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Chapter 1

Linear Algebra

theory L2 Norm
imports Complex Main
begin

1.1 L2 Norm

definition L2 set :: (‘a = real) = 'a set = real where
L2 _set f A = sqrt (Y i€A. (fi)?)

lemma L2 set cong:
[A=B;,Nt. 2 € B= fa=gua] = L2 setfA=1L2 setgB
unfolding L2 set def by simp

lemma L2 set_cong simp:
[A=B; N\&. 2 € B=simp=>fz=gua] = L2 setfA=1L2 setgB
unfolding L2 set def simp__implies_def by simp

lemma L2 set_infinite [simp]: — finite A = L2 _set fA =0
unfolding L2 set def by simp

lemma L2 set_empty [simp|: L2_set f {} = 0
unfolding L2 set def by simp

lemma L2 set_insert [simp:
[finite F; a ¢ F] =
L2_set f (insert a F) = sqrt ((f a)® + (L2_set f F)?)
unfolding L2 set def by (simp add: sum_nonneg)

lemma L2 set _nonneg [simp]: 0 < L2 set f A
unfolding L2 set def by (simp add: sum_nonneg)

lemma L2 set 0" VacA. fa=0=— L2 setfA=10
unfolding L2 set def by simp

27
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lemma L2 set constant: L2_set (Az. y) A = sqrt (of _nat (card A)) * |y
unfolding L2 set def by (simp add: real sqrt_mult)

lemma L2 set mono:
assumes \i. i € K = fi < gi
assumes N\i. i € K = 0 < fi
shows L2 set f K < L2 set g K
unfolding L2 set def
by (simp add: sum_nonneg sum__mono power_mono assms)

lemma L2 set strict _mono:
assumes finite K and K # {}
assumes \i. i € K = fi < gi
assumes N\i. i € K = 0 < f1
shows L2 set f K < L2 set g K
unfolding L2 set def
by (simp add: sum__strict_momno power _strict_mono assms)

lemma L2 set right distrib:
0 <r=rxL2 set fA=L2 set(A\v. r*fzx)A
unfolding L2 set def
by (simp add: power _mult_ distrib real__sqrt_mult sum_nonneg flip: sum__distrib_left)

lemma L2 set left distrib:
0<r= L2 setfAxr=1L2 set(\z. frxr)A
unfolding L2 set def power mult_distrib
by (simp add: real _sqrt_mult sum_nonneg flip: sum__distrib_right)

lemma L2 set_eq 0 _iff: finite A= L2 set fA=0++— (Vz€A. fz = 10)
unfolding L2 set def
by (simp add: sum_nonneg sum_nonneg_eq 0_iff)

proposition L2 set triangle ineq:
L2 set (Ni. fi+gi) A< L2 setfA+ L2 setgA
proof (cases finite A)
case Fulse
thus ?thesis by simp
next
case True
thus 2thesis
proof (induct set: finite)
case empty
show ?case by simp
next
case (insert z F)
hence sqrt ((fz + g z)? + (L2_set (Mi. fi + gi) F)?) <
sqrt ((fz + g x)% + (L2_set fF + L2_set g F)?)
by (intro real_sqrt_le _mono add_left _mono power _mono insert
L2 _set_nonneg add_increasing zero_le__power2)
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also have
. < sqrt ((fz)? + (L2_set f F)?) + sqrt ((g z)® + (L2_set g F)?)
by (rule real _sqrt _sum__squares_triangle_ineq)
finally show ?Zcase
using insert by simp
qed
qed

lemma L2 set le sum:

(Ni.i€e A= 0<fi)= L2 set fA<sumfA
proof (induction A rule: infinite_finite _induct)

case (insert a A)

with order_trans [OF sqrt_sum__squares_le_sum] show ?case by force
qed auto

lemma L2 set le_sum_abs: L2 set f A < (D i€A. |f i)
proof (induction A rule: infinite_finite induct)

case (insert a A)

with order_trans [OF sqrt_sum__squares_le_sum__abs| show %case by force
qed auto

lemma L2 set_mult_ineq: (D i€A. |fi| x|gi]) < L2 _set fA« L2 setg A
proof (induction A rule: infinite_finite induct)
case (insert a A)
have (|f af  |g al + (S i€A. |f 4] * |g i]))?
< (Ifa|l *|gal + L2 setfAx L2 set g A)?
by (simp add: insert.IH sum__nonneg)
also have ... < ((fa)? + (L2_set f A)?) * ((g a)? + (L2_set g A)?)
using L2_set_mult_ineq_lemma [of L2_set f A L2_set g A |f al |g al]
by (simp add: power2_eq square algebra__simps)
also have ... = (sqrt ((f a)® + (L2_set f A)?)  sqrt ((g a)*> + (L2_set g A)?))?
using real__sqrt_mult real _sqrt _sum__squares__mult_squared__eq by presburger
finally have (|f a| * |g a| + (D€A. |fi] * |g i]))?
< (sqrt ((f a)? + (L2_set f A)?) * sqrt ((g a)> + (L2 _set g A)?))? .
then
show ?case
using power2_le_imp_le insert.hyps by fastforce
qed auto

lemma member_le_L2_set: [finite A; i € A] = fi < L2 setfA
unfolding L2 set def

by (auto introl: member_le__sum real_le_ rsqrt)

end

1.2 Inner Product Spaces and Gradient Derivative

theory Inner_Product
imports Complex_Main
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begin

1.2.1 Real inner product spaces

Temporarily relax type constraints for open, uniformity, dist, and norm.

setup «Sign.add__const__constraint
(const_name <openy, SOME typ <'a::open set = bool>)»

setup «Sign.add__const__constraint
(const__name <disty, SOME typ <'a::dist = 'a = reals))

setup «Sign.add__const__constraint
(const__name «uniformityy, SOME typ «('a::uniformity x 'a) filter»)s

setup «Sign.add__const__constraint
(const__name <normy, SOME typ 'a::norm = real>)»

class real_inner = real_vector + sgn__div_norm + dist_norm + uniformity_ dist
+ open__uniformity +

fixes inner :: 'a = 'a = real

assumes inner__commute: inner T Yy = iNNer y x

and inner_add_left: inner (z + y) z = inner x z + inner y z

and inner_scaleR_left [simp]: inner (scaleR v z) y = r % (inner z y)

and inner_ge_zero [simp]: 0 < inner z x

and inner_eq_zero_iff [simp]: inner x x = 0 +— =0

and norm__eq_sqrt_inner: norm x = sqrt (inner z x)
begin

lemma inner_zero_left [simp]: inner 0 © = 0
using inner_add_left [of 0 0 z] by simp

lemma inner_minus_left [simp]: inner (— z) y = — inner x y
using inner__add_left [of © — z y] by simp

lemma inner_diff left: inner (x — y) z = inner x z — inner y z
using inner_add_left [of x — y 2] by simp

lemma inner_sum__left: inner (> z€A. fz) y = (O z€A. inner (fz) y)
by (cases finite A, induct set: finite, simp__all add: inner__add_left)

lemma all_zero_iff [simp]: (Vu. inner z u = 0) «— (z = 0)

by auto (use inner_eq zero_iff in blast)

Transfer distributivity rules to right argument.
lemma inner_add_right: inner z (y + z) = inner z y + inner x z

using inner_add_left [of y z x] by (simp only: inner__commute)

lemma inner_scaleR__right [simp]: inner x (scaleR r y) = r * (inner z y)
using inner_scaleR_left [of r y x| by (simp only: inner_commute)
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lemma inner_zero_right [simpl: inner © 0 = 0
using inner_zero_left [of x| by (simp only: inner__commute)

lemma inner_minus_right [simpl: inner  (— y) = — inner z y
using inner_minus_left [of y ] by (simp only: inner_commute)

lemma inner_diff right: inner z (y — z) = inner zy — inner x z
using inner_diff left [of y z z] by (simp only: inner__commute)

lemma inner_sum_ right: inner x (3 yeA. fy) = O yeA. inner z (fy))
using inner_sum__left [of f A x| by (simp only: inner_commute)

lemmas inner_add [algebra__simps] = inner_add_left inner__add_ right
lemmas inner_diff [algebra_simps] = inner_diff _left inner_diff _right
lemmas inner_scaleR = inner_scaleR__left inner_scaleR__right

Legacy theorem names

lemmas inner_left distrib = inner__add_left
lemmas inner_right_ distrib = inner__add__right
lemmas inner_distrib = inner_left_ distrib inner_right distrib

lemma inner_gt_zero_iff [simp]: 0 < inner x z +— z # 0
by (simp add: order_less_le)

2

lemma power2 _norm__eq inner: (norm z)* = inner  x

by (simp add: norm__eq_sqrt_inner)

lemma dot_square_norm: inner x x = (norm x)>
by (metis power2_norm__eq_inner)

Identities involving real multiplication and division.

lemma inner_mult_left: inner (of _real m * a) b = m x (inner a b)
by (metis real _inner _class.inner_scaleR_left scaleR__conv_of real)

lemma inner_mult_right: inner a (of real m * b) = m * (inner a b)
by (metis real_inner_class.inner_scaleR__right scaleR__conv_of _real)

lemma inner_mult_left”: inner (a x of real m) b = m x (inner a b)
by (simp add: of real def)

lemma inner_mult_right” inner a (b x of _real m) = (inner a b) x m
by (simp add: of _real_def real inner_class.inner_scaleR__right)

lemma Cauchy_Schwarz ineq:
(inner ¥ y)? < inner x x x inner y y
proof (cases)
assume y = 0
thus ?thesis by simp
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next
assume y: y # 0
let 9r = inner zy / inner y y
have 0 < inner (z — scaleR ?ry) (x — scaleR ?r y)
by (rule inner_ge_zero)

also have ... = inner z © — inner y x x ?r
by (simp add: inner_diff)
also have ... = inner z z — (inner z y)? / inner y y

by (simp add: power2__eq square inner__commute)
finally have 0 < inner z x — (inner z y)? / inner y y .
thus (inner z y)? < inner x x * inner y y
by (simp add: pos__divide_le_eq y)
qed

lemma Cauchy_Schwarz ineq2:
linner = y| < norm z * norm y
proof (rule power2_le_imp_le)
have (inner z y)? < inner z z * inner y y
using Cauchy Schwarz _ineq .
thus |inner z y|> < (norm z x norm y)?
by (simp add: power_mult_distrib power2_norm__eq_inner)
show 0 < norm z % norm vy
unfolding norm__eq sqrt_inner
by (intro mult_nonneg _nonneg real _sqrt_ge zero inner_ge_ zero)
qed

lemma norm__cauchy__schwarz: inner x y < norm = * norm vy
using Cauchy_ Schwarz_ineq2 [of x y] by auto

subclass real normed_vector
proof
fix a:realand z y :: 'a
show normz =0 +— z =0
unfolding norm__eq sqrt_inner by simp
show norm (z + y) < norm x + norm y
proof (rule power2 le_imp_ le)
have inner z y < norm x * norm y
by (rule norm__cauchy__schwarz)
thus (norm (z + y))? < (norm x + norm y)?
unfolding power2__sum power2_norm__eq inner
by (simp add: inner__add inner__commute)
show 0 < norm z + norm y
unfolding norm__eq sqrt_inner by simp

qed

have sqrt (a? * inner z x) = |a| * sqrt (inner z z)
by (simp add: real sqrt_mult)

then show norm (a xg z) = |a| * norm z

unfolding norm__eq sqrt_inner
by (simp add: power2_eq square mult.assoc)
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qged
end

lemma square_bound__lemma:
fixes z :: real
shows z < (1 + z) x (I + x)
proof —
have (z + 1/2)?2 + 8/4 > 0
using zero_le_power2[of x+1/2] by arith
then show ?thesis
by (simp add: field simps power2__eq square)
qed

lemma square_ continuous:
fixes e :: real
shows e > 0= 3d. 0 <dANVy. |ly—z|<d—lyxy—zx1z|<e)
using isCont__power[OF continuous__ident, of x, unfolded isCont_def LIM__eq,
rule_ format, of e 2]
by (force simp add: power2_eq square)

lemma norm_le: norm x < norm y +— inner z £ < inner y y
by (simp add: norm__eq_sqrt_inner)

lemma norm__lt: norm x < norm y <— inner T T < inner y y
by (simp add: norm__eq_sqrt_inner)

lemma norm__eq: norm x = norm y <— inner T T = inner y y
by (simp add: norm__eq_sqrt_inner)

lemma norm_eq 1: normzx = 1 <— innerx x = 1
by (simp add: norm__eq_sqrt_inner)

lemma inner_divide left:

fixes a :: ‘a :: {real inner,real_div_algebra}

shows inner (a / of real m) b = (inner a b) / m

by (metis (no__types) divide__inverse inner__commute inner_scaleR__right mult.left _neutral
mult.right _neutral mult_scaleR__right of real inverse scaleR__conv_of real times__divide__eq_left)

lemma inner_divide right:
fixes a :: ‘a :: {real inner,real_div_algebra}
shows inner a (b / of real m) = (inner a b) / m
by (metis inner__commute inner_divide_left)

Re-enable constraints for open, uniformity, dist, and norm.

setup «Sign.add__const__constraint
(const_name <openy, SOME typ 'a::topological _space set = booly)»

setup <«Sign.add__const__constraint
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(const__name uniformityy, SOME typ «('a::uniform__space x 'a) filters))

setup «Sign.add__const_constraint
(const__name «disty, SOME typ <'a::metric_space = 'a = reals))

setup «Sign.add__const__constraint
(const__name <normy, SOME typ <'a::real _normed_vector = reals)»

lemma bounded_ bilinear inner:
bounded__bilinear (inner::'a::real _inner = 'a = real)
proof
fix zyz: 'aand r : real
show inner (z + y) z = inner x z + inner y z
by (rule inner__add_left)
show inner z (y + z) = inner x y + inner ¢ z
by (rule inner_add_ right)
show inner (scaleR r z) y = scaleR r (inner x y)
unfolding real scaleR__def by (rule inner _scaleR_left)
show inner = (scaleR r y) = scaleR r (inner x y)
unfolding real scaleR__def by (rule inner_scaleR__right)
show 3 K. Vz y::'a. norm (inner z y) < norm x * norm y * K
by (metis Cauchy_Schwarz_ineq2 mult.commute mult_1 real _norm__def)
qed

lemmas tendsto_inner [tendsto_intros] =
bounded__bilinear.tendsto [OF bounded__bilinear _inner]

lemmas isCont__inner [simp] =
bounded__bilinear.isCont [OF bounded__bilinear_inner)

lemmas has_derivative_inner [derivative_intros] =
bounded__bilinear. FDERIV [OF bounded_bilinear _inner)

lemmas bounded_linear inner_left =
bounded__bilinear.bounded_linear _left [OF bounded_ bilinear _inner]

lemmas bounded_ linear _inner_right =
bounded__bilinear.bounded_linear _right [OF bounded_ bilinear_inner]

lemmas bounded_linear _inner_left_comp = bounded_linear inner left{THEN
bounded__linear _compose]

lemmas bounded_linear_inner_right_comp = bounded_linear_inner_right| THEN
bounded__linear_compose]

lemmas has_derivative _inner _right [derivative_intros] =
bounded__linear.has__derivative [OF bounded_ linear _inner_right]

lemmas has_derivative_inner_left [derivative_intros] =
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bounded__linear.has__derivative [OF bounded_linear _inner_left]

lemma differentiable inner [simp):

[ differentiable (at z within s) = ¢ differentiable at x within s = (Az. inner (f
z) (g z)) differentiable at x within s

unfolding differentiable_def by (blast intro: has_derivative_inner)

1.2.2 Class instances

instantiation real :: real inner
begin

definition inner_real_def [simp]: inner = (x)

instance
proof
fix xyzr: real
show inner x y = inner y «
unfolding inner_real def by (rule mult.commute)
show inner (z + y) z = inner x z + inner y z
unfolding inner_real def by (rule distrib_right)
show inner (scaleR r z) y = r * inner z y
unfolding inner_real def real scaleR__def by (rule mult.assoc)
show 0 < inner z x
unfolding inner_real def by simp
show innerzx = 0 <— z =0
unfolding inner_real def by simp
show norm z = sqrt (inner z x)
unfolding inner_real def by simp
qed

end

lemma
shows real_inner__1_left[simp|: inner 1 z = z
and real inner__1_right[simp]: inner x 1 = x
by simp__all

instantiation complex :: real inner
begin

definition inner_complex_ def:
innerzy = Rexx Rey + Imx xImy

instance
proof
fix ¢y z :: complex and r :: real
show inner r y = inner y
unfolding inner_complez_def by (simp add: mult.commute)
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show inner (z + y) z = inner x z + inner y z

unfolding inner_complex_def by (simp add: distrib_right)
show inner (scaleR r z) y = r * inner z y

unfolding inner_complez_def by (simp add: distrib_left)
show 0 < inner xz x

unfolding inner_complex_def by simp
show innerzx = 0 <— z =0

unfolding inner complex_def

by (simp add: add_nonneg_eq 0_iff complex__eq iff)
show norm x = sqrt (inner z x)

unfolding inner_complex_def norm__complex__def

by (simp add: power2_eq _square)

qed

end

lemma complex_inner_ 1 [simp]: inner 1 © = Re x
unfolding inner_complex_def by simp

lemma complex_inner 1_right [simp]: inner x 1 = Re x
unfolding inner_complex_def by simp

lemma complex_inner_i_left [simp]: inner i x = Im x
unfolding inner_complex_def by simp

lemma complez_inner_i_right [simp]: inner 1 = Im x
unfolding inner_complex_def by simp

lemma dot_square_norm: inner x x = (norm )>
by (simp only: power2_norm__eq inner)

lemma norm_eq square: norm z = a +— 0 < a A inner z z = a>

by (auto simp add: norm__eq_sqrt_inner)

lemma norm_le square: normz < a +— 0 < a A inner x x < a®
by (metis norm__eq _sqrt_inner norm__ge_zero order__trans real le_lsqrt sqrt_le_ D)

lemma norm__ge_square: norm x > a <— a < 0 V inner r © > a?
by (metis nle_le norm__eq square norm__le_square)

lemma norm_Ilt_square: norm < a +— 0 < a A inner z z < a®
by (metis not_le norm__ge square)

lemma norm_ gt _square: norm z > a +— a < 0 V inner z x > a>
by (metis norm__le_square not_less)

Dot product in terms of the norm rather than conversely.

lemmas inner_simps = inner__add__left inner__add__right inner__diff right inner__diff left
inner_scaleR__left inner _scaleR__right
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lemma dot_norm: inner z y = ((norm (z + y))? — (norm z)? — (norm y)?) / 2
by (auto simp: power2_ _norm__eq inner inner_simps inner__commute)

lemma dot_norm_neg: inner z y = (((norm x)* + (norm y)?) — (norm (z —

y)?) /2

by (auto simp: power2_norm__eq inner inner_simps inner_commute)

lemma of real inner_ 1 [simp]:
inner (of _real x) (1 :: 'a :: {real_inner, real _normed_algebra_1}) = x
by (simp add: of _real_def dot_square_norm)

lemma summable_of real iff:

summable (Ax. of real (f z) :: 'a :: {real_normed__algebra_ 1 ,real inner}) <—
summable f
proof

assume *: summable (Ax. of real (f z) :: 'a)

interpret bounded_linear \z::'a. inner v 1

by (rule bounded_ linear _inner_left)

from summable [OF x| show summable f by simp

qged (auto intro: summable_of real)

1.2.3 Gradient derivative

definition
gderiv :: ['a::real _inner = real, 'a, 'a] = bool
(«(xnotation=<mizfic GDERIV»GDERIV (_)/ (_)/:> (_)) [1000, 1000, 60]
60)
where

GDERIV fx :> D <— FDERIV fz :> (Ah. inner h D)

lemma gderiv_deriv [simp]: GDERIV fx :> D <— DERIV fz :> D
by (simp only: gderiv_def has_field_derivative _def inner _real def mult_commute__abs)

lemma GDERIV_DERIV_compose:
[GDERIV fx :> df; DERIV g (f z) :> dg]
= GDERIV (A\z. g (fx)) x :> scaleR dg df
unfolding gderiv_def has_field_ derivative__def
using has_derivative__compose by fastforce

lemma has_derivative__subst: [FDERIV fx :> df; df = d] = FDERIV fx :>
d
by simp

lemma GDERIV__subst: [GDERIV fz :> df; df = d] = GDERIV fz :> d
by simp

lemma GDERIV_const: GDERIV (Az. k) z :> 0
unfolding gderiv_def inner_zero_right by (rule has_derivative_const)
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lemma GDERIV _add:
[GDERIV fz :> df; GDERIV g z :> dg]
= GDERIV (Mz. fz 4+ gz) z:> df + dg
unfolding gderiv_def inner_add_right by (rule has_derivative_add)

lemma GDERIV _minus:
GDERIV fz :> df = GDERIV (Az. — fz) x> — df
unfolding gderiv_def inner_minus_right by (rule has_derivative__minus)

lemma GDERIV__diff:
[GDERIV fx :> df; GDERIV g z :> dg]
= GDERIV (Az. fz — gz) z:> df — dg
unfolding gderiv_def inner_diff _right by (rule has_derivative_ diff)

lemma GDERIV _scaleR:
[DERIV fx :> df; GDERIV g x :> dg]
= GDERIV (\z. scaleR (fz) (g ) z
:> (scaleR (f ) dg + scaleR df (g z))
by (simp add: DERIV__mult’)

lemma GDERIV _mult:
[GDERIV fx :> df; GDERIV g z :> dg]
= GDERIV (\z. fz * g ) z :> scaleR (f z) dg + scaleR (g z) df
unfolding gderiv_def
by (auto simp: inner_add ac__simps intro: has__derivative__subst [OF has__derivative__mult))

lemma GDERIV _inverse:
[GDERIV fx :> df; fx # 0]
= GDERIV (\z. inverse (f z)) = :> — (inverse (f ))? xp df
by (metis DERIV__inverse GDERIV_DERIV_compose numerals(2))

lemma GDERIV _norm:
assumes z # 0 shows GDERIV (Az. norm z) x :> sgn «
unfolding gderiv_def norm__eq sqrt_inner
by (rule derivative_eq_intros | force simp add: inner_commute sgn__div_norm
norm__eq__sqrt_inner assms)+

lemmas has_derivative_norm = GDERIV_norm [unfolded gderiv_def)
bundle inner_syntax

begin

notation inner (infix <-» 70)

end

end
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1.3 Cartesian Products as Vector Spaces

theory Product_ Vector
imports
Complex_Main
HOL- Library. Product__Plus
begin

lemma Times eq image sum:
fixes S :: 'a :: comm_monoid_add set and T :: 'b :: comm_monoid_add set
shows S x T'={u+ v|uv. ue (Az. (z, 0)) “SANve Pair0 T}
by force

1.3.1 Product is a Module
locale module_prod = module__pair begin

definition scale :: 'a = b x ‘c = b x 'c
where scale a v = (s a (fst v), s2 a (snd v))

lemma scale_prod: scale x (a, b) = (sl z a, s2 z b)
by (auto simp: scale__def)

sublocale p: module scale
proof qed (simp__all add: scale_def
m1.scale_left distrib m1.scale_right_distrib m2.scale_left distrib m2.scale_right_ distrib)

lemma subspace Times: m1.subspace A => m2.subspace B => p.subspace (A x
B)

unfolding m1.subspace__def m2.subspace__def p.subspace__def

by (auto simp: zero_prod_def scale__def)

lemma module__hom__fst: module__hom scale s1 fst
by unfold_locales (auto simp: scale_def)

lemma module _hom_snd: module _hom scale s2 snd
by unfold_locales (auto simp: scale__def)

end
locale wector__space_prod = vector _space__pair begin
sublocale module prod s1 s2

rewrites module _hom = Vector_ _Spaces.linear

by unfold_locales (fact module__hom__eq linear)

sublocale p: vector_space scale by unfold_locales (auto simp: algebra__simps)

lemmas linear_fst = module__hom__fst
and linear _snd = module _hom__snd
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end

1.3.2 Product is a Real Vector Space

instantiation prod :: (real vector, real vector) real_wvector
begin

definition scaleR_prod_ def:
scaleR r A = (scaleR r (fst A), scaleR r (snd A))

lemma fst_scaleR [simp]: fst (scaleR r A) = scaleR r (fst A)
unfolding scaleR__prod_def by simp

lemma snd_scaleR [simp]: snd (scaleR r A) = scaleR r (snd A)
unfolding scaleR__prod__def by simp

proposition scaleR_ Pair [simp]: scaleR r (a, b) = (scaleR 1 a, scaleR r b)
unfolding scaleR__prod__def by simp

instance
proof
fixab:realand zy:: 'a x b
show scaleR a (z + y) = scaleR a © + scaleR a y
by (simp add: prod_eq iff scaleR__right_distrib)
show scaleR (a + b) x = scaleR a x + scaleR b
by (simp add: prod__eq iff scaleR_left distrib)
show scaleR a (scaleR b z) = scaleR (a % b) x
by (simp add: prod__eq iff)
show scaleR 1 x =z
by (simp add: prod__eq _iff)
qed

end

lemma module_prod_scale__eq scaleR: module__prod.scale (xg) (xr) = scaleR
using module_pair__azioms module_prod.scale_def module_prod_def by fast-
force

interpretation real vector?: vector__space_prod scaleR::__ = ='a::real_wvector scaleR::__=_=>'b::real__
rewrites scale = ((xg)::_=_=('a x 'b))
and module.dependent (xg) = dependent
and module.representation (xg) = representation
and module.subspace (xr) = subspace
and module.span (xg) = span
and vector__space.extend_basis (xp) = extend _basis
and vector__space.dim (xg) = dim
and Vector_Spaces.linear (xgr) (xr) = linear
subgoal by unfold_locales
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subgoal by (fact module__prod_scale_eq scaleR)

unfolding dependent raw def representation_raw__def subspace__raw__def span__raw__def
extend__basis_raw__def dim__raw _def linear _def

by (rule refl)+

1.3.3 Product is a Metric Space

instantiation prod :: (metric_space, metric_space) dist
begin

definition dist_prod_def[code del]:
dist x y = sqrt ((dist (fst z) (fst y))? + (dist (snd z) (snd y))?)

instance ..
end

instantiation prod :: (uniformity, uniformity) uniformity begin

definition [code del]: <(uniformity :: ((a x 'b) x (‘a x 'b)) filter) =
filtermap (A((z1,22),(y1,y2)). ((z1,y1),(22,y2))) (uniformity xp unifor-
mity)»

instance..
end

Uniform spaces

instantiation prod :: (uniform__space, uniform__space) uniform__space
begin
instance
proof standard
fix U ::<("a x 'b) set
show <open U +— (Vz€U. VY r (z’, y) in uniformity. ' =z — y € U)
proof (intro iffI balll)
fix z assume <open Uy and <z € U>
then obtain A B where <open A <open By <x € AxBy <AxB C U»
by (metis open__prod__elim)
define UA where (UA = (A\(z":'a,y). ' = fstz — y € A)
from <open A> <x € AXB»
have <eventually UA uniformity»
unfolding open_uniformity UA_ def by auto
define UB where «(UB = (A(z":'b,y). ' = snd v — y € B)»
from <open Ay <open By <x € AXDB)»
have <eventually UA uniformity> <eventually UB uniformity>
unfolding open_ uniformity UA_ def UB__def by auto
then have Vp ((z'1, y1), (2’2, y2)) in uniformity x g uniformity. (z'1,z'2)
=1z — (yl,y2) € U»
apply (auto introl: exI[of _ UA] exI[of _ UB] simp add: eventually_prod__filter)
using <AxB C U> by (auto simp: UA__def UB__def)
then show <V (z', y) in uniformity. z’' =z — y € U»
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by (simp add: uniformity_prod__def eventually_ filtermap case_prod_unfold)
next
assume asm: VzeU. Vg (z/; y) in uniformity. z’' =z — y € U
show <open U>»
proof (unfold open_prod_def, intro balll)
fix r assume <z € U>
with asm have Vg (z', y) in uniformity. z' =z — y € U
by auto
then have vV ((z'1, y1), (2’2, y2)) in uniformity X p uniformity. (z'1,z'2)
=z — (yl,y2) € U»
by (simp add: uniformity_prod__def eventually_ filtermap case__prod__unfold)
then obtain UA UB where <eventually UA uniformity> and <eventually UB
uniformity>
and UA_UB_U: <UA (al, a2) = UB (b1, b2) = (al, b1) = z =
(a2, b2) € U» for al a2 b1 b2
by (force simp: case_prod_beta eventually_prod_filter)
have <eventually (Aa. UA (fst z, a)) (nhds (fst x))»
using <eventually UA uniformity> eventually mono eventually_nhds__uniformity
by fastforce
then obtain A where (open A> and A_UA: <A C {a. UA (fst z, a)}» and
fstz e A
by (metis (mono__tags, lifting) eventually nhds mem__Collect__eq subsetl)
have <eventually (Ab. UB (snd z, b)) (nhds (snd x))»
using <eventually UB uniformity> eventually_mono eventually nhds__uniformity
by fastforce
then obtain B where <open By and B_UB: «<B C {b. UB (snd z, b)}» and
<snd z € By
by (metis (mono__tags, lifting) eventually _nhds mem__Collect__eq subsetl)
have «(z € A x B»
by (simp add: <fst z € Ay <snd x € By mem__ Times__iff)
have <A x B C U)
using A UA B _UB UA_UB_U by fastforce
show <3 A B. open A AN open BANx € A x BANAXx BC U
using (A x B C U)» <open A> <open By <x € A x B> by auto
qed
qed
next
show <eventually E uniformity = E (z, xz)» for E and z :: <'a x b
apply (simp add: uniformity_prod_ def eventually filtermap case_prod__unfold
eventually__prod_filter)
by (metis surj_pair uniformity_refl)
next
show <(eventually E uniformity =V g (z::'ax’b, y) in uniformity. E (y, x)» for
E
unfolding uniformity prod_ def eventually_filtermap case_prod__unfold even-
tually _prod_ filter
apply clarify
subgoal for Pf Pg
apply (rule_tac z=\(z,y). Pf (y,x)> in exl)
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apply (rule_tac z=«\(z,y). Pg (y,z)> in exl)
by (auto simp add: uniformity_sym)
done
next
show 3 D. eventually D uniformity AN (Vz y z. D (x::'ax’b, y) — D (y, z) —
E (z, 2))»
if <eventually E uniformity> for £
proof —
from that
obtain FA EB where <eventually EA uniformity> and <eventually EB unifor-
mity>
and FA_EB_E: (EA (al, a2) = EB (b1, b2) = FE ((al, b1), (a2,
b2))» for al a2 b1 b2
by (auto simp add: uniformity_prod_ def eventually_ filtermap case__prod__unfold
eventually__prod_filter)
obtain DA where <eventually DA uniformityy and DA_FEA: «<DA (z,y) =
DA (y,z) = FA (z,2)» for z y 2
using <eventually EA uniformity> uniformity_transE by blast
obtain DB where <eventually DB uniformityy and DB_FEB: <DB (z,y) =
DB (y,z) = EB (z,2)) for z y 2
using <eventually EB uniformityy uniformity_transE by blast
define D where <D = (A\((a1,b1),(a2,b2)). DA (al,a2) N DB (b1,b2))
have <eventually D uniformity»
using <eventually DA uniformity> <eventually DB uniformity>
by (auto simp add: uniformity_prod_ def eventually_ filtermap case__prod__unfold
eventually__prod_filter D__def)
moreover have <D ((al, b1), (a2, b2)) = D ((a2, b2), (a3, b3)) = F
((al, b1), (a3, b3)) for al bl a2 b2 a3 b3
using DA__FEA DB_EB D_def EA_EB_FE by blast
ultimately show ?thesis
by auto
qed
qged
end

lemma (in uniform_space) nhds_eq comap_uniformity: nhds x = filtercomap
(Ay. (z, y)) uniformity
proof —
have x: eventually P (filtercomap (\y. (z, y)) F) <—
eventually (Az. fst z = x — P (snd z)) F for P :: 'a = bool and F
unfolding eventually filtercomap
by (smt (verit, best) eventually_mono split_pairs2)
thus ?thesis
unfolding filter eq iff *
by (auto simp: eventually nhds_uniformity case_prod_unfold)
qed

lemma uniformity of uniform__continuous invariant:
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fixes f :: 'a :: uniform_space = 'a = 'a

assumes filterlim (A((a,b),(c,d)). (f a ¢, fb d)) uniformity (uniformity x g uni-
formity)

assumes eventually P uniformity

obtains @ where eventually Q uniformity Na b c. Q (a, b)) = P (fac, fb¢)

using eventually__compose__filterlim[OF assms(2,1)] uniformity_refl

by (fastforce simp: case__prod__unfold eventually_filtercomap eventually _prod__same)

class uniform__topological _monoid__add = topological _monoid__add + uniform__space
+
assumes uniformly continuous add’:
filterlim (A((a,b), (¢,d)). (a + ¢, b+ d)) uniformity (uniformity X p uniformity)

lemma uniformly_continuous add:

uniformly__continuous _on UNIV (X(z :: 'a :: uniform__topological _monoid__add,y).
z + y)

using uniformly_continuous _add’[where ?'a = 'a]

by (simp add: uniformly_continuous _on__uniformity case_prod_unfold unifor-
mity__prod__def filterlim__filtermap)

lemma filterlim_ fst: filterlim fst F (F xp G)
by (simp add: filterlim__def filtermap__fst_prod__filter)

lemma filterlim__snd: filterlim snd G (F xp G)
by (simp add: filterlim__def filtermap__snd__prod_filter)

class uniform__topological__group _add = topological _group add + uniform__topological _monoid__add
+
assumes uniformly _continuous_uminus” filterlim (A(a, b). (—a, —b)) uniformity
uniformity
begin

lemma uniformly_ continuous_minus’:
filterlim (M((a,b), (¢,d)). (a — ¢, b — d)) uniformity (uniformity X g uniformity)
proof —
have filterlim (M(a,0), (o). (@ + ¢ b+ &) o A(a.D), (). (6, b), (~c,
—d)))
uniformity (uniformity x p uniformity)
unfolding o _def using uniformly_continuous_uminus’
by (intro filterlim__compose| OF uniformly__continuous__add’])
(auto simp: case_prod__unfold intro!: filterlim__ Pair
filterlim__fst filterlim__compose|OF __ filterlim__snd])
thus ?thesis
by (simp add: o__def case__prod__unfold)
qed

end

lemma uniformly continuous__uminus:



Product__Vector.thy 45

uniformly__continuous _on UNIV (Az :: 'a :: uniform__topological group_add.

_3;)
using uniformly_continuous__uminus’[where ?'a = 'a]
by (simp add: uniformly_continuous__on__ uniformity)

lemma uniformly continuous__minus:

uniformly__continuous__on UNIV (A(z :: 'a :: uniform__topological__group__add,y).
)

using uniformly_continuous _minus’[where ?'a = 'a)

by (simp add: uniformly_continuous__on__uniformity case_prod_unfold unifor-
mity__prod__def filterlim__ filtermap)

lemma real _normed_vector_is_uniform__topological _group _add [Pure.introl:
OFCLASS('a :: real_normed_vector, uniform__topological__group__add_class)
proof
show filterlim (A((a::'a,b), (¢,d)). (a + ¢, b + d)) uniformity (uniformity xp
uniformity)
unfolding filterlim_def le_ filter def eventually filtermap case_prod_unfold
proof safe
fix P::'a x 'a = bool
assume eventually P uniformity
then obtain ¢ where e: ¢ > 0 Az y. distzy < e = P (z, y)
by (auto simp: eventually_uniformity metric)
define ) where Q = (A\(z::/a,y). distzy < e/ 2)
have Q: eventually Q) uniformity
unfolding eventually uniformity_metric Q_def using « > 0
by (meson case__prodl divide_pos_pos zero__less_numeral)
have P (a + ¢, b+ d) if @ (a, ) @ (¢, d) for a b c d
proof —
have dist (a + ¢) (b + d) < dist a b + dist ¢ d
by (simp add: dist_norm norm__diff _triangle_ineq)
also have ... < ¢
using that by (auto simp: Q_ def)
finally show ?thesis
by (intro ¢)
qed
thus V g  in uniformity x g uniformity. P (fst (fst ) + fst (snd z), snd (fst
z) + snd (snd z))
unfolding eventually prod_filter by (intro exI[of _ Q] conjl Q) auto
qed
next
show filterlim (A((a::'a), b). (—a, —b)) uniformity uniformity
unfolding filterlim__def le_filter def eventually filtermap
proof safe
fix P:'a x 'a = bool
assume eventually P uniformity
then obtain ¢ where e: ¢ > 0 Az y. distzy <e = P (z, y)
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by (auto simp: eventually uniformity metric)
show V g z in uniformity. P (case z of (a, b) = (— a, — b))
unfolding eventually uniformity metric
by (intro exI[of _ €]) (auto introl: € simp: dist_norm norm_minus_commute)
qed
qed

instance real :: uniform__topological_group add ..
instance complez :: uniform__topological group_add ..

lemma cauchy seq finset iff wvanishing:
uniformity = filtercomap (A(z,y). vy — x = 'a = uniform__topological _group__add)
(nhds 0)
proof —
have filtercomap (Az. (0, case z of (z, y) = y — (z = 'a))) uniformity < uni-
formity
apply (simp add: le_filter _def eventually_filtercomap)
using uniformity__of _uniform__continuous__invariant] OF uniformly_ continuous__add’)
by (metis diff _self eq diff _eq)
moreover
have uniformity < filtercomap (Az. (0, case z of (z, y) = y — (x = 'a))) uni-
formity
apply (simp add: le_filter _def eventually filtercomap)
using uniformity_of uniform__continuous__invariant| OF uniformly_ continuous_minus’]
by (metis (mono__tags) diff _self eventually _mono surjective pairing)
ultimately show ?thesis
by (simp add: nhds_eq comap__uniformity filtercomap__filtercomap)
qed

Metric spaces

instantiation prod :: (metric_space, metric_space) uniformity_ dist begin
instance
proof
show (uniformity = (INF ec{0 <..}. principal {(x::"ax’b, y). dist v y < e})»
proof (subst filter _eq iff, intro alll iffI)
fix P ::«('a x 'b) x (‘a x 'b) = bool»

have 1: (Jec{0<..}.
{(z,y). dist v y < e} C {(z,y). dist zy < a} A
{(z,y). dist v y < e} C {(z,y). dist zy < b} if <a>0» <b>0> for a b
using that by (auto intro: bexI[of _ «min a b])
have 2: «<mono (AP. eventually (Az. P (Q z)) F)» for F :: <z filtery and Q ::
Jz=
unfolding mono_ def using eventually mono le_funD by fastforce
have Vp ((z1::'a,y1),(22::'b,y2)) in uniformity x g uniformity. dist 1 yl1 <
e/2 A dist 32 y2 < e/2> if <e>0) for e
by (auto intro!: eventually_prodl exl[of _ <e/2>] simp: case_prod_unfold
eventually__uniformity_metric that)
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then have 3: «Vp ((x1:/a,y1),(22::'b,y2)) in uniformity x g uniformity. dist
(z1,22) (y1,y2) < e if <e>0) for e
apply (rule eventually rev_mp)
by (auto intro!: that eventuallyl simp: case prod_unfold dist_prod_def
sqrt_sum__squares__half less)
show <eventually P (INF ec{0<..}. principal {(z, y). dist x y < e}) =
eventually P uniformity»
apply (subst (asm) eventually INF _base)
using 1 & apply (auto simp: uniformity prod_def case prod_unfold even-
tually _filtermap 2 eventually principal)
by (smt (verit, best) eventually_mono)
next
fix P::<«('a x 'b) x ("a x 'b) = bool
assume <eventually P uniformity)
then obtain P1 P2 where <eventually P1 uniformityy <eventually P2 unifor-
mity>
and P1P2P: «<P1 (z1, y1) = P2 (22, y2) = P ((«1, 22), (y1, y2))» for
xl yl x2 y2
by (auto simp: eventually filtermap case__prod_beta eventually prod_filter
uniformity_prod__def)
from <eventually P1 uniformity> obtain el where <e1>0) and elP1: «dist x
y < el = P1 (z,y)» for z y
using eventually_uniformity metric by blast
from <eventually P2 uniformity> obtain e2 where e2>0) and e2P2: «dist x
y < el = P2 (z,y) for z y
using eventually uniformity metric by blast
define e where (e = min el e2»
have e > 0»
using <0 < el» <0 < €2y e_def by auto
have «dist (z1,22) (y1,y2) < e = dist 1 y1 < el» for z1 yI :: 'a and 22
y2 b
unfolding dist _prod_def e def
by (metis real_sqrt_sum__squares__gel fst_conv min_less_iff conj order_le_less_trans
snd__conv)
moreover have «dist (z1,22) (y1,y2) < e = dist 22 y2 < e2) for x1 y1 ::
‘o and 22 y2 :: b
unfolding dist _prod_def e def
using real sqrt_sum__squares_gel [of dist 1 y1 dist x2 y2]
by (metis min_less iff conj order _le_less_trans real _sqrt_sum__squares ge2
snd__conv)
ultimately have *: <dist (z1,22) (y1,y2) < e = P ((x1, 22), (y1, y2))> for
xl y1 x2 y2
using e1P1 e2P2 P1P2P by auto

show <eventually P (INF ec{0<..}. principal {(z, y). dist x y < e})»
using <e > 0> x*
by (auto simp: eventually _principal intro: eventually INF1)
qed
qed
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end

declare uniformity Abort[where ‘a='a :: metric_space x 'b :: metric_space,
code]

instantiation prod :: (metric_space, metric_space) metric_space
begin

proposition dist Pair _Pair: dist (a, b) (¢, d) = sqrt ((dist a ¢)? + (dist b d)?)
unfolding dist _prod__def by simp

lemma dist_fst_le: dist (fst x) (fst y) < distx y
unfolding dist _prod_def by (rule real_sqrt_sum__squares_gel)

lemma dist _snd_le: dist (snd z) (snd y) < dist z y
unfolding dist_prod_def by (rule real _sqrt_sum__squares_ge2)

instance
proof
fixzy:'ax'b
show distzy=0<+— 2=y
unfolding dist _prod_def prod_eq iff by simp
next
fixzyz:'ax"'b
show dist x y < dist x z + dist y z
unfolding dist_prod_ def
by (meson add_mono dist_triangle2 order _trans power_mono real sqrt_le_iff
real__sqrt_sum,__squares__triangle_ineq zero_le_ dist)
next
fix S :: (Ya x 'b) set
have *: open S +— (Vz€S. Je>0.Vy. distyz < e — y € 5)
proof
assume open S show VzeS. Je>0.Vy. distyz < e —ye S
proof
fix © assume z € §
obtain A B where open A open Bz € A x BAXx BC S
using <open S» and <z € S» by (rule open_prod__elim)
obtain r where r: 0 < rVy. disty (fstz) <r — ye€ A
using (open A> and «x € A x By unfolding open__dist by auto
obtain s where s: 0 < sVy. disty (sndz) <s — y € B
using <open By and <z € A x B> unfolding open_ dist by auto
let %e = min r s
have 0 < e A (Vy. dist yz < ?e — y € 5)
proof (intro alll impI conjl)
show 0 < min r s by (simp add: r(1) s(1))
next
fix y assume dist y x < min r s
hence dist y x < rand dist y x < s
by simp__all
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hence dist (fst y) (fst ) < r and dist (snd y) (snd z) < s
by (auto intro: le_less trans dist_fst_le dist_snd_le)
hence fst y € A and snd y € B
by (simp__all add: 7(2) s(2))
hence y € A x B by (induct y, simp)
with <A x B C S» show y € § ..
qed
thus Je>0.Vy. distyzr <e—ye s ..
qged
next
assume *: Vz€S5. de>0. Vy. dist yx < e — y € S show open S
proof (rule open__prod_intro)
fix z assume z € §
then obtain e where 0 < eand S: Vy. distyz < e —y €S
using * by fast
define r where r = e / sqrt 2
define s where s = e / sqrt 2
from <0 < e» have 0 < rand 0 < s
unfolding r def s def by simp__all
from (0 < e) have e = sqrt (r* + s%)
unfolding r_def s _def by (simp add: power_divide)
define A where A = {y. dist (fstz) y < r}
define B where B = {y. dist (snd z) y < s}
have open A and open B
unfolding A_ def B_def by (simp__all add: open__ball)
moreover have r € A x B
unfolding A_ def B_def mem__ Times_iff
using <0 < m and <0 < s» by simp
moreover have A x BC S
proof (clarify)
fix o b assume ¢ € Aand b € B
hence dist o (fst ) < r and dist b (snd z) < s
unfolding A_def B_def by (simp__all add: dist_commute)
hence dist (a, b) z < e
unfolding dist_prod_def <e = sqrt (r? + s2)»
by (simp add: add_strict _mono power_strict_mono)
thus (a, b) € S
by (simp add: S)
qed

49

ultimately show 34 B. open A A open BAxz € A x BAAXx BCS by

fast
qed
qed
qed

end

declare [[code abort: dist::('a::metric_spacex’b::metric_space)=('ax'b) = real]]
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lemma Cauchy_fst: Cauchy X = Cauchy (An. fst (X n :: ‘a::metric_space x
'b::metric__space))
unfolding Cauchy_def by (fast elim: le_less trans [OF dist_fst_le])

lemma Cauchy_snd: Cauchy X = Cauchy (An. snd (X n :: ‘a::metric_space X
"b::metric__space))
unfolding Cauchy__def by (fast elim: le_less trans [OF dist_snd_le])

lemma Cauchy_ Pair:
assumes Cauchy X and Cauchy Y
shows Cauchy (An. (X n :: ‘a:metric_space, Y n :: ‘a::metric_space))
proof (rule metric_ Cauchyl)
fix r :: real assume 0 < r
hence 0 < r / sqrt 2 (is 0 < %s) by simp
obtain M where M: Vm>M.Vn>M. dist (X m) (X n) < s
using metric_CauchyD [OF «Cauchy X»> <0 < %] ..
obtain N where N: Vm>N.Vn>N. dist (Y m) (Y n) < %s
using metric_CauchyD [OF «Cauchy Y» <0 < ?] ..
have Vm>maz M N.¥n>max M N. dist (X m, Ym) (Xn, Yn)<r
using M N by (simp add: real sqrt_sum__squares_less dist _Pair _Pair)
then show 3In0. Vm>n0. Vn>n0. dist (X m, Ym) (Xn, Yn) <r..
qed

Analogue to uniformly_continuous on__def for two-argument functions.

lemma uniformly continuous__on__prod_metric:
fixes f :: «('a:metric_space X 'b::metric__space) = 'c::metric__spacey
shows <uniformly continuous _on (SxT) f +— (Ve>0. 3d>0. VzeS. VyeS.
Va'eT.Vy'eT. distzy < d — dist 2’ y' < d — dist (f (z, 2") (f (y, ¥)) <
e)
proof (unfold uniformly_continuous_on__def, intro iffI impI alll)
fix e :: real
assume <e > 0> and Ve>0. Ad>0. VazeS. VyeS. Va'eT.Vy'eT. dist z y <
d— distz'y' < d — dist (f (z, ) (f (y, ¥')) < &
then obtain d where <d > 0»
and d: «VzeS. VyeS. Vz'eT.Vy'eT. distzy < d — dist z’ y' < d — dist
(f (@, 2) (f (v, ¥) < &
by auto
show (3d>0. VzeSXT. VyeSxT. dist yz < d — dist (fy) (fz) < e
apply (rule exI[of __ d])
by (metis SigmaFE <0 < d» d dist_fst_le dist_snd_le fst_eqD order_le_less_trans
snd__conv)
next
fix e :: real
assume (e > () and Ve>0. 3d>0. VzeSXT. Vz'eSxT. dist ' z < d —
dist (fz') (fz) < e
then obtain d where «d > 0> and d: VzeSxT.Vz'eSxT. distx' z < d —
dist (fz) (fz) < e
by auto
show «(3d>0.VzeS. VyeS. Va'eT.Vy'eT. distzy < d — distz' y' < d —
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dist (f (z, z)) (f (y, y") < e
proof (intro exI conjl implI balll)
from «d > 0» show <«d / 2 > 0» by auto
fixzyz'y
assume [simpl: <z € S «y € Sz’ € Trwy' € T»
assume <dist zy < d / 2> and «dist ' y' < d |/ 2>
then have «dist (z, z') (y, y') < &
by (simp add: dist_Pair_Pair sqrt_sum__squares__half less)
with d show «dist (f (z, =) (f (v, v')) < e
by auto
qed
qed

Analogue to isUCont_def for two-argument functions.

lemma isUCont_prod_metric:

fixes f :: «('a::metric_space X 'b::metric__space) = 'c::metric__space

shows <isUCont f «+— (Ve>0.3d>0.Vz. Vy V' Vy' dist z y < d — dist
2y < d—> dist (f (3, 2) (f (3 9) < e)

using uniformly_continuous__on__prod_metriclof UNIV UNIV]

by auto

This logically belong with the real vector spaces but we only have the nec-
essary lemmas now.

lemma isUCont_plus[simp):
shows <isUCont (A(z::’a::real_normed_vector,y). x+y)»
proof (rule isUCont_prod__metric] THEN iffD2], intro alll impl, simp)
fix e :: real assume <0 < e)
show (3d>0.Vzy: 'a. distzy <d — (Vz'y' distx’ vy < d — dist (z +
z) (y +y) < ep
apply (rule exI[of _ «e/23])
using 0 < e
by (smt (verit) dist_add_cancel dist_add_cancel2 dist_commute
dist_triangle lt field__sum__of halves)
qed

1.3.4 Product is a Complete Metric Space

instance prod :: (complete_space, complete__space) complete__space
proof
fix X :: nat = 'a x 'b assume Cauchy X
have 1: (An. fst (X n)) —— lim (An. fst (X n))
using Cauchy_ fst [OF <Cauchy X>]
by (simp add: Cauchy__convergent__iff convergent LIMSEQ_iff)
have 2: (An. snd (X n)) —— lim (An. snd (X n))
using Cauchy__snd [OF <Cauchy X>]
by (simp add: Cauchy__convergent _iff convergent LIMSEQ _iff)
have X —— (lim (An. fst (X n)), lim (An. snd (X n)))
using tendsto_Pair [OF 1 2] by simp
then show convergent X
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by (rule convergentl)
qed

1.3.5 Product is a Normed Vector Space

instantiation prod :: (real _normed_vector, real_normed_vector) real _normed_ vector
begin

definition norm_ prod_def[code del]:
norm z = sqrt ((norm (fst z))? + (norm (snd z))?)

definition sgn_ prod_ def:
sgn (z::'a x 'b) = scaleR (inverse (norm z)) x

proposition norm_ Pair: norm (a, b) = sqrt ((norm a)?> + (norm b)?)
unfolding norm_ prod_ def by simp

instance
proof
fix r:realand zy :: ‘a x b
show normz =0 +— z =0
unfolding norm__ prod_ def
by (simp add: prod__eq iff)
show norm (z + y) < norm x + norm y
unfolding norm__prod__def
apply (rule order_trans [OF __ real _sqrt_sum__squares__triangle__ineq])
apply (simp add: add_mono power_mono norm__triangle ineq)
done
show norm (scaleR r x) = |r| * norm z
unfolding norm__prod__def
by (simp add: power_mult__distrib real__sqrt_mult flip: distrib_left)
show sgn x = scaleR (inverse (norm x)) x
by (rule sgn__prod__def)
show dist x y = norm (z — y)
unfolding dist_prod_def norm__ prod__def
by (simp add: dist_norm)
qed

end

declare [[code abort: norm::('a::real_normed_vectors'b::real_normed_vector) =
real]]

instance prod :: (banach, banach) banach ..

Pair operations are linear

lemma bounded_linear fst: bounded linear fst
using fst_add fst _scaleR
by (rule bounded_linear _intro [where K=1], simp add: norm_prod_ def)
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lemma bounded_linear _snd: bounded_linear snd
using snd__add snd__scaleR
by (rule bounded_linear _intro [where K=1], simp add: norm__prod__def)

lemmas bounded_linear_fst_comp = bounded__linear_fst{ THEN bounded__linear_compose]
lemmas bounded_linear _snd__comp = bounded_linear _snd[ THEN bounded__linear__compose]

lemma bounded_linear Pair:
assumes f: bounded_linear f
assumes ¢: bounded_ linear g
shows bounded_linear (\z. (f z, g z))
proof
interpret f: bounded_linear f by fact
interpret g: bounded_linear g by fact
fix ¢ y and r :: real
show (f (z + y), g (z +y) =(fz,92) + (fy, 9Y)
by (simp add: f.add g.add)
show (f (r xg z), g (r xp z)) =1 x5 (fz, g 2)
by (simp add: f.scale g.scale)
obtain Kf where 0 < Kf and norm_f: Az. norm (f ) < norm z % Kf
using f.pos_bounded by fast
obtain Kg where 0 < Kg and norm_g: Az. norm (g ) < norm z x Kg
using g.pos_bounded by fast
have Az. sqrt ((norm (f z))?) + sqrt ((norm (g 2))?) < norm x * (Kf + Kg)
by (simp add: add_mono distrib_left norm__f norm__g)
then have Vz. norm (f z, g ) < norm z x (Kf + Kg)
by (smt (verit) norm__ge_zero norm_ prod__def prod.sel sqrt_add_le add_sqrt
zero__le _power)
then show 3 K. Vz. norm (fz, g z) < normz x K ..
qed

Frechet derivatives involving pairs

proposition has_derivative_ Pair [derivative_intros|:
assumes f: (f has_derivative f') (at x within s)
and g¢: (g has_derivative g') (at x within )
shows ((A\z. (f z, g z)) has_derivative (Ah. (f" h, g’ h))) (at z within s)
proof (rule has_derivativel _sandwich|of 1])
show bounded_linear (Ah. (f' h, g’ h))
using f g by (intro bounded_linear Pair has_derivative_bounded_ linear)
let 7Rf = Ay. fy—fz—f'(y — 2)
let \Rg=Xy. gy —gz—g'(y — )
let 7R =Xy. ((fy,9y) — (fz,92) — (f' (y — 2), ¢’ (y — 1))

show ((Ay. norm (?Rf y) / norm (y — z) + norm (?Rg y) / norm (y — x))
—— 0) (at x within s)
using f g by (intro tendsto_add_zero) (auto simp: has_derivative iff norm)
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fix y :: ‘a assume y # z
show norm (7R y) / norm (y — z) < norm (?Rf y) / norm (y — ) + norm
(?Rg y) / norm (y — x)
unfolding add_divide__distrib [symmetric]
by (simp add: norm__Pair divide__right_mono order_trans [OF sqrt_add_le__add_sqrt))
qed simp

lemma differentiable Pair [simp, derivative intros]:
f differentiable at x within s = ¢ differentiable at x within s =
(Az. (fz, g 2)) differentiable at z within s
unfolding differentiable_def by (blast intro: has_derivative__Pair)

lemmas has_derivative_fst [derivative_intros| = bounded_linear.has__derivative
[OF bounded_linear_fst]
lemmas has_derivative__snd [derivative__intros| = bounded_linear.has__derivative
[OF bounded_linear _snd)

lemma has_derivative__split [derivative__intros]:

((Ap. f (fst p) (snd p)) has_derivative ") F = ((A(a, b). f a b) has_derivative
i F

unfolding split_beta’ .

Vector derivatives involving pairs

lemma has_vector__derivative_ Pair|derivative_intros|:
assumes (f has_vector_derivative f') (at x within s)
(g has_vector_derivative g') (at x within )
shows ((A\z. (f z, g x)) has_vector__derivative (f', g’)) (at x within s)
using assms
by (auto simp: has_vector__derivative_def intro!: derivative eq intros)

lemma
fixes z :: 'a::real _normed__vector
shows norm__ Pairl [simp]: norm (0,z) = norm z
and norm_ Pair2 [simp]: norm (z,0) = norm x
by (auto simp: norm__Pair)

lemma norm__commute: norm (z,y) = norm (y,z)
by (simp add: norm__Pair)

lemma norm_ fst_le: norm z < norm (z,y)
by (metis dist_fst_le fst_conv fst_zero norm__conv__dist)

lemma norm__snd_le: norm y < norm (z,y)
by (metis dist_snd_le snd__conv snd__zero norm__conv__dist)

lemma norm_ Pair_le:
shows norm (z, y) < norm x + norm y
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unfolding norm__ Pair
by (metis norm__ge_zero sqrt_sum__squares_le__sum)

lemma (in vector_space_prod) span_ Times_singl: p.span ({0} x B) = {0} X
vs2.span B
proof (rule p.span__unique)
show {0} x B C {0} x vs2.span B
by (auto intro!: vs1.span__base vs2.span__base)
show p.subspace ({0} x vs2.span B)
using vs!.subspace_single 0 vs2.subspace__span by (rule subspace_Times)
fix T :: (b x 'c) set
assume subset_T: {0} x B C T and subspace: p.subspace T
show {0} x vs2.span B C T
proof clarify
fix b
assume b_span: b € vs2.span B
then obtain ¢ r where b: b = (> a€t. r a xb a) and t: finite t t C B
by (auto simp: vs2.span__explicit)
have (0, b) = (>_ bet. scale (r b) (0, b))
unfolding b scale_ prod sum__prod by simp
also have ... € T
using <t C B» subset T
by (auto introl: p.subspace__sum p.subspace _scale subspace)
finally show (0, b) € T .
qed
qed

lemma (in vector_space__prod) span__Times_sing2: p.span (A x {0}) = vsl.span
A x {0}
proof (rule p.span_unique)
show A x {0} C vsl.span A x {0}
by (auto intro!: vsl.span__base vs2.span__base)
show p.subspace (vsl.span A x {0})
using vs!.subspace__span vs2.subspace_single 0 by (rule subspace_Times)
fix T :: (b x 'c) set
assume subset_T: A x {0} C T and subspace: p.subspace T
show vsl.span A x {0} C T
proof clarify
fix a
assume a__span: a € vsl.span A
then obtain ¢ r where a: a = () a€t. r a *xa a) and ¢: finite t t C A
by (auto simp: vsl.span__explicit)
have (a, 0) = (3 a€t. scale (r a) (a, 0))
unfolding a scale prod sum__prod by simp
also have ... € T
using <t C Ay subset T
by (auto introl: p.subspace__sum p.subspace__scale subspace)
finally show (a, 0) € T .
qed
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qed

1.3.6 Product is Finite Dimensional

lemma (in finite_dimensional_vector_space) zero__not_in_ Basis[simp]: 0 ¢ Ba-
S18
using dependent_ zero local.independent _Basis by blast

locale finite_ dimensional vector _space__prod = vector__space_prod + finite_dimensional__vector _space
begin

definition Basis_pair = Bl x {0} U {0} x B2

sublocale p: finite dimensional_vector _space scale Basis _pair
proof unfold_locales
show finite Basis_pair
by (auto intro!: finite_cartesian_product vsl.finite_Basis vs2.finite_ Basis
simp: Basis_pair__def)
show p.independent Basis pair
unfolding p.dependent def Basis _pair__def
proof safe
fix a
assume a: a € B1
assume (a, 0) € p.span (BI x {0} U {0} x B2 — {(a, 0)})
also have BI x {0} U {0} x B2 — {(a, 0)} = (B1 — {a}) x {0} U {0} x
B2
by auto
finally show Fulse
using a vsi.dependent_def vsl.independent Basis
by (auto simp: p.span__Un span__Times_singl span__ Times_sing2)
next
fix b
assume b: b € B2
assume (0, b) € p.span (Bl x {0} U {0} x B2 — {(0, b)})
also have (BI x {0} U {0} x B2 — {(0, b)}) = B1 x {0} U {0} x (B2 —

{v})
by auto
finally show Fulse
using b vs2.dependent__def vs2.independent Basis
by (auto simp: p.span__Un span__Times_singl span__Times_sing2)
qed
show p.span Basis pair = UNIV
by (auto simp: p.span__ Un span__Times__sing2 span__ Times__singl vs1.span_ Basis
vs2.span__Basis
Basis_pair_def)
qed

proposition dim_ Times:
assumes vs1.subspace S vs2.subspace T
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shows p.dim(S x T) = vsl.dim S + vs2.dim T
proof —
interpret p1: Vector_Spaces.linear s1 scale (Ax. (z, 0))
by unfold_locales (auto simp: scale__def)
interpret pair!: finite_dimensional vector _space_pair (xa) B1 scale Basis__pair
by unfold_locales
interpret p2: Vector Spaces.linear s2 scale (\z. (0, z))
by unfold_locales (auto simp: scale__def)
interpret pair2: finite_dimensional vector _space__pair (xb) B2 scale Basis_pair
by unfold_locales
have ss: p.subspace ((Az. (z, 0)) *S) p.subspace (Pair 0 “ T)
by (rule p1.subspace image p2.subspace image assms)-+
have p.dim(S x T) = p.dim({u + v |uv. u € (A\z. (z, 0)) “S AN v € Pair 0 *
T}
by (simp add: Times_eq image__sum)
moreover have p.dim ((\z. (z, 0::'¢)) *S) = vsi.dim S p.dim (Pair (0::'b)
T) = vs2.dim T
by (simp__all add: inj _on__def p1.linear _axioms pairl.dim__image_eq p2.linear__axioms
pair2.dim__image__eq)
moreover have p.dim ((Az. (z, 0)) S N Pair 0 *T) =0
by (subst p.dim_eq 0) auto
ultimately show ?Zthesis
using p.dim__sums__Int [OF ss] by linarith
qed

3

lemma dimension__pair: p.dimension = vsl.dimension + vs2.dimension
using dim__ Times[OF vs!.subspace_UNIV vs2.subspace_ UNIV]
by (auto simp: p.dimension__def vs1.dimension__def vs2.dimension__def)

end

end

1.4 Finite-Dimensional Inner Product Spaces

theory Fuclidean Space
imports
L2 Norm
Inner _Product
Product__ Vector
begin

1.4.1 Interlude: Some properties of real sets

lemma seq mono__lemma:
assumes V (n:nat) > m. (dn :: real) < en
andVn>m.en<em
showsVn>m. dn<em
using assms by force
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1.4.2 Type class of Euclidean spaces

class euclidean__space = real _inner +
fixes Basis :: 'a set
assumes nonempty_Basis [simp]: Basis # {}
assumes finite_Basis [simp]: finite Basis
assumes inner_Basis:
[wv € Basis; v € Basis] = inner w v = (if u = v then 1 else 0)
assumes euclidean__all _zero iff:
(Vu€Basis. inner z u = 0) «— (z = 0)

syntax __type_dimension :: type = nat (<(<indent=1 notation=<mizfix type di-
mension» DIM /(1'(_")))»)
syntax__consts _ type dimension = card
translations DIM('a) — CONST card (CONST Basis :: 'a set)
typed_ print__translation «

[(const__syntax <card>,

fnctzt => fn__ => fn [Const (const__syntax «Basis», Type (type__name (set»,
(1)) =>

Syntax.const syntax__const__type_dimension> $ Syntax_Phases.term__of typ

ctat T)]
)

lemma (in euclidean__space) norm__Basis[simp|: u € Basis = norm u = 1
unfolding norm__eq_sqrt_inner by (simp add: inner_Basis)

lemma (in euclidean__space) inner_same_Basis[simp]: u € Basis = inner u u
=1

by (simp add: inner__Basis)
lemma (in euclidean_space) inner_not_same_Basis: u € Basis =—> v € Basis
= u#v= inneruv =70

by (simp add: inner_Basis)

lemma (in euclidean__space) sgn_ Basis: u € Basis = sgn u = u
unfolding sgn_ div_norm by (simp add: scaleR__one)

lemma inner__sum_ Basis[simp|: i € Basis = inner (> Basis) i = 1
by (simp add: inner_sum__left sum.If cases inner_Basis)

lemma (in euclidean_ space) Basis_zero [simp]: 0 ¢ Basis
using local.inner _same__Basis by fastforce

lemma (in euclidean__space) nonzero_Basis: u € Basis = u # 0
by clarsimp

lemma (in euclidean_space) SOME_Basis: (SOME i. i € Basis) € Basis
by (metis ex_in__conv nonempty_ Basis somel _ex)

lemma norm__some__Basis [simp]: norm (SOME i. i € Basis) = 1
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by (simp add: SOME__Basis)

lemma (in euclidean__space) inner_sum_ left Basis[simp]:
b € Basis = inner (D> i€Basis. fi xgp i) b= fb
by (simp add: inner_sum__left inner__Basis if _distrib comm__monoid_add__class.sum.If _cases)

lemma (in euclidean__space) euclidean__eql:
assumes b: \b. b € Basis = inner z b = inner y b shows z = y
proof —
from b have V b€ Basis. inner (z — y) b= 0
by (simp add: inner_diff _left)
then show =z = y
by (simp add: euclidean__all_zero__iff)
qed

lemma (in euclidean__space) euclidean__eq iff:
x =y «— (VbEBasis. inner x b = inner y b)
by (auto intro: euclidean__eql)

lemma (in euclidean_ space) euclidean_representation__sum:
(3> i€Basis. fi xg i) = b «— (Vi€Basis. f i = inner b i)
by (subst euclidean__eq iff) simp

lemma (in euclidean__space) euclidean__representation__sum':
b= (D_i€Basis. fi *xg i) «— (Vi€Basis. fi = inner b i)
by (auto simp add: euclidean__representation__sum[symmetric])

lemma (in euclidean__space) euclidean_representation: (> b€ Basis. inner x b *g
b) =z
unfolding cuclidean__representation__sum by simp

lemma (in euclidean_space) euclidean_inner: inner x y = (D b€ Basis. (inner x
b) * (inner y b))
by (subst (1 2) euclidean__representation [symmetric])
(simp add: inner_sum__right inner__Basis ac__simps)

lemma (in euclidean__space) choice_Basis__iff:
fixes P :: 'a = real = bool
shows (Vi€Basis. 3z. Pix) +— (Jz. Vi€Basis. P i (inner z i))
unfolding bchoice_iff
proof safe
fix f assume Vi€ Basis. P i (f )
then show Jz. Vi€Basis. P i (inner i)
by (auto intro!: exI[of _ > i€Basis. fi xg i])
qed auto

lemma (in euclidean__space) bchoice Basis_iff:
fixes P :: 'a = real = bool
shows (Vi€Basis. 3z€A. P iz) «— (Jz. Vi€Basis. inner x i € A AN P i (inner
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by (simp add: choice_Basis_iff Bex_def)

lemma (in euclidean__space) euclidean_representation__sum__fun:
(Az. Y beBasis. inner (fz) b*r b) = f
by (force simp: euclidean__representation__sum)

lemma euclidean_isCont:
assumes A\b. b € Basis = isCont (Az. (inner (fz) b) xg b) z
shows isCont f x
proof —
have isCont (Az. Y b€ Basis. inner (fx) b xg b) z
by (simp add: assms)
then show ?thesis
by (simp add: euclidean_representation)
qed

lemma DIM _positive [simp]: 0 < DIM('a::euclidean__space)
by (simp add: card_gt_0_iff)

lemma DIM_ge_SucO [simp]: Suc 0 < card Basis
by (meson DIM_positive Suc__lel)

lemma sum_inner_Basis_scaleR [simp]:
fixes [ :: 'a::euclidean__space = 'b::real vector
assumes b € Basis shows (> i€ Basis. (inner i b) xg fi) = fb
by (simp add: comm_monoid_add_class.sum.remove [OF finite_Basis assms]
assms inner_not_same_Basis comm__monoid__add_ class.sum.neutral)

lemma sum_inner_Basis_eq [simp]:
assumes b € Basis shows (> i€ Basis. (inner i b) = fi) = fb
by (simp add: comm_monoid_add_class.sum.remove [OF finite_Basis assms]
assms inner_not_same_Basis comm__monoid__add_ class.sum.neutral)

lemma sum_if inner [simp]:
assumes i € Basis j € Basis
shows inner (> k€Basis. if k = i then fi g i else g k xr k) j = (if j=i then
fjelse g j)
proof (cases i=j)
case True
with assms show ?thesis
by (auto simp: inner_sum_left if distrib [of Az. inner z j| inner_Basis cong:
if _cong)
next
case Fulse
have (> k€Basis. inner (if k = i then fi xg i else g k xg k) j) =
(> k€Basis. if k = j then g k else 0)
using Fualse assms
by (intro sum.cong) (auto simp: inner_Basis)



Euclidean__Space.thy 61

also have ... = g j
using assms by auto
finally show ?thesis
using False by (auto simp: inner_sum__left)
qed

lemma norm__le__componentwise:
(A\b. b € Basis = abs(inner z b) < abs(inner y b)) = norm x < norm y
by (auto simp: norm__le euclidean__inner [of z x| euclidean__inner [of y y] abs_le square_iff
power2_eq _square intro!: sum__mono)

lemma Basis_le_norm: b € Basis = |inner z b| < norm z
by (rule order_trans [OF Cauchy_Schwarz_ineq2]) simp

lemma norm__bound_Basis _le: b € Basis = norm z < e = |inner z b| < e
by (metis Basis_le_norm order_trans)

lemma norm_bound_Basis It: b € Basis => norm z < e = |inner z b| < e
by (metis Basis_le_norm le_less trans)

lemma norm_le_l1: norm x < () b€ Basis. |inner z b|)
by (metis (no__types, lifting) order.refl euclidean__representation mult.right _neutral
norm__Basis norm__scaleR sum__norm__le)

lemma sum_norm _allsubsets bound:
fixes [ :: 'a = 'n::euclidean_ space
assumes fP: finite P
and fPs: AQ. Q@ C P = norm (sum f Q) < e
shows (}_z€P. norm (fz)) < 2 % real DIM('n) * e
proof —
have (3 z€P. norm (fz)) < (> z€P. Y beBasis. |inner (f z) b|)
by (rule sum__mono) (rule norm_le l1)
also have (Y ze€P. > beBasis. |inner (f ) b|) = (3 b€Basis. Y, z€P. |inner
(f ) b))
by (rule sum.swap)
also have ... < of nat (card (Basis :: 'n set)) * (2 * e)
proof (rule sum__bounded__above)
fixi:'n
assume i: ¢ € Basis
have norm (3 z€P. |inner (fz) i|) <
norm (inner (3. x€P N — {xz. inner (fz) ¢ < 0}. f x) i) + norm (inner
> zeP N {z. inner (fz) i < 0}. fz) 9)
by (simp add: abs_real _def sum.If _cases|OF fP] sum__negf norm__triangle_ineq/,
inner__sum,_left
del: real_norm__def)
also have ... < e+ ¢
unfolding real norm__def
by (intro add_mono norm__bound_Basis_le i fPs) auto
finally show (>_ z€P. |inner (fz) i|) < 2xe by simp
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qed
also have ... = 2 x real DIM('n) * e by simp
finally show ?thesis .

qed

1.4.3 Subclass relationships

instance euclidean__space C perfect space
proof
fix z :: ‘a show — open {z}
proof
assume open {z}
then obtain e where 0 < eand e: Vy. distyz < e — y==z
unfolding open_ dist by fast
define y where y = z + scaleR (e/2) (SOME b. b € Basis)
have [simp]: (SOME b. b € Basis) € Basis
by (rule somel _ex) (auto simp: ex_in__conv)
from <0 < e have y # «
unfolding y def by (auto introl: nonzero_Basis)
from <0 < ey have dist y z < e
unfolding y def by (simp add: dist_norm)
from («y # x> and <dist y x < e show False
using e by simp
qed
qed

1.4.4 Class instances

Type real

instantiation real :: euclidean__space
begin

definition
[simp]: Basis = {1::real}

instance
by standard auto

end

lemma DIM_real[simp): DIM (real) = 1
by simp

Type complex

instantiation complex :: euclidean_space
begin

definition Basis complex_def: Basis = {1, i}
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instance
by standard (auto simp add: Basis_complex__def intro: complex__eql split: if _split_asm)

end

lemma DIM__complex[simp]: DIM (complex) = 2
unfolding Basis complex def by simp

lemma complex Basis 1 [iff]: (1::complex) € Basis
by (simp add: Basis_complex_def)

lemma complex Basis i [iff]: 1 € Basis
by (simp add: Basis_complez_def)

Type ‘a x 'b

instantiation prod :: (real inner, real inner) real_inner
begin

definition inner_prod_def:
inner ¢ y = inner (fst x) (fst y) + inner (snd z) (snd y)

lemma inner_Pair [simp]: inner (a, b) (¢, d) = inner a ¢ + inner b d
unfolding inner_prod__def by simp

instance
proof
fix r :: real
fix x y z :: ‘aireal_inner x 'b:ireal_inner
show inner x y = inner y «
unfolding inner_prod_ def
by (simp add: inner_commute)
show inner (z + y) z = inner x z + inner y z
unfolding inner_prod_ def
by (simp add: inner_add_left)
show inner (scaleR r z) y = r * inner z y
unfolding inner_prod_ def
by (simp add: distrib_left)
show 0 < inner z x
unfolding inner_prod_ def
by (intro add_nonneg _nonneg inner_ge_ zero)
show innerxx =0 +— x =0
unfolding inner_prod_ def prod__eq iff
by (simp add: add_nonneg_eq 0_iff)
show norm z = sqrt (inner z x)
unfolding norm_ prod__def inner__prod__def
by (simp add: power2_norm__eq inner)
qed
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end

lemma inner_Pair_0: inner z (0, b) = inner (snd z) b inner z (a, 0) = inner

(fstz) a
by (cases x, simp)+

instantiation prod :: (euclidean_space, euclidean space) euclidean__space
begin

definition
Basis = (Au. (u, 0)) ‘ Basis U (Av. (0, v)) ‘ Basis

lemma sum__ Basis prod__eq:
fixes f::('ax'b)=("ax'b)
shows sum f Basis = sum (X\i. f (i, 0)) Basis + sum (\i. f (0, i)) Basis
proof —
have inj _on (Au. (u::'a, 0::'b)) Basis inj_on (Au. (0::'a, u::'b)) Basis
by (auto introl: inj onl Pair_inject)
thus ?thesis
unfolding Basis_prod__def
by (subst sum.union__disjoint) (auto simp: Basis_prod__def sum.reindezr)
qed

instance proof
show (Basis :: ('a x 'b) set) # {}
unfolding Basis_prod_def by simp
next
show finite (Basis :: ('a x 'b) set)
unfolding Basis prod_def by simp
next
fixuv:’ax'd
assume u € Basis and v € Basis
thus inner u v = (if u = v then 1 else 0)
unfolding Basis prod_def inner__prod__def
by (auto simp add: inner__Basis split: if _split_asm)
next
fixz:’ax'b
show (V u€Basis. inner zu = 0) «— =0
unfolding Basis_prod_def ball _Un ball _simps
by (simp add: inner_prod__def prod__eq iff euclidean__all_zero__iff)
qed

lemma DIM_prod[simp]: DIM('a x 'b) = DIM('a) + DIM('b)

unfolding Basis_prod_def

by (subst card_Un__disjoint) (auto introl: card_image arg_cong2[where f=(+)]
inj_onl)

end



Euclidean__Space.thy 65

1.4.5 Locale instances

lemma finite dimensional vector _space _euclidean:
finite__dimensional__vector_space (xgr) Basis
proof unfold_locales
show finite (Basis::'a set) by (metis finite_Basis)
have Aa::’a. Au. [a € Basis; a = (3 v€Basis — {a}. u v xg v)] = False
apply (drule_tac f=inner a in arg_cong)
apply (simp add: inner_Basis inner_sum__right eq _commute)
done
then
show real _vector.independent (Basis::'a set)
unfolding dependent_def dependent raw__def[symmetric]
by (subst span__finite) auto
show module.span (xgr) Basis = UNIV
unfolding span__finite [OF finite_ Basis| span__raw__def[symmetric]
by (auto intro!: euclidean_representation|symmetric))
qed

interpretation cucl?: finite_dimensional_vector _space scaleR :: real => 'a =>
'a::euclidean__space Basis
rewrites module.dependent (xg) = dependent
and module.representation (xg) = representation
and module.subspace (xr) = subspace
and module.span (xg) = span
and vector__space.extend_basis (xg) = extend basis
and vector_space.dim (xg) = dim
and Vector Spaces.linear (xgr) (xr) = linear
and Vector_Spaces.linear (x) (xg) = linear
and finite_ dimensional_vector _space.dimension Basis = DIM('a)
and dimension = DIM('a)
by (auto simp add: dependent raw_def representation_raw_def
subspace__raw__def span__raw_def extend basis raw def dim__raw_def lin-
ear__def
real__scaleR__def[abs_def]
finite__dimensional _vector__space.dimension__def
introl: finite_dimensional_vector _space.dimension__def
finite__dimensional_vector_space__euclidean)

declare card_set [code] — Restore code equation after global interpretation

interpretation eucl?: finite_dimensional vector__space_pair 1
scaleR::real="a::euclidean__space='a Basis
scaleR::real=>"b::real _vector = 'b
by unfold_locales

interpretation eucl?: finite_ dimensional__vector _space__prod scaleR scaleR Basis
Basis
rewrites Basis pair = Basis
and module_prod.scale (xg) (xg) = (scaleR::_=_=-('a x 'b))
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proof —
show finite dimensional_vector _space_prod (xgr) (xr) Basis Basis
by unfold_locales
interpret finite_dimensional _vector _space_prod (xg) (xg) Basis::'a set Ba-
sis::'b set
by fact
show Basis pair = Basis
unfolding Basis_pair_def Basis prod_ def by auto
show module_prod.scale (xg) (xr) = scaleR
by (fact module_prod_scale__eq scaleR)
qed

end

1.5 Elementary Linear Algebra on Euclidean Spaces

theory Linear_Algebra
imports

Euclidean_Space

HOL- Library. Infinite_ Set
begin

lemma linear simps:
assumes bounded__linear f

shows
fla+bd)=fa+fb
fla=0b)=fa—[fb
fo=20
f(=a)=—"Ffa
f (s *pv) =sx*p (fv)
proof —

interpret f: bounded linear f by fact
show f (a + b) = fa + fb by (rule f.add)

show f (a — b) = fa — f b by (rule f.diff)

show f 0 = 0 by (rule f.zero)

show f (— a) = — fa by (rule f.neg)

show [ (s *xgr v) = s *g (f v) by (rule f.scale)
qed

lemma finite Atleast _Atmost_nat[simp|: finite {f x |x. x € (UNIV::'a::finite set)}
using finite finite _image_set by blast

lemma substdbasis__expansion__unique:
includes inner_syntax
assumes d: d C Basis
shows (Y i€d. fi xp i) = (z::"a::euclidean__space) «—
(VieBasis. (ied — fi=z-i))AN(i¢ d— z-i=0))
proof —
have x: Az a b P. z  (if P then a else b) = (if P then x x a else x * b)
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by auto
have xx: finite d
by (auto intro: finite__subset| OF assms])
have xxx: A\i. i € Basis = (D>_i€d. fixg i) - i = (D z€d. if x = i then fz
else 0)
using d
by (auto intro!: sum.cong simp: inner_Basis inner_sum__left)
show ?thesis
unfolding euclidean_eq_iff[where 'a='a] by (auto simp: sum.delta|OF x|
orok )
qed

lemma independent__substdbasis: d C Basis = independent d
by (rule independent _mono[OF independent Basis))

lemma subset_translation__eq [simp):
fixes a :: ‘a::real_vector shows (+) a ‘s C (4+) a ‘t+— sC ¢
by auto

lemma translate _inj on:
fixes A :: 'a::ab__group_add set
shows inj_on (Az. a + z) A
unfolding inj_on_ def by auto

lemma translation assoc:
fixes a b :: 'a::ab__group add
shows (Az. b+ z) ‘(Az.a+2) ‘S)=(Az. (a+b)+2) ‘S
by auto

lemma translation_invert:
fixes a :: 'a::ab_group_add
assumes (Az. a + z) ‘A= (A\z.a+1z) ‘B
shows A = B
using assms translation__assoc by fastforce

lemma translation__galois:
fixes a :: ‘a::ab__group_add
shows T = ((Az. a4+ z) “S)«— S=(Az. (—a)+2) ‘T
by (metis add.right_inverse group__cancel.rule0 translation__invert translation__assoc)

lemma translation inverse_subset:
assumes ((Az. — a + z) ‘ V) < (S :: 'nizab_group_add set)
shows V < ((Az. a + z) *9)
by (metis assms subset_image__iff translation__galois)

1.5.1 More interesting properties of the norm

unbundle inner_syntax

Equality of vectors in terms of (-) products.
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lemma linear componentwise:
fixes f:: 'a::euclidean_space = 'b::real_inner
assumes If: linear f
shows (fz) - j = (3 i€Basis. (x-i) * (f i-j)) (is ?lhs = ?rhs)
proof —
interpret linear f by fact
have ?rhs = (> i€Basis. (z+1) *r (f 1))-J
by (simp add: inner_sum__left)
then show ?thesis
by (simp add: euclidean__representation sum[symmetric] scale[symmetric])
qed

lemma vector_eq:x =y<+—z-c=x-yANy-y=c-2
by (metis (no__types, opaque__lifting) inner_commute inner__diff _right inner_eq zero__iff
right _minus_eq)

lemma norm__triangle_half 7:
norm (y — z1) < e¢/2 = norm (y — z2) < e/2 = norm (z1 — z2) < e
using dist_triangle _half r unfolding dist_norm[symmetric] by auto

lemma norm__triangle__half I
assumes norm (z — y) < e/2 and norm (z' — y) < ¢/2
shows norm (z — z') < e
by (metis assms dist_norm dist_triangle half 1)

lemma abs_triangle_half r:
fixes y :: ‘a::linordered_field
shows abs (y — z1) < e/2 = abs (y — 22) < e/2 = abs (z1 — z2) < e
by linarith

lemma abs_triangle_half I
fixes y :: ‘a::linordered_ field
assumes abs (z — y) < ¢/2 and abs (z' — y) < e/2
shows abs (z — z) < e
using assms by linarith

lemma sum_ clauses:
shows sum f {} = 0
and finite S = sum f (insert © S) = (if € S then sum f S else f x + sum f
S)

by (auto simp add: insert _absorb)
lemma vector_eq ldot: V. z - y = x - z) +— y = z and vector_eq_rdot: (V z.

