel-fun (rel-fun R T) (rel-fun R (rel-prod S T))) BNF-Def.convol
BNF-Def.convol

{proof)

lemma Let-const: Let x (A-. ¢) = ¢
{proof)

(ML)

end

37 Least Fixpoint (Datatype) Operation on Bounded
Natural Functors

theory BNF-Least-Fizpoint
imports BNF-Fixpoint-Base
keywords
datatype :: thy-defn and
datatype-compat :: thy-defn
begin

lemma subset-emptyl: (A\z. © € A = False) = A C {}
(proof)

lemma image-Collect-subsetl: (Ax. Pz = fz € B) = f ‘{z. Pz} C B

(proof )

lemma Collect-restrict: {xz. t € X N Pz} C X
{proof)

lemma prop-restrict: [x € Z; Z C{z. 2 € X NPz} = Pz
{proof)
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lemma underS-I: [i # j; (i, j) € R] = i € underS R j
{proof)

lemma underS-E: i € underS Rj =i # j A (i,j) € R
(proof )

lemma underS-Field: i € underS R j = i € Field R
(proof)

lemma ex-bij-betw: |A| <o (r :: 'b rel) = 3f B :: 'b set. bij-betw f B A
(proof )

lemma bij-betwl "
Aey [eeX;yeX] = (fz=7ry) = (z=1y);
Ne.ze X = fzey;
Ny.yeY =3z e X y=fz] = bijbetw fXY
(proof )

lemma surj-fun-eq:
assumes surj-on: f X = UNIV and eg-on: Vz € X. (gl o f) 2 = (g2 o f) x
shows g1 = ¢2

(proof)

lemma Card-order-wo-rel: Card-order r = wo-rel r
(proof)

lemma Cinfinite-limit: [z € Field r; Cinfinite r] = Jy € Fieldr. x # y A (z,
y) €T
(proof )

lemma Card-order-trans:
[Card-order r; x # y; (z,y) € sy # 2, (y, 2) €Er] = # 2z AN (z,2) €Er
(proof )

lemma Cinfinite-limit2:
assumes z1: x1 € Field r and z2: z2 € Field r and r: Cinfinite r
shows Jy € Fieldr. (z1 #y A (z1,y) €r) AN (22 #y A (22, y) € 1)
(proof)

lemma Cinfinite-limit-finite:
[finite X; X C Field r; Cinfinite r] = Jy € Field r. Vo € X. (x £ y A (z, y)
er)

(proof)

lemma insert-subsetl: v € A; X C A] = insertz X C A
{proof)

lemmas well-order-induct-imp = wo-rel.well-order-inductof r Az. z € Field r —
P z for r P]
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lemma meta-spec2:
assumes (Az y. PROP P 1 y)
shows PROP Pz y

(proof)

lemma nchotomy-relcomppk':
assumes Ay. 3z. y=fz (r00s)ac Nb.ra (fb) = s (fb) c= P
shows P

{(proof)

lemma predicate2D-vimage2p: [R < vimage2p fg S; Rz y] = S (fz) (g v)
(proof )

lemma ssubst-Pair-rhs: [(r, s) € R; ' = s] = (r, s') € R
{proof)

lemma all-mem-rangel:
(Ay. y € range f = P y) = (\z. P (f2))
(proof )

lemma all-mem-range2:
(Afa y. fa € range f = y € range fa = P y) = (Az za. P (f x za))
(proof)

lemma all-mem-range3:

(Afa fboy. fa € range f = fb € range fa = y € range fo = P y) = (A\z za
zb. P (f x za xb))

(proof)

lemma all-mem-ranges:

(Afa fb fc y. fa € range f = fb € range fa = fc € range fb = y € range fc
= Py) =

(Az za zb zc. P (f x za xb zc))

(proof)

lemma all-mem-range5:
(Afa fo fe fd y. fa € range f = fb € range fa = fc € range fo = fd € range
fe =
y € range fd = P y) =
(Az za xb zc zd. P (f z xa zb xc zd))
(proof )

lemma all-mem-range6:
(Afa fo fc fd fe ff y. fa € range f = fb € range fa = fc € range fb = fd €
range fc =
fe € range fd = ff € range fe = y € range ff = P y) =
(Az za xb xc zd ze zf. P (f x xa zb xc xzd ze zf))
(proof)
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lemma all-mem-range?7:
(Afa fb fc fd fe ff fg y. fa € range f = fb € range fa = fc € range fb = fd
€ range fc =
fe € range fd = [f € range fe => fg € range f[f = y € range fg = P y) =
(Az za xb xc zd ze zf xg. P (f x za xb xc zd ze zf xq))
(proof)

lemma all-mem-range§:
(Afa fo fc fd fe [f fg fh y. fa € range f = fb € range fa = fc € range fo =
fd € range fc =
fe € range fd = ff € range fe = fg € range ff = fh € range f¢g = y €
range fh = P y) =
(Az za xb zc zd ze zf zg zh. P (f © za zb xc zd xe zf xg zh))
(proof )

lemmas all-mem-range = all-mem-rangel all-mem-range2 all-mem-range3 all-mem-range4
all-mem-ranged
all-mem-range6 all-mem-range7 all-mem-range§

lemma pred-fun-True-id: NO-MATCH id p = pred-fun (Az. True) p f = pred-fun
(Az. True) id (p o f)
(proof)

(ML)

end

38 Equivalence Relations in Higher-Order Set The-
ory

theory Fquiv-Relations
imports BNF-Least-Fizpoint
begin

38.1 Equivalence relations — set version

definition equiv :: ‘a set = (‘a x 'a) set = bool
where equiv Ar <— r C A x AN refllon A r A sym r A trans r

lemma equivl: r C A X A = reflon A r = sym r = trans r = equiv A r
(proof)

lemma equivE:
assumes equiv A r
obtains r C A x A and refl-on A r and sym r and trans r

{proof)

Suppes, Theorem 70: r is an equiv relation iff r=! O r = r.
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First half: equiv A r = r=! Or = r.

lemma sym-trans-comp-subset:
assumes r C A x A and sym-on A r and trans-on A r
shows =1 Or C r

(proof)

lemma refi-on-comp-subset: r C A x A = reflon Ar = r Cr1 Or
(proof )

lemma equiv-comp-eq: equiv Ar = r~! Or =r

(proof )
Second half.

lemma comp-equivl:
assumes ' O r = r Domainr = A
shows equiv A r

(proof)

38.2 Equivalence classes

lemma equiv-class-subset: equiv A r = (a, b) € r = r*{a} C r{b}
— lemma for the next result
{proof )

theorem equiv-class-eq:
assumes equiv A r and (a, b) € r
shows r‘{a} = r*{b}

(proof)

lemma equiv-class-self: equiv A r = a € A = a € r*{a}
(proof )

lemma subset-equiv-class: equiv A r = r‘{b} C r'{a} = b€ A= (a, b) € r
— lemma for the next result
{proof)

lemma eg-equiv-class: r*{a} = r'{b} = equiv Ar = be€ A= (a,b) €r
{proof)

lemma equiv-class-nondisjoint: equiv A r = x € (r‘{a} N r*{b}) = (a, b) € r

(proof)

lemma equiv-type: equiv A r = r C A x A
(proof)

lemma equiv-class-eq-iff: equiv A r = (z, y) € r +— r'{a} = r'{fyt ANz € A
ANyeA
(proof )
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lemma eg-equiv-class-iff: equiv Ar =z € A =y € A = r'{z} = r'{y} +—
(z,y) €r
{proof)

lemma disjnt-equiv-class: equiv A r = disjnt (r{a}) (r*{bd}) +— (a, b) ¢ r
{proof)

38.3 Quotients

definition quotient :: 'a set = ('a x 'a) set = 'a set set (infixl <’/'/> 90)
where A//r = (Jz € A. {r‘{z}}) — set of equiv classes

lemma quotientl: t € A = r{z} € A//r
{proof)

lemma quotientE: X € A//r = (A\z. X =r{a} = 1€ A= P) = P
{proof)

lemma Union-quotient: equiv A r = |J(A4//r) = A

{proof)

lemma quotient-disj-strong:

assumes r C A x A and sym-on A r and trans-on A rand X € A//r and Y
e Al/r

shows X =YV XNY={}
(proof)

lemma quotient-disj: equiv Ar = X € A//r= Y e A//r=X=Y Vv XnN
Y ={}

(proof)

lemma quotient-eql:
assumes equiv Ar X € A//rY e A//rand zy:z € Xy e Y (z,y) €7
shows X =Y

(proof)

lemma quotient-eq-iff:
assumes equiv Ar X € A//rY € A//rand zy: 2 € Xye Y
shows X = YV +— (z,y) €r