Tez=yY-2)¢—T=y
by (metis inner__commute vector _eq)+

1.5.2 Substandard Basis

lemma ez card:
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assumes n < card A
shows 3S5CA. card S = n

by (meson assms obtain__subset_with__card_n)

lemma subspace_substandard: subspace {z::'a::euclidean_space. (Vi€ Basis. P i
— z-i = 0)}
by (auto simp: subspace _def inner_add_left)

lemma dim_substandard:
assumes d: d C Basis
shows dim {z::'a::euclidean__space. ¥V i€Basis. i ¢ d — z+i = 0} = card d (is
dim ?A = _)
proof (rule dim__unique)
from d show d C 74
by (auto simp: inner__Basis)
from d show independent d
by (rule independent _mono [OF independent_ Basis])
have = € span d if Vi€Basis. i ¢ d — x - i = 0 for z
proof —
have finite d
by (rule finite_subset [OF d finite_ Basis])
then have (> i€d. (z - i) xg i) € span d
by (simp add: span__sum span__clauses)
also have (> ied. (z - i) xg i) = (O i€Basis. (x + i) *g 1)
by (rule sum.mono_neutral_cong_left [OF finite_Basis d]) (auto simp: that)
finally show z € span d
by (simp only: euclidean__representation)
qed
then show ?A C span d by auto
qed simp

1.5.3 Orthogonality

definition (in real inner) orthogonal zy <— z - y = 0

context real inner
begin

lemma orthogonal _self: orthogonal x © +— z = 0
by (simp add: orthogonal _def)

lemma orthogonal__clauses:
orthogonal a 0
orthogonal a © = orthogonal a (¢ *p )
orthogonal a © = orthogonal a (— x)
orthogonal a * = orthogonal a y = orthogonal a (z + y)
orthogonal a x => orthogonal a y = orthogonal a (z — y)
orthogonal 0 a
orthogonal x a = orthogonal (c *xg ) a
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orthogonal x a = orthogonal (— ) a

orthogonal x a = orthogonal y a = orthogonal (z + y) a
orthogonal x a = orthogonal y a = orthogonal (z — y) a
unfolding orthogonal__def inner _add inner_diff by auto

end

lemma orthogonal _commute: orthogonal x y <— orthogonal y x
by (simp add: orthogonal def inner__commute)

lemma orthogonal_scaleR [simp]: ¢ # 0 = orthogonal (¢ *xg x) = orthogonal
by (rule ext) (simp add: orthogonal_def)

lemma pairwise_ortho__scaleR:
pairwise (Ai j. orthogonal (f i) (g 7)) B
= pairwise (i j. orthogonal (a i xg fi) (aj*g gj)) B
by (auto simp: pairwise__def orthogonal _clauses)

lemma orthogonal _rvsum:
[finite s; Ny. y € s = orthogonal z (f y)] = orthogonal = (sum f s)
by (induction s rule: finite _induct) (auto simp: orthogonal _clauses)

lemma orthogonal__lvsum:
[finite s; Nz. © € s = orthogonal (f z) y] = orthogonal (sum fs) y
by (induction s rule: finite _induct) (auto simp: orthogonal _clauses)

lemma norm__add__ Pythagorean:
assumes orthogonal a b
shows (norm (a + 0))? = (norm a)? + (norm b)?
proof —
from assms have (a — (0 — b)) - (¢ — (0 — b)) =a-a— (0 —b-b)
by (simp add: algebra__simps orthogonal__def inner_commute)
then show ?thesis
by (simp add: power2_norm__eq inner)
qed

lemma norm__sum__ Pythagorean:
assumes finite I pairwise (\i j. orthogonal (f i) (ff)) I
shows (norm (sum f1))? = (3. 4i€l. (norm (f 7))?)
using assms
proof (induction I rule: finite_induct)
case empty then show ?case by simp
next
case (insert x I)
then have orthogonal (f ) (sum fI)
by (metis pairwise__insert orthogonal _rvsum)
with insert show ?case
by (simp add: pairwise_insert norm__add_ Pythagorean)
qed
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1.5.4 Orthogonality of a transformation

definition orthogonal transformation f <— linear f A (Vv w. fo - fw= v+ w)

lemma orthogonal_transformation:

orthogonal_transformation f <— linear f A (Y v. norm (f v) = norm v)

by (smt (verit, ccfu_threshold) dot_norm linear _add norm__eq sqrt_inner or-
thogonal__transformation__def)

lemma orthogonal _transformation_id [simp]: orthogonal_transformation (Ax. z)
by (simp add: linear_iff orthogonal_transformation__def)

lemma orthogonal orthogonal _transformation:
orthogonal__transformation f = orthogonal (f z) (f y) «— orthogonal z y
by (simp add: orthogonal__def orthogonal_transformation__def)

lemma orthogonal_transformation__compose:
[orthogonal _transformation f; orthogonal__transformation g] = orthogonal_transformation(f

° 9)
by (auto simp: orthogonal_transformation__def linear _compose)

lemma orthogonal_transformation_ neg:
orthogonal__transformation(Ax. —(f z)) <+— orthogonal_transformation f
by (auto simp: orthogonal_transformation__def dest: linear _compose_neg)

lemma orthogonal transformation_scaleR: orthogonal_transformation f = f (c
*p V) = c*g fo
by (simp add: linear_iff orthogonal_transformation__def)

lemma orthogonal transformation_ linear:
orthogonal__transformation f = linear f
by (simp add: orthogonal__transformation__def)

lemma orthogonal__transformation__inj:
orthogonal _transformation f —> inj f
unfolding orthogonal_transformation_ def inj _on__def
by (metis vector__eq)

lemma orthogonal_transformation__surj:

orthogonal__transformation f = surj f

for f :: ‘a::euclidean_space = 'a::euclidean__space

by (simp add: linear_injective_imp__surjective orthogonal transformation_ inj
orthogonal _transformation_ linear)

lemma orthogonal transformation_ bij:

orthogonal__transformation f =—> bij f

for f :: ‘a::euclidean_space = 'a::euclidean__space

by (simp add: bij_def orthogonal _transformation__inj orthogonal_transformation__surj)

lemma orthogonal_transformation__inv:
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orthogonal _transformation f = orthogonal__transformation (inv f)

for f :: 'a::euclidean_space = 'a::euclidean__space

by (metis (no__types, opaque__lifting) bijection.inv_right bijection_ def inj linear imp_ inv_linear
orthogonal _transformation orthogonal _transformation__bij orthogonal__transformation_inj)

lemma orthogonal_transformation__norm:
orthogonal__transformation f = norm (f ) = norm z
by (metis orthogonal _transformation)

1.5.5 Bilinear functions

definition
bilinear :: ('a::real _vector = 'b::real _vector = 'ciireal _vector) = bool where
bilinear f +— (Vz. linear (Ay. fz y)) A (Vy. linear (Ax. fz y))

lemma bilinear ladd: bilinear h = h (x + y) z2=hzz + hyz
by (simp add: bilinear _def linear _iff)

lemma bilinear radd: bilinear h = hx (y + 2) =hzy + hz 2z
by (simp add: bilinear_def linear__iff)

lemma bilinear times:
fixes c::’a::real_algebra shows bilinear (Az y::'a. zxy)
by (auto simp: bilinear _def distrib_left distrib_right introl: linearI)

lemma bilinear_Imul: bilinear h = h (¢ xr z) y = c*r hzy
by (simp add: bilinear_def linear__iff)

lemma bilinear _rmul: bilinear h = hz (¢ *gp y) = c*xgp hz y
by (simp add: bilinear_def linear__iff)

lemma bilinear_Ineg: bilinear h = h (— z) y=—hzy
by (drule bilinear Imul [of _ — 1]) simp

lemma bilinear_rneg: bilinear h = hz (— y) = — hzy
by (drule bilinear_rmul [of _ __ — 1]) simp

lemma (in ab_group_add) eq add_iff: z =2z + y+— y=10
using add_left _imp_eqlof  y 0] by auto

lemma bilinear lzero:
assumes bilinear h
shows h 0z = 0
using bilinear _ladd [OF assms, of 0 0 z] by (simp add: eq _add__iff field_simps)

lemma bilinear rzero:
assumes bilinear h
shows hz 0 = 0
using bilinear_radd [OF assms, of x 0 0 | by (simp add: eq _add__iff field__simps)
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lemma bilinear _lsub: bilinear h = h (x — y) z=hzz — hyz
using bilinear_ladd [of h x — y] by (simp add: bilinear_Ineg)

lemma bilinear_rsub: bilinear h = hz (z —y) =hzz —hzy
using bilinear_radd [of h _ = — y] by (simp add: bilinear_rneg)

lemma bilinear sum:
assumes bilinear h
shows h (sum fS) (sum g T) = sum (A(4,5). b (f7) (g7)) (S x T)
proof —
interpret I: linear Az. h z y for y using assms by (simp add: bilinear_def)
interpret r: linear \y. h x y for z using assms by (simp add: bilinear _def)
have h (sum [ S) (sum g T) = sum (Az. h (fz) (sum g T)) S
by (simp add: l.sum)
also have ... = sum (Az. sum (A\y. h (fz) (gy) T) S
by (rule sum.cong) (simp__all add: r.sum)
finally show ?thesis
unfolding sum.cartesian__product .
qed

1.5.6 Adjoints

definition adjoint :: (('a::real_inner) = ('b::ireal_inner)) = ‘b = 'a where
adjoint f = (SOME f'" Nz y. fo-y=x-fy)

lemma adjoint__unique:
assumes Yz y. inner (fz) y = inner z (g y)
shows adjoint f = g
unfolding adjoint_def
proof (rule some__equality)
show Vz y. inner (fz) y = inner z (g y)
by (rule assms)
next
fix h
assume Yz y. inner (fz) y = inner z (h y)
then show h = ¢
by (metis assms ext vector _eq ldot)
qed

TODO: The following lemmas about adjoints should hold for any Hilbert
space (i.e. complete inner product space). (see https://en.wikipedia.org/
wiki/Hermitian_ adjoint)

lemma adjoint_works:
fixes [ :: 'm::euclidean_space = 'm::euclidean_space
assumes If: linear f
shows z - adjoint fy=fzx -y
proof —
interpret linear f by fact
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have Vy. Jw. Vz. fz-y=x - w
proof (intro alll exI)
fix y : ‘'mand z
let 2w = (Y i€Basis. (fi-y) *xgi) = 'n
have fz - y = f (3 i€Basis. (x - 7) *p %) - y
by (simp add: euclidean__representation)
also have ... = (> i€Basis. (z - ©) *xg f1i) - y
by (simp add: sum scale)
finally show fz -y =z - %w
by (simp add: inner_sum__left inner__sum__right mult.commute)
qed
then show ?thesis
unfolding adjoint def choice iff
by (intro somel2 ex[where Q=\f".z - f'y = fz - y]) auto
qed

lemma adjoint_ clauses:
fixes f :: 'n::euclidean_space = 'm::euclidean__space
assumes If: linear f
shows z - adjoint fy=fz -y
and adjoint fy -z =y - fz
by (simp__all add: adjoint_works|OF If] inner_commute)

lemma adjoint_linear:
fixes f :: 'n::euclidean_space = 'm::euclidean_ space
assumes If: linear f
shows linear (adjoint f)
by (simp add: If linear_iff euclidean__eq_iff[where 'a='n] euclidean__eq iff[where
'a="m]
adjoint__clauses|OF' If] inner_distrib)

lemma adjoint__adjoint:
fixes f :: 'n::euclidean_space = 'm::euclidean__space
assumes If: linear f
shows adjoint (adjoint f) = f
by (rule adjoint_unique, simp add: adjoint_clauses [OF If])

1.5.7 Euclidean Spaces as Typeclass

lemma independent_Basis: independent Basis
by (rule independent Basis)

lemma span_ Basis [simp]: span Basis = UNIV
by (rule span_ Basis)

lemma in_span_ Basis: x € span Basis
unfolding span_ Basis ..

lemma representation__euclidean__space:



Linear__Algebra.thy 75

representation Basis x = (A\b. if b € Basis then inner z b else 0)
proof (rule representation__eql)
have (> b | (if b € Basis then inner x b else 0) # 0. (if b € Basis then inner x
b else 0) xg b) =
(3" beBasis. inner x b xg b)
by (intro sum.mono_neutral _cong_left) auto
also have ... =z
by (simp add: euclidean__representation)
finally show (> b | (if b € Basis then inner x b else 0) # 0.
(if b € Basis then inner z b else 0) xg b) = z .
qged (insert independent_Basis span__Basis, auto split: if _splits)

1.5.8 Linearity and Bilinearity continued

lemma linear bounded:
fixes [ :: 'a::euclidean__space = 'b::real _normed_vector
assumes If: linear f
shows 3 B. Vz. norm (fz) < B * norm x
proof
interpret linear f by fact
let B = > beBasis. norm (f b)
show Vz. norm (fz) < ?B % norm x
proof
fix z:: 'a
let 2g = Xb. (x - b) % f b
have norm (f z) = norm (f (3 b€Basis. (z - b) *g b))
unfolding euclidean_representation ..
also have ... = norm (sum ?g Basis)
by (simp add: sum scale)
finally have th0: norm (f ©) = norm (sum ?g Basis) .
have th: norm (%g i) < norm (f {) * norm z if ¢ € Basis for i
proof —
from Basis_le_norm|[OF that, of x|
show norm (%9 i) < norm (f ) * norm z
unfolding norm__scaleR by (metis mult.commute mult_left _mono norm__ge_ zero)
ged
from sum_norm_le[of _ %g, OF th]
show norm (f z) < ?B * norm z
by (simp add: sum__distrib_right th0)
qed
qed

lemma linear conv_bounded linear:

fixes f :: 'a::euclidean_space = 'b::real _normed__vector

shows linear f «— bounded_linear f

by (metis mult.commute bounded_linear _axioms.intro bounded_linear _def lin-
ear_bounded)

lemmas linear linear = linear _conv_bounded__linear|[symmetric]
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lemma inj linear imp_inv_bounded_ linear:
fixes f::'a::euclidean_space = 'a
shows [bounded_linear f; inj f] = bounded_linear (inv f)
by (simp add: inj_linear _imp_inv_linear linear_linear)

lemma linear bounded__pos:
fixes [ :: 'a::euclidean__space = 'b::real _normed_ vector
assumes If: linear f
obtains B where B > 0 Az. norm (fz) < B * norm x
by (metis bounded_linear.pos_bounded If linear_linear mult.commute)

lemma linear invertible__bounded__below _pos:
fixes f :: 'a::real _mormed_wvector = 'b::euclidean space
assumes linear f linear g and gf: g o f = id
obtains B where B > 0 Az. B x norm x < norm(f z)
proof —
obtain B where B > 0 and B: Az. norm (g z) < B * norm z
using linear _bounded_pos [OF <linear ¢»] by blast
show thesis
proof
show 0 < 1/B
by (simp add: <B > 0>)
show 1/B x norm z < norm (f z) for x
by (smt (verit, ccfu_SIG) B <0 < B» gf comp__apply divide__inverse id__apply
inverse__eq divide
less__divide__eq mult.commute)
qed
qed

lemma linear_inj bounded__below pos:
fixes f :: 'a::real_normed_vector = 'b::euclidean__space
assumes linear f inj f
obtains B where B > 0 Az. B x norm x < norm(f z)
using linear_injective_left _inverse [OF assms]
linear _invertible _bounded__below _pos assms by blast

lemma bounded_linearl "
fixes f ::’a::euclidean_space = 'b::real _mormed_ vector
assumes Nz y. f (z+y)=fz+ fy
and Acz. f (cxpx) = c*g fz
shows bounded__linear f
using assms linearl linear__conv__bounded__linear by blast

lemma bilinear bounded:
fixes h :: 'm::euclidean space = 'n::euclidean space = 'k::real__normed_ vector
assumes bh: bilinear h
shows dB. Vz y. norm (h z y) < B x norm x % norm y

proof (clarify intro!: exl[of _ > i€Basis. Y j€Basis. norm (h i j)])



Linear__Algebra.thy 77

fix z 2 'm
fixy:'n
have norm (h z y) = norm (h (sum (Ai. (z + ©) *r ©) Basis) (sum (Ai. (y + 7)
xp 1) Basis))
by (simp add: euclidean_representation)
also have ... = norm (sum (X (i,j). h ((z - %) *g @) ((y - §) *r J)) (Basis x
Basis))
unfolding bilinear__sum|[OF bh] ..
finally have th: norm (hzy) = ... .
have Ai j. [i € Basis; j € Basis]
= |z - 4| * (ly - §| * norm (h i j)) < norm z * (norm y * norm (h i j))
by (auto simp add: zero_le_mult_iff Basis_le_norm mult_mono)
then show norm (h z y) < (3. i€Basis. Y jeBasis. norm (h i j)) * norm x *
norm y
unfolding sum__distrib__right th sum.cartesian__product
by (clarsimp simp add: bilinear_rmul[OF bh] bilinear_Imul[OF bh]
field__simps simp del: scaleR__scaleR introl: sum__norm,__le)
qed

lemma bilinear conv_bounded_bilinear:
fixes h :: 'a::euclidean__space = 'b::euclidean_space = 'c::real_normed_vector
shows bilinear h +— bounded_bilinear h
proof
assume bilinear h
show bounded_ bilinear h
proof
fixzyz
show h (t+y)z=hzz+ hyz
using <bilinear hy unfolding bilinear def linear iff by simp
next
fixzxyz
show hz (y+2)=hzy+hzz
using <bilinear hy unfolding bilinear def linear iff by simp
next
show h (scaleR r z) y = scaleR v (h x y) h x (scaleR ry) = scaleR r (h z y)
for rzy
using <bilinear hy unfolding bilinear def linear iff
by simp__all
next
have 3B. Vz y. norm (h z y) < B % norm z * norm y
using <bilinear hy by (rule bilinear _bounded)
then show 3 K. Vz y. norm (hzy) < norm z * norm y * K
by (simp add: ac__simps)
qed
next
assume bounded_ bilinear h
then interpret h: bounded_ bilinear h .
show bilinear h
unfolding bilinear def linear _conv_bounded_ linear
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using h.bounded_ linear_left h.bounded_ linear right by simp
qed

lemma bilinear _bounded__pos:
fixes h :: 'a::euclidean__space = 'b::euclidean_space = 'c::real_normed__vector
assumes bh: bilinear h
shows 3B > 0. Vx y. norm (hzy) < B x norm x * norm y
by (metis mult.assoc bh bilinear _conv__bounded__bilinear bounded__bilinear.pos__bounded
mult. commute)

lemma bounded__linear _imp__has__derivative:
bounded_linear f = (f has__derivative f) net
by (auto simp add: has_derivative_def linear _diff linear _linear linear__def
dest: bounded_linear.linear)

lemma linear _imp_has derivative:
fixes f :: 'a::euclidean_space = 'b::real _mormed_ vector
shows linear f = (f has_derivative f) net
by (simp add: bounded_linear _imp__has__derivative linear__conv__bounded__linear)

lemma bounded_linear _imp__ differentiable: bounded_linear f = f differentiable
net
using bounded_ linear _imp__has_derivative differentiable def by blast

lemma linear imp _differentiable:
fixes f :: 'a::euclidean_space = 'b::real _normed_ vector
shows linear f = f differentiable net
by (metis linear_imp__has_derivative differentiable_def)

lemma of real differentiable [simp,derivative intros|: of real differentiable F
by (simp add: bounded_linear imp__differentiable bounded linear of real)

lemma bounded_linear _representation:
fixes B :: 'a :: euclidean_ space set
assumes independent B span B = UNIV
shows bounded_ linear (Av. representation B v b)
proof —
have Vector_Spaces.linear (xg) (x) (Av. representation B v b)
by (rule real_vector.linear_representation) fact+
then have linear (\v. representation B v b)
unfolding linear def real scaleR__def [abs_def] .
thus ?thesis
by (simp add: linear_conv_bounded_linear)
qed

1.5.9 We continue

lemma independent__bound:
fixes S :: 'a::euclidean__space set
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shows independent S = finite S A card S < DIM(’a)
by (metis dim__subset_ UNIV finitel _independent dim__span__eq card__independent)

lemmas independent_imp_ finite = finitel _independent

corollary independent_card_le:
fixes S :: 'a::euclidean_space set
assumes independent S
shows card S < DIM('a)
using assms independent__bound by auto

lemma dependent_biggerset:
fixes S :: 'a::euclidean_space set
shows (finite S = card S > DIM('a)) = dependent S
by (metis independent__bound not_less)

Picking an orthogonal replacement for a spanning set.

lemma vector__sub__project__orthogonal:
fixes b z :: 'a::euclidean space
shows b+ (z — ((b-z) / (b-b))*g b) =0
unfolding inner_simps by auto

lemma pairwise__orthogonal insert:
assumes pairwise orthogonal S
and Ay. y € S = orthogonal x y
shows pairwise orthogonal (insert z S)
using assms by (auto simp: pairwise_def orthogonal__commute)

lemma basis_orthogonal:

fixes B :: 'a::real inner set

assumes fB: finite B

shows 3 C. finite C A card C < card B N span C = span B A pairwise orthogonal
C

(is 3C. ?P B ()

using fB
proof (induct rule: finite _induct)

case empty

then show ?case

using pairwise__empty by blast

next

case (insert a B)

note fB = «(finite B) and aB = <a ¢ B»

from 3 C. finite C' A card C < card B N span C = span B A\ pairwise orthogonal
Ch

obtain C where C': finite C' card C' < card B

span C' = span B pairwise orthogonal C by blast

let a = a — sum (A\z. (z-a/ (z- 1)) xgz) C

let ?2C = insert ?a C

from C(1) have fC: finite ?C
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by simp
have ¢C: card ?C < card (insert a B)
using C aB card_insert_if local.insert(1) by fastforce
{
fix z k
have th0: A(a:’a) be.a— (b—c¢)=c+ (a — b)
by (simp add: field _simps)
have z — k*g (a — (> z€C. (z-a / (x-12)) *g 1)) € span C +— = — k *g
a € span C
unfolding scaleR__right_ diff distrib th0
by (intro span__add_eq span__scale span__sum span__base)

then have SC: span ?C = span (insert a B)
unfolding set _eq iff span__breakdown__eq C(3)[symmetric] by auto
{
fix y
assume yC: y € C
then have Cy: C = insert y (C — {y})
by blast
have fth: finite (C — {y})
using C by simp
have y # 0 = Va2elC —{y}. z-ax(z-y) / (z-2)=0
using <pairwise orthogonal C»
by (metis Cy Diff E div_0 insertCI mult_zero_right orthogonal def pair-
wise__insert)
then have orthogonal ?a y
unfolding orthogonal__def
unfolding inner diff inner__sum,__left right _minus _eq
unfolding sum.remove [OF «finite C» <y € C))
by (auto simp add: sum.neutral inner_commute[of y a])
}
with <pairwise orthogonal C» have CPO: pairwise orthogonal ?C
by (rule pairwise__orthogonal_insert)
from fC ¢C SC CPO have ?P (insert a B) 2C
by blast
then show ?case by blast
qed

lemma orthogonal basis__exists:
fixes V :: ('a::euclidean__space) set
shows 3 B. independent B A B C span V AV C span B A (card B = dim V)
A pairwise orthogonal B
proof —
from basis_exists[of V]| obtain B where
B: B C Vindependent BV C span B card B = dim V
by force
from B have fB: finite B card B = dim V
using independent__bound by auto
from basis_orthogonal[OF fB(1)] obtain C where
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C: finite C card C < card B span C' = span B pairwise orthogonal C
by blast

from C B have CSV: C C span V
by (metis span__superset span_mono subset_trans)

from span_mono[OF B(3)] C have SVC: span V C span C
by (simp add: span__span)

from C fB have card C < dim V
by simp

moreover have dim V < card C
using span__card_ge_ dim[OF CSV SVC C(1)]
by simp

ultimately have card C = dim V
using C(1) by simp

with C B CSV show ?thesis
by (metis SVC card_eq dim dim__span)

qed

Low-dimensional subset is in a hyperplane (weak orthogonal complement).

lemma span_not_UNIV__orthogonal:
fixes S :: 'a::euclidean_space set
assumes sU: span S # UNIV
shows Ja:’a. a # 0 AN (Y € span S. a - x = 0)
proof —
from sU obtain ¢ where a: a ¢ span S
by blast
from orthogonal basis_exists obtain B where
B: independent B B C span S S C span B card B = dim S pairwise orthogonal
B
by blast
from B have fB: finite B card B = dim S
using independent_bound by auto
have sSB: span S = span B
by (simp add: B span__eq)
let a =a — sum (Ab. (a- b/ (b-b)) *xg b) B
have sum (Ab. (a - b/ (b- b)) *xg b) B € span S
by (simp add: sSB span__base span__mul span__sum)
with ¢ have a0:%a # 0
by auto
have %a - x = 0 if z€span B for x
proof (rule span__induct [OF that])
show subspace {z. ?a - x = 0}
by (auto simp add: subspace _def inner_add)
next
{
fix z
assume z: ¢ € B
from z have B": B = insert z (B — {z})
by blast
have fth: finite (B — {z})
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using B by simp
have (> beB — {z}. a-bx (b-xz) /(b-b)=0ifz#0
by (smt (verit) B B(5) DiffD2 divide__eq 0 _iff inner_real def inner_zero__right
insertCI orthogonal_def pairwise_insert sum.neutral)
then have %a - z =0
apply (subst B)
using fB fth
unfolding sum__clauses(2)[OF fth]
by (auto simp add: inner__add_left inner _diff left inner__sum__left)
}
then show %0 - = 0 if z € B for ¢
using that by blast
qed
with a0 sSB show ?thesis
by blast
qed

lemma span_not_univ_subset__hyperplane:
fixes S :: ‘a::euclidean_ space set
assumes SU: span S # UNIV
shows 3 a. a #0 A span S C {z. a - z = 0}
using span_not_UNIV_orthogonal|OF SU| by auto

lemma lowdim__subset hyperplane:
fixes S :: ‘a::euclidean_ space set
assumes d: dim S < DIM('a)
shows Ja::'a. a # 0 A span S C {z. a - x = 0}
using d dim__eq_full nless_le span_not_univ_subset hyperplane by blast

lemma linear eq stdbasis:
fixes [ :: ‘a::euclidean__space = _
assumes If: linear f
and lg: linear g
and fg: \b. b € Basis = fb=gb
shows f = ¢
using linear _eq on__span[OF If lg, of Basis] fg by auto

Similar results for bilinear functions.

lemma bilinear eq:
assumes bf: bilinear f
and bg: bilinear g
and SB: S C span B
and TC: T C span C
and ze§ yeT
and fg: Az y. [t € B;ye C] = fzy=gzxy
shows fry=gzy
proof —
let P = {x. Vye span C. fz y = gz y}
from bf bg have sp: subspace ?P
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unfolding bilinear_def linear iff subspace def bf bg
by (auto simp add: span__zero bilinear_lzero|OF bf] bilinear_lzero[OF by
span__add Ball _def
intro: bilinear _ladd[OF bf])
have sfg: Az. © € B = subspace {a. fz a = g z a}
by (auto simp: subspace__def bf by bilinear_rzero bilinear _radd bilinear__rmul)
have Vye span C. fz y =gz y if x € span B for x
using span__induct [OF that sp] fg sfg span__induct by blast
then show ?thesis
using SB TC assms by auto
qed

lemma bilinear eq stdbasis:
fixes [ :: 'a::euclidean__space = 'b::euclidean_ space = _
assumes bf: bilinear f
and bg: bilinear g
and fg: \ij. i € Basis = j € Basis = fij=gij
shows f = ¢
using bilinear _eq[OF bf bg equalityD2[OF span__Basis| equalityD2[OF span__Basis|]
fg by blast

1.5.10 Infinity norm

definition infnorm (z::'a::euclidean_space) = Sup {|z - b| |b. b € Basis}

lemma infnorm__set__image:
fixes = :: 'a::euclidean_ space
shows {|z - 4| |i. ¢ € Basis} = (\i. |z - i|) ¢ Basis
by blast

lemma infnorm__ Maz:
fixes = :: 'a::euclidean_ space
shows infnorm © = Max ((\i. |z - i|) ‘ Basis)
by (simp add: infnorm__def infnorm__set_image cSup__eq Max)

lemma infnorm__set_lemma:
fixes = :: 'a::euclidean_ space
shows finite {|x « i| |i. ¢ € Basis}
and {|z - 4| |i. ¢ € Basis} # {}
unfolding infnorm__set image by auto

lemma infnorm__pos_le:
fixes = :: 'a::euclidean_ space
shows 0 < infnorm z
by (simp add: infnorm__Maz Maz_ge_iff ex_in__conv)

lemma infnorm__triangle:
fixes = :: 'a::euclidean_ space
shows infnorm (z + y) < infnorm z + infnorm y
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proof —
have x: Aabcd:real. |a| < c=|b|<d=|a+ b < c+d
by simp
show ?thesis
by (auto simp: infnorm__Max inner_add_left introl: x)
qed

lemma infnorm_eq 0:
fixes z :: 'a::euclidean__space
shows infnorm z = 0 +— x = 0
proof —
have infnorm z < 0 +— z = 0
unfolding infnorm_ Mazx by (simp add: euclidean__all_zero_iff)
then show ?thesis
using infnorm__pos_le[of x| by simp
qed

lemma infnorm_0: infnorm 0 = 0
by (simp add: infnorm__eq 0)

lemma infnorm_neg: infnorm (— z) = infnorm x
unfolding infnorm__def by simp

lemma infnorm__sub: infnorm (x — y) = infnorm (y — z)
by (metis infnorm__neg minus_diff _eq)

lemma absdiff _infnorm: |infnorm x — infnorm y| < infnorm (z — y)
by (smt (verit, del_insts) diff _add__cancel infnorm__sub infnorm__triangle)

lemma real abs_infnorm: |infnorm x| = infnorm x
using infnorm_pos_le[of z] by arith

lemma Basis_le_infnorm:
fixes z :: 'a::euclidean_ space
shows b € Basis = |z - b| < infnorm z
by (simp add: infnorm__Mazx)

lemma infnorm_mul: infnorm (a xg x) = |a| * infnorm z
unfolding infnorm__Maz
proof (safe intro!: Max_eql)
let B = (Ai. |z - i|) ¢ Basis
{fixb:'a
assume b € Basis
then show |a *g = - b < |a| * Maz ?B
by (simp add: abs__mult mult_left _mono)
next
from Max_in[of ?B] obtain b where b € Basis Max ?B = |z - b
by (auto simp del: Maz_in)
then show |a| x Maz ((\i. |z - i|) ¢ Basis) € (\i. |a xg = - i|) ‘ Basis
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by (intro image__eqI[where z=0]) (auto simp: abs_mult)

}

qed simp

lemma infnorm_mul_lemma: infnorm (a *g z) < |a| * infnorm x
unfolding infrnorm__mul ..

lemma infnorm__pos lt: infnorm x > 0 «— z # 0
using infnorm_pos_lelof z] infnorm__eq 0|of x] by arith

Prove that it differs only up to a bound from Euclidean norm.

lemma infnorm_le norm: infnorm z < norm x
by (simp add: Basis_le_norm infnorm__Max)

lemma norm__le__infnorm:
fixes = :: ‘a::euclidean__space
shows norm z < sqrt DIM(’a) * infnorm z
unfolding norm__eq sqrt_inner id__def
proof (rule real_le_lsqrt)
show sqrt DIM('a) = infnorm x > 0
by (simp add: zero__le_mult_iff infnorm__pos_le)
have z « z < (> beBasis. x + b x (z - b))
by (metis euclidean__inner order_refl)
also have ... < DIM(’a) * |infnorm z|?
by (rule sum_bounded_above) (metis Basis_le_infnorm abs_le_square_iff
power2_eq _square real__abs__infnorm)
also have ... < (sqrt DIM('a) * infnorm z)?
by (simp add: power _mult_ distrib)
finally show 7 - z < (sqrt DIM('a) * infnorm x)? .
qged

lemma tendsto__infnorm [tendsto_intros]:

assumes (f —— a) F

shows ((Az. infnorm (f ©)) —— infnorm a) F
proof (rule tendsto__compose [OF LIM__I assms))

fix r :: real

assume 7 >

then show 3s>0. Vz. z # a A norm (z — a) < s — norm (infnorm z —
infnorm a) < r

by (metis real_norm__def le_less_trans absdiff _infnorm infnorm_le_norm)

qed

Equality in Cauchy-Schwarz and triangle inequalities.

lemma norm__cauchy_schwarz_eq: x + y = norm x % norm y <— NOTM T *r Y
= norm y *p T

(is ?lhs «— 2rhs)
proof (cases x=0)

case True

then show ?thesis
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by auto
next
case Fulse
from inner_eq zero_iff[of norm y xgp x — norm x xR y]
have ?rhs +—
(norm y x (norm y * norm = * norm T — norm T * (T + y)) —
norm x x (norm y x (y - ©) — norm z * norm y * norm y) = 0)
using False unfolding inner_simps
by (auto simp add: power2_norm__eq inner[symmetric] power2 eq square
inner_commute field__simps)

also have ... +— (2 % norm z * norm y * (norm x * normy — x - y) = 0)
using False by (simp add: field _simps inner__commute)
also have ... «— ?lhs

using Fualse by auto
finally show ¢thesis by metis
qed

lemma norm__cauchy schwarz abs_eq:
|z - y| = norm x x norm y <—
NOTM T %R Y = NOTrM Yy *g T V NOTM T *g Yy = — NOTM Y ¥R T
using norm__cauchy_schwarz_eq [symmetric, of x y]
using norm__cauchy_schwarz_eq [symmetric, of —z y| Cauchy_Schwarz_ineq2
[of = y]
by auto

lemma norm__triangle eq:
fixes z y :: 'a::real_inner
shows norm (z + y) = norm & + norm y <— NOrM & xR Yy = NOTM Y *g T
proof (casesz =0V y = 0)
case True
then show %thesis
by force
next
case Fulse
then have n: norm z > 0 norm y > 0
by auto
have norm (z + y) = norm = + norm y <— (norm (z + y))?> = (norm z +
norm 1)
by simp
also have ... ¢<— norm z *g y = norm y *p «
by (smt (verit, best) dot_norm inner_real def inner__simps norm__cauchy__schwarz__eq
power2_eq _square)
finally show #“thesis .
qed

lemma dist_triangle eq:
fixes z y z :: 'a::real_inner
shows dist x z = dist x y + dist y z +—
norm (z — y) *g (y — 2) = norm (y — z) *r (x — y)
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by (metis (no__types, lifting) add__diff _eq diff _add__cancel dist_norm norm__triangle__eq)

1.5.11 Collinearity

definition collinear :: 'a::real _vector set = bool
where collinear S «— (Ju.Vz € S.V y &€ S. Jc. 2 — y = ¢ *g u)

lemma collinear alt:
collinear S «+— (Juv.Vz € S. Jc. . = u + ¢ xg v) (is ?lhs = ?rhs)
proof
assume ?lhs
then show ?rhs
unfolding collinear _def by (metis add.commute diff _add_cancel)
next
assume ?rhs
then obtain u v where x: Az. 2 € S = Jc.z =u + c*g v
by auto
have dc.z —y=cxgvifz e Sye Sfor zy
by (metis x[OF «x € S)] #*[OF «y € S»] scaleR__left.diff add__diff _cancel_left)
then show ?lhs
using collinear_def by blast
qed

lemma collinear:
fixes S :: 'a::{perfect_space,real_vector} set
shows collinear S +— (Ju. u # 0 AN (NVz € S.V ye€ S. Jc.x —y=cxpru)
proof —
have 3v. v # 0 A (VzeS. VyeS. Jc. z — y = ¢ *xg v)
if VeeS. VyeS. de. 2 — y = ¢ xg v u=0 for u
proof —
have VzeS. VyeS. z =y
using that by auto
moreover
obtain v::’a where v # 0
using UNIV_not_singleton [of 0] by auto
ultimately have Vz€S. VyeS. dc. x — y = ¢ *xg v
by auto
then show ?thesis
using v # 0» by blast
qed
then show ?Zthesis
by (metis collinear _def)
qed

lemma collinear _subset: [collinear T; S C T]| = collinear S
by (meson collinear_def subsetCE)

lemma collinear_empty [iff]: collinear {}
by (simp add: collinear _def)
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lemma collinear_sing [iff]: collinear {z}
by (simp add: collinear _def)

lemma collinear 2 [iff]: collinear {z, y}
by (simp add: collinear_def) (metis minus__diff _eq scaleR__left.minus scaleR__one)

lemma collinear_lemma: collinear {0, z, y} +— 2 =0V y=0V (3ec.y=c
*R $)
(is ?lhs <— ?rhs)
proof (casesz =0V y=0)
case True
then show ?thesis
by (auto simp: insert_commute)
next
case Fulse
show ?thesis
proof
assume h: ?lhs
then obtain u where u: V z€ {0,z,y}. Vy€ {0,2,y}. Fc. 2 — y = ¢ xp u
unfolding collinear def by blast
from u[rule_format, of x 0] u[rule_format, of y 0]
obtain cz and cy where
cr: x = cx xg v and cy: y = cy *g u
by auto
from cx cy False have cz0: cx # 0 and cy0: cy # 0 by auto
let %d = cy / cx
from cx cy cx0 have y = 9d xp ©
by simp
then show ?rhs using Fulse by blast
next
assume h: ?rhs
then obtain ¢ where ¢: y = c xg =
using Fulse by blast
show ?lhs
apply (simp add: collinear def c)
by (metis (mono__tags, lifting) scaleR_left.minus scaleR_left diff distrib
scaleR__one)
qed
qed

lemma collinear iff Reals: collinear {0::complex,w,z} +— z/w € R
proof

show z/w € R = collinear {0,w,z}

by (metis Reals_cases collinear__lemma nonzero__divide__eq _eq scaleR__conv__of _real)
qed (auto simp: collinear lemma scaleR__conv_of real)

lemma collinear_scaleR__iff: collinear {0, a xg w, 8 xg 2z} +— collinear {0,w,z}
V a=0 V =0
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(is ?lhs = ?rhs)
proof (cases a=0 VvV B=0)
case Fulse
then have (c. 8 *g 2 = (¢ * @) *g w) = (Fe. 2 = ¢ *g W)
by (metis mult.commute scaleR__scaleR vector_fraction__eq iff)
then show ?thesis
by (auto simp add: collinear _lemma)
qed (auto simp: collinear _lemma)

lemma norm__cauchy_schwarz_equal: |x - y| = norm z x norm y <— collinear
{0, z, y}
proof (cases z=0)

case True

then show ?thesis
by (auto simp: insert_commute)
next
case Fulse
then have nnz: norm z # 0
by auto
show ?thesis
proof
assume |z - y| = norm z * norm y
then show collinear {0, z, y}
unfolding norm__cauchy schwarz abs_eq collinear _lemma
by (meson eq_vector_fraction__iff nnz)
next
assume collinear {0, z, y}
with False show |z - y| = norm z * norm y
unfolding norm__cauchy_schwarz _abs_eq collinear _lemma by (auto simp:
abs__if)
qed
qed

lemma norm__triangle__eq imp__collinear:
fixes z vy :: ‘a::real_inner
assumes norm (z + y) = norm x + norm y
shows collinear{0,z,y}
using assms norm__cauchy__schwarz__abs__eq norm__cauchy__schwarz__equal norm__triangle eq

by blast

1.5.12 Properties of special hyperplanes

lemma subspace_hyperplane: subspace {z. a - z = 0}
by (simp add: subspace__def inner_right_distrib)

lemma subspace_hyperplane2: subspace {z. - a = 0}
by (simp add: inner_commute inner_right_ distrib subspace _def)
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lemma special hyperplane__span:
fixes S :: 'n::euclidean_space set
assumes k € Basis
shows {z. k - x = 0} = span (Basis — {k})
proof —
have *: © € span (Basis — {k}) if k - x = 0 for x
proof —
have z = (3 beBasis. (z - b) xg b)
by (simp add: euclidean__representation)
also have ... = (3. b € Basis — {k}. (z - b) g b)
by (auto simp: sum.remove [of _ k] inner_commute assms that)
finally have = = (>_ b€Basis — {k}. (z - b) *g b) .
then show ?thesis
by (simp add: span__finite)
qed
show ?thesis
apply (rule span__subspace [symmetric])
using assms
apply (auto simp: inner_not_same_Basis intro: * subspace__hyperplane)
done
qed

lemma dim__special _hyperplane:

fixes k :: 'n::euclidean__space

shows k € Basis = dim {z. k - = 0} = DIM('n) — 1

by (metis Diff _subset card _Diff singleton indep_ card_eq dim__span indepen-
dent__substdbasis special__hyperplane__span)

proposition dim__ hyperplane:
fixes a :: 'a::euclidean_ space
assumes a # 0
shows dim {z. a - © = 0} = DIM('a) — 1
proof —
have span0: span {z. a - © = 0} = {z. a - z = 0}
by (rule span__unique) (auto simp: subspace _hyperplane)
then obtain B where independent B
and Bsub: BC {z.a-2z= 0}
and subspB: {z. a - z = 0} C span B
and card0: (card B = dim {z. a - = 0})
and ortho: pairwise orthogonal B
using orthogonal basis exists by metis
with assms have a ¢ span B
by (metis (mono__tags, lifting) span__eq inner_eq zero_iff mem__Collect_eq
span0)
then have ind: independent (insert a B)
by (simp add: <independent By independent_insert)
have finite B
using <independent By independent_bound by blast
have UNIV C span (insert a B)
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proof fix y::'a
obtain r 2z where y =r*ga+za-2=10
by (metis add.commute diff _add_cancel vector _sub_project_orthogonal)
then show y € span (insert a B)
by (metis (mono__tags, lifting) Bsub add_ diff _cancel_left’
mem,__Collect__eq span0 span__breakdown__eq span__eq subspB)
qed
then have DIM('a) = dim(insert a B)
by (metis independent Basis span_Basis dim__eq _card top.extremum__uniquel )
then show ?thesis
by (metis One_nat_def <a ¢ span B> <finite By card0 card_insert_disjoint
diff _Suc_Suc diff _zero dim__eq card_independent ind span__base)
qed

lemma lowdim__eq hyperplane:
fixes S :: 'a::euclidean__space set
assumes dim S = DIM('a) — 1
obtains ¢ where a # 0 and span S = {z. a - z = 0}
proof —
obtain b where b: b # 0 span S C {a. b - a = 0}
by (metis DIM__positive assms diff _less zero__less _one lowdim__subset__hyperplane)
then show ?thesis
by (metis assms dim__hyperplane dim__span dim__subset subspace__dim__equal
subspace__hyperplane subspace__span that)
qed

lemma dim__eq hyperplane:

fixes S :: 'n::euclidean_ space set

shows dim S = DIM('n) — 1 +— (3a. a # 0 N span S = {z. a - z = 0})
by (metis One_nat__def dim__hyperplane dim__span lowdim__eq hyperplane)

1.5.13 Orthogonal bases and Gram-Schmidt process

lemma pairwise_orthogonal _independent:
assumes pairwise orthogonal S and 0 ¢ S
shows independent S
proof —
have 0: Avy. [t #y;0€ S;yeS|=z-y=10
using assms by (simp add: pairwise_def orthogonal_def)
have False if ¢ € S and a: a € span (S — {a}) for a
proof —
obtain T U where T C S — {a} a = (D veT. Uwv *g v)
using a by (force simp: span__explicit)
then have a - a = a - (D veT. Uwv xg v)
by simp
also have ... = 0
apply (simp add: inner__sum_ right)
by (smt (verit) 0 DiffE <T C S — {a}» in_mono insertCI mult_not_zero
sum.neutral that(1))
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finally show ?thesis
using <0 ¢ S» <a € S by auto
qed
then show ?thesis
by (force simp: dependent__def)
qed

lemma pairwise_orthogonal imp_ finite:
fixes S :: 'a::euclidean__space set
assumes pairwise orthogonal S
shows finite S
by (metis Set.set_insert assms finite_insert independent__bound pairwise__insert

pairwise__orthogonal _independent)

lemma subspace__orthogonal__to_vector: subspace {y. orthogonal x y}
by (simp add: subspace__def orthogonal _clauses)

lemma subspace__orthogonal to_vectors: subspace {y. Vx € S. orthogonal z y}
by (simp add: subspace def orthogonal_clauses)

lemma orthogonal to_span:
assumes a: a € span S and z: Ay. y € S = orthogonal z y
shows orthogonal x a
by (metis a orthogonal _clauses(1,2,4)
span__induct_alt x)

proposition Gram__Schmidt step:
fixes S :: 'a::euclidean_space set
assumes S: pairwise orthogonal S and z: x € span S
shows orthogonal z (a — (3, b€S. (b - a / (b b)) xg b))
proof —
have finite S
by (simp add: S pairwise__orthogonal imp__ finite)
have orthogonal (a — (3 b€S. (b-a/ (b- b)) *r b))
if x € S for z
proof —
have a - z = (D y€S. if y = x then y - a else 0)
by (simp add: <finite S» inner_commute that)
also have ... = (>_beS. b-ax*(b-z)/ (b-D))
apply (rule sum.cong [OF refl], simp)
by (meson S orthogonal _def pairwise__def that)
finally show ?thesis
by (simp add: orthogonal _def algebra__simps inner_sum,__left)
qed
then show ?thesis
using orthogonal_to__span orthogonal__commute x by blast
qed
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lemma orthogonal _extension__auz:
fixes S :: 'a::euclidean__space set
assumes finite T finite S pairwise orthogonal S
shows 3 U. pairwise orthogonal (S U U) A span (S U U) = span (S U T)
using assms
proof (induction arbitrary: S)
case empty then show Zcase
by simp (metis sup__bot_right)
next
case (insert a T)
have 0: Az y. [t # y;2€ S;ye S| =uaz-y=10
using insert by (simp add: pairwise__def orthogonal _def)
define o’ where ¢’ =a — (D 0€S. (b-a /(b)) *r b)
obtain U where orthU: pairwise orthogonal (S U insert o’ U)
and spanU: span (insert a’ S U U) = span (insert a’ S U T)
by (rule exE [OF insert.IH [of insert o’ S]))
(auto simp: Gram__Schmidt_step a’ _def insert.prems orthogonal _commute
pairwise__orthogonal__insert span__clauses)
have orthS: N\e. 2 € S = a’-2=10
using Gram_ Schmidt_step a’_def insert.prems orthogonal__commute orthogo-
nal__def span__base by blast
have span (S U insert o’ U) = span (insert o’ (S U T))
using spanU by simp

also have ... = span (insert a (S U T))

by (simp add: a’_def span__neg span__sum span__base span__mul eq__span__insert__eq)
also have ... = span (S U insert a T)

by simp

finally show ?case
using orthU by blast
qed

proposition orthogonal__extension:
fixes S :: 'a::euclidean__space set
assumes S: pairwise orthogonal S
obtains U where pairwise orthogonal (S U U) span (S U U) = span (S U T)
proof —
obtain B where finite B span B = span T
using basis_subspace__exists [of span T| subspace__span by metis
with orthogonal _extension_aux [of B S]
obtain U where pairwise orthogonal (S U U) span (S U U) = span (S U B)
using assms pairwise__orthogonal imp_ finite by auto
with <span B = span T> show ?thesis
by (rule_tac U=U in that) (auto simp: span__ Un)
qed

corollary orthogonal _extension__strong:
fixes S :: 'a::euclidean_space set
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assumes S: pairwise orthogonal S
obtains U where U N (insert 0 S) = {} pairwise orthogonal (S U U)
span (S U U) = span (S U T)
proof —
obtain U where U: pairwise orthogonal (S U U) span (S U U) = span (S U
7)
using orthogonal _extension assms by blast
moreover have pairwise orthogonal (S U (U — insert 0 5))
by (smt (verit, best) Un_Diff Int Un_iff U pairwise_def)
ultimately show ¢thesis
by (metis Diff _disjoint Un__Diff _cancel Un__insert_left inf commute span__insert_0
that)
qed

1.5.14 Decomposing a vector into parts in orthogonal sub-
spaces

existence of orthonormal basis for a subspace.

lemma orthogonal _spanningset__subspace:
fixes S :: ‘a :: euclidean_space set
assumes subspace S
obtains B where B C S pairwise orthogonal B span B = S
by (metis assms basis__orthogonal basis__subspace _exists span__eq)

lemma orthogonal basis subspace:
fixes S :: ‘a :: euclidean_space set
assumes subspace S
obtains B where 0 ¢ B B C S pairwise orthogonal B independent B
card B = dim S span B = S
by (metis assms dependent_zero orthogonal_basis__exists span__eq span__eq_iff)

proposition orthonormal basis_subspace:
fixes S :: ‘a :: euclidean__space set
assumes subspace S
obtains B where B C S pairwise orthogonal B
and A\z. x € B= normz = 1
and independent B card B = dim S span B = S
proof —
obtain B where 0 ¢ BB C S
and orth: pairwise orthogonal B
and independent B card B = dim S span B = S
by (blast intro: orthogonal _basis__subspace [OF assms])
have 1: (Az. z /gr normz) ‘B C S
using <span B = S» span__superset span__mul by fastforce
have 2: pairwise orthogonal (Az.  /r norm z) ¢ B)
using orth by (force simp: pairwise_def orthogonal_clauses)
have 3: Az. x € (Az. ¢ /g norm z) ‘ B = norm z = 1
by (metis (no__types, lifting) <0 ¢ B> image_iff norm__sgn sgn__div_norm)
have 4: independent (Az. z /g norm z) ‘ B)
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by (metis 2 3 norm__zero pairwise_orthogonal _independent zero__neq one)
have inj _on (A\z. z /g norm x) B
proof
fix zy
assume z € By € Bx /g normz =y /g norm y
moreover have \i. i € B = norm (i /g norm i) = 1
using 3 by blast
ultimately show z = y
by (metis norm__eq 1 orth orthogonal _clauses(7) orthogonal _commute or-
thogonal _def pairwise__def zero_neq one)
qed
then have 5: card ((Ax. z /g norm z) ‘ B) = dim S
by (metis <card B = dim S» card_image)
have 6: span ((Az. © /g normz) ‘B) = 8§
by (metis 1 4 5 assms card__eq dim independent_imp__finite span__subspace)
show ?thesis
by (rule that [OF 1 2 8 4 5 6])
qed

proposition orthogonal to_ subspace exists gen:
fixes S :: 'a :: euclidean space set
assumes span S C span T
obtains z where x # 0z € span T Ay. y € span S = orthogonal z y
proof —
obtain B where B C span S and orthB: pairwise orthogonal B
and A\z. 2 € B= normz = 1
and independent B card B = dim S span B = span S
by (metis dim__span orthonormal basis_subspace subspace _span)
with assms obtain v where spanBT: span B C span T and u ¢ span B u €
span T
by auto
obtain C where orthBC': pairwise orthogonal (B U C) and spanBC: span (B
U C) = span (B U {u})
by (blast intro: orthogonal__extension [OF orthB])
show thesis
proof (cases C' C insert 0 B)
case True
then have C C span B
using span__eq
by (metis span__insert_0 subset_trans)
moreover have u € span (B U C)
using «span (B U C) = span (B U {u})> span__superset by force
ultimately show ?thesis
using True <u ¢ span B»
by (metis Un_insert_left span__insert_0 sup.orderFE)
next
case Fulse
then obtain z where z € Cz # 0z ¢ B
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by blast
then have = € span T
by (smt (verit, ccfu_SIG) Set.set_insert <u € span T) empty subsetl in-
sert__subset
le__sup_iff spanBC spanBT span_mono span__span span__superset sub-
set_trans)
moreover have orthogonal x y if y € span B for y
using that
proof (rule span__induct)
show subspace {a. orthogonal z a}
by (simp add: subspace_orthogonal to_vector)
show Ab. b € B = orthogonal = b
by (metis Un_iff «<x € C» <z ¢ B) orthBC pairwise__def)
qed
ultimately show ?Zthesis
using <x # 0» that <span B = span S» by auto
qed
qed

corollary orthogonal to_subspace _exists:
fixes S :: ‘a :: euclidean space set
assumes dim S < DIM('a)
obtains z where z # 0 Ay. y € span S = orthogonal x y
proof —
have span S C UNIV
by (metis assms dim__eq_full order_less _imp_not_less top.not__eq _extremum)
with orthogonal _to__subspace__exists _gen [of S UNIV] that show ?thesis
by (auto)
qed

corollary orthogonal to_ vector _exists:

fixes z :: 'a :: euclidean__space

assumes 2 < DIM('a)

obtains y where y # 0 orthogonal z y
proof —

have dim {2} < DIM('a)

using assms by auto

then show thesis

by (rule orthogonal__to__subspace__exists) (simp add: orthogonal _commute span__base
that)

qed

proposition orthogonal subspace__decomp__exists:
fixes S :: ‘a :: euclidean_space set
obtains y z
where y € span S
and Aw. w € span S = orthogonal z w
and zx =y + 2
proof —
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obtain T where 0 ¢ T T C span S pairwise orthogonal T independent T
card T = dim (span S) span T = span S
using orthogonal__basis_subspace subspace_span by blast
let %a => bcT.(b-2/ (b-D)*r b
have orth: orthogonal (z — %a) w if w € span S for w
by (simp add: Gram_Schmidt_step <pairwise orthogonal T» <span T = span
S»
orthogonal _commute that)
with that[of ?a z—%a] <T C span S» show ?thesis
by (simp add: span_mul span__sum subsetD)
qed

lemma orthogonal _subspace__decomp__ unique:
fixes S :: 'a :: euclidean__space set
assumes z + y = z' + '
and ST: z € span Sz’ € span Sy € span T y' € span T
and orth: Aa b. [a € S; b € T] = orthogonal a b
shows z =2/ Ay =y’
proof —
have z +y — y' =z’
by (simp add: assms)
moreover have Aa b. [a € span S; b € span T] = orthogonal a b
by (meson orth orthogonal__commute orthogonal to span)
ultimately have 0 =z’ — z
using assms
by (metis add.commute add__diff _cancel right’ diff _right_commute orthogo-
nal_self span__diff)
with assms show ?thesis by auto
qed

lemma vector__in__orthogonal__spanningset:

fixes a :: 'a::euclidean__space

obtains S where a € S pairwise orthogonal S span S = UNIV

by (metis Unl1 Un__ UNIV__right insertI1 orthogonal__extension pairwise__singleton
span_ UNIV)

lemma vector_in__orthogonal__basis:
fixes a :: 'a::euclidean_ space
assumes a #
obtains S where a € S 0 ¢ S pairwise orthogonal S independent S finite S
span S = UNIV card S = DIM('a)
proof —
obtain S where S: a € S pairwise orthogonal S span S = UNIV
using vector_in__orthogonal__spanningset .
show thesis
proof
show pairwise orthogonal (S — {0})
using pairwise_mono S(2) by blast
show independent (S — {0})
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by (simp add: < pairwise orthogonal (S — {0})» pairwise__orthogonal_independent)

show finite (S — {0})
using <independent (S — {0})» independent imp_ finite by blast

show card (S — {0}) = DIM('a)
using span__delete_0 [of S] S
by (simp add: <independent (S — {0})» indep__card__eq dim__span)

qed (use S <a # 0 in auto)
qed

lemma vector in__orthonormal basis:
fixes a :: 'a::euclidean__space
assumes norm a = 1
obtains S where a € S pairwise orthogonal S N\z. © € S = norm z = 1
independent S card S = DIM('a) span S = UNIV
proof —
have a # 0
using assms by auto
then obtain S where a € S 0 ¢ S finite S
and S: pairwise orthogonal S independent S span S = UNIV card S =
DIM('a)
by (metis vector__in__orthogonal_basis)
let S = (A\z. z /g norm z) S
show thesis
proof
show a € 25
using <a € S» assms image_iff by fastforce
next
show pairwise orthogonal 25
using <pairwise orthogonal S» by (auto simp: pairwise_def orthogonal__def)
show Az. z € (A\z.  /p norm z) ‘S = norm z = 1
using <0 ¢ S) by (auto simp: field__split__simps)
then show ind: independent 25
by (metis <pairwise orthogonal (Az. x /g norm x) ©S)» norm_zero pair-
wise__orthogonal__independent zero__neq _one)
have inj_on (Az. z /g norm z) S
unfolding inj on_ def
by (metis (full_types) S(1) <0 ¢ S» inverse_nonzero_iff nonzero norm__eq zero
orthogonal_scaleR orthogonal__self pairwise__def)
then show card 95 = DIM('a)
by (simp add: card_image S)
then show span 25 = UNIV
by (metis ind dim__eq card dim__eq full)
qed
qed

proposition dim__orthogonal _sum:
fixes A :: 'a::euclidean_space set
assumes Az y. [t € A;ye Bl = z-y=10
shows dim(A U B) = dim A + dim B
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proof —
have 1: Az y. [z € span A; y € Bl =z -y =10
by (erule span__induct [OF __ subspace__hyperplane2]; simp add: assms)
have Az y. [z € span A; y € span B] =z - y = 0
using 1 by (simp add: span_induct [OF __ subspace__hyperplane])
then have 0: Az y. [z € span A; y € span B] =z - y = 0
by simp
have dim(A U B) = dim (span (A U B))
by (simp)
also have span (A U B) = ((A(a, b). a + b) ‘ (span A x span B))
by (auto simp add: span__Un image__def)

also have dim ... = dim {z + y |z y. € span A A y € span B}
by (auto intro!: arg_cong [where f=dim])
also have ... = dim {z + y |z y. x € span A A y € span B} + dim(span A N
span B)
by (auto dest: 0)
also have ... = dim A + dim B

using dim__sums__Int by fastforce
finally show ?thesis .
qed

lemma dim_ subspace orthogonal to wvectors:
fixes A :: 'a::euclidean_space set
assumes subspace A subspace B A C B
shows dim {y € B.Vz € A. orthogonal z y} + dim A = dim B
proof —
have dim (span ({y € B. Vz€A. orthogonal z y} U A)) = dim (span B)
proof (rule arg_cong [where f=dim, OF subset_antisym])
show span ({y € B. Vxz€A. orthogonal x y} U A) C span B
by (simp add: <A C B> Collect_restrict span__mono)
next
have *: z € span ({y € B. Vz€A. orthogonal z y} U A)
if x € B for z
proof —
obtain y z where x = y + z y € span A and orth: Aw. w € span A =
orthogonal z w
using orthogonal__subspace__decomp__exists [of A z] that by auto
moreover
have y € span B
using <y € span Ay assms(3) span_mono by blast
ultimately have z € B A (V2. z € A — orthogonal z z)
using assms by (metis orthogonal commute span__add__eq span__eq iff that)
then have z: z € span {y € B. Va€A. orthogonal z y}
by (simp add: span__base)
then show ?thesis
by (smt (verit, best) <x = y + 2> <y € span A le_sup iff span_add_eq
span,__subspace__induct
span__superset subset_iff subspace__span)
ged
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show span B C span ({y € B. Va€A. orthogonal z y} U A)
by (rule span_minimal) (auto intro: * span_minimal)
qed
then show ?thesis
by (metis (no__types, lifting) dim__orthogonal _sum dim__span mem__Collect__eq
orthogonal _commute orthogonal _def)
qed

1.5.15 Linear functions are (uniformly) continuous on any
set

1.5.16 Topological properties of linear functions

lemma linear lim 0:
assumes bounded_linear f
shows (f —— 0) (at (0))
proof —
interpret f: bounded_linear f by fact
have (f —— f0) (at 0)
using tendsto_ident__at by (rule f.tendsto)
then show ?thesis unfolding f.zero .
qed

lemma linear continuous at:
bounded_linear f = continuous (at a) f
by (simp add: bounded_linear.isUCont isUCont_isCont)

lemma linear continuous within:
bounded_linear f = continuous (at x within s) f
using continuous__at_imp__continuous__at_within linear__continuous _at by blast

lemma linear _continuous__on:

bounded__linear f = continuous_on s f

using continuous__at_imp__continuous_on|of s f] using linear__continuous__at[of
f] by auto

lemma Lim_linear:
fixes f :: ‘a::euclidean__space = 'b::euclidean__space and h :: 'b = 'c::real_normed_ vector
assumes (f —— ) F linear h
shows ((A\z. h(fz)) —— A1) F
proof —
obtain B where B: B > 0 Az. norm (h z) < B % norm «
using linear_bounded__pos [OF <linear hy] by blast
show ?thesis
unfolding tendsto iff
by (simp add: assms bounded_linear.tendsto linear linear tendstoD)
qed

lemma linear continuous_compose:
fixes [ :: ‘a::euclidean__space = 'b::euclidean__space and g :: 'b = 'c::real _normed__vector
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assumes continuous F f linear g
shows continuous F (Az. g(f ))
using assms unfolding continuous def by (rule Lim_linear)

lemma linear continuous__on__compose:
fixes f :: ‘a::euclidean__space = 'b::euclidean_space and g :: 'b = 'c::real _normed__vector
assumes continuous_on S f linear g
shows continuous_on S (Az. g(f x))
using assms by (simp add: continuous_on__eq _continuous__within linear__continuous__compose)

Also bilinear functions, in composition form

lemma bilinear__continuous__compose:
fixes h :: 'a::euclidean_space = 'b::euclidean_ space = ’c::real__normed_vector
assumes continuous F' f continuous F g bilinear h
shows continuous F (Az. h (f z) (g z))
using assms bilinear__conv__bounded__bilinear bounded__bilinear.continuous by
blast

lemma bilinear _continuous on__compose:
fixes h :: 'a::euclidean_space = 'b::euclidean__space = 'c::real__normed_vector
and [ :: 'd::t2 space = a
assumes continuous_on S f continuous_on S g bilinear h
shows continuous_on S (Az. h (fz) (g z))
using assms by (simp add: continuous_on__eq _continuous__within bilinear__continuous__compose)

end

1.6 Affine Sets

theory Affine
imports Linear_Algebra
begin

lemma if _smult: (if P then x else (y::real)) *p v = (if P then x xg v else y xg v)
by simp

lemma sum_ delta__notmem:
assumes z ¢ s
shows sum (A\y. if (y = z) then P z else Q y) s = sum @ s
and sum (\y. if (x = y) then P z else Q y) s = sum @ s
and sum (A\y. if (y = z) then Py else Q y) s = sum Q s
and sum (A\y. if (x = y) then Py else Q y) s = sum Q s
by (smt (verit, best) assms sum.cong)+

lemma span__substd__basis:
assumes d: d C Basis
shows span d = {z. Vi€Basis. i ¢ d — z-i = 0}
(is_ = ?B)

proof —
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have d C ?B

using d by (auto simp: inner__Basis)
moreover have s: subspace ?B

using subspace__substandard[of N\i. i ¢ d] .
ultimately have span d C ?B

using span__monolof d ?B] span__eq_iff[of ?B] by blast
moreover have x: card d < dim (span d)

by (simp add: d dim__eq _card_independent independent__substdbasis)
moreover from *x have dim ¢B < dim (span d)

using dim_ substandard[OF assms] by auto
ultimately show ?thesis

by (simp add: s subspace__dim__equal)

qed

lemma basis to_substdbasis subspace__isomorphism:
fixes B :: 'a::euclidean__space set
assumes independent B
shows 3 f d::'a set. card d = card B A linear f A f *B = d A
f“span B = {x.Vi€Basis. i ¢ d — x - i = 0} A inj_on f (span B) A d C
Basis
proof —
have B: card B = dim B
using dim__unique[of B B card B] assms span__superset[of B] by auto
have dim B < card (Basis :: 'a set)
using dim__subset_ UNIV[of B] by simp
from obtain_subset_with__card_n|OF this]
obtain d :: 'a set where d: d C Basis and t: card d = dim B
by auto
let 2t = {x::'a::euclidean_space. Vi€ Basis. i ¢ d — x-i = 0}
have 3f. linear f N f*B=d A f ‘span B = 2L A inj_on f (span B)
proof (intro basis_to_basis_subspace _isomorphism subspace__span subspace__substandard
span__superset)
show d C {x. Vi€Basis. i ¢ d — z - i = 0}
using d inner_not_same_Basis by blast
qed (auto simp: span__substd__basis independent__substdbasis dim__substandard d
t B assms)
with ¢ <card B = dim B> d show ?thesis by auto
qed

1.6.1 Afline set and affine hull

definition affine :: ‘a::real _vector set = bool
where affine S «— (VzeS. VyeS. Vuv.u+v=1—u*gz+v*gy€s)

lemma affine_alt: affine S «+— (Vz€S. VyeS. Vurreal. (1 — u) xp ¢ + u *g y
€9
unfolding affine_def by (metis eq_diff _eq’)

lemma affine_empty [iff]: affine {}
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unfolding affine_def by auto

lemma affine_sing [iff]: affine {z}
unfolding affine_alt by (auto simp: scaleR__left distrib [symmetric])

lemma affine_ UNIV [iff]: affine UNIV
unfolding affine_def by auto

lemma affine_Inter [intro]: (AS. SEF = affine S) = affine (N F)
unfolding affine_def by auto

lemma affine_Intlintro]: affine S = affine T = affine (SN T)
unfolding affine_ def by auto

lemma affine_scaling: affine S = affine ((xr) ¢ *5)
apply (clarsimp simp: affine__def)
apply (rule_tac z=u *p © + v *g y in image__eql)
apply (auto simp: algebra__simps)
done

lemma affine_affine_hull [simp]: affine(affine hull S)
unfolding hull def
using affine__Inter[of {T. affine T A S C T}] by auto

lemma affine_hull _eq[simp]: (affine hull s = s) +— affine s
by (metis affine__affine__hull hull _same)

lemma affine_hyperplane: affine {z. a - z = b}
by (simp add: affine_def algebra__simps) (metis distrib_right mult.left_neutral)

Some explicit formulations

Formalized by Lars Schewe.

lemma affine:
fixes V::'a::real vector set
shows affine V +—
(VS u. finite SANSE{JIANSCVAsumuS=1— (D 2€S. ux*p
z) € V)
proof —
have uxgpz + vxgy € Vifz e Vye Vu+ v=(1:rel)
and x: A\S u. [finite S; S #{}; SC Vi sumu S = 1] = (3 z€S. uz % )
e Vforzyuw
proof (cases z = y)
case True
then show %thesis
using that by (metis scaleR__add_left scaleR__one)
next
case Fulse
then show ?thesis
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using that x[of {x,y} A\w. if w = z then u else v] by auto
qed
moreover have (> z€S. ux xg z) € V
if : Aeyuw [zeV;yeViu+v=1]= usgrz+vsgy€eV
and finite S S #{} SC Vsumu S =1 for Su
proof —
define n where n = card S
consider card S = 0 | card S =1 | card S = 2 | card S > 2 by linarith
then show (> ze€S. uz xp z) € V
proof cases
assume card S = 1
then obtain ¢ where S={a}
by (auto simp: card_Suc_eq)
then show ?thesis
using that by simp
next
assume card S = 2
then obtain a b where S = {q, b}
by (metis Suc_1 card_1_singletonE card_Suc__eq)
then show ?thesis
using x[of a b] that
by (auto simp: sum__clauses(2))
next
assume card S > 2
then show ?thesis using that n__def
proof (induct n arbitrary: u S)
case (
then show ?case by auto
next
case (Suc n u S)
have sum u S = card S if - (3z€S. vz # 1)
using that unfolding card eq sum by auto
with Suc.prems obtain © where z € S and z: u z # 1 by force
have c: card (S — {z}) = card S — 1
by (simp add: Suc.prems(3) «x € S»)
have sum u (S — {z}) =1 —uz
by (simp add: Suc.prems sum__diff1 <x € S»)
with 2 have eql: inverse (I — u z) * sum u (S — {z}) = 1
by auto
have inV: (> yeS — {z}. (inverse (1 —uz) *xuy) *rpy) € V
proof (cases card (S — {z}) > 2)
case True
then have S: S — {z} # {} card (S — {z}) = n
using Suc.prems ¢ by force+
show ?thesis
proof (rule Suc.hyps)
show (> aeS — {z}. inverse (I — uz) * ua) =1
by (auto simp: eql sum__distrib_left[symmetric))
qged (use S Suc.prems True in auto)
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next
case Fulse
then have card (S — {z}) = Suc (Suc 0)
using Suc.prems ¢ by auto
then obtain a b where ab: (S — {z}) = {a, b} a#b
unfolding card Suc_eq by auto
then show ?thesis
using eql S C V>
by (auto simp: sum__distrib_left distrib_left introl: Suc.prems(2)[of a b))
qed
have vz + (I —uz) =1 =
vexgpt+ (I —ux)xg (O yeS —{z}. uy*ry) /R (I —uzx) eV
by (rule Suc.prems) (use «x € S» Suc.prems inV in <auto simp:
scaleR__right.sumy)
moreover have (> a€S. ua g a) = uz *xg x + (D, a€S — {z}. ua xpg
2

by (meson Suc.prems(83) sum.remove <z € S»)
ultimately show (> z€S. uz xg ) € V
by (simp add: z)
qed
qed (use «S#{}> <finite S» in auto)
qed
ultimately show ?thesis
unfolding affine__def by meson
qed

lemma affine_hull__explicit:
affine hull p = {y. 3S u. finite SAS A{} NS CpAsumuS=1A sum (Av.
uwv*pv) S =y}
(is _ = ?rhs)
proof (rule hull_unique)
have Az. sum (Az. 1) {z} = 1
by auto
show p C ?rhs
proof (intro subsetl Collect] exl conjl)
show Az. sum (Az. 1) {z} = 1
by auto
qed auto
show ?rhs C T if p C T affine T for T
using that unfolding affine by blast
show affine ?rhs
unfolding affine_ def
proof clarify
fix u v :: real and sz ux sy uy
assume uv: v + v = 1
and z: finite sz st # {} sz C p sum uzx sx = (1::real)
and y: finite sy sy # {} sy C p sum uy sy = (1::real)
have xx: (sz U sy) N sz = sz (sz U sy) N sy = sy
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by auto
show 35S w. finite SASA{} ANSCpA
sumw S =1 A (O veS. wov*gr v) = u *g (D, VEST. ur v *gr V) + v xR
O vesy. uy v xg v)
proof (intro exl conjI)
show finite (sz U sy)
using = y by auto
show sum (\i. (if i€sz then u * uz i else 0) + (if i€sy then v * uy 7 else 0))
(sz U sy) = 1
using = y uv
by (simp add: sum__Un sum.distrib sum.inter_restrict[symmetric] sum__distrib_left
[symmetric] *x)
have (> icsz U sy. ((if i € sz then u x ux i else 0) + (if i € sy then v x uy
i else 0)) *g 1)
= (> iesz. (ux uz i) *g i) + (O i€sy. (v * uy i) *g ©)
using z y
unfolding scaleR_left distrib scaleR__zero_left if smult
by (simp add: sum__Un sum.distrib sum.inter_restrict[symmetric] sx)
also have ... = u xp (D v€sz. ur v xgr v) + v *xg (D VESY. uy v *g v)
unfolding scaleR_scaleR[symmetric] scaleR_right.sum [symmetric] by blast
finally show (> i€sz U sy. ((if i € sz then u x uz i else 0) + (if i € sy then
v* uy i else 0)) g 1)
=uxp (D vEsr. ux v xg v) + v *xg (O, VESY. uy v *xg v) .
qed (use z y in auto)
qed
qed

lemma affine_hull_finite:
assumes finite S
shows affine hull S = {y. Ju. sum u S =1 A sum (Av. uv xg v) S = y}
proof —
have x: 3h. sum h S =1 N (D veES. hvx*gv) ==z
if F C S finite FF # {} and sum: sum v F = 1 and z: (D vEF. u v *g v)
=z forz Fu
proof —
have SN F =F
using that by auto
show ?thesis
proof (intro exI conjI)
show (> z€S. if v € F then u z else 0) = 1
by (metis (mono__tags, lifting) <S N F = F assms sum.inter_restrict sum)
show (}_veS. (if v € F then u v else 0) xg v) = x
by (simp add: if _smult cong: if _cong) (metis (no_types) <S N F = F)
assms sum.inter _restrict a:)
qed
qed
show ?thesis
unfolding affine_hull _explicit using assms
by (fastforce dest: x)
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qged

Stepping theorems and hence small special cases

lemma affine_hull _empty[simp]: affine hull {} = {}
by simp

lemma affine_hull_finite_ step:
fixes y :: ‘a::real _vector
shows finite S —
(Fu. sum u (insert a S) = w A sum (Az. u x *xg x) (insert a S) = y) +—
Fvu sumuS=w—vAsum (M. uxsgz)S=y—vx*ga)(is_ =
?lhs = ?rhs)
proof —
assume fin: finite S
show ?lhs = ?rhs
proof
assume ?lhs
then obtain u where u: sum u (insert a S) = w A (O zE€insert a S. u x *p
z) =y
by auto
show ?rhs
proof (cases a € S)
case True
then show ?thesis
using u by (simp add: insert__absord) (metis diff _zero real vector.scale_zero__left)
next
case Fulse
show ?thesis
by (rule exI [where z=u a]) (use u fin False in auto)
qed
next
assume ?rhs
then obtain v u where vu: sum v S =w — v O z€S. vz *xgz) =y — v
xR Q
by auto
have x: Az M. (if z = a then v else M) xg x = (if £ = a then v xg x else M
*R .Z')
by auto
show ?lhs
proof (cases a € S)
case True
show ?thesis
by (rule exI [where x=Az. (if z=a then v else 0) + u x))
(simp add: True scaleR_left_distrib sum.distrib sum__clauses fin vu *
cong: if _cong)
next
case Fulse
then show ?thesis
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apply (rule_tac x=Az. if t=a then v else u z in exl)
apply (simp add: vu sum__clauses(2)[OF fin] *)
by (simp add: sum__delta_notmem(3) vu)
qed
qed
qed

lemma affine hull_2:
fixes a b :: 'a:real _wvector
shows affine hull {a,b} = {u*g a + v*gr bl uv. (u+v=1)}
(is 2lhs = ?rhs)
proof —
have x*:
Neyz z=x—y+—y+ 2= (a:real)
Nzyz z=z—y+— y+ z=(2::'a) by auto
have ?lhs = {y. Ju. sum u {a, b} = 1 A (O vef{a, b}. uv xg v) = y}
using affine__hull_finite[of {a,b}] by auto
alsohave ... ={y. Jvuw. ub=1 —-vAub*p b=y — v=*ga}
by (simp add: affine_hull_finite_steplof {b} a])
also have ... = ?rhs unfolding * by auto
finally show ?thesis by auto
qed

lemma affine_hull_3:
fixes a b ¢ :: 'a::real vector
shows affine hull {a,b,c} ={ u*pra+v*p b+ wipcluvw v+ v+ w=
1}
proof —
have x:
Neyzz=x—y+—y+ 2= (a:real)
Nzyz z=2—y+— y+ z=(2::'a) by auto
show ?thesis
apply (simp add: affine_hull_finite affine_hull_finite_step)
unfolding *
apply safe
apply (metis add.assoc)
apply (rule_tac z=u in ezl, force)
done
qed

lemma mem__affine:
assumes affine Sz € Sye Su+v=1
shows u xgp x + vxg y € S
using assms affine__def[of S] by auto

lemma mem__affine_3:

assumes affine Sr € Sye SzeSu+v+w=1
shows u xR  + v*p y + wxg 2 € S

proof —
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have u xg © + v *xg y + w *xg z € affine hull {z, y, z}
using affine_hull_3[of x y z] assms by auto
moreover
have affine hull {z, y, 2z} C affine hull S
using hull_monolof {z, y, 2z} S| assms by auto
moreover
have affine hull S = S
using assms affine_hull_eqlof S] by auto
ultimately show ?thesis by auto
qed

lemma mem__affine_ 3 minus:
assumes affine Sz € Sye Sze S
shows z + v xg (y—2) € S
using mem__affine_3[of Sz y z 1 v —v] assms
by (simp add: algebra__simps)

corollary mem__affine_ 3 minus2:
laffine S; z € S;ye S;2z€ S]] = 2z —vx*g (y—2) €S
by (metis add__uminus _conv_diff mem__affine_3 _minus real _vector.scale_minus_left)

Some relations between affine hull and subspaces

lemma affine hull_insert subset__span:
affine hull (insert a S) C {a + vl v.v € span {x —a |z .z € S}}
proof —
have 3v Tu.z =a+ v A (finite TAT C{z —alz.2€ S} AN veT. uwv
kg V) = V)
if finite FF # {} F Cinserta Ssumu F =1 (D veEF. uv*p v) =1
for z F u
proof —
have x: (A\x. z —a) *(F — {a}) C{z — a|z. 2 € S}
using that by auto
show ?thesis
proof (intro exl conjI)
show finite (Az. z — a) ‘ (F — {a}))
by (simp add: that(1))
show (> ve(Az. z — a) ‘ (F — {a}). u(v+a) xg v) = x—a
by (simp add: sum.reindex[unfolded inj on__def] algebra__simps
sum,__subtractf scaleR_left.sum[symmetric] sum__diff1 that)
qed (use <F' C insert a S» in auto)
qed
then show ?thesis
unfolding affine__hull explicit span__explicit by fast
qed

lemma affine_hull_insert_span:
assumes a ¢ S
shows affine hull (insert a S) ={a +v|v.v € span {z — a | z. =z € S}}
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proof —
have x: 3G u. finite G AN G £ {} AN G Cinserta S Asumu G =1 A (D veG.
UV kR V) =Y
ifvespan {z —alz.z€ Sty=a+viorywv
proof —
from that
obtain T v where u: finite T T C {z —a|z. 2 € S} a + O veET. u v *g v)
=Y
unfolding span__explicit by auto
define F where F' = (Az. 2 + a) ‘T
have F: finite FF C S (D veF. u (v —a) *xg (v—a)) =y — a
unfolding F__def using u by (auto simp: sum.reindez[unfolded inj on__def])
have x: FN{a}={} FN —{a} =F
using F assms by auto
show 3 G u. finite GAN G#{} N GCinserta S AsumuG=1AN (> veG.
UV KR V) =Y
apply (rule_tac x = insert a F in exl)
apply (rule_tac x = Az. if z=a then 1 — sum (Az. v (z — a)) F else u (z —
a) in exl)
using assms F'
apply (auto simp: sum__clauses sum.If _cases if _smult sum__subtractf scaleR_ left.sum
algebra__simps *)
done
qed
show ?thesis
by (intro subset__antisym affine__hull_insert_subset_span) (auto simp: affine__hull _explicit
dest!: %)
qed

lemma affine_hull__span:

assumes a € S

shows affine hull S ={a + v |v. v € span {z — a | z. 2 € S — {a}}}

using affine__hull_insert_spanfof a S — {a}, unfolded insert_Diff[OF assms]]
by auto

Parallel affine sets

definition affine_parallel :: 'a::real _vector set = 'a::real_wvector set = bool
where affine_parallel S T +— (Fa. T = (Az. a + ) *9)

lemma affine_parallel _expl aux:
fixes S T :: 'a::real vector set
assumes N\z.z € S+—a+z2€ T
shows T = (Az. a + z) ‘S
proof —
have z € (Az. a + z) *S)ifz € T for ¢
using that
by (simp add: image__iff) (metis add.commute diff _add_cancel assms)
moreover have T > (A\z. a + z) ‘S
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using assms by auto
ultimately show %thesis by auto
qed

lemma affine_parallel_expl: affine_parallel S T «— (Ja. Vz. 2 € S — a +
eT)
by (auto simp add: affine_parallel def)
(use affine_parallel_expl_auzx [of S_ T] in blast)

lemma affine_ parallel _reflex: affine__parallel S S
unfolding affine_parallel def
using image__add_0 by blast

lemma affine_parallel _commute:
assumes affine_parallel A B
shows affine_parallel B A
by (metis affine_parallel _def assms translation__galois)

lemma affine parallel _assoc:
assumes affine_parallel A B
and affine_parallel B C
shows affine_parallel A C
by (metis affine_parallel _def assms translation__assoc)

lemma affine_translation auzx:
fixes a :: 'a::real vector
assumes affine (Az. a + z) *S)
shows affine S
proof —
{
fixzxyuwv
assume zy: £ € Sy € S (v real) + v =1
then have (a + z) € (Az. a + z) “S) (a + y) € (A\z. a + z) *S)
by auto
then have hl: u*xg (a +z) +v*g (a+y) € Az.a+1x) ‘S
using zy assms unfolding affine def by auto
have u xp (a + ) + v*r (a + y) = (u + v) *g a + (u *g T + v *g y)
by (simp add: algebra__simps)
also have ... = a + (u *g = + v *g Y)
using <u + v = 1» by auto
ultimately have a + (u xg 2 + v *xg y) € (Az. a + z) S
using k!l by auto
then have u *xzp z + v *xg y € S by auto
}
then show ?thesis unfolding affine_def by auto
qed

lemma affine_translation:
affine S <— affine ((+) a *S) for a :: 'a::real vector
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by (metis affine_translation__aux translation__galois)

lemma parallel_is affine:
fixes S T :: 'a::real wvector set
assumes affine S affine_parallel S T
shows affine T
by (metis affine_parallel def affine_translation assms)

lemma subspace__imp__affine: subspace s = affine s
unfolding subspace def affine_def by auto

lemma affine__hull_subset__span: (affine hull s) C (span s)
by (metis hull_minimal span__superset subspace__imp__affine subspace__span)

Subspace parallel to an affine set

lemma subspace_affine: subspace S <— affine S A 0 € S
by (metis add__cancel__right_left affine_alt diff _add__cancel mem__affine_ 3 scaleR__eq 0__iff
subspace__def vector _space__assms(4))

lemma affine_ diffs subspace:
assumes affine Sa € §
shows subspace (Az. (—a)+z) ¢ S5)
by (metis ab_left _minus affine_translation assms image__eql subspace__affine)

lemma affine_diffs subspace__subtract:
subspace ((Az. © — a) *S) if affine Sa € S
using that affine__diffs_subspace [of _ a] by simp

lemma parallel__subspace _explicit:
assumes affine S
and a € §
assumes L = {y. 3z € S. (—a) + z = y}
shows subspace L A affine_parallel S L
by (smt (verit) Collect_cong ab_left _minus affine_parallel _def assms image__def
mem,__Collect__eq parallel is_affine subspace__affine)

lemma parallel_subspace auz:
assumes subspace A
and subspace B
and affine_parallel A B
shows A D B
by (metis add.right _neutral affine_parallel _expl assms subsetl subspace__def)

lemma parallel _subspace:
assumes subspace A
and subspace B
and affine_parallel A B
shows A = B
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by (simp add: affine__parallel_commute assms parallel_subspace__aux subset__antisym,)

lemma affine_parallel_subspace:

assumes affine S S # {}

shows F!L. subspace L A affine_parallel S L

by (meson affine_parallel _assoc affine_parallel_commute assms equalsOI paral-
lel _subspace parallel__subspace _explicit)

1.6.2 Affine Dependence

Formalized by Lars Schewe.

definition affine_dependent :: 'a::real_vector set = bool
where affine_dependent S «— (3z€S. z € affine hull (S — {z}))

lemma affine_dependent_imp__dependent: affine_dependent S = dependent S
unfolding affine_dependent_def dependent_def
using affine_hull _subset_span by auto

lemma affine dependent subset:
laffine_dependent S; S C T| = affine_dependent T
using hull_mono [OF Diff _mono [OF _ subset_refl]]
by (smt (verit) affine_dependent__def subsetD)

lemma affine independent _subset:
shows [- affine_dependent T; S C T] = — affine_dependent S
by (metis affine_dependent__subset)

lemma affine_independent_ Diff:
- affine_dependent S = — affine_dependent(S — T)
by (meson Diff _subset affine_dependent subset)

proposition affine_ dependent__explicit:
affine__dependent p <—
(3SU. finite SANSCpAsumUS=0AN(FveS. Uv+#0)Asum (M. Uv
*R U) S = 0)
proof —
have 35S U. finite SAS CpAsum US =0 A (3veS. Uv # 0) A (D weS.
Uwx*xg w) =10
if QCCweS. Uwsxgw)=zzepfiniteSS#{} SCp—{z}sumUS=1
for z S U
proof (intro exl conjI)
have z ¢ S
using that by auto
then show (3" v € insert  S. if v =z then — 1 else Uwv) = 0
using that by (simp add: sum__delta_notmem)
show (> w € insert © S. (if w =  then — 1 else U w) *p w) = 0
using that <z ¢ S» by (simp add: if _smult sum__delta__notmem cong: if _cong)
qged (use that in auto)
moreover have Jzcp. IS U. finite SAS Z{} ANSCp— {2z} Asum US =
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I AQ veS. Uvxgv) =z
if (G- veS. Uvxgv)=0finite SSCpsumUS=0veSUwv+#O0forS

Uwv
proof (intro bexl exI conjI)
have S # {v}

using that by auto
then show S — {v} # {}
using that by auto
show Yz e S —{v}. — (1 /Uv)xUzx) =1
unfolding sum__ distrib_left[symmetric] sum__diff1[OF «finite S)] by (simp
add: that)
show (> zeS — {v}. (= (1 / Uv) *x Ux) xg x) = v
unfolding sum__distrib_left [symmetric] scaleR__scaleR[symmetric]
scaleR__right.sum [symmetric] sum_ diff1[OF «finite S)]
using that by auto
show S — {v} C p — {v}
using that by auto
qged (use that in auto)
ultimately show ¢thesis
unfolding affine_dependent def affine _hull _explicit by auto
qed

lemma affine_dependent__explicit_finite:
fixes S :: 'a:real vector set
assumes finite S
shows affine_dependent S +—
BU.sumUS=0AN(3veS. Uv#0)Asum (Av. Uv kg v)S=0)
(is 2lhs = ?rhs)
proof
have *: Avt U v. (if vt then U v else 0) xg v = (if vt then (U v) xg v else 0::'a)
by auto
assume ?lhs
then obtain T U v where
finite TT CSsum UT =0veT Uv#0 O veT. Uvxgv) =10
unfolding affine_dependent__explicit by auto
then show ?rhs
apply (rule_tac z=Az. if z€T then U z else 0 in exl)
apply (auto simp: * sum.inter_restrict|OF assms, symmetric| Int_absorbl[OF
<TCSH))
done
next
assume ?rhs
then obtain U v where sum US = 0 veS Uv # 0 (> veS. Uv g v) =0
by auto
then show ?/hs unfolding affine_dependent__explicit
using assms by auto
qed

lemma dependent_imp_affine_dependent:
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assumes dependent { — a| z . z € S}
and a ¢ S
shows affine_dependent (insert a S)
proof —
from assms(1)[unfolded dependent explicit] obtain S’ U v
where S: finite S’ S'C {z —a|z. z € S} veS" Uv # 0 (D veS" Uwv g v)
=0
by auto
define T where T = (A\z. z + a) ‘S’
have inj: inj _on (Az. z + a) S’
unfolding inj on_ def by auto
have 0 ¢ S’
using S(2) assms(2) unfolding subset__eq by auto
have fin: finite T and T C S
unfolding 7' def using S(1,2) by auto
then have finite (insert a T) and insert a T C insert a S
by auto
moreover have x: AP Q. (3> z€T. (ift = athen Pz else Qz)) = (D z€T. Q

T
)
by (smt (verit, best) «T C S» assms(2) subsetD sum.cong)
have (> ze€insert a T. if x = a then — (3 z€T. U (x — a)) else U (z — a)) =
0
by (smt (verit) <T C S» assms(2) fin insert_absorb insert_subset sum.insert
sum__mono)
moreover have Jvcinsert a T. (if v = a then — (> z€T. U (z — a)) else U
(v—a)) # 0
using S(5,4) «0¢S"
by (rule_tac z=v + a in bezl) (auto simp: T _def)
moreover have x: AP Q. (3 ze€T. (ifx =athen Pzelse Q) xg z) = (D zeT.
Qz *xp x)
using <a¢S» «TCS» by (auto introl: sum.cong)
have (> 2€T. U (x — a)) *g a = O veT. U (v — a) *g v)
unfolding scaleR__left.sum
unfolding 7'_def and sum.reindex[OF inj] and o__def
using S(5)
by (auto simp: sum.distrib scaleR__right_ distrib)
then have (> veinsert a T. (if v = a then — (3> z€T. U (z — a)) else U (v —
a)) *gp v) = 0
unfolding sum__clauses(2)[OF fin] using <a¢.S» <TCS» by (auto simp: *)
ultimately show ?Zthesis
unfolding affine_dependent _explicit
by (force intro!: exl[where z=insert a T])
qed

lemma affine_dependent_ biggerset:
fixes S :: 'a::euclidean__space set
assumes finite S card S > DIM('a) + 2
shows affine_dependent S

proof —


Affine.html

116

have S # {} using assms by auto
then obtain a where a€S by auto
have x: {z —a|z. 2 € S — {a}} = Mz. z — a) ‘(S — {a})
by auto
have card {z — a |z. 2 € § — {a}} = card (S — {a})
unfolding * by (simp add: card_image inj_on__def)
also have ... > DIM('a) using assms(2)
unfolding card_ Diff singleton|OF <a€S»] by auto
finally have affine_dependent (insert a (S — {a}))
using dependent_ biggerset dependent_imp__affine dependent by blast
then show ?thesis
by (simp add: <a € S) insert_absorb)
qed

lemma affine_dependent_biggerset_general:
assumes finite (S :: 'a::euclidean__space set)
and card S > dim S + 2
shows affine__dependent S
proof —
from assms(2) have S # {} by auto
then obtain a where a€S by auto
have x: {z —a |z. 2 € S — {a}} = (Mz. 2 — a) ‘(S — {a})
by auto
have *x: card {z — a |z. z € S — {a}} = card (S — {a})
by (metis (no__types, lifting) * card_image diff _add__cancel inj _on__def)
have dim {z — a |[z. 2 € S — {a}} < dim S
using <a€S» by (auto simp: span__base span__diff intro: subset_le_dim)
also have ... < dim S + 1 by auto
also have ... < card (S — {a})
using assms card_Diff _singleton|OF <a€S»] by auto
finally have affine_dependent (insert a (S — {a}))
by (smt (verit) Collect_cong dependent__imp__affine_dependent dependent__biggerset _general
wx Diff iff insertCI)
then show ?thesis
by (simp add: <a € S) insert_absorb)
qed

1.6.3 Some Properties of Affine Dependent Sets

lemma affine_independent_0 [simp]: = affine_dependent {}
by (simp add: affine_dependent__def)

lemma affine_independent 1 [simp]: — affine_dependent {a}
by (simp add: affine_dependent _def)

lemma affine_independent_ 2 [simpl: — affine_dependent {a,b}
by (simp add: affine__dependent__def insert_Diff if hull _same)

lemma affine_hull_translation: affine hull (Az. a + z) ¢ S) = (A\z. a + z)
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(affine hull S)
proof —
have affine ((Az. a + z) * (affine hull S))
using affine_translation affine__affine_hull by blast
moreover have (Az. a + z) * S C (A\z. a + z) ‘ (affine hull S)
using hull_subset[of S| by auto
ultimately have h1: affine hull (Az. a + z) © S) C (Az. a + z) ‘ (affine hull
5)
by (metis hull_minimal)
have affine((Az. —a + z) * (affine hull (A\z. a + z) © 5)))
using affine_translation affine__affine_hull by blast
moreover have (Az. —a + z) ‘(Az. a + ) * S C (Az. —a + z) ‘ (affine hull
(Az.a+1z) ¢ 9))
using hull_subset[of (Az. a + z) ¢ S] by auto
moreover have S = (A\z. —a +2) ‘(Az.a+1z) * S
using translation__assoc[of —a a] by auto
ultimately have (A\z. —a + z) ‘ (affine hull (Az. a + ) © S)) >= (affine hull
5)
by (metis hull_minimal)
then have affine hull (A\z. a + ) °S) >= (Az. a + z) ‘ (affine hull S)
by auto
then show ?thesis using h1 by auto
qed

lemma affine_dependent_translation:
assumes affine_dependent S
shows affine_dependent ((Az. a + z) *5)
proof —
obtain z where z: z € S A x € affine hull (S — {z})
using assms affine__dependent__def by auto
have (+) a ‘(S —{z}) =(+) a ‘S — {a + =z}
by auto
then have a + z € affine hull (A\z. a + z) S — {a + z})
using affine__hull_translation[of a S — {z}] = by auto
moreover have ¢ + z € (A\z. a + z) ‘S
using z by auto
ultimately show ?Zthesis
unfolding affine_ dependent def by auto
qed

lemma affine_dependent translation__eq:
affine__dependent S <— affine_dependent ((Az. a + z) ©.5)
by (metis affine_dependent_translation translation__galois)

lemma affine_hull_0_dependent:
assumes 0 € affine hull S
shows dependent S
proof —
obtain s u where s_u: finite s A s Z{} ANsC S Asumus=1A (D vEs u
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v*gp v) =0
using assms affine__hull_explicit[of S| by auto
then have Jve€s. u v # 0 by auto
then have finite s A s C S A (Fves. uv # 0 A (D vEs. uv*p v) = 0)
using s _u by auto
then show %thesis
unfolding dependent__explicit[of S| by auto
qed

lemma affine__dependent_imp__dependent?2:
assumes affine_dependent (insert 0 S)
shows dependent S
proof —
obtain z where z: © € insert 0 S A x € affine hull (insert 0 S — {z})
using affine__dependent__def|of (insert 0 S)] assms by blast
then have z € span (insert 0 S — {z})
using affine_hull _subset _span by auto
moreover have span (insert 0 S — {z}) = span (S — {z})
using insert_Diff _if[of 0 S {x}] span_insert_0[of S—{xz}] by auto
ultimately have z € span (S — {z}) by auto
then have z # 0 = dependent S
using z dependent__def by auto
moreover have dependent S if x = 0
by (metis that affine_hull 0 _dependent Diff insert _absorb dependent zero x)
ultimately show ?thesis by auto
qed

lemma affine_dependent_iff dependent:
assumes a ¢ S
shows affine_dependent (insert a S) <— dependent ((A\z. —a + z) ¢ S)
proof —
have ((+) (— a) ‘S) ={z — a| z . z € S} by auto
then show ?thesis
using affine__dependent__translation__eq[of (insert a S) —a)
affine__dependent_imp_ dependent2 assms
dependent__imp__affine__dependent|of a S]
by (auto simp del: uminus__add__conv_diff)
qed

lemma affine_dependent_iff dependent2:
assumes a € S
shows affine_dependent S <— dependent ((Az. —a + z) * (S—{a}))
by (metis Diff _iff affine_dependent_iff dependent assms insert_Diff singletonI)

lemma affine_hull_insert_span__gen:
affine hull (insert a S) = (Az. a + z) ‘span (Az. — a + z) ©S)
proof —
have hi: {z — a|z. z € S} = ((A\z. —a+z) ' 9)
by auto
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{

assume a ¢ S
then have ?thesis
using affine_hull_insert_span[of a S| h1 by auto
}

moreover
{
assume al: a € S
then have insert 0 (A\z. —a+z) ‘(S — {a})) = (Az. —a+z) ° S
by auto
then have span (A\z. —a+2) ‘(S — {a})) = span ((A\z. —a+z) *S)
using span__insert_0[of (+) (— a) ‘(S — {a})]
by presburger
moreover have {z — a |z. z € (S — {a})} = ((A\z. —a+2) ‘(S — {a}))
by auto
moreover have insert a (S — {a}) = insert a S
by auto
ultimately have ?thesis
using affine_hull_insert_span[of a S—{a}] by auto
}

ultimately show ?thesis by auto
qed

lemma affine__hull_span2:
assumes a € S
shows affine hull S = (Az. a+z) ‘ span (Az. —a+z) ‘ (S—{a}))
by (metis affine_hull_insert_span__gen assms insert_Diff)

lemma affine_hull_span__gen:
assumes a € affine hull S
shows affine hull S = (Az. a+x) ‘ span ((Az. —a+z) ©S)
by (metis affine_hull_insert_span__gen assms hull_redundant)

lemma affine_hull_span__0:
assumes 0 € affine hull S
shows affine hull S = span S
using affine_hull_span__gen[of 0 S] assms by auto

lemma extend_to_affine_basis _nonempty:
fixes S V :: 'n:real wvector set
assumes — affine_dependent S S C VS # {}
shows 3 T. = affine_dependent T NS C T ANT C V A affine hull T = affine
hull 'V
proof —
obtain ¢ where a: a € §
using assms by auto
then have h0: independent ((Az. —a + z) ‘ (S—{a}))
using affine_dependent_iff dependent2 assms by auto
obtain B where B:
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(Az. —a+z) ‘(S — {a}) € BA BC (Az. —a+z) ‘ V A independent B N (Az.
—a+zx) ‘' V C span B
using assms
by (blast intro: mazimal _independent subset extend[OF _ h0, of (Az. —a +
z) *V])
define T where T = (\z. a+z) ‘insert 0 B
then have T = insert a ((A\z. a+x) ‘ B)
by auto
then have affine hull T = (Az. a+x) ‘ span B
using affine_hull_insert_span__gen[of a ((Az. a+z) © B)| translation__assoc[of
—a a B
by auto
then have V C affine hull T
using B assms translation__inverse__subset[of a V span B]
by auto
moreover have T'C V
using T _def B a assms by auto
ultimately have affine hull T = affine hull V
by (metis Int_absorbl Int_absorb2 hull hull hull_mono)
moreover have S C T
using T def B translation_inverse subset[of a S—{a} B]
by auto
moreover have — affine_dependent T
using T def affine__dependent__translation__eq[of insert 0 B|
affine__dependent__imp__dependent? B
by auto
ultimately show ?thesis using <7 C V) by auto
qed

lemma affine_basis exists:

fixes V :: 'nureal vector set

shows 3B. B C V A — affine__dependent B A affine hull V = affine hull B

by (metis affine__dependent_ def affine_independent__1 empty_subsetl extend_to__affine_basis_nonemy
insert__subset order__refl)

proposition extend_to_affine basis:

fixes S V :: 'niireal wvector set

assumes - affine_dependent S S C V

obtains 7 where — qaffine_dependent TS C T T C V affine hull T = affine
hull 'V

by (metis affine_basis__exists assms(1) assms(2) bot.extremum extend_to_affine_basis_nonempty)

1.6.4 Affine Dimension of a Set

definition aff dim :: (‘a::euclidean__space) set = int
where aff _dim V =
(SOME d :: int.
3 B. affine hull B = affine hull V- A — affine_dependent B A of nat (card B)
=d+ 1)
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lemma aff dim_ basis_exists:
fixes V :: ('n::euclidean__space) set
shows 3 B. affine hull B = affine hull V' A = affine__dependent B A of _nat (card
B) =aff dimV + 1
proof —
obtain B where — affine_dependent B A affine hull B = affine hull V
using affine__basis__exists[of V] by auto
then show ?thesis
unfolding aff dim_ def
some__eq_ex[of Ad. 3 B. affine hull B = affine hull V' A — affine_ dependent
B A of _nat (card B) = d + 1]
apply auto
apply (rule exI[of _ int (card B) — (1 :: int)])
apply (rule exI[of __ B], auto)
done
qged

lemma affine_hull_eq _empty [simp]: affine hull S = {} +— S = {}
by (metis affine__empty subset__empty subset_hull)

lemma empty_eq affine_hull[simp]: {} = affine hull S +— S = {}
by (metis affine_hull_eq _empty)

lemma aff dim_ parallel _subspace auz:
fixes B :: 'n:euclidean_space set
assumes - affine_dependent B a € B
shows finite B A ((card B) — 1 = dim (span ((Az. —a+z) ¢ (B—{a}))))
proof —
have independent (Az. —a + z) ‘ (B—{a}))
using affine_dependent_iff dependent2 assms by auto
then have fin: dim (span ((A\x. —a+z) ¢ (B—{a}))) = card (Az. —a + z) ¢
(B—{a}))
finite (A\z. —a + z) ‘(B — {a}))
using indep__card_eq _dim__span|of (Az. —a+z) ‘ (B—{a})] by auto
show ?Zthesis
proof (cases (A\z. —a + z) ‘(B — {a}) = {})
case True
have B = insert a (Az. a + z) ‘ (Az. —a + z) ‘(B — {a}))
using translation__assoclof a —a (B — {a})] assms by auto
then have B = {a} using True by auto
then show ?thesis using assms fin by auto
next
case False
then have card (Az. —a + z) ‘(B — {a})) > 0
using fin by auto
moreover have hl: card (Az. —a + z) ‘ (B—{a})) = card (B—{a})
by (rule card_image) (use translate_inj _on in blast)
ultimately have card (B—{a}) > 0 by auto
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then have x: finite (B — {a})
using card_gt_0_iff[of (B — {a})] by auto
then have card (B — {a}) = card B — 1
using card_Diff singleton assms by auto
with x show ?thesis using fin h1 by auto
qed
qed

lemma aff dim_ parallel _subspace:
fixes V L :: 'n::euclidean_space set
assumes V # {}
and subspace L
and affine_parallel (affine hull V) L
shows aff dim V = int (dim L)
proof —
obtain B where
B: affine hull B = affine hull V' N = affine_dependent B A int (card B) =
aff dim V + 1
using aff dim__basis _exists by auto
then have B # {}
using assms B
by auto
then obtain a where a: a € B by auto
define Lb where Lb = span ((A\z. —a+z) ‘ (B—{a}))
moreover have affine parallel (affine hull B) Lb
using Lb_def B assms affine__hull_span2[of a B] a
affine__parallel _commute[of Lb (affine hull B)]
unfolding affine_parallel def
by auto
moreover have subspace Lb
using Lb_ def subspace span by auto
moreover have affine hull B # {}
using assms B by auto
ultimately have L = Lb
using assms affine_parallel _subspace[of affine hull B] affine__affine_hull[of B]
B
by auto
then have dim L = dim Lb
by auto
moreover have card B — 1 = dim Lb and finite B
using Lb_def aff dim__parallel _subspace__aux a B by auto
ultimately show ?thesis
using B «B # {}» card_gt_0_iff[of B] by auto
qed

lemma aff independent_ finite:
fixes B :: 'n::euclidean_space set
assumes - affine_dependent B
shows finite B
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using aff dim_ parallel _subspace__auzx assms finite.simps by fastforce

lemma aff dim__empty:
fixes S :: 'n:euclidean_space set
shows S = {} +— aff dim S = —1
proof —
obtain B where *: affine hull B = affine hull S
and - affine_dependent B
and int (card B) = aff _dim S + 1
using aff dim_ basis_exists by auto
moreover
from x have S = {} +— B = {}
by auto
ultimately show ?thesis
using aff _independent_ finite[of B] card_gt_0_iff[of B] by auto
qged

lemma aff dim__empty_eq [simpl]: aff _dim ({}::'a::euclidean_space set) = —1
using aff dim__empty by blast

lemma aff dim__affine_hull [simp]: aff _dim (affine hull S) = off _dim S
unfolding aff dim__def using hull_hull[of _ S| by auto

lemma aff dim_affine_hull2:
assumes affine hull S = affine hull T
shows aff _dim S = aff dim T
unfolding aff dim__ def using assms by auto

lemma aff dim__unique:
fixes B V :: 'n::euclidean__space set
assumes affine hull B = affine hull V' A — affine_dependent B
shows of nat (card B) = aff _dim V + 1
proof (cases B = {})
case True
then have V = {}
using assms
by auto
then have aff dim V = (—1::int)
using aff dim__empty by auto
then show ?thesis
using <B = {}» by auto
next
case Fulse
then obtain a where a: a € B by auto
define Lb where Lb = span ((A\z. —a+z) ‘ (B—{a}))
have affine_parallel (affine hull B) Lb
using Lb_ def affine_hull_span2[of a B] a
affine__parallel _commute[of Lb (affine hull B)]
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unfolding affine_parallel _def by auto
moreover have subspace Lb
using Lb_ def subspace__span by auto
ultimately have aff dim B = int(dim Lb)
using aff _dim__parallel _subspacelof B Lb] «B # {}» by auto
moreover have (card B) — 1 = dim Lb finite B
using Lb_ def aff dim__parallel _subspace__aux a assms by auto
ultimately have of nat (card B) = aff dim B + 1
using «B # {}» card_gt_0_iff[of B] by auto
then show ?thesis
using aff dim__affine_hull2 assms by auto
qed

lemma aff dim__affine independent:
fixes B :: 'n::euclidean_space set
assumes - affine_dependent B
shows of nat (card B) = off _dim B + 1
using aff _dim__unique[of B B] assms by auto

lemma affine _independent iff card:
fixes S :: 'a::euclidean__space set
shows - affine_dependent S «— finite S A off _dim S = int(card S) — 1 (is
?lhs = ?rhs)
proof
show ?lhs = ?rhs
by (simp add: aff _dim__affine_independent aff _independent_ finite)
show ?rhs = ?lhs
by (metis of nat_eq iff affine_basis_exists aff dim__unique card_subset_eq
diff _add__cancel)
qed

lemma aff dim__sing [simp]:
fixes a :: 'n::euclidean space
shows aff _dim {a} = 0
using aff dim__affine_independent[of {a}] affine_independent_1 by auto

lemma aff dim_ 2 [simp]:
fixes a :: 'n::euclidean space
shows aff _dim {a,b} = (if a = b then 0 else 1)
proof (clarsimp)
assume a # b
then have aff dim{a,b} = card{a,b} — 1
using affine_independent_2 [of a b] aff _dim__affine_independent by fastforce
also have ... = 1
using <a # b by simp
finally show aff dim {a, b} = 1 .
qed

lemma aff dim_inner basis_exists:
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fixes V :: ('n:euclidean_space) set
shows 3 B. B C V A affine hull B = affine hull V- A

= affine_dependent B A of nat (card B) = aff _dim V + 1
by (metis aff _dim__unique affine_basis__exists)

lemma aff dim_le card:

fixes V :: 'n:ieuclidean space set

assumes finite V

shows aff dim V < of nat (card V) — 1

by (metis aff _dim__inner_basis__exists assms card_mono le_diff eq of nat_le_iff)

lemma aff dim__parallel_le:
fixes S T :: 'n::euclidean space set
assumes affine_parallel (affine hull S) (affine hull T)
shows aff dim S < aff _dim T
proof (cases S={} v T={})
case True
then show ?thesis
by (smt (verit, best) aff _dim__affine_hull2 affine__hull _empty affine_parallel _def
assms empty_is_image)
next
case Fulse
then obtain L where L: subspace L affine_parallel (affine hull T) L
by (metis affine_affine_hull affine_hull _eq empty affine_parallel _subspace)
with False show ?Zthesis
by (metis aff _dim__parallel _subspace affine_parallel _assoc assms dual_order.refl)
qed

lemma aff dim_ parallel eq:
fixes S T :: 'n::euclidean__space set
assumes affine_parallel (affine hull S) (affine hull T)
shows aff _dim S = aff dim T
by (smt (verit, del_insts) aff _dim__parallel_le affine_parallel _commute assms)

lemma aff dim_ translation__eq:
aff _dim ((+) a ©S) = aff _dim S for a :: 'n::euclidean__space
by (metis aff _dim__parallel_eq affine_hull _translation affine_parallel _def)

lemma aff dim_ translation_eq subtract:
aff _dim ((Az. x — a) *S) = aff _dim S for a :: 'n::euclidean__space
using aff dim__translation_eq [of — a] by (simp cong: image__cong _simp)

lemma aff dim__affine:
fixes S L :: 'n::euclidean space set
assumes affine S subspace L affine_parallel S L S # {}
shows aff dim S = int (dim L)
by (simp add: aff _dim__parallel _subspace assms hull _same)

lemma dim__affine_hull [simp]:
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fixes S :: 'n:euclidean_ space set
shows dim (affine hull S) = dim S

by (metis affine__hull_subset_span dim__eq _span dim__mono hull_subset span__eq _dim)

lemma aff dim__subspace:

fixes S :: 'n:euclidean_ space set

assumes subspace S

shows aff _dim S = int (dim S)

by (metis aff _dim__affine affine_parallel_subspace assms empty__iff parallel _subspace
subspace__affine)

lemma aff dim_ zero:

fixes S :: 'n::euclidean_ space set

assumes 0 € affine hull S

shows aff dim S = int (dim S)

by (metis aff _dim__affine_hull aff _dim__subspace affine__hull_span_0 assms
dim__span subspace__span)

lemma aff dim_eq dim:

fixes S :: 'n::euclidean_ space set

assumes a € affine hull S

shows aff _dim S = int (dim ((+) (= a) *9))

by (metis ab_left _minus aff _dim__translation__eq aff _dim__zero affine_hull _translation
image__eql assms)

lemma aff dim__eq dim__subtract:
fixes S :: 'n:euclidean_space set
assumes a € affine hull S
shows aff dim S = int (dim (Az. z — a) ©9))
using aff dim__eq dim assms by auto

lemma aff dim_ UNIV [simp]: aff _dim (UNIV :: 'n::euclidean__space set) = int(DIM ('n))
by (simp add: aff _dim__subspace)

lemma aff dim_ geq:

fixes V :: 'n::euclidean__space set

shows aff dim V > —1

by (metis add_le_ cancel_right aff _dim__basis__exists diff _self of _nat_0_le_iff
uminus__add__conv__diff)

lemma aff dim_ negative iff [simp]:
fixes S :: 'n::euclidean_ space set
shows aff dim S < 0 +— S = {}
by (metis aff _dim__empty off _dim__geq diff _0 eq_iff zle_ diff1__eq)

lemma aff lowdim__subset hyperplane:
fixes S :: 'a::euclidean_space set
assumes qff dim S < DIM('a)
obtains a b where a # 05 C {z. a - z = b}
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proof (cases S={})
case True
moreover
have (SOME b. b € Basis) # 0
by (metis norm__some__Basis norm__zero zero__neq__one)
ultimately show ?thesis
using that by blast
next
case Fulse
then obtain ¢ S/ where ¢ ¢ S’ S = insert ¢ S’
by (meson equalsOI mk__disjoint_insert)
have dim ((+) (—¢) ‘S) < DIM('a)
by (metis <S = insert ¢ S’ aff _dim__eq dim assms hull_inc insertll of nat_less imp_ less)
then obtain a where a # 0 span ((+) (—¢) ‘S) C{z. a -z = 0}
using lowdim__subset__hyperplane by blast
moreover
have a - w=a-cifspan (+) (—¢) *S) C{z. a-2 =0} we S for w
proof —
have w—c € span ((+) (— ¢) “S)
by (simp add: span_base «w € S»)
with that have w—c € {z. a - z = 0}
by blast
then show ?thesis
by (auto simp: algebra__simps)
qed
ultimately have S C {z. a - 2 = a - ¢}
by blast
then show ?thesis
by (rule that|OF <a # 0])
qed

lemma affine_independent_card__dim,__diffs:
fixes S :: 'a :: euclidean space set
assumes — affine_dependent S a € S
shows card S = dim ((Az. x — a) *S) + 1
using aff dim__affine _independent aff _dim__eq dim __subtract assms hull__subset
by fastforce

lemma independent_card_le aff dim:

fixes B :: 'n::euclidean_ space set

assumes B C V

assumes - affine__dependent B

shows int (card B) < aff _dim V + 1

by (metis aff _dim__unique off _independent_ finite assms card _mono extend_to affine_basis
of _nat_mono)

lemma aff dim_subset:
fixes S T :: 'n::euclidean__space set
assumes S C T


Affine.html

128

shows aff _dim S < aff dim T
by (metis add_le__cancel_right aff _dim__inner _basis__exists assms dual__order.trans
independent _card_le_aff dim)

lemma aff dim_le DIM:
fixes S :: 'n::euclidean space set
shows aff dim S < int (DIM('n))
by (metis aff _dim__UNIV aff dim__subset top__greatest)

lemma affine_dim__equal:
fixes S :: 'n::euclidean_space set
assumes affine S affine TS #{} S C T aff dim S = off _dim T
shows S =T
proof —
obtain a where a € Sa € T T # {} using assms by auto
define LS where LS = {y. 3z € S. (—a) + z = y}
then have Is: subspace LS affine_parallel S LS
using assms parallel _subspace__explicit[of S a LS] <a € S» by auto
then have h1: int(dim LS) = aff _dim S
using assms aff _dim__affine[of S LS| by auto
define LT where LT = {y. 3z € T. (—a) + z = y}
then have It: subspace LT A affine_parallel T LT
using assms parallel _subspace__explicitjof T a LT)] <a € T» by auto
then have dim LS = dim LT
using assms aff _dim__affine[of T LT] <T # {}» hl1 by auto
moreover have LS < LT
using LS def LT def assms by auto
ultimately have LS = LT
using subspace__dim__equal[of LS LT] s It by auto
moreover have § = {z. 3y € LS. at+y=z} T = {z. Jy € LT. at+y=x}
using LS def LT def by auto
ultimately show ?thesis by auto
qed

lemma aff dim_eq 0:
fixes S :: ‘a::euclidean_ space set
shows aff dim S = 0 +— (Fa. S = {a})
proof (cases S = {})
case Fulse
then obtain ¢ where a € S by auto
show ?thesis
proof safe
assume 0: aff dim S = 0
have - {a,b} C S if b # a for b
by (metis 0 off _dim__ 2 off dim__subset not_one_le_zero that)
then show Ja. S = {a}
using <a € S» by blast
qed auto
qed auto
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lemma affine_hull UNIV:
fixes S :: 'n::euclidean__space set
assumes aff dim S = int(DIM('n))
shows affine hull S = (UNIV :: ('n::euclidean_ space) set)
by (simp add: aff _dim__empty affine_dim__equal assms)

lemma disjoint_affine hull:
fixes S :: 'n::euclidean_ space set
assumes — affine_dependent ST C SUCSTnNU={}
shows (affine hull T) N (affine hull U) = {}
proof —
obtain finite S finite T finite U
using assms by (simp add: aff independent_finite finite_subset)
have Fulse if y € affine hull T and y € affine hull U for y
proof —
from that obtain a b
where al [simp]: sum a T = 1
and [simp]: sum (Av. a v xg v) T =y
and [simp]: sum b U = 1 sum (Av. bvxg v) U=y
by (auto simp: affine__hull_finite <finite T «finite U»)
define ¢ where ¢ z = (if x € T then a z else if x € U then —(b z) else 0) for

have [simp]: SN T=TSN-TNU=U
using assms by auto
have sum ¢ S = 0
by (simp add: ¢__def comm__monoid_add_ class.sum.If _cases <finite S» sum__negf)
moreover have — (VveS. c v = 0)
by (metis (no_types) IntD1 <S N T = T» al c¢_def sum.neutral zero_neq_one)
moreover have (> veS. c v *xg v) =0
by (simp add: c_def if _smult sum__negf comm__monoid__add_class.sum.If cases
<finite S»)
ultimately show ?thesis
using assms(1) «finite S> by (auto simp: affine_dependent__explicit)
qed
then show ?thesis by blast
qed

end

1.7 Convex Sets and Functions

theory Convex
imports

Affine HOL— Library.Set__Algebras HOL— Library. FuncSet
begin
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1.7.1 Convex Sets

definition convez :: 'a::real vector set = bool
where convexr s «+— (Va€s. Vyes. Vu>0.Vv>0. u +v=1— u*gz+v

*R Y € 5)

lemma convexl!:

assumes \zyuv.z€s—=ycs—=0<u—=0<v=ut+v=1=—=
U*XR T+ V¥R Y €S

shows convex s

by (simp add: assms convex__def)

lemma convezxD:
assumes conver sand r € sand y € sand 0 < uwand 0 <vand u+ v =1
shows u xg * + v *p y € $
using assms unfolding convexr def by fast

lemma convez_alt: conver s +— (Vz€s. Vyes. Vu. 0 < u A u<1— ((1 -
u) *xp T + U kg Y) € §)

(is _ «— %alt)

by (metis convex_def diff eq eq diff ge_ 0_iff ge)

lemma convexD alt:
assumes conver sa € sb € s0 < uu< 1
shows ((I — u) *r a + u xgr b) € s
using assms unfolding conver alt by auto

lemma mem__convex_alt:
assumes conver Sz € Sye Su>0v>0u+v>0
shows ((u/(u+v)) *gr z + (v/(ut+v)) *g y) € S
using assms
by (simp add: convex_def zero_le_divide_iff add_divide_distrib [symmetric])

lemma convex__empty[intro,simp): convezr {}
unfolding convex_def by simp

lemma convez_singleton[intro,simp: convex {a}
unfolding convex_def by (auto simp: scaleR_left_ distrib[symmetric])

lemma conver_ UNIV[intro,simp|: convex UNIV
unfolding convex_def by auto

lemma conver_Inter: (\s. s€f = convex s) = convex ([ f)
unfolding convex_def by auto

lemma convex_Int: conver s => convex t = convez (s N t)
unfolding convex_def by auto

lemma conver INT: (\i. i € A => convex (B 1)) = convex ([i€A. B 1)
unfolding convex_def by auto
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lemma convex_Times: convex s = convex t => convez (s X t)
unfolding convex_def by auto

lemma convezx_halfspace_le: convex {x. inner a x < b}
unfolding convex_ def
by (auto simp: inner_add introl: convex_bound_le)

lemma convex halfspace_ge: conver {z. inner a > b}
proof —
have x: {z. inner a © > b} = {z. inner (—a) z < —b}
by auto
show ?thesis
unfolding * using convez halfspace_le[of —a —b] by auto

qed
lemma convex_halfspace__abs_le: convex {x. |inner a x| < b}
proof —
have *: {z. |[inner a z| < b} = {x. inner a x < b} N {z. —b < inner a x}
by auto

show ?thesis
unfolding * by (simp add: convex__Int convex__halfspace__ge convex__halfspace__le)
qed

lemma convex hyperplane: conver {z. inner a x = b}
proof —
have x: {z. inner a = b} = {z. inner a x < b} N {z. inner a z > b}
by auto
show ?thesis using convez_halfspace_le conver__halfspace__ge
by (auto intro!: convex_Int simp: *)
qed

lemma convez_halfspace_lt: convex {x. inner a x < b}
unfolding convex_ def

by (auto simp: convex_bound_lt inner__add)

lemma convez_halfspace__gt: convex {z. inner a x > b}
using convez_halfspace_lt[of —a —b] by auto

lemma convex_halfspace_Re_ge: conver {z. Re x > b}
using convex__halfspace__ge[of b 1::complex] by simp

lemma convex_halfspace_Re_le: convexr {x. Re z < b}
using convez__halfspace_le[of 1::complex b] by simp

lemma convex halfspace_Im__ge: convex {x. Im x > b}
using convex__halfspace__ge[of b i] by simp

lemma convez_halfspace__Im_le: conver {z. Im z < b}
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using convez__halfspace_le[of 1 b] by simp

lemma convex_halfspace_Re gt: conver {x. Re x > b}
using convez__halfspace__gtlof b 1::complex] by simp

lemma convex_halfspace_Re_lt: convex {z. Re z < b}
using convez__halfspace_lt[of 1::complex b] by simp

lemma convex_halfspace_Im__gt: convex {x. Im x > b}
using convez__halfspace__gt[of b i] by simp

lemma convezx__halfspace_Im__lt: conver {x. Im © < b}
using convezx_halfspace_lt[of 1 b] by simp

lemma convex_real interval [iff]:
fixes a b :: real
shows convez {a..} and convez {..b}
and conver {a<..} and conver {..<b}
and convex {a..b} and convex {a<..b}
and convez {a..<b} and conver {a<..<b}
proof —
have {a..} = {z. a < inner 1 z}
by auto
then show 1: convex {a..}
by (simp only: convex _halfspace__ge)
have {..b} = {z. inner 1 z < b}
by auto
then show 2: convex {..b}
by (simp only: convexr__halfspace_le)
have {a<..} = {z. a < inner 1 z}
by auto
then show 3: conver {a<..}
by (simp only: convex__halfspace__gt)
have {..<b} = {z. inner 1 z < b}
by auto
then show 4: conver {..<b}
by (simp only: convez__halfspace_It)
have {a..b} = {a..} N {..b}
by auto
then show conver {a..b}
by (simp only: conver_Int 1 2)
have {a<..b} = {a<..} N {..b}
by auto
then show conver {a<..b}
by (simp only: conver_Int 3 2)
have {a..<b} = {a..} N {.<b}
by auto
then show conver {a..<b}
by (simp only: conver_Int 1 4)
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have {a<..<b} = {a<..} N {..<b}
by auto
then show convezr {a<..<b}
by (simp only: convex_Int 3 /)
qed

lemma convex_Reals: conver R
by (simp add: convezx_def scaleR__conv_of real)

1.7.2 Explicit expressions for convexity in terms of arbitrary
sums

lemma convex sum:
fixes C :: 'a::real vector set
assumes finite S
and convex C
and a: (> i€ S ai)=1Ni.ieS=ai>0
and C: \i.ie€e S=yieC
shows (3. je€S. aj*xgpyj)eC
using «finite S» a C
proof (induction arbitrary: a set: finite)
case empty
then show ?Zcase by simp
next
case (insert i S)
then have 0 < sum a S
by (simp add: sum__nonneg)
have a i xg yi + (> j€S. aj*ryj) € C
proof (cases sum a S = 0)
case True with insert show ?thesis
by (simp add: sum_nonneg_eq 0_iff)
next
case Fulse
with <0 < sum a S> have 0 < sum a S
by simp
then have (> jeS. (aj/ suma S) *xg yj) € C
using insert
by (simp add: insert.IH flip: sum__divide__distrib)
with <convex C) insert <0 < sum a S»
have a i g y i + sum a S *g (3_j€S. (aj/ suma S) xp yj) € C
by (simp add: convex_def)
then show ?Zthesis
by (simp add: scaleR__sum__right False)
qed
then show ?case using «finite S» and i ¢ S»
by simp
qed

lemma convex:
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convex S <—
(V(kznat) ue. (Vi. 1<iNi<k— 0<uiAzieS)A(sumu{l.k}=1)
— sum (Ni. uixg xi) {1..k} € 9)
(is ?lhs = ?rhs)
proof
show ?lhs = ?rhs
by (metis (full types) atLeastAtMost_iff convex__sum finite _atLeastAtMost)
assume «: Vkuz Viznat. 1 <iNi<k—0<uiAzi€S) Asumu
{1..k} =1
— i=1.kuixg(xi:’a)es
{
fix p i real
fixzy:'a
assume zy: z € Sy € S
assume mu: p > 0 p < 1
let 2u = Ni. if (i nat) = 1 then pelse 1 — p
let %z = Xi. if (i :: nat) = 1 then z else y
have {1 = nat .. 2} N — {z. 2 = 1} = {2}
by auto
then have S: (> j € {1..2}. Pujxp ?xj) €S
using sum.If cases[of {(1 :: nat) .. 2} Az. x = 1 Az. p Az. 1 —
using mu zy * by auto
have grarr: (3_j € {Suc (Suc 0)..2}. 2ujxg ?xj) = (1 — p) *g y
using sum.atLeast_Suc__atMost[of Suc (Suc 0) 2 X j. (I — u) *gr y] by auto
with sum.atLeast Suc _atMost
have (>.je {1..2}. Puj*g ?xj)=p*gpz+ (I —p) *r y
by (smt (verit, best) Suc_1 Suc_eq plusl add_0 le_addl)
then have (I — p) *xgy + u*xgax €S
using S by (auto simp: add.commute)
}

then show convezr S
unfolding convex_alt by auto
qed

lemma convex__explicit:
fixes S :: 'a::real wvector set
shows conver S +—
(Vtu. finitet N\t CSANVzet. 0 <uz)Asumut=1— sum (A\z. uz *g
z) t €S
proof safe
fix t
fix v :: 'a = real
assume conver S
and finite t
and ¢t C SVzet. 0 <uzsumut =1
then show (> z€t. uz g z) € S
by (simp add: convex__sum subsetD)
next
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assume *x: V. V u. finite t N\t C S A Va€t. 0 < uz)A
sumut=1— O z€t. uzr *g z) € S
show convezr S
unfolding convezr alt
proof safe
fix zy
fix p i real
assume #x: . € Sy e S0 < pp <1
show (I —p)*gpx+pxry €S
proof (cases z = y)
case Fulse
then show “thesis
using *[rule_format, of {z, y} X\ z. if z = x then 1 — p else p] *x
by auto
next
case True
then show “thesis
by (simp add: *x)
qed
qed
qed

lemma convez_ finite:
assumes finite S
shows convezr S +— (Vu. (Vz€S. 0 < uz) AsumuS =1 — sum (A\z. uz
*R .CL') S € S)
(is 2lhs = ?rhs)
proof
{ have if _distrib_arg: AP f g x. (if P then f else g) © = (if P then fz else g x)
by simp
fix T :: 'a set and u :: 'a = real
assume sum: Vu. (Vz€S. 0 <uz) Asumu S =1— (D z€S. uz *ga) €

assume *: VzeT. 0 <uzxsumu T =1
assume T C S
then have S N T = T by auto
with sum[THEN spec[where z=Az. if z€T then u z else 0]] *
have (> z€T. uz *xg z) € S
by (auto simp: assms sum.If _cases if _distrib if _distrib__arg) }
moreover assume ?rhs
ultimately show ?lhs
unfolding convex_explicit by auto
ged (auto simp: convex__explicit assms)

1.7.3 Convex Functions on a Set

definition convex_on :: 'a::real_vector set = ('a = real) = bool
where convexr_on S f <— convex S A
(VzeS. VyeS. Vu>0.Vv>0. u+v=1— f(usprz+vxgy) <uxfz
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+ v fy)

definition concave_on :: 'a::real_vector set = ('a = real) = bool
where concave_on S f = convex_on S (Az. — f 1)

lemma convex_on_iff _concave: convex_on S f = concave_on S (Az. — fx)
by (simp add: concave__on__def)

lemma concave on__iff:
concave_on S f +— convexr S N
(VzeS. VyeS. Vu>0.Vv>0. u+v=1— f(usgpz+ v*gpy) > ux*fz

+ v fy)
by (auto simp: concave__on__def convex__on__def algebra__simps)

lemma concave onD:
assumes concave_on A f
shows Atzy. t>0—=t<1 —=rcAd=—=yc A=
f(I=t)spa+txry) > —t)xfot+txfy
using assms by (auto simp: concave _on__iff)

lemma convex_onl [intro?):
assumes \tzy. t >0 =1t< 1 —=2€ A= yc A=
f(1=tO*ra+titspy) < —t)*xfo+txfy
and convexr A
shows convexr_on A f
unfolding convex_on_ def
by (smt (verit, del_insts) assms mult__cancel _right] mult_eq 0 _iff scaleR__collapse
scaleR_eq 0 iff)

lemma convex__onD:
assumes convexr_on A f
shows A\tzy. t>0=—=1t<1 =z Ad=—=yec A=
F1=t)spa+tiny) <(L—t)«fottefy
using assms by (auto simp: convex__on__def)

lemma convex_on_ linorderl [intro?):
fixes A :: (‘a::{linorder,real_vector}) set
assumes \tzy. t >0 =t< 1 —=1€d=—=ycAd=—=z<y—
f(1-tO*ra+ttspy) < —t)*xfo+txfy
and convexr A
shows convexr_on A f
by (smt (verit, best) add.commute assms convex__onl distrib_left linorder _cases
mult.commute mult__cancel_left2 scaleR__collapse)

lemma concave_on__linorderl [intro?):
fixes A :: (‘a::{linorder,real vector}) set
assumes N\tzy. t >0 —=t< 1] —=z€Ad—=ycd=—=z<y—
f=t*pa+txpy) 21 —t)xfazt+txfy
and convexr A
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shows concave _on A f
by (smt (verit) assms concave__on__def convex__on__linorderl mult _minus_right)

lemma convex__on__imp_convex: conver _on A f = conver A
by (auto simp: convex__on__def)

lemma concave_on__imp_ convex: concave_on A f =—> convexr A
by (simp add: concave on__def convexr_on__imp_conver)

lemma convexr onD Icc:
assumes convexr_on {z..y} fr < (y:: _ :: {real_vector,preorder})
shows At. t > 0 = t< 1 =
f(I-t)*pa+txpy) <(I —t)xfot+txfy
using assms(2) by (intro convex_onD [OF assms(1)]) simp__all

lemma conver_on_subset: [convex_on T f; S C T; conver S] = convexr_on S

f
by (simp add: convex_on_ def subset iff)

lemma convex on__add [intro]:
assumes convexr_on S f
and convexr_on S g
shows conver_on S (Az. fz + g x)
proof —
{
fix xy
assume z € Sy € S
moreover
fix w v :: real
assume (0 < u 0 <vu+v=1
ultimately
have f (usxgz 4+ v*py) +g(urgax+v*ry) < (uxfz+v*fy) + (u
*gT+vxgy)
using assms unfolding convexr_on_def by (auto simp: add_mono)
then have f (uxpz+v*gpy) +g(uxgz+v*py) <ux(fr+gz)+v
*(fy+gvy)
by (simp add: field _simps)
}

with assms show ?thesis
unfolding convex_on_def by auto

qed

lemma convez_on_ident: conver_on S (A\z. x) +— convex S
by (simp add: convex__on__def)

lemma concave on_ident: concave _on S (Az. x) +— convez S
by (simp add: concave__on__iff)

lemma conver_on__const: convexr_on S (Az. a) +— conver S
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by (simp add: convex__on__def flip: distrib_right)

lemma concave on__const: concave_on S (Az. a) <— convex S
by (simp add: concave__on__iff flip: distrib__right)

lemma convex_on__ diff:
assumes convexr_on S f and concave_on S g
shows conver_on S (A\z. fz — g z)
using assms concave__on__def conver__on__add by fastforce

lemma concave__on__ diff:
assumes concave_on S f
and convex_on S g
shows concave_on S (A\z. fz — g x)
using convezr_on__ diff assms concave__on__def by fastforce

lemma concave on__add:
assumes concave_on S f
and concave_on S g
shows concave_on S (\z. fz + g x)
using assms convex__on__iff concave concave__on__diff concave_on__def by fast-
force

lemma convexr on_mul:
fixes S::real set
assumes convez_on S f conver_on S g
assumes mono_on S f mono_on S g
assumes fty: f € S — {0..} and gty: g € S — {0..}
shows conver_on S (Az. f xxg x)
proof (intro convex__on_ linorderl)
show convez S
using assms convex__on__imp__convex by auto
fix t::real and z y
assume t: 0 < tt< landzy:z € Sy € Sa<y
have *: tx(1—t) x fz x gy + tx(I—t) x fyx ga < tx(1—t) * fz x gz +
te(1—=t) x fyxgy
using t <mono_on S f» <mono_on S g xy
by (smt (verit, ccfu_SIG) left_diff _distrib mono_onD mult_left_less imp_less
zero_le _mult_iff)
have inS: (1—t)xz + txy € S
using ¢ zy <convezx S» by (simp add: convex alt)
then have f ((1—t)*z + txy) * g (I —t)xx + txy) < ((I=t) * fz + t * fy)*xg
((I=t)xz + txy)
using convez_onD [OF <convex_on S fr, of t x y] t xy fty gty
by (intro mult_mono add_nonneg_nonneg) (auto simp: Pi_iff zero__le_mult__iff)
also have ... < ((I—-t) x foa + t* fy)*x (I—t)xgx + txg y)
using convexr_onD [OF <convex_on S ¢, of t z y] t zy fty gty inS
by (intro mult_mono add_nonneg_nonneg) (auto simp: Pi_iff zero__le_mult_iff)
also have ... < (1—¢) * (faxgz) + t * (fy*g y)



Convex.thy 139

using * by (simp add: algebra__simps)
finally show f ((I1—t) *g z + t *xg y) x g (I—t) *gp = + t xg y) < (I—1)*(f
zxg x) + tx(f yxg y)
by simp
qed

lemma convez__on__cmul [intro]:
fixes c :: real
assumes ( < ¢
and convexr_on S f
shows conver_on S (Az. ¢ * fz)
proof —
have x: u x (¢ * fx) + v (¢ x fy) = ¢ * (u* fr + v x fy)
for u ¢ fr v fy :: real
by (simp add: field _simps)
show ?thesis using assms(2) and mult_left _mono [OF _ assms(1)]
unfolding convex_on__def and * by auto
qed

lemma convex _on__cdiv [intro):
fixes ¢ :: real
assumes (0 < ¢ and conver_on S f
shows conver_on S (Az. fz / c)
unfolding divide inverse
using convex__on__cmul [of inverse ¢ S f] by (simp add: mult.commute assms)

lemma convex lower:
assumes convexr_on S f
and z € §
and y € S
and 0 < u

+vxry) <mazx (fz) (fy)
proof —

let ?m = maz (fz) (fy)

have u x fz +v* fy < ux* maz (fz) (fy) + v* maz (fz) (fy)
using assms(4,5) by (auto simp: mult_left_mono add_mono)

also have ... = maz (fz) (fy)
using assms(6) by (simp add: distrib_right [symmetric])

finally show ?thesis
using assms unfolding convex__on_ def by fastforce

qed

lemma convex_on__dist [intro]:
fixes S :: 'a::real _normed_vector set
assumes convezr S
shows convexr _on S (Az. dist a x)
unfolding convex_on_ def dist_norm
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proof (intro conjl strip)
fixzy
assume z € Sy € S
fix u v :: real
assume (0 < u
assume 0 < v
assume u + v = I
have a = u *xgp a + v % a
by (metis <u + v = 1) scaleR_left.add scaleR__one)
then have a — (u xp ¢ + v xgp y) = (v *g (a — z)) + (v *r (a — y))
by (auto simp: algebra__simps)
then show norm (¢ — (v *r * + v *r y)) < u * norm (a — z) + v * norm (a
- )
by (smt (verit, best) <0 < w) <0 < v» norm__scaleR norm__triangle_ineq)
qed (use assms in auto)

lemma concave on__mul:
fixes S::real set
assumes f: concave_on S f and ¢: concave_on S g
assumes mono_on S f antimono_on S g
assumes fty: f € S — {0..} and gty: g € S — {0..}
shows concave_on S (Az. fz * g x)
proof (intro concave on_ linorderI)
show convex S
using concave__on__imp_convex f by blast
fix t::real and z y
assume ¢: 0 < tt< land zy: x € Sy € S z<y
have inS: (1—t)xz + txy € S
using ¢ zy <conver S» by (simp add: convex_alt)
have frx gy + fyxgae>frxxga+fyxgy
using (mono_on S f» <antimono_on S ¢
unfolding monotone_on__def by (smt (verit, best) left_ diff _distrib mult_left _mono
y)
with ¢t have x: tx(1—t) x fzx gy + tx(1—t) * fyxgax > tx(1—t) *x frx gz
+tx(I—t)x fy*xgy
by (smt (verit, ccfo_SIG) distrib_left mult_left _mono diff _ge 0_iff _ge mult.assoc)
have (1 — t) x (frxga) +tx (fyx gy < ((I—t)* fo+1txfy)*((1-1)
xgr+txgy)
using * by (simp add: algebra__simps)
also have ... < ((I1—t) x fz + t x fy)xg (I —t)xx + txy)
using concave__onD [OF <concave_on S ¢, of t x y] t zy fty gty inS
by (intro mult_mono add_nonneg_nonneg) (auto simp: Pi_iff zero__le_mult_iff)
also have ... < f ((I—t)xx + txy) * g (({ —t)*z + txy)
using concave__onD [OF <concave_on S f», of t © y] t xy fty gty inS
by (intro mult_mono add_nonneg_nonneg) (auto simp: Pi_iff zero__le_mult__iff)
finally show (1 — t) « (fzxgx) +t* (fyxgy)
<SP =t)*ra+txry)*g (I —1)*rz+ t*gY)
by simp
qed
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lemma concave_on__cmul [intro):
fixes c :: real
assumes 0 < ¢ and concave_on S f
shows concave_on S (Az. ¢ * f x)
using assms conver_on__cmul [of ¢ S Ax. — f x]
by (auto simp: concave__on__def)

lemma concave on__cdiv [introl:
fixes c :: real
assumes (0 < ¢ and concave_on S f
shows concave_on S (\z. fz / ¢)
unfolding divide inverse
using concave__on__cmul [of inverse ¢ S f] by (simp add: mult.commute assms)

1.7.4 Arithmetic operations on sets preserve convexity

lemma convex_linear _image:

assumes linear f and conver S

shows convez (f *9)
proof —

interpret f: linear f by fact

from (convex S» show convex (f ¢ .S)

by (simp add: convex_def f.scaleR [symmetric] f.add [symmetric])

qed

lemma convex_linear _vimage:

assumes linear f and convezr S

shows convez (f —*5)
proof —

interpret f: linear f by fact

from <convex S» show convex (f —*5)

by (simp add: convex_def f.add f.scaleR)

qed

lemma convezr_scaling:
assumes conver S
shows conver ((Az. ¢ g z) ©5)
by (simp add: assms convex_linear__image)

lemma convex scaled:
assumes convezr S
shows conver ((A\x. z xg ¢) ©5)
by (simp add: assms convex_linear _image)

lemma convex_negations:
assumes convex S
shows conver ((Az. — z) ©5)
by (simp add: assms convex_linear _image module__hom__uminus)
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lemma convez__sums:
assumes convez S
and convex T
shows conver (Jze S. Jy € T. {z + y})
proof —
have linear (A(z, y). = + y)
by (auto intro: linearl simp: scaleR__add__right)
with assms have conver (Mz, y).  + y) ‘(S x T))
by (intro convexr_linear _image convexr__ Times)
also have ((\(z, ). z +y) ‘(S x T)) = (Jre S. Uy e T. {z + y})
by auto
finally show ?%thesis .
qed

lemma convex differences:
assumes convez S conver T
shows conver (Jze S. Jy € T. {z — y})
proof —
have {z —y|lzy. 2 e SAye T}={x+ylzy.z €S ANye€ uminus ‘ T}
by (auto simp: diff conv_add_uminus simp del: add__uminus_conv_ diff)
then show “thesis
using convez__sums[OF assms(1) conver_negations|OF assms(2)]] by auto
qed

lemma convex translation:
convex ((+) a ¢ S) if conver S
using convex__sums [OF convex__singleton [of a] that]
by (simp add: UNION _singleton__eq _range)

lemma convex translation subtract:
convex ((Ab. b — a) ¢ 8) if convezr S
using convez__translation [of S — a] that by (simp cong: image__cong__simp)

lemma convex__affinity:
assumes convez S
shows conver ((Az. a + ¢ *p z) *9)
proof —
have (A\z. a + c*xg z) S =(4+) a ‘(xg) c ‘S
by auto
then show ?thesis
using convez_translation| OF convex__scaling|OF assms|, of a c] by auto
qed

lemma conver on_ sum:
fixes a :: 'a = real
and y :: ‘a = 'b:real wvector
and [ :: 'b = real
assumes finite S S # {}
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and conver_on C f
and (3} i€ S.a1) =1
and \i.i€S=ai>0
and A\i. i€ S = yieC
shows f (D. i€ S. aixgyi)< (D>, i€ S aixf(yi))
using assms
proof (induct S arbitrary: a rule: finite_ne__induct)
case (singleton 1)
then show ?case
by auto
next
case (insert i S)
then have yai: yi € Cai> 0
by auto
with insert have conv: Azeyp.2€ C —=ye C = 0<pup—=u<1—
furrz+ (1 —p)*ry) <p*xfo+ (1 —p)*fy
by (simp add: convex__on__def)
show ?case
proof (cases a i = 1)
case True
with insert have (3} je€ S.aj) =0
by auto
with insert show ?thesis
by (simp add: sum_nonneg_eq 0_iff)
next
case Fulse
then have ail: a7 < 1
using sum__nonneg_leq _bound|of insert i S a] insert by force
then have i0: 1 —ai > 0
by auto
let 2a = Xj.aj/ (1 —at)
have a_nonneg: ?a j > 0 if j € S for j
using 0 insert that by fastforce
have (>_ j € insert i S. a j) = 1
using insert by auto
then have (3| je€ S. aj)=1—ai
using sum.insert insert by fastforce
then have (>. je€ S. aj) /(1 —ai)=1
using 0 by auto
then have al: (3 j€ S. %aj) =1
unfolding sum__ divide_distrib by simp
have conver C
using <convex_on C f» by (simp add: convex__on__def)
have asum: (}_ j€ S. %aj*gyj) e C
using insert convex__sum [OF <finite S» <convexr C» al a_nonneg] by auto
have asum_le: f (3. je€S. %aj*xpryj) <. j€8. %aj*f (yvj)))
using a_nonneg al insert by blast
have f (3. jeinsertiS. aj*xryj)=f (O j€ S aj*ryj)+aix*gyi)
by (simp add: add.commute insert.hyps)
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also have ... = f (((1 — a i) x inverse (1 — a 1)) *xg 3. F€ S. aj*r yj)
+aixgpyi)
using i0 by auto
alsohave ... = f ((1 —ai) xg (>, j€S. (aj* inverse (I — ai)) *xg yj)
+aixgyi)

using scaleR__right.sum[of inverse (1 — a i) X j. a j *xg y j S, symmetric]
by (auto simp: algebra__simps)

alsohave ... = f ((I —ai)*xg (O, j€S. ?aj*ryj) + aixryi
by (auto simp: divide _inverse)

alsohave ... < (I —ai)xgr f (0. j€ 8. %aj*xryj) +aixf(yi)
using ail by (smt (verit) asum conv real_scaleR__def yai)

alsohave ... < (I —ai)x (D j€ 8. %ajxf(yg)+aixf(yi)
using asum__le i0 by fastforce

alsohave ... = (> je S . aj*xf(yj) +aixf(yi)
using 0 by (auto simp: sum__distrib_left)

finally show ?thesis
using insert by auto

qed
qed

lemma concave on__sum:
fixes a :: 'a = real
and y :: ‘a = 'b::real_vector
and [ :: 'b = real
assumes finite S S # {}
and concave_on C f
and (}.i€ S. ai)=1
and \i. i€ S=ai>0
and \i.ie S=yiecC
shows [ (DJie€ S.aixgyi)> (O i€ S aixf(yi))
proof —
have (uminus o f) (3_4€S. a i xg yi) < (D i€S. a i * (uminus o f) (y 7))
proof (intro convex__on__sum)
show conver_on C (uminus o f)
by (simp add: assms convex__on__iff concave)
qged (use assms in auto)
then show ?thesis
by (simp add: sum__negf o__def)
qed

lemma convex on_ alt:
fixes C :: 'a::real vector set
shows convexr_on C f +— convexr C A
Ve CVyeC.Vpurea pn>0Ap<1—
fuspre+ (1 —p)*py) <pxfz+ (1 —p*fy)
by (smt (verit) convex_on_ def)

lemma convex__on__slope_le:
fixes f :: real = real
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assumes f: convex_on I f
and Iz elyel
and ttz<tt<y
shows (fa — [1) / (z— ) < (fo—[9) / (@ - )
and (fz —fy) /(2 —y) < (ft—fy) /(t—y)
proof —
define ¢ where a = (t — y) / (z — y)
with t have 0 < a0 <1 — a
by (auto simp: field__simps)
with f«xwe D<ye Db havecvr: f(axz+ (I —a)*xy) <axfz+ (I — a)
* fy
by (auto simp: convex__on__def)
haveaxz+ (I —a)xy=ax* (z —y) +y
by (simp add: field _simps)
also have ... =t
unfolding a_ def using <z < t» «t < y> by simp
finally have ft < ax fz + (I —a) x fy
using cvz by simp
alsohave ... =ax (fz — fy) + fy
by (simp add: field simps)
finally have ft — fy < ax (fz — fy)
by simp
with ¢ show (fo — /) / (z— 8) < (fz — fy) / (v — 9)
by (simp add: le_divide eq divide le_eq field _simps a__def)
with ¢ show (fz — fy) / (z —y) < (ft = fy) / (t —y)
by (simp add: le_divide eq divide_le_eq field simps)
qed

lemma pos_convex_function:
fixes f :: real = real
assumes convexr C
and leg: N\ey. 1€ C =ye C=fax(y—z)<fy—fz
shows convexr_on C f
unfolding convex_on_ alt
using assms
proof safe
fix © y p :: real
let 2z =p*p x4+ (I —p) *g y
assume *: conver Cx € Cye Cu>0pu<1
then have I — p > 0 by auto
then have zpos: %2 € C
using * unfolding convez alt by fastforce
have geq: i+ (fo — f?2) + (1 —p) = (fy — f ?z) >
pwx fl s (x— 22) + (1 —p)xf %zx(y — %)
using add_mono [OF mult_left_mono [OF leq [OF zpos x(2)] «u > 0)]
mult_left_mono [OF leq [OF xzpos *(3)] <1 — u > 0]
by auto
then have px fo + (I —p)xfy—f?2 >0
by (auto simp: field__simps)
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then show f (u*p 2+ (I —p)*p y) Spxfo+ (I —p) *fy
by auto
qed

lemma atMostAtLeast subset convex:
fixes C :: real set
assumes convezr C
andze Cye Cz <y
shows {z .. y} C C
proof safe
fix z assume z: z € {z .. y}
have less: ze Cif z < zz<y
proof —
let = (y—2)/(y—2)
have 0 < %u 2u < 1
using assms * by (auto simp: field__simps)
then have comb: 9y« x + (I — %u) xy € C
using assms iffD1[OF convez__alt, rule_format, of C'y x u]
by (simp add: algebra__simps)
have Zuxa+ (1 — ) xy=@W—-2)*z/(y-2)+1 - (y—2)/(y—

) *y
by (auto simp: field__simps)
alsohave ... = (y—2)x2x+(y—z— (y—2) *xy) / (y — x)

using assms by (simp only: add_ divide _distrib) (auto simp: field _simps)
also have ... = 2
using assms by (auto simp: field__simps)
finally show ?thesis
using comb by auto
qed
show z € C
using z less assms by (auto simp: le_less)
qed

lemma "' _imp_f"
fixes f :: real = real
assumes convexr C
and f: Nz. zx € C = DERIV fz :> (f'z)
and f": Az. z € C = DERIV 'z :> (f" x)
and pos: Az. 2 € C = f""2 >0
and z: z € C
and y: y € C
shows f'zx (y —z) < fy—fz
using assms
proof —
have fy — fz > fax(y—2) fy*x (@ —y) <fz—fy
ifxwere Cye Cy>uzforzy:: real
proof —
from x have ge: y —z >0y —z>0andleez —y< 0z —y <0
by auto
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then obtain z! where z1: z1 > 2zl <yfy—foz=(y—x)xf' 21
using subsetD]OF atMostAtLeast_subset__convex|OF <convexr C» <z € C» <y
e Oy «x < ],
THEN f', THEN MVT2[OF <z < y, rule_format, unfolded atLeastAt-
Most__iff [symmetric]]]
by auto
then have 21 € C
using atMostAtLeast__subset_convex <convex C» <x € Cy <y € Cy <x < 1
by fastforce
obtain z2 where 22: 22 > x 22 < z1 f' 21 — f'x = (21 — z) = f" 22
using subsetD|OF atMostAtLeast_subset_convez|OF <convex C» <x € C» «z1
€ Oy «x < z1y],
THEN f”, THEN MVT2[OF <z < z1», rule_format, unfolded atLeastAt-
Most__iff [symmetric]]] z1
by auto
obtain z3 where 25: 28 > 21 28 <y f'y—f' 21 = (y — z1) x f" 23
using subsetD[OF atMostAtLeast _subset__convex|OF <conver C» <zl € C»
e Ozl < pl,
THEN f"”, THEN MVT2[OF <z1 < y, rule_format, unfolded atLeastAt-
Most__iff [symmetric]]] z1
by auto
from 21 have fo — fy = (x — y) x f' 21
by (simp add: field _simps)
then have cool” f'y — (fz — fy) / (x —y) = (y — 21) * f" 23
using le(1) 23(3) by auto
have 23 € C
using z3 *x atMostAtLeast subset_convex <conver C) <z € C» <z1 € C) <x
< zI»
by fastforce
then have B”: "' 28 > 0
using assms by auto
with cool’ have f'y — (fz — fy) / (z —y) >0
using zI by auto
then have res: f'y* (z —y) < fz — fy
by (meson diff _ge 0_iff ge le(1) neg_divide le_eq)
have cool: (fy — fz) /(y —z) — f'z= (21 —z) % f" 22
using le(1) z1(3) 22(3) by auto
have 22 € C
using 22 z1 * atMostAtLeast_subset_conver <convexr C» <z1 € C)» «y € C)
z1 <
by fastforce
with zI assms have (21 — z) * f'' 22 > 0
by auto
then show fy — fz > f o+ (y— o) f'y+ (v —y) < fz — fy
using that(3) z1(3) res cool by auto
qed
then show ?thesis
using z y by fastforce
qed
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lemma f'__ge0_imp_convez:
fixes f :: real = real
assumes conver C
and A\z. 2 € C = DERIV fz :> (f' x)
and Az. x € C = DERIV 'z :> (f" z)
and A\v.2€ C = f"2>0
shows conver_on C f
by (metis assms f''_imp_f' pos__convex_ function)

lemma f''_le0 _imp_concave:
fixes f :: real = real
assumes conver C
and Az. x € C = DERIV fz :> (f' z)
and A\z. x € C = DERIV 'z :> (f" z)
and Az. 2 € C = f"z <0
shows concave _on C f
unfolding concave_on_ def
by (rule assms f"'_ge0_imp__convex derivative _eq intros | simp)+

lemma conver_power__even:
assumes even n
shows convexr _on (UNIV::real set) (Az. z7n)
proof (intro f""_ge0 _imp_conver)
show ((Az. £ ~ n) has_real derivative of _nat n * z™(n—1)) (at z) for z
by (rule derivative__eq intros | simp)+
show ((Az. of _nat n x 2 (n—1)) has_real_derivative of _nat n x of _nat (n—1)
x £ (n—2)) (at z) for z
by (rule derivative__eq intros | simp add: eval _nat_numeral)+
show Az. 0 < realn * real (n — 1) x z ~ (n — 2)
using assms by (auto simp: zero_le _mult_iff zero_le__even_ power)
qed auto

lemma convex__power _odd:
assumes odd n
shows convez_on {0::real..} (Az. 27n)
proof (intro f''_ge0_imp_ convez)
show ((Az. £ ~ n) has_real derivative of _nat n * z7(n—1)) (at z) for z
by (rule derivative__eq_intros | simp)+
show ((Az. of _nat n x 2 (n—1)) has_real_derivative of _nat n x of _nat (n—1)
x £ (n—2)) (at z) for z
by (rule derivative__eq intros | simp add: eval nat_numeral)+
show Az. z € {0zreal..} = 0 < realn x real (n — 1) x z ~ (n — 2)
using assms by (auto simp: zero_le _mult_iff zero_le__even_ power)
qed auto

lemma conver_power2: convex_on (UNIV::real set) power2
by (simp add: convex__power__even)
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lemma log concave:
fixes b :: real
assumes b > 1
shows concave_on {0<..} (A z. log b 1)
using assms
by (intro f_le0_imp__concave derivative__eq intros | simp)+

lemma In__concave: concave_on {0<..} In
unfolding log In by (simp add: log_concave)

lemma minus_log convex:
fixes b :: real
assumes b > 1
shows conver_on {0 <..} (A z. — log b x)
using assms concave__on__def log _concave by blast

lemma powr_convex:
assumes p > 1 shows conver on {0<..} (Az. z powr p)
using assms
by (intro f"_ge0_imp_convex derivative_eq intros | simp)+

lemma exp convex: convexr _on UNIV exp
by (intro f_ge0_imp__convex derivative_eq_intros | simp)+

The AM-GM inequality: the arithmetic mean exceeds the geometric mean.

lemma arith _geom__mean:
fixes z :: 'a = real
assumes finite S S # {}
and z: \i.i€ S=zi>0
shows (D.ie S.zi/ card S) > (J[[i € S. z 1) powr (1 / card S)
proof (cases 3i€S. z i = 0)
case True
then have ([[i € S. z4) = 0
by (simp add: «finite S»)
moreover have (> i€ S. x4/ card S) > 0
by (simp add: sum_nonneg )
ultimately show ?Zthesis
by simp
next
case Fulse
have in (35i€ S. (1 / card S) xgxzi) > (D.i € S. (1 / card S) x In (z 7))
proof (intro concave on__sum)
show concave_on {0<..} In
by (simp add: In__concave)
show Ai. ieS = z i € {0<..}
using False © by fastforce
qed (use assms False in auto)
moreover have (>-i€ S. (1 / card S) xg x i) > 0
using False assms by (simp add: card_gt 0 _iff less_eq real def sum__pos)
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ultimately have (>_i € S. (1 / card S) xg x i) > exp (D i € S. (1 / card S)
using In_ ge iff by blast
then have (> i e S. x4/ card S) > exp (D i€ S. In (z4) / card S)
by (simp add: divide__simps)
then show ?thesis
using assms Fulse
by (smt (verit, ccfv_SIG) divide_inverse exp_In exp powr _real exp sum in-
verse__eq _divide prod.cong prod__powr__distrib)
qed

1.7.5 Convexity of real functions

lemma convex on_reall:
assumes connected A
and Az. x € A = (f has_real_derivative f' z) (at x)
and A\ey. e A=y A=< y= fla<fy
shows convexr_on A f
proof (rule convexr__on_ linorderl)
show convexr A
using <connected A> convex_real interval interval _cases
by (smt (verit, ccfu_SIG) connectedD _interval convex UNIV convex__empty)
— the equivalence of "connected" and "convex" for real intervals is proved later
next
fix t x y :: real
assume t:t > 0t < 1
assume zy: zr € Ayc Az <y
define z where z = (I — t) sz + t %y
with (connected A» and zy have vl: {z..y} C A
using connected__contains_Icc by blast

from zy t have zz: z > z

by (simp add: z_def algebra__simps)
have y — 2= (1 — t) x (y — 2)

by (simp add: z_def algebra__simps)
also from zy t have ... > 0

by (intro mult_pos_pos) simp__all
finally have yz: z < y

by simp

from assms xz yz iwlt have 3¢. £ > s ANE<zANfz—fa=(z2—2xz) % f' ¢
by (intro MVT2) (auto introl: assms(2))

then obtain £ where &: £ > 2 < z2f' &= (fz—fz)/ (2 — )
by auto

from assms 2z yz wlthave I3n.n > 2z An<yAfy—fz=(y—2) *xf'n
by (intro MVT2) (auto introl: assms(2))

then obtain n where n: n > zn <y f'n=(Ffy—fz)/ (y — 2)
by auto



Convex.thy

from 7(3) have (fy — f2) / (y — 2)
also from & n vl have £ € Ane A

by auto
with £ 5 have f'n > f'¢
by (intro assms(3)) auto

also from £(3) have f' = (fz — fz) / (z — z) .
finally have (fy — f2) % (z —z) > (fz — fx) *

=f'n..