(proof)

lemma eg-equiv-class-iff2: equiv A r =z € A =y € A = {z}//r = {y}//r
— (z,y) er
{proof)

lemma quotient-empty [simp): {}//r = {}
{proof)

lemma quotient-is-empty [iff]: A//r = {} +— A = {}
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{proof)

lemma quotient-is-empty2 [iff]: {} = A//r +— A = {}
{proof)

lemma singleton-quotient: {x}//r = {r “ {z}}
(proof)

lemma quotient-diff1: inj-on (Aa. {a}//r) A = a € A = (A — {a})//r =
Allr —Aa}//r

(proof)

38.4 Refinement of one equivalence relation WRT another
lemma refines-equiv-class-eq: R C S = equiv A R = equiv A S = R*(S*{a})
= §*{a}

(proof)

lemma refines-equiv-class-eq2: R C S = equiv A R = equiv A S = S*(R*{a})
= Sa}
(proof)

lemma refines-equiv-image-eq: R C S = equiv A R = equiv A S = (\X.
S“X) *(A//R) = A//S

(proof)
lemma finite-refines-finite:

finite (A//R) = R C S = equiv A R = equiv A S = finite (A//S)
(proof )

lemma finite-refines-card-le:

finite (A//R) = R C S = equiv A R = equiv A S = card (A//S) < card
(4//R)

{proof)

38.5 Defining unary operations upon equivalence classes

A congruence-preserving function.
definition congruent :: (‘a x ‘a) set = (‘a = 'b) = bool
where congruent r f +— (V(y, 2) € r. fy = [ 2)

lemma congruentl: (Ay z. (y, 2) € r = fy = f2) = congruent r f
(proof )

lemma congruentD: congruent r f = (y, z) e r = fy=fz
{proof)

abbreviation RESPECTS :: (‘a = 'b) = (‘a x 'a) set = bool (infixr <respects
80)
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where f respects r = congruent r f

lemma UN-constant-eq: a € A =Vye A. fy=c= (Uy € A fy)=c¢
— lemma required to prove UN-equiv-class

{proof)

lemma UN-equiv-class:
assumes equiv A 1 f respects r a € A
shows (Jz € r{a}. fz)=fa
— Conversion rule

(proof)

lemma UN-equiv-class-type:

assumes 7: equiv A r f respects r and X: X € A//r and AB: N\z. z € A = f
r €D

shows (Jz € X. fz) € B

(proof)

Sufficient conditions for injectiveness. Could weaken premises! major premise
could be an inclusion; bcong could be Ay. y € A = fy € B.
lemma UN-equiv-class-inject:

assumes equiv A r f respects r

and e¢: Uz e X. fz)=(Uye Y. fy

and X: X € A//rand Y: Y € A//r

and fr: A\ey.2 € A = ye A= fa=fy= (z,y) €r
shows X = Y
(proof)

38.6 Defining binary operations upon equivalence classes

A congruence-preserving function of two arguments.

definition congruent2 :: ('a x ‘a) set = ('b x 'b) set = (a = 'b = '¢) = bool
where congruent2 ri r2 f «— (VY (yl, z1) € 1.V (y2, 22) € r2. fyl y2 = f 21

22)

lemma congruent2l’:
assumes Ayl 21 y2 22. (y1, z1) € rl = (y2, 22) € r2 = fyl y2 = f 21 22
shows congruent2 r1 r2 f
(proof )

lemma congruent2D: congruent2 r1 r2 f = (y1, z1) € rl = (y2, 22) € r2 =
fyly2 = fz1 22
(proof )

Abbreviation for the common case where the relations are identical.

abbreviation RESPECTS2:: (‘a = 'a = 'b) = (‘a x 'a) set = bool (infixr
<respects2y 80)
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where f respects2 r = congruent2 r r f

lemma congruent2-implies-congruent:
equiv A r1 = congruent2 r1 12 f = a € A = congruent r2 (f a)

{proof)

lemma congruent2-implies-congruent-UN:
assumes equiv A1 r1 equiv A2 r2 congruent2 r1 r2 fa € A2
shows congruent r1 (Azl.|Jx2 € r2‘{a}. fzl 22)

(proof)

lemma UN-equiv-class2:
equiv A1 rl = equiv A2 12 = congruent2 r1 12 f = al € Al = a2 € A2
=
Uzt € r1*{al}. Ja2 € r2°{a2}. fal 22) = fal a2
(proof)

lemma UN-equiv-class-type2:
equiv Al vl = equiv A2 r2 = congruent2 r1 r2 f
= X1 € Al//r]l = X2 € A2//r2
= (N2l 22. 21 € Al = 22 € A2 = fzl 22 € B)
= (Ul € X1.J22 € X2. fzl 22) € B

{proof)

lemma UN-UN-split-split-eq:
(U(zt, 22) e X. J(yl, y2) € Y. A xl 22 yl y2) =
Uz e X. Uy e Y. (M1, 22). (M(yl, y2). A 1 22 y1 y2) y) z)
— Allows a natural expression of binary operators,
— without explicit calls to split

(proof)

lemma congruent2l:
equiv A1 rl = equiv A2 r2
= (Ayzw. we A2 = (y,2) € rl = fyw=fzw)
= (Ayzw. we Al = (y2) €r2 = fwy=fwz2)
= congruent2 r1 r2 f
— Suggested by John Harrison — the two subproofs may be
— much simpler than the direct proof.

{proof)

lemma congruent2-commutel:
assumes equivA: equiv A r
and commute: N\yz2. y€ A —= z2€ A= fyz=fzy
and congt: Ay zw. we A= (y2) e r= fuwy=fwz
shows f respects2 r

(proof)
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38.7 Quotients and finiteness

Suggested by Florian Kammiiller

lemma finite-quotient:
assumes finite A r C A x A
shows finite (A//r)
— recall equiv ?A r = %r C ?A x %A

(proof)

lemma finite-equiv-class: finite A—=r C A x A= X € A//r = finite X
(proof )

lemma equiv-imp-dvd-card:
assumes finite A equiv A r NX. X € A//r = k dvd card X
shows k dvd card A

(proof)

38.8 Kernel of a Function

definition kernel :: (‘a = 'b) = ('a % 'a) set where

kernel f = {(z,y). fz = fy}

lemma equiv-kernel: equiv UNIV (kernel f)
(proof)

lemma respects-kernel: f respects (kernel f)

(proof)

lemma inj-on-vimage-image: inj-on (Ab. f —*{b}) (f < A)
(proof)

lemma kernel-Image: kernel f “ A = f —“(f ¢ A)
(proof)

lemma quotient-kernel-eg-image: A // kernel f = (Ab. f —<{b}) ‘f ‘A
(proof)

lemma bij-betw-image-quotient-kernel: bij-betw (Ab. f —{b}) (f * A) (A // kernel
/)
(proof)

38.9 Projection
definition proj :: (b x ‘a) set = 'b = ‘a set

where proj rz = r “ {z}

lemma proj-preserves: © € A = projrax € A//r
(proof )
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lemma proj-in-iff:
assumes equiv A r
shows projrz € A//r «— 2z € A
(is 2lhs <— ?rhs)

(proof)

lemma proj-iff: equiv A r = {z, y} C A= projraz=projry<+— (z,y) €r
(proof )

lemma proj-image: projr ‘A = A//r
(proof )

lemma in-quotient-imp-non-empty: equiv A r = X € A//r = X # {}
{proof)

lemma in-quotient-imp-in-rel: equiv A r —= X € A//r = {z, y} C X = (x,
y) €T
(proof )

lemma in-quotient-imp-closed: equiv A r = X € A//r =z € X = (x, y) €
r=yecX
(proof)

lemma in-quotient-imp-subset: equiv Ar —= X € A//r —= X C A
(proof )

38.10 Equivalence relations — predicate version

Partial equivalences.

definition part-equivp :: ('a = 'a = bool) = bool
where part-equivp R «+— (3z. Rzz) AN Vey. Rzy+— Rzx ARyyARz
=Ry)
— John-Harrison-style characterization

lemma part-equivpl: 3x. R © © = symp R = transp R = part-equivp R
(proof )

lemma part-equivpE:
assumes part-equivp R
obtains z where R z z and symp R and transp R

(proof)
lemma part-equivp-refl-symp-transp: part-equivp R «— (3z. R x z) A symp R A
transp R

(proof )

lemma part-equivp-symp: part-equivp R =— Rty — R yzx
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{proof)

lemma part-equivp-transp: part-equivp R =— Rrzy—=— Ryz— Rz z2
(proof )

lemma part-equivp-typedef: part-equivp R = 3d. d € {c¢. Jz. Rz z A ¢ = Collect

(R )}
(proof)

Total equivalences.