(y — 2)

using zz yz by (simp add: field_simps)

also have z —z =t x (y — x)

by (simp add: z_def algebra__simps)
alsohave y — 2= (1 — t) * (y — z)
by (simp add: z_def algebra__simps)
finally have (fy — f2)«t > (fz — fx) * (1 — ?)

using zy by simp

then show (I — &) x fo +txfy>f (1 —t)*xraz+ t*gy)

by (simp add: z_def algebra__simps)

qged

lemma convez__on__inverse:
fixes A :: real set
assumes A C {0<..} convex A
shows convezr_on A inverse
proof —

have convex__on {0::real<..} inverse

proof (intro convex__on_ reall)
fix u v real

assume u € {0<..} v € {0<..} u
with assms show —inverse (u"2)
by simp
next

<
<

v
—inverse (v"2)
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show Az. z € {0<..} = (inverse has_real_derivative — inverse (z2)) (at z)

by (rule derivative__eq intros | simp add: power2_eq square)+

qed auto
then show ?2thesis

using assms convex__on__subset by blast

qed

lemma convexr _onD_Icc”

assumes convez_on {z..y} fc € {z..y}

defines d =y — =

shows fe < (fy—fz)/d*(c—z)+ fz

proof (cases x y rule: linorder_cases)
case less
then have d: d > 0
by (simp add: d__def)

from assms(2) less have A: 0 < (¢ —z) /d(c—2z)/ d< 1

by (simp__all add: d__def field__split_simps)

have fe=f (z+ (¢ — ) x 1)
by simp
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also from less have 1 = ((y — z) / d)
by (simp add: d__def)
alsofrom dhavez + (¢ —z) *x ... = (I — (¢ —z) /d)*g 2+ ((¢c — z) / d)
*RY
by (simp add: field_simps)
alsohave f ... < (I —(c—x)/d)*xfz+ (c—x)/d=*fy
using assms less by (intro convexr_onD_Icc) simp_all
also from d have ... = (fy — fz) /d*x (¢ —z) + fx
by (simp add: field__simps)
finally show ?thesis .
qged (use assms in auto)

lemma convexr_onD Icc'”
assumes convexr_on {z..y} fc € {z..y}
defines d =y — z
shows fc < (fz—fy) /[ d*(y—c)+fy
proof (cases z y rule: linorder_cases)
case less
then have d: d > 0
by (simp add: d_ def)
from assms(2) lesshave A: 0 < (y—¢)/d(y—c¢)/d< 1
by (simp__all add: d__def field_split_simps)
have fe=/ (y — (y — ¢) * 1)
by simp
also from less have I = ((y — z) / d)
by (simp add: d__def)
alsofrom dhavey — (y —¢)* ... =(1 — (1 — (y—¢) / d) *rz + (I —
(y—c)/d)*ry
by (simp add: field_simps)
alsohave f ... < (I — (I —(y—¢o) /d)«fz+ (I —(y—c¢)/d)«fy
using assms less by (intro convex_onD_Icc) (simp_all add: field_simps)
also from d have ... = (fz — fy) /dx(y—¢) + fy
by (simp add: field__simps)
finally show ?%thesis .
qed (use assms in auto)

lemma concave onD Icc:
assumes concave_on {z..y} fz < (y =+ _ : {real_vector,preorder})
shows A\t. t > 0 = t< 1 =
f(1=tO*ratitxpy) =21 —t)*xfo+txfy
using assms(2) by (intro concave_onD [OF assms(1)]) simp__all

lemma concave onD _Icc”
assumes concave_on {z..y} fc € {z..y}
defines d =y —
shows fc> (fy—fz)/d*(c—z)+ fz
proof —
have — fe< (fze —fy) /d*(¢c—z) — fz
using assms conver_onD_Icc' [of x y A\x. — fx (]



Convex.thy 153

by (simp add: concave__on__def)
then show ?thesis
by (smt (verit, best) divide_minus_left mult_minus_left)
qed

lemma concave onD _Icc'”
assumes concave_on {z..y} fc € {z..y}
defines d =y — =z
shows fc > (fz — fy) [ d* (y— ) + fy
proof —
have — fe < (fy —fz) /d*(y —¢c) = fy
using assms conver_onD_Icc" [of x y Ax. — fz ]
by (simp add: concave__on__def)
then show ?thesis
by (smt (verit, best) divide _minus_left mult_minus_left)
qed

lemma convexr _on_le_max:
fixes a::real
assumes convexr_on {z..y} f and a: a € {z..y}
shows fa < maz (fz) (fy)
proof —
have «: (fy — f2) * (a —2) < (fy — fo) x (y —z)if fr < fy
using a that by (intro mult_left _mono) auto
have fa < (fy — f2) / (y — )« (a — 2) + fo
using assms convez__onD_Icc’ by blast
also have ... < maz (fz) (fy)
using a *
by (simp add: divide_le_0_iff mult_le_0_iff zero_le__mult_iff maz_def add.commute
mult.commute scaling _mono)
finally show ?thesis .
qed

lemma concave_on__ge_min:
fixes a::real
assumes concave_on {z..y} f and a: a € {z..y}
shows fa > min (fz) (fy)
proof —
have *: (fy — fz) * (a —2) > (fy — fa)x (y —2)if fa > fy
using a that by (intro mult_left _mono_neg) auto
have min (fz) (fy) < (fy — f2) / (y — 2) * (a — ) + f=
using a * apply (simp add: zero_le divide_iff mult_le_0_iff zero_le_mult_iff
min__def)
by (smt (verit, best) nonzero__eq divide__eq pos__divide_le__eq)
also have ... < fa
using assms concave _onD_Icc’ by blast
finally show ?thesis .
qed
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1.7.6 Convexity of the generalised binomial

lemma mono_on_mul:
fixes f::'a::ord = 'b::ordered_semiring
assumes mono_on S f mono_on S g
assumes fty: f € S — {0..} and gty: g € S — {0..}
shows mono_on S (Az. fz x g x)
using assms by (auto simp: Pi_iff monotone__on__def intro!: mult_mono)

lemma mono__on_ prod:
fixes f::"i = ‘a::ord = ’'b::linordered_idom
assumes \i. i € I = mono_on S (f 1)
assumes N\i. i€ I = fie S — {0..}
shows mono_on S (Az. prod (\i. fiz) I)
using assms
by (induction I rule: infinite_ finite_induct)
(auto simp: mono__on__const Pi_iff prod_nonneg mono__on_mul mono__onl)

lemma convex gchoose _auz: convex_on {k—1..} (Aa. prod (Ai. a — of nat 7)

{0..<k})
proof (induction k)
case (
then show ?case
by (simp add: convex_on__def)
next
case (Suc k)
have convex_on {real k..} (Aa. ([ = 0..<k. a — real i) * (a — real k))
proof (intro convex__on_mul convex__on__diff)
show convexr_on {real k..} (Az. [[{ = 0..<k. z — real 7)
using Suc convexr on_ subset by fastforce
show mono_on {real k..} (Az. [[i= 0..<k. z — real i)
by (force simp: monotone__on__def introl: prod_mono)
next
show (A\z. [[i = 0..<k. z — real ©) € {real k..} — {0..}
by (auto intro!: prod_nonneg)
qged (auto simp: convex__on_ident concave__on__const mono__onl)
then show ?case
by simp
qed

lemma convex_gchoose: convexr_on {k—1..} (Az. z gchoose k)
by (simp add: gbinomial_prod_rev convex__on__cdiv convex__gchoose _auzx)

1.7.7 Some inequalities: Applications of convexity

lemma Youngs inequality_0:
fixes a::real
assumes 0 < a 0 < B atf =1a>0b>0
shows a powr a * b powr f < axa + Bxb
proof —
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have axlna+ B*xinb<In(ax*xa+ 8 xb)
using assms In__concave by (simp add: concave _on__iff)
moreover have 0 < ax a + 8 x b
using assms by (smt (verit) mult _pos_pos split_mult_pos_le)
ultimately show ?Zthesis
using assms by (simp add: powr_def mult_exp__exp flip: In__ge_iff)
qed

lemma Youngs inequality:
fixes p::real
assumes p>1¢>11/p+ 1/g=1a>0b>0
shows a *x b < a powrp / p + b powr q/ q
proof (cases a=0 V b=0)
case Fulse
then show ?thesis
using Youngs_inequality_0 [of 1/p 1/q a powr p b powr q] assms
by (simp add: powr_powr)
qged (use assms in auto)

lemma Cauchy Schwarz ineq sum:
fixes a :: ‘a = 'b:linordered_ field
shows (Y i€l. aix b i) < (D iel. (ai)?) « (D iel. (b1i)?)
proof (cases (>_iel. (b i)?) > 0)
case Fulse
then consider Ai. i€l = b i = 0 | infinite I
by (metis (mono__tags, lifting) sum__pos2 zero_le_power2 zero_less _power2)
thus ?thesis
by fastforce
next
case True
define r where r = (Y i€l. aix bi) / (3 i€l. (b)?)
have 0 < (3Ji€l. (ai — r = b1i)?)
by (simp add: sum__nonneg)
also have ... = (Y i€l. (ai)?) — 2xrx (D i€l. aix bi)+ r?* (D iel. (b
i)
by (simp add: algebra__simps power2__eq _square sum__distrib__left flip: sum.distrib)
also have ... = (Y i€l. (ai)?) — ((>od€l. ai* bi))? /) (> iel. (bi)?)
by (simp add: r_def power2_eq square)
finally have 0 < (YJicl. (a4)?) — (O2di€l. aix b4)? /) (Oicl. (bi)?) .
hence ((>_i€l. aix bi))? /) (O diel. (bi)?) < (Dliel. (ai)?)
by (simp add: le_diff _eq)
thus (3Jiel. ai*x b14)? < (Y iel. (ai)?) x (Y iel. (b1)?)
by (simp add: pos_divide_le_eq True)
qed

The inequality between the arithmetic mean and the root mean square

lemma sum__squared_le sum__of squares:
fixes [ :: 'a = real
shows (Y iel. fi)2 < (- yel. (fy)?) * card I
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proof (cases finite I A T # {})

case True
then have (>_i€l. fi / of nat (card I))?> < (3 4€l. (fi)? / of nat (card I))
using convex_on_sum [OF ___ convex_power2, where a = A\z. 1 / of nat(card
I) and S=I]
by simp

with True show ?thesis
by (simp add: divide _simps power2__eq _square split: if _split _asm flip: sum__divide__distrib)
qed auto

lemma sum__squared_le_sum__of squares 2:
(a+3)/2 < sqrt (= + y?) | 2)
proof —
have (z + y)? / 272 < (22 + 4?) / 2
using sum__squared_le sum_ of squares [of Ab. if b then x else y UNIV|
by (simp add: UNIV_bool add.commute)
then show ?thesis
by (metis power _divide real_le_rsqrt)
qed

1.7.8 Misc related lemmas

lemma convex_translation__eq [simp):
conver ((+) a ‘s) «— convez s
by (metis convex__translation translation__galois)

lemma convex_translation _subtract__eq [simp]:
convex ((Ab. b — a) ©8) <— convezx s
using convez_translation__eq [of — a] by (simp cong: image__cong__simp)

lemma conver_linear_image__eq [simp]:
fixes f :: 'a::real_vector = 'b::real_vector
shows [linear f; inj f] = convex (f ‘ s) +— convez s
by (metis (no__types) convexr_linear _image convex_linear _vimage inj _vimage_image__eq)

lemma vector__choose__size:
assumes 0 < ¢
obtains z :: ‘a::{real_normed_vector, perfect_space} where norm z = ¢
proof —
obtain a::’'a where a # 0
using UNIV_not_singleton UNIV_eq I set_zero singletonl by fastforce
show ?thesis
proof
show norm (scaleR (¢ / norm a) a)
by (simp add: <a # 0» assms)
qed
qed

Il
o

lemma vector choose_dist:
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assumes ( < ¢
obtains y :: ‘a::{real_normed_vector, perfect_space} where dist x y = ¢
by (metis add__diff _cancel_left” assms dist__commute dist_norm vector__choose__size)

lemma sum_ delta’”:
fixes s::'a::real vector set
assumes finite s
shows (3> z€s. (if y = x then fx else 0) xg x) = (if y€s then (f y) *r y else 0)
proof —
have «: Az y. (if y = = then f z else (0::real)) xg © = (if z=y then (f z) *r z
else 0)
by auto
show ?thesis
unfolding * using sum.delta|OF assms, of y Az. f z xr z] by auto
qed

1.7.9 Cones

definition cone :: ‘a::real wvector set = bool
where cone s «— (Vz€s. Vc>0. ¢ g © € )

lemma cone__empty[intro, simpl: cone {}
unfolding cone def by auto

lemma cone__univlintro, simp]: cone UNIV
unfolding cone__def by auto

lemma cone_ Inter[intro]: ¥ s€f. cone s = cone ([ f)
unfolding cone_def by auto

lemma subspace_imp_cone: subspace S —> cone S
by (simp add: cone__def subspace__scale)

Conic hull

lemma cone_cone_hull: cone (cone hull S)
unfolding hull def by auto

lemma cone_hull_eq: cone hull S = S +— cone S
by (metis cone__cone__hull hull_same)

lemma mem__cone:
assumes cone Sx € Sc¢ > 0
shows c xp 2 € S
using assms cone__def[of S| by auto

lemma cone_contains_0:
assumes cone S
shows S #{} «+— 0€ S
using assms mem,__cone by fastforce
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lemma cone_0: cone {0}
unfolding cone def by auto

lemma cone_ Union[intro]: (V s€f. cone s) — cone (|Jf)
unfolding cone_ def by blast

lemma cone_iff:
assumes S # {}
shows cone S «— 0 € SA(Ve.¢c >0 — ((xg) ¢) *S=098) (is_ = ?rhs)
proof
assume cone S
{
fix c :: real
assume c > 0
have z € ((xg) ¢) ‘S ifz € S for z
using <cone S» <¢>0> mem__cone[of Sz 1/c] that
exlfof (M.t € SANx=cxgt)(l/c)*g 1]
by auto
then have ((xg) ¢) ‘S =5
using <0 < ¢ <cone S» mem__cone by fastforce
}

then show 0 € SA Ve. ¢ >0 — ((xgr) ¢) ‘S =9)
using <cone S» cone__contains_0[of S| assms by auto
next
show ?rhs — cone S
by (metis Convex.cone__def imagel order_neq le_trans scaleR__zero_left)
qed

lemma cone _hull _empty: cone hull {} = {}
by (metis cone__empty cone__hull__eq)

lemma cone_hull_empty_iff: S = {} +— cone hull S = {}
by (metis cone__hull _empty hull _subset subset _empty)

lemma cone_hull _contains _0: S # {} +— 0 € cone hull S
by (metis cone__cone__hull cone__contains_0 cone__hull _empty iff)

lemma mem__cone__hull:
assumes z € Sc¢c > 0
shows ¢ xg © € cone hull S
by (metis assms cone__cone__hull hull _inc mem__cone)

proposition cone_hull_expl: cone hull S = {c*gp z | cx. ¢ > 0 Nz € S}
(is ?lhs = ?rhs)
proof
have ¢rhs € Collect cone
using Convez.cone__def by fastforce
moreover have S C ?2rhs
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by (smt (verit) mem__Collect _eq scaleR__one subsetl)
ultimately show ?lhs C ?rhs
using hull_minimal by blast
qged (use mem__cone__hull in auto)

lemma convez__cone:
convex S A cone S +— (VzeS. VyeS. (x + y) € §) A (VaeS. Vc>0. (¢ *gr 1)
€ 9)
(is ?lhs = ?rhs)
proof —
{
fix zy
assume z€S yeS and ?lhs
then have 2 xp z €5 2 xg y € S convezr S
unfolding cone_def by auto
then have z + y € S
using convexD [OF <convex Sy, of 2xp & 2%R Y]
by (smt (verit, ccfu_threshold) field _sum__of halves scaleR__2 scaleR__half double)
}
then show ?thesis
unfolding convex_def cone def by blast
qed

1.7.10 Connectedness of convex sets

lemma convex_connected:
fixes S :: 'a::real _normed_vector set
assumes convex S
shows connected S
proof (rule connectedl)
fix A B
assume open A open BANBNS={}SCAUB
moreover
assume AN S #{} BN S #{}
then obtain a b where a: a € A a € Sand b: b € Bb € S by auto
define f where [abs_def]: fu = u*r a + (I — u) *g b for u
then have continuous_on {0 .. 1} f
by (auto intro!: continuous__intros)
then have connected (f ‘{0 .. 1})
by (auto introl: connected__continuous__image)
note connectedD[OF this, of A B]
moreover have a € AN f {0 .. 1}
using a by (auto intro!: image_eql[of _ _ 1] simp: f_def)
moreover have b€ BN f {0 .. 1}
using b by (auto intro!: image_eql[of _ _ 0] simp: [ _def)
moreover have f ‘{0 .. 1} C S
using <convex S» a b unfolding convex def f def by auto
ultimately show Fualse by auto
qed
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corollary connected_ UNIV [intro]: connected (UNIV :: 'a::real _normed__vector set)
by (simp add: convex_connected)

lemma convex_prod:
assumes \i. i € Basis = convex {x. P iz}
shows conver {z. Vi€Basis. P i (z-7)}
using assms by (auto simp: inner_add_left convex__def)

lemma convez_positive__orthant: convex {z::'a::euclidean__space. (¥ i€ Basis. 0 <

i)}

by (rule convex__prod) (simp flip: atLeast_def)

1.7.11 Convex hull

lemma conver__convex__hull [iff]: convex (convex hull s)
by (metis (mono__tags) convex_Inter hull_def mem__Collect eq)

lemma convex hull subset:
s C convexr hull t = convex hull s C convex hull t
by (simp add: subset__hull)

lemma convex__hull _eq: convexr hull s = s +— convex s
by (metis convex__conver__hull hull _same)

Convex hull is "preserved" by a linear function

lemma convex__hull_linear _image:

assumes f: linear f

shows f  (convex hull S) = convex hull (f ©S)
proof

show convex hull (f < S) C f ‘ (convez hull S)

by (intro hull_minimal image_mono hull_subset convex_linear _image assms

convex__convez__hull)

show f ¢ (convex hull S) C convex hull (f ¢ S)

by (meson convex__convex__hull convex_linear _vimage f hull _minimal hull _subset
image__subset_iff _subset_vimage)
qed

lemma in__conver_hull_linear image:
assumes linear f x € convex hull S
shows [z € convex hull (f ©5)
using assms convex__hull_linear _image image__eql by blast

lemma convex hull Times:
convex hull (S x T) = (convex hull S) x (convex hull T')
proof
show convex hull (S x T) C (convex hull S) x (convex hull T')
by (intro hull _minimal Sigma_mono hull _subset conver_ Times convex__convex _hull)
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have (z, y) € convex hull (S x T) if z: © € conver hull S and y: y € convex
hull T for z y
proof (rule hull_induct [OF z], rule hull_induct [OF y])
fix zryassumez € Sand y € T
then show (z, y) € convex hull (S x T)
by (simp add: hull_inc)
next
fix z let 25 = ((M\y. (0, v)) = (Ap. (— =, 0) + p) ‘ (convex hull S x T))
have convez 25
by (intro convex_linear _vimage convex__translation convex__convexr__hull,
simp add: linear__iff)
also have 75 = {y. (z, y) € convezx hull (S x T)}
by (auto simp: image__def Bex_def)
finally show convez {y. (z, y) € convex hull (S x T)} .
next
show convex {z. (z, y) € convex hull § x T}
proof —
fix y let 25 = ((\z. (z, 0)) —“ (Ap. (0, — y) + p) ‘ (convex hull S x T))
have convez 25
by (intro convex_linear vimage convex_translation convex_ _convexr hull,
stmp add: linear _iff)
also have 75 = {z. (z, y) € convezx hull (S x T)}
by (auto simp: image__def Bex_def)
finally show conver {z. (z, y) € convex hull (S x T)} .
qed
qed
then show (convex hull S) x (conver hull T) C convexr hull (S x T)
unfolding subset__eq split_paired_Ball Sigma by blast
qed

Stepping theorems for convex hulls of finite sets

lemma convex__hull_empty[simp]: conver hull {} = {}
by (simp add: hull_same)

lemma convex_hull_singleton[simp]: conver hull {a} = {a}
by (simp add: hull_same)

lemma convex _hull insert:
fixes S :: 'a::real wvector set
assumes S # {}
shows convex hull (insert a S) =
{z. Ju>0. Fv>0. 3b. (u + v=1) A b € (convex hull S) A (z = u *r a
+ v *p b)}

(is _ = %hull)
proof (intro equalityl hull minimal subsetl)
fix z

assume z € insert a S
then show z € 2hull
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unfolding insert_iff
proof
assume z = a
then show ?thesis
by (smt (verit, del insts) add.right neutral assms ex_in__conv hull_inc
mem,__Collect__eq scaleR__one scaleR__zero__left)
next
assume z € S
with hull subset show Zthesis
by force
qed
next
fix z
assume z € 2hull
then obtain v v b where obt: u>0v>0u + v = 1b € convex hull S x = u *g
a+ v*gb
by auto
have a € conver hull insert a S b € convez hull insert a S
using hull_monolof S insert a S convex] hull_mono[of {a} insert a S convex]
and obt(4)
by auto
then show z € convex hull insert a S
unfolding obt(5) using obt(1—3)
by (rule convexD [OF convex__convex__hull))
next
show convex ?hull
proof (rule convexl)
fixzyuvwv
assume as: (0:real) < w0 <vu+v=1andz: z € ?hull and y: y € Zhull
from z obtain w1 v! bl where
obtl: ul1>0v1>0ul + vl = 1 bl € convex hull S and zeq: © = ul * a +
vl *p bl
by auto
from y obtain u2 v2 b2 where
obt2: u2>0 v2>0 u2 + v2 = 1 b2 € convex hull S and yeq: y = u2 *g a +
v2 *R b2
by auto
have *: A\(z::'a) s1 2. ¢ — sl sp & — s2 xg ¢ = ((L:real) — (s1 + s2)) *r x
by (auto simp: algebra__simps)
have 3b € conver hull S. u g © + v *xg y =
(uxul)*pa+ (v*u2)*xga+ (b— (uxul)*r b— (v=*u2)*g b)
proof (cases u x vI + v *x v2 = 0)
case True
have x: \(z::'a) s1 s2. x — sl xg © — s2 xg © = ((1::real) — (s1 + $2)) *r

by (auto simp: algebra__simps)
have eq0: u *x vl = 0v*v2 =0
using True mult_nonneg_nonneg|OF <u>0> <v1>0>] mult_nonneg_nonneg|OF
>0y w2>0)]
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by arith+
then have u *x ul + v * u2 = 1
using as(3) obt1(3) obt2(3) by auto
then show ?thesis
using * eq0 as obt1(4) zeq yeq by auto
next
case Fulse
have I — (ux ul + v* u2) = (v + v) — (u * ul + v * u2)
by (simp add: as(3))
also have ... = u x vI + v x v2
by (smt (verit, ccfu_SIG) distrib_left mult_cancel leftl obt1(3) obt2(3))
finally have #%:1 — (u % ul + v * u2) = u* vl + v * v2 .
let 20 = ((ux v1) / (u* vl + v 0v2)) xg bl + ((v*v2) / (u* vl + v *
v2)) *p b2
have zeroes: 0 < u*x vl +v*0v20 <ux*xvl0<ux*xvl +v*x0v20 <wx
v2
using as obt1 obt2 by auto
show ?thesis
proof
show uxgpz + v*gpy=(u*ul)*ga+ (v*u2)xga+ (20 — (ux*ul)
xp b — (v * u2) xp %)
unfolding zeq yeq * *x
using False by (auto simp: scaleR__left distrib scaleR__right _distrib)
show ?2b € convex hull S
using False mem__convex_alt obt1(4) obt2(4) zeroes(2) zeroes(4) by
fastforce
qed
qged
then obtain b where b: b € convex hull S
uxp s+ vigy=(uxul)*gpa+ (vxu2)*xga+ (b— (uxul)*gbd—
(v=*u2)*gb) ..
obtain ul: vl < I and u2: u2 < 1
using obt! obt2 by auto
have vl * v + u2 * v < maz vl u2 * v + max ul u2 * v
by (smt (verit, ccfu_SIG) as mult_right_mono)
also have ... < I
unfolding distrib_ left[symmetric] and as(8) using ul u2 by auto
finally have lel: ul * u + u2 x v < I .
show u xg © + v xg y € Zhull
proof (intro Collect] exI conjl)
show 0 < u * ul + v * u2
by (simp add: as obt1(1) obt2(1))
show 0 < 1 — u* ul — v * u2
by (simp add: lel diff _diff _add mult.commute)
qed (use b in <auto simp: algebra__simps»)
qed
qed

lemma convex hull insert alt:
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convex hull (insert a S) =
(if S = {} then {a}
else {(1 —u)*xga+u*pzlzu 0 <uAu<lIAz€ conver hull S})
apply (simp add: convex__hull insert)
using diff _add_cancel diff _ge_0_iff ge
by (smt (verit, del_insts) Collect_cong)

Explicit expression for convex hull

proposition convex_hull_indexed:
fixes S :: 'a::real vector set
shows convex hull § =
{y. Jk vz (Vie{lunat . k}. 0 <uiAziel)A
(sumu{1.k} =1)AN (O i=1.k uixgxi)=y}
(is Zzyz = ?hull)
proof (rule hull_unique [OF __ convexl])
show S C ?2hull
by (clarsimp, rule_tac x=1 in exl, rule_tac z=MAz. 1 in exl, auto)
next
fix T
assume S C T conver T
then show ?hull C T
by (blast intro: convex__sum)
next
fixxyuv
assume wv: 0 < w0 <vwu-+v= (Z::real)
assume zy: ¢ € ?hull y € Zhull
from zy obtain kI ul z1 where
z [rule_format]: Vie{l:nat..k1}. 0<ul i Nzl i€ S
sum ul {Suc 0..k1} =1 (> i = Suc 0..k1. ul i xg xl i) ==z
by auto
from zy obtain k2 u2 22 where
y [rule_format]: Vie{1:nat. .k2}. 0<u2i AN 22i € S
sum u2 {Suc 0.k2} =1 (3. i = Suc 0.k2. u2 i xgp 2214) =y
by auto
have *: AP (z::'a) y s ti. (if P i then s else t) xg (if P i then z else y) = (if P
i then s xp x else t *g y)
{1.k1 + k2}n{1..k1} ={1..k1} {1..k1 +k2}n—{1..k1} = (XNi. i +
k1) <{1.k2}
by auto
have inj: inj_on (Xi. i + k1) {1..k2}
unfolding inj on_ def by auto
let Puu = Ni. if ¢ € {1..k1} then u x ul i else v * u2 (i — kI)
let %zx = Ni. if i € {1..k1} then z1 i else x2 (i — k1)
show u xg  + v xg y € “hull
proof (intro Collect] exI conjl balll)
show 0 < %uu i ez i € Sif i € {1..k1+k2} for ¢
using that by (auto simp add: le_diff _conv uv(1) z(1) wv(2) y(1))
show (> i = 1..k1 + k2. 2uui)=1 (O.i= 1.kl + k2. Puu i *xp %zxi) =
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U R T + UV *R Y
unfolding * sum.If cases|OF finite_atLeastAtMost[of 1 k1 + k2]]
sum.reindex|OF inj] Collect _mem__eq o_def
unfolding scaleR_scaleR[symmetric] scaleR__right.sum [symmetric] sum__distrib_left[symmetric]
by (simp__all add: sum__distrib_left[symmetric] z(2,8) y(2,3) uv(3))
qed
qed

lemma convex__hull_finite:
fixes S :: 'a::real wvector set
assumes finite S
shows conver hull S = {y. Ju. (VzeS. 0 < uwz) AsumuS =1 A sum (Az. u
zxp ) S =y}
(is PHULL = )
proof (rule hull _unique [OF _ convezl]; clarify)
fix z
assume z € S
then show Ju. (Vz€S. 0 <uz) AsumuS=1AN O z€S. vz *xga)=21
by (rule_tac x=M\y. if z=y then 1 else 0 in exl) (auto simp: sum.delta’|OF
assms] sum__delta’[OF assms])
next
fix u v :: real
assume uwv: 0 < ul <vu+v=1
fix uz assume uzx [rule_format]: Vz€S. 0 < uz x sum uz S = (1::real)
fix uy assume uy [rule_format]: Vaz€S. 0 < uy x sum uy S = (1::real)
have 0 < u *x uz x + v * uy z if z€8S for z
by (simp add: that uwv ux(1) uy(1))
moreover
have (3} zeS. uxurz + v * uy z) = 1
unfolding sum.distrib and sum__distrib_left[symmetric] uz(2) uy(2)
using wv(3) by auto
moreover
have (3 z€S. (uxuzz + v+ uyx) *g z) = u xg (O, TES. ur T *g T) + v *R
(> z€S8. uy T xR )
unfolding scaleR__left distrib sum.distrib scaleR__scaleR[symmetric] scaleR__right.sum
[symmetric]
by auto
ultimately
show Juc. (Vz€S. 0 < ucz) A sumuc S =1 A
O-zeS. ucx xp ) = uxg O z€S. ur T xg ) + vxg O TES. uy x
*R ZL’)
by (rule_tac z=Az. u *x ur x + v * wy ¢ in ezxl, auto)
qged (use assms in <auto simp: convex__explicity)

Another formulation

Formalized by Lars Schewe.

lemma convex__hull__explicit:
fixes p : 'a::real_vector set
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shows convex hull p =
{y. IS u. finite SANS Cp A VaeS. 0 <uz)AsumuS=1A sum (Av. uv
*R 1}) S = y}
(is ?lhs = ?rhs)
proof (intro subset_antisym subsetl)
fix z
assume z € convex hull p
then obtain £ u y where
obt: Vie{lunat.k}. 0 <uiANyicpsumu{l.kf=1 0O i=1.k uisxp
yi) =z
unfolding convex_hull indexed by auto
have fin: finite {1..k} by auto

fix j
assume je{I..k}
then have yj e p A 0 < sumu {i. Suc 0 <iNi<EkAyi=yj}
by (metis (mono__tags, lifting) One_nat__def atLeastAtMost_iff mem__Collect _eq
obt(1) sum__nonneg)
}
moreover have (> vey ‘{I1.k}. sumu {i € {1.k}. yi=0v}) =1
unfolding sum.image_gen[OF fin, symmetric] using obt(2) by auto
moreover have (> vey ‘{1..k}. sumu {i € {1.k}. yi=v} xgv) =2
using sum.image__gen|OF fin, of Xi. uw i xg y i y, symmetric]
unfolding scaleR_left.sum using obt(3) by auto
ultimately
have 35 u. finite SAS Cp A (VzeS. 0 <uz)AsumuS =1AN (D veES. u
VAR V) = T
by (smt (verit, ccfu_SIG) imageE mem__Collect_eq obt(1) subsetl sum.cong
sum.infinite sum_ nonneg)
then show z € ?rhs by auto
next
fix y
assume y € ?rhs
then obtain S u where
S: finite S S C pVaeS. 0 <uzsumuS =1 veES. uv*gpv)=1y
by auto
obtain f where f: inj_on f {I..card S} f *{1..card S} = S
using ex_bij_ betw_nat_finite_ 1[OF S(1)] unfolding bij betw_def by auto
then have 0 < u (f¢) fi € pif i € {1..card S} for ¢
using S «i € {I..card S}» by blast+
moreover
{
fix y
assume yeS
then obtain ¢ where i€{1..card S} fi =y
by (metis f(2) image_iff)
then have {z. Suc 0 <z ANz < card S A fz =y} = {i}
using f(1) inj_onD by fastforce
then have (> ze{z € {Il..card S}. fzx =y} . u (fz)) =uy
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ze{z e {1..card S}. fr =y} v (fz) *r f2) = uy*p y
by (simp__all add: sum__constant_scaleR «f i = y»)

1 (O i=1.card S. u (fi)*g fi) =1y

then have (> z = 1..card S. u (fz)) =
,9) f sum.reindex__cong)+

by (metis (mono__tags, lifting) S(4
ultimately
show y € convex hull p
unfolding convex hull_indexed
by (smt (verit, del_insts) mem__ Collect__eq sum.cong)
qed

A stepping theorem for that expansion

lemma convex _hull_finite_ step:
fixes S :: 'a::real wvector set
assumes finite S
shows
(Fu. (Vz€insert a S. 0 < u z) A sum u (insert a S) = w A sum (Az. u x *gp
z) (insert a S) = y)
> (F3v>0. Ju. (VzeS. 0 <uz) ANsumuS =w— v A sum (Ax. uz *p
z) S=y — vx*g a)
(is ?lhs = ?rhs)
proof (cases a € S)
case True
then have x: insert a S = S by auto
show ?thesis
proof
assume ?lhs
then show ?rhs
unfolding * by force
next
have fin: finite (insert a S) using assms by auto
assume ?rhs
then obtain v u where wv: v>0 V2€S. 0 <uzsumu S =w— v (D> z€S.
UL *R T) =Y — U *R G
by auto
then show ?lhs
using uv True assms
apply (rule_tac x = Az. (if a = z then v else 0) + u z in exl)
apply (auto simp: sum__clauses scaleR__left_distrib sum.distrib sum__delta”’|OF
fin))
done
qed
next
case Fulse
show ?thesis
proof
assume ?lhs
then obtain u where u: Vaz€insert a S. 0 < u z sum u (insert a S) = w


Convex.html

168

(> zecinsert a S. ux xg ) =y
by auto
then show ?rhs
using u (a¢S) by (rule_tac x=u a in exl) (auto simp: sum__clauses assms)
next
assume ?rhs
then obtain v v where wv: v>0 Vz€S. 0 < uzsumu S =w— v (D> zES.
UL *R T) =Y — U *R G
by auto
moreover
have (> z€S. if a = x then v else u ) = sum u S (D> z€S. (if a = x then v
else u z) xg ) = (D z€S. u x *p )
using Fulse by (auto introl: sum.cong)
ultimately show ?lhs
using False by (rule_tac x=Az. if a = z then v else u z in exl) (auto simp:
sum__clauses(2)[OF assms])
qed
qed

Hence some special cases

lemma convex_hull_2: conver hull {a,b} = {u*g a + v*g b|uv. 0 <u A0
<vAu+wv=1}
(is ?lhs = %rhs)
proof —
have xx: finite {b} by auto
have Az v u. [0 <v; v < 1; (1 —v) g b =2 — v xR d]
— dJuv.z=u*ga+v*gbANO<uANO<vAu+v=1
by (metis add.commute diff _add__cancel diff _ge_0_iff ge)
moreover
have Auvv. [0 < u; 0 < v; u + v=1]
= dp>0.3q. 0 < qgbANqgb=1—pAqgb*xg b=1ux*xpa+ vx*g
b—p*gra
apply (rule_tac z=u in exl, simp)
apply (rule_tac x=Az. v in exl, simp)
done
ultimately show ?thesis
using convex__hull_finite__step|OF xx, of a 1]
by (auto simp add: convex__hull_finite)
qed

IN

lemma convex _hull_2 alt: convexr hull {a,b} = {a + uw*r (b —a)|u. 0 <uA
u<1}

unfolding convex_hull 2
proof (rule Collect_cong)

have x: Az y treal. z + y=1+—z=1—y

by auto
fix z
show (Jvu.z=v*ga+uxg bDAO<vAO<uAv+u=1)+—
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Guz=a+uxg (b—a)ANO0<uAu<l)

apply (simp add: *)

by (rule ex_congl) (auto simp: algebra__simps)
qed

lemma convexr _hull _3:
conver hull {a,b,c} ={u*gpa+v*gb+wsgc|luvw. 0<uN0<vA0
<wAu+v+w=1}
proof —
have fin: finite {a,b,c} finite {b,c} finite {c}
by auto
have x: Acyzureal. z+y+2=1+—2x=1—-y—z
by (auto simp: field__simps)
show ?thesis
unfolding convez_hull_finite[OF fin(1)] and convexr_hull finite_step| OF
fin(2)] and =
unfolding convex_hull_finite_step[OF fin(3)]
apply (rule Collect_cong, simp)
apply auto
apply (rule_tac z=va in exl)
apply (rule_tac z=u c in ezl, simp)
apply (rule_tac z=1 — v — w in exl, simp)
apply (rule_tac z=v in exl, simp)
apply (rule_tac x=Az. w in exl, simp)
done
qed

lemma convex _hull 3 alt:
convex hull {a,b,c} ={a+ uxg (b—a)+v*g(c—a)|uv. 0 <uNO0<w
ANu+v<1}
proof —
have x: Acyzureal. z+y+z2=1+—2x=1—y— 2z
by auto
show ?thesis
unfolding convexr hull 3
apply (auto simp: x)
apply (rule_tac z=v in exl)
apply (rule_tac z=w in exl)
apply (simp add: algebra__simps)
apply (rule_tac z=u in exl)
apply (rule_tac z=v in exl)
apply (simp add: algebra__simps)
done
qed

1.7.12 Relations among closure notions and corresponding
hulls

lemma affine_imp_ convex: affine s = convex s
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unfolding affine_def convex__def by auto

lemma convez__affine__hull [simp]: convex (affine hull S)
by (simp add: affine_imp__convex)

lemma subspace_imp__convex: subspace s => convezx s
using subspace__imp__affine affine_imp_ convex by auto

lemma convex_hull_subset__span: (convex hull s) C (span s)
by (metis hull_minimal span__superset subspace__imp__convex subspace__span)

lemma conver__hull_subset__affine__hull: (convex hull s) C (affine hull s)
by (metis affine_affine_hull affine_imp__convex hull _minimal hull__subset)

lemma aff dim__convex_hull:

fixes S :: 'n:euclidean_space set

shows aff _dim (convexr hull S) = aff _dim S

by (smt (verit) aff _dim__affine_hull aff _dim__subset convex _hull_subset _affine__hull
hull _subset)

1.7.13 Caratheodory’s theorem

lemma convexr hull_caratheodory _aff dim:
fixes p :: (‘a::euclidean__space) set
shows convex hull p =
{y. IS u. finite SAS CpAcard S < aff dimp+ 1 A
(VzeS. 0 <uwz) AsumuS =1Asum (M. wvx*gv)S =y}
unfolding convex_hull _explicit set__eq iff mem__ Collect__eq
proof (intro alll iffT)
fix y
let 2P = An. 3S . finite S A card S =nANSCpA(VzeS. 0 <uzx)A
sumu S =1AN (D vES. uv*pv) =y
assume 35S u. finite SAS Cp A VzeS. 0 <uz)AsumuS=1A (> veS.
UV kR V) =Y
then obtain N where ?P N by auto
then have In<N. (Vk<n. - 2P k) A ?Pn
by (rule_tac ex_least_nat_le, auto)
then obtain n where ?P n and smallest: Vk<n. = ?P k
by blast
then obtain S u where S: finite S card S = n SCp
and w: VzeS. 0 <wzsumu S =1 (D, veS. uv g v) =y by auto

have card S < aff _dim p + 1
proof (rule ccontr, simp only: not_le)
assume aff dimp + 1 < card S
then have affine_dependent S
by (smt (verit) independent__card_le_aff dim S(3))
then obtain w v where wv: sum w S = 0 veS wv # 0 (D veES. wv xRz v)
=90
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using affine__dependent__explicit_finite|OF S(1)] by auto
define ¢ where i = (Av. (v v) / (— wv)) ‘{veS. wv < 0}
define ¢ where t = Min i
have JzeS. wz < 0
by (smt (verit, best) S(1) sum_pos2 wv)
then have ¢ # {} unfolding i def by auto
then have ¢t > 0
using Min__ge_iff[of i 0] and S(1) u[unfolded le_less]
unfolding ¢ def i def
by (auto simp: divide le_0_iff)
have t: VveS. uv +txwv >0
proof
fix v
assume v € §
then have v: 0 < uw v
using u(1) by blast
show 0 <wuv+txwwv
proof (cases w v < 0)
case Fulse
thus ?thesis using v <t>0> by auto
next
case True
then have t < uwv / (— wv)
using «veS) S unfolding ¢ def i _def by (auto intro: Min_le)
then show ?thesis
unfolding real 0 le add iff
using True neg le _minus_divide _eq by auto
qged
qged
obtain a where ¢ € Sand t = (Av. (uv) / (—wv)) aand wa < 0
using Min_in[OF _ <i#{}p] and S(1) unfolding ¢ def ¢t def by auto
then have a: ¢ € Sua + t x wa = 0 by auto
have x: Af. sum f (S — {a}) = sum f .S — ((f a)::"b::ab__group__add)
unfolding sum.remove[OF S(1) <a€S>] by auto
have (D veS. uv+ t*x wv) =1
by (metis add.right _neutral mult_zero_right sum.distrib sum__distrib_left
u(2) wo(1))
moreover have (> veS. uv g v+ (t x wv) xg v) — (vaxg a+ (t * wa)
¥R a) =Y
unfolding sum.distrib u(3) scaleR__scaleR[symmetric| scaleR_right.sum
[symmetric] wv(4)
using a(2) [THEN eq_neg_iff add_eq 0 [THEN iffD2]] by simp
ultimately have ?P (n — 1)
apply (rule_tac z=(S — {a}) in exl)
apply (rule_tac z=XMv. v v + t * w v in exl)
using St a
apply (auto simp: x scaleR_left distrib)
done
then show Fulse
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using smallest THEN speclwhere z=n — 1]] by auto
qed
then show 35 u. finite SAS Cp A card S < aff dimp + 1 A
(VzeS. 0 <uz)ANsumuS=1A (O veES. uv*pv) =y
using S u by auto
qed auto

lemma caratheodory_aff dim:

fixes p :: (‘a::euclidean__space) set

shows convez hull p = {x. 3 5. finite SAS Cp A card S < aff dimp+ 1 AN x
€ convex hull S}

(is 2lhs = ?rhs)

proof

have Az S u. [finite S; S C p; int (card S) < aff dim p + 1;VzeS. 0 < u z;
sumu S = 1]

= (D veS. u v *p v) € convex hull S
by (metis (mono__tags, lifting) convex__convex__hull convex__explicit hull _subset)
then show ?2lhs C “rhs
by (subst convex__hull_caratheodory__aff dim, auto)

qed (use hull _mono in auto)

lemma convex_hull_caratheodory:
fixes p :: (‘a::euclidean__space) set
shows convezx hull p =
{y. 3S u. finite S NS Cp A card S < DIM('a) + 1 A
(VzeS. 0 <wuz)AsumuS=1Asum (Av. uvx*gv)S =y}
(is 2lhs = ?rhs)
proof (intro set_eql iffI)
fix z
assume z € ?lhs then show z € ?rhs
unfolding convex_hull caratheodory aff dim
using aff _dim_le DIM [of p] by fastforce
qged (auto simp: convexr__hull__explicit)

theorem caratheodory:
convex hull p =
{z::'a::euclidean__space. 3S. finite S NS C p A card S < DIM('a) + 1 ANz €
convez hull S}
proof safe
fix z
assume z € convex hull p
then obtain S u where finite S .S C p card S < DIM('a) + 1
VeeS. 0 <uzsumuS =1 (D veES. uvs*grv) =21
unfolding convex_hull caratheodory by auto
then show 3. finite S A S C p A card S < DIM('a) + 1 A z € convex hull S
using convex__hull_finite by fastforce
qed (use hull _mono in force)
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1.7.14 Some Properties of subset of standard basis

lemma affine hull_substd_basis:
assumes d C Basis
shows affine hull (insert 0 d) = {z::'a::euclidean_ space. Vi€ Basis. i ¢ d —

zi= 0}
(is affine hull (insert 0 ?A) = ?B)
proof —
have x: AA. (+) (0:'a) ‘A=A NA. (+) (— (0:7a)) ‘A=A
by auto

show ?thesis

unfolding affine_hull_insert_span__gen span__substd__basis| OF assms,symmetric]
* ..
qed

lemma affine_hull_convex__hull [simp]: affine hull (convex hull S) = affine hull
S

by (metis Int_absorbl Int_absorb2 convexr _hull_subset affine__hull hull _hull
hull _mono hull_subset)

1.7.15 Moving and scaling convex hulls

lemma convex_hull_set plus:
convex hull (S + T) = convex hull S + convex hull T
by (simp add: set_plus_image linear__iff scaleR__right_ distrib convex__hull_Times

flip: convex__hull_linear _image)

lemma translation_eq singleton_plus: (Az. a + ) ‘T ={a} + T
unfolding set_plus def by auto

lemma convex _hull translation:
convex hull (Az. a + z) < S) = (A\z. a + z) ‘ (convezx hull S)
by (simp add: convex__hull _set plus translation__eq singleton__plus)

lemma convex hull_scaling:
conver hull (Az. ¢ xg x) *S) = (Az. ¢ *xg z) ‘ (convex hull )
by (simp add: convex__hull linear image)

lemma convex_hull _affinity:
convex hull (Az. a + ¢ *xg ) *S) = (Az. a + ¢ *xg z) ‘ (convezx hull S)
by (metis convex__hull _scaling convex__hull_translation image__image)

1.7.16 Convexity of cone hulls

lemma convex__cone__hull:
assumes conver S
shows convez (cone hull S)
proof (rule convexl)
fix zy
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assume zy: ¢ € cone hull Sy € cone hull S
then have S # {}
using cone__hull _empty iff[of S] by auto
fix u v :: real
assume uv: u > 0v>0u+v=1
then have *: v xg = € cone hull S v xg y € cone hull S
by (simp__all add: cone__cone__hull mem__cone uv xy)
then obtain cz :: real and zz
and cy :: real and yy where z: u xgp x = cx *g zx cx > 0z € S
and y: v*xgp y=cy*xgyycy > 0Oyy € S
using cone__hull__expl[of S] by auto

have u xgp z 4+ v *xg y € cone hull S if cx + cy < 0
using *(1) nless_le that z(2) y by fastforce
moreover
have v xgp ¢ 4+ v xg y € cone hull S if cx + cy > 0
proof —
have (cz / (cz + cy)) *r 2z + (cy / (cx + cy)) *r yy € S
using assms mem__convez__altlof S zx yy cx cy] x y that by auto
then have cx g zx + cy *g yy € cone hull S
using mem,__cone__hull[of (cz/(cx+cy)) *r 2z + (cy/(cz+cy)) *r yy S cz+cy]
ccx+cy>0»
by (auto simp: scaleR__right__ distrib)
then show ?thesis
using z y by auto
qed
moreover have cx + cy < 0V cx + cy > 0 by auto
ultimately show u xp x + v *xg y € cone hull S by blast
qed

lemma cone convex  hull:

assumes cone S

shows cone (convex hull S)

by (metis (no_types, lifting) affine_hull _convex_hull affine_hull _eq empty
assms cone_iff convex _hull_scaling hull_inc)

1.8 Conic sets and conic hull

definition conic :: 'a::real _vector set = bool
where conic S=Vzc. €S —0<c— (c*xgpz) €S

lemma conicD: [conic S;z € S; 0 < ¢] = (c*gz) €S
by (meson conic__def)

lemma subspace imp__conic: subspace S = conic S
by (simp add: conic__def subspace _def)

lemma conic_empty [simp]: conic {}
using conic__def by blast
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lemma conic_ UNIV: conic UNIV
by (simp add: conic_def)

lemma conic_Inter: (NS. S € F = conic §) = conic((\F)
by (simp add: conic__def)

lemma conic_linear _image:
[conic S; linear f] = conic(f *S)
by (smt (verit) conic_def image_iff linear.scaleR)

lemma conic_linear_image__eq:
[linear f; inj f] = conic (f ©S) +— conic S
by (smt (verit) conic_def conic_linear _image inj_image__mem__iff linear _cmul)

lemma conic_mul: [conic S; € S; 0 < ¢] = (c*gz) €S
using conic_def by blast

lemma conic_conic__hull: conic(conic hull S)
by (metis (no__types, lifting) conic_Inter hull _def mem__Collect_eq)

lemma conic_hull_eq: (conic hull S = S) +— conic S
by (metis conic__conic__hull hull_same)

lemma conic_hull _UNIV [simp]: conic hull UNIV = UNIV
by simp

lemma conic_negations: conic S = conic (image uminus S)
by (auto simp: conic__def image__iff)

lemma conic_span [iff]: conic(span S)
by (simp add: subspace__imp__conic)

lemma conic_hull _explicit:
conic hull S = {c#*r z| cz. 0 < c ANz €S}
proof (rule hull _unique)
show S C{cxgzlcz. 0 <cAz€eS}
by (metis (no__types) cone__hull_expl hull_subset)
show conic {c xg x |[cx. 0 < c Nz € S}
using mult_nonneg_nonneg by (force simp: conic__def)
qed (auto simp: conic__def)

lemma conic__hull_as _image:
conic hull § = (A\z. fst z xg snd z) ‘ ({0..} x §)
by (force simp: conic__hull _explicit)

lemma conic__hull_linear _image:
linear f = conic hull f S = f ¢ (conic hull S)
by (force simp: conic__hull_explicit image__iff set_eq iff linear_scale)
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lemma conic_hull _image_scale:
assumes \z.z € S = 0 < cz
shows conic hull (Az. c z xg x) * S = conic hull S
proof
show conic hull (\z. ¢ z xg z) *S C conic hull S
proof (rule hull_minimal)
show (Az. ¢z *g z) ‘S C conic hull S
using assms conic__hull__explicit by fastforce
qed (simp add: conic__conic__hull)
show conic hull S C conic hull (Az. ¢z *g x) © S
proof (rule hull_minimal)
show S C conic hull (Ax. c x xg x) * S
proof clarsimp
fix z
assume z € S
then have © = inverse(c z) *xg ¢ *g
using assms by fastforce
then show z € conic hull (A\z. ¢ x xg x) * S
by (smt (verit, best) <x € S» assms conic__conic__hull conic_mul hull_inc
image__eql inverse__nonpositive_iff nonpositive)
qed
qed (simp add: conic__conic__hull)
qed

lemma convex conic hull:
assumes convex S
shows convex (conic hull S)
proof (clarsimp simp add: conic__hull _explicit convex__alt)
fix cx dyand u :: real
assume §: (0:real) < cz € S (0zreal) < dy e S0 <uwu <1
show 3c¢” 2" (I —u)*x¢)*gax+ (uxd)xsgy=c'*xgaz’" N0 <c" Nz
es
proof (cases (1 — u) * ¢ = 0)
case True
with <0 < d» <y € 50 < w»
show ?thesis by force
next
case Fulse
define £ where £ = (I —u) x ¢+ u * d
have x: c x u < ¢
by (simp add: § mult_left_le)
have ¢ > 0
using Fulse § by (smt (verit, best) &__def split_mult_pos_le)
then have xx: c + dxu =& + c*x u
by (simp add: & _def mult.commute right _diff _distrib’)
show ?thesis
proof (intro exl conjI)
show 0 < ¢
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using 0 < & by auto
show (I —u)*c)*gax+ (uxd)xry=Exr (I —u)*xc /&) *pa+
(wxd /€y
using ¢ > 0 by (simp add: algebra__simps diff _divide_ distrib)
show (1 —u)xc /& *gax+ (uxd /& xry €S
using <0 < &
by (intro convexD [OF assms]) (auto simp: § field__split_simps x sx)
qged
qed
qed

lemma conic__halfspace_le: conic {z. a - x < 0}
by (auto simp: conic_def mult_le_0_iff)

lemma conic_halfspace_ge: conic {z. a - z > 0}
by (auto simp: conic_def mult_le_0_iff)

lemma conic_hull_empty [simp]: conic hull {} = {}
by (simp add: conic_hull _eq)

lemma conic_contains_0: conic S = (0 € S +— S # {})
by (simp add: Convex.cone__def cone__contains_0 conic__def)

lemma conic_hull _eq empty: conic hull S = {} +— (S ={})
using conic__hull_explicit by fastforce

lemma conic_sums: [conic S; conic T] = conic (Jze S.- Uy € T. {z + y})
by (simp add: conic_def) (metis scaleR__right _distrib)

lemma conic_ Times: [conic S; conic T] = conic(S x T)
by (auto simp: conic__def)

lemma conic_Times eq:
conic(S x T)«— S ={} v T ={} V conic S A conic T (is ?lhs = ?rhs)
proof
show ?lhs = ?rhs
by (force simp: conic__def)
show ?rhs = ?lhs
by (force simp: conic__ Times)
qed

lemma conic_hull 0 [simp]: conic hull {0} = {0}
by (simp add: conic__hull_eq subspace__imp__conic)

lemma conic_hull_contains_0 [simp]: 0 € conic hull S «— (S # {})
by (simp add: conic_conic__hull conic__contains_0 conic__hull _eq empty)

lemma conic__hull_eq sing:
conic hull S = {z} +— S={0} Az =0
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proof

show conic hull S = {2z} = S ={0} Az =10

by (metis conic__conic__hull conic__contains 0 conic__def conic__hull_eq hull_inc
insert_not__empty singleton__iff)
qed simp

lemma conic_hull_Int_affine_hull:
assumes T C S 0 ¢ affine hull S
shows (conic hull T') N (affine hull S) = T
proof —
have TaffS: T C affine hull S
using <T C S» hull_subset by fastforce
moreover
have conic hull T N affine hull S C T
proof (clarsimp simp: conic__hull _explicit)
fix cx
assume c *xp = € affine hull S
and 0 < ¢
andz e T
show c xgxz € T
proof (cases c=1)
case True
then show ?thesis
by (simp add: <z € T»)
next
case Fulse
then have z /g (I — ¢) = z + (¢ * inverse (I — ¢)) *g
by (smt (verit, ccfv_SIG) diff _add__cancel mult.commute real_vector_affinity_eq
scaleR__collapse scaleR__scaleR)
then have 0 = inverse(1 — ¢) *g ¢ xg & + (I — inverse(1 — ¢)) *p «
by (simp add: algebra__simps)
then have 0 € affine hull S
by (smt (verit) <c xg x € affine hull S» «<x € T» affine_affine_hull TaffS
in_mono mem__affine)
then show ?thesis
using assms by auto
qed
qed
ultimately show ?thesis
by (auto simp: hull_inc)
qed

1.9 Convex cones and corresponding hulls

definition convez cone :: 'a::real _vector set = bool
where conver_cone = AS. S # {} A convex S A conic S

lemma convex_cone_iff:
convexr__cone S +—
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0eSANVzeS VyeS z+yeS)ANze S Ve>0.cxgxedl)
by (metis cone__def conic__contains__0 conic__def convex__cone convex__cone__def)

lemma conver_cone_add: [conver_cone S; z € S; y € S] = z+y € S
by (simp add: convex__cone__iff)

lemma convez__cone__scaleR: [conver_cone S; 0 < ¢;x € S] = c*gz € S
by (simp add: convex__cone_iff)

lemma convezx__cone_nonempty: conver_cone S = S # {}
by (simp add: convex__cone__def)

lemma convex_cone_linear _image:
convex__cone S A linear f = convex__cone(f * S)
by (simp add: conic_linear _image convex__cone__def convex_linear _image)

lemma convex_cone_linear _image eq:
[linear f; inj f] = (convex__cone(f < S) «— convex__cone S)
by (simp add: conic_linear _image _eq convex__cone__def)

lemma convez_cone_halfspace__ge: conver_cone {x. a - z > 0}
by (simp add: convex__cone__iff inner_simps(2))

lemma convex_cone_halfspace le: conver_cone {x. a - x < 0}
by (simp add: convex_ _cone_iff inner_right_ distrib mult_nonneg_nonpos)

lemma convex cone_contains _0: convex_cone S = 0 € S
using convezr_cone_iff by blast

lemma convex cone_ Inter:
(AS. S € f = convex_cone S) = convex__cone([) f)
by (simp add: convex__cone__iff)

lemma convex_cone__convex__cone__hull: convex _cone(conver__cone hull S)
by (metis (no__types, lifting) convex__cone_Inter hull _def mem__Collect_eq)

lemma convex_convex__cone__hull: convex(convezr__cone hull S)
by (meson convex__cone__convex__cone__hull convex__cone__def)

lemma conic__convexr__cone__hull: conic(conver__cone hull S)
by (metis convex__cone__convex__cone__hull convex__cone_def)

lemma convex_cone_hull_nonempty: convex_cone hull S # {}
by (simp add: convex__cone__convex__cone__hull convex__cone__nonempty)

lemma convex cone__hull contains 0: 0 € convex__cone hull S
by (simp add: convex__cone__contains_0 convex__cone__convex__cone__hull)

lemma convex cone__hull add:
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[z € convex__cone hull S; y € convex_cone hull S| = = + y € convex_cone
hull S

by (simp add: convex__cone_add convex_cone__convex__cone__hull)

lemma convex cone hull mul:
[z € convexr_cone hull S; 0 < ¢] = (¢ *g x) € convex__cone hull S
by (simp add: conic__convex__cone__hull conic_mul)

thm conver sums

lemma convexr cone_sums:
[convex__cone S; convex__cone T]| = convex_cone ((Jz€ S. Jy € T. {z + y})
by (simp add: convex__cone__def conic_sums convex__sums)

lemma convex cone Times:
[convex__cone S; convex__cone T]| => convex__cone(S x T)
by (simp add: conic_Times convex_ Times convex__cone__def)

lemma convex _cone_Times D1: convexr_cone (S x T) = convex_cone S
by (metis Times__empty conic_Times _eq convezr__cone__def convex__convexr__hull
convex__hull_Times hull_same times__eq iff)

lemma convexr cone_Times eq:
conver__cone(S X T) «— convexr_cone S A conver_cone T
proof (cases S={} Vv T={})
case True
then show ?thesis
by (auto dest: convex__cone__nonempty)
next
case Fulse
then have conver_cone (S x T) = convex__cone T
by (metis conic_ Times__eq convex__cone__def convex__convex__hull convex__hull_Times
hull _same times__eq iff)
then show ?thesis
using convezr_cone_Times convex__cone__Times D1 by blast
qed

lemma convex cone__hull Un:
convex__cone hull(S U T) = (Jz € convex__cone hull S. | Jy € convex__cone hull
T {z + y})
(is ?lhs = ?rhs)
proof
show ?2lhs C ?rhs
proof (rule hull_minimal)
show S U T C (|Jz€convexr_cone hull S. | yEconvex_cone hull T. {z + y})
apply (clarsimp simp: subset_iff)
by (metis add__0 convex__cone__hull _contains_ 0 group _cancel.rule0 hull_inc)
show convex__cone (|J z€convex_cone hull S. |J yeconvex_cone hull T. {z +

y})
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by (simp add: conver__cone__conver__cone_hull convex__cone__sums)
qed
next
show 9rhs C ?lhs
by clarify (metis convex__cone__hull_add hull _mono le__sup__iff subsetD subsetl)
qed

lemma convex__cone__singleton [iff]: convex_cone {0}
by (simp add: convex__cone_iff)

lemma convexr hull subset convexr cone hull:
convex hull S C convex__cone hull S
by (simp add: convex _convexr__cone__hull hull_minimal hull _subset)

lemma conic_hull subset convex_ cone hull:
conic hull S C convex__cone hull S
by (simp add: conic__convex__cone__hull hull_minimal hull _subset)

lemma subspace_imp_convex__cone: subspace S = convex__cone S
by (simp add: convex cone_iff subspace def)

lemma convez__cone__span: convex__cone(span S)
by (simp add: subspace__imp__convez__cone)

lemma convex_cone_negations:
convex__cone S = convez__cone (image uminus S)
by (simp add: convex__cone_linear_image module__hom__uminus)

lemma subspace__conver__cone__symmetric:
subspace S +— conver_cone S A (Vx € §. —x € §)
by (smt (verit) convex_cone_iff scaleR_ left.minus subspace__def subspace neg)

lemma convex_cone_hull_separate__nonempty:

assumes S # {}

shows convez__cone hull S = conic hull (convex hull S) (is ?lhs = %rhs)
proof

show ?2lhs C ?rhs

by (metis assms conic__conic__hull convex__cone__def convex__conic__hull con-

vex__convexr__hull hull_subset subset__empty subset__hull)

show ?rhs C ?lhs

by (simp add: conic__convex__cone__hull convex_hull _subset convex_cone__hull
subset__hull)
qed

lemma convez__cone__hull_empty [simp]: convex__cone hull {} = {0}
by (metis conver__cone__hull _contains 0 convex__cone__singleton hull redundant

hull _same)

lemma convex_cone__hull separate:
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convex__cone hull S = insert 0 (conic hull (convex hull S))
proof(cases S={})
case Fulse
then show ?thesis
using convex__cone__hull__contains_0 convex__cone__hull separate__nonempty
by blast
qed auto

lemma convex__cone__hull _convex__hull_nonempty:
S # {} = convex_cone hull S = (Jz € convex hull S. |J c€{0..}. {c *r z})
by (force simp: convex__cone__hull_separate_nonempty conic__hull _as_image)

lemma convex__cone__hull _convex hull:
convex,__cone hull S = insert 0 (|Jz € convex hull S. |J c€{0..}. {c *r z})
by (force simp: convex__cone _hull_separate conic__hull_as_image)

lemma convexr cone_hull_linear _image:
linear f = convex__cone hull (f < S) = image f (convex__cone hull S)
by (metis (no__types, lifting) conic__hull_linear _image convex__cone__hull_separate
convex__hull_linear _image image__insert linear 0)

1.9.1 Radon’s theorem

Formalized by Lars Schewe.

lemma Radon_ex lemma:
assumes finite c affine__dependent ¢
shows Ju. sum uc =0 A (Fv€c. uv # 0) A sum (Av. uv *g v) ¢c =0
using affine_ dependent__explicit_ finite assms by blast

lemma Radon_s lemma:
assumes finite S
and sum f S = (0::real)

shows sum f {z€S. 0 < fa} = — sum f {z€S. fz < 0}
proof —
have Az. (if fz < 0 then fx else 0) + (if 0 < fx then fz else 0) = fz
by auto

then show ?thesis
using assms by (simp add: sum.inter_filter flip: sum.distrib add_eq 0_iff)
qed

lemma Radon_v_lemma:
assumes finite S
and sum fS = 0
and Vz. gz = (0:real) — fx = (0::'a::euclidean__space)
shows (sum f {z€S. 0 < gz}) = — sum f {z€S. gz < 0}
proof —
have Az. (if 0 < g z then fx else 0) + (if gz < 0 then fz else 0) = fz
using assms by auto
then show ?thesis
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using assms by (simp add: sum.inter_filter eq _neg iff add_eq 0 flip: sum.distrib
add__eq 0 _iff)
qed

lemma Radon__partition:
assumes finite C affine__dependent C
shows IMP. MNP ={} AMUP=C A (convex hull M) N (convex hull P)
# {}
proof —
obtain u v where uwv: sum u C = 0veCuv # 0 (D veC. uv*g v) =10
using Radon__ex_lemma[OF assms] by auto
have fin: finite {z € C. 0 < u z} finite {z € C. 0 > u z}
using assms(1) by auto
define z where z = inverse (sum u {2€C. vz > 0}) *p sum (Az. u z *g )
{zeC. vz > 0}
have sumu {z € C. 0 < uz} # 0
proof (cases u v > 0)
case Fulse
then have u v < 0 by auto
then show ?thesis
by (smt (verit) assms(1) fin(1) mem_ Collect _eq sum.neutral_const sum__mono__inv
uv)
next
case True
with fin uv show sum u {z € C. 0 < uwz} # 0
by (smt (verit) fin(1) mem__ Collect_eq sum_nonneg_eq 0 _iff uv)
qed
then have *: sum v {z€C. vz > 0} > 0
unfolding less le by (metis (no__types, lifting) mem__Collect__eq sum__nonneg)
moreover have sumu ({r € C. 0 <uwz}U{zr e C.uz < 0})=sumuC
Oze{fzeC.0<uztU{ze C.uz<0} uzxgz)= O zeC. uz xg x)
using assms(1)
by (rule_tac[!] sum.mono_neutral_left, auto)
then have sum v {z € C. 0 <uz} =—sumu{z € C. 0> uuz}
Sze{reC.0<uztuzsxgpz)=— O zc{z e C.0>uz} uz g )
unfolding eq neq iff add _eq 0
using uv(1,4)
by (auto simp: sum.union__inter _neutral|OF fin, symmetric])
moreover have Vze{v € C. uv < 0}. 0 < inverse (sum u {z € C. 0 < u z})
¥ — U
using * by (fastforce intro: mult_nonneg_nonneg)
ultimately have z € convex hull {v € C. uv < 0}
unfolding convex_hull explicit mem,__ Collect_eq
apply (rule_tac z={v € C. wv < 0} in ezl)
apply (rule_tac z=Ay. inverse (sum u {z€C. vz > 0}) * — u y in exl)
using assms(1) unfolding scaleR__scaleR[symmetric] scaleR__right.sum [symmetric|

by (auto simp: z_def sum__negf sum__distrib_left[symmetric])
moreover have Vze{v € C. 0 < u v}. 0 < inverse (sum u {x € C. 0 < u z})
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X UT
using * by (fastforce intro: mult_nonneg_nonneg)
then have z € convex hull {v € C. uv > 0}
unfolding convex_hull explicit mem,__ Collect_eq
apply (rule_tac z={v € C. 0 < u v} in ezxl)
apply (rule_tac z=M\y. inverse (sum u {z€C. wxz > 0}) * u y in exl)
using assms(1)
unfolding scaleR__scaleR[symmetric] scaleR_right.sum [symmetric]
using * by (auto simp: z_def sum__negf sum__distrib_left[symmetric])
ultimately show ¢thesis
apply (rule_tac z={veC. v v < 0} in exl)
apply (rule_tac z={veC. v v > 0} in exl, auto)
done
qed

theorem Radon:

assumes affine_dependent c

obtains M P where M C ¢ P C ¢ M N P = {} (convex hull M) N (convex hull
pP)#{}

by (smt (verit) Radon__partition affine__dependent__explicit affine_dependent _explicit _finite
assms le__sup__iff)

1.9.2 Helly’s theorem

lemma Helly induct:
fixes F :: 'a::euclidean_space set set
assumes card F = n
and n > DIM('a) + 1
and V SeF. conver SV TCF. card T = DIM('a) + 1 — T # {}
shows N F # {}
using assms
proof (induction n arbitrary: F)
case (
then show ?case by auto
next
case (Suc n)
have finite F
using <card F = Suc ny by (auto intro: card_ge_ 0 _finite)
show N F # {}
proof (cases n = DIM('a))
case True
then show ?thesis
by (simp add: Suc.prems)
next
case Fulse
have " (F — {S}) # {} if S € Ffor S
proof (rule Suc.IH[rule_format])
show card (F — {S}) =n
by (simp add: Suc.prems(1) «finite F> that)
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show DIM('a) + 1 < n
using False Suc.prems(2) by linarith
show At. [t CF — {S}; card t = DIM("a) + 1] = Nt # {}
by (simp add: Suc.prems(4) subset_Diff insert)
qed (use Suc in auto)
then have VSeF. 3z. z € ((F — {S})
by blast
then obtain X where X: AS. SeF = X S € (F — {S})
by metis
show ?thesis
proof (cases inj_on X F)
case False
then obtain S T where S#T and st: SeF TeF X S=XT
unfolding inj on_ def by auto
then have «: F = (F — {S}) NN (F — {T}) by auto
show ?thesis
by (metis x X disjoint_iff _not_equal st)
next
case True
then obtain M P where mp: M N P ={} M UP =X ‘F convex hull M
N convex hull P # {}
using Radon__partition[of X ‘ F] and affine_dependent_biggerset[of X ¢ F|
unfolding card_image|OF True] and <card F = Suc n»
using Suc(3) «finite F» and False
by auto
have M C X FPCX‘F
using mp(2) by auto
then obtain G ‘H where gh:M = X ‘G P=X ‘"HGC FHCF
unfolding subset_image_ iff by auto
then have F U (G U H) = F by auto
then have F: F = GU H
using inj _on_Un_image_eq iff[of X F G U H] and True
unfolding mp(2)[unfolded image_ Un[symmetric] gh]
by auto
have x: G N H = {}
using gh local.mp(1) by blast
have convex hull (X ‘H) C (G convex hull (X G) C NH
by (rule hull_minimal; use X = F in <auto simp: Suc.prems(8) con-
vex_Intery)+
then show ?thesis
unfolding F using mp(3)[unfolded gh] by blast
qed
qed
qed

theorem Helly:
fixes F :: ‘a::euclidean_space set set
assumes card F > DIM('a) + 1 ¥V s€F. convex s
and At. [tCF; card t = DIM('a) + 1] = Nt # {}
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shows (F # {}
using Helly_induct assms by blast

1.9.3 Epigraphs of convex functions

definition epigraph S (f :: _ = real) = {zy. fst zy € S A f (fst zy) < snd zy}

lemma mem__epigraph: (z, y) € epigraph S f+—z € SN fz <y
unfolding epigraph_def by auto

lemma convex_epigraph: convex (epigraph S f) «— convex_on S f
proof safe
assume L: convezx (epigraph S f)
then show conver _on S f
by (fastforce simp: convex__def convexr__on__def epigraph__def)
next
assume convexr_on S f
then show convex (epigraph S f)
unfolding convex_def convex__on__def epigraph_def
apply safe
apply (rule_tac [2] y=u * fa + v * f aa in order_trans)
apply (auto introl:mult_left _mono add_mono)
done
qed

lemma convex__epigraphl: conver_on S f => convex (epigraph S f)
unfolding convex__epigraph by auto

lemma convex__epigraph_convex: convexr_on S f <— convex(epigraph S f)
by (simp add: convex__epigraph)

Use this to derive general bound property of convex function

lemma convex on:
assumes convex S
shows convexr_on S f +—
Vkwaz (Vie{l.kinat}. 0 <uiAzie€S) Asumu{l.k}=1—
f(sum (Ni. wixg z i) {1..k}) < sum (N\i. wix f(z1)) {1..k})
(is ?lhs = (Vk u . ?rhs k u x))
proof
assume ?lhs
then have §: conver {zy. fst zy € S A f (fst zy) < snd zy}
by (metis assms convex__epigraph epigraph _def)
show Vk u x. %rhs k u x
proof (intro alll)
fix kuz
show ?rhs k u x
using §
unfolding convex mem__Collect eq fst__sum snd__sum
apply safe



Convex.thy 187

apply (drule_tac z=Fk in spec)
apply (drule_tac z=u in spec)
apply (drule_tac x=Xi. (z i, f (z 7)) in spec)
apply simp
done
qed
next
assume Vk u x. rhs ku x
then show ?lhs
unfolding convex__epigraph__convex convex epigraph__def Ball _def mem__Collect _eq
fst_sum snd__sum
using assms|unfolded convez] apply clarsimp
apply (rule_tac y=> i = 1..k. wi = f (fst (z ¢)) in order_trans)
by (auto simp add: mult_left _mono intro: sum_mono)
qed

1.9.4 A bound within a convex hull

lemma convexr on_convex hull bound:
assumes convex_on (conver hull S) f
and VzeS. fz < b
shows V ze€ conver hull S. fz < b
proof
fix z
assume z € convex hull S
then obtain k£ u v where
w Vie{l..kunat}. 0 <uwiNvieSsumu{l.k} =10 i=1..k uix*pv
i)==z
unfolding convex_hull indexed mem__Collect eq by auto
have (> i=1.k.uixf (vi)<b
using sum_monolof {1..k} Xi. uix f (vi) M. ui * b
unfolding sum__distrib__right[symmetric] u(2) mult_1
using assms(2) mult_left_mono u(1) by blast
then show fz < b
using assms(1)[unfolded conver__on[OF convex__convex__hull], rule_ format, of
k u v
using hull_inc u by fastforce
qed

lemma convex_set_plus:
assumes convex S and convex T shows convez (S + T)
by (metis assms convex__hull_eq convex__hull__set_plus)

lemma conver_set_sum:
assumes A\i. ¢ € A = conver (B 1)
shows convexr (> i€A. B i)
using assms
by (induction A rule: infinite_ finite_induct) (auto simp: convex_set plus)
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lemma finite set sum:
assumes Vi€A. finite (B i) shows finite (> i€A. B i)
using assms
by (induction A rule: infinite_ finite_induct) (auto simp: finite_set_plus)

lemma box eq set sum__ Basis:
{z. Vi€Basis. xz-i € B i} = (3 i€Basis. (Ax. z xg i) ‘(B 1)) (is ?lhs = ?rhs)
proof —
have Az. Vi€Basis. x + i € B i =
ds. x = sum s Basis \ (Vi€Basis. s i € (Az. © *g i) ‘ B 1)
by (metis (mono__tags, lifting) euclidean_ representation image__iff)
moreover
have sum f Basis - i € B i if i € Basis and f: VicBasis. fi € (Ax. z *xg i) ‘B
i for i f
proof —
have (> z€Basis — {i}. fz - i) =0
proof (intro strip sum.neutral)
show fz - i = 0 if z € Basis — {i} for z
using that f <i € Basis) inner__Basis that by fastforce
qed
then have (> x€Basis. fz - i) =fi-1
by (metis (no_types) <i € Basisy add.right_neutral sum.remove [OF fi-
nite__Basis])
then have (3 z€Basis. fz - i) € Bi
using f that(1) by auto
then show ?thesis
by (simp add: inner_sum__left)
qed
ultimately show Zthesis
by (subst set_sum__alt [OF finite_Basis]) auto
qed

lemma convex hull set sum:
convex hull (> i€A. B i) = (3 i€A. convex hull (B 1))
by (induction A rule: infinite_finite _induct) (auto simp: convex__hull set plus)

end

1.10 Definition of Finite Cartesian Product Type

theory Finite Cartesian__ Product
imports
FEuclidean__Space
L2 Norm
HOL—- Library. Numeral _Type
HOL— Library. Countable__Set
HOL- Library. FuncSet
begin
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1.10.1 Finite Cartesian products, with indexing and lambdas

typedef (‘a, 'b) vec = UNIV :: ('b::finite = 'a) set
morphisms vec_nth vec_lambda ..

declare vec_lambda__inject [simplified, simp)

open__bundle vec_ syntax

begin

notation vec_nth (infixl <$» 90) and vec_lambda (binder «x» 10)
end

Concrete syntax for (‘a, 'b) vec:
e 'a”b becomes ('a, 'b::finite) vec
e 'a”’b::__ becomes ('a, 'b) vec without extra sort-constraint

syntax _ vec_type :: type = type = type (infixl <7 15)
syntax_ types _ vec type = wvec
parse__translation «
let
fun vec t u = Syntax.const type__syntax<vec) $ t $ u;
fun finite_vec__tr [t, u] =
(case Term__Position.strip__positions u of
v as Free (z, ) =>
if Lexicon.is_tid x then
vec t (Syntaz.const syntax__const<__ofsorty $ v $
Syntaz.const class__syntax (finitey)
else vec t u
| _ => vectu)
mn
[(syntax__const<__vec_typer, K finite_vec_tr)]
end
)

lemma vec_eq iff: (z = y) +— (Vi. 2$i = y$i)
by (simp add: vec_nth__inject [symmetric] fun__eq iff)

lemma vec_lambda__beta [simp]: vec_lambda g $ i = g i
by (simp add: vec_lambda__inverse)

lemma vec_lambda__unique: (Vi. f$i = g i) «— vec_lambda g = f
by (auto simp add: vec__eq_iff)

lemma vec_lambda_ eta [simp]: (x i. (¢%7)) = ¢
by (simp add: vec__eq iff)

1.10.2 Cardinality of vectors

instance vec :: (finite, finite) finite
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proof
show finite (UNIV :: ('a, 'b) vec set)
proof (subst bij_betw_finite)
show bij_betw vec_nth UNIV (Pi (UNIV :: 'b set) (A_. UNIV :: 'a set))
by (intro bij _betwl[of _ __ _ wec_lambda)) (auto simp: vec__eq iff)
have finite (PiE (UNIV :: b set) (A_. UNIV :: 'a set))
by (intro finite_PiE) auto
also have (PiE (UNIV ::'b set) (A_. UNIV :: 'a set)) = Pi UNIV (A_. UNIV)
by auto
finally show finite ... .
qed
qed

lemma countable PiFE:
finite I = (\i. © € I = countable (F i)) = countable (Pig I F)
by (induct I arbitrary: F rule: finite_induct) (auto simp: PiE_insert_eq)

instance vec :: (countable, finite) countable
proof
have countable (UNIV :: ('a, 'b) vec set)
proof (rule countablel bij2)
show bij_betw vec_nth UNIV (Pi (UNIV :: b set) (A_. UNIV :: 'a set))
by (intro bij _betwl[of _ __ __ wvec_lambda]) (auto simp: vec__eq iff)
have countable (PiE (UNIV ::'b set) (A_. UNIV :: 'a set))
by (intro countable PiE) auto
also have (PiE (UNIV ::'b set) (A_. UNIV :: 'a set)) = Pi UNIV (\_. UNIV)
by auto
finally show countable ... .
qed
thus 3¢::(‘a, 'b) vec = nat. inj t
by (auto elim!: countableE)
qed

lemma infinite UNIV_vec:
assumes infinite (UNIV :: 'a set)
shows infinite (UNIV :: (‘a™b) set)
proof (subst bij_betw finite)
show bij_betw vec_nth UNIV (Pi (UNIV :: b set) (A_. UNIV :: 'a set))
by (intro bij_betwl[of _ __ __ wec_lambda)) (auto simp: vec__eq iff)
have infinite (PiE (UNIV :: b set) (A_. UNIV :: 'a set)) (is infinite ?A)
proof
assume finite ?A
hence finite ((Af. f undefined) © ?A)
by (rule finite_imagel)
also have (\f. f undefined) ‘ YA = UNIV
by auto
finally show Fulse
using <infinite (UNIV :: 'a set)» by contradiction
qed
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also have ?A = Pi UNIV (A_. UNIV)
by auto
finally show infinite (Pi (UNIV :: 'b set) (A_. UNIV :: 'a set)) .
qed

proposition CARD_vec [simp]:
CARD('a™b) = CARD('a) ~ CARD(’b)
proof (cases finite (UNIV :: 'a set))
case True
show ?thesis
proof (subst bij betw_same__card)
show bij_betw vec_nth UNIV (Pi (UNIV :: 'b set) (A_. UNIV :: 'a set))
by (intro bij _betwl[of _ __ _ wec_lambda)) (auto simp: vec__eq iff)
have CARD('a) ~ CARD('b) = card (PiE (UNIV :: 'b set) (\_. UNIV : 'a
set))
(is _ = card ?4)
by (subst card_PiF) (auto)
also have ?A = Pi{ UNIV (\_. UNIV)
by auto
finally show card ... = CARD('a) = CARD('D) ..
qed
qged (simp__all add: infinite_ UNIV_vec)

lemma countable vector:
fixes B:: 'n:finite = 'a set
assumes Ai. countable (B 1)
shows countable { V. Vi::'n::finite. V' $ i € B i}
proof —
have f € ($) ‘{V.Vi. V$ i€ Bi}if f € Pig UNIV B for f
proof —
have 3W. Vi. WSie Bi)) AN (@) W=Ff
by (metis that PiE_iff UNIV_I vec_lambda__inverse)
then show f € ($) ‘{v. Vi.v $ i€ Bi}
by blast
qed
then have Pig UNIV B = vec_nth ‘{V.Vi:'n. V$ i€ B i}
by blast
then have countable (vec_nth ‘{V.Vi. V $i¢e Bi})
by (metis finite_class.finite_ UNIV countable_ PiE assms)
then have countable (vec_lambda ‘ vec_nth ‘{V.Vi. V. $§ { € Bi})
by auto
then show ?thesis
by (simp add: image__comp o__def vec_nth__inverse)
qed

1.10.3 Group operations and class instances

instantiation vec :: (zero, finite) zero
begin
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definition 0 = (x i. 0)
instance ..
end

instantiation vec :: (plus, finite) plus
begin
definition (+) = (A 7 y. (x i. 287 + y$i))
instance ..
end

instantiation vec :: (minus, finite) minus
begin
definition (=) = (A z y. (x i. 287 — y$7))
instance ..
end

instantiation vec :: (uminus, finite) uminus
begin
definition uminus = (A z. (x 7. — (2%1)))
instance ..
end

lemma zero_index [simp]: 0 $ i = 0
unfolding zero_ vec def by simp

lemma vector _add__component [simp): (z + y)$i = 287 + y$i
unfolding plus vec_def by simp

lemma vector_minus__component [simp]: (z — y)$i = 87 — y$¢
unfolding minus_wvec def by simp

lemma vector_uminus_component [simp]: (— 1)$i = — (2$17)
unfolding uminus_vec def by simp

instance vec :: (semigroup__add, finite) semigroup _add
by standard (simp add: vec__eq iff add.assoc)

instance vec :: (ab__semigroup__add, finite) ab_semigroup _add
by standard (simp add: vec__eq iff add.commute)

instance vec :: (monoid__add, finite) monoid_add
by standard (simp__all add: vec__eq iff)

instance vec :: (comm_monoid__add, finite) comm_monoid_add
by standard (simp add: vec__eq iff)

instance vec :: (cancel _semigroup__add, finite) cancel semigroup _add
by standard (simp__all add: vec__eq iff)
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instance vec :: (cancel _ab__semigroup__add, finite) cancel _ab__semigroup _add
by standard (simp__all add: vec__eq iff diff diff eq)

instance vec :: (cancel _comm__monoid_add, finite) cancel _comm__monoid_add
instance vec :: (group _add, finite) group add
by standard (simp__all add: vec__eq iff)

instance vec :: (ab__group_add, finite) ab__group add
by standard (simp__all add: vec__eq iff)

1.10.4 Basic componentwise operations on vectors

instantiation vec :: (times, finite) times
begin

definition (x) = (A z y. (x i. (2$0) * (y$7)))
instance ..

end

instantiation vec :: (one, finite) one
begin

definition 1 = (x i. 1)
instance ..

end

instantiation vec :: (ord, finite) ord

begin

definition z < y «— (Vi. 28i < y$i
definition z < (y::’a™ b)) +— < yA-y <z
instance ..

end

The ordering on one-dimensional vectors is linear.

instance vec:: (order, finite) order
by standard (auto simp: less_eq wvec_def less_vec _def vec__eq iff
intro: order.trans order.antisym order.strict _implies_order)

instance vec :: (linorder, CARD__1) linorder
proof
obtain a :: 'b where all: AP. (Vi. Pi) +— Pa
proof —
have CARD ('b) = 1 by (rule CARD_1)
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then obtain b :: ‘b where UNIV = {b} by (auto iff: card_Suc_eq)
then have AP. (Vi€ UNIV. P i) «+— P b by auto
then show thesis by (auto intro: that)

qed

fixzy: 'a”’b::CARD 1

note [simp] = less_eq_vec__def less_vec__def all vec__eq iff field _simps

show z < y V y < z by auto

qed

Constant Vectors

definition vec x = (x i. x)

Also the scalar-vector multiplication.