definition equivp :: (‘a = 'a = bool) = bool
where equivp R +— (V2 y. Rz y = (R z = R y)) — John-Harrison-style
characterization

lemma equivpl: reflp R = symp R = transp R = equivp R
(proof)

lemma equivpFE:

assumes equivp R
obtains reflp R and symp R and transp R

{proof)

lemma equivp-implies-part-equivp: equivp R — part-equivp R
(proof )

lemma equivp-equiv: equiv UNIV A <— equivp (Az y. (z, y) € A)
(proof )

lemma equivp-refip-symp-transp: equivp R <— reflp R A\ symp R A transp R
(proof)

lemma identity-equivp: equivp (=)
(proof )

lemma equivp-refip: equivp R — R z x
(proof )

lemma equivp-symp: equivp R —= Rxy—= Ry«
(proof )

lemma equivp-transp: equivp R — Rxy—=— Ryz— Rz z
(proof)

lemma equivp-rtranclp: symp r = equivp r**
(proof)

lemmas equivp-riranclp-symclp [simp] = equivp-rtranclp| OF symp-on-symclp]

lemma equivp-vimage2p: equivp R = equivp (vimage2p f f R)
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{proof)

lemma equivp-imp-transp: equivp R = transp R
(proof )

38.11 Equivalence closure

definition equivclp :: (‘a = 'a = bool) = 'a = 'a = bool where
equivelp v = (symelp r)**

lemma transp-equivclp [simp): transp (equivelp r)
(proof )

lemma reflp-equivclp [simp]: reflp (equivelp r)
(proof)

lemma symp-equivclp [simp]: symp (equivelp r)

(proof)

lemma equivp-evquivclp [simpl: equivp (equivelp 1)
(proof )

lemma tranclp-equivclp [simp): (equivelp )™+ = equivclp r
(proof )

lemma rtranclp-equivclp [simp): (equivclp r)** = equivclp v
(proof )

lemma symclp-equivelp [simp): symclp (equivelp r) = equivclp r
(proof)

lemma equivclp-symclp [simp]: equivclp (symelp v) = equivclp r
(proof )

lemma equivclp-conversep [simp]: equivclp (conversep r) = equivclp r

{proof)

lemma equivclp-sym [sym]: equivelp r x y = equivelp ry x
(proof )

lemma equivclp- O O-equivclp-le-equivclp: equivelp v OO equivelp r < equivelp r
(proof)

lemma rtranlcp-le-equivclp: r** < equivclp r
(proof )

1

lemma rtranclp-conversep-le-equivclp: r—1=1** < equivclp r

{proof)
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lemma symclp-rtranclp-le-equivclp: symclp r** < equivclp r
(proof)

lemma r-OO0-conversep-into-equivclp:
r** 00 r~ =1 < equivelp r
(proof )

lemma equivclp-induct [consumes 1, case-names base step, induct pred: equivclp):
assumes a: equivclp r a b
and cases: Pa Ny z. equivclpray = ryzVrzy— Py— Pz
shows P b

{proof)

lemma converse-equivclp-induct [consumes 1, case-names base stepl:
assumes major: equivclp r a b
and cases: Pb A\yz.ryzVrzy = equivclprzb—=— Pz=— Py
shows P a

{proof)

lemma equivclp-refl [simp): equivclp r x x
(proof )

lemma r-into-equivclp [intro|: r ¢y = equivclp r x y
(proof )

lemma converse-r-into-equivclp [introl: r y ¥ = equivclp r x y
(proof )

lemma rtranclp-into-equivclp: v** © y = equivclp r z y
(proof )

lemma converse-rtranclp-into-equivclp: m™* y x = equivclp r x y

{proof)

lemma equivclp-into-equivelp: | equivelp ra b; rb ¢V re b ] = equivelp r a ¢
(proof )

lemma equivclp-trans [trans]: [ equivclp r a by equivelp r b ¢ | = equivclp r a ¢
(proof)

hide-const (open) proj
end
theory Basic-BNF-LFPs

imports BNF-Least-Fixpoint
begin
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definition ztor :: 'a = 'a where
ztor T = x

lemma ztor-map: [ (ztor x) = ztor (f )
(proof)

lemma xtor-map-unique: u o xtor = xtor o f = u = f
{proof )

lemma ztor-set: f (ztor z) = fx
(proof)

lemma ztor-rel: R (xtor x) (ztor y) = Rz y
{proof)

lemma ztor-induct: (Az. P (ztor x)) = P z
(proof)

lemma ztor-ztor: ztor (ztor z) = x
{proof)

lemmas ztor-inject = xtor-rel[of (=)]

lemma ztor-rel-induct: (A\z y. vimage2p id-bnf id-bnf R x y = IR (xtor z) (ztor
y)) = R < IR
(proof )

lemma xtor-iff-rtor: v = ztor w <+— xtor u = w
(proof)

lemma Inl-def-alt: Inl = (Aa. ztor (id-bnf (Inl a)))
{proof)

lemma Inr-def-alt: Inr = (Xa. ztor (id-bnf (Inr a)))
{proof)

lemma Pair-def-alt: Pair = (Aa b. xtor (id-bnf (a, b)))
(proof)

definition ctor-rec :: ‘a = 'a where
ctor-rec x = x

lemma ctor-rec: g = id => ctor-rec f (ator x) = f ((id-bnf o g o id-bnf) x)
(proof)

lemma ctor-rec-unique: g = id = f o ator = s o (id-bnf o g o id-bnf) = f =
ctor-rec s
(proof )
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lemma ctor-rec-def-alt: f = ctor-rec (f o id-bnf)
{proof )

lemma ctor-rec-o-map: ctor-rec f o g = ctor-rec (f o (id-bnf o g o id-bnf))
(proof )

lemma ctor-rec-transfer: rel-fun (rel-fun (vimage2p id-bnf id-bnf R) S) (rel-fun R
S) ctor-rec ctor-rec
(proof )

lemma eq-fst-iff: a = fst p +— (3b. p = (a, b))
(proof)

lemma eg-snd-iff: b = snd p «+— (Fa. p = (a, b))
{proof)

lemma ex-neg-all-pos: (3z. Pz) = Q) = (Az. Pz = Q)
{proof)

lemma hypsubst-in-prems: (N\z. y=2 = z2=fz = P)=(z2=fy = P)
(proof )

lemma isl-map-sum:
isl (map-sum f g s) = isl s
(proof )

lemma map-sum-sel:
isl s = projl (map-sum f g s) = f (projl s)
= isl s = projr (map-sum f g s) = g (projr s)
(proof)

lemma set-sum-sel:
isl s = projl s € setl s
= isl s => projr s € setr s

{proof)

lemma rel-sum-sel: rel-sum R1 R2 a b = (isl a = isl b A
(isl a — isl b — R1 (projl a) (projl b)) A
(misl a — = isl b — R2 (projr a) (projr b)))
{proof )

lemma isl-transfer: rel-fun (rel-sum A B) (=) isl isl
{proof)

lemma rel-prod-sel: rel-prod R1 R2 p q = (R1 (fst p) (fst ¢) A R2 (snd p) (snd

a))
(proof)

(ML)
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declare prod.size [no-atp]
hide-const (open) ztor ctor-rec

hide-fact (open)

ztor-def xtor-map ztor-set xtor-rel xtor-induct ztor-ztor xtor-inject ctor-rec-def
ctor-rec

ctor-rec-def-alt ctor-rec-o-map xtor-rel-induct Inl-def-alt Inr-def-alt Pair-def-alt

end

39 MESON Proof Method

theory Meson
imports Nat
begin

39.1 Negation Normal Form

de Morgan laws

lemma not-conjD: =(PAQ) = =P V =Q
and not-disjD: ~(PVQ) = —P A =Q
and not-notD: -—-P = P
and not-allD: AP. =(Vz. P(z)) = Jz. =P(x)
and not-exD: AP. =(3z. P(z)) = VY z. =P(z)
(proof)

Removal of — and <— (positive and negative occurrences)
lemma imp-to-disjiD: P—@Q —> -P V @

and not-impD: -(P—Q) = P N =Q

and iff-to-disjiD: P=Q = (=P V Q) A (-Q V P)

and not-iffD: ~(P=Q) = (P V Q) A (=P V =Q)

— Much more efficient than P A = @ V @ A = P for computing CNF
and not-refl-disj-D: © # x V P = P
(proof)

39.2 Pulling out the existential quantifiers

Conjunction

lemma conj-ezD1: AP Q. (3z. P(z)) AN Q = Jz. P(z) A Q
and conj-exD2: AP Q. P A (3z. Q(z)) = Jz. P A Q(z)
(proof )

Disjunction

lemma disj-exD: AP Q. (3z. P(z)) V (3z. Q(z)) = Jz. P(z) V Q(x)
— DO NOT USE with forall-Skolemization: makes fewer schematic variables!!
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— With ex-Skolemization, makes fewer Skolem constants
and disj-exD1: AP Q. (3z. P(z)) V Q = Jz. P(z) V Q
and disj-exD2: AP Q. PV (3z. Q(z)) = Fz. PV Q(x)
{proof)

lemma disj-assoc: (PVQ)VR = PV(QVR)
and disj-comm: PV@Q — QVP
and disj-FalseD1: FalseVP —> P
and disj-FalseD2: PV False — P

(proof)
Generation of contrapositives

Inserts negated disjunct after removing the negation; P is a literal. Model
elimination requires assuming the negation of every attempted subgoal,
hence the negated disjuncts.

lemma make-neg-rule: ~PVQ = ((-P—P) = Q)

(proof)

Version for Plaisted’s "Postive refinement" of the Meson procedure

lemma make-refined-neg-rule: ~PVQ — (P = Q)
(proof)

P should be a literal

lemma make-pos-rule: PVQ = ((P=-P) = ()

(proof)

Versions of make-neg-rule and make-pos-rule that don’t insert new assump-
tions, for ordinary resolution.

lemmas make-neg-rule’ = make-refined-neg-rule

lemma make-pos-rule”: [PV Q; -P] = @

(proof)

Generation of a goal clause — put away the final literal
lemma make-neg-goal: =P = ((-P=P) = False)

(proof)

lemma make-pos-goal: P — ((P=—=-P) = Fulse)

(proof)

39.3 Lemmas for Forward Proof
There is a similarity to congruence rules. They are also useful in ordinary
proofs.

lemma conj-forward: [P'AQ'; P'=— P; Q' = Q] = PAQ
(proof)
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lemma disj-forward: [PVQ;, P'— P; Q' — Q] = PVQ
(proof)

lemma imp-forward: [P’ — Q' P= P}, Q' = Q] =P — @

(proof)

lemma imp-forward2: [P’ — Q% P—= P; PP—= Q'— Q] = P — Q@
{proof)

lemma disj-forward2: | PVQ';, P'— P; [Q'; P—>Fulse] = Q] — PVQ
(proof)

lemma all-forward: [| Vz. P/(z); z. P'(x) ==> P(z) || ==> Vz. P(z)
(proof)
lemma ez-forward: [| 3z. P'(z); z. P'(z) ==> P(z) || ==> Jz. P(z)
(proof )

39.4 Clausification helper

lemma Truepropl: P = Q = Trueprop P = Trueprop Q

(proof)

lemma ext-cong-neq: F g # Fh=— Fg# FhA (3z. gz # hx)
(proof)

Combinator translation helpers
definition COMBI :: 'a = 'a where
COMBI P =P

definition COMBK :: 'a = 'b = 'a where
COMBKP Q=P

definition COMBB :: ('b => 'c) = (‘a => 'b) = 'a = 'c where
COMBBP QR =P (QR)

definition COMBC :: (‘a = 'b = 'c) = 'b = 'a = 'c where
COMBCP QR=PRAQ

definition COMBS :: (Yla = 'b = 'c) = (‘a = 'b) = 'a = 'c where
COMBSP QR = PR (QR)

lemma abs-S: A\z. (fz) (9 ) = COMBS fg
(proof)

lemma abs-I: A\x. x = COMBI
(proof)
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lemma abs-K: \z. y = COMBK y

(proof )
lemma abs-B: Az. a (g ) = COMBB a g
(proof )
lemma abs-C: Az. (fz) b= COMBC fb
(proof )

39.5 Skolemization helpers

definition skolem :: 'a = 'a where
skolem = (A\x. x)

lemma skolem-COMBK-iff: P <— skolem (COMBK P (i::nat))
(proof)

lemmas skolem-COMBK-I = iffD1 [OF skolem-COMBK-iff]

39.6 Meson package
(ML)

hide-const (open) COMBI COMBK COMBB COMBC COMBS skolem
hide-fact (open) not-conjiD not-disjD not-notD not-allD not-exD imp-to-disjD
not-impD iff-to-disjD not-iffD not-refi-disj-D conj-exD1 conj-exD2 disj-exD
disj-exD1 disj-exD2 disj-assoc disj-comm disj-FalseD1 disj-FalseD2 Truepropl
ext-cong-neq COMBI-def COMBK-def COMBB-def COMBC-def COMBS-def
abs-I abs-K
abs-B abs-C abs-S skolem-def skolem-COMBK-iff skolem-COMBK-I
end

40 Automatic Theorem Provers (ATPs)

theory ATP
imports Meson Hilbert-Choice
begin
40.1 ATP problems and proofs
(ML)

40.2 Higher-order reasoning helpers

definition fFalse :: bool where
fFalse +— Fulse

definition fTrue :: bool where
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fTrue <— True

definition fNot :: bool = bool where
fNot P <— = P

definition fComp :: (‘a = bool) = 'a = bool where
fComp P = (Az. = P x)

definition fconj :: bool = bool = bool where
feonj P Q +— P A Q

definition fdisj :: bool = bool = bool where
fdisi P Q +— PV Q

definition fimplies :: bool = bool = bool where
fimplies P Q +— (P — Q)

definition fAll :: ("a = bool) = bool where
fAIL P +— All P

definition fEz :: (‘a = bool) = bool where
fEx P +— Ex P

definition fequal :: ‘a = 'a = bool where
fequal z y +— (z = y)

definition fChoice :: (‘a = bool) = 'a where
fChoice = Hilbert-Choice.Eps

lemma fTrue-ne-fFalse: fFalse # fTrue
{proof )

lemma fNot-table:
fNot fFalse = fTrue
fNot fTrue = fFualse

(proof)

lemma feonj-table:

feonj fFalse P = fFalse
feonj P fFalse = fFalse
feonj fTrue fTrue = fTrue
{proof )

lemma fdisj-table:

fdisj fTrue P = fTrue
fdisj P fTrue = fTrue
fdisj fFalse fFalse = fFalse
{proof )
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lemma fimplies-table:
fimplies P fTrue = fTrue
fimplies fFalse P = fTrue
fimplies fTrue fFalse = fFalse
(proof )

lemma fAll-table:

Ez (fComp P) Vv fAll P = fTrue
All P Vv fAll P = fFalse

{(proof)

lemma fEx-table:

All (fComp P) V fEx P = fTrue
Ex PV fEx P = fFalse

{proof )

lemma fequal-table:

fequal x © = fTrue

z =19y V fequal x y = fFualse
(proof)

lemma fNot-law:
fNot P # P
(proof )

lemma fComp-law:
fComp Px «— -~ Px
(proof)

lemma fconj-laws:
feonj P P «— P
feonj P Q <— feconj Q P

fNot (feonj P Q) +— fdisj (fNot P) (fNot @)

(proof)

lemma fdisj-laws:
fdisj P P «— P
fdisj P Q «— fdisj Q P

fNot (fdisj P Q) «— feconj (fNot P) (fNot @)

(proof)

lemma fimplies-laws:
fimplies P Q +— fdisj (- P) Q

fNot (fimplies P Q) «— fconj P (fNot Q)

(proof)

lemma fAll-law:

fNot (fAll R) <— fEzx (fComp R)

(proof)
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lemma fEz-law:
fNot (fEx R) «— fAll (fComp R)
(proof )

lemma fequal-laws:

fequal z y = fequal y x
fequal x y = fFalse V fequal y z = fFalse V fequal x z = fTrue

fequal z y = fFalse V fequal (f x) (fy) = fTrue
{(proof)

lemma fChoice-iff-Ex: P (fChoice P) +— HOL.Ex P
(proof )

We use the Ezx constant on the right-hand side of fChoice-iff-Ez because
we want to use the TPTP-native version if fChoice is introduced in a logic
that supports FOOL. In logics that don’t support it, it gets replaced by fEx
during processing. Notice that we cannot use Jz. P z, as existentials are not
skolimized by the metis proof method but Ex P is eta-expanded if FOOL is
supported.

40.3 Basic connection between ATPs and HOL
(ML)

end

41 Metis Proof Method

theory Metis
imports ATP
begin

context notes [[ML-catch-all]]
begin

(ML)
end

41.1 Literal selection and lambda-lifting helpers
definition select :: ‘a = ‘a where

select = (Ax. x)

lemma not-atomize: (- A = False) = Trueprop A
(proof)

lemma atomize-not-select: (A = select False) = Trueprop (— A)

(proof)
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lemma not-atomize-select: (- A = select False) = Trueprop A
(proof)

lemma select-Falsel: False = select Fualse

(proof)

definition lambda :: ‘a = 'a where
lambda = (\z. x)

lemma eg-lambdal: © = y = x = lambda y

(proof)

41.2 Metis package
(ML)

hide-const (open) select fFalse fTrue fNot fComp feonj fdisj fimplies fAll fEx
fequal lambda
hide-fact (open) select-def not-atomize atomize-not-select not-atomize-select se-
lect-Falsel

fFalse-def fTrue-def fNot-def fconj-def fdisj-def fimplies-def fAll-def fEx-def fe-
qual-def

fTrue-ne-fFalse fNot-table fconj-table fdisj-table fimplies-table fAll-table fEz-table

fequal-table fAll-table fEx-table fNot-law fComp-law feonj-laws fdisj-laws fim-
plies-laws

fequal-laws fAll-law fEz-law lambda-def eq-lambdal

end

42 Generic theorem transfer using relations

theory Transfer

imports Basic-BNF-LFPs Hilbert-Choice Metis
begin

42.1 Relator for function space

bundle lifting-syntax

begin

notation rel-fun (infixr (===>) 55)
notation map-fun (infixr (———>» 55)
end

context includes lifting-syntax
begin

lemma rel-funD?2:
assumes rel-fun A B fgand A z z
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shows B (fz) (g x)
{proof)

lemma rel-funkE:
assumes rel-fun A Bfgand A z y
obtains B (fz) (g v)