-~/

definition vector_scalar_mult:: 'a::times = 'a = 'n = 'a 7 'n (infix] s> 70)

where ¢ xs z = (x i. ¢ * (2$7))

scalar product

definition scalar_product :: 'a :: semiring 1 ~ 'n = 'a = 'n = 'a where
scalar_product vw = (3. i € UNIV. v $ ix w $ 9)

1.10.5 Real vector space

instantiation vec :: (real_vector, finite) real vector
begin

definition scaleR = (A r z. (x i. scaleR r (2$7)))

lemma vector_scaleR__component [simp]: (scaleR r z)$i = scaleR r (x$7)
unfolding scaleR__vec def by simp

instance
by standard (simp__all add: vec__eq iff scaleR__left_ distrib scaleR__right__distrib)

end

1.10.6 Topological space

instantiation vec :: (topological space, finite) topological _space
begin

definition [code del]:
open (S :: ('a 7'b) set) «—
(VzeS. FA. (Vi. open (A i) N a$i € Ai) A
Vy. (Vi.y$i € Ai) — y € 9))

instance proof
show open (UNIV :: (‘a ~'b) set)
unfolding open_vec_def by auto
next
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fix ST :('a”'b) set
assume open S open T thus open (SN T)
unfolding open_ vec_ def
apply clarify
apply (drule (1) bspec)+
apply (clarify, rename_tac Sa Ta)
apply (rule_tac x=Xi. Sa i N Ta i in exl)
apply (simp add: open__Int)
done
next
fix K :: (Ya ~'b) set set
assume YV S€K. open S thus open (| K)
unfolding open_vec_ def
by (metis Union__iff)
qed

end

lemma open_ vector_box: Vi. open (S i) = open {z.Vi.z $ i€ Si}
unfolding open_vec_def by auto

lemma open_vimage_vec_nth: open S = open ((Az. z $ i) —*9)
unfolding open_ vec_ def
apply clarify
apply (rule_tac x=Mk. if k = i then S else UNIV in exl, simp)
done

lemma closed_vimage_vec_nth: closed S = closed ((Az. z $ i) —*9)
unfolding closed__open vimage_ Compl [symmetric]
by (rule open_vimage vec_nth)

lemma closed_vector _box: Vi. closed (S i) = closed {z. Vi.z $ i € S i}
proof —
have {z.Vi. 2 $ i€ Si} = (Ni. (Az. 2 $4) —°S9) by auto
thus Vi. closed (S i) = closed {z. Vi.x $ i€ Si}
by (simp add: closed INT closed vimage vec_nth)
qed

lemma tendsto__vec_nth [tendsto_intros|:
assumes ((Az. fx) —— a) net
shows ((A\z. fz $49) —— a $ Q) net
proof (rule topological tendstol)
fix S assume open Sa$ie€ S
then have open (A\y. y$i) —“S) ae (A\y.y$4i) —°59)
by (simp__all add: open__vimage vec_nth)
with assms have eventually (Az. fz € (Ay. y $ 7)) —¢S5) net
by (rule topological tendstoD)
then show eventually (\xz. fz $ i € S) net
by simp
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qed

lemma isCont_vec_nth [simp]: isCont f a = isCont (Az. fz $ i) a
unfolding isCont_def by (rule tendsto _vec_nth)

lemma vec tendstol:
assumes A\i. (Az. fz$7{) —— a $4) net
shows ((A\z. fz) —— a) net
proof (rule topological tendstol)
fix S assume open S and a € S
then obtain A where A: Ai. open (A i) Ni.a$ic A
and S: A\y.Vi.y$iedi—=yeSs
unfolding open_vec_ def by metis
have Ai. eventually (\z. fz $i € A i) net
using assms A by (rule topological _tendstoD)
hence eventually (Az. Vi. fz $ i € A i) net
by (rule eventually_all_finite)
thus eventually (Az. fo € S) net
by (rule eventually _mono, simp add: S)
qed

lemma tendsto_vec_lambda [tendsto_intros|:
assumes Ai. (\z. fz i) —— a i) net
shows ((A\z. x . fz i) —— (x i. a i) net
using assms by (simp add: vec_tendstol)

lemma open_image_vec_nth: assumes open S shows open ((Az. z $4) ©9)
proof (rule openl)
fix a assume a € (\z. 2 $4) ‘S
then obtain z where a = z$ iand z € S ..
then obtain A where A: Vi. open (A i) Nz$ie Ai
and S:Vy. Vi.y$i€ Ai)—yels
using <open S» unfolding open_vec def by auto
hence A i C (M. z$4) ‘S
by (clarsimp, rule_tac x=x j. if j = i then x else z $ j in image__eql,
stmp_all)
hence open (Ai)ANa€ AiNATIC Az z8i) S
using A <a = z $ i» by simp
then show 3 T. open TANa€ T AT C (Ax. z8$14) ‘S by — (rule exl)
qed

instance vec :: (perfect_space, finite) perfect_space
proof
fix z ::
proof
assume open {z}
hence Vi. open ((Az.  $ i) ‘ {z}) by (fast intro: open_image_ vec_nth)
hence Vi. open {z § i} by simp
thus False by (simp add: not_open__singleton)

‘a ~'b show — open {z}
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qed
qed

1.10.7 Metric space

instantiation vec :: (metric_space, finite) dist
begin

definition
dist z y = L2 set (\i. dist (z$1) (y$i)) UNIV

instance ..
end

instantiation vec :: (metric_space, finite) uniformity_ dist
begin

definition [code del]:
(uniformity :: (('a™b::_) x (Ya™b::_)) filter) =
(INF e€{0 <..}. principal {(z, y). dist T y < e})

instance
by standard (rule uniformity _vec def)
end

declare uniformity_ Abort[where ‘a='a :: metric_space ~'b :: finite, code]

instantiation vec :: (metric_space, finite) metric_space
begin

proposition dist_vec_nth_le: dist (z $1) (y$1¢) < distzy
unfolding dist_vec def by (rule member le L2 set) simp__all

instance proof
fixzy:'a b
show distzy=0++—x =1y
unfolding dist_vec_def
by (simp add: L2 _set_eq 0_iff vec_eq iff)
next
fixzyz:'a '
show dist x y < dist ¢ z + dist y z
unfolding dist_vec_def
apply (rule order _trans [OF __ L2 set_triangle ineq)
apply (simp add: L2_set _mono dist_triangle2)
done
next
fix S :: ("a " D) set
have *: open S +— (Vz€S. Je>0.Vy. distyz < e — y € 5)
proof
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assume open S show VzeS. Je>0.Vy. distyz < e —ye S
proof
fix © assume z € §
obtain A where A: Vi. open (A i)Vi.z$iec A
and S:Vy. (Vi.y$ice Ai)—yes
using <open S» and <z € S» unfolding open_vec def by metis
have VieUNIV. 3r>0.Vy. disty (z $i) <r—yec Ai
using A unfolding open_ dist by simp
hence 3r. VicUNIV. 0 <ri AN NVy. disty (z$4) <ri— ye A
by (rule finite_set_choice [OF finite])
then obtain r» where r1: Vi. 0 < r i
and r2: Viy. disty (x $¢) <ri— y e Aiby fast
have 0 < Min (range ) A (Vy. dist y x < Min (ranger) — y € 5)
by (simp add: v1 r2 S le_less trans [OF dist_vec_nth_le])
thus Je>0. Vy. distyr <e—ye s ..
qed
next
assume x: Vze€S. de>0.Vy. distyz < e — y € S show open S
proof (unfold open_wvec_def, rule)
fix © assume z € §
then obtain e where 0 < eand S: Vy. distyz < e — ye S
using * by fast
define r where [abs_def]: ri = e / sqrt (of _nat CARD('b)) for i :: 'b
from 0 < e» have r: Vi. 0 < ri
unfolding r_def by simp_ all
from 0 < e» have e: ¢ = L2 set r UNIV
unfolding r_def by (simp add: L2_set_constant)
define A where A i = {y. dist (z $ ) y < r i} for i
have Vi. open (Ai) ANz $ie Ai
unfolding A_ def by (simp add: open_ball r)
moreover have Vy. Vi.y$ie€ Ai) —ye S
by (simp add: A__def S dist_vec_def e L2_set_strict_mono dist_commute)
ultimately show 3 A. (Vi. open (Ai) Az $ie€ Ai)A
Vy. Vi.y$ie Ai) — y e S) by metis
qed
qed
show open S = (V2€S.Vr (/) y) in uniformity. z' =z — y € 9)
unfolding * eventually uniformity metric
by (simp del: split_paired_All add: dist_vec__def dist_commute)
qed

end
lemma Cauchy_vec_mnth:
Cauchy (An. X n) = Cauchy (An. X n $ 1)
unfolding Cauchy_def by (fast intro: le_less trans [OF dist_vec_nth_le])

lemma vec  Cauchyl:
fixes X :: nat = ’a::metric_space ~ 'n
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assumes X: A\i. Cauchy (An. X n $ i)
shows Cauchy (An. X n)
proof (rule metric_ Cauchyl)
fix r :: real assume 0 < r
hence 0 < r / of nat CARD('n) (is 0 < ?s) by simp
define N where N { = (LEAST N.Vm>N.Vn>N. dist (X m $ i) (X n$ 1)
< %s) for ¢
define M where M = Max (range N)
have Ai. AN. Vm>N.Vn>N. dist (Xm $4) (X n$i)<?s
using X <0 < %) by (rule metric_CauchyD)
hence Ai. Vm>Ni. Va>Ni. dist (X m$ i) (Xn$i)<
unfolding N__def by (rule Leastl _ex)
hence M: A\i. Vm>M.Vn>M. dist (X m$i) (Xn$i)< %
unfolding M _def by simp
{
fix m n :: nat
assume M < m M <n
have dist (X m) (X n) = L2 _set (\i. dist (X m $4) (X n$ i) UNIV
unfolding dist vec_def ..
also have ... < sum (Ai. dist (X m $ ) (X n$q) UNIV
by (rule L2_set_le_sum [OF zero_le_ dist])
also have ... < sum (Ai::'n. %s) UNIV
by (rule sum__strict_mono, simp_all add: M «M < my <M < n))
also have ... = r
by simp
finally have dist (X m) (X n) < r.
}
hence Vm>M.Vn>M. dist (X m) (X n) <r
by simp
then show IM. Vm>M.Vn>M. dist (X m) (X n) <7 ..
qed

instance vec :: (complete__space, finite) complete_space
proof
fix X :: nat = 'a ~ 'b assume Cauchy X
have A\i. (An. X n § i) —— lim (An. X n § 9)
using Cauchy_vec_nth [OF «Cauchy X>)
by (simp add: Cauchy__convergent_iff convergent_ LIMSEQ __iff)
hence X ——— vec_lambda (Ai. lim (An. X n $ 7))
by (simp add: vec_tendstol)
then show convergent X
by (rule convergentl)
qed

1.10.8 Normed vector space

instantiation vec :: (real_normed_vector, finite) real_normed_vector
begin
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definition norm ¢ = L2_set (Ai. norm (2$7)) UNIV
definition sgn (2::'a™'b) = scaleR (inverse (norm z))

instance proof
fixa:realand zy:: 'a '
show normz =0 +— z =0
unfolding norm_ vec def
by (simp add: L2 _set_eq 0_iff vec_eq_iff)
show norm (z + y) < norm x + norm y
unfolding norm_ vec_def
apply (rule order_trans [OF __ L2_set_triangle_ineq])
apply (simp add: L2_set_mono norm__triangle_ineq)
done
show norm (scaleR a x) = |a|] * norm x
unfolding norm_ vec_def
by (simp add: L2_set_right _distrib)
show sgn x = scaleR (inverse (norm x)) x
by (rule sgn_vec_def)
show dist x y = norm (z — y)
unfolding dist _vec def norm__vec def
by (simp add: dist_norm,)
qed

end

lemma norm_nth_le: norm (z $ i) < norm z
unfolding norm_ vec def
by (rule member_le L2 set) simp__all

lemma norm__le componentwise__cart:
fixes z :: 'a::real _normed_vector 'n
assumes \i. norm(z$i) < norm(y$i)
shows norm z < norm y
unfolding norm_vec def
by (rule L2 _set_mono) (auto simp: assms)

lemma component_le norm__cart: |w$z| < norm x
by (metis norm_ nth_le real_norm__def)

lemma norm__bound__component_le_cart: norm z < e ==> |z$i| < e
by (metis component_le_norm__cart order_trans)

lemma norm__bound__component_It_cart: norm z < e ==> |z8i| < e
by (metis component_le_norm__cart le_less_trans)

lemma norm_le_l1_cart: norm x < sum(Ai. |28i]) UNIV
by (simp add: norm_vec_def L2_set le sum)
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lemma bounded_linear_vec_nthlintro|: bounded_linear (Ax. z $ 7)
proof
show 3 K. V. norm (z $ 7)) < norm z * K
by (metis mult.commute mult.left_neutral norm__nth_le)
qed auto

instance vec :: (banach, finite) banach ..

1.10.9 Inner product space

instantiation vec :: (real inner, finite) real inner
begin

definition inner z y = sum (\i. inner (z$¢) (y$i)) UNIV

instance proof
fixr:realand zy 2z ::'a " 'b
show inner x y = inner y «
unfolding inner_vec_def
by (simp add: inner_commute)
show inner (z + y) z = inner x z + inner y z
unfolding inner_ vec def
by (simp add: inner__add_left sum.distrib)
show inner (scaleR r z) y = r * inner z y
unfolding inner_vec_def
by (simp add: sum__distrib_left)
show 0 < inner z x
unfolding inner_vec def
by (simp add: sum_nonneg)
show innerzz =0 +— =0
unfolding inner_vec def
by (simp add: vec__eq iff sum_nonneg_eq 0 _iff)
show norm z = sqrt (inner z x)
unfolding inner_vec def norm_vec def L2 _set def
by (simp add: power2_norm__eq inner)
qed

end

1.10.10 Euclidean space

Vectors pointing along a single axis.

definition azis k © = (x 4. if i = k then z else 0)

lemma azxis_nth [simp|: azis iz $ i =z
unfolding azis def by simp

lemma azis_eq azis: avis iz = azvisjy<+—x=yANi=jVar=0ANy=20
unfolding axis def vec__eq iff by auto
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lemma inner azis_axis:
inner (axis i x) (azis j y) = (if i = j then inner z y else 0)
by (simp add: inner_vec_def axis_def sum.neutral sum.remove [of __ j])

lemma inner_axis: inner « (axis ¢ y) = inner (z $ ) y
by (simp add: inner_vec_def axis_def sum.remove [where z=i))

lemma inner_azis’: inner(azis i y) z = inner y (z $ )
by (simp add: inner__azis inner__commute)

instantiation vec :: (euclidean__space, finite) euclidean__space
begin

definition Basis = (|J 4. |J u€Basis. {axis i u})

instance proof
show (Basis :: ('a ~'b) set) # {}
unfolding Basis vec_def by simp
next
show finite (Basis :: ('a ~'b) set)
unfolding Basis vec def by simp
next
fixuwv:'a b
assume u € Basis and v € Basis
thus inner u v = (if u = v then 1 else 0)
unfolding Basis vec def
by (auto simp add: inner_axis__axis axis__eq axis inner_Basis)
next
fixz:'a"'b
show (V u€Basis. inner v v = 0) «— z =0
unfolding Basis vec def
by (simp add: inner_azis euclidean__all_zero_iff vec__eq iff)
qed

proposition DIM_cart [simp]: DIM (‘a”"b) = CARD(’b) * DIM('a)
proof —
have card (|Ji::'b. |J u::’a€Basis. {azisiu}) = (D> i::'b€ UNIV. card (|J w::'a€ Basis.
{azis i u}))
by (rule card_UN__disjoint) (auto simp: axis_eq axis)
also have ... = CARD('b) + DIM('a)
by (subst card_UN__disjoint) (auto simp: axis_eq azis)
finally show ?thesis
by (simp add: Basis_vec__def)
qed

end

lemma norm__axis_1 [simp]: norm (axis m (1::real)) = 1
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by (simp add: inner_axis’ norm_eq 1)

lemma sum_norm__allsubsets bound_ cart:
fixes f:: 'a = real 7'n
assumes fP: finite P and fPs: NQ. Q C P = norm (sum f Q) < e
shows sum (Az. norm (fz)) P < 2 x real CARD('n) x e
using sum_norm__allsubsets__bound|OF assms]
by simp

lemma cart_eq _inner_azis: a $ ¢ = inner a (axis i 1)
by (simp add: inner_axis)

lemma azis _eq 0_iff [simp]:
shows azis mz = 0 +— z = 0
by (simp add: azis_def vec_eq iff)

lemma azxis_in_Basis_iff [simp]: azis i a € Basis «<— a € Basis
by (auto simp: Basis_wvec def axis_eq axis)

Mapping each basis element to the corresponding finite index

definition axis_index :: (‘a::comm_ring _1)"'n = 'n where axis_index v =

SOME i. v = axis 1 1

lemma axis inverse:
fixes v :: real”'n
assumes v € Basis
shows 3i. v = axis i 1
proof —
have v € (|Jn. U reBasis. {axis n r})
using assms Basis_vec def by blast
then show ?thesis
by (force simp add: vec__eq iff)
qed

lemma azis index:
fixes v :: real”™'n
assumes v € Basis
shows v = axis (azis_index v) 1
by (metis (mono__tags) assms axis_inverse azis_index__def somel ex)

lemma azxis_index_axis [simp:
fixes UU :: real™'n
shows (azis_index (axis u 1 :: real™'n)) = (u::'n)
by (simp add: azis_eq azis azis_index_def)

1.10.11 A naive proof procedure to lift really trivial arith-
metic stuff from the basis of the vector space

lemma sum_ cong aux:
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Nv.ze A= fz=gz) = sumfA=sumgA
by (auto intro: sum.cong)

hide_ fact (open) sum_ cong auz

method__setup vector = «
let
val ss1 =
simpset_of (put_simpset HOL__basic__ss context
|> Simplifier.add__simps [Q{thm sum.distrib} RS sym,
@{thm sum__subtractf} RS sym, Q{thm sum__distrib_left},
Q@Q{thm sum__distrib_right}, Q{thm sum_negf} RS sym])
val ss2 =
simpset__of (context
|> Simplifier.add__simps
[@{thm plus_vec_def}, Q{thm times_vec_def},
@{thm minus_vec_def}, @Q{thm uminus_vec_def},
@{thm one_vec_def}, Q{thm zero_vec__def}, @{thm vec_def},
@{thm scaleR_vec__def}, @{thm vector_scalar_mult_def}])
fun vector _arith_tac ctzt ths =
simp__tac (put__simpset ssl ctat)
THEN' (fn i => resolve__tac ctrzt Q{thms Finite_ Cartesian__ Product.sum__cong__auzx}

ORELSE resolve__tac ctzt @{thms sum.neutral} i
ORELSE simp__tac (put__simpset HOL__basic__ss ctzt |> Simplifier.add__simp
Q@Q{thm vec_eq iff}) i)
(* THEN' TRY o clarify_tac HOL_cs THEN' (TRY o rtac @{thm iffI}) *)
THEN' asm__full_simp__tac (put_simpset ss2 ctat |> Simplifier.add__simps ths)
in
Attrib.thms >> (fn ths => fn ctat => SIMPLE _METHOD' (vector__arith__tac
ctzt ths))
end
y lift trivial vector statements to real arith statements

lemma vec_ 0[simp]: vec 0 = 0 by vector
lemma vec_1[simp|: vec 1 = 1 by wvector

lemma vec_inj[simp]: vec x = vec y +— x = y by vector
lemma vec_in_image_vec: vec x € (vec *S) +— x € S by auto
lemma vec_add: vec(z + y) = vec x + vec y by vector

lemma vec_sub: vec(z — y) = vec & — vec y by vector

lemma vec__cmul: vec(c * ) = ¢ *s vec x by vector

lemma vec_neg: vec(— z) = — vec x by vector

lemma vec_scaleR: vec(c * x) = ¢ xp vec ©
by wector
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lemma vec sum:
assumes finite S
shows vec(sum f S) = sum (vec o f) S
using assms
proof induct
case empty
then show ?case by simp
next
case insert
then show Zcase by (auto simp add: vec_add)
qed

Obvious "component-pushing".

lemma vec component [simp: vec z $ i =z
by wector

lemma vector _mult_component [simp]: (z * y)$i = x$i * y$i
by wector

lemma vector_smult_component [simp]: (¢ xs y)$i = ¢ * (y$7)
by wector

lemma cond__component: (if b then x else y)$i = (if b then z3i else y$i) by vector

lemmas vector _component =
vec__component vector _add__component vector _mult__component
vector__smult__component vector _minus__component vector__uminus__component
vector__scaleR__component cond__component

1.10.12 Some frequently useful arithmetic lemmas over vec-
tors

instance vec :: (semigroup__mult, finite) semigroup__mult
by standard (vector mult.assoc)

instance vec :: (monoid_mult, finite) monoid_mult
by standard vector+

instance vec :: (ab_semigroup_mult, finite) ab__semigroup__mult
by standard (vector mult.commute)

instance vec :: (comm_monoid__mult, finite) comm__monoid_mult
by standard vector

instance vec :: (semiring, finite) semiring
by standard (vector field__simps)+

instance vec :: (semiring 0, finite) semiring 0
by standard (vector field _simps)+
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instance vec :: (semiring_1, finite) semiring 1
by standard vector

instance vec :: (comm__semiring, finite) comm__semiring
by standard (vector field _simps)+

comm,__semiring_0, finite) comm__semiring_0 ..
semiring_ 0 __cancel, finite) semiring 0 _cancel ..
comm__semiring_0__cancel, finite) comm__semiring_0_cancel ..
ring, finite) ring ..

semiring_1_cancel, finite) semiring 1 _cancel ..
comm__semiring_ 1, ﬁm’te) comm,__semiring_1 ..

instance vec ::
instance vec ::
instance vec ::
instance vec :
instance vec :
instance vec ::

(
(
(
(
(
(

instance vec :: (ring_1, finite) ring_1 ..

instance vec :: (real_algebra, finite) real algebra
by standard (simp__all add: vec__eq iff)

instance vec :: (real_algebra_ 1, finite) real _algebra_ 1 ..

lemma of nat_index: (of nat n :: 'a:semiring 1 ~'n)$i = of nat n
proof (induct n)
case (
then show ?case by vector
next
case Suc
then show ?case by wvector
qed
lemma one_index [simp]: (1 :: 'a :: one " 'n) $ i =1
by wector

lemma neg_one_index [simp]: (— 1 = 'a :: {one, uminus} ~'n) $i=— 1
by wvector

instance vec :: (semiring char_0, finite) semiring char_0
proof
fix m n :: nat
show inj (of _nat :: nat = 'a ~'b)
by (auto introl: injl simp add: vec__eq iff of _nat_index)
qed

instance vec :: (numeral, finite) numeral ..
instance vec :: (semiring_numeral, finite) semiring _numeral ..

lemma numeral_index [simp]: numeral w $ i = numeral w
by (induct w) (simp__all only: numeral.simps vector _add__component one__index)

lemma neg_numeral_index [simp]: — numeral w $ i = — numeral w
by (simp only: vector_uminus__component numeral_index)
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instance vec :: (comm_ring 1, finite) comm_ring_1 ..
instance vec :: (ring_char_0, finite) ring_char_0 ..

lemma vector_smult_assoc: a xs (b s z) = ((a::'a::semigroup_mult) * b) xs
by (vector mult.assoc)
lemma vector _sadd_rdistrib: ((a::'a::semiring) + b) *xsz = a xsz + b *s x
by (vector field _simps)
lemma vector _add_ldistrib: (c::'a::semiring) *s (z + y) = c *sx + ¢ *s y
by (vector field simps)
lemma vector__smult_lzero[simp]: (0::'a::mult_zero) xs x = 0 by wvector
lemma vector_smult_lid[simp]: (1::'a::monoid_mult) xs x = = by vector
lemma vector _ssub__ldistrib: (c::'a::ring) *s (x — y) = c *s T — ¢ %8 ¥
by (vector field simps)
lemma vector__smult_rneg: (c::'a::ring) xs —z = —(c *s z) by vector
lemma vector_smult_Ineg: — (c::'a::ring) *s x = —(c¢ *s x) by wvector
lemma vector_sneg_minusl: —x = (—1::'azring_1) xs « by vector
lemma vector_smult_rzero[simp]: ¢ xs 0 = (0::'a::mult_zero ~ 'n) by vector
lemma vector _sub_rdistrib: ((a::'az:ring) — b) xs x = a xsx — b *s x
by (vector field simps)

lemma vec__eq[simp]: (vec m = vec n) +— (m = n)
by (simp add: vec__eq_iff)

lemma Vector Spaces_linear _vec [simpl: Vector_ _Spaces.linear (x) vector _scalar _mult
vec
by unfold_locales (vector algebra__simps)+

lemma vector_mul_eq_0[simp]: (a *s z = 0) «— a = (0::'a:zidom) V z = 0
by wvector

lemma vector_mul_lcancel[simp]: a xs x = a xs y +— a = (0::'a::field) V z =y
by (metis eq_iff _diff _eq 0 vector_mul_eq 0 vector_ssub__ldistrib)

lemma vector_mul_rcancel[simp|: a xs x = b xs x +— (a:'a:field) = bV z = 0
by (subst eq iff diff eq 0, subst vector sub_ rdistrib [symmetric]) simp

lemma scalar_mult_eq scaleR [abs_def]: ¢ xs x = ¢ xg «
unfolding scaleR__vec_def vector__scalar_mult_def by simp

lemma dist _mul[simp]: dist (¢ xs x) (¢ *xs y) = |c| * dist z y
unfolding dist _norm scalar_mult_eq scaleR
unfolding scaleR__right _diff _distrib[symmetric] by simp

lemma sum__component [simp]:
fixes f:: 'a = (b::comm_monoid_add) “'n
shows (sum f S)$i = sum (Az. (f z)$7) S
proof (cases finite S)
case True
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then show %thesis by induct simp__all
next

case Fulse

then show %thesis by simp
qed

lemma sum_eq: sum f S = (x . sum (Az. (fz)$7) )
by (simp add: vec__eq iff)

lemma sum_cmul:
fixes f:: 'c = (‘a:semiring_1)"'n
shows sum (Az. ¢ xs fx) S = ¢ *s sum f S
by (simp add: vec__eq iff sum__distrib__left)

lemma linear_vec [simp]: linear vec
using Vector_Spaces_linear vec
by unfold_locales (vector algebra__simps)+

1.10.13 Matrix operations

Matrix notation. NB: an MxN matrix is of type ((‘a, 'n) vec, 'm) vec, not
(('a, 'm) vec, 'n) vec

definition map_matriz::(‘a = 'b) = (('a, "i:finite)vec, 'j::finite) vec = (('b,
'{)vec, 'j) vec where
map_matriz fz = (x ij. f (x $ 18 7))

lemma nth_map matriz[simp]: map_matrizc fz $i$j=f(x$i8$ )
by (simp add: map_matriz_def)

definition matriz_matriz_mult = (‘a::semiring_1) “n"'m = ‘a p7'n = 'a ”
/p A/m
(infix] ¢xx) 70)
where m «x m’ == (x i j. sum (Ak. ((m$9)$k) = ((m'$k)$5)) (UNIV :: 'n set))

2'a T 'p T'm

)

-~/

definition matriz_vector_mult :: (‘a::semiring_1) “'n"'m = 'a “'n = "a " 'm
(infix] xv> 70)
where m xv x = (x 7. sum (Aj. (m3$9)8)) * (237)) (UNIV ::'n set)) :: 'a™'m
definition vector_matriz_mult :: 'a = 'm = (‘a::semiring_1) “n"'m = ‘a “'n
(infix] v+ 70)
where v vx m == (x j. sum (Ai. ((v$¢) * (m$7)$j)) (UNIV :: 'm set)) :: 'a”'n

definition (mat::'a::zero => 'a n"'n) k = (x i j. if i = j then k else 0)
definition transpose where

(transpose::'a”'n"'m = 'a7'm™n) A = (x {j. ((A%$5)$7))
definition (row::'m => 'a 7n"'m = ‘a “'n) i A = (x j. ((4%$:)%7))
definition (column::'n =>"'a"'n"'m =>"'a"7'm) j A = (x i. ((4%0)$%)))
definition rows(A::'a™'n"'m) = { rowi A | i. i € (UNIV :: 'm set)}
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definition columns(A::'a™n"'m) = { column i A | i. i € (UNIV :: 'n set)}

lemma times0_left [simp]: (0::'a::semiring _17"n"'m) *x (A:'a 7'p™'n) = 0
by (simp add: matriz_matriz_mult _def zero__vec__def)

lemma times0_right [simp]: (A::'a::semiring_17'n"'m) xx (0::'a “'p™'n) = 0
by (simp add: matriz_matriz_mult_def zero__vec__def)

lemma mat_0[simp|: mat 0 = 0 by (vector mat_def)
lemma matriz__add_ldistrib: (A xx (B + C)) = (A %x B) + (A *x C)
by (vector matriz_matriz_mult_def sum.distrib[symmetric] field _simps)

lemma matriz_mul_lid [simp]:
fixes A :: 'az:semiring 1 = 'm " 'n
shows mat 1 xx A = A
unfolding matriz_matriz_mult_def mat_def

by (auto simp: if _distrib if _distribR sum.delta’|OF finite] cong: if _cong)

lemma matriz_mul_rid [simp]:
fixes A :: 'a::semiring 1 " 'm " 'n
shows A *x mat 1 = A
unfolding matriz_matriz_mult _def mat_def

by (auto simp: if _distrib if _distribR sum.delta'|OF finite] cong: if _cong)

lemma matriz_mul_assoc: A xx (B xx C) = (A #x B) *x C
apply (vector matriz_matriz__mult _def sum__distrib__left sum__distrib__right mult.assoc)
using sum.swap by fastforce

lemma matriz_vector _mul_assoc: A xv (B xv z) = (A *x B) xv x
apply (vector matriz_matriz_mult_def matriz_vector _mult_def
sum,__distrib__left sum__distrib__right mult.assoc)
using sum.swap by fastforce

lemma vector_matriz_mul_assoc: (z v« A) v« B = x vx (AxxB)
apply (vector matriz_matriz_mult_def vector _matriz_mult_def
sum__distrib__left sum__distrib__right mult.assoc)
using sum.swap by fastforce

lemma scalar _matriz_assoc:

fixes A :: (‘a:real _algebra_1)"'m™'n

shows k «p (A *xx B) = (k xg A) xx B

by (simp add: matriz_matric_mult_def sum__distrib_left mult_ac vec_ _eq iff
scaleR__sum,_right)

lemma matriz_scalar_ac:
fixes A :: (‘a:real__algebra_1)'m™n
shows A xx (k xp B) = k xg A x+ B
by (simp add: matriz_matriz_mult_def sum__distrib_left mult_ac vec__eq iff)
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lemma matriz_vector_mul_lid [simp]: mat 1 xv x = (z::'a::semiring_1 ~ 'n)
apply (vector matriz_vector_mult_def mat__def)
apply (simp add: if _distrib if _distribR cong del: if _weak__cong)
done

lemma vector_matriz__mul_rid [simp]:
fixes v :: (a:semiring_1)"'n
shows v vx mat 1 = v
apply (vector vector _matriz_mult_def mat__def)
apply (simp add: if _distrib if _distribR cong del: if _weak__cong)
done

lemma matriz_transpose_mul:
transpose(A xx B) = transpose B *x transpose (A::'a::comm__semiring_ 17" )
by (simp add: matriz__matriz_mult_def transpose__def vec__eq__iff mult.commute)

lemma matriz_mult_transpose__dot_column:

shows transpose A xx A = (x i j. inner (column i A) (column j A))

by (simp add: matriz_matriz_mult_def vec__eq iff transpose_def column__def
inner_vec__def)

lemma matriz_mult _transpose dot_row:

shows A xx transpose A = (x i j. inner (row i A) (row j A))

by (simp add: matriz_matriz_mult_def vec__eq iff transpose def row_def in-
ner_vec__def)

lemma matriz_eq:
fixes A B :: ‘a::semiring_1 ~'n " 'm
shows A = B «— (Va. A xvz = B xv z) (is ?lhs <— ?rhs)
proof
assume ?rhs
then show ?lhs
apply (subst vec_eq_iff)
apply (clarsimp simp add: matriz_vector _mult_def if distrib if distribR
vec__eq_iff cong: if _cong)
apply (erule_tac x=axis ia 1 in allE)
apply (erule_tac z=i in allE)
apply (auto simp add: if _distrib if _distribR axis_def
sum.delta] OF finite] cong del: if _weak__cong)
done
qed auto

lemma matriz_vector_mul_component: (A xv z)$k = inner (A$k) z
by (simp add: matriz_vector _mult _def inner_vec_def)

lemma dot_Imul_matriz: inner ((z:real ~_) vx A) y = inner z (A xv y)

apply (simp add: inner_vec__def matriz_vector _mult__def vector _matriz_mult _def
sum,__distrib__right sum__distrib_left ac__simps)

apply (subst sum.swap)
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apply simp
done

lemma transpose__mat [simp]: transpose (mat n) = mat n
by (vector transpose__def mat__def)

lemma transpose__transpose [simpl: transpose(transpose A) = A
by (vector transpose__def)

lemma row_transpose [simp|: row i (transpose A) = column i A
by (simp add: row__def column__def transpose__def vec__eq iff)

lemma column__transpose [simp): column i (transpose A) = row i A
by (simp add: row__def column__def transpose__def vec__eq iff)

lemma rows_transpose [simp]: rows(transpose A) = columns A
by (auto simp add: rows__def columns__def intro: set_eql)

lemma columns_transpose [simp]: columns(transpose A) = rows A
by (metis transpose__transpose rows__transpose)

lemma transpose__scalar: transpose (k g A) = k *g transpose A
unfolding transpose__def
by (simp add: vec__eq iff)

lemma transpose_iff [iff]: transpose A = transpose B +— A = B
by (metis transpose__transpose)

lemma matriz_mult_sum:

(A:'az:comm__semiring _17'n"'m) xv x = sum (Ai. (287) *s column i A) (UNIV::
'n set)

by (simp add: matriz_vector_mult_def vec__eq iff column__def mult.commute)

lemma vector__componentwise:
(z:'azring_17n) = (x j. D€ UNIV. (28i) % (axis i 1 :: 'a"'n) $ )
by (simp add: axis_def if distrib sum.If cases vec__eq iff)

lemma basis__expansion: sum (Ai. (2$7) xs azis i 1) UNIV = (z::("azring_1) "'n)
by (auto simp add: axis_def vec__eq iff if _distrib sum.If _cases cong del: if _weak__cong)

Correspondence between matrices and linear operators.

~ A~

definition matriz :: (‘a::{plus,times, one, zero} 'm = 'a " 'n) = ‘a”’'m'n
where matriz f = (x i j. (f(azis j 1))$7)

lemma matriz_id_mat_1: matriz id = mat 1
by (simp add: mat_def matriz_def axis_def)

lemma matriz_scaleR: (matriz ((xg) 7)) = mat r
by (simp add: mat__def matriz_def axis_def if _distrib cong: if _cong)
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lemma matriz_vector_mul_linear[intro, simp): linear (Ax. A xv (z::'a::real__algebra__1
)
by (simp add: linear _iff matriz_vector_mult_def vec__eq iff field__simps sum__distrib_left
sum.distrib scaleR__right.sum)

lemma vector_matriz_left _distrib [algebra__simps]:
shows (z + y) vx A=z vx A+ yovx A
unfolding vector matriz_mult_def
by (simp add: algebra__simps sum.distrib vec__eq iff)

lemma vector_matriz_mult_diff _distrib [algebra__simps]:
fixes A :: ‘a:ring 17'n"'m
shows (z —y) vx A=zuvx A —yovx A
by (vector vector _matriz_mult_def sum__subtractf left_diff distrib)

lemma matriz_vector_right__distrib [algebra__simps]:
Axv(z+y)=Axvz+ Axvy
by (vector matriz_vector_mult__def sum.distrib distrib_left)

lemma matriz_vector_mult_diff _distrib [algebra__simps]:
fixes A :: ‘azring 17'n"'m
shows A xv (z —y) = Axvzx — Axvy
by (vector matriz_vector _mult__def sum__subtractf right_ diff _distrib)

lemma matriz_vector _mult_scaleR[algebra__simps|:
fixes A :: real'n"'m
shows A xv (¢ xg ) = ¢ *xg (4 *v z)
using linear_iff matrixz_vector_mul_linear by blast

lemma matriz_vector _mult_0_right [simp]: A xv 0 = 0
by (simp add: matriz_vector _mult _def vec__eq iff)

lemma matriz_vector_mult_0 [simp]: 0 xv w = 0
by (simp add: matriz_vector _mult _def vec__eq iff)

lemma matriz_vector_mult_add_rdistrib [algebra__simps]:
(A+ B)xvzx=(Ax*vz)+ (Bx*vz)
by (vector matriz_vector _mult_def sum.distrib distrib__right)

lemma matriz_vector _mult_diff rdistrib [algebra__simps]:
fixes A :: 'a :: ring_17'n"'m
shows (A — B) xvz = (A xv z) — (B *v x)
by (vector matriz__vector_mult_def sum__subtractf left__diff _distrib)

lemma vector_matriz_mult_add_ rdistrib [algebra__simps]:
zvk (A+ B) = (zvx A) + (xz vx B)
by (vector vector _matriz_mult _def sum.distrib distrib_left)
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lemma vector_matriz_mult_diff _rdistrib [algebra__simps]:
fixes A :: 'a :: ring_1"'n"'m
shows z vx (A — B) = (z vx A) — (z vx B)
by (vector vector _matriz_mult _def sum__subtractf right_diff _distrib)

lemma matriz_vector _column:

(A:"az:comm__semiring 17'n" ) xv z = sum (Ni. (287) xs ((transpose A)$17))
(UNIV:: 'n set)

by (simp add: matriz_vector_mult _def transpose__def vec__eq _iff mult.commute)

1.10.14 Inverse matrices (not necessarily square)

definition
invertible(A::'a::semiring_1"7'n"'m) +— (FAa7"mn. A xx A’ = mat 1 N A’
xx A = mat 1)

definition
matriz_inv(A:: ’az:semiring_17'n"'m) =
(SOME A"::'a”'/m™n. A xx A’ = mat I N A" xx A = mat 1)

lemma inj matriz_vector__mult:

fixes A::'a::field'n"'m

assumes invertible A

shows inj ((xv) A)

by (metis assms inj_on__inversel invertible_def matriz_vector_mul__assoc ma-
triz_vector_mul_lid)

lemma scalar invertible:
fixes A :: (‘a::real _algebra_1)"'m™'n
assumes k # 0 and invertible A
shows invertible (k g A)
proof —
obtain A’ where A xx A’ = mat 1 and A’ xx A = mat 1
using assms unfolding invertible def by auto
with &k # 0»
have (k xg A) *x ((1/k) *xg A') = mat 1 ((1/k) xg A') %« (k xp A) = mat 1
by (simp__all add: assms matriz__scalar_ac)
thus invertible (k xg A)
unfolding invertible def by auto
qed

lemma scalar_invertible_iff:
fixes A :: (‘a:real _algebra_1)"'m™'n
assumes k # 0 and invertible A
shows invertible (k g A) «— k # 0 A invertible A
by (simp add: assms scalar_invertible)

lemma vector_transpose__matrix [simp]: z vx transpose A = A xv (x:: 'a::{ comm__semiring_1} 'n)
unfolding transpose def vector _matriz_mult_def matriz_vector _mult_def
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by (simp add: mult.commute)

lemma transpose__matriz_vector [simp|: transpose A xvx = x vx (A:: 'a::{comm__semiring 1} "'m ™ 'n)
unfolding transpose _def vector _matriz_mult__def matriz_vector _mult_def
by (simp add: mult.commute)

lemma vector scalar _commute:
fixes A :: 'a::{field} "mn
shows A xv (¢ *s z) = ¢ xs (A xv 1)
by (simp add: vector_scalar_mult_def matriz_vector _mult _def mult _ac sum__distrib__left)

lemma scalar _wvector _matriz__assoc:
fixes k :: ‘a::{field} and z :: ‘a::{field} 'n and A :: 'a”’'m™'n
shows (k s x) v« A =k xs (z vx A)
by (metz’s transpose__matrixz__vector vector_scalar_commute)

lemma vector_matriz_mult_0 [simp]: 0 vx A = 0
unfolding vector matriz_mult _def by (simp add: zero_vec_def)

lemma vector _matriz_mult_0_right [simp]: z vx 0 = 0
unfolding vector_matriz_mult_def by (simp add: zero_vec__def)

lemma scaleR__vector _matriz__assoc:
fixes k :: real and z :: real”’'n and A :: real ’m'n
shows (k *g z) vx A = k *p (z vx A)
by (metis matriz__vector _mult _scaleR transpose_matriz__vector)

lemma vector scaleR__matriz_ac:
fixes k :: real and z :: real”'n and A :: real 'm'n
shows z vx (k xg A) = k xg (z vx A)
proof —
have z vx (k xg A) = (k xg z) vx A
by (simp add: vector_matriz_mult_def algebra__simps)
with scaleR__vector _matriz_assoc
show z vk (k xgp A) = k xp (z vx A)
by auto
qed

end

1.11 Linear Algebra on Finite Cartesian Products

theory Cartesian_ Space
imports
HOL— Combinatorics. Transposition
Finite Cartesian__ Product
Linear__Algebra
begin
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1.11.1 Type (‘a, 'n) vec and fields as vector spaces

definition cart_basis = {axis i 1 | i. i€ UNIV'}

lemma finite_cart basis: finite (cart_basis) unfolding cart basis def
using finite Atleast Atmost_nat by fastforce

lemma card__cart_basis: card (cart_basis::(a::zero_neq_one i) set) = CARD('i)
unfolding cart_basis_def Setcompr_eq image
by (rule card_image) (auto simp: inj _on_def axis _eq axis)

interpretation vec: vector_space (xs)
by unfold_locales (vector algebra__simps)+

lemma independent cart_basis: vec.independent (cart_basis)
proof (rule vec.independent_if scalars_zero)
show finite (cart_basis) using finite_cart_basis .
fix f::('a, 'b) vec = 'a and z::('a, 'b) vec
assume eq 0: (O xzE€cart _basis. fx xsz) = 0 and z_in: x € cart_basis
obtain 7 where z: x = axis ¢ 1 using z_in unfolding cart basis def by auto
have sum_eq 0: (> x€(cart_basis) — {z}. fz * (. $ 1) =0
proof (intro sum.neutral balll)
fix y assume y: y € cart_basis — {z}
obtain ¢ where a: y = azis a 1 and a_not_i: a # i
using y z unfolding cart_basis _def by auto
have y $ ¢ = 0 unfolding a azis def using a_not_i by auto
thus fy xy $ 7= 0 by simp

qed
have 0 = (3 z€cart_basis. fz *s x) $ i using eq_0 by simp
also have ... = (3. z€cart_basis. (f z *s ) $ i) unfolding sum_ component ..
also have ... = (3" xz€cart_basis. fz * (¢ $ {)) unfolding vector _smult_component
also have ... = fz x (z $ 7) + (O z€(cart_basis) — {z}. fz * (z $ 7))
by (rule sum.remove[OF finite__cart_basis x_in])
also have ... = fx % (z $ {) unfolding sum_eq 0 by simp
also have ... = fz unfolding z axis def by auto
finally show fz = 0 ..
qed

lemma span__cart_basis [simp]: vec.span (cart_basis) = UNIV
proof —
have z € vec.span cart_basis for z :: (‘a, 'b) vec
proof —
let ?f=Xv. 2 $ (THE i. v = awis i 1)
have z $ i = (> vEcart_basis. ¢ $ (THE i. v = axis i 1) xs v) $ i for i::'b
proof —
let ?w = awis i (1::a)
have the_eq i: (THE a. Yw = axisa 1) = i
by (rule the_equality, auto simp: axis__eq axis)
have sum_eq_0: (> ve(cart_basis) — {?w}. ¢ $ (THE i. v = axis i 1) x v
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$i)=0
proof (intro sum.neutral balll)
fix y:: ('a, 'b) vec
assume y: y € cart_basis — { 7w}
obtain j where j: y = azis j 1 and i_not_j: i # j
using y unfolding cart_basis_def by auto
have the eq j: (THE i. y = axisi 1) = j
by (simp add: axis_eq axis j)
show z § (THE i. y=axisi 1) xy$i=20
by (simp add: azis_def i_not_j j)
qed
have (> vecart_basis. ¢ $ (THE i. v = azisi 1) *sv) $ 4
= (> vecart_basis. ¢ $ (THE i. v=axisi 1) * v $ 7)
by force
also have ... =2 $ (THE a. ?w = azisa 1) * 2w $ i + (O ve(cart_basis)
—{%w}. 2 $ (THEi. v=axisi 1)« v $ 7)
by (rule sum.remove[OF finite__cart_basis], auto simp add: cart_basis_def)

also have ... =z $ (THE a. ?w = azisa 1) * w § ¢
unfolding sum_eq 0 by simp
also have ... =z $ i

unfolding the eq ¢ unfolding axis def by auto
finally show ?thesis by simp
qed
then show z € vec.span (cart_basis)
by (metis (no__types, lifting) vec.span__base vec.span__scale vec.span__sum
vec__eq iff)
qed
then show %thesis by auto
qed

interpretation vec: finite_dimensional vector _space (xs) cart_basis
by (unfold_locales, auto simp add: finite_cart basis independent cart basis
span__cart__basis)

lemma matriz_vector _mul_linear _gen[intro, simp]:
Vector__Spaces.linear (xs) (xs) ((xv) A)
by unfold_locales
(vector matriz_vector_mult_def sum.distrib algebra__simps)+

lemma span_vec_ eq: vec.span X = span X
and dim_vec_eq: vec.dim X = dim X
and dependent_vec__eq: vec.dependent X = dependent X
and subspace__vec__eq: vec.subspace X = subspace X
for X::(real™'n) set
unfolding span_raw _def dim__raw_def dependent_raw _def subspace_raw _def
by (auto simp: scalar_mult_eq scaleR)

lemma linear componentwise:
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fixes f:: ‘a::field 7"'m = 'a " 'n
assumes [f: Vector_Spaces.linear (xs) (xs) f
shows (f 1)$j = sum (Ni. (2$i) = (f (azis i 1)$7)) (UNIV :: 'm set) (is ?lhs =
?rhs)
proof —
interpret If: Vector Spaces.linear (xs) (xs) f
using If .
let M = (UNIV :: 'm set)
let 2N = (UNIV :: 'n set)
have fM: finite ?M by simp
have ?rhs = (sum (A\i. (28%) *s (f (axis { 1))) ?M)$j
unfolding sum__component by simp
then show ?thesis
unfolding If.sum[symmetric] If .scale[symmetric]
unfolding basis_expansion by auto
qed

interpretation vec: Vector Spaces.linear (xs) (xs) (xv) A
using matriz_vector _mul_linear _gen.

interpretation wvec: finite_ dimensional _vector _space_pair (xs) cart_basis (*s)
cart basis ..

lemma matriz_works:
assumes If: Vector_Spaces.linear (xs) (s
shows matriz f xv x = f (z::'a:field ™ 'n)
proof —
have Vi. (3. j€eUNIV.z$jx f (axisj1)$i)=fz$i
by (simp add: Cartesian__Space.linear__componentwise If)
then show ?thesis
by (simp add: matriz_def matriz_vector_mult_def vec__eq _iff mult.commute)
qed

) f

lemma matriz__of _matriz_vector_mul[simp]: matriz(Az. A xv (z :: 'a:field ~ 'n))
=A
by (simp add: matriz_eq matriz_works)

lemma matriz__compose__gen:
assumes If: Vector_Spaces.linear (xs) (xs) (f::'a::{field} "'n = 'a”'m)
and lg: Vector Spaces.linear (xs) (xs) (g::'a”'m = 'a™ )
shows matriz (g o f) = matriz g *x matriz f
using If lg Vector_Spaces.linear__compose|OF If lg] matriz_works|OF Vector__Spaces.linear__compose| OF
If lg]]
by (simp add: matriz_eq matriz_works matriz_vector_mul__assoc[symmetric]

o_def)

lemma matriz_compose:
assumes linear (f::real”'n = real”™'m) linear (g:real™m = real” )
shows matriz (g o f) = matriz g ** matriz f
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using matriz__compose__gen[of f g] assms
by (simp add: linear _def scalar_mult_eq scaleR)

lemma left invertible transpose:

(3(B). B =x transpose (A) = mat (1::'a::comm__semiring_1)) +— (3(B). A *x
B = mat 1)

by (metis matriz_transpose__mul transpose_mat transpose__transpose)

lemma right_invertible_transpose:

(3(B). transpose (A) *xx B = mat (1::'a::comm__semiring_1)) +— (3(B). B *x
A =mat 1)

by (metz’s matriz__transpose__mul transpose__mat tmnsposeitmnspose)

lemma linear matriz_vector _mul__eq:
Vector_Spaces.linear (xs) (xs) f +— linear (f :: real”'n = real ~'m)
by (simp add: scalar_mult_eq _scaleR linear__def)

lemma matriz_vector_mul[simp]:
Vector__Spaces.linear (xs) (xs) ¢ = (Ay. matriz g xv y) = g
linear f = (A\z. matriz f xvz) = f
bounded_linear f = (Az. matriz f xv z) = f
for f :: real™'n = real “'m
by (simp__all add: ext matriz_works linear_matriz_vector_mul__eq linear_linear)

lemma matriz_left invertible injective:
fixes A :: 'a:field 'n"'m
shows (3B. B xx A = mat 1) +— inj ((xv) A)
proof safe
fix B
assume B: B xx A = mat 1
show inj ((xv) A)
unfolding inj on_ def
by (metis B matriz__vector_mul_assoc matriz_vector_mul_lid)
next
assume inj ((xv) A)
from wvec.linear _injective left inverse[OF matriz_vector _mul_linear _gen this]
obtain g where Vector Spaces.linear (xs) (xs) g and g o (xv) A = id
by blast
then have matriz g *x A = mat 1
by (metis matriz_compose__gen matriz_id_mat__ 1 matriz__of matriz_vector _mul
vec.linear_axioms)
then show 3B. B xx A = mat 1
by metis
qed

lemma matriz_left invertible ker:

(3B. (B:'a:{field} “'m™n) xx (A:a::{field} 'n"'m) = mat 1) «+— (Vz. A xv
z=0—z=0)

by (simp add: matriz_left_invertible_injective vec.inj iff eq 0)
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lemma matriz_right__invertible _surjective:
(3B. (A:'axfield 'n"'m) xx (B::'a:field 'm™n) = mat 1) +— surj (Az. A xv z)
proof —
have ABz. Axx B=mat 1 = Jy. 2= Axvy
by (metis matriz_vector_mul_assoc matriz_vector_mul_lid)
moreover
have 3B. A %% B = mat 1 if surj ((xv) A)
by (metis (no__types, opaque_lifting) matriz__compose__gen matriz_id_mat_1
matriz__of matriz_vector _mul vec.linear _axioms
vec.linear _surjective_right__inverse that)
ultimately show ?thesis
by (auto simp: image__def set__eq _iff surj_def)
qed

lemma matriz_left _invertible independent columns:
fixes A :: ‘a::{field} "'n"'m
shows (3 (B::'a 7'm™n). B xx A = mat 1) «—
(Ve sum (Ni. ¢ i xs column i A) (UNIV :: 'n set) = 0 — (Vi. ¢ i = 0))
(is ?lhs «— ?2rhs)
proof —
let 2U = UNIV :: 'n set
have ci =0
if Ve, Axve =0 — z = 0sum (M. ¢ i{xs column i A) U = 0 for c i
by (metis (no__types) UNIV_I matriz_mult_sum vec_lambda__eta vec_nth__cases
zero__vec__def that)
moreover have x = 0 if A xv z = 0 ?rhs for z
by (metis (full_types) matriz_mult_sum that vec__eq iff zero_index)
ultimately show ?Zthesis
unfolding matriz_left invertible ker by auto
qed

lemma matriz__right__invertible _independent__rows:
fixes A :: ‘a::{field} "'n"'m
shows (3 (B::'a™'m™'n). A xx B = mat 1) +—
(Ve. sum (Aiz:'m. c i xs row i A) UNIV = 0 — (Vi. ci = 0))
by (simp add: matriz_left _invertible_independent _columns flip: left_invertible transpose)

lemma matriz__right__invertible _span__columns:
(3 (B::'az:field 7n"'m). (A:x’a T'm7n) xx B = mat 1) +—
vec.span (columns A) = UNIV (is ?lhs = ?rhs)
proof —
let ?U = UNIV :: 'm set
have fU: finite ?U by simp
have lhseq: ?lhs +— (Vy. I (z::'a 'm). sum (Ai. (2$0) xs column i A) 2U = y)
unfolding matriz_right _invertible_surjective matriz_mult__sum surj_def
by (simp add: eq _commute)
have rhseq: ?rhs «— (Vz. x € vec.span (columns A)) by blast
{ assume h: ?lhs
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{ fix z:: 'a 'n
obtain y :: ‘a 7'm where y: sum (\i. (y$7) xs column i A) U = x
using h lhseq by blast
then have z € vec.span (columns A)
by (metis (mono__tags, lifting) columns__def mem__Collect__eq vec.span__base
vec.span__scale vec.span__sum)
}
then have ?rhs unfolding rhseq by blast }
moreover
{ assume h: ?rhs
let 2P = A(y::’a 7'n). I (z::'a™'m). sum (Ni. (2$) *s column i A) ?U =y
{fixy
have y € vec.span (columns A)
unfolding A by blast
then have 7P y
proof (induction rule: vec.span__induct_alt)
case base
then show ?case
by (metis (full _types) matriz_mult__sum matriz_vector _mult_0_right)
next
case (step ¢ yl y2)
from step obtain ¢ where i: i € ?U yI = column i A
unfolding columns _def by blast
obtain z:: ‘a 7'm where z: sum (\i. (2$7) xs column i A) ?U = y2
using step by blast
let %z = (x j. if j = i then ¢ + (238%) else (2%5))::'a'm
show ?Zcase
proof (rule exl[where z= ?%z|, vector, auto simp add: i z[symmetric]
if _distrib distrib_left if _distribR cong del: if weak__cong)
fix j
have th: Vza € ?U. (if xza = i then (¢ + (2$7)) * ((column za A)$j)
else (z8za) * ((column za A$j))) = (if xa = i then ¢ * ((column i A)$5)
else 0) + ((z$za) * ((column za A)$j))
using i(1) by (simp add: field_simps)
have sum (Aza. if za = i then (¢ + (2%7)) * ((column za A)S$j)
else (z8za) * ((column za A$j))) ?U = sum (Aza. (if za = i then c *
((column i A)$j) else 0) + ((z3za) * ((column za A)3$j))) 2U
using th by force
also have ... = sum (Aza. if za = i then ¢ x ((column i A)$j) else 0) ?U
+ sum (Aza. ((z$za) * ((column za A)$j))) ?U
by (simp add: sum.distrib)
also have ... = ¢ * ((column i A)$7) + sum (Aza. ((z$za) * ((column za
A)3$7))) 2U
unfolding sum.delta|OF fU] using i(1) by simp
finally show sum (Aza. if za = i then (¢ + (2$7)) * ((column za A)$j)
else (z8za) * ((column za A$j5))) ?2U
= ¢ * ((column ¢ A)$7) + sum (Aza. ((z3za) * ((column za
A)$7))) 2U .
qed
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qged
}
then have ?lhs unfolding lhseq ..
}
ultimately show ?thesis by blast
qed

lemma matriz_left invertible span_rows gen:
(F(B::'a'm™n). B xx (A:'a:field'n"'m) = mat 1) +— vec.span (rows A) =
UNIV
by (metis columns__transpose matrixz__right__invertible__span__columns right__invertible_transpose)

lemma matriz_left invertible span_rows:
(3 (B::real"m™n). B xx (A:real 'n"'m) = mat 1) «— span (rows A) = UNIV
using matriz_left _invertible__span__rows__gen[of A] by (simp add: span__vec__eq)

lemma matriz_left right inversel:
fixes A A’ :: 'a::{field} "'n"'n
assumes AA" A xx A’ = mat 1
shows A’ xx A = mat 1
proof —
have sA: surj ((xv) A)
using AA’ matriz_right_invertible_ surjective by auto
obtain f':: 'a “'n = 'a 7'n
where f: Vector_Spaces.linear (xs) (xs) f'Va. f' (Axvax)=2Vz. Axvf'x
=z
using sA wvec.linear__surjective_isomorphism by blast
have matriz f’ *x A = mat 1
by (metis f’ matriz__eq matriz_vector _mul__assoc matriz_vector _mul_lid ma-
triz_works)
thus A’ xx A = mat 1
by (metis AA" matriz_mul_assoc matriz_mul_lid)
qed

lemma matriz_left right inverse:
fixes A A’ :: az:{field} "'n"n
shows A xx A’ = mat 1 +— A’ *x A = mat 1
using matriz_left_right_inversel by blast

lemma invertible left inverse:
fixes A :: ‘a::{field} 'n"'n
shows invertible A «+— (3(B::'a™'n"'n). B xx A = mat 1)
by (metis invertible__def matriz_left _right_inverse)

lemma invertible right inverse:
fixes A :: ‘a::{field} 'n"'n
shows invertible A «+— (3(B::'a™'n"'n). Axx B = mat 1)
by (metis invertible__def matriz_left _right_inverse)
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lemma invertible _mult:
assumes inv_A: invertible A
and inv_B: invertible B
shows invertible (AxxB)
proof —
obtain A’ where AA" A xx A’ = mat 1 and A’A: A’ xx A = mat 1
using inv_ A unfolding invertible def by blast
obtain B’ where BB’ B #* B’ = mat 1 and B'B: B’ *x B = mat 1
using inv_ B unfolding invertible def by blast
have A xx B xx (B’ xx A') = mat 1
by (metis AA’" BB’ matriz_mul_assoc matriz_mul_rid)
moreover have B’ xx A’ xx (A xx B) = mat 1
by (metis A’A B'B matriz_mul__assoc matriz_mul_rid)
ultimately show ?thesis
using invertible_def by blast
ged

lemma transpose _invertible:
fixes A :: real”’'n"'n
assumes invertible A
shows invertible (transpose A)
by (meson assms invertible _def matriz_left _right_inverse right__invertible _transpose)

lemma matriz_scaleR__wvector ac:

fixes A :: real (!m::finite) 7n

shows A xv (k xg v) = k xg A xv v

by (metis matriz_vector _mult _scaleR transpose__scalar vector _scaleR__matriz__ac
Uector;tmnsposeimatrix)

lemma scaleR__matriz_vector _assoc:
fixes A :: real (!m::finite) 7n
shows k g (A xvv) =k *p A xv v
by (metis matriz_scaleR__vector _ac matriz_vector_mult_scaleR)

1.11.2 Some interesting theorems and interpretations

locale linear_first_finite_dimensional_vector _space =
12: Vector__Spaces.linear scaleB scaleC f +
B?: finite_dimensional _vector__space scaleB BasisB
for scaleB :: (‘a::field => 'b::ab__group_add => 'b) (infixr <xby> 75)
and scaleC :: ('a => 'ci:ab_group_add => 'c) (infixr <xc» 75)
and BasisB :: (b set)
and f :: ('b=>"c)

lemma vec_dim__card: vec.dim (UNIV::(‘a::{field} 7n) set) = CARD ('n)
by (simp add: card_cart_basis)

interpretation vector space__over_itself: vector _space (x) :: 'a::field = 'a = 'a
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by unfold_locales (simp__all add: algebra__simps)
lemmas [simp del] = vector _space_over_itself .scale__scale

interpretation vector space over_itself: finite_dimensional vector _space
(%) =t 'acfield => 'a => 'a {1}
by unfold_locales (auto simp: vector _space__over _itself.span__singleton)

lemma dimension__eq 1[code_unfold]: vector _space over_itself.dimension TYPE('a::field)=
1
unfolding vector__space_over _itself.dimension__def by simp

lemma dim_ subset_ UNIV__cart_gen:
fixes S :: (‘a::field 'n) set
shows vec.dim S < CARD('n)
by (metis vec.dim__eq_full vec.dim__subset_UNIV vec.span_ UNIV vec__dim__card)

lemma dim_ subset  UNIV _cart:
fixes S :: (real™'n) set
shows dim S < CARD('n)
using dim__subset_UNIV__cart_genlof S] by (simp add: dim__vec__eq)

Two sometimes fruitful ways of looking at matrix-vector multiplication.

lemma matriz_mult_dot: A xv xz = (x i. inner (A$7) z)
by (simp add: matriz_vector _mult_def inner_vec__def)

lemma adjoint_matriz: adjoint(Az. (Azreal 'n"'m) xv z) = (Az. transpose A xv

2)

by (metis adjoint_unique dot_Ilmul_matriz vector_transpose__matriz)

lemma matriz__adjoint:
assumes If: linear (f :: real”™'n = real ~'m)
shows matriz(adjoint f) = transpose(matriz f)
by (metis adjoint_matriz assms matriz__of _matriz_vector_mul matriz_vector_mul(2))

1.11.3 Rank of a matrix

Equivalence of row and column rank is taken from George Mackiw’s paper,
Mathematics Magazine 1995, p. 285.

lemma matriz_vector _mult_in_ columnspace__gen:

fixes A :: 'a:field 'n"'m

shows (A4 *v z) € vec.span(columns A)

unfolding columns__def

by (metis (mono__tags, lifting) matriz_mult__sum mem__Collect _eq vec.span__base
vec.span__scale vec.span__sum,)

lemma matriz_vector _mult_in__columnspace:
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o,

fixes A :: real”'n"'m
shows (4 *v z) € span(columns A)
using matriz_vector_mult_in__columnspace__gen[of A x] by (simp add: span_vec__eq)

lemma subspace__orthogonal__to_vector: subspace {y. orthogonal x y}
by (simp add: subspace__def orthogonal _clauses)

lemma orthogonal nullspace__rowspace:
fixes A :: real™'n"'m
assumes 0: A xvz = 0 and y: y € span(rows A)
shows orthogonal x y
using y
proof (induction rule: span__induct)
case base
then show ?case
by (simp add: subspace__orthogonal _to_vector)
next
case (step v)
then obtain ¢ where v = row i A
by (auto simp: rows__def)
with 0 show Zcase
by (metis inner__commute matriz__vector_mul__component orthogonal _def row__def
vec_lambda__eta
zero__index)
qed

lemma nullspace inter _rowspace:
fixes A :: real™'n"'m
shows A xvz = 0 A z € span(rows A) «— z =0
using orthogonal nullspace__rowspace orthogonal _self span__zero matriz__vector _mult__0_right
by blast

lemma matriz_vector__mul_injective__on__ rowspace:
fixes A :: real'n"'m
shows [4 xvz = A xv y; © € span(rows A); y € span(rows A)] = =z =y
using nullspace inter rowspace [of A z—vy|

by (metis diff _eq diff eq diff _self matriz_vector _mult _diff _distrib span__diff)

definition rank :: ‘a:field 'n"'m=>nat
where row_rank_def gen: rank A = vec.dim(rows A)

lemma row_rank_def: rank A = dim (rows A) for A::real”'n"'m
by (auto simp: row__rank_def gen dim_vec_eq)

lemma dim_rows_le_dim__columns:
fixes A :: real™'n"'m
shows dim(rows A) < dim(columns A)
proof —
have dim (span (rows A)) < dim (span (columns A))
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proof —
obtain B where independent B span(rows A) C span B
and B: B C span(rows A)card B = dim (span(rows A))
using basis__exists [of span(rows A)] by metis
with span_subspace have eq: span B = span(rows A)
by auto
then have inj: inj _on ((xv) A) (span B)
by (simp add: inj_on__def matriz_vector _mul_injective__on__rowspace)
then have ind: independent ((xv) A ‘ B)
by (rule linear_independent__injective__image |OF Finite_ Cartesian_ Product.matriz__vector_mul_linear
<independent B)])
have dim (span (rows A)) < card ((xv) A ‘ B)
by (metis B(2) card_image inj inj_on_ subset order.refl span__superset)
also have ... < dim (span (columns A))
using _ ind
by (rule independent__card_le__dim) (auto introl: matriz_vector_mult_in__columnspace)
finally show ?thesis .
qed
then show ?thesis
by simp
qed

lemma column__rank_def:
fixes A :: real 'n"'m
shows rank A = dim(columns A)
unfolding row_rank_def

by (metis columns__transpose dim__rows_le__dim__columns le__antisym rows__transpose)

lemma rank_transpose:
fixes A :: real 'n"'m
shows rank(transpose A) = rank A
by (metis column__rank__def row_rank_def rows_transpose)

lemma matriz_vector _mult_basis:
fixes A :: real”'n"'m
shows A xv (azxis k 1) = column k A
by (simp add: cart_eq inner__azis column__def matriz_mult_dot)

lemma columns_image__basis:
fixes A :: real’'n"'m
shows columns A = (xv) A ‘ (range (Ai. azis i 1))
by (force simp: columns__def matriz_vector_mult_basis [symmetric])

lemma rank dim_range:

fixes A :: real 'n"'m

shows rank A = dim(range (Az. A *v x))

unfolding column__rank__def

by (smt (verit, best) columns__image__basis dim__span image__subset_iff iso__tuple UNIV__I
matriz__vector _mult_in__columnspace spanieq)
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lemma rank_bound:
fixes A :: real”'n"'m
shows rank A < min CARD('m) (CARD('n))
by (metis (mono__tags, lifting) dim__subset UNIV_cart min.bounded__iff
column__rank__def row__rank__def)

lemma full rank_injective:
fixes A :: real”'n"'m
shows rank A = CARD('n) «— inj ((xv) A)
by (simp add: matriz_left_invertible_injective [symmetric] matriz_left _invertible_span_rows
row_rank__def
dim__eq_full [symmetric] card__cart basis vec.dimension__def)

lemma full rank_surjective:
fixes A :: real”'n"'m
shows rank A = CARD('m) «— surj ((xv) A)
by (metis (no__types, opaque_lifting) dim__eq full dim_vec__eq rank__dim__range

span__vec__eq vec.span_ UNIV vec.span__image vec__dim__card)

lemma rank_I: rank(mat 1::real'n"'n) = CARD('n)
by (simp add: full _rank_injective inj_on__def)

lemma less rank noninjective:
fixes A :: real”'n"'m
shows rank A < CARD('n) +— — inj ((xv) A)
using less_le rank_bound by (auto simp: full _rank_injective [symmetric])

lemma matriz_nonfull linear _equations _eq:

fixes A :: real 'n"'m

shows (3z. (z # 0) N Axvz = 0) «— rank A # CARD('n)

by (meson matriz_left_invertible injective full _rank_injective matriz_left invertible ker)
lemma rank_eq 0: rank A = 0 +— A = 0 and rank_0 [simp]: rank (0::real'n"'m)
=0

for A :: real”™'n"'m

by (auto simp: rank_dim__range matriz__eq)

lemma rank _mul_le_ right:
fixes A :: real”'n’m and B :: real 'p"'n
shows rank(A *x B) < rank B
proof —
have rank(A xx B) < dim ((xv) A ‘ range ((xv) B))
by (auto simp: rank__dim__range image__comp o__def matriz_vector_mul__assoc)
also have ... < rank B
by (simp add: rank_dim__range dim_image_le)
finally show “thesis .
qed
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lemma rank _mul_le_left:
fixes A :: real'n'm and B :: real 'p"'n
shows rank(A *x B) < rank A
by (metis matriz_transpose__mul rank_mul_le right rank_transpose)

1.11.4 Lemmas for working on real"1/2/3/}

lemma ezhaust 2:
fixes z :: 2
showsz=1Vz=2
proof (induct x)
case (of _int z2)
then have z =0 | z = 1
by fastforce
then show ?case
by auto
qed

lemma forall 2: (Vi::2. Pi)+— P1ANP2
by (metis exhaust_2)

lemma ezxhaust 3:
fixes z :: 3
showsz=1Vz=2Vz=3
proof (induct x)
case (of _int 2)
then have z = 0 V z = 1 V z = 2 by fastforce
then show ?case by auto
qed

lemma forall 3: (Vi::8. Pi)«— P1ANP2APS3
by (metis exhaust_3)

lemma exhaust 4:
fixes = :: /
showsr=1Ver=2Vzr=8Vzr=/
proof (induct z)
case (of _int z2)
then have 2 = 0V 2=1V z= 2V z = 3 by fastforce
then show Zcase by auto
qed

lemma forall 4: (Vi:f. Pi)«— P1ANP2ANP3ANP}
by (metis exhaust_4)

lemma UNIV_1 [simp]: UNIV = {1::1}
by auto

lemma UNIV_2: UNIV = {1, 2::2}
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using ezhaust 2 by auto

lemma UNIV_3: UNIV = {1, 2, 3::3}
using ezhaust 3 by auto

lemma UNIV_4: UNIV = {1, 2, 8, 4::4}
using erhaust 4 by auto

lemma sum_ 1: sum f (UNIV::1 set) = f 1
unfolding UNIV__1 by simp

lemma sum_2: sum f (UNIV::2 set) = f1 + f2
unfolding UNIV_2 by simp

lemma sum_8: sum f (UNIV::8set) =f1 +f2 4+ f3
unfolding UNIV_8 by (simp add: ac__simps)

lemma sum_4: sum f (UNIV::4 set) =f1 +f2+ f3 + f/4
unfolding UNIV_j by (simp add: ac__simps)

1.11.5 The collapse of the general concepts to dimension one

lemma vector_one: (z::'a 71) = (x i. (281))
by (simp add: vec__eq iff)

lemma forall_one: (V(x::'a 71). P x) «— (Vxz. P(x i. z))
by (metis vector_one)

lemma norm_vector_1: norm (z :: _"1) = norm (z$1)
by (simp add: norm__vec__def)

lemma dist_vector 1:
fixes z :: 'a::real _normed_vector”1
shows dist © y = dist (z$1) (y$1)
by (simp add: dist_norm norm__vector 1)

lemma norm__real: norm(z::real ~ 1) = |2$1|
by (simp add: norm_vector 1)

lemma dist_real: dist(z:real ~ 1) y = [(2$1) — (y$1)]
by (auto simp add: norm__real dist_norm)

1.11.6 Routine results connecting the types (real, 1) vec and
real

lemma vector_one_nth [simp):
fixes r :: ‘a”1 shows vec (z $ 1) ==
by (metis vec__def vector _one)
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lemma tendsto _at_within_wvector 1:
fixes S :: 'a :: metric_space set
assumes (f —— fr) (at z within S)
shows ((Ay='a™1. x i. f (y $ 1)) —— (vec fu:'a”1)) (at (vec x) within vec *
5)
proof (rule topological_tendstol)
fix T :: ('a™1) set
assume open T vec fr € T
have Vp z in at z within S. fx € (Az. 2 $ 1) ‘T
using <open T» <vec fr € T) assms open_image_vec_nth tendsto__def by
fastforce
then show YV p z::'a”1 in at (vec x) within vec *S. (x i. f(x $ 1)) e T
unfolding eventually_at dist_norm [symmetric]
by (rule ex_forward)
(use <open T» in
<fastforce simp: dist_norm dist_vec def L2 _set def image_iff vector _one
open__vec__def>)
qed

lemma has derivative vector 1:
assumes der_g: (g has_derivative (A\z. x x g’ a)) (at a within S)
shows ((Az. vec (g (z $ 1))) has_derivative (xgr) (g’ a))
(at ((vec a)::real”1) within vec < S)
using der_g
apply (clarsimp simp: Deriv.has_derivative__within bounded_ linear _scaleR__right
norm__vector__1)
apply (drule tendsto__at_within__vector__1, vector)
apply (auto simp: algebra__simps eventually__at tendsto__def)
done

1.11.7 Explicit vector construction from lists

definition vector | = (x 4. foldr (Az fn. fun_upd (f (n+1)) nx)l (Anz. 0) 11)

lemma vector__1 [simp|: (vector|z]) $1 = =z
unfolding vector_def by simp

lemma vector_2 [simp]: (vector[z,y]) $1 = x (vector[z,y] :: 'a”2)$2 = (y::"a::zero)
unfolding vector def by simp__all

lemma vector_3 [simp]:

(vector [z,y,2] :('a::zero) "3)$1 = =
(vector [z,y,2] ::('a::zero) "8)$2 = y
(vector [z,y,2] ::(‘a::zero) "3)$8 = 2z
unfolding vector _def by simp_all

lemma forall _vector_1: (Vv::'a::zero”1. P v) «— (V. P(vector(z]))
by (metis vector 1 vector_ _one)
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lemma forall _vector_2: (Vv::’a::zero”2. P v) «— (Vz y. P(vector|z, y]))
proof —
have P v if Az y. P (vector [z, y]) for v
proof —
have vector [v81, v$2] = v
unfolding vec_eq iff by (metis (mono_tags) exhaust 2 vector_2)
then show ?thesis
by (metis that)
qed
then show ?thesis by auto
qed

lemma forall_vector 3: (Vwv::'az:zero™3. P v) +— (Vx y 2. P(vector|z, y, 2]))
proof —
have P v if Az y z. P (vector [z, y, z]) for v
proof —
have vector [v$1, v$2, v83] = v
unfolding vec eq iff by (metis (mono__tags) exhaust 3 vector 3)
then show ?thesis
by (metis that)
qed
then show ?thesis by auto
qed

1.11.8 lambda skolemization on cartesian products

lemma lambda__skolem: (Vi. 3z. Piz) +— (Jz::'/a " 'n.Vi. Pi(z $ 1))
by (metis vec_lambda__beta)

The same result in terms of square matrices.
Considering an n-element vector as an n-by-1 or 1-by-n matrix.
definition rowvector v = (x i j. (v$)))

definition columnuvector v = (x i j. (v$7))

lemma transpose__columnvector: transpose(columnvector v) = rowvector v
by (simp add: transpose__def rowvector__def columnvector__def vec__eq iff)

lemma {ranspose__rowvector: transpose(rowvector v) = columnvector v
by (simp add: transpose__def columnvector _def rowvector _def vec__eq iff)

lemma dot__rowvector _columnvector: columnvector (A xv v) = A xx columnuvector
v
by (vector columnvector _def matriz_matriz_mult_def matriz_vector_mult_def)

lemma dot__matriz__product:
(z::real™n) - y = (((rowvector x ::real 'n"1) xx (columnvector y :: real ™1 'n))$1)$1
by (vector matriz_matriz_mult__def rowvector__def columnvector__def inner_vec__def)
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lemma dot matriz_vector _mul:
fixes A B :: real 'n “'nand z y :: real "'n
shows (A v z) - (B xv y) =
(((rowvector x :: Teal 'n"1) xx ((transpose A xx B) xx (columnvector y :: real
“177n)))$1)$1
by (metis dot_lmul_matriz dot_matriz_product dot_rowvector_columnvector
matriz_mul__assoc vect0r7tmnsposeimatm'a:)

lemma dim__substandard_cart: vec.dim {z::'a::field 'n. Vi. i ¢ d — z$i = 0} =
card d
(is vec.dim A = _)
proof (rule vec.dim__unique)
let B = ((Az. axisz 1) ‘ d)
have subset basis: ?B C cart_basis
by (auto simp: cart_basis_def)
show ?B C 24
by (auto simp: axis_def)
show wvec.independent ((\z. azis x 1)  d)
using subset_basis
by (rule vec.independent_mono|OF vec.independent_Basis])
have z € vec.span ?Bif Vi.i ¢ d — 2 $ i = 0 for z::'a™'n
proof —
have finite ?B
using subset_basis finite__cart_basis
by (rule finite_subset)
have z = (3 i€UNIV. £ $ i xs azris i 1)
by (rule basis__expansion|symmetric])
also have ... = (3 ied. (z $17) *sawis i 1)
by (rule sum.mono__neutral_cong_right) (auto simp: that)
also have ... € vec.span ?B
by (simp add: vec.span__sum vec.span__clauses)
finally show z € vec.span ?B .
qed
then show ?A C vec.span ?B by auto
qed (simp add: card_image inj _on_ def axis_eq axis)

lemma affinity_inverses:
assumes m0: m # (0::'a::field)
shows (Az. m *s z + ¢) o (Az. inverse(m) xs x + (—(inverse(m) s ¢))) = id
(Az. inverse(m) s © + (—(inverse(m) xs ¢))) o (Az. m xs ¢ + ¢) = id
using m0
by (auto simp add: fun__eq iff vector _add_ldistrib diff _conv_add_uminus simp
del: add_uminus__conv_ diff)

lemma vector__affinity_eq:

assumes m0: (m::'a:field) # 0

shows m s & + ¢ = y «— x = inverse m *s y + —(inverse m xs c)
proof
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assume h: m st + ¢ = y
hence m xs x = y — ¢ by (simp add: field _simps)
hence inverse m xs (m xs ) = inverse m xs (y — ¢) by simp
then show z = inverse m xs y + — (inverse m xs c)
by (simp add: m0 vec.scale__right_diff _distrib)
next
assume h: z = inverse m xs y + — (inverse m x$ c)
show m xs z + ¢ = y unfolding h
using m0 by (simp add: vector _smult__assoc vector _ssub__ldistrib)
qed

lemma vector _eq affinity:
(m:'afield) # 0 ==> (y = m *s x + ¢ < inverse(m) *s y + —(inverse(m)
xS ¢) = )
by (metis vector_affinity_eq)

lemma vector cart:

fixes [ :: real”'n = real

shows (x 4. f (azis i 1)) = (> i€ Basis. fi *g 1)

by (simp add: euclidean__eq iff[where ‘a=real™'n]) (simp add: Basis_vec_def
inner_axis)

lemma const_vector_cart:((x 4. d)::real™'n) = (> i€Basis. d *g 1)
by (rule vector_cart)

1.11.9 Explicit formulas for low dimensions

lemma prod_neutral _const: prod f {(1::nat)..1} = f 1
by simp

lemma prod_2: prod f {(1:nat)..2} = f1 % f2
by (simp add: eval _nat_numeral atLeastAtMostSuc__conv mult.commute)

lemma prod_3: prod f {(1:nat)..3} =f1xf2xf3
by (simp add: eval_nat_numeral atLeastAtMostSuc__conv mult.commute)

1.11.10 Orthogonality of a matrix

definition orthogonal _matriz (Q::'a::semiring_1"'n"'n) «—
transpose @ xx @ = mat 1 N @ *x transpose Q = mat 1

lemma orthogonal _matriz: orthogonal _matriz (Q:: real ~'n"'n) +— transpose Q
xk Q) = mat 1
by (metis matriz_left _right_inverse orthogonal matriz_def)

lemma orthogonal _matriz_id: orthogonal matriz (mat 1 :: _"'n"'n)
by (simp add: orthogonal _matriz_ def)

proposition orthogonal matriz_mul:
Ny

fixes A :: real “'n"'n
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assumes orthogonal _matrix A orthogonal _matrix B

shows orthogonal_matriz(A *x B)

using assms

by (simp add: orthogonal _matriz matriz__transpose__mul matriz_left _right_inverse
matriz_mul_assoc)

proposition orthogonal transformation_matriz:
fixes f:: real”'n = real™'n
shows orthogonal _transformation f <— linear f N orthogonal matriz(matriz f)
(is ?lhs <— 2rhs)
proof —
let ?mf = matrixz f
let 2ot = orthogonal__transformation f
let 2U = UNIV :: 'n set
have fU: finite ?U by simp

AN

let ?m1 = mat 1 :: real “'n"'n
{
assume ot: %ot
from ot have If: Vector_Spaces.linear (xs) (xs) f and fd: Nvw. fv-fw=v
-w
unfolding orthogonal_transformation__def orthogonal _matrix linear _def
scalar_mult_eq scaleR
by blast+
{
fix ij
let ?A = transpose ?mf xx ?mf
have th0: \b (z::'a::comm__ring _1). (if b then 1 else 0)xx = (if b then x else

Ab (x::'a::comm_ring _1). zx(if b then 1 else 0) = (if b then z else 0)
by simp__all
from fd[of axis i 1 axis j 1,
simplified matriz_works|OF If, symmetric] dot_matriz_vector_mul)
have ?A$i$j = ?mi1 $i 9 j
by (simp add: inner_vec__def matriz_matriz_mult_def columnvector _def
rowvector__def

th0 sum.delta] OF fU] mat_def axis_def)
}

then have orthogonal _matrix ?mf
unfolding orthogonal _matrix
by wector
with [f have ?rhs
unfolding linear_def scalar_mult_eq scaleR
by blast
}
moreover
have ?lhs if Vector Spaces.linear (xs) (xs) f and orthogonal _matriz ?mf
using that unfolding orthogonal matriz__def norm__eq orthogonal _transformation
by (metis dot_matriz__product dot__matriz_vector _mul linear_matriz__vector _mul_eq
matriz_mul_lid matriz_vector_mul(2))
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ultimately show ¢thesis
by (auto simp: linear_def scalar_mult_eq scaleR)
qed

1.11.11 Finding an Orthogonal Matrix

We can find an orthogonal matrix taking any unit vector to any other.

lemma orthogonal matriz_transpose [simp):
orthogonal _matriz(transpose A) <— orthogonal _matriz A
by (auto simp: orthogonal matriz_ def)

lemma orthogonal _matriz__orthonormal__columns:
fixes A :: real”'n"'n
shows orthogonal__matriz A +—
(Vi. norm(column i A) = 1) A
(Vij. i #j — orthogonal (column i A) (column j A))
by (auto simp: orthogonal _matriz matriz_mult__transpose__dot__column vec__eq _iff
mat__def norm__eq 1 orthogonal _def)

lemma orthogonal _matriz__orthonormal__rows:
fixes A :: real'n"'n
shows orthogonal _matriz A +—
(Vi. norm(row i A) = 1) A
(Vij. i # j— orthogonal (row i A) (row j A))
using orthogonal matriz_orthonormal__columns [of transpose A] by simp

proposition orthogonal matriz_exists basis:
fixes a :: real'n
assumes norm a = 1
obtains A where orthogonal _matriz A A xv (azis k 1) = a
proof —
obtain S where a € S pairwise orthogonal S and noS: N\z. x € S = norm x
=1
and independent S card S = CARD('n) span S = UNIV
using vector__in__orthonormal_basis assms by force
then obtain f0 where bij betw f0 (UNIV::'n set) S
by (metis finite_class.finite_ UNIV finite_same__card__bij finitel _independent)
then obtain f where f: bij_betw f (UNIV::'n set) S and a: a = f k
using bij_swap__iff [of f0 k inv f0 a]
by (metis UNIV_I <a € S» bij_betw_inv_into_right bij_betw_swap_ iff swap__apply(1))
show thesis
proof
have [simp]: A\i. norm (fi) = 1
using bij _betwE [OF <bij_betw f UNIV S| by (blast intro: noS)
have [simp]: \ij. i # j = orthogonal (f ) (f7)
using (pairwise orthogonal S» <bij_betw f UNIV S»
by (auto simp: pairwise_def bij betw def inj _on__def)
show orthogonal _matriz (x i j. fj$ ©)
by (simp add: orthogonal _matriz__orthonormal__columns column,__def)
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show (x ij. fj$ i) *varisk1 =a
by (simp add: matriz_vector _mult _def axis_def a if _distrib cong: if _cong)
qed
qed

lemma orthogonal_transformation__exists 1:
fixes a b :: real™'n
assumes norm a = 1 norm b = 1
obtains f where orthogonal transformation f f a = b
proof —
obtain k£ A B where AB: orthogonal _matriz A orthogonal _matrix B and eq:
Axv (axisk 1) = a B xv (axisk 1) = b
using orthogonal matriz__exists _basis assms by metis
let ?f = Ax. (B ** transpose A) xv x
show thesis
proof
show orthogonal__transformation ?2f
by (simp add: AB orthogonal__matriz__mul orthogonal__transformation__matriz)
next
show ?fa =10
using <orthogonal_matriz A> unfolding orthogonal matriz__def
by (metis eq matriz_mul _rid matriz_vector_mul__assoc)
qed
qed

proposition orthogonal _transformation__exists:
fixes a b :: real ’'n
assumes norm a = norm b
obtains f where orthogonal_transformation f fa = b
proof (cases a =0V b= 0)
case True
with assms show ?thesis
using that by force
next
case Fulse
then obtain f where f: orthogonal transformation f and eq: f (a /r norm a)
= (b /r norm b)
by (auto intro: orthogonal _transformation__exists 1 [of a /r norm a b /g norm
b])
show ?thesis
using False assms eq f orthogonal transformation__scaleR that by fastforce
qed

1.11.12 Scaling and isometry

proposition scaling linear:
fixes [ :: 'a::real_inner = 'a::real_inner
assumes f0: f0 = 0
and fd: Vo y. dist (fz) (fy) =cx* distzy
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shows linear f
proof —
{
fix v w
have norm (f ) = ¢ * norm z for z
by (metis dist_0_norm f0 fd)
then have fv - fw = c? % (v - w)
unfolding dot _norm_neg dist_norm|symmetric]
by (simp add: fd power2 eq square field__simps)

then show ?thesis
unfolding linear_iff vector_eqlwhere ‘a="'a] scalar_mult_eq scaleR
by (simp add: inner_add field__simps)
qed

lemma isometry_linear:
f (0:'azreal_inner) = (0::'a) = Yz y. dist(f z) (fy) = dist x y = linear f
by (rule scaling_linear[where c=1]) simp__all

Hence another formulation of orthogonal transformation

proposition orthogonal transformation__isometry:

orthogonal__transformation f <— f(0::'a:real_inner) = (0::'a) A (Vax y. dist(f
z) (fy) = dist z y)

unfolding orthogonal_transformation

by (metis dist_0_norm dist_norm isometry_linear linear_0 linear_diff)

Can extend an isometry from unit sphere:

lemma isometry_sphere__extend:
fixes f:: ‘a::real _inner = 'a
assumes fI: Az. norm ¢ = 1 = norm (fz) = 1
and fd1: Az y. [norm z = 1; normy = 1] = dist (fz) (fy) = distz y
shows 3 g. orthogonal _transformation g A (Vx. normz = 1 — gz = fz)
proof —
{
fixzyz' y'uvu v e
assume H: T = norm T xg 4 Yy = NOTm y *g v
z' = norm x xg u' y' = norm y *xr v’
and J: norm v = 1 norm v’ = 1 norm v = 1 norm v’ = 1 norm(u’ — v') =
norm(u — v)
then have x: v -v=u"-v' + v - u' —v-u
by (simp add: norm__eq norm__eq 1 inner_add inner_diff)
have norm (norm z *r u’ — norm y *g v') = norm (norm x xgr u — norm y
*R 1})
using J by (simp add: norm__eq norm__eq 1 inner_diff * field_simps)
then have norm(z’ — y’) = norm(z — y)
using H by metis
}

note norm__eq = this
let g = A\z. if x = 0 then 0 else norm ¢ g f (z /g norm x)
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have thfg: ?g v = fx if norm z = 1 for z
using that by auto
have thd: dist (?g z) (%9 y) = dist x y for z y
proof (cases =0 V y=0)
case Fulse
show dist (?g x) (%9 y) = dist x y
unfolding dist _norm
proof (rule norm__eq)
show z = norm z xg (z /g norm z) y = norm y xr (y /r norm y)
norm (f (z /r norm z)) = 1 norm (f (y /r norm y)) = 1
using False f1 by auto
qed (use False in <auto simp: field__simps intro: f1 fd1[unfolded dist_norm]»)
qed (auto simp: f1)
show ?thesis
unfolding orthogonal_transformation__isometry
by (rule exl[where z= %g]) (metis thfg thd)
qged

1.11.13 Induction on matrix row operations

lemma induct__matriz_row _operations:
fixes P :: real”™'n"'n = bool
assumes zero_row: NAi. rowi A=0= P A
and diagonal: NA. (Nij. i #£j— A%i¥j=0)—= P A
and swap_cols: NA m n. [P A; m # n] = P(x ij. A $ i $ Transposi-
tion.transpose m n j)
and row_op: ANA mn c. [P A; m # n]
= P(x i. if i = m thenrow m A + ¢ xg row n A else row i A)
shows P A
proof —
have P Aif (\ij. [j € —K; i # j] = ASi$j = 0) for A K
proof —
have finite K
by simp
then show ?thesis using that
proof (induction arbitrary: A rule: finite_induct)
case empty
with diagonal show ?case
by simp
next
case (insert k K)
note insertK = insert
have P A if kk: A$kSEk # 0
and 0: N\ij. [j € — insert k K; i # j] = AS$i$j = 0
Ni. [i € —L; i # k] = A$i$k = 0 for A L
proof —
have finite L
by simp
then show ?thesis using 0 kk
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proof (induction arbitrary: A rule: finite_induct)
case (empty B)
show ?case
proof (rule insertK)
fix 7j
assume i € — K j# 1
show B$j$i=0
using <j # O i € — K» empty
by (metis ComplD Compll Compl_eq Diff UNIV Diff empty UNIV I
insert__iff)
qed
next
case (insert | L B)
show ?case
proof (cases k = 1)
case True
with insert show ?thesis
by auto
next
case Fulse
let 2C = x i.ifi=1thenrow! B — (B$1Sk/BSkSEk)«growk
B else row i B
have 1: [j € —insert k K; i # j] = ?C $i$j= 0 forji
by (auto simp: insert.prems(1) row__def)
have 2: 2C$i$ k=0
ifie —Li#kfori
proof (cases i=l)
case True
with that insert.prems show ?thesis
by (simp add: row__def)
next
case Fulse
with that show ?thesis
by (simp add: insert.prems(2) row_ def)
qged
have 3: ?C$k$ k# 0
by (auto simp: insert.prems row_def <k # 1))
have PC: P ?C
using insert.IH [OF 1 2 3] by auto
have eqB: (x i. if i = lthenrow | 2C + (B$1$k/ BS$ kS k) *xg row
k ¢C else row i 2C') = B
using <k # I» by (simp add: vec__eq iff row_def)
show ?thesis
using row_op |OF PC, of | k, where ¢ = B$I$k / B$k$k] eqB <k # D
by (simp add: cong: if _cong)
qed
qed
qed
then have nonzero _hyp: P A
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if kk: ASESE # 0 and zeroes: N\ij. j € — insert k K A i#j — A%i%j = 0
for A
by (auto simp: intro!: kk zeroes)
show ?Zcase
proof (cases row k A = 0)
case True
with zero__row show ?thesis by auto
next
case Fulse
then obtain [ where I: A$k$1 # 0
by (auto simp: row__def zero_vec__def vec__eq iff)
show ?thesis
proof (cases k = 1)
case True
with [ nonzero _hyp insert.prems show #thesis
by blast
next
case Fulse
have x: A $ ¢ $ Transposition.transpose k1j = 0if j # kj ¢ K i # j for
ij
using False [ insert.prems that
by (auto simp add: Transposition.transpose__def)
have P (x i j. (x i j. A $ i $ Transposition.transpose k 1 j) $ i $
Transposition.transpose k 1 j)
by (rule swap__cols [OF nonzero_hyp False]) (auto simp: | *)
moreover
have (x ij. (x 4. A $ i $ Transposition.transpose k 1 §) $ ¢ $ Transposi-
tion.transpose k 1 j) = A
by simp
ultimately show ?thesis
by simp
qed
ged
qged
qed
then show ?thesis
by blast
qed

lemma induct_matriz_elementary:
fixes P :: real”'n"'n = bool
assumes mult: AA B. [P A; P B] = P(A =« B)
and zero_row: NAi.rowiA=0=— P A
and diagonal: NA. (Nij. i #j= A$i$j=0)= P A
and swapl: Am n. m # n = P(x ij. mat 1 $ i $ Transposition.transpose m
n j)
and idplus: Amnc. m#n = P(x ij. if it = m A j = nthen c else of bool
(i =)
shows P A
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proof —

have swap: P (x ij. A $ i $ Transposition.transpose m n j) (is P 2C)
if PAm#nfor Amn

proof —
have A xx (x 7 j. mat 1 $ i $ Transposition.transpose m n j) = ?C
by (simp add: matriz_matric_mult_def mat__def vec__eq_iff if _distrib sum.delta__remove)
then show ?thesis

using mult swapl that by metis

qed
have row: P (x i. if i = m then row m A + ¢ *g row n A else row i A) (is P
2C)
ifPAm+#nfor Ammnc
proof —

let VB = xij.if i = m A j= n then c else of bool (i = j)
have 7B xx A = 2C
using <m # n» unfolding matriz_matriz_mult_def row def of bool def
by (auto simp: vec_eq iff if distrib [of Ax. x x y for y] sum.remove cong:
if _cong)
then show ?thesis
by (rule subst) (auto simp: that mult idplus)
qed
show ?thesis
by (rule induct_matriz_row__operations [OF zero__row diagonal swap row))
qed

lemma induct__matriz__elementary__alt:
fixes P :: real™'n"'n = bool
assumes mult: NA B. [P A; P B] = P(A =« B)
and zero_row: NAi. rowi A=0= P A
and diagonal: NA. (Nij. i #j=— A$i¥j=0) = P A
and swapl: Amn. m #n = P(x ij. mat 1 $ ¢ $ Transposition.transpose m
n j)
and idplus: Am n. m #n = P(x ¢j. of _bool (i =m ANj=mnVi=7j)
shows P A
proof —
have x: P (x ¢ j. if it = m A j = n then c else of bool (i = j))
if m # n for mn c
proof (cases ¢ = 0)
case True
with diagonal show ?thesis by auto
next
case Fulse
then have eq: (x i j. if i = m A j = n then c else of bool (i = j)) =
(x ©j.if i = j then (if 1 = n then inverse c else 1) else 0) *x
(x ©7. of bool (i =m ANj=mnVi=7j)) *k
(x i 4. if i = j then if j = n then c else 1 else 0)
using <m # n»
apply (simp add: matriz_matriz_mult_def vec__eq iff of bool def if distrib
[of Az. y * x for y] cong: if _cong)
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apply (simp add: if _if _eq conj sum.neutral conj_commute cong: conj__cong)
done
show ?thesis
unfolding eq by (intro mult idplus that) (auto intro: diagonal)
qed
show ?thesis
by (rule induct_matriz__elementary) (auto intro: assms *)
qed

lemma matriz_vector _mult_matriz__matriz_mult_compose:
(xv) (A *x B) = (xv) A o (xv) B
by (auto simp: matriz__vector_mul_assoc)

lemma induct_linear__elementary:
fixes f :: real™'n = real™'n
assumes linear f
and comp: \f g. [linear f; linear g; P f; P g] = P(f o g)
and zeroes: \fi. [linear f; Nz. (fz) $i=0] = Pf
and const: \c. P(Az. x i. ¢ i * 187)
and swap: Am n::'n. m #n = P(Az. x i. © $ Transposition.transpose m n i)
and idplus: Am n::'n. m # n = P(Az. x i. if i = m then 28m + 2$n else
z31)
shows P f
proof —
have P ((xv) A) for A
proof (rule induct_matriz__elementary__alt)
fix A B
assume P ((xv) A) and P ((xv) B)
then show P ((xv) (A ** B))
by (auto simp add: matriz_vector _mult _matriz_matriz_mult_compose intro!:
comp)
next
fix A :: real”’n"'n and i
assume row i A = 0
with matriz_vector _mul_linear show P ((xv) A)
by (metis matriz__vector _mul _component matriz_vector _mult_0 row__def
vec_lambda__eta zero_index zeroes)
next
fix A :: real'n"'n
assume 0: N\ij. i £j=—= A$i$j=0
have A$i$ixz$i= (O jeUNIV.A$i$jxx$j forxand i: 'n
by (simp add: 0 comm_monoid_add__class.sum.remove [where z=])
then have (Az. x i. A$i$ix 23 1i) = ((xv) A)
by (auto simp: 0 matriz_vector _mult_def)
then show P ((xv) A)
using const [of Ai. A $ i $ i] by simp
next
fixmn:'n
assume m # n
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have eq: (> jeUNIV. if i = Transposition.transpose m n j then © $ j else 0) =
(3>°J€UNIV. if j = Transposition.transpose m n i then z $ j else 0)
for i and z :: real 'n
by (rule sum.cong) (auto simp add: swap_id_eq)
have (Az::real™n. x i.  $ Transposition.transpose m n i) = ((xv) (x @ j. if @
= Transposition.transpose m n j then 1 else 0))
by (auto simp: mat_def matriz_vector_mult_def eq if _distrib [of Az. z * y
for y] cong: if cong)
with swap [OF <m # mw] show P ((xv) (x 7 j. mat 1 $ ¢ $ Transposi-
tion.transpose m n 7))
by (simp add: mat_def matriz_vector_mult_def)
next
fix mn:'n
assume m # n
then have z $ m + z $ n = (D jeUNIV. of bool (j=nV m =7j) *z$ j)
for x :: real™n
by (auto simp: of _bool__def if _distrib [of Az. z * y for y] sum.remove cong:
if _cong)
then have (Az::real™n. x i. if i = mthenz $m + z$ nelsex $ i) =
((xv) (x ¢ 4. of bool (i =m ANj=mnVi=]j))
unfolding matriz_vector _mult_def of bool def
by (auto simp: vec__eq iff if _distrib [of Ax. z x y for y| cong: if _cong)
then show P ((xv) (x ij. of _bool (i =m A j=nVi=7}))
using idplus [OF <m # ny] by simp
qed
then show ?thesis
by (metis <linear f> matriz_vector_mul(2))
qed

end

1.12 Traces and Determinants of Square Matrices

theory Determinants

imports
HOL— Combinatorics. Permutations
Cartesian__Space

begin

1.12.1 Trace

definition trace :: ‘a::semiring 17'n"'n = 'a
where trace A = sum (Mi. ((4$9)$¢)) (UNIV::'n set)

lemma trace_0: trace (mat 0) = 0
by (simp add: trace_def mat_ def)

lemma trace I: trace (mat 1 :: 'az:semiring_1"'n"'n) = of _nat(CARD('n))
by (simp add: trace_def mat_def)
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lemma trace add: trace ((A::'a::comm_semiring 1"'n"'n) + B) = trace A +
trace B
by (simp add: trace_def sum.distrib)

lemma trace_sub: trace ((A::'a::comm_ring_1"'n"'n) — B) = trace A — trace B
by (simp add: trace_def sum__subtractf)

lemma trace_mul_sym: trace ((A::'a::comm__semiring _1"'n"'m) *x B) = trace
(BxxA)

apply (simp add: trace_def matriz_matriz_mult_def)

apply (subst sum.swap)

apply (simp add: mult.commute)

done

Definition of determinant

definition det:: ‘a::comm_ring _17'n"'n = ’'a where
det A =
sum (Ap. of _int (sign p) x prod (Ni. A$iSp i) (UNIV :: 'n set))
{p. p permutes (UNIV :: 'n set)}

Basic determinant properties

~n)

lemma det_transpose [simp]: det (transpose A) = det (A::'a::comm_ring_1 "'n
proof —
let 2di = \A ij. A$i$j
let ?U = (UNIV :: 'n set)
have fU: finite ?U by simp
{
fix p
assume p: p € {p. p permutes ?U}
from p have pU: p permutes ?U
by blast
have sth: sign (inv p) = sign p
by (metis sign__inverse fU p mem__Collect__eq permutation__permutes)
from permutes_inj[OF pU)
have pi: inj_on p ?U
by (blast intro: inj _on__subset)
from permutes_image|OF pU]
have prod (\i. ?di (transpose A) i (inv p i)) U =
prod (Ni. 2di (transpose A) i (inv p Q) (p * ?U)

by simp

also have ... = prod ((\i. ?di (transpose A) i (inv p 7)) o p) ?U
unfolding prod.reindex|OF pi] ..

also have ... = prod (\i. 2di A i (p 7)) ?U

proof —

have ((A\i. 2di (transpose A) i (invp i) op)i= 9di A i (pi)ifie ?U for ¢
using that permutes_inv_o[OF pU] permutes_in__image[OF pU]|
unfolding transpose def by (simp add: fun__eq iff)
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then show prod ((\i. ?di (transpose A) i (inv p ©)) o p) ?U = prod (\i. ?di

Ai(pi) ?U
by (auto intro: prod.cong)
qed
finally have of int (sign (inv p)) * (prod (\i. ?di (transpose A) i (inv p ©))
?U) =

of _int (sign p) x (prod (Ai. 2di A i (p i) 2U)
using sth by simp
}
then show ?thesis
unfolding det_ def
by (subst sum__permutations_inverse) (blast intro: sum.cong)
qed

lemma det lowerdiagonal:
fixes A :: ‘a::comm_ring_17('n::{finite,wellorder}) ('n::{finite,wellorder})
assumes Ild: \ij. i < j = A$i$j =0
shows det A = prod (\i. A$i$3) (UNIV:: 'n set)
proof —
let ?U = UNIV:: 'n set
let ?PU = {p. p permutes ?U}
let ?pp = Ap. of _int (sign p) * prod (\i. A$i$p i) (UNIV :: 'n set)
have fU: finite ?U
by simp
have id0: {id} C ?PU
by (auto simp: permutes_id)
have p0: Vp € ?PU — {id}. ?pp p = 0
proof
fix p
assume p € ?PU — {id}
then obtain i where i: p i > ¢
by clarify (meson lel permutes natset_le)
from [d[OF i] have 3i € ?U. A$i$p i = 0
by blast
with prod_zero[OF fU] show ?pp p = 0
by force
qed
from sum.mono_neutral_cong_left[OF finite__permutations|OF fU] id0 p0] show
Zthesis
unfolding det _def by (simp add: sign_id)
qed

lemma det upperdiagonal:
fixes A :: 'a::comm_ring_1""n:{ finite,wellorder} ~'n::{finite,wellorder}
assumes Id: N\ij. i > j = A8$i$j =0
shows det A = prod (Ai. A$i$i) (UNIV:: 'n set)
proof —
let ?U = UNIV:: 'n set
let ?PU = {p. p permutes ?U}
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let ?pp = (Ap. of _int (sign p) * prod (Mi. A$i$p i) (UNIV :: 'n set))
have fU: finite 72U
by simp
have id0: {id} C 7PU
by (auto simp: permutes_id)
have p0: Vp € ?PU —{id}. ?ppp =0
proof
fix p
assume p: p € ?PU — {id}
then obtain ¢ where i: p i < ¢
by clarify (meson lel permutes natset_ge)
from [d[OF i] have 3i € ?U. A$i$p i =0
by blast
with prod_zero[OF fU] show %pp p = 0
by force
qed
from sum.mono__neutral_cong_left[OF finite__permutations|OF fU] id0 p0] show
Zthesis
unfolding det def by (simp add: sign_id)
qed

proposition det diagonal:
fixes A :: 'a::comm_ring_1"7"'n"'n
assumes Ild: \ij. i #j = A$i$j = 0
shows det A = prod (\i. A$i$i) (UNIV::'n set)
proof —
let 2U = UNIV:: 'n set
let ?PU = {p. p permutes ?U}
let %pp = Ap. of _int (sign p) * prod (Ai. A$i$p i) (UNIV :: 'n set)
have fU: finite ?U by simp
from finite permutations|OF fU] have fPU: finite ?PU .
have id0: {id} C ?PU
by (auto simp: permutes_id)
have p0: Vp € ?PU — {id}. ?ppp =0
proof
fix p
assume p: p € ?PU — {id}
then obtain i where i: p { # i
by fastforce
with Id have 3i € ?U. A$i$pi =10
by (metis UNIV_1I)
with prod_zero [OF fU] show ?pp p = 0
by force
qed
from sum.mono_neutral_cong_left{OF fPU id0 p0] show ?thesis
unfolding det def by (simp add: sign_id)
qed

lemma det_ I [simp]: det (mat 1 :: 'a::comm_ring _17'n"'n) = 1
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by (simp add: det_diagonal mat_def)

lemma det 0 [simp]: det (mat 0 :: ‘a::comm_ring_1""n"n) = 0
by (simp add: det_def prod_zero power 0 _left)

lemma det permute rows:
fixes A :: 'a::comm_ring _17'n"'n
assumes p: p permutes (UNIV :: 'n::finite set)
shows det (x i. A$p i :: 'a™'n"'n) = of _int (sign p) * det A
proof —
let ?2U = UNIV :: 'n set
let ?PU = {p. p permutes ?U}
have *: (3 qe?PU. of int (sign (q o p)) * ([[i€?U. A$pi$ (qgop)i)) =
(3" ne?PU. of _int (sign p) * of _int (sign n) x (J[i€?U. A$i$ ni))
proof (rule sum.cong)
fix ¢
assume qPU: q € ?PU
have fU: finite 72U
by simp
from ¢PU have ¢: q permutes ?U
by blast
have prod (M\i. A$p i$ (q o p) ©) 2U = prod ((Ni. A$p i$(q o p) i) o inv p) ?2U
by (simp only: prod.permute[OF permutes_inv|[OF p|, symmetric])

also have ... = prod (A\i. A$ (poinvp)i$ (qgo (poinvp)) i) ?2U
by (simp only: o__def)
also have ... = prod (\i. A$i$q i) ?U

by (simp only: o__def permutes__inverses|OF p))
finally have thp: prod (\i. A$p i$ (q o p) i) ?U = prod (\i. A$i$q i) ?U
by blast
from p ¢ have pp: permutation p and qp: permutation q
by (metis fU permutation__permutes)+
show of _int (sign (q o p)) * prod (Mi. A$ p i$ (q o p) i) ?2U =
of _int (sign p) * of _int (sign q) * prod (\i. A$i$q i) ?2U
by (simp only: thp sign__compose|OF qp pp] mult.commute of _int_mult)
qed auto
show ?thesis
apply (simp add: det_def sum__distrib_left mult.assoc[symmetric])
apply (subst sum__permutations__compose__right[OF p])
apply (rule x)
done
qed

lemma det permute_columns:

fixes A :: 'a::comm_ring 17'n"'n

assumes p: p permutes (UNIV :: 'n set)

shows det(x i j. A$i$ p j :: '"a™'n"'n) = of _int (sign p) * det A
proof —

let ?Ap = x ij. A$iS pj:: 'a™'n"'n

let ?At = transpose A
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have of _int (sign p) * det A = det (transpose (x i. transpose A $ p i))
unfolding det_permute_rows[OF p, of ?At] det_transpose ..

moreover

have ?Ap = transpose (x i. transpose A $ p 7)
by (simp add: transpose__def vec__eq iff)

ultimately show ?thesis
by simp

qed

lemma det identical columns:
fixes A :: 'a::comm_ring_17'n"'n
assumes jk: j # k
and 7: column j A = column k A
shows det A = 0
proof —
let 2U=UNIV::'n set
let 2t jk=Transposition.transpose j k
let 2PU={p. p permutes ?U}
let 2S1={p. p€?PU A evenperm p}
let 252={(?¢t_jk o p) |p. p €251}
let 2f=MAp. of _int (sign p) * ([[i€UNIV. A$i$ pi)
let 2g=Ap. %t _jkop
have g S1: 252 = 2¢° 2S1 by auto
have inj_g: inj_on ?g 251
proof (unfold inj on_ def, auto)
fix z y assume z: x permutes ?U and even_ x: evenperm x
and y: y permutes ?U and even_y: evenperm y and eq: ?t_jk o x = %t _jk
°y
show z = y by (metis (opaque_lifting, no_types) comp__assoc eq id__comp
swap__id__idempotent)
qed
have tjk_permutes: ?t_jk permutes ?U
by (auto simp add: permutes_def dest: transpose_eq imp__eq) (meson trans-
pose__involutory)
have tjk_eq: Vil. A$i$ % _jkl = A$i$l
using r jk
unfolding column__def vec__eq iff by (simp add: Transposition.transpose__def)

have sign__tjk: sign ?t_jk = —1 using sign__swap__id[of j k] jk by auto
{fix =
assume z: € ?51
have sign (?t_jk o x) = sign (?t_jk) % sign «
by (metis (lifting) finite_ class.finite_ UNIV mem__Collect_eq
permutation_permutes permutation_swap_id sign__compose )
also have ... = — sign x using sign_ tjk by simp
also have ... # sign  unfolding sign_ def by simp
finally have sign (9t_jk o z) # sign = and (?¢t_jk o z) € 252
using z by force+
}
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hence disjoint: 251 N 252 = {}
by (force simp: sign__def)
have PU__decomposition: ¢PU = 251 U 252
proof (auto)
fix z
assume z: z permutes ?U and Vp. p permutes ?U — x = Transposi-
tion.transpose j k o p — — evenperm p
then obtain p where p: p permutes UNIV and x__eq: x = Transposition.transpose
jkop
and odd_p: — evenperm p
by (metis (mono__tags) id_o o__assoc permutes__compose swap__id_idempotent
tjk__permutes)
thus evenperm z
by (meson evenperm__comp evenperm__swap finite_class.finite_ UNIV
Jjk permutation__permutes permutation_swap_id)
next
fix p assume p: p permutes ?U
show Transposition.transpose j k o p permutes UNIV by (metis p permutes__compose
tjk__permutes)
qed
have sum ?f 252 = sum ((Ap. of _int (sign p) * ([[i€UNIV. A$i$ pi))
o (o) (Transposition.transpose j k)) {p € {p. p permutes UNIV }. evenperm p}
unfolding ¢g_S1 by (rule sum.reindex|OF inj_g])

also have ... = sum (Ap. of int (sign (7t_jk o p)) * ([[{€UNIV. A$ i $ pi))
751
unfolding o _def by (rule sum.cong, auto simp: tjk_eq)
also have ... = sum (Ap. — ?f p) 251

proof (rule sum.cong, auto)
fix z assume z: = permutes U
and even_ z: evenperm x
hence perm__z: permutation x and perm__tjk: permutation ?t_jk
using permutation_permutes|of x] permutation_permutes[of ?¢t_jk| permuta-
tion__swap__id
by (metis finite code)+
have (sign (?t_jk o z)) = — (sign x)
unfolding sign__compose| OF perm__tjk perm_ x] sign_ tjk by auto
thus of _int (sign (?¢t_jk o z)) * (J[i€UNIV. A$ i $ i)
= — (of _int (sign z) = ([[i€UNIV. A $ i $ 1))

by auto
qed
also have ...= — sum ?f S1 unfolding sum_ negf ..
finally have x: sum ?f 252 = — sum ?f 51 .

have det A = (> p | p permutes UNIV. of int (sign p) = ([[i€UNIV. A$i$
p i)
unfolding det_def ..

also have ...= sum ?f 251 + sum ?f 252
by (subst PU_decomposition, rule sum.union__disjoint|OF __ __ disjoint], auto)
also have ...= sum ?f 251 — sum ?f 251 unfolding * by auto

also have ...= 0 by simp



Determinants.thy 249

finally show det A = 0 by simp
qed

lemma det identical rows:
fixes A :: 'a::comm_ring_17'n"'n
assumes 7j: 1 # jand r: row i A = row j A
shows det A = 0
by (metis column__transpose det_identical _columns det_transpose @ r)

lemma det zero row:
fixes A :: ‘a::{idom, ring_char_0} 'n"'n and F :: 'b:{field} 'm™'m
shows rowi A =0 — det A=0and rowjF =0 — det F = 0
by (force simp: row_def det def vec__eq iff sign_nz intro!: sum.neutral)+

lemma det zero column:
fixes A :: ‘a::{idom, ring_char_0} 'n"'n and F :: 'b:{field} 'm™'m
shows column i A = 0 = det A = 0 and column j F = 0 = det F = 0
unfolding atomize_conj atomize imp
by (metis det_transpose det_zero _row row_transpose)

lemma det row add:
fixes a b ¢ :: 'ni:finite = _ " 'n
shows det((x 4. if i = k then a i + b i else ¢ i)::'a::comm_ring _17'n"'n) =
det((x i. if i = k then a i else ¢ ©)::'a::comm_ring_1""n"'n) +
det((x i. if i = k then b i else ¢ i)::'a::comm_ring_1"'n""n)
unfolding det_def vec_lambda__beta sum.distrib[symmetric)
proof (rule sum.cong)
let U = UNIV :: 'n set
let ?pU = {p. p permutes U}
let 2f = (Mi. if i = k then a i + bielse ¢ ©)::'n = "a::comm_ring _17'n
let 29 = (A i. if i = k then a i else ¢ i)::'n = ’a::comm_ring_1""n
let h = (A 4. if i = k then b i else ¢ i)::'n = ’az:comm_ring_1""n
fix p
assume p: p € U
let 2Uk = 2U — {k}
from p have pU: p permutes ?U
by blast
have kU: ?U = insert k ?Uk
by blast
have eq: prod (Mi. 2fi $ p i) 2Uk = prod (A\i. %91 $ p i) Uk
prod (Ai. 2fi$ p i) Uk = prod (A\i. ¢hi $ p i) ?Uk
by auto
have Uk: finite ?Uk k ¢ ?Uk
by auto
have prod (Ai. 2fi $ p i) 2U = prod (\i. 2fi $ p i) (insert k ?Uk)
unfolding kU[symmetric] ..
also have ... = 2fk $ p k x prod (\i. i $ p i) ?Uk
by (rule prod.insert) auto
also have ... = (a k $ p &k * prod (Mi. ?2fi$ p i) 2Uk) + (b kS p k = prod (\i.
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20 $ pi) 2UK)
by (simp add: field_simps)
also have ... = (a k$ pk % prod (\i. 290 $ p i) 2Uk) + (b k$ p k % prod (\i.
?hi$pi) ?Uk)
by (metis eq)
also have ... = prod (Ai. %9 $ p i) (insert k ?Uk) + prod (Mi. ?h i $ p 0)
(insert k 2Uk)
unfolding prod.insert| OF Uk| by simp
finally have prod (Ai. 2fi$ p i) 2U = prod (Mi. 29 ¢ $ p i) ?U + prod (Ai. %h
i$pi) U
unfolding kU[symmetric] .
then show of int (sign p) * prod (Mi. 2fi $ p i) ?U =
of _int (sign p) * prod (Mi. 291 $ p i) ?U + of int (sign p) * prod (\i. ?h i $
pi) 2U
by (simp add: field_simps)
qed auto

lemma det _row mul:
fixes a b :: 'n:finite = _ T 'n
shows det((x i. if i = k then ¢ *s a i else b i)::'az:comm_ring_17'n"'n) =
¢ x det((x i. if i = k then a i else b ©)::'a::comm__ring_17'n"'n)
unfolding det_def vec lambda__beta sum__distrib_left
proof (rule sum.cong)
let ?2U = UNIV :: 'n set
let ?pU = {p. p permutes ?U}
let ?f = (\i. if i = k then cxs a i else b ©)::'n = 'a::comm_ring_1"7"n
let 29 = (XN i. if i = k then a i else b i)::'n = 'a::comm_ring_1""n
fix p
assume p: p € pU
let 2Uk = ?U — {k}
from p have pU: p permutes ?U
by blast
have kU: ?U = insert k ?Uk
by blast
have eq: prod (Mi. 2fi $ p i) Uk = prod (M\i. %91 $ p i) ?Uk
by auto
have Uk: finite ?Uk k ¢ ?Uk
by auto
have prod (Xi. 2fi $ p i) 2U = prod (Mi. ?fi $ p 7) (insert k ?Uk)
unfolding kU[symmetric] ..

also have ... = 2k $pk * prod (Mi. i $ p i) ?Uk
by (rule prod.insert) auto

also have ... = (¢xs a k) $ p k * prod (Ai. ?f i $ p i) 2Uk
by (simp add: field__simps)

also have ... = cx (a k $ p k * prod (Xi. %9 ¢ $ p i) ?Uk)
unfolding eq by (simp add: ac__simps)

also have ... = c¢x (prod (Mi. 29 ¢ $ p @) (insert k ?Uk))

unfolding prod.insert[OF Uk] by simp
finally have prod (\i. 2fi $ p i) 2U = cx (prod (Xi. 291 $ p i) ?2U)
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unfolding kU[symmetric] .
then show of int (sign p) * prod (Ai. ?fi $ p i) 2U = ¢ = (of _int (sign p) *
prod (Ni. 2918 pi) ?U)
by (simp add: field _simps)
qed auto

lemma det _row 0:
fixes b :: 'n::finite = _ " 'n
shows det((x i. if i = k then 0 else b i)::'a::comm_ring_1""'n"'n) = 0
using det_row_mullof k 0 Xi. 1 0]
apply simp
apply (simp only: vector_ _smult_lzero)
done

lemma det_row operation:
fixes A :: ‘a::{comm_ring_1}"'n"'n
assumes 7j: ¢ # j
shows det (x k. if k = i then row i A 4+ ¢ s row j A else row k A) = det A
proof —
let 7 = (x k. if k = i then row j A else row k A) :: 'a “'n"'n
have th: row ¢ ?Z = row j ?Z by (vector row__def)
have th2: ((x k. if k = i then row i A else row k A) :: 'a™'n"'n) = A
by (vector row__def)
show ?thesis
unfolding det_row_add [of i] det_row_mullof i] det_identical _rows|OF ij th]
th2
by simp
qed

lemma det row span:
fixes A :: ‘a::{field} 'n"'n
assumes x: z € vec.span {row j A |j. j # i}
shows det (x k. if k = i then row i A 4+ z else row k A) = det A
using z
proof (induction rule: vec.span__induct__alt)
case base
have (if k = ¢ then row ¢ A + 0 else row k A) = row k A for k
by simp
then show ?case
by (simp add: row__def)
next
case (step ¢ z y)
then obtain j where j: z = rowj A i # j
by blast
let 2w =rowiA+y
have th0: row i A + (cxs z + y) = %w + cxs 2
by wvector
let 2d = Ax. det (x k. if k = i then x else row k A)
have thz: ?d z = 0
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apply (rule det_identical _rows[OF j(2)])
using j
apply (vector row__def)
done
have ?d (row i A + (cxs z + y)) = 2d (2w + cxs 2)
unfolding th0 ..
then have 2d (row i A + (cxs z + y)) = det A
unfolding thz step.IH det_row_mullof 7| det_row_add[of i] by simp
then show ?case
unfolding scalar_mult _eq scaleR .
qed

lemma matriz_id [simp]: det (matriz id) = 1
by (simp add: matriz_id_mat_1)

proposition det_matriz_scaleR [simp|: det (matriz (((xg) 7)) :: real 'n"'n) = r
= CARD('n::finite)

apply (subst det diagonal)

apply (auto simp: matriz__def mat__def)

apply (simp add: cart_eq inner_azis inner__azis__axis)

done

May as well do this, though it’s a bit unsatisfactory since it ignores exact
duplicates by considering the rows/columns as a set.

lemma det dependent_rows:
fixes A:: 'a::{field} 'n"'n
assumes d: vec.dependent (rows A)
shows det A = 0
proof —
let ?2U = UNIV :: 'n set
from d obtain ¢ where i: row i A € vec.span (rows A — {row i A})
unfolding vec.dependent def rows__def by blast
show ?thesis
proof (casesVij. i #£j—> rowi A # rowj A)
case True
with ¢ have vec.span (rows A — {row i A}) C vec.span {row j A |j. j # i}
by (auto simp: rows__def intro!: vec.span_mono)
then have — row i A € vec.span {row j A|j. j # i}
by (meson i subsetCE vec.span__neg)
from det_row__span[OF this]
have det A = det (x k. if k = i then 0 xs 1 else row k A)
unfolding right minus vector _smult_lzero ..
with det_row_mullof i 0 Ni. 1]
show ?thesis by simp
next
case Fulse
then obtain j k where jk: j £ krowjA=rowk A
by auto
from det_identical_rows|OF jk] show ?thesis .
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qed
qed

lemma det dependent_columns:
assumes d: vec.dependent (columns (A:real'n"'n))
shows det A = 0
by (metis d det_dependent__rows rows__transpose det__transpose)

Multilinearity and the multiplication formula

A

lemma Cart_lambda_cong: (Az. fx = gx) = (vec_lambda f::'a”'n) = (vec_lambda
g 'a"n)
by auto

lemma det linear row sum:
assumes fS: finite S
shows det ((x @. if i = k then sum (a @) S else ¢ 7)::'a::comm_ring_1""n""n) =
sum (Aj. det ((x @ if i = k then a ijelse ci):'a™'n""n)) S
using fS by (induct rule: finite induct; simp add: det _row 0 det_row add
cong: if _cong)

/

lemma finite_bounded_functions:
assumes fS: finite S
shows finite {f. (Vi € {I.. (kznat)}. fi e S) A Vi.i ¢ {1 ..k} — fi=1)}
proof (induct k)
case (
have x: {f. Vi. fi =i} = {id}
by auto
show ?case
by (auto simp: *)
next
case (Suc k)
let 2f = A(y::nat,g) i. if i = Suc k then y else g @
let 25 = 2f (S x {f. Vie{1..k}. fie S)ANNi. i ¢ {1..k} — fi=1})
have 25 = {f. (Vie{l.. Suck}. fie S) A (Vi. i ¢ {1.. Suck} — fi=1)}
apply (auto simp: image_iff)
apply (rename__tac f)
apply (rule_tac z=f (Suc k) in bexl)
apply (rule_tac x = Xi. if i = Suc k then i else f i in ez, auto)
done
with finite_imagel[OF finite_cartesian__product|OF fS Suc.hyps(1)], of ?f]
show ?Zcase
by metis
qed

lemma det linear rows sum_lemma:
assumes fS: finite S
and fT: finite T
shows det ((x 4. if i € T then sum (a i) S else ¢ ©):: ‘a::comm_ring_1"'n""n) =
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sum (Af. det((x i. if i € T then a i (f7) else ¢ ©)::'a”'n""n))
{(f.(Vie T.fie S)A(Vi.ig T — fi=1)}
using T
proof (induct T arbitrary: a c set: finite)
case empty
have th0: Nz y. (x 4. if i € {} then z i else y i) = (x . y ©)
by wvector
from empty.prems show Zcase
unfolding th0 by (simp add: eq id_iff)
next
case (insert z T a c)
let ?F = \T. {f. (Vie T.fie S)A(Vi.i¢ T — fi = i)}
let ?h = A(y,g) i. if i = 2 then y else g i
let 2k = Ah. (h(2),(Ai. if i = z then i else h 7))
let 2s=Xkacf. det((x i ifi € Tthenai (fi) else c ©)::'a”'n"'n)
let 2c = MNji.ifi =zthenaijelsect
have thif: Na b ¢ d. (if a V b then c else d) = (if a then c else if b then c else d)
by simp
have thif2: Na b ¢ d e. (if a then b else if ¢ then d else €) =
(if ¢ then (if a then b else d) else (if a then b else ¢))
by simp
from <z ¢ T> have nz: N\i. i € T = i # 2
by auto
have det (x i. if i € insert z T then sum (a i) S else c i) =
det (x 4. if i = z then sum (a i) S else if i € T then sum (a i) S else ¢ i)
unfolding insert iff thif ..
also have ... = (>_jeS. det (x i. if i € T then sum (a i) S else if i = z then a
ijelse ci))
unfolding det_linear_row_sum|[OF fS]
by (subst thif2) (simp add: nz cong: if _cong)
finally have tha:
det (x 4. if © € insert z T then sum (a ©) S else ¢ i) =
-, f)eS x 2F T. det (x i. if i € T then a i (f )
else if i = zthen a i j
else ¢ 1))
unfolding insert.hyps unfolding sum.cartesian_product by blast
show ?case unfolding tha
using «z ¢ T»
by (intro sum.reindex_bij_witnessjwhere i=?k and j=?%h])
(auto introl: cong[OF refl|of det]] simp: vec__eq iff)
qed

lemma det linear rows sum:
fixes S :: 'n:finite set
assumes fS: finite S
shows det (x i. sum (a i) S) =
sum (Af. det (x i. a i (fi) :: ‘acomm_ring 1 = 'n"n)) {f. Vi. fi € S}
proof —
have th0: Nz y. ((x i. if i € (UNIV:: 'n set) then z i else y i) :: 'a”'n"'n) = (x
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by wvector
from det linear rows sum_lemma[OF fS, of UNIV :: 'n set a, unfolded th0,
OF finite]
show ?thesis by simp
qed

lemma matriz_mul _sum__alt:
fixes A B :: ‘a::comm_ring _1"'n"'n
shows A xx B = (x . sum (Ak. A$iSk s B $ k) (UNIV :: 'n set))
by (vector matriz_matriz_mult_def sum__component)

lemma det rows mul:
det((x . ¢ i *xs a i)::’az:comm_ring_1"'n"'n) =
prod (Ai. ¢ i) (UNIV:: 'n set) x det((x i. a i)::’"a™'n"'n)
proof (simp add: det_def sum__distrib_left cong add: prod.cong, rule sum.cong)
let 2U = UNIV :: 'n set
let ?PU = {p. p permutes ?U}
fix p
assume pU: p € ?PU
let %s = of int (sign p)
from pU have p: p permutes ?U
by blast
have prod (Ai. cixai$ pi) 2U = prod ¢ U = prod (Ai. a i $ p i) ?U
unfolding prod.distrib ..
then show ?%s x ([[2a€?U. c za * a za $ p za) =
prod ¢ 2U x (?sx ([[za€?U. a za $ p za))
by (simp add: field__simps)
qed rule

proposition det mul:
fixes A B :: ‘a::comm_ring _1"7'n"'n
shows det (A xx B) = det A x det B
proof —
let 2U = UNIV :: 'n set
let 9F ={f. (Vi ?U. fie 2U)NNi.i¢ U — fi=1)}
let ?PU = {p. p permutes ?U}
have p € ?F if p permutes ?U for p
by simp
then have PUF: ?PU C ?F by blast
{
fix f
assume fPU: f € ?F — ?PU
have fUU: f < ?U C ?2U
using fPU by auto
from fPU have f: Vi€ ?U. fi€ UVi.i¢ U — fi=1-(Vy. Ilz. fz
=y)
unfolding permutes def by auto
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let 4 = (x i. A$i$f i xs B$fi) = 'a”'n"'n
let B = (x i. B$fi) :: '"a”’'n"'n
{
assume fni: - inj_on f ?U
then obtain 7 j where ij: fi = fji #j
unfolding inj on_def by blast
then have row i ?B = row j B
by (vector row__def)
with det_identical _rows[OF ij(2)]
have det (y i. A$iSf i xs B$§fi) =0
unfolding det_rows mul by force

}

moreover
{
assume fi: inj_on f ?2U
from f fi have fith: \ij. fi=fj—= i=j
unfolding inj on_ def by metis
note fs = filunfolded surjective_iff _injective__gen|OF finite finite refl fUU,
symmetric]]
have 3!z. fz = y for y
using fith fs by blast
with f(3) have det (x i. A$i$f i s B$fi) = 0
by blast

ultimately have det (x 7. A$i$f{ xs B$fi) = 0
by blast
}

then have zth: V fe ?F — ?PU. det (x i. A$i$f i xs B$fi) = 0
by simp
{
fix p
assume pU: p € ?PU
from pU have p: p permutes ?U
by blast
let %s = Ap. of _int (sign p)
let 2f = Aq. ?sp* ([[iec 2U. A$ i8S pi)*(9sqx*([[ic 2U. B$i$ q1))
have (sum (Aq. ?s q *
(ITie 2U. (xi. A$iSpixsBSpixz'a’nn)$i$ qi)) ?PU) =
(sum (Aq. ?sp = (J[ic 2U. A$iSpi)* (% q=([[ic 2U. B$ (8 q1i)))
?PU)
unfolding sum__ permutations__compose_right[OF permutes_inv|OF p|, of ?f]
proof (rule sum.cong)
fix ¢
assume qU: q € ?PU
then have ¢: ¢ permutes ?U
by blast
from p q have pp: permutation p and pq: permutation q
unfolding permutation_permutes by auto
have th00: of _int (sign p) * of _int (sign p) = (1::'a)
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Na. of _int (sign p) * (of _int (sign p) * a) = a
unfolding mult.assoc[symmetric]
unfolding of int_mult[symmetric]
by (simp__all add: sign_idempotent)
have ths: 9s ¢ = ?s p x %s (g o inv p)
using pp pq permutation__inverse[OF pp] sign__inverse[OF pp]
by (simp add: th00 ac__simps sign__idempotent sign__compose)
have th001: prod (Ai. B$i$ q (inv p 7)) ?U = prod ((Mi. B$i$ ¢ (inv p 7)) o
p) ?U
by (rule prod.permute[OF p])
have thp: prod (Ai. (x i. A$i8p i xs BSp i :: '"a™'n""n) $i $ q i) U =
prod (\i. A$i$p i) ?U * prod (\i. B$i$ q (inv p 7)) ?U
unfolding th001 prod.distrib[symmetric] o_def permutes_inverses|OF p|
apply (rule prod.cong[OF refl])
using permutes _in__image[OF ¢
apply vector
done
show ?2s ¢ x prod (Ai. (((x @. A$i$p i xs B$p i) = 'a”'n"'n)$i$q 7)) ?2U =
?s p * (prod (\i. A$iSp i) ?2U) x (?s (q o inv p) * prod (\i. B$i$(q o inv p)
i) ?U)
using ths thp pp pq permutation__inverse[OF pp| sign__inverse[OF pp]
by (simp add: sign_nz th00 field__simps sign__idempotent sign__compose)
qed rule

}

then have th2: sum (Af. det (x i. A$iSf i *s B$f 1)) ?PU = det A * det B
unfolding det_def sum__ product
by (rule sum.cong [OF refl])

have det (Ax*B) = sum (Af. det (x i. A$i$ fixs BS fi)) ?F
unfolding matriz_mul_sum__alt det_linear_rows_sum[OF finite]
by simp

also have ... = sum (\f. det (x i. A$i$f i xs B$fi)) ?PU
using sum.mono__neutral_cong_left|OF finite PUF zth, symmetric]
unfolding det_rows mul by auto

finally show ?thesis unfolding th2 .

qed

1.12.2 Relation to invertibility

proposition invertible det nz:
fixes A::'a::{field} “'n"'n
shows invertible A «— det A # 0
proof (cases invertible A)
case True
then obtain B :: 'a”'n"'n where B: A xx B = mat 1
unfolding invertible right inverse by blast
then have det (A *x B) = det (mat 1 :: '"a”'n"'n)
by simp
then show ?thesis
by (metis True det_I det _mul mult_zero_left one_neq zero)
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next
case Fulse
let 2U = UNIV :: 'n set
have fU: finite ?U
by simp
from Fualse obtain ¢ i where c: sum (Ai. ¢ i xs row i A) ?U = 0 and iU: i €
U and ci: ci # 0
unfolding invertible right inverse matrixz__right_invertible independent__rows
by blast
have thr0: — row i A = sum (N\j. (1/ ¢ i) *s (¢ j xs rowj A)) (?U — {i})
unfolding sum__cmul using c ci
by (auto simp: sum.remove|OF fU iU] eq_wvector_fraction__iff add_eq 0__iff)
have thr: — row i A € vec.span {row j Al j. j # i}
unfolding thr0 by (auto intro: vec.span__base vec.span__scale vec.span__sum)
let B = (x k. if k = i then 0 else row k A) :: 'a”'n""n
have thrb: row i B = 0 using iU by (vector row__def)
have det A = 0
unfolding det_row_span|OF thr, symmetric| right_minus
unfolding det_zero__row(2)[OF thrd] ..
then show f%thesis
by (simp add: False)
qed

lemma det nz iff inj gen:
fixes [ :: ‘a::field™'n = ‘a::field 'n
assumes Vector Spaces.linear (xs) (xs) f
shows det (matriz f) # 0 «— inj f
proof
assume det (matric f) # 0
then show inj f
using assms invertible _det_nz inj _matriz_vector_mult by force
next
assume inj f
show det (matriz f) # 0
using vec.linear _injective left inverse [OF assms <inj f>]
by (metis assms invertible_det_nz invertible_left inverse matriz__compose__gen
matriz_id_mat_1)
qed

lemma det nz iff inj:
fixes [ :: real”'n = real'n
assumes linear f
shows det (matriz f) # 0 «— inj f
using det_nz_iff _inj _gen[of f] assms
unfolding linear matriz_vector _mul_eq .

lemma det _eq 0 rank:
N,

fixes A :: real 'n"'n
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shows det A = 0 +— rank A < CARD('n)
using invertible__det_nz [of A
by (auto simp: matriz_left _invertible injective invertible_left inverse less_rank_noninjective)

Invertibility of matrices and corresponding linear functions

lemma matriz_left invertible gen:
fixes [ :: 'a::field”'m = 'a::field "'n
assumes Vector_Spaces.linear (xs) (xs) f
shows ((3B. B ** matriz f = mat 1) <— (I g. Vector_Spaces.linear (xs) (xs)
gAgof=id)
proof safe
fix B
assume 1: B *x matriz f = mat 1
show 3g. Vector_Spaces.linear (xs) (xs) g A go f = id
proof (intro exI conjI)
show Vector__Spaces.linear (xs) (xs) (Ay. B v y)
by simp
show ((xv) B) o f = id
unfolding o _def
by (metis assms 1 eq_id_iff matriz_vector_mul(1) matriz_vector_mul_assoc
matriz_vector_mul_lid)
qed
next
fix g
assume Vector_Spaces.linear (xs) (xs) g go f = id
then have matriz g *x matriz f = mat 1
by (metis assms matriz__compose__gen matriz_id_mat_1)
then show 3 B. B xx matriz f = mat 1 ..
qed

lemma matriz_left invertible:

linear f = ((3 B. B #% matriz f = mat 1) «— (I g. linear g A g o f = id)) for
fureal7m = real'n

using matriz_left _invertible_gen|of f]

by (auto simp: linear _matriz_vector _mul__eq)

lemma matriz_right_invertible _gen:
fixes [ :: 'a::field”m = 'a"'n
(v5) f
1

assumes Vector_Spaces.linear (xs) (*
) «— (3 g. Vector_Spaces.linear (xs) (xs)

s
)
shows ((3 B. matriz f *x B = mat
g A fog=id)
proof safe
fix B
assume [: matriz f *x B = mat 1
show 3g. Vector_Spaces.linear (xs) (xs) g A f o g = id
proof (intro exl conjI)
show Vector_Spaces.linear (xs) (xs) ((xv) B)
by simp
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show f o (xv) B = id
using 1 assms comp__apply eq id_iff vec.linear id matriz_id_mat_1 ma-
triz__vector _mul__assoc matriz_works
by (metis (no__types, opaque_lifting))
qed
next
fix g
assume Vector_Spaces.linear (xs) (xs) g and f o g = id
then have matriz f *x matriz g = mat 1
by (metis assms matriz__compose__gen matriz_id_mat_1)
then show 3 B. matriz f xx B = mat 1 ..
qed

lemma matriz_right_invertible:

linear f = ((3 B. matriz f xx B = mat 1) +— (3 g. linear g A f o g = id)) for
frreal”'m = real™'n

using matriz_right_invertible_gen[of f]

by (auto simp: linear _matriz_vector _mul__eq)

lemma matriz_invertible _gen:
fixes [ :: 'a:field”'m = 'a::field 'n
assumes Vector Spaces.linear (xs) (xs) f
shows invertible (matriz f) <— (3 g. Vector_Spaces.linear (xs) (xs) g A fo g
=id A go f=1id)
(is ?lhs = ?rhs)
proof
assume ?lhs then show ?rhs
by (metis assms invertible__def left_right_inverse__eq matriz_left invertible gen
matriz__right__invertible _gen)
next
assume ¢rhs then show ¢lhs
by (metis assms invertible_def matriz_compose__gen matriz_id_mat_1)
qed

lemma matriz_invertible:
linear f = invertible (matriz f) +— (3 g. linear g A f o g =id A go [ = id)
for f:real™m = real'n
using matriz_invertible__gen|of f]
by (auto simp: linear__matriz_vector_mul__eq)

lemma invertible eq bij:

fixes m :: 'a::field'm™'n

shows invertible m +— bij ((xv) m)

using matriz_invertible_gen| OF matriz__vector_mul_linear_gen, of m, simpli-
fied matriz_of _matriz_vector_mul)

by (metis bij betw def left_right inverse eq matriz_vector _mul_linear _gen
o_bij

vec.linear_injective_left_inverse vec.linear_surjective_right _inverse)



Determinants.thy 261

1.12.3 Cramer’s rule

lemma cramer_lemma__transpose:
fixes A:: 'a::{field} 'n"'n
and z :: ‘a::{field} 'n
shows det ((x 7. if i = k then sum (A\i. 287 xs row ¢ A) (UNIV::'n set)
else row ¢ A):'a::{field} “'n"'n) = z$k x det A
(is ?lhs = ?rhs)
proof —
let ?U = UNIV :: 'n set
let 2Uk = 2U — {k}
have U: ?U = insert k ?Uk
by blast
have kUk: k ¢ ?Uk
by simp
have th00: Nk s. 28k xs row k A + s = (28k — 1) xsrow k A+ rowk A + s
by (vector field simps)
have th001: N\fk . (\z. if x = k then fk else fz) = f
by auto
have (x i. row i A) = A by (vector row__def)
then have thdl: det (x i. row i A) = det A
by simp
have thd0: det (x i. if i = kthenrowk A+ (i € 2Uk. © $ { xs row i A) else
row i A) = det A
by (force intro: det_row__span vec.span__sum vec.span__scale vec.span__base)
show %lhs = 28k x det A
apply (subst U)
unfolding sum.insert|OF finite kU]
apply (subst th00)
unfolding add.assoc
apply (subst det_row_add)
unfolding thd0
unfolding det_row mul
unfolding th001[of k Ai. row i A]
unfolding thd1
apply (simp add: field _simps)
done
qed

proposition cramer_lemma:
fixes A :: 'a::{field} "'n"'n
shows det((x i j. if j = k then (A xv x)3i else A$i$j):: ‘a:{field} "'n"'n) = z8k
* det A
proof —
let ?U = UNIV :: 'n set
have x: \c. sum (\i. ¢ i *s row i (transpose A)) 2U = sum (Ai. ¢ © xs column i
A) 2U
by (auto intro: sum.cong)
show ?thesis
unfolding matriz_mult _sum
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unfolding cramer_lemma__transpose|of k x transpose A, unfolded det__transpose,
symmetric]

unfolding *[of \i. z81]

apply (subst det transpose|[symmetric])

apply (rule cong[OF refllof det]))

apply (vector transpose__def column__def row__def)

done
qed

proposition cramer:
fixes A ::'a::{field} 'n"'n
assumes d0: det A # 0
shows A xvz = b<«— x = (x k. det(x i j. if j=F then b3$i else A$i$j) / det A)
proof —
from d0 obtain B where B: A xx B = mat 1 B xx A = mat 1
unfolding invertible _det_nz[symmetric] invertible_def
by blast
have (A xx B) xv b = b
by (simp add: B)
then have A xv (B xv b) = b
by (simp add: matriz_vector _mul__assoc)
then have ze: dz. A xvx = b
by blast
{
fix z
assume z: A xvx = b
have z = (x k. det(x i j. if j=k then b$i else A$i8j) / det A)
unfolding z[symmetric]
using d0 by (simp add: vec__eq iff cramer_lemma field__simps)
}
with ze show %thesis
by auto
qed

lemma det 1: det (A::'a::comm_ring 17171) = A$181
by (simp add: det_def sign_id)

lemma det_2: det (A::'a::comm_ring_17272) = A$181 = A$282 — A$1$2 x
A$2%1
proof —
have f12: finite {2::2} 1 ¢ {2:2} by auto
show ?thesis
unfolding det_def UNIV_2
unfolding sum__over_permutations__insert|OF f12]
unfolding permutes_sing
by (simp add: sign__swap__id sign_id swap__id__eq)
qed

lemma det 3:
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det (A:'az:comm_ring _17378) =
A$181 « A$282 = A$38%3 +
A$182 « A$283 = A$3%1 +
A$183 « A$281 « A$3%2 —
A$181 x A$2$3 « A$3%2
A$1$2 x A$281 « A$53%3 —
A$183 « A$282 = A$3%1

proof —
have f123: finite {2::8, 3} 1 ¢ {2::3, 3}
by auto
have f23: finite {3:3} 2 ¢ {3:3}
by auto

show ?thesis
unfolding det def UNIV_3
unfolding sum__over_permutations _insert|OF f123]
unfolding sum__over_permutations__insert| OF f23]
unfolding permutes_sing
by (simp add: sign_swap_id permutation_swap_id sign__compose sign__id
swap__id__eq)
qed

proposition det_orthogonal matrix:
fixes Q:: 'a::linordered_idom'n"'n
assumes 0(Q): orthogonal _matriz )
shows det Q = 1 V det Q = — 1
proof —
have Q) *x transpose Q = mat 1
by (metis 0Q orthogonal _matriz__def)
then have det (Q *x transpose Q) = det (mat 1:: 'a”'n"'n)
by simp
then have det Q * det Q = 1
by (simp add: det_mul)
then show ?thesis
by (simp add: square_eq 1_iff)
qed

proposition orthogonal _transformation__det [simp]:
fixes [ :: real™'n = real'n
shows orthogonal _transformation f = |det (matriz f)| = 1
using det_orthogonal_matriz orthogonal_transformation__matriz by fastforce

1.12.4 Rotation, reflection, rotoinversion

definition rotation_matriz Q <— orthogonal_matriz Q N det @ = 1
definition rotoinversion_matriz Q «— orthogonal matriz Q A det Q = — 1

lemma orthogonal_rotation__or_rotoinversion:
fixes Q :: 'a::linordered_idom 'n"'n
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shows orthogonal _matriz Q) <— rotation__matrix Q) V rotoinversion_matriz ¢
by (metis rotoinversion__matriz__def rotation_matrix__def det_orthogonal__matriz)

Slightly stronger results giving rotation, but only in two or more dimensions

lemma rotation matriz_exists basis:
fixes a :: real™'n
assumes 2: 2 < CARD('n) and norm a = 1
obtains A where rotation_matriz A A xv (azisk 1) = a
proof —
obtain A where orthogonal _matriz A and A: A v (azis k 1) = a
using orthogonal _matriz__exists basis assms by metis
with orthogonal rotation__or_rotoinversion
consider rotation matriz A | rotoinversion__matriz A
by metis
then show thesis
proof cases
assume rotation_matriz A
then show ?Zthesis
using (A xv azis k 1 = a> that by auto
next
from obtain__subset__with_card_n[OF 2] obtain h i::'n where h # i
by (fastforce simp add: eval _nat_numeral card_Suc_eq)
then obtain j where j # k
by (metis (full_types))
let ?TA = transpose A
let YA = x i.ifi =jthen — 1 xg (?TA $ i) else ?TA $i
assume rotoinversion__matriz A
then have [simp]: det A = —1
by (simp add: rotoinversion__matriz_ def)
show ?thesis
proof
have [simp]: row i (x i. if i = jthen — 1 xg ?TA $ ielse ?TAS$ i) = (if i =
j then — row i ¢TA else row i ?TA) for i
by (auto simp: row_def)
have orthogonal matriz ?A
unfolding orthogonal _matriz_orthonormal__rows
using <orthogonal _matriz As by (auto simp: orthogonal matriz_orthonormal__columns
orthogonal _clauses)
then show rotation matriz (transpose ?A)
unfolding rotation_matriz_def
by (simp add: det_row_mul[ofj_ Ni. ?TA $ i, unfolded scalar_mult_eq scaleR))
show transpose ?A xv axis k 1 = a
using <j # k» A by (simp add: matriz_vector__column axis__def scalar_mult _eq scaleR
if _distrib [of Az. z xr ¢ for ¢| cong: if _cong)
qed
qed
qed

lemma rotation exists 1:
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fixes a :: real™'n
assumes 2 < CARD('n) norm a = 1 norm b = 1
obtains f where orthogonal _transformation f det(matriz f) = 1 fa =b
proof —
obtain k::'n where True
by simp
obtain A B where AB: rotation _matriz A rotation__matriz B
and eq: A xv (axisk 1) = a B xv (axisk 1) = b
using rotation__matrixz__exrists basis assms by metis
let ?f = Ax. (B ** transpose A) xv x
show thesis
proof
show orthogonal__transformation ?f
using AB orthogonal _matriz_mul orthogonal _transformation__matriz rota-
tion__matriz__def matriz_vector _mul_linear by force
show det (matriz ?f) = 1
using AB by (auto simp: det_mul rotation_matriz_def)
show %fa =10
using AB unfolding orthogonal matriz_def rotation_matriz_ def
by (metis eq matriz_mul_rid matriz_vector _mul__assoc)
qed
qed

lemma rotation exists:
fixes a :: real™'n
assumes 2: 2 < CARD('n) and eg: norm a = norm b
obtains f where orthogonal_transformation f det(matriz f) = 1 fa = b
proof (cases a =0V b= 0)
case True
with assms have a = 0b = 0
by auto
then show ?thesis
by (metis eq_id_iff matriz_id orthogonal _transformation_id that)
next
case Fulse
then obtain f where f: orthogonal transformation f det (matriz f) = 1
and f” f (a /g norm a) = b /g norm b
using rotation__exists_1 [of a /g norm a b /g norm b, OF 2] by auto
then interpret linear f by (simp add: orthogonal_transformation)
have fa =1
using [’/ Fualse
by (simp add: eq scale)
with f show thesis ..
qed

lemma rotation_ rightward_line:
fixes a :: real™'n
obtains f where orthogonal _transformation f 2 < CARD('n) = det(matrix

f) =1
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f(norm a xg azis k 1) = a
proof (cases CARD('n) = 1)
case True
obtain f where orthogonal_transformation f f (norm a xgr axis k (1::real)) = a
proof (rule orthogonal _transformation__exists)
show norm (norm a xg axis k (1::real)) = norm a
by simp
qed auto
then show thesis
using True that by auto
next
case Fulse
obtain f where orthogonal _transformation f det(matriz f) = 1 f (norm a xg
arisk 1) = a
proof (rule rotation _exists)
show 2 < CARD('n)
using Fulse one_le_card_finite [where 'a='n| by linarith
show norm (norm a xg azis k (1::real)) = norm a
by simp
qed auto
then show thesis
using that by blast
qed

end

1.13 Operators involving abstract topology

theory Abstract_ Topology
imports
Complex_Main
HOL— Library.Set_Idioms
HOL— Library. FuncSet
begin

1.13.1 General notion of a topology as a value

definition istopology :: ('a set = bool) = bool where
istopology L= (VS T.LS — LT —LSNT)ANKVK VKeK. LK) —

L (UK))
typedef ’a topology = {L::('a set) = bool. istopology L}
morphisms openin topology

unfolding istopology def by blast

lemma istopology__openin[iff]: istopology(openin U)
using openin[of U] by blast

lemma istopology_openliff]: istopology open
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by (auto simp: istopology__def)

lemma topology_inverse’ [simp]: istopology U = openin (topology U) = U
using topology_inverse[unfolded mem__Collect eq] .

lemma topology inverse_iff: istopology U +— openin (topology U) = U
by (metis istopology__openin topology inverse’)

lemma topology eq: T1 = T2 «+— (VS. openin T1 S +— openin T2 S)
proof
assume T1 = T2
then show V S. openin T1 S <— openin T2 S by simp
next
assume H:VS. openin T1 S <— openin T2 S
then have openin T1 = openin T2 by (simp add: fun__eq iff)
then have topology (openin T1) = topology (openin T2) by simp
then show T1 = T2 unfolding openin_ inverse .
qed

The "universe": the union of all sets in the topology.

definition topspace T = |J{S. openin T S}

Main properties of open sets

proposition openin_ clauses:
fixes U :: 'a topology
shows
openin U {}
AS T. openin U S = openin U T = openin U (SNT)
AK. (VS € K. openin U S) = openin U (| K)
using openin[of U] unfolding istopology def by auto

lemma openin__subset: openin U S = S C topspace U
unfolding topspace_ def by blast

lemma openin__empty[simp]: openin U {}
by (rule openin__clauses)

lemma openin_ Int[intro]: openin U S = openin U T = openin U (S N T)
by (rule openin__clauses)

lemma openin_ Union[intro]: (AS. S € K = openin U S) = openin U (|J K)
using openin__clauses by blast

lemma openin_ Un[intro]: openin U S = openin U T = openin U (S U T)
using openin__ Union[of {S,T} U] by auto

lemma openin__topspace[intro, simp): openin U (topspace U)
by (force simp: openin__ Union topspace__def)
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lemma openin__subopen: openin U S +— (Vo € S. AT. openin UT Az € T A
T CS)
(is ?lhs «— ?rhs)
proof
assume ?lhs
then show ?rhs by auto
next
assume H: ?rhs
let 2t = U{T. openin UT AN T C S}
have openin U ?t by (force simp: openin_ Union)
also have ?t = S using H by auto
finally show openin U S .
qed

lemma openin_INT [intro]:
assumes finite |
Ni. i € I = openin T (U i)
shows openin T ((¢ € I. U4) N topspace T')
using assms by (induct, auto simp: inf sup_aci(2) openin__Int)

lemma openin_INT2 [intro]:

assumes finite I I # {}

Ni. i € I = openin T (U 1)

shows openin T (i € I. U 1)
proof —

have (i € I. Ui) C topspace T

using <I # {}> openin__subset[OF assms(3)] by auto

then show %thesis

using openin_INT[of _ _ U, OF assms(1) assms(3)] by (simp add: inf.absorb2
inf_commute)
qed

lemma openin__Inter [intro]:
assumes finite F F # {} AX. X € F = openin T X shows openin T ((F)
by (metis (full _types) assms openin_INT2 image_ident)

lemma openin__Int_Inter:
assumes finite F openin T U ANX. X € F = openin T X shows openin T (U

NAF)
using openin_Inter [of insert U F| assms by auto
Closed sets

definition closedin :: 'a topology = 'a set = bool where
closedin U S <— S C topspace U A openin U (topspace U — S)

lemma closedin__subset: closedin U S = S C topspace U
by (metis closedin__def)
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lemma closedin__empty[simp|: closedin U {}
by (simp add: closedin__def)

lemma closedin__topspace[intro, simp|: closedin U (topspace U)
by (simp add: closedin__def)

lemma closedin_ Un[intro]: closedin U S = closedin U T = closedin U (S U
T)
by (auto simp: Diff _Un closedin__def)

lemma Diff Inter[intro]: A — (S = |J{A4 — s|s. s€S}
by auto

lemma closedin__ Union:
assumes finite S AT. T € S = closedin U T
shows closedin U (|J S)
using assms by induction auto

lemma closedin_Inter[intro):
assumes Ke: K # {}
and Kc: \S. S €K = closedin U S
shows closedin U ([ K)
using Ke Kc unfolding closedin__def Diff Inter by auto

lemma closedin_ INT[intro:
assumes A # {} Az. x € A = closedin U (B z)
shows closedin U ((z€A. B z)
using assms by blast

lemma closedin_ Int[intro]: closedin U S = closedin U T = closedin U (S N
T)
using closedin__Inter[of {S,T} U] by auto

lemma openin__closedin__eq: openin U S +— S C topspace U A closedin U (topspace
U-29)
by (metis Diff _subset closedin__def double_diff equalityD1 openin__subset)

lemma topology_finer_closedin:

topspace X = topspace ¥ = (V' S. openin Y S — openin X §) +— (VS.
closedin Y S — closedin X S)

by (metis closedin__def openin__closedin__eq)

lemma openin__closedin: S C topspace U = (openin U S <— closedin U (topspace
U-29))
by (simp add: openin__closedin__eq)

lemma openin__diff [intro:
assumes 0S: openin U S
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and cT: closedin U T
shows openin U (S — T)
by (metis Int_Diff c¢T closedin__def inf.orderE 0S openin__Int openin__subset)

lemma closedin__diff [intro]:
assumes 0S: closedin U S
and cT: openin U T
shows closedin U (S — T)
by (metis Int_Diff ¢T closedin__Int closedin__subset inf.orderE oS openin__closedin__eq)

lemma all_openin: (VY U. openin X U — P U) «— (VU. closedin X U — P
(topspace X — U))
by (metis Diff Diff Int closedin__def inf.absorb_iff2 openin__closedin__eq)

lemma all_closedin: (Y U. closedin X U — P U) <— (Y U. openin X U — P
(topspace X — U))
by (metis Diff _Diff Int closedin__subset inf.absorb_iff2 openin__closedin__eq)

lemma ex_openin: (3U. openin X U N P U) <— (3U. closedin X U AN P
(topspace X — U))
by (metis Diff Diff Int closedin__def inf.absorb_iff2 openin__closedin__eq)

lemma ez closedin: (3 U. closedin X U AN P U) «— (3U. openin X U AN P
(topspace X — U))
by (metis Diff Diff Int closedin__subset inf.absorb__iff2 openin__closedin__eq)

1.13.2 The discrete topology
definition discrete topology where discrete_topology U = topology (AS. S C U)

lemma openin__discrete_topology [simpl: openin (discrete_topology U) S +— S
cuU
proof —
have istopology (AS. S C U)
by (auto simp: istopology__def)
then show ?thesis
by (simp add: discrete_topology__def topology inverse’)
qed

lemma topspace__discrete__topology [simpl: topspace(discrete_topology U) = U
by (meson openin__discrete__topology openin__subset openin__topspace order_refl
subset__antisym)

lemma closedin__discrete_topology [simp]: closedin (discrete_topology U) S <—
SCU
by (simp add: closedin__def)

lemma discrete__topology unique:
discrete__topology U = X +— topspace X = U AN (Vx € U. openin X {z}) (is
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?lhs = ?rhs)
proof
assume R: ?rhs
then have openin X S if S C U for S
using openin__subopen subsetD that by fastforce
then show ?lhs
by (metis R openin__discrete__topology openin__subset topology eq)
qed auto

lemma discrete_topology unique__alt:
discrete__topology U = X +— topspace X C U A (Va € U. openin X {z})
using openin__subset
by (auto simp: discrete_topology__unique)

lemma subtopology_eq discrete_topology empty:
X = discrete_topology {} +— topspace X = {}
using discrete__topology__unique [of {} X] by auto

lemma subtopology eq discrete topology sing:
X = discrete_topology {a} +— topspace X = {a}
by (metis discrete_topology unique openin__topspace singletonD)

abbreviation trivial _topology where trivial_topology = discrete__topology {}

lemma null _topspace_iff _trivial [simp]: topspace X = {} +— X = trivial _topology
by (simp add: subtopology_eq discrete_topology empty)