(proof)
lemmas rel-fun-eq = fun.rel-eq

lemma rel-fun-eq-rel:
shows rel-fun (=) R = (Afg. V2. R (fz) (g z))
(proof)

42.2 Transfer method

Explicit tag for relation membership allows for backward proof methods.

definition Rel :: (‘a = 'b = bool) = 'a = b = bool
where Relr = r

Handling of equality relations
definition is-equality :: (‘a = 'a = bool) = bool
where is-equality R +— R = (=)

lemma is-equality-eq: is-equality (=)
(proof)
Reverse implication for monotonicity rules

definition rev-implies where
rev-implies x y +— (y — x)

Handling of meta-logic connectives

definition transfer-forall where
transfer-forall = All

definition transfer-implies where
transfer-implies = (—)

definition transfer-bforall :: (‘a = bool) = ('a = bool) = bool
where transfer-bforall = (AP Q. Vz. Pz — @ x)

lemma transfer-forall-eq: (A\z. P x) = Trueprop (transfer-forall (Az. P x))
{proof)

lemma transfer-implies-eq: (A = B) = Trueprop (transfer-implies A B)
(proof )

lemma transfer-bforall-unfold:
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Trueprop (transfer-bforall P (Az. Q z)) = (Az. Pz = Q )
{proof)

lemma transfer-start: [P; Rel (=) P Q] = Q
(proof )

lemma transfer-start”: [P; Rel (—) P Q] = @
{proof)

lemma transfer-prover-start: [t = z'; Rel R ' y] = Rel Rz y
(proof )

lemma untransfer-start: [Q; Rel (=) P Q] = P
{proof)

lemma Rel-eq-refl: Rel (=) z

(proof)
lemma Rel-app:
assumes Rel (A ===> B) fgand Rel Az y
shows Rel B (fz) (g v)
(proof)

lemma Rel-abs:
assumes Az y. Rel Az y = Rel B (fz) (gy)
shows Rel (A ===> B) (\z. fz) (\y. g y)
(proof )

42.3 Predicates on relations, i.e. ‘“class constraints”

See also left-unique and right-unique.

definition lefi-total :: (‘a = b = bool) = bool
where left-total R «+— (Vz. Jy. Rz y)

definition right-total :: (‘a = 'b = bool) = bool
where right-total R +— (Vy. 32. R z y)

definition bi-total :: ('a = 'b = bool) = bool
where bi-total R «— (Vz. Jy. Rz y) A (Vy. 3z. Rz y)

definition bi-unique :: (‘a = 'b = bool) = bool
where bi-unique R +—
Vzyz. Rzy— Rzz— y=2) A
Vzyz. Rrz— Ryz— z=1y)

lemma left-totall:
(Az. Jy. R xy) = left-total R

(proof)
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lemma left-totalF:
assumes left-total R
obtains (Az. 3y. R z y)
(proof)

lemma bi-uniqueDr: [ bi-unique A; Az y; Azz] = y ==z
(proof)

lemma bi-uniqueDl: | bi-unique A; Azy; Azy] = 2z =2

(proof)

lemma bi-unique-iff: bi-unique R <+— (Vz. 3<1z. Rz 2z) A (Vz. 3<1z. R 2 1)
{proof )

lemma right-totall: (Ay. 3z. A © y) = right-total A
{proof)

lemma right-totalE:
assumes right-total A
obtains z where A z y

(proof)

lemma right-total-alt-def2:
right-total R <— (R ===> (—)) ===> (—>)) All All (is ?lhs = ?rhs)
(proof )

lemma right-unique-alt-def2:
right-unique R +— (R ===> R ===> (—)) (=) (=)
(proof )

lemma bi-total-alt-def2:
bi-total R «+— ((R ===> (=)) ===> (=)) All All (is ?lhs = ?rhs)
(proof)

lemma bi-unique-alt-def2:
bi-unique R +— (R ===> R ===> (=)) (=) (=)
(proof )

lemma [simp]:
shows left-total-conversep: left-total A~1~1 «+— right-total A
and right-total-conversep: right-total A= =1 «— left-total A

(proof )

lemma bi-unique-conversep [simp|: bi-unique R~'=1 = bi-unique R
(proof)

lemma bi-total-conversep [simp]: bi-total R~1~! = bi-total R
{proof)
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lemma right-unique-alt-def: right-unique R = (conversep R OO R < (=)) (proof)
lemma left-unique-alt-def: left-unique R = (R OO (conversep R) < (=)) (proof)

lemma right-total-alt-def: right-total R = (conversep R OO R > (=)) (proof)
lemma left-total-alt-def: left-total R = (R OO conversep R > (=)) (proof)

lemma bi-total-alt-def: bi-total A = (left-total A N right-total A)
(proof)

lemma bi-unique-alt-def: bi-unique A = (left-unique A A right-unique A)

(proof)

lemma bi-totall: left-total R = right-total R = bi-total R
(proof)

lemma bi-uniquel: left-unique R = right-unique R =—> bi-unique R

(proof)

end

lemma is-equality-lemma: (\R. is-equality R = PROP (P R)) = PROP (P (=))
{proof )

lemma Domainp-lemma: (AR. Domainp T = R = PROP (P R)) = PROP (P

(Domainp T))

(proof )

(ML)
declare refl [transfer-rule]

hide-const (open) Rel

context includes lifting-syntax
begin

Handling of domains
lemma Domainp-iff: Domainp T z +— 3y. Tz y)

(proof)

lemma Domainp-refl[transfer-domain-rule:
Domainp T = Domainp T (proof)

lemma Domain-eg-top[transfer-domain-rule]: Domainp (=) = top (proof)

lemma Domainp-pred-fun-eq[relator-domain]:

assumes left-unique T

shows Domainp (T ===> §) = pred-fun (Domainp T) (Domainp S) (is ?lhs
= ?rhs)
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(proof)

Properties are preserved by relation composition.

lemma OO-def: R OO S = (Azz. Jy. Rxy A Sy2)
(proof )

lemma bi-total-OO0: [bi-total A; bi-total B] = bi-total (A OO B)
{proof)

lemma bi-unique-OO0: [bi-unique A; bi-unique B] = bi-unique (A OO B)
(proof)

lemma right-total-OO0:
[right-total A; right-total B] = right-total (A OO B)
(proof)

lemma right-unique-OO0:

[right-unique A; right-unique B] = right-unique (A OO B)
(proof)

lemma left-total-OO0: left-total R = left-total S = left-total (R OO S)
(proof )

lemma left-unique-OO0: left-unique R = left-unique S = left-unique (R 00 §)
(proof)

42.4 Properties of relators
lemma left-total-eq[transfer-rule]: left-total (=)

{proof)

lemma left-unique-eq[transfer-rule]: left-unique (=)
(proof)

lemma right-total-eq [transfer-rule]: right-total (=)
{proof)

lemma right-unique-eq [transfer-rule]: right-unique (=)
(proof)

lemma bi-total-eq[transfer-rule]: bi-total (=)
{proof)

lemma bi-unique-eq[transfer-rule]: bi-unique (=)
{proof)

lemma left-total-fun[transfer-rule]:
assumes left-unique A left-total B
shows left-total (A ===> B)



THEORY “Transfer” 577

{proof)

lemma left-unique-fun|transfer-rule]:
[left-total A; left-unique B] = left-unique (A ===> B)
(proof )

lemma right-total-fun [transfer-rule]:
assumes right-unique A right-total B

shows right-total (A ===> B)
(proof)

lemma right-unique-fun [transfer-rule]:
[right-total A; right-unique B] = right-unique (A ===> B)
(proof )

lemma bi-total-fun|transfer-rule]:
[bi-unique A; bi-total B] = bi-total (A ===> B)
(proof )

lemma bi-unique-fun|transfer-rule]:
[bi-total A; bi-unique B] = bi-unique (A ===> B)
(proof )

end

lemma if-conn:
(if P N\ Q then t else e) = (if P then if Q then t else e else ¢)
(if PV @ then t else e) = (if P then t else if Q then t else e)
(if P — Q then t else €) = (if P then if Q then t else e else t)
(if = P then t else e) = (if P then e else t)

{(proof)
(ML)

declare pred-fun-def [simp]
declare rel-fun-eq [relator-eq|

declare fun.Domainp-rel[relator-domain del]

42.5 Transfer rules

context includes lifting-syntax
begin

lemma Domainp-forall-transfer [transfer-rule]:
assumes right-total A
shows (4 ——=> (=)) ===> (=))
(transfer-bforall (Domainp A)) transfer-forall
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{proof)

Transfer rules using implication instead of equality on booleans.