1.13.3 Subspace topology

definition subtopology :: 'a topology = 'a set = 'a topology
where subtopology U V' = topology (A\T.3S. T =S NV A openin U S)

lemma istopology__subtopology: istopology (AT. 3S. T =S N V A openin U S)
(is istopology ?L)
proof —
have AS T Sa Sb. [openin U Sa; openin U Sb] = 3S. San VN (ShN V) =
SNV A openin US
by (metis Int__assoc inf.absorb2 inf sup_ord(2) openin__Int)
moreover
have 35. | K=SN V A openin U S
if C:VKeK.d5. K=5nV A openin U S for K
proof —
obtain f where f: VKeK. K = fK NV A openin U (f K)
using K by metis
with f show ?thesis
by blast
qed
ultimately show ?Zthesis
unfolding istopology def by force
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qed

lemma openin__subtopology: openin (subtopology U V) S +— (3 T. openin U T A
S=TnYV)

unfolding subtopology__def topology inverse’|OF istopology__ subtopology]

by auto

lemma subset_openin__subtopology:
[openin X S; S C T] = openin (subtopology X T) S
by (metis inf.orderE openin__subtopology)

lemma openin__subtopology__Int:
openin X § = openin (subtopology X T) (SN T)
using openin__subtopology by auto

lemma openin__subtopology_ Int2:
openin X T = openin (subtopology X S) (S N T)
using openin__subtopology by auto

lemma openin__subtopology diff closed:
[S C topspace X; closedin X T| = openin (subtopology X S) (S — T)
unfolding closedin__def openin__subtopology
by (rule_tac z=topspace X — T in exl) auto

lemma openin_relative_to: (openin X relative_to S) = openin (subtopology X S)
by (force simp: relative_to__def openin__subtopology)

lemma topspace__subtopology [simp]: topspace (subtopology U V) = topspace U N
V
by (auto simp: topspace__def openin__subtopology)

lemma topspace__subtopology subset:
S C topspace X = topspace(subtopology X S) = S
by (simp add: inf.absorb__iff2)

lemma closedin__subtopology: closedin (subtopology U V) S <— (I T. closedin U
TAS=TnYV)

unfolding closedin__def topspace__subtopology

by (auto simp: openin__subtopology)

lemma closedin__subtopology Int _closed:
closedin X T = closedin (subtopology X S) (SN T)
using closedin__subtopology inf commute by blast

lemma closedin__subset__topspace:
[closedin X S; S C T] = closedin (subtopology X T) S
using closedin__subtopology by fastforce

lemma closedin__relative to:
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(closedin X relative_to S) = closedin (subtopology X S)
by (force simp: relative to__def closedin__subtopology)

lemma openin__subtopology__refl: openin (subtopology U V) V <— V C topspace
U

unfolding openin__subtopology

by auto (metis IntD1 in_mono openin__subset)

lemma subtopology _trivial_iff: subtopology X S = trivial_topology <+— X = triv-
ial_topology V topspace X N S = {}
by (auto simp flip: null_topspace_iff _trivial)

lemma subtopology__subtopology:
subtopology (subtopology X S) T = subtopology X (S N T)
proof —
have e¢: AT (3S". T'=S'"NTAQET. openin X T AN S'=TnS)) = (3.
T'=San (SN T)A openin X Sa)
by (metis inf _assoc)
have subtopology (subtopology X S) T = topology (ATa. 3Sa. Ta = Sa N T A
openin (subtopology X S) Sa)
by (simp add: subtopology__def)
also have ... = subtopology X (S N T)
by (simp add: openin__subtopology eq) (simp add: subtopology def)
finally show ?thesis .
qed

lemma openin__subtopology__alt:
openin (subtopology X U) S +— S € (AT. UN T) ¢ Collect (openin X)
by (simp add: image__iff inf commute openin__subtopology)

lemma closedin__subtopology_alt:
closedin (subtopology X U) S «— S € (AT. UN T) ¢ Collect (closedin X)
by (simp add: image__iff inf _commute closedin__subtopology)

lemma subtopology__superset:
assumes UV: topspace U C 'V
shows subtopology U V = U
unfolding topology eq openin__subtopology
proof (intro strip)
fix S
have openin U S if openin UT S =T NV for T
by (metis Int_subset_iff assms inf.orderE openin__subset that)
then show (3 T. openin U T NS =T N V) <— openin U S
by (metis assms inf.orderE inf assoc openin__subset)
qed

lemma subtopology_topspace[simp]: subtopology U (topspace U) = U
by (simp add: subtopology__superset)
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lemma subtopology UNIV|[simp]: subtopology U UNIV = U
by (simp add: subtopology__superset)

lemma subtopology _empty_iff trivial [simp]: subtopology X {} = trivial topology
by (simp add: subtopology_eq discrete_topology empty)

lemma subtopology__restrict:
subtopology X (topspace X N §) = subtopology X S
by (metis subtopology__subtopology subtopology topspace)

lemma openin__subtopology__empty:
openin (subtopology U {}) S +— S = {}
by (metis Int_empty right openin__empty openin__subtopology)

lemma closedin__subtopology__empty:
closedin (subtopology U {}) S +— S = {}
by (metis Int__empty_right closedin__empty closedin__subtopology)

lemma closedin__subtopology__refl [simpl:
closedin (subtopology U X) X <— X C topspace U
by (metis closedin__def closedin__topspace inf.absorb_iff2 le_inf iff topspace__subtopology)

lemma closedin__topspace__empty [simp]: closedin trivial_topology S +— S = {}
by (simp add: closedin__def)

lemma openin__topspace__empty [simp]:
openin trivial_topology S +— S = {}
by (simp add: openin__closedin__eq)

lemma openin__imp_ subset:
openin (subtopology US) T — T C S
by (metis Int_iff openin__subtopology subsetl)

lemma closedin__imp__subset:
closedin (subtopology US) T — T C S
by (simp add: closedin__def)

lemma openin__open__subtopology:
openin X S = openin (subtopology X S) T +— openin X T N T C §
by (metis inf.orderE openin__Int openin__imp__subset openin__subtopology)

lemma closedin__closed__subtopology:
closedin X S = (closedin (subtopology X S) T <— closedin X T N T C )
by (metis closedin__Int closedin__imp_subset closedin__subtopology inf.orderE)

lemma closedin__trans_full:
[closedin (subtopology X U) S; closedin X U] = closedin X S
using closedin__closed__subtopology by blast
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lemma openin__subtopology_ Un:
[openin (subtopology X T) S; openin (subtopology X U) S]
= openin (subtopology X (T U U)) S
by (simp add: openin__subtopology) blast

lemma closedin__subtopology_ Un:
[closedin (subtopology X T) S; closedin (subtopology X U) S|
= closedin (subtopology X (T U U)) S
by (simp add: closedin__subtopology) blast

lemma openin_ trans_full:
[openin (subtopology X U) S; openin X U] = openin X S
by (simp add: openin__open__subtopology)
1.13.4 The canonical topology from the underlying type class

abbreviation cuclidean :: 'a::topological space topology
where euclidean = topology open

abbreviation top of set :: 'a::topological_space set = 'a topology
where top_of set = subtopology (topology open)

lemma open__openin: open S <— openin euclidean S
by simp

declare open__openin [symmetric, simp]

lemma topspace_euclidean [simp]: topspace euclidean = UNIV
by (force simp: topspace__def)

lemma topspace__euclidean__subtopology[simp]: topspace (top_of set S) = S
by (simp)

lemma closed_closedin: closed S <— closedin euclidean S
by (simp add: closed_def closedin__def Compl_eq Diff UNIV)

declare closed__closedin [symmetric, simp]

lemma openin__subtopology__self [simp]: openin (top_of set S) S
by (metis openin__topspace topspace__euclidean__subtopology)

lemma euclidean__nontrivial [simp]: euclidean # trivial_topology
by (simp add: subtopology_eq discrete_topology _empty)
The most basic facts about the usual topology and metric on R

abbreviation euclideanreal :: real topology
where euclideanreal = topology open
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1.13.5 Basic "localization" results are handy for connected-
ness.

lemma openin__open: openin (top_of set U) S +— (3T. open T A (S = U N

7))

by (auto simp: openin__subtopology)

lemma openin_Int_open:
[openin (top_of _set U) S; open T|
= openin (top_of set U) (SN T)
by (metis open_Int Int_assoc openin__open)

lemma openin__open__Int[intro]: open S = openin (top_of set U) (U N S)
by (auto simp: openin__open)

lemma open__openin__trans[trans|:
open S = open T — T C S = openin (top_of set S) T
by (metis Int_absorbl openin_open__Int)

lemma open_subset: S C T = open S = openin (top_of set T) S
by (auto simp: openin__open)

lemma closedin__closed: closedin (top_of set U) S «— (3T. closed T NS =U
n7T)
by (simp add: closedin__subtopology Int__ac)

lemma closedin_ closed_Int: closed S = closedin (top_of set U) (U N S)
by (metis closedin__closed)

lemma closed subset: S C T = closed S = closedin (top_of set T) S
by (auto simp: closedin__closed)

lemma closedin_closed_subset:
[closedin (top_of set U) V; T C U; S =V N T]
= closedin (top_of _set T) S
by (metis (no__types, lifting) Int__assoc Int_commute closedin__closed inf.orderE)

lemma finite_imp_ closedin:
fixes S :: 'a::tl_space set
shows [finite S; S C T] = closedin (top_of set T) S
by (simp add: finite_imp_ closed closed _subset)

lemma closedin__singleton [simp]:

fixes a :: 'a::tl_space

shows closedin (top_of set U) {a} +— a € U
using closedin__subset by (force intro: closed__subset)

lemma openin__euclidean__subtopology iff:
fixes S U :: ‘a::metric_space set
shows openin (top_of set U) S +—
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SCUA((VzeS. Jex>0.Va'eU. distz' z < e — 2'€ S)
(is ?lhs <— ?rhs)
proof
assume ?lhs
then show %rhs
unfolding openin__open open__dist by blast
next
define T where T = {z. 3acS. 3d>0. (VyeU. distya < d — y € S5) A dist
ra<d}
have 1: VzeT. Je>0.Vy. distyzs < e —ye T
unfolding T _def
apply clarsimp
subgoal for z a d
apply (rule_tac x=d — dist z a in exl)
by (metis add__0_left dist _commute dist_triangle It less diff eq)
done
assume ?rhs then have 2: S=UNT
unfolding T def by fastforce
from 1 2 show ?ihs
unfolding openin__open open__dist by fast
qed

lemma connected _openin:
connected S +—
—(3 E1 E2. openin (top_of set S) E1 A
openin (top_of set S) E2 A
SCEIUE2ANEINE2={}ANE1#{}NE2#{})
unfolding connected_ def openin__open disjoint_iff mot _equal by blast

lemma connected__openin__eq:
connected S <—
—(3 E1 E2. openin (top_of set S) E1 A
openin (top_of set S) E2 A
EIUE2=S8SAEINE2={}A
Bl £ {} A B2 # {})
unfolding connected_openin
by (metis (no__types, lifting) Un__subset_iff openin__imp__subset subset__antisym)

lemma connected_ closedin:
connected S <—
(AE1 E2.
closedin (top_of set S) E1 A
closedin (top_of set S) E2 A
SCEIUE2ANEINE2={}NE1#{}NE2#{})
(is ?lhs = ?rhs)
proof
assume ?lhs
then show ?rhs
by (auto simp add: connected__closed closedin__closed)
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next
assume R: ?rhs
then show ?lhs
proof (clarsimp simp add: connected closed closedin__closed)
fix A B
assume s_sub: SC AUBBNS #{}
and disji: AN BN S ={}
and cl: closed A closed B
have S — A=BnNS
using Diff subset_conv Un_ Diff Int disj s_sub(1) by auto
then show 4 N S = {}
by (metis Int__Diff Un Int_Diff _disjoint R cl closedin__closed__Int dual _order.refl
inf _commute s_sub(2))
qed
qed

lemma connected__closedin__eq:
connected S +—
-(3E1 E2.

closedin (top_of set S) E1 A
closedin (top_of _set S) E2 A
EF1UE2=SAEINE2={}A
Bl #{} A B2 # {})

unfolding connected_ closedin

by (metis Un__subset_iff closedin__imp__subset subset _antisym)

These "transitivity" results are handy too

lemma openin__trans[trans|:
openin (top_of _set T) S = openin (top_of set U) T =
openin (top_of set U) S
by (metis openin__Int_open openin__open)

lemma openin_open_trans: openin (top_ of set T) S = open T = open S
by (auto simp: openin__open intro: openin__trans)

lemma closedin__trans[trans]:
closedin (top_of set T) S = closedin (top_of set U) T =
closedin (top_of set U) S
by (auto simp: closedin__closed closed Inter Int _assoc)

lemma closedin__closed__trans: closedin (top_of _set T) S = closed T = closed
S

by (auto simp: closedin__closed intro: closedin_ trans)

lemma openin__subtopology_Int_subset:
[openin (top_of _set u) (u N S); v C u] = openin (top_of _set v) (v N S)
by (auto simp: openin__subtopology)

lemma openin__open__eq: open s = (openin (top_of set s) t <— open t A t C
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5)

using open__subset openin__open__trans openin__subset by fastforce

1.13.6 Derived set (set of limit points)

definition derived set_of :: 'a topology = 'a set = 'a set (infix] <derived’ _set’ of»
80)
where X derived_set_of S =
{z € topspace X.
(WVT.2€ T ANopenin X T — (Jy#z.ye€ SAye T))}

lemma derived_set_of restrict [simp]:
X derived_set_of (topspace X N S) = X derived_set_of S
by (simp add: derived_set_of def) (metis openin__subset subset_iff)

lemma in_ derived_set_ of:

z € X derived_set_of S «— z € topspace X N (NVT.z € T A openin X T —
By#z.ye SAyeT))

by (simp add: derived_set_of _def)

lemma derived_set of subset topspace:
X derived_set_of S C topspace X
by (auto simp add: derived_set _of def)

lemma derived_set_of subtopology:
(subtopology X U) derived_set_of S = U N (X derived_set_of (U N S))
by (simp add: derived_set _of def openin__subtopology) blast

lemma derived set of subset_subtopology:
(subtopology X S) derived_set_of T C S
by (simp add: derived_set_of _subtopology)

lemma derived_set _of empty [simp]: X derived_set_of {} = {}
by (auto simp: derived_set of def)

lemma derived_set _of mono:
S C T = X derived_set_of S C X derived_set_of T
unfolding derived_set of def by blast

lemma derived_set_of Un:
X derived_set_of (S U T) = X derived_set_of S U X derived_set_of T (is
2lhs = ?rhs)
proof
show ?lhs C “?rhs
by (clarsimp simp: in__derived_set_of) (metis IntE Intl openin__Int)
show 9rhs C ?lhs
by (simp add: derived_set_of mono)
qed
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lemma derived_set _of Union:
finite F = X derived_set_of (UF) = (US € F. X derived_set_of S)
proof (induction F rule: finite_induct)
case (insert S F)
then show ?case
by (simp add: derived_set_of Un)
qed auto

lemma derived_set_of topspace:

X derived_set_of (topspace X) = {z € topspace X. — openin X {z}} (is ?lhs =
?rhs)
proof

show ?lhs C ?rhs

by (auto simp: in__derived__set_of)

show 9rhs C ?lhs

by (clarsimp simp: in__derived__set_of) (metis openin__closedin__eq openin__subopen
singletonD subset__eq)
qed

lemma discrete topology unique derived__set:
discrete__topology U = X +— topspace X = U A X derived_set_of U = {}
by (auto simp: discrete_topology__unique derived_set_of topspace)

lemma subtopology__eq discrete__topology__eq:
subtopology X U = discrete__topology U «— U C topspace X N U N X de-
rived_set_of U = {}
using discrete__topology__unique__derived__set [of U subtopology X U]
by (auto simp: eq_commute derived_set_of subtopology)

lemma subtopology eq discrete_topology:
S C topspace X A S N X derived_set_of S = {}
= subtopology X S = discrete__topology S
by (simp add: subtopology_eq discrete__topology__eq)

lemma subtopology__eq discrete topology_gen:
assumes S N X derived_set_of S = {}
shows subtopology X S = discrete_topology(topspace X N S)
proof —
have subtopology X S = subtopology X (topspace X N S)
by (simp add: subtopology__restrict)
then show ?thesis
using assms by (simp add: inf.assoc subtopology eq discrete_topology eq)
qed

lemma subtopology__discrete__topology [simp]:
subtopology (discrete_topology U) S = discrete__topology(U N S)
proof —
have (AT.3Sa. T=SanN S A SaC U)=(\ASa. Sa CUA SaCS9)
by force
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then show ?thesis
by (simp add: subtopology_def) (simp add: discrete__topology__def)
qed

lemma openin_ Int_derived_set of subset:
openin X S = S N X derived_set_of T C X derived_set_of (SN T)
by (auto simp: derived_set_of def)

lemma openin_ Int_derived_set_of eq:
assumes openin X S
shows S N X derived_set_of T = S N X derived_set_of (SN T) (is ?lhs =
2rhs)
proof
show ?lhs C ?rhs
by (simp add: assms openin__Int_derived set of subset)
show 2rhs C ?lhs
by (metis derived_set_of mono inf commute inf lel inf mono order refl)
qed

1.13.7 Closure with respect to a topological space

definition closure of :: 'a topology = 'a set = 'a set (infixr <closure’ _of» 80)
where X closure _of S = {z € topspace X.VT.z € T A openin X T — (Fy
eSS yeT)}

lemma closure_of restrict: X closure_of S = X closure__of (topspace X N S)
unfolding closure_of def
using openin__subset by blast

lemma in_ closure_of:
z € X closure_of S +—
x € topspace X N (VT.z € T Nopenin X T — (3y.y e SAye T))
by (auto simp: closure_of _def)

lemma closure_of: X closure_of S = topspace X N (S U X derived_set_of S)
by (fastforce simp: in__closure_of in__derived_set_of)

lemma closure of alt: X closure_of S = topspace X N S U X derived__set_of S
using derived_set _of subset_topspace [of X S|
unfolding closure_of def in__derived_set_of
by safe (auto simp: in__derived_set_of)

lemma derived_set of subset closure of:
X derived_set_of S C X closure_of S
by (fastforce simp: closure_of def in_derived_set_of)

lemma closure_of subtopology:
(subtopology X U) closure_of S = U N (X closure_of (U N S))
unfolding closure_of def topspace__subtopology openin__subtopology
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by safe (metis (full _types) IntI Int_iff inf.commute)+

lemma closure_of empty [simp]: X closure_of {} = {}
by (simp add: closure_of alt)

lemma closure_of _topspace [simp]: X closure__of topspace X = topspace X
by (simp add: closure__of)

lemma closure_of UNIV [simp]: X closure_of UNIV = topspace X
by (simp add: closure__of)

lemma closure_of subset_topspace: X closure_of S C topspace X
by (simp add: closure__of)

lemma closure_of subset_subtopology: (subtopology X S) closure_of T C S
by (simp add: closure__of _subtopology)

lemma closure_of mono: S C T = X closure_of S C X closure_of T
by (fastforce simp add: closure_of def)

lemma closure_of subtopology subset:
(subtopology X U) closure_of S C (X closure_of S)
unfolding closure_of subtopology
by clarsimp (meson closure__of _mono contra_subsetD inf.cobounded2)

lemma closure of subtopology mono:
T C U = (subtopology X T) closure_of S C (subtopology X U) closure_of S
unfolding closure_of subtopology
by auto (meson closure__of mono inf _mono subset_iff)

lemma closure_of Un [simp]: X closure_of (S U T) = X closure_of S U X
closure_of T

by (simp add: Un__assoc Un_left _commute closure_of alt derived_set_of Un
inf sup_ distrib1)

lemma closure of Union:
finite F = X closure_of (JF) =(US € F. X closure_of 5)
by (induction F rule: finite_induct) auto

lemma closure of subset: S C topspace X = S C X closure_of S
by (auto simp: closure_of def)

lemma closure_of subset Int: topspace X NS C X closure_of S
by (auto simp: closure_of def)

lemma closure_of subset _eq: S C topspace X N X closure__of S C S «+— closedin
XS
proof —

have openin X (topspace X — S)
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if Az. [z € topspace X;VT. 2 € T ANopenin X T — SNT#{}]=2¢€S
apply (subst openin__subopen)
by (metis Diff _iff Diff _mono Diff triv inf.commute openin__subset order_refl
that)
then show ?Zthesis
by (auto simp: closedin__def closure__of _def disjoint_iff _not_equal)
qed

lemma closure_of eq: X closure_of S = S +— closedin X S
by (metis closure _of subset closure_of subset_eq closure_of subset_topspace
subset__antisym)

lemma closedin__contains _derived_set:
closedin X S «— X derived_set_of S C S N S C topspace X
proof (intro iffI conjI)
show closedin X S = X derived_set_of S C S
using closure__of _eq derived_set of subset closure_of by fastforce
show closedin X S =— S C topspace X
using closedin__subset by blast
show X derived _set_of S C S AN S C topspace X = closedin X S
by (metis closure_of closure_of eq inf.absorb_iff2 sup.orderE)
qed

lemma derived set subset gen:
X derived_set_of S C S +— closedin X (topspace X N S)
by (simp add: closedin__contains _derived _set derived_set of subset topspace)

lemma derived_set_subset: S C topspace X — (X derived_set_of S C § +—
closedin X S)
by (simp add: closedin__contains__derived__set)

lemma closedin_derived_ set:

closedin (subtopology X T) S +—

S C topspace X NS C T A (Vz. x € X derived_set_of SNz € T — z €
S)

by (auto simp: closedin__contains__derived _set derived_set_of subtopology Int__absorbl)

lemma closedin_Int_closure_of:
closedin (subtopology X S) T <— S N X closure_of T =T
by (metis Int_left _absorb closure_of eq closure_of subtopology)

lemma closure of closedin: closedin X S = X closure_of S = S
by (simp add: closure_of _eq)

lemma closure_of _eq diff: X closure_of S = topspace X — | J{T. openin X T A
disjnt S T}
by (auto simp: closure_of def disjnt_iff)

lemma closedin__closure_of [simp]: closedin X (X closure_of S)
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unfolding closure_of eq diff by blast

lemma closure_of closure_of [simp]: X closure _of (X closure_of S) = X clo-
sure_of S
by (simp add: closure_of eq)

lemma closure_of hull:

assumes S C topspace X shows X closure_of S = (closedin X) hull S

by (metis assms closedin__closure__of closure__of _eq closure_of mono closure_of subset
hull _unique)

lemma closure_of minimal:
[S C T; closedin X T] = (X closure_of S) C T
by (metis closure_of eq closure__of mono)

lemma closure_of minimal__eq:
[S C topspace X; closedin X T]| = (X closure_of S) C T +— SC T
by (meson closure_of minimal closure of subset subset trans)

lemma closure of unique:
[S C T; closedin X T;
AT [S C T closedin X T'| = T C T]
= X closure_of S =T
by (meson closedin__closure__of closedin__subset closure__of minimal closure_of subset
eq__iff order.trans)

lemma closure_of eq empty gen: X closure_of S = {} +— disjnt (topspace X)
S

unfolding disjnt_def closure_of _restrict [where S=S)|

using closure_of by fastforce

lemma closure_of eq empty: S C topspace X = X closure_of S = {} +— S

={

using closure__of _subset by fastforce

lemma openin__Int_closure of subset:
assumes openin X S
shows S N X closure_of T C X closure_of (SN T)
proof —
have S N X derived_set_of T = S N X derived_set_of (SN T)
by (meson assms openin__Int_derived_set_of eq)
moreover have SN (SN T)=5NnT
by fastforce
ultimately show ?Zthesis
by (metis closure_of _alt inf.cobounded? inf left _commute inf sup_ distribl)
qed

lemma closure_of openin__Int_closure_of:
assumes openin X S
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shows X closure_of (S N X closure_of T) = X closure_of (SN T)
proof
show X closure_of (S N X closure_of T) C X closure_of (SN T)
by (simp add: assms closure__of minimal openin__Int _closure of subset)
next
show X closure_of (SN T) C X closure_of (S N X closure_of T)
by (metis Int_subset_iff assms closure_of alt closure_of mono inf mono
openin__subset subset_refl sup.coboundedI1)
qed

lemma openin__ Int_closure_of eq:
assumes openin X S shows S N X closure_of T = S N X closure_of (SN T)
(is ?lhs = %rhs)
proof
show ?2lhs C ?rhs
by (simp add: assms openin__Int_closure_of subset)
show 2rhs C ?lhs
by (metis closure_of mono inf _commute inf lel inf mono order _refl)
qed

lemma openin__Int_closure_of eq empty:
assumes openin X S shows S N X closure_of T = {} «— SN T ={} (is
2lhs = ?rhs)
proof
show ?lhs — ?rhs
unfolding disjoint_iff
by (meson assms in__closure_of in_mono openin__subset)
show ?rhs = ?lhs
by (simp add: assms openin__Int_closure_of eq)
qed

lemma closure_of openin__Int _superset:
openin X S NS C X closure_of T
= X closure_of (SN T) = X closure_of S
by (metis closure_of openin_Int_closure_of inf.orderFE)

lemma closure_of openin__subtopology Int_closure_of:
assumes S: openin (subtopology X U) S and T C U
shows X closure_of (S N X closure_of T) = X closure_of (SN T) (is ?lhs =
?rhs)
proof
obtain S0 where S0: openin X SO0 S = S0 N U
using assms by (auto simp: openin__subtopology)
then show ?lhs C 2rhs
proof —
have S0 N X closure_of T = S0 N X closure_of (S0 N T)
by (meson S0(1) openin_Int_closure_of eq)
moreover have SON T =50NnUNT
using <T C U» by fastforce
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ultimately have S N X closure_of T C X closure_of (SN T)
using S0(2) by auto
then show ?thesis
by (meson closedin__closure_of closure__of _minimal)
qed
next
show ?rhs C ?lhs
proof —
have TN S C T U X derived_set_of T
by force
then show ?thesis
by (smt (verit, del insts) Int_iff in_closure_of inf.orderE openin__subset
subsetl)
qed
qed

lemma closure of subtopology open:
openin X UV § C U = (subtopology X U) closure_of S = U N X closure__of
S

by (metis closure__of subtopology inf absorb2 openin_ Int closure_of eq)

lemma discrete__topology closure_of:
(discrete_topology U) closure_of S = U NS
by (metis closedin__discrete__topology closure of restrict closure_of unique dis-
crete__topology _unique inf sup_ord(1) order_refl)

Interior with respect to a topological space.

definition interior_of :: 'a topology = 'a set = 'a set (infixr <interior’_of» 80)
where X interior_of S = {z. 3T. openin X TNz € T AN T C S}

lemma interior_of restrict:
X interior_of S = X interior_of (topspace X N S)
using openin_subset by (auto simp: interior_of def)

lemma interior_of eq: (X interior_of S = S) +— openin X S
unfolding interior_of def using openin_subopen by blast

lemma interior_of openin: openin X § = X interior_of § = S
by (simp add: interior_of eq)

lemma interior_of _empty [simp]: X interior_of {} = {}
by (simp add: interior_of eq)

lemma interior_of topspace [simp]: X interior_of (topspace X) = topspace X
by (simp add: interior_of eq)

lemma openin__interior_of [simp]: openin X (X interior_of S)
unfolding interior of def
using openin__subopen by fastforce
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lemma interior__of _interior_of [simp]:
X interior_of X interior_of S = X interior_of S
by (simp add: interior_of eq)

lemma interior_of subset: X interior_of S C S
by (auto simp: interior_of def)

lemma interior_of subset_closure_of: X interior _of S C X closure_of S
by (metis closure__of subset_Int dual order.trans interior_of restrict interior _of _subset)

lemma subset_interior_of eq: S C X interior_of S <— openin X S
by (metis interior_of _eq interior_of subset subset_antisym)

lemma interior_of mono: S C T = X interior_of S C X interior_of T
by (auto simp: interior_of _def)

lemma interior_of _mazimal: [T C S; openin X T| = T C X interior_of S
by (auto simp: interior_of def)

lemma interior_of maximal _eq: openin X T = T C X interior_of S «— T
cSs
by (meson interior_of _maximal interior_of _subset order__trans)

lemma interior_of unique:

[T C S;openin X T; NT'. [T C S; openin X T'] = T' C T| = X interior_of
S=T

by (simp add: interior_of _maximal__eq interior_of subset subset__antisym)

lemma interior_of subset topspace: X interior _of S C topspace X
by (simp add: openin__subset)

lemma interior_of _subset_subtopology: (subtopology X S) interior_of T C S
by (meson openin__imp__subset openin__interior_of)

lemma interior_of Int: X interior_of (S N T) = X interior_of S N X interior_of
T (is ?lhs = ?rhs)
proof

show ?lhs C ?rhs

by (simp add: interior_of _mono)
show ?rhs C ?lhs
by (meson inf_mono interior_of mazimal interior_of subset openin_Int

openin__interior__of)
qed

lemma interior_of Inter subset: X interior_of (N F) C (NS € F. X interior_of
S)
by (simp add: INT _greatest Inf _lower interior_of _mono)
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lemma union_ interior_of subset:
X interior_of S U X interior_of T C X interior_of (S U T)
by (simp add: interior_of mono)

lemma interior_of eq empty:
X interior_of S ={} «— VT. openin X TN T C S — T ={})
by (metis bot.extremum,__uniquel interior _of mazximal interior _of _subset openin__interior_of)

lemma interior_of eq empty_alt:
X interior_of S={} +— VT.openin X TANT #{} — T — S #{})
by (auto simp: interior_of _eq empty)

lemma interior _of Union__openin__subsets:
U{T. openin X T N T C S} = X interior_of S
by (rule interior_of unique [symmetric]) auto

lemma interior_of complement:
X interior_of (topspace X — §) = topspace X — X closure_of S
by (auto simp: interior_of def closure_of def)

lemma interior_of closure of:
X interior_of S = topspace X — X closure_of (topspace X — S)
unfolding interior_of _complement [symmetric]
by (metis Diff Diff Int interior__of restrict)

lemma closure of interior_of:
X closure_of S = topspace X — X interior_of (topspace X — S)
by (simp add: interior_of _complement Diff Diff Int closure_of)

lemma closure_of complement: X closure_of (topspace X — S) = topspace X —
X interior_of S

unfolding interior_of def closure_of def

by (blast dest: openin__subset)

lemma interior_of eq empty complement:
X interior_of S = {} +— X closure_of (topspace X — S) = topspace X
using interior_of _subset_topspace [of X S] closure_of _complement by fastforce

lemma closure_of eq topspace:
X closure_of S = topspace X +— X interior_of (topspace X — S) = {}
using closure_of subset_topspace [of X S interior _of complement by fastforce

lemma interior_of subtopology subset:
U N X interior_of S C (subtopology X U) interior_of S
by (auto simp: interior_of def openin__subtopology)

lemma interior_of subtopology subsets:
T C U= T N (subtopology X U) interior_of S C (subtopology X T') interior_of
S
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by (metis inf.absorb__iff2 interior_of _subtopology__subset subtopology__subtopology)

lemma interior_of subtopology mono:

[SC T; T C U] = (subtopology X U) interior_of S C (subtopology X T)
interior_of S

by (metis dual_order.trans inf.orderE inf commute interior of subset inte-
rior_of _subtopology _subsets)

lemma interior_of subtopology open:

assumes openin X U

shows (subtopology X U) interior_of S = U N X interior_of S (is ?lhs = 2rhs)
proof

show ?lhs C ?rhs

by (meson assms interior_of maximal interior_of subset le_infI openin__interior_ _of
openin__open__subtopology)

show 2rhs C ?lhs

by (simp add: interior_of subtopology subset)

qed

lemma dense_intersects open:
X closure_of S = topspace X +— (VT. openin X TN T #{} — SN T #
{
proof —
have X closure_of S = topspace X «— (topspace X — X interior_of (topspace
X — 8) = topspace X)
by (simp add: closure_of interior_of)
also have ... «+— X interior_of (topspace X — S) = {}
by (simp add: closure_of complement interior _of eq empty complement)
alsohave ... «— (VT. openin X T AT #{} — SN T #{})
unfolding interior _of eq empty alt
using openin__subset by fastforce
finally show ?Zthesis .
qged

lemma interior_of closedin__union__empty_interior of:
assumes closedin X S and disj: X interior_of T = {}
shows X interior_of (S U T) = X interior_of S
proof —
have X closure_of (topspace X — T) = topspace X
by (metis Diff _Diff Int disj closure _of eq topspace closure_of restrict inte-
rior_of _closure_of)
then show ?thesis
unfolding interior_of closure_of
by (metis Diff _Un Diff _subset assms(1) closedin__def closure__of _openin__Int_superset)
qed

lemma interior _of union__eq empty:
closedin X §
= (X interior_of (SU T) = {} +—
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X interior_of S = {} N X interior_of T = {})
by (metis interior_of closedin__union__empty_interior _of le_sup iff subset _empty
union__interior_of subset)

lemma discrete_topology__interior_of [simpl:
(discrete__topology U) interior_of S = U N S
by (simp add: interior_of _restrict [of __ S| interior_of _eq)

1.13.8 Frontier with respect to topological space

definition frontier of :: 'a topology = 'a set = 'a set (infixr <frontier’ of» 80)
where X frontier _of S = X closure_of S — X interior_of S

lemma frontier _of closures:
X frontier_of S = X closure_of S N X closure_of (topspace X — S)
by (metis Diff Diff Int closure_of complement closure of subset_topspace
double__diff frontier_of def interior_of subset_closure_of)

lemma interior_of union_ frontier_of [simp]:
X interior_of S U X frontier _of S = X closure_of S
by (simp add: frontier _of def interior _of subset_closure of subset _antisym)

lemma frontier_of restrict: X frontier _of S = X frontier_of (topspace X N §)
by (metis closure_of restrict frontier _of _def interior_of restrict)

lemma closedin_ frontier_of: closedin X (X frontier _of S)
by (simp add: closedin__Int frontier _of _closures)

lemma frontier _of subset_topspace: X frontier _of S C topspace X
by (simp add: closedin__frontier_of closedin__subset)

lemma frontier _of subset_subtopology: (subtopology X S) frontier _of T C S
by (metis (no__types) closedin__derived_set closedin__frontier _of)

lemma frontier _of subtopology subset:
U N (subtopology X U) frontier_of S C (X frontier_of S)
proof —
have U N X interior_of S — subtopology X U interior_of S = {}
by (simp add: interior_of subtopology subset)
moreover have X closure_of S N subtopology X U closure_of S = subtopology
X U closure_of S
by (meson closure__of _subtopology__subset inf.absorb_iff2)
ultimately show Zthesis
unfolding frontier of def
by blast
qed

lemma frontier _of subtopology mono:
[SC T; TC U] = (subtopology X T) frontier_of S C (subtopology X U)
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frontier_of S
by (simp add: frontier _of def Diff _mono closure_of subtopology _mono inte-
rior_of _subtopology _mono)

lemma clopenin__eq frontier of:

closedin X S A openin X S +— S C topspace X N X frontier_of S = {}
proof (cases S C topspace X)

case True

then show ?thesis

by (metis Diff _eq empty_iff closure_of _eq closure_of subset__eq frontier _of def
interior_of _eq interior_of _subset interior_of union_ frontier _of sup__bot_right)
next

case Fulse

then show ?thesis

by (simp add: frontier _of closures openin__closedin__eq)

qed

lemma frontier _of eq empty:
S C topspace X = (X frontier_of S = {} +— closedin X S A openin X S)
by (simp add: clopenin__eq _frontier of)

lemma frontier _of openin:
openin X § = X frontier_of S = X closure_of S — S
by (metis (no__types) frontier _of def interior _of eq)

lemma frontier _of openin__straddle Int:
assumes openin X U U N X frontier_of S # {}
shows UNS#{} U-S#{}
proof —
have U N (X closure_of S N X closure_of (topspace X — S)) # {}
using assms by (simp add: frontier_of _closures)
then show U N S # {}
using assms openin__Int_closure_of eq empty by fastforce
show U — S # {}
proof —
have 3 A. X closure_of (A —S)N U # {}
using <U N (X closure_of S N X closure_of (topspace X — §)) # {}» by
blast
then have - U C S
by (metis Diff _disjoint Diff eq empty_iff Int_Diff assms(1) inf commute
openin__Int__closure_of eq empty)
then show ?thesis
by blast
qed
qed

lemma frontier _of subset closedin: closedin X S = (X frontier _of S) C S
using closure__of _eq frontier _of def by fastforce
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lemma frontier_of empty [simp]: X frontier_of {} = {}
by (simp add: frontier _of _def)

lemma frontier_of topspace [simp]: X frontier_of topspace X = {}
by (simp add: frontier _of _def)

lemma frontier _of subset_eq:

assumes S C topspace X

shows (X frontier_of S) C S «— closedin X S
proof

show X frontier _of S C § = closedin X S

by (metis assms closure__of _subset__eq interior_of subset interior__of union_ frontier _of
le__sup__iff)

show closedin X S = X frontier _of S C §

by (simp add: frontier _of subset_closedin)

qed

lemma frontier _of complement: X frontier _of (topspace X — S) = X frontier_of
S

by (metis Diff _Diff Int closure_of restrict frontier _of closures inf commute)

lemma frontier of disjoint_eq:
assumes S C topspace X
shows ((X frontier_of S) N S = {} «— openin X §)
proof
assume X frontier_of S N S = {}
then have closedin X (topspace X — S)
using assms closure__of subset frontier _of def interior_of eqinterior _of subset
by fastforce
then show openin X §
using assms by (simp add: openin__closedin)
next
show openin X S = X frontier_of SN S = {}
by (simp add: Diff Diff Int closedin__def frontier _of openin inf.absorb_ iff2
inf_commute)
qed

lemma frontier _of disjoint_eq alt:
S C (topspace X — X frontier _of S) «— openin X S
proof (cases S C topspace X)
case True
show ?thesis
using True frontier _of disjoint_eq by auto
next
case Fulse
then show ¢thesis
by (meson Diff _subset openin__subset subset_trans)
qed
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lemma frontier _of Int:
X frontier_of (SN T) =
X closure_of (SN T) N (X frontier_of S U X frontier _of T)
proof —
have xx: UCSAUCT=UNENAUTNB) =UN(AUB)for US
T A B :: 'a set
by blast
show ?thesis
by (simp add: frontier _of closures closure_of mono Diff Int = flip: clo-
sure__of _Un)
qed

lemma frontier _of Int_subset: X frontier_of (S N T) C X frontier_of S U X
frontier _of T
by (simp add: frontier _of Int)

lemma frontier _of Int_closedin:
assumes closedin X S closedin X T
shows X frontier _of(S N T) = X frontier_of SN T U S N X frontier_of T (is
?lhs = ?rhs)
proof
show ?2lhs C ?rhs
using assms by (force simp add: frontier _of Int closedin__Int closure_of _closedin)
show ?rhs C ?lhs
using assms frontier _of subset_closedin
by (auto simp add: frontier _of Int closedin__Int closure_of closedin)
qed

lemma frontier_of Un_subset: X frontier _of (S U T) C X frontier _of S U X
frontier_of T
by (metis Diff Un frontier _of Int subset frontier _of complement)

lemma frontier _of Union__subset:
finite F = X frontier_of (UF) C(UT € F. X frontier_of T)
proof (induction F rule: finite_induct)
case (insert A F)
then show ?case
using frontier_of Un_ subset by fastforce
qed simp

lemma frontier _of frontier of subset:
X frontier _of (X frontier _of S) C X frontier_of S
by (simp add: closedin__frontier _of frontier_of subset_ closedin)

lemma frontier_of subtopology_open:
openin X U = (subtopology X U) frontier _of S = U N X frontier_of S
by (simp add: Diff Int_distrib closure_of subtopology open frontier of def
interior_of subtopology _open)
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lemma discrete__topology_ frontier__of [simp]:
(discrete__topology U) frontier_of S = {}
by (simp add: Diff eq discrete_topology_closure_of frontier _of _closures)

lemma openin__subset_topspace__eq:
assumes disjnt S (X frontier _of U)
shows openin (subtopology X U) S +— openin X SN S C U
proof
assume S: openin (subtopology X U) S
show openin X S AN S C U
proof
show S C U
using S openin__imp_subset by blast
have disjnt S (X frontier_of (topspace X N U))
by (metis assms frontier _of restrict)
moreover
have openin (subtopology X (topspace X N U)) S
by (simp add: S subtopology restrict)
moreover
have openin X S
if dis: disjnt S (X frontier_of U) and ope: openin (subtopology X U) S and
U C topspace X
for S U
proof —
obtain T where T: openin X TS =T NU
using ope by (auto simp: openin__subtopology)
have TN U = T N X interior_of U
using that T interior _of subset in_closure_of by (fastforce simp: disjnt_iff
frontier_of _def)
then show ?thesis
using <S = T N U <openin X T) by auto
qed
ultimately show openin X S
by blast
qed
qed (metis inf.absorb_iff1 openin__subtopology_ Int)

1.13.9 Locally finite collections

definition locally finite in
where
locally_finite_in X A +—
(UA C topspace X) A
(Vz € topspace X. AV . openin X V Nz € V A finite {U € A UNV #
{1

lemma finite_imp_ locally finite_in:
[finite A; |JA C topspace X] = locally_finite_in X A
by (auto simp: locally_ finite_in__def)
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lemma locally_finite in_ subset:
assumes locally_finite_in X ABC A
shows locally finite_in X B
proof —
have finite (AN {U. UNV # {}}) = finite BN {U. UNV # {}}) for V
by (meson B C A finite_subset inf lel inf le2 le_inf iff subset trans)
then show ?thesis
using assms unfolding locally finite in_ def Int_def by fastforce
qed

lemma locally_finite_in_ refinement:
assumes A: locally_finite_in X Aand f: NS. Se A= fSCS
shows locally_finite_in X (f < A)
proof —
show ?thesis
unfolding locally_finite in_ def
proof (intro conjl strip)
fix z
assume z € topspace X
then obtain V where openin X Va € V finite {U € A. UNV # {}}
using A unfolding locally finite_in_ def by blast
moreover have {U € A fUNV #{}} C{Ue€ A UNV#{}}for V
using f by blast
ultimately have finite {U € A. fU NV # {}}
using finite subset by blast
moreover have f ‘{U e A. fUNV #A{}}={Uef‘AUNV#{}}
by blast
ultimately have finite {U € f “A. U NV # {}}
by (metis (no__types, lifting) finite__imagel)
then show 3 V. openin X VAN z € V A finite {U e f A UNV #{}}
using <openin X V> <x € V> by blast
next
show |J (f “.A) C topspace X
using A f by (force simp: locally _finite in__def image__iff)
qed
qed

lemma locally_finite in_ subtopology:

assumes A: locally_finite_in X A|JAC S

shows locally_finite_in (subtopology X S) A

unfolding locally finite in_ def
proof (intro conjl strip)

fix z

assume z: z € topspace (subtopology X S)

then obtain V where openin X V z € V and fin: finite {U € A. UNV #
{3}

using A unfolding locally_finite_in__def topspace__subtopology by blast
show 3 V. openin (subtopology X S) VANz € V A finite {U € A. UNV # {}}
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proof (intro exl conjl)
show openin (subtopology X S) (S N V)
by (simp add: <openin X V» openin__subtopology_Int2)
have {Ue A UNSNV)#A{}} C{Uec A UNV#{}}
by auto
with fin show finite {U € A. UN (SN V) #{}}
using finite_subset by auto
showz € SNV
using z «x € V) by (simp)
qed
next
show |J A C topspace (subtopology X S)
using assms unfolding locally finite in_ def topspace__subtopology by blast
qed

lemma closedin__locally finite_ Union:
assumes clo: \S. S € A = closedin X S and A: locally_finite_in X A
shows closedin X (|J.A)
using A unfolding locally finite_in_ def closedin__def
proof clarify
show openin X (topspace X — |JA)
proof (subst openin__subopen, clarify)
fix z
assume z € topspace X and z ¢ |J A
then obtain V where openin X Vz € V and fin: finite {U € A. UN V #
{}}
using A unfolding locally finite_in__def by blast
let T =V —-J{Se€ A SNV £{}}
show 3T. openin X T Nz € T AN T C topspace X — |J A
proof (intro exl conjI)
show openin X ?T
by (metis (no__types, lifting) fin <openin X V' clo closedin_ Union mem__Collect__eq
openin__diff)
show z € ¢T
using «z ¢ [J A <z € V> by auto
show ?T C topspace X — |J A
using <openin X V) openin__subset by auto
qed
qed
qed

lemma locally _finite in__closure:
assumes A: locally_finite_in X A
shows locally_finite_in X ((AS. X closure_of S) * A)
using A unfolding locally_finite_in_ def
proof (intro conjI; clarsimp)
fixxz A
assume z € X closure_of A
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then show z € topspace X
by (meson in__closure__of)
next
fix z
assume z € topspace X and |JA C topspace X
then obtain V where V: openin X V .z € V and fin: finite {U € A. UN V
#{}}
using A unfolding locally finite_in__def by blast
have eq: {y e f ‘A Quyt=f‘{z. 2 € AN Q(fz)} for f and Q :: 'a set =
bool
by blast
have eq2: {4 € A. X closure_of ANV #{}} ={Ade€ A ANV #{}}
using openin_ Int_closure_of eq empty V by blast
have finite {U € (closure_of) X ‘A. U NV # {}}
by (simp add: eq eq2 fin)
with V show 3 V. openin X VA z € V A finite {U € (closure_of) X “A. U
nvV#{}}
by blast
qed

lemma closedin__ Union__locally _finite_ closure:

locally_ finite_in X A = closedin X (| (AS. X closure_of S) < A))

by (metis (mono__tags) closedin__closure of closedin_locally finite Union im-
ageE locally _finite _in__closure)

lemma closure_of Union_subset: |J((AS. X closure_of S) “ A) C X closure_of

U4

by (simp add: SUP_le_iff Sup__upper closure__of _mono)

lemma closure of locally finite_ Union:
assumes locally finite _in X A
shows X closure_of (JA) = U ((AS. X closure_of S) ‘ A)
proof (rule closure_of unique)
show |J A C U ((closure_of) X © A)
using assms by (simp add: SUP_upper2 Sup_le iff closure_of subset lo-
cally _finite_in_ def)
show closedin X (IJ ((closure_of) X ¢ A))
using assms by (simp add: closedin_ Union_locally_finite_closure)
show AT'. [U A C T’ closedin X T'] = J ((closure_of) X * A) C T’
by (simp add: Sup_le iff closure of minimal)
qed

1.13.10 Continuous maps

We will need to deal with continuous maps in terms of topologies and not
in terms of type classes, as defined below.
definition continuous map where

continuous_map X Y f =
f € topspace X — topspace Y A
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(V U. openin Y U — openin X {z € topspace X. fz € U})

lemma continuous map:
continuous_map X Y f +—
f ¢ (topspace X) C topspace Y A (Y U. openin Y U — openin X {z €
topspace X. fx € U})
by (auto simp: continuous_map__def)

lemma continuous map__image_subset_topspace:
continuous_map X Y f = f “ (topspace X) C topspace Y
by (auto simp: continuous_map__def)

lemma continuous_map__funspace:
continuous_map X Y f = f € topspace X — topspace Y
by (auto simp: continuous_map__def)

lemma continuous _map_on__empty [simp]: continuous__map trivial_topology Y f
by (auto simp: continuous_map__def)

lemma continuous _map _on__empty2 [simp]: continuous map X trivial topology
f +— X = trivial_topology
using continuous_map__image_subset_topspace by fastforce

lemma continuous map_ closedin:
continuous_map X Y f +—
f € topspace X — topspace Y A
(V C. closedin Y C — closedin X {x € topspace X. fz € C})
proof —
have (V U. openin Y U — openin X {z € topspace X. fz € U}) =
(V C. closedin Y C — closedin X {x € topspace X. fz € C})
if f € topspace X — topspace Y
proof —
have eq: {z € topspace X. fx € topspace Y N fx ¢ C} = (topspace X — {x
€ topspace X. fz € C}) for C
using that by blast
show ?thesis
proof (intro iffI alll impl)
fix C
assume V U. openin Y U — openin X {z € topspace X. fz € U} and
closedin Y C
then show closedin X {z € topspace X. fz € C}
by (auto simp add: closedin__def eq)
next
fix U
assume YV C. closedin Y C — closedin X {z € topspace X. fz € C} and
openin Y U
then show openin X {z € topspace X. fz € U}
by (auto simp add: openin__closedin__eq eq)
qed
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qed
then show ?thesis
by (auto simp: continuous_map__def)
qed

lemma openin__continuous map__preimage:
[continuous_map X Y f; openin Y U] = openin X {x € topspace X. fz € U}
by (simp add: continuous_map__def)

lemma closedin__continuous _map__preimage:
[continuous_map X Y f; closedin Y C] = closedin X {x € topspace X. fz €
C}

by (simp add: continuous_map__closedin)

lemma openin__continuous _map__preimage__gen:
assumes continuous_map X Y f openin X U openin Y V
shows openin X {z € U. fz € V}
proof —
have eq: {zr € U. fz € V} = U N {z € topspace X. fz € V}
using assms(2) openin__closedin__eq by fastforce
show ?thesis
unfolding eq
using assms openin__continuous_map__preimage by fastforce
qed

lemma closedin__continuous _map__preimage__gen:
assumes continuous_map X Y f closedin X U closedin Y V
shows closedin X {z € U. fz € V}
proof —
have eq: {z € U. fz € V} = U N {z € topspace X. fz € V}
using assms(2) closedin__def by fastforce
show ?thesis
unfolding eq
using assms closedin__continuous_map__preimage by fastforce
qed

lemma continuous map__image closure__subset:
assumes continuous_map X Y f
shows f ‘ (X closure_of S) C Y closure_of f * S
proof —
let ?T = S N topspace X
have x: X closure_of ?T C {x € X closure_of ?T. fx € Y closure_of (f “ ?T)}
proof (rule closure_of minimal)
have f ‘ (topspace X) C topspace Y
by (meson assms continuous_map)
then show ¢T C {z € X closure_of ?T. fx € Y closure_of f * T}
using closure_of _subset by (fastforce simp: in__closure_ of)
next
show closedin X {x € X closure_of ?T. fz € Y closure_of f “ ?T}
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using assms closedin__continuous _map__preimage__gen by fastforce
qed
have fz € Y closure_of (f *S) if x € X closure_of (S N topspace X) for
proof —
have fx € Y closure_of f < ¢T
using that x by blast
then show ?thesis
by (meson closure_of mono inf lel subset_eq subset image_iff)
qed
then show %thesis
by (metis closure_of restrict image__subsetl inf _commute)
qed

lemma continuous map_subset _auzxl:
continuous_map X Y f = (VS. f € (X closure_of S) — Y closure_of f © S5)
using continuous_map__image_ closure_subset by blast

lemma continuous map_subset auz2:
assumes V. S. S C topspace X — f € (X closure_of S) — Y closure_of f S
shows continuous _map X Y f
unfolding continuous map _closedin
proof (intro congl balll alll impl)
show f € topspace X — topspace Y
using assms closure_of subset topspace by fastforce
next
fix C
assume closedin Y C
then show closedin X {x € topspace X. fz € C}
proof (clarsimp simp flip: closure_of subset__eq, intro conjl)
fix z
assume z: ¢ € X closure_of {x € topspace X. fz € C}
and C C topspace Y and Y closure_of C C C
show z € topspace X
by (meson x in__closure_of)
have {a € topspace X. fa € C} C topspace X
by simp
moreover have Y closure_of f * {a € topspace X. fa € C} C C
by (simp add: <closedin Y C closure_of minimal image__subset__iff)
ultimately show fz € C
using = assms by blast
qed
qed

lemma continuous _map eq image_ closure subset:
continuous_map X Y f +— (VS. f € (X closure_of S) — Y closure_of f *S)
using continuous _map _subset auxl continuous map_subset auz2 by metis

lemma continuous map__eq image_closure__subset alt:
continuous_map X Y f «— (V5. S C topspace X — f € (X closure_of S)
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— Y closure_of f ©S)
using continuous _map_ subset__auxl continuous map__subset__auz2 by metis

lemma continuous map__eq image closure__subset gen:
continuous_map X Y f +—
f € topspace X — topspace Y A
(VS. f € (X closure_of S) — Y closure_of f © 5)

by (metis continuous_map__eq _image_ closure__subset continuous_map__funspace)

lemma continuous map_ closure_preimage__subset:
continuous_map X Y f
= X closure_of {z € topspace X. fz € T}
C {z € topspace X. fx € Y closure_of T}
unfolding continuous map_closedin
by (rule closure__of minimal) (use in__closure_of in <fastforce+)

lemma continuous map _frontier frontier _preimage_ subset:
assumes continuous_map X Y f
shows X frontier_of {z € topspace X. fxz € T} C {z € topspace X. fz € Y
frontier_of T}
proof —
have eq: topspace X — {x € topspace X. fx € T} = {z € topspace X. fx €
topspace Y — T}
using assms unfolding continuous map__def by blast
have X closure_of {z € topspace X. fz € T} C {z € topspace X. fz € Y
closure_of T}
by (simp add: assms continuous_map__closure__preimage__subset)
moreover
have X closure_of (topspace X — {x € topspace X. fx € T}) C {z € topspace
X. fz € Y closure_of (topspace Y — T)}
using continuous_map__closure_preimage__subset [OF assms| eq by presburger
ultimately show ?thesis
by (auto simp: frontier _of closures)
qed

lemma topology_finer continuous_id:
assumes topspace X = topspace Y
shows (VS. openin X § — openin Y S) <— continuous_map Y X id (is ?lhs
= ?rhs)
proof
show ?lhs = ?rhs
unfolding continuous_map_def
using assms openin__subopen openin__subset by fastforce
show ?rhs = ?lhs
unfolding continuous map_def
using assms openin__subopen topspace__def by fastforce
qed
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lemma continuous_map__const [simp]:
continuous_map X Y (Az. C) +— X = trivial_topology V C € topspace Y
proof (cases X = trivial_topology)
case nontriv: False
show ?thesis
proof (cases C' € topspace Y)
case True
with openin__subopen show ?thesis
by (auto simp: continuous_map__def)
next
case Fulse
with nontriv show ?thesis
using continuous _map_image_subset_topspace discrete_topology unique
image__subset__iff by fastforce
qed
qed auto

declare continuous_map__const [THEN iffD2, continuous_intros]

lemma continuous_map__compose [continuous _intros]:
assumes f: continuous_map X X' f and g¢: continuous _map X' X" ¢
shows continuous_map X X" (g o f)
unfolding continuous_map_def
proof (intro congl balll alll impl)
show g o f € topspace X — topspace X"
using assms unfolding continuous map def by force
next
fix U
assume openin X' U
have eq: {z € topspace X. (g o f) z € U} = {x € topspace X. fz € {y. y €
topspace X' A gy € U}}
using continuous _map__image _subset_topspace f by force
show openin X {z € topspace X. (g o f) z € U}
by (metis (no__types, lifting) ext <openin X' U» continuous _map_ def eq f g)
qed

lemma continuous_map__eq:
assumes continuous_map X X' f and Az. x € topspace X = fx =gz
shows continuous _map X X' g
proof —
have eq: {z € topspace X. fz € U} = {z € topspace X. gz € U} for U
using assms by auto
show ?thesis
using assms by (force simp add: continuous map_ def eq)
qed

lemma restrict_continuous_map [simp]:
topspace X C S = continuous_map X X' (restrict f S) +— continuous_map
XX'f
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by (auto simp: elim!: continuous_map__eq)

lemma continuous map__in__subtopology:
continuous_map X (subtopology X' S) f +— continuous_map X X' f AN [ €
(topspace X) — S
(is 2lhs = ?rhs)
proof
assume L: ?lhs
show ?rhs
proof —
have \A. f € (X closure_of A) — subtopology X' S closure_of f < A
by (metis L continuous_map__eq _image__closure__subset)
then show ?thesis
by (metis closure_of subset_subtopology closure__of _subtopology__subset clo-
sure__of _topspace
continuous__map__subset__aux2 image__subset_iff funcset subsetitmns)
qed
next
assume R: ?rhs
then have eq: {z € topspace X. fx € U} = {z € topspace X. fr € UNA fzx €
S} for U
by auto
show ?lhs
using R
unfolding continuous map
by (auto simp: openin__subtopology eq)
qed

lemma continuous map__from__subtopology:
continuous_map X Y f = continuous_map (subtopology X S) Y f
by (auto simp: continuous_map openin__subtopology)

lemma continuous _map__into__fulltopology:
continuous_map X (subtopology Y T) f = continuous_map X Y f
by (auto simp: continuous_map__in__subtopology)

lemma continuous map__into__subtopology:

[continuous_map X Y f; f € topspace X — T| = continuous_map X (subtopology
Y1) f

by (auto simp: continuous_map__in__subtopology)

lemma continuous _map__from__subtopology mono:
[continuous_map (subtopology X T) Y f; S C T]
= continuous_map (subtopology X S) Y f
by (metis inf.absorb__iff2 continuous_map__from__subtopology subtopology__subtopology)

lemma continuous_map__from__discrete__topology [simp):
continuous_map (discrete_topology U) X f «+— f € U — topspace X
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by (auto simp: continuous_map__def)

lemma continuous_map_iff continuous [simp|: continuous_map (top__of set S)
euclidean g = continuous_on S g
by (fastforce simp add: continuous__map openin__subtopology continuous__on__open__invariant)

lemma continuous_map__iff _continuous?2 [simp]: continuous_map euclidean eu-
clidean g = continuous__on UNIV g
by (metis continuous_map__iff continuous subtopology UNIV)

lemma continuous map__openin__preimage__eq:
continuous_map X Y f +—
f € (topspace X) — topspace Y A (VY U. openin Y U — openin X (topspace
Xnf-"0))
by (auto simp: continuous_map__def vimage__def Int_def)

lemma continuous _map _closedin__preimage__eq:
continuous_map X Y f +—
f € (topspace X) — topspace Y A (Y U. closedin Y U — closedin X
(topspace X N f —* U))
by (auto simp: continuous_map__closedin vimage__def Int_ def)

lemma continuous map__square_root: continuous_map euclideanreal euclidean-
real sqrt
by (simp add: continuous__at_imp__continuous__on isCont_real sqrt)

lemma continuous_map__sqrt [continuous__intros|:
continuous_map X euclideanreal f = continuous_map X euclideanreal (Ax.

sqrt(f z))

by (meson continuous__map__compose continuous _map__eq continuous__map__square_root
o_apply)

lemma continuous_map__id [simp, continuous_intros]: continuous_map X X id
unfolding continuous map_def using openin__subopen topspace def by fast-
force

declare continuous_map_id [unfolded id_def, simp, continuous _intros

lemma continuous_map__id__subt [simp]: continuous_map (subtopology X S) X id
by (simp add: continuous_map__from__subtopology)

declare continuous_map_id_subt [unfolded id_def, simp)

lemma continuous map__ alt:

continuous_map T1 T2 f

= ((VU. openin T2 U — openin T1 (f —° U N topspace T1)) A f € topspace
T1 — topspace T2)

by (auto simp: continuous_map__def vimage_def image_def Collect_conj eq
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inf_commute)

lemma continuous_map__open [introl:
continuous_map T1 T2 f = openin T2 U = openin T1 (f— ‘U N topspace(T1))
unfolding continuous map _alt by auto

lemma continuous_map__preimage__topspace [intro]:
assumes continuous_map T1 T2 f
shows f— {(topspace T2) N topspace T1 = topspace T1
using assms unfolding continuous map_def by auto

1.13.11 Open and closed maps (not a priori assumed contin-
uous)

definition open_map :: 'a topology = 'b topology = ('a = 'b) = bool
where open_map X1 X2 f =V U. openin X1 U — openin X2 (f < U)

definition closed_map :: 'a topology = 'b topology = (‘a = 'b) = bool
where closed _map X1 X2 f =V U. closedin X1 U — closedin X2 (f ‘ U)

lemma open__map__imp_ subset_topspace:
open_map X1 X2 f = f € (topspace X1) — topspace X2
unfolding open_map_def using openin__subset by fastforce

lemma open_map_on__empty [simp|: open_map trivial _topology Y f
by (simp add: open__map__def)

lemma closed _map_on__empty:
closed__map trivial_topology Y f
by (simp add: closed _map _def)

lemma closed__map__const:
closed_map X Y (Az. ¢) +— X = trivial_topology V closedin Y {c}
by (metis closed_map__def closed_map__on__empty closedin__topspace discrete__topology unique
equals0D image__constant__conv)

lemma open__map_imp_ subset:
[open_map X1 X2 f; S C topspace X1] = f € S — topspace X2
using open__map__imp__subset__topspace by fastforce

lemma topology finer open_ id:
(VS. openin X S — openin X' S) «— open_map X X' id
unfolding open__map_def by auto

lemma open__map_id: open_map X X id
unfolding open__map def by auto

lemma open_map_ eq:
[open_map X X' f; Nz. x € topspace X = fx = g x] = open_map X X' g
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unfolding open_map_def
by (metis image__cong openin__subset subset_iff)

lemma open_map__inclusion__eq:

open__map (subtopology X S) X id «— openin X (topspace X N S)

by (metis openin__topspace openin__trans_full subtopology__restrict topology_ finer _open.__id
topspace__subtopology)

lemma open_map__inclusion:
openin X S = open_map (subtopology X S) X id
by (simp add: open__map__inclusion__eq openin__Int)

lemma open__map__compose:
lopen_map X X' f; open_map X' X" g] = open_map X X" (g o f)
by (metis (no__types, lifting) image__comp open_map__def)

lemma closed_map_imp_subset_topspace:
closed_map X1 X2 f = [ € (topspace X1) — topspace X2
by (simp add: closed _map __def closedin__def image__subset_iff _funcset)

lemma closed__map__imp__ subset:
[closed _map X1 X2 f; S C topspace X1] = f € S — topspace X2
using closed__map__imp__subset__topspace by blast

lemma topology_finer closed_id:
(VS. closedin X S — closedin X' S) «— closed_map X X' id
by (simp add: closed_map__def)

lemma closed_map__id: closed _map X X id
by (simp add: closed _map __def)

lemma closed_map__eq:

[closed_map X X' f; Nx. © € topspace X = fz = g z]] = closed_map X X'
g

unfolding closed__map__def

by (metis image__cong closedin__subset subset__iff)

lemma closed__map__compose:
[closed_map X X' f; closed_map X' X" g] = closed_map X X" (g o f)
by (metis (no__types, lifting) closed _map__def image__comp)

lemma closed__map__inclusion__eq:

closed_map (subtopology X S) X id +— closedin X (topspace X N S)
proof —

have *: closedin X (T N S) if closedin X (S N topspace X) closedin X T for T

by (smt (verit, best) closedin__Int closure_of subset_eq inf sup acile iff inf
that)

then show ?thesis

by (fastforce simp add: closed_map__def Int_commute closedin__subtopology alt
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intro: x)
qed

lemma closed__map__inclusion: closedin X S = closed__map (subtopology X S) X
id
by (simp add: closed_map__inclusion__eq closedin__Int)

lemma open__map_into__subtopology:
[open_map X X' f; f € topspace X — S| = open_map X (subtopology X' S)
f
unfolding open_map_def openin__subtopology
using openin__subset by fastforce

lemma closed__map__into__subtopology:
[closed_map X X' f; f € topspace X — S| = closed_map X (subtopology X'
S) f
unfolding closed _map_def closedin__subtopology
using closedin__subset by fastforce

lemma open__map into_discrete_topology:

open_map X (discrete_topology U) f «— f € (topspace X) — U

unfolding open_map_ def openin__discrete_topology using openin_subset by
blast

lemma closed__map_into__discrete__topology:
closed_map X (discrete_topology U) f «— f € (topspace X) — U
unfolding closed__map_ def closedin__discrete_topology using closedin__subset
by blast

lemma bijective _open__imp_ closed__map:
[open_map X X' f; f ¢ (topspace X) = topspace X'; inj_on f (topspace X)]
= closed_map X X' f
unfolding open_map_def closed__map__def closedin__def
by auto (metis Diff _subset inj_on__image__set_ diff)

lemma bijective closed_imp _open__map:
[closed_map X X' f; f ¢ (topspace X) = topspace X'; inj_on f (topspace X)]
= open_map X X' f
unfolding closed _map__def open__map__def openin__closedin__eq
by auto (metis Diff _subset inj_on__image__set_ diff)

lemma open__map_from__subtopology:
[open_map X X' f; openin X U] = open_map (subtopology X U) X' f
unfolding open__map_def openin__subtopology__alt by blast

lemma closed__map_from__subtopology:
[closed_map X X' f; closedin X U] = closed_map (subtopology X U) X' f
unfolding closed _map _def closedin__subtopology alt by blast
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lemma open__map _restriction:
assumes f: open_map X X' f and U: {z € topspace X. fx € V} = U
shows open__map (subtopology X U) (subtopology X' V) f
unfolding open__map def
proof clarsimp
fix W
assume openin (subtopology X U) W
then obtain 7" where openin X T W = T N U
by (meson openin__subtopology)
with fU have f W =(f‘T)NV
unfolding open__map_def openin__closedin__eq by auto
then show openin (subtopology X' V) (f ¢ W)
by (metis <openin X T» f open_map__def openin__subtopology Int)
qed

lemma closed__map__restriction:
assumes f: closed_map X X' f and U: {z € topspace X. fx € V} = U
shows closed _map (subtopology X U) (subtopology X' V) f
unfolding closed _map__def
proof clarsimp
fix W
assume closedin (subtopology X U) W
then obtain 7 where closedin X T W =T N U
by (meson closedin__subtopology)
with fU have f W =(f‘T)NV
unfolding closed _map def closedin__def by auto
then show closedin (subtopology X' V) (f ¢ W)
by (metis <closedin X T» closed_map__def closedin__subtopology f)
qed

lemma closed _map closure_of image:
closed_map X Y f +—
f € topspace X — topspace Y A
(VS. S C topspace X — Y closure_of (f ©S) C f* (X closure_of S)) (is
?lhs= ?rhs)
proof
assume ¢lhs
then show 9rhs
by (simp add: closed_map__def closed_map__imp__subset_topspace closure _of minimal

closure__of _subset image__mono)
next
assume ?rhs
then show ?lhs
by (metis closed _map _def closed_map__into__discrete_topology closure_of eq

closure__of _subset__eq topspace__discrete__topology)
qed
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lemma open__map _interior_of image subset:
open_map X Y f «— (VS. image f (X interior_of S) C Y interior_of (f ©5))
by (metis image__mono interior_of eq interior_of mazimal interior _of subset
open__map__def openin__interior_of subset _antisym)

lemma open__map_interior_of image_subset_alt:

open_map X Y f «— (VSCtopspace X. f * (X interior_of S) C Y interior_of f
(S)

by (metis interior_of eq open_map__def open__map__interior _of image_ subset
openin__subset subset_interior_of _eq)

lemma open__map_interior_of image subset gen:
open_map X Y f +—
(f € topspace X — topspace Y N (VS. f ‘(X interior_of S) C Y interior_of
f5))

by (metis open_map_imp__subset_topspace open__map__interior__of image_subset)

lemma open__map_preimage_neighbourhood:
open_map X Y f +—
(f € topspace X — topspace Y A
(VU T. closedin X U N T C topspace ¥ A
{z € topspace X. fz € T} C U —
(V. closedin YV ANT CV A {x € topspace X. fz € V} C U))) (is
?lhs=?rhs)
proof
assume L: ?lhs
show ?rhs
proof (intro conjl strip)
show f € topspace X — topspace Y
by (simp add: <open_map X Y f» open_map_imp__subset_topspace)
next
fix UT
assume UT: closedin X U A T C topspace Y A {x € topspace X. fz € T} C
U
have closedin Y (topspace Y — f ‘ (topspace X — U))
by (meson UT L open__map__def openin__closedin__eq openin__diff openin__topspace)
with UT
show 3 V. closedin Y VAT C V A {x € topspace X. fo € V} C U
using image_iff by auto
qed
next
assume R: ?rhs
show ?lhs
unfolding open_map_ def
proof (intro strip)
fix U assume openin X U
have {z € topspace X. fx € topspace Y — f U} C topspace X — U
by blast
then obtain V where V: closedin Y V
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and sub: topspace Y — f U C V {x € topspace X. fz € V} C topspace X
- U
using R <openin X U» by (meson Diff _subset openin__closedin__eq)
then have f ‘ U C topspace ¥ — V
using R <openin X U»> openin__subset by fastforce
with sub have f * U = topspace ¥ — V
by auto
then show openin Y (f < U)
using V(1) by auto
qed
qed

lemma closed__map__preimage_neighbourhood:
closed_map X Y f +—
f € topspace X — topspace Y A
(VU T. openin X U N T C topspace ¥ A
{z € topspace X. fz € T} C U
— (FV.openin Y VAT C VA
{z € topspace X. fz € V} C U)) (is ?lhs=?rhs)
proof
assume L: ?lhs
show ?rhs
proof (intro congl strip)
show f € topspace X — topspace Y
by (simp add: L closed _map_imp_subset_topspace)
next
fix UT
assume UT: openin X U AN T C topspace Y A {z € topspace X. fr € T} C U
then have openin Y (topspace Y — f ¢ (topspace X — U))
by (meson L closed_map__def closedin__def closedin__diff closedin_topspace)
then show 3 V. openin Y VAN T C V A {z € topspace X. fz € V} C U
using UT image_iff by auto
qed
next
assume R: ?rhs
show ?lhs
unfolding closed _map_def
proof (intro strip)
fix U assume closedin X U
have {z € topspace X. fz € topspace Y — f “ U} C topspace X — U
by blast
then obtain V where V: openin Y V
and sub: topspace Y — f U C V {x € topspace X. fz € V} C topspace X
- U
using R Diff subset <closedin X U»> unfolding closedin__ def
by blast
then have f * U C topspace ¥ — V
using R <closedin X U» closedin__subset by fastforce
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with sub have f * U = topspace ¥ — V
by auto
with V show closedin Y (f ‘ U)
by auto
qed

qed

lemma closed _map _fibre_neighbourhood:
closed_map X Y f +—
f € (topspace X) — topspace Y A
(VU y. openin X U N\ y € topspace Y A {x € topspace X. fz =
— 3V.openin Y V Ay e VA {x € topspace X. fz € V} C U))
unfolding closed _map_preimage neighbourhood
proof (intro conj cong refl all_congl)
fix U
assume f € topspace X — topspace Y

show (V T. openin X U AN T C topspace Y N {z € topspace X. fx € T} C U
— (V. openin Y VAT CV A {z € topspace X. fz € V} C U))
= (Vy. openin X U A y € topspace Y A {z € topspace X. fz =y} C U
— (V. openin Y VANye VA{x € topspace X. fo € V} C U))
(is(VT. 2P T) «— (Vy. 2Q y))
proof
assume L [rule format]: VT. ?P T
show Vy. 2Q y
proof
fix y show 7Q y
using L [of {y}] by blast
qged
next
assume R: Vy. ?Q y
show VT. 9P T
proof (cases openin X U)
case True

obtain V where V: Ay. [y € topspace Y; {z € topspace X. fz = y} C U]
—

openin Y (Vy) ANy e VyA {z € topspace X. fr € Vy} C U
using R by (simp add: True) meson
show ?thesis

proof clarify

fix T

assume openin X U and T C topspace Y and {z € topspace X. fz € T}
cvU

with V show 3 V. openin Y VAT C V A {z € topspace X. fz € V} C
U

by (intro ezl [where z=JyeT. V y|) fastforce
qed
qged auto

qed

qed


Abstract{_}{\kern 0pt}Topology.html

312

lemma open__map__in_subtopology:
openin Y S
= open_map X (subtopology Y S) f <— open_map X Y f A [ € topspace
X =S5
by (metis image__subset_iff _funcset open__map__def open__map__into__subtopology
openin__imp__subset openin__topspace openin__trans_ full)

lemma open__map_from__open__subtopology:
[openin Y S; open_map X (subtopology Y S) f] = open_map X Y f
using open__map__in_subtopology by blast

lemma closed__map__in__subtopology:
closedin Y S
= closed_map X (subtopology Y S) f <— (closed_map X Y f N f €
topspace X — S)
by (metis closed_map _def closed_map__imp__subset_topspace closed__map__into__subtopology

closedin__closed__subtopology closedin__subset topspace__subtopology__subset)

lemma closed _map_from__closed__subtopology:
[closedin Y S; closed_map X (subtopology Y S) f] = closed_map X Y f
using closed__map__in__subtopology by blast

lemma closed__map_ from__composition__left:
assumes cmf: closed_map X Z (g o f) and contf: continuous_map X Y f and
fim: f ¢ topspace X = topspace Y
shows closed_map Y Z g
unfolding closed _map_def
proof (intro strip)
fix U assume closedin Y U
then have closedin X {x € topspace X. fz € U}
using contf closedin__continuous_map_ preimage by blast
then have closedin Z ((g o f) ‘{z € topspace X. fz € U})
using cmf closed__map_def by blast
moreover
have A\y. y € U = Jz € topspace X. fr € UNgy=g (fz)
by (metis <closedin Y U> closedin__imp__subset fim image_iff insert_absorb
insert _subset
subtopology__topspace)
then have (g o f) ‘{z € topspace X. fz € U} = ¢‘U by auto
ultimately show closedin Z (g ‘< U)
by metis
qed

identical proof as the above

lemma open__map_from__composition__left:
assumes cmf: open_map X Z (g o f) and contf: continuous_map X Y f and
fim: f ¢ topspace X = topspace Y
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shows open_map Y Z g
unfolding open_map_def
proof (intro strip)
fix U assume openin Y U
then have openin X {z € topspace X. fz € U}
using contf openin__continuous _map_ preimage by blast
then have openin Z ((g o f) ‘{z € topspace X. fz € U})
using cmf open__map_ def by blast
moreover
have A\y. y € U = Jz € topspace X. fr e UNgy=g (f2)
by (metis (no_types, lifting) <openin Y U fim image_iff in_mono inte-
rior_of _eq
interior_of _subset__topspace)
then have (g o f) ‘{z € topspace X. fx € U} = ¢‘U by auto
ultimately show openin Z (g ‘ U)
by metis
qged

lemma closed__map_ from__composition__right:
assumes cmf: closed_map X Z (g o f) [ € topspace X — topspace Y continu-
ous_map Y Z g inj_on g (topspace V)
shows closed_map X Y f
unfolding closed _map__def
proof (intro strip)
fix C' assume closedin X C
have Ay c. [y € topspace Y; gy =g (fc);ce O] = ye f‘C
using <closedin X C» assms closedin__subset inj _onD by fastforce
then
have f ¢ C = {z € topspace Y. gz € (9o f) ‘ C}
using <closedin X C» assms(2) closedin__subset by fastforce
moreover have closedin Z ((g o f) < C)
using <closedin X C» cmf closed _map__def by blast
ultimately show closedin Y (f ¢ C)
using assms(3) closedin__continuous _map_ preimage by fastforce
qed

identical proof as the above

lemma open__map _from__composition__right:
assumes open_map X Z (g o f) f € topspace X — topspace Y continuous_map
Y Z g inj_on g (topspace Y)
shows open_map X Y f
unfolding open_map_ def
proof (intro strip)
fix C assume openin X C
have Ay c. [y € topspace Y; gy =g (fe);ce O] = yef‘C
using <openin X C» assms openin__subset inj _onD by fastforce
then
have f ¢ C = {z € topspace Y. gz € (9o f) ‘ C}
using <openin X C) assms(2) openin__subset by fastforce
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moreover have openin Z ((go f) ‘ C)
using <openin X C) assms(1) open_map_def by blast
ultimately show openin Y (f < C)
using assms(3) openin__continuous_map__preimage by fastforce
qed

1.13.12 Quotient maps

definition quotient map where
quotient_map X X' f +—

f ¢ (topspace X) = topspace X' A

(VU. U C topspace X" — (openin X {z. = € topspace X A fz € U} +—
openin X' U))

lemma quotient _map_eq:
assumes quotient_map X X' f Az. z € topspace X = fr =gz
shows quotient_map X X' g
using assms by (smt (verit) Collect cong assms image__cong quotient _map__def)

lemma quotient _map compose:
assumes f: quotient_map X X' f and g: quotient_map X' X' g
shows quotient_map X X' (g o f)
unfolding quotient _map def
proof (intro conjl alll impl)
show (g o f) ‘ topspace X = topspace X"
using assms by (simp only: image__comp [symmetric]) (simp add: quotient_map__def)
next
fix U
assume U’: U"” C topspace X"’
define U’ where U’ = {y € topspace X'. gy € U"'}
have U’ C topspace X'
by (auto simp add: U'_def)
then have U’ openin X {x € topspace X. fz € U’} = openin X' U’
using assms unfolding quotient _map_ def by simp
have {z € topspace X. f x € topspace X' N g (fz) € U"} = {z € topspace X.
(gof)zeU"}
using f quotient_map__def by fastforce
then show openin X {z € topspace X. (g o f) z € U} = openin X" U"
by (smt (verit, best) Collect_cong U’ U’ _def U"” g mem_ Collect_eq quo-
tient_map__def)
qed

lemma quotient__map_ from__composition:

assumes f: continuous_map X X' f and ¢: continuous_map X' X" g and g¢f:
quotient_map X X" (g o f)

shows quotient_map X' X' g

unfolding quotient _map_def
proof (intro congl alll impl)

show ¢ ‘ topspace X' = topspace X"’
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using assms unfolding continuous map_def quotient _map_def by fastforce
next
fix U :: 'c set
assume U'": U"” C topspace X"’
have eq: {z € topspace X. g (fz) € U"} = {z € topspace X. fz € {y. y €
topspace X' N gy € U'}}
using continuous__map__def f by fastforce
show openin X' {z € topspace X'. g x € U'""} = openin X' U"
using assms unfolding continuous map_ def quotient_map def
by (metis (mono__tags, lifting) Collect_cong U'" comp__apply eq)
qed

lemma quotient imp_ continuous _map:
quotient_map X X' f = continuous_map X X' f
by (simp add: continuous_map openin__subset quotient map _def)

lemma quotient_imp__surjective__map:
quotient_map X X' f = f * (topspace X) = topspace X'
by (simp add: quotient_map__def)

lemma quotient _map_ closedin:
quotient_map X X' f +—
f ¢ (topspace X) = topspace X' A
(VU. U C topspace X' — (closedin X {x. x € topspace X A fz € U} +—
closedin X' U))
proof —
have eq: (topspace X — {x € topspace X. fz € U'}) = {z € topspace X. fz €
topspace X' A fz ¢ U’}
if f “ topspace X = topspace X' U’ C topspace X' for U’
using that by auto
have (V UCtopspace X'. openin X {x € topspace X. fz € U} = openin X' U)