lemma transfer-forall-transfer [transfer-rule]:

bi-total A = ((A ===> (=)) ===> (=)) transfer-forall transfer-forall
right-total A = ((A ===> (=)) ===> implies) transfer-forall transfer-forall
right-total A = ((A ===> implies) ===> implies) transfer-forall trans-
fer-forall
bi-total A = ((A ===> (=)) ===> rev-implies) transfer-forall transfer-forall
bi-total A = ((A ===> rev-implies) ===> rev-implies) transfer-forall trans-
fer-forall
(proof )
lemma transfer-implies-transfer [transfer-rule]:
(=) ===> (=) ===> (=) ) transfer-implies transfer-implies
(rev-implies ===> implies ~===> implies ) transfer-implies transfer-implies
(rev-implies ===> (=) ===> implies ) transfer-implies transfer-implies
(=) ===> implies = ===> implies ) transfer-implies transfer-implies
((=) ===> (=) ===> implies ) transfer-implies transfer-implies
(implies ===> rev-implies ===> rev-implies) transfer-implies transfer-implies
(implies ===> (=) ===> rev-implies) transfer-implies transfer-implies
(=) ===> rev-implies ===> rev-implies) transfer-implies transfer-implies
((=) ===> (=) ===> rev-implies) transfer-implies transfer-implies
(proof )

lemma eq-imp-transfer [transfer-rule]:
right-unique A = (A ===> A ===> (—)) (=) (=)
(proof )

Transfer rules using equality.

lemma left-unique-transfer [transfer-rule]:
assumes right-total A
assumes right-total B
assumes bi-unique A
shows ((4 ===> B ===> (=)) ===> implies) left-unique left-unique
(proof )

lemma eg-transfer [transfer-rule]:
assumes bi-unique A
shows (A ===> 4 ===> (=)) (=) (=)
(proof )

lemma right-total- Ex-transfer|transfer-rule]:
assumes right-total A
shows ((4 ===> (=)) ===> (=)) (Bex (Collect (Domainp A))) Ex
{proof)

lemma right-total-All-transfer[transfer-rule]:
assumes right-total A
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shows ((4A ===> (=)) ===> (=)) (Ball (Collect (Domainp A))) All
{proof )

context
includes lifting-syntax
begin

lemma right-total-fun-eq-transfer:

assumes [transfer-rule]: right-total A bi-unique B

shows ((A ===> B) ===> (A ===> B) ===> (=)) (A\f g. V€ Collect(Domainp
A). fz=guz)(=)

(proof )

end

lemma All-transfer [transfer-rule]:
assumes bi-total A
shows ((A ===> (=)) ===> (=)) All All
{proof )

lemma Fz-transfer [transfer-rule]:
assumes bi-total A
shows ((4 ===> (=)) ===> (=)) Ez Ex
{proof )

lemma FEzl-parametric [transfer-rule]:
assumes [transfer-rule]: bi-unique A bi-total A
shows ((4 ===> (=)) ===> (=)) Ezl Exl
(proof)

declare If-transfer [transfer-rule]

lemma Let-transfer [transfer-rule]: (A ===> (A ===> B) ===> B) Let Let
{proof)

declare id-transfer [transfer-rule]
declare comp-transfer [transfer-rule]

lemma curry-transfer [transfer-rule]:
((rel-prod A B ===> () ===> A ===> B ===> () curry curry
(proof)

lemma fun-upd-transfer [transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows ((A ===> B) ===> A ===> B ===> A ===> B) fun-upd fun-upd
(proof )

lemma case-nat-transfer [transfer-rule]:
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(A ===> ((=) ===> A) ===> (=) ===> A) case-nat case-nat
(proof )
lemma rec-nat-transfer [transfer-rule]:
(A ===> ((:) === A ===> A) ===> (:) === A) rec-nat rec-nat
(proof )

lemma funpow-transfer [transfer-rulel:
((:) === (A === A) === (A === A)) compow compow
(proof )

lemma mono-transfer[transfer-rule]:
assumes [transfer-rule]: bi-total A

assumes [transfer-rule]: (A ===> A ===> (=)) (<) ()
assumes [transfer-rule]: (B ===> B ===> (=)) (<) (<)
shows ((A ===> B) ===> (=)) mono mono

(proof )

lemma right-total-relcompp-transfer(transfer-rule]:
assumes [transfer-rule]: right-total B
shows ((4 ===> B ===> (=)) ===> (B ===> ( ===> (=) ===> A
—==> 0 ===> (2))
(AR S z z. 3yeCollect (Domainp B). Rz y A Sy z) (00)
(proof)

lemma relcompp-transfer|transfer-rule]:

assumes [transfer-rule]: bi-total B

shows ((A ===> B ===> (=)) ===> (B ===> ( ===> (=)) ===> 4
===> (C ===> (=)) (00) (00)
(proof)

lemma right-total-Domainp-transfer|[transfer-rule]:

assumes [transfer-rule]: right-total B

shows ((A ===> B ===> (=)) ===> A ===> (=)) (AT z. 3y Collect(Domainp
B). T z y) Domainp
(proof)

lemma Domainp-transfer|transfer-rule]:
assumes [transfer-rule]: bi-total B
shows ((4 ===> B ===> (=)) ===> A ===> (=)) Domainp Domainp

(proof)

lemma reflp-transfer(transfer-rule]:

bi-total A = (A ===> A ===> (=)) ===> (=)) reflp reflp

right-total A = ((A ===> A ===> implies) ===> implies) reflp reflp
right-total A = (A ===> A ===> (=)) ===> implies) reflp reflp
bi-total A = ((A ===> A ===> rev-implies) ===> rev-implies) reflp refip

bi-total A = ((A ===> A ===> (=)) ===> rev-implies) reflp reflp
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(proof)

lemma right-unique-transfer [transfer-rulel:
[ right-total A; right-total B; bi-unique B ]
= ((A ===> B ===> (=)) ===> implies) right-unique right-unique

(proof)

lemma left-total-parametric [transfer-rule]:

assumes [transfer-rule]: bi-total A bi-total B

shows ((4 ===> B ===> (=)) ===> (=)) left-total left-total
(proof )

lemma right-total-parametric [transfer-rule]:

assumes [transfer-rule]: bi-total A bi-total B

shows ((4 ===> B ===> (=)) ===> (=)) right-total right-total
(proof)

lemma left-unique-parametric [transfer-rule]:
assumes [transfer-rule]: bi-unique A bi-total A bi-total B

shows ((4 ===> B ===> (=)) ===> (=)) left-unique left-unique
(proof)
lemma prod-pred-parametric [transfer-rule]:
pred-prod pred-prod
(proof)
lemma apfst-parametric [transfer-rule]:

((A ===> B) ===> rel-prod A C ===> rel-prod B C) apfst apfst
(proof)
lemma rel-fun-eq-eq-onp: ((=) ===> eg-onp P) = eg-onp (A\f. Vz. P(f x))
(proof)
lemma rel-fun-eq-onp-rel:

shows ((eg-onp R) ===> S) = (AMfg. V2. Rz — S (fz) (g z))
(proof)

lemma eg-onp-transfer [transfer-rule]:

assumes [transfer-rule]: bi-unique A

shows ((A ===> (=)) ===> A ===> A ===> (=)) eg-onp eg-onp
(proof)

lemma rtranclp-parametric [transfer-rule]:

assumes bi-unique A bi-total A

shows (4 ===> A ===> (=)) ===> A ===> A ===> (=)) rtranclp
rtranclp

(proof)
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lemma right-unique-parametric [transfer-rule]:
assumes [transfer-rule]: bi-total A bi-unique B bi-total B

shows ((A ===> B ===> (=)) ===> (=)) right-unique right-unique
(proof)
lemma map-fun-parametric [transfer-rule]:
((A ===> B) ===> (C ===> D) ===> (B ===> () ===> A ===>
D) map-fun map-fun
(proof)
end

42.6  of-bool and of-nat

context
includes lifting-syntax
begin

lemma transfer-rule-of-bool:
((+—) ===> (&) of-bool of-bool>
if [transfer-rule]: <0 = 0y <1 = 1)
for R :: ('a::zero-neg-one = 'b::zero-neg-one = booly (infix (= 50)
(proof )

lemma transfer-rule-of-nat:
(=) ===> (&)) of-nat of-nat
if [transfer-rule]: <0 = 0> <1 = 1
((2) ===> (=) ===> (=) (+) (+)
for R :: <'a::semiring-1 = 'b::semiring-1 = booly (infix <= 50)
(proof)

end

end

43 Lifting package

theory Lifting
imports Fquiv-Relations Transfer
keywords
parametric and
print-quot-maps print-quotients :: diag and
lift-definition :: thy-goal-defn and
setup-lifting lifting-forget lifting-update :: thy-decl
begin

43.1 Function map

context includes lifting-syntax
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begin

lemma map-fun-id:
(id ———> id) = id
(proof )

43.2 Quotient Predicate

definition Quotient :: (‘a = 'a = bool) = (‘a = b)) = ('b= "a) = (la = b =
bool) = bool
where
Quotient R Abs Rep T +—
(Va. Abs (Rep a) = a) A
(Va. R (Rep a) (Rep a)) A
(Vrs.Rrs+— Rrr ANRssA Absr = Abs s) A
T=Mry Rxzaz AN Abs z = y)

lemma Quotientl:
assumes Aa. Abs (Rep a) = a
and Aa. R (Rep a) (Rep a)
and Ars. Rrs<— Rrr ANRssAN Absr = Abs s
and T = (Azy. Rzax A Absz = y)
shows Quotient R Abs Rep T

(proof)

context

fixes R Abs Rep T

assumes a: Quotient R Abs Rep T
begin

lemma Quotient-abs-rep: Abs (Rep a) = a
(proof )

lemma Quotient-rep-refip: R (Rep a) (Rep a)
(proof)

lemma Quotient-rel:
Rrr ARssAN\ Absr = Abs s +— R r s— orientation does not loop on rewriting

{proof)

lemma Quotient-cr-rel: T = (Ax y. Rz z N Abs x = y)
(proof )

lemma Quotient-refli: Rrs = Rrr
(proof )

lemma Quotient-refl2: Rrs =—> R s s
(proof)
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lemma Quotient-rel-rep: R (Rep a) (Rep b) <— a = b
{proof)

lemma Quotient-rep-abs: R v v = R (Rep (Abs 1)) r
(proof)

lemma Quotient-rep-abs-eq: Rt t = R < (=) = Rep (Abs t) =t

{proof)

lemma Quotient-rep-abs-fold-unmap:
assumes z' = Abs x and R z z and Rep z' = Rep’ z’
shows R (Rep’ z') z

(proof )

lemma Quotient-Rep-eq:
assumes z’' = Abs
shows Rep ©' = Rep z’
(proof)

lemma Quotient-rel-abs: R r s = Abs r = Abs s
(proof)

lemma Quotient-rel-abs2:
assumes R (Rep z) y
shows z = Abs y

(proof)

lemma Quotient-symp: symp R
(proof)

lemma Quotient-transp: transp R
(proof)

lemma Quotient-part-equivp: part-equivp R
(proof)

end

lemma identity-quotient: Quotient (=) id id (=)

(proof)

TODO: Use one of these alternatives as the real definition.

lemma Quotient-alt-def:
Quotient R Abs Rep T +—
Mab. Tab— Absa=10b) A
(Vb. T (Rep b) b) A

Vzy Rezy<+— Tx (Absx) N Ty (Abs y) N Abs x = Abs y)

(proof)
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lemma Quotient-alt-def2:
Quotient R Abs Rep T +—
Mab. Tab— Absa="0b) A
(Vb. T (Rep b) b) A
(Vzy Rrxy<+— Tax (Absy) N Ty (Abs x))
(proof )

lemma Quotient-alt-def3:
Quotient R Abs Rep T +—
(Mab Tab— Absa=>b) A (Vb. T (Rep b) b) A
Vzy. Rey+— (F2. TxzNTy2z)
(proof)

lemma Quotient-alt-def4:
Quotient R Abs Rep T +—
Mab. Tab— Absa=10) A (Vb. T (Rep b) b) AN R =T OO conversep T

(proof)

lemma Quotient-alt-def5:
Quotient R Abs Rep T +—
T < BNF-Def.Grp UNIV Abs AN BNF-Def .Grp UNIV Rep < T"'" ' AR=T
00 1711
(proof)

lemma fun-quotient:

assumes 1: Quotient R1 absl repl T1

assumes 2: Quotient R2 abs2 rep2 T2

shows Quotient (R1 ===> R2) (repl ———> abs?2) (absl ———> rep2) (T1
===> T2)

(proof )

lemma apply-rsp:
fixes f ¢g:i'a = 'c
assumes ¢: Quotient R1 Absl Repl T1

and a: (R1 ===> R2) fgRizy
shows R2 (fz) (g v)
(proof )

lemma apply-rsp”:
assumes a: (R1 ===> R2) fgRIzy
shows R2 (fz) (g y)
(proof )

lemma apply-rsp’”:
assumes Quotient R Abs Rep T
and (R ===>9) ff
shows S (f (Rep z)) (f (Rep x))
{proof )



THEORY “Lifting” 586

43.3 Quotient composition

lemma Quotient-compose:

assumes 1: Quotient R1 Absl Repl T1

assumes 2: Quotient R2 Abs2 Rep2 T2

shows Quotient (T1 OO R2 OO conversep T1) (Abs2 o Absl) (Repl o Rep?2)
(T1 00 T2)

{proof)

lemma equivp-refip2:
equivp R = reflp R
(proof)

43.4 Respects predicate

definition Respects :: (a = 'a = bool) = 'a set
where Respects R = {z. R x z}

lemma in-respects: © € Respects R «+— Rz«
(proof )

lemma UNIV-typedef-to-Quotient:
assumes type-definition Rep Abs UNIV
and T-def: T = (Az y. © = Rep y)
shows Quotient (=) Abs Rep T

(proof)

lemma UNIV-typedef-to-equivp:
fixes Abs :: 'a = b
and Rep :: 'b = 'a
assumes type-definition Rep Abs (UNIV::'a set)
shows equivp ((=) ::'a="a=bool)
(proof)

lemma typedef-to-Quotient:

assumes type-definition Rep Abs S

and T-def: T = (Ax y. © = Rep y)

shows Quotient (eg-onp (Az. z € S)) Abs Rep T
(proof)

lemma typedef-to-part-equivp:
assumes type-definition Rep Abs S
shows part-equivp (eg-onp (Az. x € 5))
(proof)

lemma open-typedef-to- Quotient:
assumes type-definition Rep Abs {x. P z}
and T-def: T = (Ax y. £ = Rep y)
shows Quotient (eg-onp P) Abs Rep T
(proof )
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lemma open-typedef-to-part-equivp:
assumes type-definition Rep Abs {z. P x}
shows part-equivp (eq-onp P)
(proof )

lemma type-definition-Quotient-not-empty: Quotient (eq-onp P) Abs Rep T —>
Jz. Px
(proof)

lemma type-definition-Quotient-not-empty-witness: Quotient (eq-onp P) Abs Rep
T = P (Rep undefined)
(proof)

Generating transfer rules for quotients.

context

fixes R Abs Rep T

assumes 1: Quotient R Abs Rep T
begin

lemma Quotient-right-unique: right-unique T
(proof )

lemma Quotient-right-total: right-total T
(proof)

lemma Quotient-rel-eg-transfer: (T ===> T ===> (=)) R (=)

(proof)

lemma Quotient-abs-induct:
assumes Ay. R yy = P (Abs y) shows P x
(proof )

end

Generating transfer rules for total quotients.

context

fixes R Abs Rep T

assumes 1: Quotient R Abs Rep T and 2: reflp R
begin

lemma Quotient-left-total: left-total T

(proof)
lemma Quotient-bi-total: bi-total T
(proof )
lemma Quotient-id-abs-transfer: ((=) ===> T) (Az. z) Abs

{proof)
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lemma Quotient-total-abs-induct: (\y. P (Abs y)) = P x
{proof)

lemma Quotient-total-abs-eq-iff: Abs x = Absy <— R x vy
(proof)

end

Generating transfer rules for a type defined with typedef.

context
fixes Rep Abs A T
assumes type: type-definition Rep Abs A
assumes T-def: T = (M(z::'a) (y::'b). = Rep y)
begin

lemma typedef-left-unique: left-unique T
(proof)

lemma typedef-bi-unique: bi-unique T
(proof )

lemma typedef-right-unique: right-unique T
(proof )

lemma typedef-right-total: right-total T
(proof)

lemma typedef-rep-transfer: (T ===> (=)) (Az. z) Rep
{proof)

end

Generating the correspondence rule for a constant defined with lift-definition.

lemma Quotient-to-transfer:
assumes Quotient R Abs Rep T and R ¢ c and ¢’ = Abs ¢
shows T ¢ ¢’

{proof)

Proving reflexivity

lemma Quotient-to-left-total:
assumes ¢: Quotient R Abs Rep T
and r-R: reflp R
shows left-total T

(proof)

lemma Quotient-composition-ge-eq:
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assumes left-total T

assumes R > (=)

shows (T OO R 00 T7'71) > (=)
(proof)

lemma Quotient-composition-le-eq:
assumes left-unique T
assumes R < (=)
shows (T 00 R 00 T—171) < (=)
(proof )

lemma eg-onp-le-eq:
eg-onp P < (=) (proof)

lemma refip-ge-eq:
reflp R = R > (=) (proof)

Proving a parametrized correspondence relation

definition POS :: ('a = 'b = bool) = ('a = 'b = bool) = bool where
POSAB=A<B

definition NEG :: (Ya = 'b = bool) = ('a = 'b = bool) = bool where
NEGAB=B<A

lemma pos-00-eq:
shows POS (A 00 (=)) A
(proof)

lemma pos-eq-0O:
shows POS ((=) 00 A) A
(proof)

lemma neg-0O0-eq:
shows NEG (A 00 (=)) A
(proof)

lemma neg-eq-00:
shows NEG ((=) 00 A) A

(proof)

lemma POS-trans:
assumes POS A B
assumes POS B C
shows POS A C

(proof)

lemma NEG-trans:
assumes NEG A B
assumes NEG B C

589
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shows NEG A C
(proof)

lemma POS-NEG:
POS A B=NEGBA

{proof)

lemma NEG-POS:
NEG A B= POSBA

(proof)

lemma POS-pcr-rule:
assumes POS (A 00 B) C
shows POS (A 00 B 00 X) (C 00 X)

(proof)

lemma NEG-pcr-rule:
assumes NEG (A OO B) C
shows NEG (A OO B 00 X) (C 00 X)

(proof)

lemma POS-apply:
assumes POS R R’
assumes R f g
shows R’ f g

(proof)

Proving a parametrized correspondence relation

lemma fun-mono:
assumes A > C
assumes B < D

shows (A ===> B) < (C ===> D)
(proof )
lemma pos-fun-distr: (R ===> S) 00 (R' ===> S§')) < (R OO0 R') ===>
(S 00 8")
(proof )

lemma functional-relation: right-unique R = left-total R = Vxz. ly. Rz y

(proof)

lemma functional-converse-relation: left-unique R = right-total R — Vy. 3 x.
Raxy
{proof )

lemma neg-fun-distri:

assumes I: left-unique R right-total R

assumes 2: right-unique R’ left-total R’

shows (R OO R' ===> S 00 §') < ((R ===> 5) 00 (R’ ===>5"))



THEORY “Lifting” 991

{proof)

lemma neg-fun-distr2:

assumes I1: right-unique R’ left-total R’

assumes 2: left-unique S’ right-total S’

shows (R OO R’ ===> § 00 §’) < ((R ===> 5) 00 (R' ===> §))
(proof )

43.5 Domains

lemma composed-equiv-rel-eq-onp:

assumes left-unique R

assumes (R ===> (=)) P P’

assumes Domainp R = P

shows (R 0O eg-onp P’ OO0 R~'71) = eq-onp (inf P’ P)
(proof)

lemma composed-equiv-rel-eq-eq-onp:
assumes left-unique R
assumes Domainp R = P
shows (R 00 (=) OO R7171) = eg-onp P
(proof)

lemma pcr-Domainp-par-left-total:
assumes Domainp B = P
assumes left-total A

assumes (A ===> (=)) P’ P
shows Domainp (A OO B) = P’
(proof)

lemma pcr-Domainp-par:
assumes Domainp B = P2
assumes Domainp A = P1

assumes (A ===> (=)) P2’ P2
shows Domainp (A OO B) = (inf P1 P2’)
(proof )

definition rel-pred-comp :: (‘a => b => bool) => ('b => bool) => 'a => bool
where rel-pred-comp R P = Ax. 3y. Rxy AN Py

lemma pcr-Domainp:
assumes Domainp B = P
shows Domainp (A OO B) = (Az. 3y. Az y A Py)

(proof)

lemma pcr-Domainp-total:
assumes left-total B
assumes Domainp A = P
shows Domainp (A OO B) = P
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(proof)

lemma Quotient-to-Domainp:
assumes Quotient R Abs Rep T
shows Domainp T = (Az. R z x)

(proof)

lemma eg-onp-to-Domainp:
assumes Quotient (eq-onp P) Abs Rep T
shows Domainp T = P

(proof)

end

lemma right-total-UNIV-transfer:
assumes right-total A
shows (rel-set A) (Collect (Domainp A)) UNIV

(proof)
43.6 ML setup
(ML)

named-theorems relator-eq-onp
theorems that a relator of an eq-onp is an eq-onp of the corresponding predicate
(ML)

declare fun-quotient[quot-map)
declare fun-monolrelator-mono]
lemmas [relator-distr] = pos-fun-distr neg-fun-distrl neg-fun-distr2

(ML)

lemma pred-prod-beta: pred-prod P Q zy <— P (fst zy) A Q (snd xy)
(proof)

lemma pred-prod-split: P (pred-prod Q R zy) +— (Vz y. 2y = (z, y) — P (Q =
AR y))
(proof)

hide-const (open) POS NEG

end

44 Definition of Quotient Types

theory Quotient
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imports Lifting
keywords
print-quotmapsQ3 print-quotientsQ3 print-quotconsts :: diag and
quotient-type :: thy-goal-defn and / and
quotient-definition :: thy-goal-defn and
copy-bnf :: thy-defn and
lift-bnf :: thy-goal-defn
begin

Basic definition for equivalence relations that are represented by predicates.

Composition of Relations

abbreviation

rel-conj :: (Ya = 'b = bool) = (b = "a = bool) = 'a = 'b = bool (infixr <000»
75)
where

r] 000 r2 =r1 0071200l

lemma eg-comp-r:
shows ((=) OOO R) = R
(proof )

context includes lifting-syntax
begin

44.1 Quotient Predicate

definition
Quotient3 R Abs Rep <—
(Va. Abs (Rep a) = a) A (Va. R (Rep a) (Rep a)) A
(Vrs.Rrs+— Rrr ANRssN Absr = Abs s)

lemma Quotient3I:
assumes Ma. Abs (Rep a) = a
and Aa. R (Rep a) (Rep a)
and Ars. Rrs<— Rrr ANRss A Absr = Abs s
shows Quotient3 R Abs Rep

{proof)

context

fixes R Abs Rep

assumes a: Quotient3 R Abs Rep
begin

lemma Quotient3-abs-rep:
Abs (Rep a) = a
(proof )

lemma Quotient3-rep-refip:
R (Rep a) (Rep a)
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{proof)

lemma Quotient3-rel:
RrrARssAN\ Absr = Abs s +— R r s— orientation does not loop on rewriting

(proof)

lemma Quotient3-refil:
Rrs= Rrr

{proof)

lemma Quotient3-refi2:
Rrs= Rss

{proof)

lemma Quotient3-rel-rep:
R (Rep a) (Rep b) +—a =1
(proof )

lemma Quotient3-rep-abs:
Rrr = R (Rep (Abs r)) r

(proof)

lemma Quotient3-rel-abs:
Rrs= Absr = Abs s

{proof)

lemma Quotient3-symp:
symp R
(proof )

lemma Quotient3-transp:
transp R

{proof)

lemma Quotient3-part-equivp:
part-equivp R
(proof )

lemma abs-o-rep:
Abs o Rep = id
(proof )

lemma equals-rsp:
assumes b: R za zb R ya yb
shows R za ya = R xb yb

{proof)

lemma rep-abs-rsp:
assumes b: R x1 z2
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shows R z1 (Rep (Abs z2))
{proof )

lemma rep-abs-rsp-left:
assumes b: R z1 22
shows R (Rep (Abs z1)) z2

{proof)

end

lemma identity-quotient3:
Quotient3 (=) id id
(proof)

lemma fun-quotient3:
assumes ¢I: Quotient3 R1 absl repl
and q2: Quotient3 R2 abs2 rep?2
shows Quotient3 (R1 ===> R2) (repl ———> abs2) (absl ———> rep2)

(proof)

lemma lambda-prs:
assumes qI: Quotient3 R1 Absl Repl
and q2: Quotient3 R2 Abs2 Rep?2
shows (Repl ———> Abs2) (Az. Rep?2 (f (Absl z))) = (Az. fx)

{proof)

lemma lambda-prsi:
assumes qI: Quotient3 R1 Absl Repl
and q2: Quotient3 R2 Abs2 Rep?2
shows (Repl ———> Abs2) (Az. (Absl ———> Rep2) fz) = (A\z. fx)
(proof )

In the following theorem R1 can be instantiated with anything, but we know
some of the types of the Rep and Abs functions; so by solving Quotient
assumptions we can get a unique R1 that will be provable; which is why we
need to use apply-rsp and not the primed version
lemma apply-rspQ3:

fixes f g::'a = 'c

assumes ¢: Quotient3 R1 Absl Repl

and a: (Rl ===>R2)fgRIzy
shows R2 (fz) (g y)
(proof)

lemma apply-rspQ3"":
assumes Quotient3 R Abs Rep
and (R===>95) ff
shows S (f (Rep z)) (f (Rep z))
(proof)
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44.2 lemmas for regularisation of ball and bex

lemma ball-reg-equ:
fixes P :: 'a = bool
assumes a: equivp R
shows Ball (Respects R) P = (All P)

{proof)

lemma bez-reg-equ:
fixes P :: 'a = bool
assumes a: equivp R
shows Bez (Respects R) P = (Ex P)

{proof)

lemma ball-reg-right:
assumes a: A\o. 1 € R= Pz — Qu
shows All P — Ball R Q

{proof)

lemma bez-reg-left:
assumes a: A\z. 2 € R— Qz — Pz
shows Bex R ) — Fx P

{proof)

lemma ball-reg-left:
assumes a: equivp R
shows (Az. (Q * — P z)) = Ball (Respects 