(V UCtopspace X'. closedin X {x € topspace X. fz € U} = closedin X'
U)
if f ¢ topspace X = topspace X'
proof (rule iffI; intro alll impl subsetl)
fix U’
assume x[rule_format]: V UCtopspace X'. openin X {x € topspace X. fx €
U} = openin X' U
and U U’ C topspace X'
show closedin X {z € topspace X. fz € U'} = closedin X' U’
using U’ by (auto simp add: closedin__def simp flip: * [of topspace X' — U]

eq [OF that))
next
fix U'::'b set

assume x[rule_format]: V UCtopspace X'. closedin X {z € topspace X. fz €
U} = closedin X' U
and U U’ C topspace X'
show openin X {z € topspace X. fz € U’} = openin X' U’
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using U’ by (auto simp add: openin__closedin__eq simp flip: x [of topspace
X' — U] eq [OF that])
qed
then show %thesis
unfolding quotient _map def by force
qed

lemma continuous open__imp__quotient _map:
assumes continuous_map X X' f and om: open_map X X' f and feq: [
(topspace X) = topspace X'
shows quotient_map X X' f
proof —
have openin X' U
if U: U C topspace X' and openin X {z € topspace X. fz € U} for U
proof —
have ope: openin X' (f * {x € topspace X. fz € U})
using om that unfolding open__map_ def by blast
then show ?thesis
using U feq by (subst openin__subopen) force
qed
moreover have openin X {x € topspace X. fz € U} if U C topspace X' and
openin X' U for U
using that assms unfolding continuous map__def by blast
ultimately show Zthesis
unfolding quotient _map_def using assms by blast
qed

lemma continuous closed__imp__quotient _map:
assumes continuous_map X X' f and om: closed_map X X' f and feq: [ *
(topspace X) = topspace X'
shows quotient_map X X' f
proof —
have f ‘ {z € topspace X. fo € U} = U if U C topspace X' for U
using that feq by auto
with assms show ?thesis
unfolding quotient _map _closedin closed__map__def continuous map closedin
by auto
qed

lemma continuous_open__quotient _map:

[continuous_map X X' f; open_map X X' f] = quotient_map X X' f +— f
‘ (topspace X) = topspace X'

by (meson continuous__open__imp__quotient _map quotient_map__ def)

lemma continuous closed__quotient__map:
[continuous _map X X' f; closed_map X X' f] = quotient_map X X' f +—
[ ¢ (topspace X) = topspace X'
by (meson continuous__closed_imp__quotient_map quotient _map_ def)
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lemma injective__quotient__map:
assumes inj_on f (topspace X)
shows quotient_map X X' f «—
continuous_map X X' f N open_map X X' f A closed_map X X' f N [
(topspace X) = topspace X'
(is 2lhs = ?rhs)
proof
assume L: ?lhs
have om: open_map X X' f
proof (clarsimp simp add: open__map _def)
fix U
assume openin X U
then have U C topspace X
by (simp add: openin__subset)
moreover have {z € topspace X. fe € f U} = U
using <U C topspace X> assms inj_onD by fastforce
ultimately show openin X' (f ‘ U)
using L unfolding quotient map_ def
by (metis (no__types, lifting) Collect_cong <openin X U» image_mono)
qed
then have closed_map X X' f
by (simp add: L assms bijective__open__imp__closed _map quotient _imp__surjective__map)
then show ?rhs
using L om by (simp add: quotient imp__continuous_map quotient_ imp__surjective__map)
qged (auto simp add: continuous__closed__imp__quotient _map)

lemma continuous compose__quotient _map:
assumes f: quotient_map X X' f and g¢: continuous_map X X" (g o f)
shows continuous _map X' X" ¢
unfolding quotient map__def continuous map__def
proof (intro congl balll alll impl)
show g € topspace X' — topspace X"
using assms unfolding quotient _map_ def Pi_iff
by (metis (no__types, opaque_lifting) continuous _map__image__subset__topspace
image__comp image__subset_iff)
next
fix U” :: 'c set
assume U’ openin X" U"
have [ ‘ topspace X = topspace X'
by (simp add: f quotient imp__ surjective_map)
then have eq: {z € topspace X. fz € topspace X' A g (fz) € U} = {z € topspace
X. g (fz) e U} for U
by auto
have openin X {z € topspace X. fz € topspace X' A g (fz) € U"}
unfolding eq using U’ g openin__continuous_map_ preimage by fastforce
then have *: openin X {z € topspace X. fx € {z € topspace X'. gz € U"'}}
by auto
show openin X' {z € topspace X'. gz € U''}
using f unfolding quotient _map_def
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by (metis (no__types) Collect_subset *)
qed

lemma continuous compose__quotient_map__eq:
quotient_map X X' f = continuous_map X X' (g o f) +— continuous_map
X/ XI/ g
using continuous compose__quotient _map continuous map__compose quotient imp__ continuous_map
by blast

lemma quotient _map__compose__eq:

quotient_map X X' f = quotient_map X X' (g o f) +— quotient_map X'
X" g
by (meson continuous__compose__quotient _map__eq quotient__imp__continuous _map
quotient_map__compose quotient _map__from__composition)

lemma quotient _map_ restriction:
assumes quo: quotient_map X Y f and U: {z € topspace X. fx € V} = U and
disj: openin Y V V closedin Y V
shows quotient_map (subtopology X U) (subtopology Y V) f
using disj
proof
assume V: openin Y V
with U have sub: U C topspace X V C topspace Y
by (auto simp: openin__subset)
have fim: f ¢ topspace X = topspace Y
and Y: AU. U C topspace Y = openin X {z € topspace X. fz € U} =
openin Y U
using quo unfolding quotient _map_def by auto
have openin X U
using U V' Y sub(2) by blast
show ?thesis
unfolding quotient map__def
proof (intro conjl alll impI)
show [ * topspace (subtopology X U) = topspace (subtopology Y V)
using sub U fim by (auto)
next
fix Y/ :: 'b set
assume Y’ C topspace (subtopology Y V)
then have Y’ C topspace Y Y' C V
by (simp__all)
then have eq: {z € topspace X. x € U A faz € Y'} = {z € topspace X. fx €
Y’}
using U by blast
then show openin (subtopology X U) {z € topspace (subtopology X U). fz €
Y’} = openin (subtopology Y V) Y’
using U V'Y <openin X Uy <Y’ C topspace Y <Y'C V»
by (simp add: openin__open__subtopology eq) (auto simp: openin__closedin__eq)
qed
next
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assume V: closedin Y V
with U have sub: U C topspace X V C topspace Y
by (auto simp: closedin__subset)
have fim: f ‘ topspace X = topspace Y
and Y: AU. U C topspace Y = closedin X {z € topspace X. fz € U} =
closedin Y U
using quo unfolding quotient _map_ closedin by auto
have closedin X U
using U V' Y sub(2) by blast
show ?thesis
unfolding quotient _map_closedin
proof (intro conjl alll implI)
show f * topspace (subtopology X U) = topspace (subtopology Y V)
using sub U fim by (auto)
next
fix Y':: 'b set
assume Y’ C topspace (subtopology Y V)
then have Y’ C topspace Y Y' C V
by (simp__all)
then have eq: {z € topspace X. x € U A fz € Y'} = {x € topspace X. fz €
Y’}
using U by blast
then show closedin (subtopology X U) {x € topspace (subtopology X U). fx €
Y’} = closedin (subtopology Y V) Y’
using U V' Y <closedin X Uy <Y’ C topspace Y» <Y' C V)
by (simp add: closedin__closed subtopology eq) (auto simp: closedin__def)
qed
qed

lemma quotient _map_ saturated__open:
quotient_map X Y f +—
continuous_map X Y f A f * (topspace X) = topspace Y A
(VU. openin X U A {z € topspace X. fxz € f U} C U — openin Y (f ¢
U))
(is ?lhs = %rhs)
proof
assume L: ?lhs
then have fim: f ¢ topspace X = topspace Y
and Y: AU. U C topspace Y = openin Y U = openin X {z € topspace X. f
z e U}
unfolding quotient _map_def by auto
show ?rhs
proof (intro conjl alll implI)
show continuous _map X Y f
by (simp add: L quotient_imp__continuous_map)
show f ¢ topspace X = topspace Y
by (simp add: fim)
next
fix U :: 'a set
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assume U: openin X U A {x € topspace X. fx € f* U} C U
then have sub: f ‘U C topspace Y and eq: {z € topspace X. fz € f U} =
U
using fim openin__subset by fastforce+
show openin Y (f ‘ U)
by (simp add: sub Y eq U)
qed
next
assume ?rhs
then have YX: AU. openin Y U = openin X {z € topspace X. fz € U}
and fim: [ ¢ topspace X = topspace Y
and XY: AU. [openin X U; {z € topspace X. fz € f * U} C U] = openin
v (£ 0)
by (auto simp: quotient_map__def continuous_map__def)
show ?lhs
proof (simp add: quotient_map__def fim, intro alll impI iffT)
fix U :: b set
assume U C topspace Y and X: openin X {x € topspace X. fz € U}
have feq: f ‘ {z € topspace X. fx € U}y = U
using «U C topspace Y) fim by auto
show openin Y U
using XY [OF X] by (simp add: feq)
next
fix U : 'b set
assume U C topspace Y and Y: openin Y U
show openin X {z € topspace X. fz € U}
by (metis YX [OF Y])
qed
qed

lemma quotient _map__saturated_ closed:
quotient_map X Y f +—
continuous_map X Y f N f ¢ (topspace X) = topspace Y A
(VU. closedin X U A {z € topspace X. fx € f*U} C U — closedin Y (f
%))
(is ?lhs = %rhs)
proof
assume L: ?lhs
then obtain fim: f ¢ topspace X = topspace Y
and Y: AU. U C topspace Y = closedin Y U = closedin X {z € topspace
X fze U}
by (simp add: quotient_map_ closedin)
show ?rhs
proof (intro congl alll impI)
show continuous _map X Y f
by (simp add: L quotient_imp__continuous_map)
show f ‘ topspace X = topspace Y
by (simp add: fim)

next
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fix U :: 'a set
assume U: closedin X U A {z € topspace X. fz € f*U} C U
then have sub: f ‘U C topspace Y and eq: {z € topspace X. fz € f“ U} =
U
using fim closedin__subset by fastforce+
show closedin Y (f ¢ U)
by (simp add: sub Y eq U)
qed
next
assume ?rhs
then obtain YX: AU. closedin Y U = closedin X {z € topspace X. fz € U}
and fim: f ¢ topspace X = topspace Y
and XY: AU. [closedin X U; {z € topspace X. fz € f U} C U] = closedin
Y (f < 0)
by (simp add: continuous_map__closedin)
show ?lhs
proof (simp add: quotient_map__closedin fim, intro alll impl iff)
fix U :: b set
assume U C topspace Y and X: closedin X {z € topspace X. fz € U}
have feq: f ‘ {z € topspace X. fx € U} = U
using <U C topspace Y fim by auto
show closedin Y U
using XY [OF X] by (simp add: feq)
next
fix U :: b set
assume U C topspace Y and Y: closedin Y U
show closedin X {z € topspace X. fx € U}
by (metis YX [OF Y])
qed
qed

lemma quotient _map__onto__image:
assumes f ‘ topspace X C topspace Y and U: AU. U C topspace Y = openin
X {x € topspace X. fx € U} = openin Y U
shows quotient_map X (subtopology Y (f ¢ topspace X)) f
unfolding quotient _map def topspace subtopology
proof (intro conjl strip)
fix U
assume U C topspace Y N f ¢ topspace X
with U have openin X {z € topspace X. fx € U} = Jx. openin Yz A U =
f “topspace X Nz
by fastforce
moreover have Jz. openin Yz A U = f “ topspace X N © = openin X {z €
topspace X. fz € U}
by (metis (mono__tags, lifting) Collect _cong IntE Intl U image__eql openin__subset)
ultimately show openin X {z € topspace X. fx € U} = openin (subtopology Y
(f “ topspace X)) U
by (force simp: openin__subtopology__alt image__iff)
qged (use assms in auto)
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lemma quotient__map_ lift _exists:
assumes f: quotient_map X Y f and h: continuous _map X Z h
and Az y. [z € topspace X; y € topspace X; fz =fyl] = hx=hy
obtains g where continuous _map Y Z g g ‘ topspace Y = h ‘ topspace X
Nz. © € topspace X = g(fz) = hz
proof —
obtain g where g: Az. z € topspace X = h z = ¢(f )
using function_ factors_left _genf[of Az. x € topspace X f h] assms by blast
show ?thesis
proof
show ¢ ‘ topspace Y = h ‘ topspace X
using f g by (force dest!: quotient imp__surjective_map)
show continuous_map Y Z g
by (metis comp__apply continuous__compose__quotient_map continuous_map__eq
fgh)
qed (simp add: g)
qed

1.13.13 Separated Sets

definition separatedin :: 'a topology = 'a set = 'a set = bool
where separatedin X S T =
S C topspace X N T C topspace X N
S N X closure_of T ={} A T N X closure_of S = {}

lemma separatedin_empty [simp]:
separatedin X S {} +— S C topspace X
separatedin X {} S +— S C topspace X
by (simp__all add: separatedin__def)

lemma separatedin__refl [simp]:
separatedin X S S +— S = {}
by (metis closure_of subset empty_subsetl inf.orderE separatedin__def)

lemma separatedin__sym:
separatedin X S T <— separatedin X T S
by (auto simp: separatedin__def)

lemma separatedin__imp__disjoint:
separatedin X S T = disjnt S T
by (meson closure_of subset disjnt_def disjnt_subset2 separatedin__def)

lemma separatedin_mono:
[separatedin X S T; S’ C S; T' C T] = separatedin X S’ T’
unfolding separatedin__def
using closure__of mono by blast

lemma separatedin__open__ sets:
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[openin X S; openin X T] = separatedin X S T <— disjnt S T
unfolding disjnt_def separatedin__def
by (auto simp: openin__Int_closure _of eq empty openin__subset)

lemma separatedin__closed__ sets:
[closedin X S; closedin X T| = separatedin X S T +— disjnt S T
unfolding closure_of eq disjnt_def separatedin__def
by (metis closedin__def closure_of eq inf commute)

lemma separatedin__subtopology:
separatedin (subtopology X U) S T +— S C U AN T C U A separatedin X S T
by (auto simp: separatedin__def closure__of _subtopology Int__ac disjoint_iff elim!:
inf.orderE)

lemma separatedin__discrete_topology:
separatedin (discrete_topology U) ST +— S C UANT C U A disjnt S T
by (metis openin__discrete__topology separatedin__def separatedin__open__sets topspace__discrete__topology)

lemma separated__eq distinguishable:
separatedin X {z} {y} +—
z € topspace X A y € topspace X A
(FU. openin X UNz e UN(y¢ U))A
(v. openin X v Ay e vA(zé&v)
by (force simp: separatedin__def closure_of def)

lemma separatedin_ Un [simp):
separatedin X S (T U U) +— separatedin X S T A separatedin X S U
separatedin X (S U T) U +— separatedin X S U A separatedin X T U
by (auto simp: separatedin__def)

lemma separatedin__ Union:

finite F => separatedin X S (|JF) +— S C topspace X N (VT € F. separatedin
XST)

finite F = separatedin X (JF) S +— (VT € F. separatedin X S T) A S C
topspace X

by (auto simp: separatedin__def closure _of Union)

lemma separatedin__openin__ diff:

[openin X S; openin X T| = separatedin X (S — T) (T — S)

unfolding separatedin__def

by (metis Diff Int_distrib2 Diff disjoint Diff empty Diff _mono empty_ Diff
empty__subsetl openin_Int_closure_of eq empty openin__subset)

lemma separatedin__closedin__diff:
assumes closedin X S closedin X T
shows separatedin X (S — T) (T — S)
proof —
have S — T C topspace X T — S C topspace X
using assms closedin__subset by auto


Abstract{_}{\kern 0pt}Topology.html

324

with assms show Zthesis
by (simp add: separatedin__def Diff _Int_distrib2 closure_of minimal inf _absorb2)
qed

lemma separation_ closedin__ Un__gen:
separatedin X S T «—
S C topspace X N T C topspace X N disjnt S T N
closedin (subtopology X (S U T)) S A
closedin (subtopology X (S U T)) T
by (auto simp add: separatedin__def closedin_Int_closure_of disjnt_iff dest: clo-
sure__of _subset)

lemma separation__openin_ Un__gen:
separatedin X S T +—
S C topspace X N T C topspace X N disjnt S T N
openin (subtopology X (S U T)) S A
openin (subtopology X (SU T)) T
unfolding openin_ closedin__eq topspace__subtopology separation__closedin__ Un__gen
disjnt__def
by (auto simp: Diff triv Int_commute Un_ Diff inf _absorbl topspace _def)

lemma separatedin_ full:
S U T = topspace X
= separatedin X S T <— disjnt S T A closedin X S N openin X S N closedin
X T A openin X T
by (metis separatedin__open__sets separation__closedin__Un__gen separation__openin_Un__gen
subtopology__topspace)

1.13.14 Homeomorphisms

(1-way and 2-way versions may be useful in places)

definition homeomorphic_map :: 'a topology = 'b topology = ('a = 'b) = bool
where
homeomorphic_map X Y [ = quotient_map X Y f A inj_on f (topspace X)

definition homeomorphic_maps :: 'a topology = 'b topology = (‘a = 'b) = ('b
= 'a) = bool
where
homeomorphic_maps X Y fg =
continuous_map X Y f A continuous_map Y X g A
(Vz € topspace X. g(fz) = ) A (Vy € topspace Y. f(gy) = y)

lemma homeomorphic_map_eq:
[homeomorphic_map X Y f; Nx. x € topspace X = fx = g ] = homeo-
morphic_map X Y g
by (meson homeomorphic_map_ def inj _on__cong quotient_map__eq)

lemma homeomorphic_maps eq:
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[homeomorphic_maps X Y f g;
Nz. z € topspace X = fx = f'z; Ny. y € topspace Y = gy = g’ y]
= homeomorphic_maps X Y [’ ¢’
unfolding homeomorphic_maps__def
by (metis continuous_map__eq continuous_map__image__subset_topspace image__subset__iff)

lemma homeomorphic_maps sym:
homeomorphic_maps X Y f g <— homeomorphic_maps Y X g f
by (auto simp: homeomorphic_maps_def)

lemma homeomorphic_maps_id:
homeomorphic_maps X Y id id +— Y = X (is ?lhs = 9rhs)
proof
assume L: ?lhs
then have topspace X = topspace Y
by (auto simp: homeomorphic_maps__def continuous_map__def)
with L show %rhs
unfolding homeomorphic_maps def
by (metis topology_ finer _continuous_id topology_eq)
next
assume ?rhs
then show ?lhs
unfolding homeomorphic_maps_def by auto
qed

lemma homeomorphic_map_id [simp]: homeomorphic_map X Y id +— Y = X
(is 2lhs = ?rhs)
proof
assume L: ?lhs
then have eq: topspace X = topspace Y
by (auto simp: homeomorphic_map__def continuous__map__def quotient _map __def)
then have AS. openin X S — openin Y S
by (meson L homeomorphic_map__def injective__quotient_map topology_finer _open__id)
then show ?rhs
using L unfolding homeomorphic_map__ def
by (metis eq quotient__imp__continuous_map topology__eq topology_ finer _continuous_id)
next
assume ?rhs
then show ?lhs
unfolding homeomorphic_map_ def
by (simp add: closed _map _id continuous_closed_imp__quotient _map)
qed

lemma homeomorphic_map__compose:
assumes homeomorphic_map X Y f homeomorphic_map Y X" ¢
shows homeomorphic_map X X" (g o f)

proof —
have inj_on g (f ‘ topspace X)
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by (metis (no__types) assms homeomorphic_map__def quotient__imp__surjective_map)

then show ?thesis

using assms by (meson comp__inj _on homeomorphic_map__def quotient _map__compose__eq)
qed

lemma homeomorphic_maps__compose:
homeomorphic_maps X Y fh A
homeomorphic_maps Y X' g k
= homeomorphic_maps X X" (g o f) (h o k)
unfolding homeomorphic_maps def
by (auto simp: continuous_map__compose; simp add: continuous _map__def Pi_iff)

lemma homeomorphic_eq everything map:
homeomorphic_map X Y f +—
continuous_map X Y f N open_map X Y f A closed_map X Y f A
1 (topspace X) = topspace Y A inj_on f (topspace X)
unfolding homeomorphic_map_ def
by (force simp: injective__quotient_map intro: injective _quotient map)

lemma homeomorphic__imp_ continuous_map:
homeomorphic_map X Y f = continuous_map X Y f
by (simp add: homeomorphic__eq _everything _map)

lemma homeomorphic__imp__open_map:
homeomorphic_map X Y f = open_map X Y f
by (simp add: homeomorphic__eq everything map)

lemma homeomorphic__imp_ closed _map:
homeomorphic_map X Y f = closed_map X Y f
by (simp add: homeomorphic__eq _everything map)

lemma homeomorphic__imp_ surjective__map:
homeomorphic_map X Y f = f * topspace X = topspace Y
using homeomorphic__eq everything map by fastforce

lemma homeomorphic__imp__injective__map:
homeomorphic_map X Y f = inj_on f (topspace X)
by (simp add: homeomorphic__eq _everything _map)

lemma bijective__open_imp__homeomorphic_map:
[continuous_map X Y f; open_map X Y f; f ¢ (topspace X) = topspace Y;
inj_on f (topspace X)]
= homeomorphic_map X Y f
by (simp add: homeomorphic_map__def continuous__open__imp__ quotient_map)

lemma bijective_closed__imp homeomorphic_map:
[continuous_map X Y f; closed_map X Y f; f ¢ (topspace X) = topspace Y;
inj_on f (topspace X)]
= homeomorphic_map X Y f
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by (simp add: continuous__closed__quotient_map homeomorphic_map_ def)

lemma open__eq continuous inverse__map:
assumes X: \z. z € topspace X = fx € topspace Y A g(fz) =z
and Y: Ay. y € topspace Y = g y € topspace X A f(gy) =y
shows open_map X Y f +— continuous_map Y X g
proof —
have eq: {z € topspace Y. gz € U} = f* U if openin X U for U
using openin__subset [OF that] by (force simp: X Y image__iff)
show ?thesis
by (auto simp: Y open__map__def continuous_map__def eq)
qed

lemma closed__eq continuous__inverse_map:
assumes X: \z. z € topspace X = fx € topspace Y A g(fz) =z
and Y: Ay. y € topspace Y = g y € topspace X A f(gy) =y
shows closed_map X Y f +— continuous_map Y X g
proof —
have eq: {z € topspace Y. gz € U} = f* U if closedin X U for U
using closedin__subset [OF that] by (force simp: X Y image_iff)
show ?thesis
by (auto simp: Y closed _map__def continuous _map__closedin eq)
qed

lemma homeomorphic_maps _map:
homeomorphic_maps X Y f g +—
homeomorphic_map X Y f A homeomorphic_map Y X g A
(Vz € topspace X. g(fz) = x) AN (Vy € topspace Y. f(g y) = y)
(is ?lhs = ?rhs)
proof
assume ?lhs
then have L: continuous _map X Y f continuous_map Y X g Vx€topspace X. g
(fz) = z Va'etopspace Y. f (g z’) =z’
by (auto simp: homeomorphic_maps_def)
show ?rhs
proof (intro conjl bijective_open__imp__homeomorphic_map L)
show open_map X Y f
using L using open__eq continuous__inverse_map [of concl: X Y f g]
by (simp add: continuous_map__def Pi_iff)
show open_map Y X g
using L using open__eq continuous_inverse_map [of concl: Y X g f]
by (simp add: continuous_map__def Pi_iff)
show f ‘ topspace X = topspace Y g ‘ topspace Y = topspace X
using L by (force simp: continuous_map__closedin Pi_iff)+
show inj _on f (topspace X) inj_on g (topspace Y)
using L unfolding inj on_def by metis+
qed
next
assume ?rhs
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then show ?lhs
by (auto simp: homeomorphic_maps__def homeomorphic__imp__continuous__map)
qed

lemma homeomorphic_maps_imp__map:
homeomorphic_maps X Y f g = homeomorphic_map X Y f
using homeomorphic_maps_map by blast

lemma homeomorphic_map_maps:
homeomorphic_map X Y f <— (3 g. homeomorphic_maps X Y [ g)
(is 2lhs = ?rhs)
proof
assume ?lhs
then have L: continuous _map X Y fopen_map X Y f closed_map X Y f
I ¢ (topspace X) = topspace Y inj _on f (topspace X)
by (auto simp: homeomorphic__eq _everything _map)
have X: Az. z € topspace X = fz € topspace Y A inv_into (topspace X) f (f
)=z
using L by auto
have Y: Ay. y € topspace Y = inv_into (topspace X) fy € topspace X A f
(inv_into (topspace X) fy) =y
by (simp add: L f_inv_into_f inv_into_into)
have homeomorphic_maps X Y [ (inv_into (topspace X) f)
unfolding homeomorphic_maps_def
proof (intro conjl L)
show continuous _map Y X (inv_into (topspace X) f)
by (simp add: L X Y flip: open__eq _continuous__inverse_map [where f=f])
next
show V z€topspace X. inv_into (topspace X) f (f
Y yEtopspace Y. f (inv_into (topspace X) fy) =y
using X Y by auto
qed
then show ?rhs
by metis
next
assume ?rhs
then show ?lhs
using homeomorphic_maps_map by blast
qed

x

lemma homeomorphic_maps_involution:
[continuous_map X X f; Nz. z € topspace X = f(f z) = x] = homeomor-
phic_maps X X f f
by (auto simp: homeomorphic_maps_def)

lemma homeomorphic_map__involution:
[continuous_map X X f; Nz. z € topspace X = f(f z) = x] = homeomor-
phic_map X X f
using homeomorphic_maps_involution homeomorphic_maps map by blast
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lemma homeomorphic_map__openness:
assumes hom: homeomorphic_map X Y f and U: U C topspace X
shows openin Y (f ¢ U) +— openin X U
proof —
obtain g where homeomorphic_maps X Y f g
using assms by (auto simp: homeomorphic_map__maps)
then have ¢: homeomorphic_map Y X g and gf: Az. z € topspace X = ¢(f
z) ==z
by (auto simp: homeomorphic_maps_map)
then have openin X U = openin Y (f < U)
using hom homeomorphic_imp__open__map open__map_ def by blast
show openin Y (f  U) = openin X U
proof
assume L: openin Y (f < U)
have U =g ‘(f ‘ U)
using U gf by force
then show openin X U
by (metis L homeomorphic_imp_open_map open__map_ def g)
next
assume openin X U
then show openin Y (f < U)
using hom homeomorphic_imp__open__map open__map__def by blast
qed
qed

lemma homeomorphic_map_closedness:
assumes hom: homeomorphic_map X Y f and U: U C topspace X
shows closedin Y (f ¢ U) «— closedin X U
proof —
obtain g where homeomorphic_maps X Y f g
using assms by (auto simp: homeomorphic_map_maps)
then have ¢: homeomorphic_map Y X g and gf: Az. © € topspace X = ¢(f
z) =z
by (auto simp: homeomorphic_maps_map)
then have closedin X U = closedin Y (f < U)
using hom homeomorphic__imp_ closed__map closed_map__def by blast
show closedin Y (f ¢ U) = closedin X U
proof
assume L: closedin Y (f < U)
have U =g ‘(f * U)
using U gf by force
then show closedin X U
by (metis L homeomorphic_imp_closed_map closed_map__def g)
next
assume closedin X U
then show closedin Y (f “ U)
using hom homeomorphic_imp_ closed__map closed _map_def by blast


Abstract{_}{\kern 0pt}Topology.html

330

qed
qed

lemma homeomorphic_map__openness_ eq:
homeomorphic_map X Y f = openin X U <— U C topspace X N openin Y
(S U)

by (meson homeomorphic_map__openness openin__closedin__eq)

lemma homeomorphic_map_ closedness_eq:
homeomorphic_map X Y f = closedin X U «+— U C topspace X A closedin
Y (fU)
by (meson closedin__subset homeomorphic_map__closedness)

lemma all_openin__homeomorphic__image:

assumes homeomorphic_map X Y f

shows (V V. openin YV — P V) +— (VU. openin X U — P(f * U))

by (metis (no_types, lifting) assms homeomorphic_eq _everything_map homeo-
morphic_map__openness openin__subset subset__image_iff)

lemma all_closedin__homeomorphic_image:

assumes homeomorphic_map X Y f

shows (V V. closedin YV — P V) «— (VU. closedin X U — P(f * U))

by (metis (no__types, lifting) assms closedin__subset homeomorphic__eq _everything _map
homeomorphic_map__closedness subset__image_iff)

lemma homeomorphic_map__derived_set of:
assumes hom: homeomorphic_map X Y f and S: S C topspace X
shows Y derived_set_of (f *S) = f ‘(X derived_set_of S)
proof —
have fim: f ¢ (topspace X) = topspace Y and inj: inj_on f (topspace X)
using hom by (auto simp: homeomorphic__eq _everything_map)
have iff: (VT.2 € T ANopenin X T — Jy.y#axANyeSAnyeT))=
(VT. T C topspace Y — fz € T — openin YT — (y. y# fz A
yef‘SAyeT)
if © € topspace X for z

proof —
have § (z € T A openin X T) = (T C topspace X AN fz € f“T A openin Y
(f¢T)) for T
by (meson hom homeomorphic_map__openness__eq inj inj_on_image _mem__iff
that)

moreover have (Jy. y a2z ANyeSAyeT)= 3y y#fzANyefSA
yef T) (is ?lhs = ?rhs)

if T C topspace X N fz e f‘ T ANopeninY (f*T) for T

unfolding image iff

using S <x € topspace X» that

by (metis (full types) inj inj _onD [OF inj| subsetD the_inv_into_f f)
ultimately show ?Zthesis

by (auto simp flip: fim simp: all_subset_image)
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qed
have : [T=f‘S;Ne.2€ S = Pz +— Q(fr)] = {y.ye TAQuy}t=f
‘{z e S. Pz} for TSPQ
by auto
show ?thesis
unfolding derived_set_of def
by (rule x) (use fim iff openin__subset in force)+
qed

lemma homeomorphic_map__closure_of:

assumes hom: homeomorphic_map X Y f and S: S C topspace X

shows Y closure_of (f ©S) = f ‘(X closure_of S)

unfolding closure of

using homeomorphic__imp__surjective_map [OF hom| S

by (auto simp: in__derived__set_of homeomorphic_map__derived_set_of [OF assms])

lemma homeomorphic_map__interior_of:
assumes hom: homeomorphic_map X Y f and §: § C topspace X
shows Y interior_of (f < S) = f * (X interior_of S)
proof —
{fixy
assume y € topspace Y and y ¢ Y closure_of (topspace Y — f*S)
then have y € f ‘ (topspace X — X closure_of (topspace X — S5))
using homeomorphic__eq everything _map [THEN iffD1, OF hom] homeo-
morphic_map__closure__of [OF hom)]
by (metis DiffI Diff subset S closure_of subset_topspace inj _on__image__set_ diff)

moreover
have f z € topspace Y if x € topspace X for z
using that hom homeomorphic__imp_ surjective__map by blast
moreover
{ fix z
assume z € topspace X and fz € Y closure_of (topspace Y — f 5)
then have z € X closure_of (topspace X — §)
using homeomorphic_map__closure_of [OF hom| hom
unfolding homeomorphic__eq everything map
by (metis Diff _subset S closure_of subset_topspace inj _on__image__mem__iff
inj_on_image__set_diff)
}
ultimately show ?thesis
by (auto simp: interior_of closure_of)
qed

lemma homeomorphic_map__ frontier_of:
assumes hom: homeomorphic_map X Y f and §: § C topspace X
shows Y frontier_of (f ¢ S) = f ‘(X frontier_of S)
unfolding frontier of def

proof (intro equalityl subsetl DiffT)
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fix y
assume y € Y closure_of f S — Y interior_of f © S
then show y € f ‘(X closure_of S — X interior_of S)
using S hom homeomorphic_map__closure__of homeomorphic_map__interior _of
by fastforce
next
fix y
assume y € f ‘(X closure_of S — X interior_of S)
then show y € Y closure_of f © S
using S hom homeomorphic_map__closure_of by fastforce
next
fix z
assume z € f ‘(X closure_of S — X interior_of S)
then obtain y where y: © = fy y € X closure_of Sy ¢ X interior_of S
by blast
then show z ¢ Y interior_of f S
using S hom homeomorphic_map__interior_of
unfolding homeomorphic_map__ def
by (metis (no__types, lifting) closure_of subset_topspace inj_on__image__mem__ iff
interior_of subset_closure of inj _on__subset)
qed

lemma homeomorphic_maps__subtopologies:
[homeomorphic_maps X Y f g; f ¢ (topspace X N S) = topspace Y N T
= homeomorphic_maps (subtopology X S) (subtopology Y T) f ¢
unfolding homeomorphic_maps _def
by (force simp: continuous_map__from__subtopology continuous _map__in__subtopology)

lemma homeomorphic_maps_subtopologies__alt:
[homeomorphic_maps X Y f g; f  (topspace X N S) C T; g * (topspace Y N
T) C S]
= homeomorphic_maps (subtopology X S) (subtopology Y T) f g
unfolding homeomorphic_maps_def
by (force simp: continuous _map__from__subtopology continuous_map__in__subtopology)

lemma homeomorphic_map__subtopologies:
[homeomorphic_map X Y f; f ¢ (topspace X N S) = topspace Y N T
= homeomorphic_map (subtopology X S) (subtopology Y T) f
by (meson homeomorphic_map_maps homeomorphic_maps__subtopologies)

lemma homeomorphic_map__subtopologies alt:
assumes hom: homeomorphic_map X Y f
and S: Az. [z € topspace X; fx € topspace Y] = faz € T «— 2 € S
shows homeomorphic_map (subtopology X S) (subtopology Y T) f
proof —
have homeomorphic_maps (subtopology X S) (subtopology Y T) f ¢
if homeomorphic_maps X Y f g for ¢
proof (rule homeomorphic_maps_subtopologies [OF that))
have f ‘ (topspace X N S) C topspace Y N T
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using S hom homeomorphic__imp_ surjective_map by fastforce
then show f ¢ (topspace X N S) = topspace Y N T
using that unfolding homeomorphic_maps def continuous map__def Pi_iff
by (smt (verit, del_insts) Int_iff S image_iff subsetl subset__antisym)
qed
then show ?thesis
using hom by (meson homeomorphic_map_maps)
qed

1.13.15 Relation of homeomorphism between topological spaces

definition homeomorphic_space (infixr <homeomorphic’ _spacer 50)
where X homeomorphic_space Y = 3f g. homeomorphic_maps X Y f g

lemma homeomorphic__space_refl [iff]: X homeomorphic__space X
by (meson homeomorphic_maps_id homeomorphic__space__def)

lemma homeomorphic__space__sym:
X homeomorphic__space Y <— Y homeomorphic_space X
unfolding homeomorphic_space_def by (metis homeomorphic_maps__sym)

lemma homeomorphic__space__trans [trans):
[X1 homeomorphic_space X2; X2 homeomorphic_space X3] = X1 homeo-
morphic__space X3
unfolding homeomorphic__space__def by (metis homeomorphic_maps__compose)

lemma homeomorphic__space:
X homeomorphic_space Y +— (3 f. homeomorphic_map X Y f)
by (simp add: homeomorphic_map_maps homeomorphic__space__def)

lemma homeomorphic_maps imp__homeomorphic__space:
homeomorphic_maps X Y f g = X homeomorphic__space Y
unfolding homeomorphic__space__def by metis

lemma homeomorphic_map__imp__homeomorphic__space:
homeomorphic_map X Y f = X homeomorphic__space Y
unfolding homeomorphic_map__maps
using homeomorphic__space__def by blast

lemma homeomorphic__empty space:
X homeomorphic_space Y =—> X = trivial_topology «+— Y = trivial_topology
by (meson continuous _map__on__empty2 homeomorphic_maps_def homeomor-
phic__space__def)

lemma homeomorphic__empty space__eq:
assumes X = trivial_topology
shows X homeomorphic_space Y +— Y = trivial _topology
using assms funcset_mem
by (fastforce simp: homeomorphic_maps__def homeomorphic__space__def contin-
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uous_map__def)

lemma homeomorphic__space__unfold:
assumes X homeomorphic_space Y
obtains f g where homeomorphic_map X Y f homeomorphic_map Y X g
and A\z. z € topspace X = g(fz) = N\y. y € topspace Y = f(gy) =y
and f € topspace X — topspace Y g € topspace Y — topspace X
using assms unfolding homeomorphic__space_def homeomorphic_maps_map
by (smt (verit, best) Pi_I homeomorphic_imp _surjective_map image__eql)

1.13.16 Connected topological spaces

definition connected space :: 'a topology = bool where
connected__space X =
~(3 E1 E2. openin X E1 A openin X E2 A
topspace X C F1 U E2 N E1 NE2 ={} NEl # {} N E2 #{})

definition connectedin :: 'a topology = 'a set = bool where
connectedin X S = S C topspace X N connected__space (subtopology X S)

lemma connected__spaceD:
[connected__space X;
openin X U; openin X V; topspace X C U U V; UNV ={}) U#{}; V#
{}] = False
by (auto simp: connected__space__def)

lemma connectedin__subset__topspace: connectedin X S = S C topspace X
by (simp add: connectedin__def)

lemma connectedin__topspace:
connectedin X (topspace X) «— connected_ space X
by (simp add: connectedin__def)

lemma connected__space__subtopology:
connectedin X S = connected__space (subtopology X S)
by (simp add: connectedin__def)

lemma connectedin__subtopology:
connectedin (subtopology X S) T <— connectedin X T N'T C S
by (force simp: connectedin__def subtopology__subtopology inf absorb2)

lemma connected_space _eq:
connected__space X <—
(AE1 E2. openin X E1 A openin X E2 A E1 U E2 = topspace X A E1 N E2
={}ANEBEL#{}NE2F#{}
unfolding connected__space _def
by (metis openin__Un openin__subset subset_antisym)

lemma connected__space__closedin:
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connected__space X <—
(AE1 E2. closedin X E1 A closedin X E2 A topspace X C E1 U E2 A
E1NE2={}NEl £{} NE2#{}) (is ?lhs = %rhs)
proof
assume ?lhs
then have AEI E2. [openin X E1; E1 N E2 = {}; topspace X C EI U E2;
openin X E2] = F1 = {} v E2 = {}
by (simp add: connected_space__def)
then show %rhs
unfolding connected_ space _def
by (metis disjnt_def separatedin__closed__sets separation__openin__ Un__gen subtopol-
0gy__superset)
next
assume R: ?rhs
then show ?lhs
unfolding connected_ space__def
by (metis Diff _triv Int_commute separatedin__openin_ diff separation_ closedin_Un__gen
subtopology __superset)
qed

lemma connected__space_closedin__eq:
connected__space X +—
(B E1 E2. closedin X E1 A closedin X E2 A
E1 U E2 = topspace X N E1 N E2 ={} AN El £ {} N E2 £ {})
by (metis closedin_Un closedin__def connected__space _closedin subset__antisym)

lemma connected__space__clopen__in:
connected__space X —
(VT. openin X T A closedin X T — T = {} V T = topspace X)
proof —
have eq: openin X E1 A openin X E2 N E1 U E2 = topspace X N E1 N E2 =
{ynrp
«— E2 = topspace X — E1 N openin X E1 A openin X E2 AN P for E1 E2
P
using openin__subset by blast
show ?thesis
unfolding connected_space__eq eq closedin__def
by (auto simp: openin__closedin__eq)
qed

lemma connectedin:
connectedin X S <—
S C topspace X A
(AE1 E2.
openin X E1 N openin X E2 A
SCEIUE2ANEINE2NS={ANEINSE{NE2NS#{})
(is ?lhs = ?rhs)
proof —
have x: (3EI:: 'a set. 3E2:: 'a set. (3T1:: 'a set. P1 T1 N E1 = f1 T1) A
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(3T2:: 'a set. P2 T2 N E2 = f2 T2) A
RE1E2)«— (3T1 T2. P1 TI N P2T2 N R(f1 T1) (f2 T2)) for P1
fl P2f2 R
by auto

show ?thesis

unfolding connectedin__def connected__space__def openin__subtopology topspace__subtopology
*

by (intro conj_cong arg__cong [where f=Not] ex_congl; blast dest!: openin__subset)
qed

lemma connectedinD:
[connectedin X S; openin X E1; openin X E2; S C E1 UE2; F1 N E2N S =
{hi E1nS #{}; E2n S # {}] = False
by (meson connectedin)

lemma connectedin__iff _connected [simpl: connectedin euclidean S +— connected
S

by (simp add: connected def connectedin)

lemma connectedin_closedin:
connectedin X § +—
S C topspace X A
—(3 E1 E2. closedin X E1 A closedin X E2 A
SCEIUE2ANFEINE2NS={}ANEINSA{INE2NS#{})
proof —
have x: (3E1:: 'a set. 3E2:: 'a set. (AT1:: 'a set. P1 T1 N E1 = f1 T1) A
(3T2:: 'a set. P2 T2 N E2 = f2 T2) A
R El1 E2)«— (3T1 T2. P1 T1 N P2 T2 AN R(fl T1) (f2 T2)) for P1
fl P2 f2 R
by auto
show ?thesis
unfolding connectedin__def connected__space__closedin closedin__subtopology topspace__subtopology
*
by (intro conj_cong arg_cong [where f=Not] ex__congl; blast dest!: openin__subset)
qed

lemma connectedin__empty [simp]: connectedin X {}
by (simp add: connectedin)

lemma connected__space__trivial _topology [simp]: connected__space trivial _topology
using connectedin__topspace by fastforce

lemma connectedin__sing [simp]: connectedin X {a} «— a € topspace X
by (simp add: connectedin)

lemma connectedin__absolute [simp]:
connectedin (subtopology X S) S «+— connectedin X S
by (simp add: connectedin__subtopology)
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lemma connectedin__ Union:
assumes U: \S. S € U = connectedin X S and ne: (U # {}
shows connectedin X (JU)
proof —
have JU C topspace X
using U by (simp add: Union_least connectedin__def)
moreover have Fulse
if openin X E1 openin X E2 and cover: | JU C E1 U E2 and disj: E1 N E2
nyu ={}
and overlapl: E1 N JU # {} and overlap2: E2 N YU # {}
for F1 E2
proof —
have disjS: E1 N E2 NS ={}if S €U for S
using Diff triv that disj by auto
have coverS: S C F1 U E2 if S € U for S
using that cover by blast
have U # {}
using overlapl by blast
obtain a where a: AU. U el = ac U
using ne by force
with A # {}> have a € JU
by blast
then consider a € EI | a € E2
using < JU C E1 U E2» by auto
then show Fulse
proof cases
case |
then obtain b S where b e F2be SS clU
using overlap2 by blast
then show ?thesis
using 1 <openin X E1) <openin X E2» disjS coverS a [OF «S € U] U[OF
S e ]
unfolding connectedin
by (meson disjoint_iff not_equal)
next
case 2
then obtain b S where be F1be SS el
using overlapl by blast
then show ?thesis
using 2 <openin X E1» <openin X E2» disjS coverS a [OF «S € U] U[OF
S e ]
unfolding connectedin
by (meson disjoint_iff not_equal)
ged
qed
ultimately show ?thesis
unfolding connectedin by blast
qed
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lemma connectedin_ Un:
[connectedin X S; connectedin X T; S N T # {}] = connectedin X (S U T)
using connectedin_ Union [of {S,T}] by auto

lemma connected__space__subconnected:
connected__space X +— (Vz € topspace X.Vy € topspace X. 3 S. connectedin X
SAzeSANyeS) (is ?lhs = ?rhs)
proof
assume R [rule_format]: ?rhs
have Fulse if openin X U openin X V and disj: U N V = {} and cover: topspace
XCUuUV
and U£{} V#{}for UV
proof —
obtain v v where u € Uv e V
using «U # {} «V # {} by auto
then obtain T where u € Tv € T and T: connectedin X T
using R [of u v] that
by (meson <openin X U» <openin X V) subsetD openin__subset)
with that show Fulse
unfolding connectedin
by (metis Intl <u € Uy <v € Vy empty_iff inf bot_left subset_trans)
qed
then show ?lhs
by (auto simp: connected__space__def)
qed (use connectedin__topspace in blast)

lemma connectedin__intermediate_closure__of:
assumes connectedin X S S C T T C X closure_of S
shows connectedin X T
proof —
have S: S C topspace X and T: T C topspace X
using assms by (meson closure_of subset_topspace dual_order.trans)+
have §: AEI E2. [openin X E1; openin X E2; E1 NS ={}Vv E2Nn S ={}]
= EINT={}VE2NT={}
using assms unfolding disjoint_iff by (meson in__closure_of subsetD)
then show ?thesis
using assms
unfolding connectedin closure_of subset_topspace S T
by (metis Int_empty_right T dual_order.trans inf.orderE inf_left _commute)
qed

lemma connectedin__closure__of:
connectedin X S = connectedin X (X closure_of S)
by (meson closure _of subset connectedin__def connectedin__intermediate_closure of
subset__refl)

lemma connectedin__separation:
connectedin X S +—
S C topspace X A
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(ACc1C2.CtuC2=8ANCt#{}NC2#{}ACINX closure_of C2
={} N C2 N X closure_of C1 = {})
unfolding connectedin__def connected__space__closedin__eq closedin__Int_closure__of
topspace__subtopology
apply (intro conj_cong refl arg_cong [where f=Not])
apply (intro ex__congl iffI, blast)
using closure__of subset__Int by force

lemma connectedin__eq not_separated:
connectedin X S +—
S C topspace X A
(AC1C2.C1UC2=S8AC1#{}NC2#{} A separatedin X C1 C2)
unfolding separatedin__def by (metis connectedin__separation sup.boundedE)

lemma connectedin__eq not_separated_subset:
connectedin X S +—
S C topspace X N (FC1 C2. SC C1UC2ASNCL#{}ANSNC2#{}
A separatedin X C1 C2)
proof —
have VC1 C2. SC C1UC2 — SN CI ={} Vv SN C2={}V - separatedin
X C1 02
if ANC1C2.C1UC2=8— C1={}Vv C2=/{}V — separatedin X C1 C2
proof (intro alll)
fix C1 C2
show SC C1UC2 — SN CI ={}vSnC2=/{}V - separatedin X C1
C2
using that [of S N C1 .5 N C2)
by (auto simp: separatedin_mono)
qed
then show ?thesis
by (metis Un_Int_eq(1) Un_Int _eq(2) connectedin_eq not_separated or-
der_refl)
qged

lemma connected__space__eq not_separated:
connected__space X <—
(A C1 C2. C1 U C2 = topspace X N C1 # {} A C2 # {} A separatedin X C1
C2)
by (simp add: connectedin__eq_not__separated flip: connectedin__topspace)

lemma connected__space__eq mnot_separated__subset:
connected__space X +—
(A C1 C2. topspace X € C1 U C2 A C1 # {} A C2 # {} A separatedin X C1
C2)
by (metis connected__space_eq not_separated le__sup_iff separatedin__def sub-
set__antisym)

lemma connectedin__subset__separated__union:
[connectedin X C; separatedin X ST; CCSUT]= CCSVvCCT
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unfolding connectedin__eq not_separated_subset by blast

lemma connectedin__nonseparated__union:
assumes connectedin X S connectedin X T —separatedin X S T
shows connectedin X (S U T)
proof —
have AN\C1 C2. [T C C1 U (C2; S
SNCl={}ANTnClt
separatedin X C1 C2
using assms
unfolding connectedin__eq not_separated__subset
by (metis (no__types, lifting) assms connectedin__subset__separated__union inf.orderE
separatedin__empty(1) separatedin_mono separatedin__sym)
then show #thesis
unfolding connectedin__eq not_separated_subset
by (simp add: assms connectedin__subset_topspace Int_Un__distrib2)
ged

CluU (2] =
gvsSnecz={(ATnC2={V~-

1N

lemma connected__space__closures:
connected__space X <—
(Fet e2. el U e2 = topspace X A X closure_of el N X closure_of e2 = {}
Ael #{} ne2#{})
(is ?lhs = %rhs)
proof
assume ?lhs
then show ?rhs
unfolding connected__space__closedin__eq
by (metis Un_upperl Un_upper2 closedin_ closure_of closure _of Un clo-
sure_of _eq_empty closure_of topspace)
next
assume ?rhs
then show ?lhs
unfolding connected__space__closedin__eq
by (metis closure_of eq)
qed

lemma connectedin__Int_frontier of:
assumes connectedin X S SN T #{} S — T #{}
shows S N X frontier_of T # {}
proof —
have S C topspace X and x*:
NE1 E2. openin X E1 — openin X E2 — E1 N E2NS={} — S C FI!
UE2 — EINS={}VvE2NS={}
using <connectedin X S» by (auto simp: connectedin)
moreover
have S — (topspace X N T) # {}
using assms(3) by blast
moreover
have S N topspace X N T # {}
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using assms connectedin by fastforce
moreover
have False if SN T #{} S — T # {} T C topspace X S N X frontier _of T =
{} for T
proof —
have null: S N (X closure_of T — X interior_of T) = {}
using that unfolding frontier _of def by blast
have X interior_of T N (topspace X — X closure_of T) N S = {}
by (metis Diff _disjoint inf _bot_left interior _of Int interior_of complement
interior_of _empty)
moreover have S C X interior_of T U (topspace X — X closure_of T)
using that <S C topspace X» null by auto
moreover have S N X interior_of T # {}
using closure_of subset that(1) that(3) null by fastforce
ultimately have S N X interior_of (topspace X — T) = {}
by (metis * inf_commute interior_of _complement openin__interior_of)
then have topspace (subtopology X S) N X interior_of T = S
using «S C topspace X» interior_of complement null by fastforce
then show ?thesis
using that by (metis Diff eq empty iff inf le2 interior _of subset sub-
set__trans)
qed
ultimately show ?thesis
by (metis Int_lowerl frontier _of restrict inf _assoc)
qed

lemma connectedin__continuous _map__image:
assumes f: continuous_map X Y f and connectedin X S
shows connectedin Y (f ¢ 9)
proof —
have S C topspace X and x:
NAE1 E2. openin X E1 — openin X E2 — EI N E2NS={} — S C El
UE2 — EINS={}VvE2nNS={}
using <connectedin X S» by (auto simp: connectedin)
show ?thesis
unfolding connectedin connected__space__def
proof (intro conjl notl; clarify)
show fz € topspace Y if z € S for z
using S C topspace X» continuous_map__image_subset_topspace f that by
blast
next
fix UV
let ?U = {x € topspace X. fz € U}
let ?V = {z € topspace X. fz € V}
assume UV: openin Y Uopenin Y Vf<SCUuUvVUIUNvVNnfS={}U
NFS#{3vnr s#{}
then have 1: U N ¢V N S = {}
by auto
have 2: openin X ?U openin X ?V
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using <openin Y U» <openin Y V> continuous_map f by fastforce+
show Fulse
using * [of 2U ¢V] UV S C topspace X»
by (auto simp: 1 2)
qed
qed

lemma connected__space quotient _map_image:
[quotient_map X X’ q; connected_space X]| = connected__space X'
by (metis connectedin__continuous_map__image connectedin__topspace quotient _imp__continuous_map
quotient__imp__surjective__map)

lemma homeomorphic__connected__space:
X homeomorphic__space Y = connected_space X <— connected_space Y
unfolding homeomorphic__space _def homeomorphic_maps _def
by (metis connected__space__subconnected connectedin__continuous_map__image
connectedin__topspace continuous_map__image__subset_topspace image__eql image__subset__iff)

lemma homeomorphic_map__connectedness:
assumes f: homeomorphic_map X Y f and U: U C topspace X
shows connectedin Y (f ¢ U) <— connectedin X U
proof —
have 1: f ¢ U C topspace Y <— U C topspace X
using U f homeomorphic__imp__surjective_map by blast
moreover have connected space (subtopology Y (f ¢ U)) <— connected__space
(subtopology X U)
proof (rule homeomorphic__connected _space)
have f ¢ U C topspace Y
by (simp add: U 1)
then have topspace Y N f U =f‘U
by (simp add: subset__antisym)
then show subtopology Y (f ¢ U) homeomorphic__space subtopology X U
by (metis U f homeomorphic_map__imp__homeomorphic_space homeomor-
phic_map__subtopologies homeomorphic__space__sym inf.absorb_iff2)
qed
ultimately show ¢thesis
by (auto simp: connectedin__def)
qed

lemma homeomorphic_map__connectedness__eq:
homeomorphic_map X Y f
= connectedin X U +—
U C topspace X N\ connectedin Y (f < U)
using homeomorphic_map__connectedness connectedin__subset_topspace by metis

lemma connectedin__discrete__topology:

connectedin (discrete_topology U) S «+— S C U A (Fa. S C {a})
proof (cases S C U)

case True
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show ?thesis
proof (cases S = {})
case Fulse
moreover have connectedin (discrete_topology U) S «— (Fa. S = {a})
proof
show connectedin (discrete_topology U) S = Ja. S = {a}
using False connectedin__Int_frontier of insert_Diff by fastforce
qed (use True in auto)
ultimately show ?thesis
by auto
qed simp
next
case Fulse
then show ?thesis
by (simp add: connectedin__def)
qed

lemma connected__space _discrete_topology:
connected__space (discrete_topology U) <— (Fa. U C {a})
by (metis connectedin__discrete__topology connectedin__topspace order _refl topspace _discrete__topology)

1.13.17 Compact sets

definition compactin where
compactin X S <—
S C topspace X N
(VU. (VU € U. openin X U) NS C JU
— (3F. finite FNF CUNS CUF))

definition compact_space where
compact_space X = compactin X (topspace X)

lemma compact space__alt:
compact__space X —
(VU. (VU € U. openin X U) A topspace X C JU
— (3F. finite F N F CU A topspace X C |JF))
by (simp add: compact_space__def compactin__def)

lemma compact__space:
compact__space X
(VU. (VU € U. openin X U) AN |JU = topspace X
— (3F. finite FANF CU N|JF = topspace X))
unfolding compact_space__alt
using openin__subset by fastforce

lemma compactinD:

[compactin X S; NU. U € U = openin X U; S C JU] = IF. finite F N F
CUNSCUF

by (auto simp: compactin__def)
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lemma compactin_euclidean__iff [simp]: compactin euclidean S <— compact S
by (simp add: compact_eq Heine Borel compactin__def) meson

lemma compactin__absolute [simp]:

compactin (subtopology X S) S «— compactin X S
proof —

have e¢: VU e U. Y. openin X Y AU =Y NS)+—UCANY. Y NS)
{y. openin X y} for U

by auto

show ?thesis

by (auto simp: compactin__def openin__subtopology eq imp__conjL all_subset__image
ex_ finite__subset__image)
qed

lemma compactin__subspace: compactin X S +— S C topspace X N\ compact__space
(subtopology X S)

unfolding compact_space__def topspace__subtopology

by (metis compactin__absolute compactin__def inf.absorb2)

lemma compact__space__subtopology: compactin X S = compact__space (subtopology
X S)
by (simp add: compactin__subspace)

lemma compactin__subtopology: compactin (subtopology X S) T <— compactin X
TANTCS

by (metis compactin__subspace inf.absorb_iff2 le_inf iff subtopology _subtopology
topspace__subtopology)

lemma compact _imp__compactin__subtopology:
assumes compactin X K K C S shows compactin (subtopology X S) K
by (simp add: assms compactin__subtopology)

lemma compactin__subset_topspace: compactin X S —> S C topspace X
by (simp add: compactin__subspace)

lemma compactin__contractive:
[compactin X' S; topspace X' = topspace X;
AU. openin X U = openin X' U] = compactin X S
by (simp add: compactin__def)

lemma finite_imp__compactin:
[S C topspace X; finite S| = compactin X S
by (metis compactin__subspace compact__space finite_ UnionD inf.absorb_iff2 or-
der_refl topspace__subtopology)

lemma compactin__empty [iff]: compactin X {}
by (simp add: finite_imp__compactin)
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lemma compact_space__trivial__topology [simp]: compact__space trivial_topology
by (simp add: compact__space__def)

lemma finite_imp__compactin__eq:
finite S = (compactin X S +— S C topspace X)
using compactin__subset__topspace finite__imp_compactin by blast

lemma compactin__sing [simp]: compactin X {a} <— a € topspace X
by (simp add: finite__imp_ compactin__eq)

lemma closed__compactin:
assumes XK: compactin X K and C C K and XC': closedin X C
shows compactin X C
unfolding compactin__def
proof (intro conjl alll impl)
show C' C topspace X
by (simp add: XC closedin__subset)
next
fix U :: 'a set set
assume U: Ball U (openin X) A C C |JU
have (V Uecinsert (topspace X — C) U. openin X U)
using XC U by blast
moreover have K C | (insert (topspace X — C) U)
using U XK compactin__subset__topspace by fastforce
ultimately obtain F where finite 7 F C insert (topspace X — C) U K CJF
using assms unfolding compactin__def by metis
moreover have openin X (topspace X — C)
using XC by auto
ultimately show 3 F. finite FAF CUANC CUF
using <C C K»
by (rule_tac z=F — {topspace X — C} in exl) auto
qed

lemma closed__compactin__Inter:
[compactin X K; K € K; AK. K € K = closedin X K] = compactin X ((K)
by (metis Inf lower closed__compactin closedin__Inter empty_iff)

lemma closedin__subtopology_Int subset:

[closedin (subtopology X U) (U N S); V C U] = closedin (subtopology X V)
(VnS9)

by (smt (verit, ccfu_SIG) closedin_subtopology inf.left commute inf.orderE
inf_commute)

lemma closedin__subtopology_Int_ closedin:

[closedin (subtopology X U) S; closedin X T| = closedin (subtopology X U) (S
NnT

by (smt (verit, best) closedin_Int closedin__subtopology inf assoc inf commute)

lemma closedin__compact__space:
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[compact__space X; closedin X S] = compactin X S
by (simp add: closed__compactin closedin__subset compact__space__def)

lemma compact_Int_closedin:

assumes compactin X S closedin X T shows compactin X (SN T)
proof —

have compactin (subtopology X S) (S N T)

by (metis assms closedin__compact__space closedin__subtopology compactin__subspace
inf_commute)

then show ?thesis

by (simp add: compactin__subtopology)

qed

lemma closed_Int _compactin: [closedin X S; compactin X T] = compactin X
(SNT)

by (metis compact_Int_closedin inf _commute)

lemma compactin_ Un:
assumes S: compactin X S and T: compactin X T shows compactin X (S U
7)
unfolding compactin__def
proof (intro conjl alll impl)
show S U T C topspace X
using assms by (auto simp: compactin__def)
next
fix U :: 'a set set
assume U: Ball U (openin X) NS U T C JU
with S obtain F where V: finite F F CU S CJF
unfolding compactin__def by (meson sup.bounded__iff)
obtain W where finite WW CU T C YW
using Y T
unfolding compactin__def by (meson sup.bounded__iff)
with V show 3V. finite VAV CUANSUT C UV
by (rule_tac x=F U W in exl) auto
qed

lemma compactin_ Union:
[finite F; AS. S € F = compactin X S| = compactin X (JF)
by (induction rule: finite__induct) (simp__all add: compactin__Un)

proposition compact__space_ fip:
compact__space X +—
(VU. (VCeU. closedin X C) N (VF. finite FANF CU — F #{}) —
Nu #{})
(is _ = ?rhs)
proof (cases X = trivial_topology)
case True
then show ?thesis
by (metis Pow_iff closedin_topspace__empty compact_space__trivial__topology
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finite.emptyl finite_Pow _iff finite_subset subsetl)
next
case Fulse
show ?thesis
proof safe
fix U :: 'a set set
assume * [rule_format]: VF. finite F AN F CU — (F # {}
define V where V = (\S. topspace X — §) ‘U
assume clo: V Celd. closedin X C and [simp]: U = {}
then have V'V € V. openin X V topspace X C |JV
by (auto simp: V__def)
moreover assume [unfolded compact_space__alt, rule_format, of V]: com-
pact__space X
ultimately obtain F where F: finite 7 F C U topspace X C topspace X —
NF
by (auto simp: ex_ finite_subset_image V__def)
moreover have F # {}
using F False by force
ultimately show Fulse
using * [of F|
by auto (metis Diff iff Inter iff clo closedin__def subsetD)
next
assume R [rule format]: ?rhs
show compact_space X
unfolding compact_space__alt
proof clarify
fix U :: 'a set set
define V where V = (AS. topspace X — S) ‘U
assume YV Celd. openin X C and topspace X C (JU
with False have «: V'V € V. closedin X V U # {}
by (auto simp: V__def)
show 3 F. finite F AN F C U A topspace X C |JF
proof (rule ccontr; simp)
assume YV FCU. finite F — — topspace X C |JF
then have VF. finite F AF CV — N F # {}
by (simp add: V__def all_finite_subset_image)
with (topspace X C JU> show False
using R [of V] % by (simp add: V__def)
qed
qged
qed
qed

corollary compactin_ fip:
compactin X S <—
S C topspace X A
(VU. (V CelU. closedin X C) N (VF. finite FANFCU — SNOF #{}) —

sSnnu#{})
proof (cases S = {})
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case Fulse
show ?thesis
proof (cases S C topspace X)
case True
then have compactin X § «—
VU.UC (AT. SN T) “{T. closedin X T} —
(VF. finite F — FCU —NF#{}H) —NU#{})
by (simp add: compact_space_fip compactin_subspace closedin__subtopology
image__def subset__eq Int_commute imp__conjL)
also have ... = (VUC Collect (closedin X). (VF. finite F — F C (N) S ‘U
— NF#{H) —N (") S U #{}
by (simp add: all_subset_image)
also have ... = (VU. (VCeU. closedin X C) N (VF. finite FANF CU —
SONF#{}) —SnNU#A{})

proof —
have eq: (VF. finite FAF CU — (N (N) S F)#{}H) —N (N) S~
Uy #{}) «—
(VF. finite FNFCU— SNOF#£{}) — SnNU#{}) for
u
by simp (use <S # {}» in blast)
show ?thesis
unfolding imp__ conjL [symmetric| all_finite_subset_image eq by blast
qed
finally show ?thesis
using True by simp
qged (simp add: compactin__subspace)
qed force

corollary compact_space__imp_nest:
fixes C :: nat = 'a set
assumes compact_space X and clo: \n. closedin X (C n)
and ne: An. Cn # {} and dec: decseq C
shows ((n. Cn) # {}
proof —
let U = range (An. \m < n. C'm)
have closedin X A if A € 92U for A
using that clo by auto
moreover have ((neK. (\m < n. Cm) # {} if finite K for K
proof —
obtain n where A\k. k€ K = k <n
using Max.coboundedl <finite K> by blast
with dec have C'n C (NneK. (\m < n. C'm)
unfolding decseq def by blast
with ne [of n] show ?2thesis
by blast
qed
ultimately show ?thesis
using <compact_space X [unfolded compact__space_fip, rule_format, of U]
by (simp add: all_finite__subset_image INT _extend__simps UN_atMost_ UNIV



Abstract__Topology.thy 349

del: INT _simps)
qed

lemma compactin__discrete__topology:
compactin (discrete_topology X) S +— S C X A finite S (is ?lhs = ?rhs)
proof (intro iffI conjI)
assume L: ?lhs
then show S C X
by (auto simp: compactin__def)
have x: AU. Ball U (openin (discrete_topology X)) A S C JU =
(3F. finite FNFCUANS CUF)
using L by (auto simp: compactin__def)
show finite S
using * [of (A\z. {z}) ‘ X] S C X»
by clarsimp (metis UN_singleton finite_subset_image infinite_ super)
qed (simp add: finite_imp__compactin)

lemma compact__space _discrete__topology: compact__space(discrete topology X) <—
finite X
by (simp add: compactin__discrete_topology compact__space _def)

lemma compact _space _imp_Bolzano Weierstrass:
assumes compact__space X infinite S S C topspace X
shows X derived_set_of S # {}
proof
assume X: X derived_set_of S = {}
then have closedin X S
by (simp add: closedin__contains_derived__set assms)
then have compactin X S
by (rule closedin__compact_space [OF <compact_space X))
with X show Fulse
by (metis <infinite S» compactin__subspace compact__space__discrete__topology
inf_bot__right subtopology_eq discrete__topology__eq)
qed

lemma compactin__imp_Bolzano__ Weierstrass:
[compactin X S; infinite T AN T C S] = S N X derived_set_of T # {}
using compact__space__imp_ Bolzano_ Weierstrass [of subtopology X S|
by (simp add: compactin__subspace derived__set_of _subtopology inf _absorb2)

lemma compact_closure_of imp_ Bolzano__Weierstrass:
[compactin X (X closure_of S); infinite T; T C S; T C topspace X] = X
derived_set_of T # {}
using closure__of _mono closure_of subset compactin__imp_ Bolzano__Weierstrass
by fastforce

lemma discrete__compactin_eq _finite:
S N X derived_set_of S = {} = compactin X S +— S C topspace X A finite
S
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by (meson compactin__imp_Bolzano__ Weierstrass finite__imp__compactin__eq or-

der_refl)

lemma discrete__compact__space _eq finite:

X derived_set_of (topspace X) = {} = (compact_space X +— finite(topspace
X))

by (metis compact__space__discrete__topology discrete__topology unique_derived__set)

lemma image_compactin:
assumes cpt: compactin X S and cont: continuous_map X Y f
shows compactin Y (f ¢ .5)
unfolding compactin__def
proof (intro conjgl alll impI)
show f ‘S C topspace Y
using compactin__subset__topspace cont continuous__map__image_subset_topspace
cpt by blast
next
fix U :: 'b set set
assume U: Ball U (openin Y) A f S C JU
define V where V = (AU. {z € topspace X. fz € U}) ‘U
have S C topspace X
and x: AU. [VUeU. openin X U; S C YU] = IF. finite FANF CUANS
cCUF
using cpt by (auto simp: compactin__def)
obtain F where F: finite F F CV S CUF
proof —
have 1: VU€eV. openin X U
unfolding V__def using U cont[unfolded continuous_map] by blast
have 2: S C JV
unfolding V_ def using compactin__subset_topspace cpt U by fastforce
show thesis
using x [OF 1 2] that by metis
qed
have Vv e V. 3U. U e U AN v={z € topspace X. fz € U}
using V_ def by blast
then obtain U where U: Vv e V. UvelU N v = {z € topspace X. fz € U v}
by metis
show 3F. finite FANF CUNF S CUF
proof (intro conjl exI)
show finite (U ‘ F)
by (simp add: «finite F»)
next
show U ‘F CU
using «F C V» U by auto
next
show f“S CJ (U “F)
using F(2—3) U UnionE subset_eq U by fastforce
qed
qed
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lemma homeomorphic__compact__space:
assumes X homeomorphic__space Y
shows compact_space X +— compact_space Y
using homeomorphic__space__sym
by (metis assms compact__space__def homeomorphic__eq _everything _map home-
omorphic__space image__compactin)

lemma homeomorphic_map__compactness:
assumes hom: homeomorphic_map X Y f and U: U C topspace X
shows compactin Y (f ¢ U) +— compactin X U
proof —
have f ¢ U C topspace Y
using hom U homeomorphic__imp__surjective_map by blast
moreover have homeomorphic_map (subtopology X U) (subtopology Y (f < U))
f
using U hom homeomorphic_imp__surjective_map by (blast intro: homeomor-
phic_map__subtopologies)
then have compact_space (subtopology Y (f < U)) = compact__space (subtopology
X U)
using homeomorphic__compact _space homeomorphic_map__imp__homeomorphic__space
by blast
ultimately show ?Zthesis
by (simp add: compactin__subspace U)
qed

lemma homeomorphic_map__compactness _eq:
homeomorphic_map X Y f
= compactin X U +— U C topspace X N compactin Y (f < U)
by (meson compactin_subset_topspace homeomorphic_map__compactness)

1.13.18 Embedding maps

definition embedding map
where embedding_map X Y f = homeomorphic_map X (subtopology Y (f ¢
(topspace X))) f

lemma embedding map_eq:

[embedding _map X Y f; Nz. x € topspace X = fz = g 2] = embedding_map
XYy

unfolding embedding _map__def

by (metis hormeomorphic_map__eq image__cong)

lemma embedding map compose:
assumes embedding _map X X' f embedding map X' X" ¢
shows embedding map X X" (g o f)
proof —
have hm: homeomorphic_map X (subtopology X' (f ¢ topspace X)) f homeomor-
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phic_map X' (subtopology X" (g ‘ topspace X)) g
using assms by (auto simp: embedding_map__def)

then obtain C where g ‘ topspace X' N C = (g o f) * topspace X

using continuous _map__image__subset__topspace homeomorphic__imp_ continuous__map
by fastforce

then have homeomorphic_map (subtopology X' (f ¢ topspace X)) (subtopology
X" ((g o f)  topspace X)) g

by (metis hm homeomorphic__eq everything_map homeomorphic_map__subtopologies
image__comp subtopology _subtopology topspace__subtopology)

then show ?thesis

unfolding embedding _map__def

using hm(1) homeomorphic_map_ compose by blast
qed

lemma surjective__embedding _map:

embedding_map X Y f A f “ (topspace X) = topspace Y +— homeomorphic_map
XYf

by (force simp: embedding map _def homeomorphic__eq _everything map)

lemma embedding map_in_subtopology:

embedding_map X (subtopology Y S) f +— embedding_map X Y f A f * (topspace
X) C S (is ?lhs = ?rhs)
proof

show ?lhs = ?rhs

unfolding embedding map def

by (metis Int__subset_iff homeomorphic__imp__surjective_map inf lel subtopol-
ogy__restrict subtopology__subtopology topspace__subtopology)
qed (simp add: embedding map __def inf.absorb_iff2 subtopology_subtopology)

lemma injective__open__imp__embedding _map:
[continuous_map X Y f; open_map X Y f; inj _on f (topspace X)]| = embed-
ding_map X Y f
unfolding embedding map_ def homeomorphic_map__ def
by (simp add: image__subset_iff funcset continuous map__in_ subtopology con-
tinuous__open__quotient _map eq iff
open__map__imp__subset open_map__into__subtopology)

lemma injective_ closed_imp__embedding map:
[continuous_map X Y f; closed_map X Y f; inj_on f (topspace X)] = embed-
ding_map X Y f
unfolding embedding map_ def homeomorphic_map _def
by (simp add: closed_map_imp__subset closed _map _into_subtopology continu-
ous__closed__quotient__map
continuous_map__in__subtopology dual_order.eq iff image__subset_iff funcset)

lemma embedding map__imp__homeomorphic__space:
embedding _map X Y f = X homeomorphic__space (subtopology Y (f ‘ (topspace

X)))

unfolding embedding _map_ def
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using homeomorphic__space by blast

lemma embedding imp closed__map:
[embedding _map X Y f; closedin Y (f ¢ topspace X)]| = closed_map X Y f
by (meson closed _map_from__closed__subtopology embedding map__def homeo-
morphic_imp__closed_map)

lemma embedding imp_ closed _map _eq:
embedding _map X Y f = (closed_map X Y f +— closedin Y (f ¢ topspace X))
using closed__map__def embedding imp_closed_map by blast

1.13.19 Retraction and section maps

definition retraction__maps :: 'a topology = 'b topology = ('a = 'b) = ('b = 'a)
= bool
where retraction_maps X Y fg =
continuous_map X Y f N continuous_map Y X g A (Vz € topspace Y.

flgz) =)

definition section__map :: 'a topology = 'b topology = ('a = 'b) = bool
where section_map X Y f = 3 g. retraction_maps Y X g f

definition retraction_map :: 'a topology = 'b topology = ('a = 'b) = bool
where retraction_map X Y f = 3 g. retraction_maps X Y f g

lemma retraction__maps _eq:
[retraction_maps X Y f g; Nz. x© € topspace X => fz = [’ z; \z. € topspace
Y = gz =g 1]
= retraction_maps X Y [’ g’
unfolding retraction_maps def
by (metis continuous_map__eq continuous _map__image _subset_topspace imagefsubsetiiﬁ)

lemma section__map_eq:
[section_map X Y f; N\z. z € topspace X = fz = g 2] = section_map X Y

g
unfolding section__map__def using retraction__maps_eq by blast

lemma retraction__map__ eq:

[retraction_map X Y f; Nz. x € topspace X => fx = g z] = retraction_map
XYy

unfolding retraction__map _def using retraction__maps_eq by blast

lemma homeomorphic__imp_ retraction__maps:
homeomorphic_maps X Y f g = retraction_maps X Y f g
by (simp add: homeomorphic_maps_def retraction__maps__def)

lemma section__and__retraction__eq homeomorphic_map:
section_map X Y f A retraction_map X Y f <— homeomorphic_map X Y f
(is ?lhs = ?rhs)
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proof
assume ?lhs
then obtain ¢ where homeomorphic_maps X Y f g
unfolding homeomorphic_maps__def retraction__map__def section__map__def
by (smt (verit) Pi_iff continuous_map__def retraction_maps__def)
then show %rhs
using homeomorphic_map_maps by blast
next
assume ?rhs
then show ?lhs
unfolding retraction__map_def section__map_def
by (meson homeomorphic_imp_ retraction__maps homeomorphic_map__maps
homeomorphic_maps__sym,)
qed

lemma section__imp__embedding map:
section_map X Y f = embedding _map X Y f
unfolding section__map_def embedding map__def homeomorphic_map__maps re-
traction__maps__def homeomorphic_maps__def
by (force simp: continuous _map__in__subtopology continuous _map__from__subtopology)

lemma retraction_imp quotient _map:
assumes retraction_map X Y f
shows quotient _map X Y f
unfolding quotient _map_ def
proof (intro conjl subsetl alll impl)
show f ¢ topspace X = topspace Y
using assms by (force simp: retraction_map__def retraction_maps__def contin-
uwous_map__def Pi_iff)
next
fix U
assume U: U C topspace Y
have openin Y U
if Vaxetopspace Y. g x € topspace X ¥ x€topspace Y. f (g x) = x
openin Y {x € topspace Y. g x € {z € topspace X. fz € U}} for g
using openin__subopen U that by fastforce
then show openin X {z € topspace X. fz € U} = openin Y U
using assms by (auto simp: retraction__map__def retraction_maps_def contin-
uwous_map__def Pi_iff)
qed

lemma retraction__maps__compose:
[retraction_maps X Y f [’ retraction_maps Y Z g g'] = retraction_maps X
Z(g0f) (f'og)
unfolding retraction__maps_def
by (metis comp__def continuous_map__compose continuous_map__image__subset_topspace
image__subset_iff)

lemma retraction__map__compose:
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[retraction_map X Y f; retraction_map Y Z g] = retraction_map X Z (g o

f)

by (meson retraction__map__def retraction_maps__compose)

lemma section__map__compose:
[section_map X Y f; section_map Y Z g] = section_map X Z (g o f)
by (meson retraction__maps__compose section__map__def)

lemma surjective_section__eq homeomorphic_map:
section_map X Y f N f ¢ (topspace X) = topspace Y <— homeomorphic_map
XYf
by (meson section__and__retraction__eq _homeomorphic_map section__imp__embedding map
surjective__embedding _map)

lemma surjective_retraction__or__section__map:
f ¢ (topspace X) = topspace Y = retraction_map X Y f V section_map X Y
f «— retraction_map X Y f
using section__and__retraction__eq homeomorphic__map surjective__section__eq homeomorphic__map
by fastforce

lemma retraction__imp__surjective__map:
retraction_map X Y f = f ¢ (topspace X) = topspace Y
by (simp add: retraction__imp__quotient_map quotient__imp__surjective_map)

lemma section__imp__injective__map:
[section_map X Y f; © € topspace X; y € topspace X| = fz =fy+—x =1y
by (metis (mono__tags, opaque_lifting) retraction_maps_def section_map__def)

lemma retraction__maps _to_retract_maps:
retraction_maps X Y r s
= retraction_maps X (subtopology X (s ¢ (topspace Y))) (s o r) id
unfolding retraction__maps def
by (auto simp: continuous map_compose continuous map_ into_ subtopology
continuous_map__from__subtopology)

1.13.20 Continuity

lemma continuous on__open:
continuous_on S f +—
(VT. openin (top_of set (f S)) T — openin (top_of set S) (SNf—*T))
unfolding continuous on__open__invariant openin__open Int__def vimage__def Int__commute
by (simp add: imp__ex imagel conj_commute eq_commute cong: conj_cong)

lemma continuous on_ closed:
continuous_on S f +—
(VW T. closedin (top_of set (f ¢ S)) T — closedin (top_of _set S) (SN f —*
T))
unfolding continuous on_ closed_invariant closedin_ closed Int_def vimage__def
Int_commute
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by (simp add: imp__ex imagel conj_commute eq _commute cong: conj_cong)

lemma continuous on__imp_ closedin:
assumes continuous_on S f closedin (top_of set (f*S)) T
shows closedin (top_of set S) (SN f —°T)
using assms continuous__on__closed by blast

lemma continuous_map__subtopology _eu [simp):

continuous_map (top__of set S) (subtopology euclidean T) h <— continuous__on
ShAnheS—=T

by (simp add: continuous _map__in__subtopology)

lemma continuous _map _euclidean_top_ of set:

assumes eq: f —°S = UNIV and cont: continuous _on UNIV f

shows continuous_map euclidean (top_of set S) f

using cont continuous _map_iff _continuous?2 continuous_map__into__subtopology
eq by blast

1.13.21 Half-global and completely global cases

lemma continuous_openin__preimage__gen:
assumes continuous_on S f open T
shows openin (top_of set S) (SN f —*T)
proof —
have x: (SNf—T)=(SnNnf-(TnNnf*9)
by auto
have openin (top_of set (f < S)) (T N f*5S)
using openin_open_Intlof T f * S, OF assms(2)] unfolding openin_ open by
auto
then show %thesis
by (metis x assms(1) continuous_on__open)
qed

lemma continuous closedin__preimage:
assumes continuous _on S [ and closed T
shows closedin (top_of set S) (SN f —*T)
proof —
have x: (SNf—T)=(SNnf—-(TNf*9))
by auto
have closedin (top_of set (f*S)) (T Nnf*S)
using closedin__closed_Intlof T f ¢S, OF assms(2)]
by (simp add: Int_commute)
then show ?thesis
by (metis x assms(1) continuous on__closed)
qed

lemma continuous openin__preimage__eq:
continuous_on S f «— (VY T. open T — openin (top_of set S) (SN f —*T))
by (metis Int_commute continuous _on__open__invariant open__openin openin__subtopology)
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lemma continuous closedin__preimage__eq:
continuous_on S f +—
(VT. closed T — closedin (top_of set S) (SNf—*T))
by (metis Int_commute closedin__closed continuous__on__closed_invariant)

lemma continuous__open_ preimage:
assumes continuous_on S f and open S open T
shows open (SN f —<T)
by (metz’s Int__commute assms contz’nuousioniopenivimage)

lemma continuous_closed_preimage:
assumes continuous_on S f and closed S closed T
shows closed (SN f —*T)
by (metis assms closed_vimage _Int inf commute)

lemma continuous_open__vimage: open S = (A\xz. continuous (at x) f) = open

(f =9

by (metis continuous_on__eq continuous__within open_vimage)

lemma continuous_closed_vimage: closed S = (Az. continuous (at z) f) =
closed (f —*9)
by (simp add: closed__vimage continuous__on__eq__continuous_within)

lemma Times in__interior__subtopology:
assumes (z, y) € U openin (top_of set (S x T)) U
obtains V W where openin (top_of set S) Vo e V
openin (top_of set T) Wy e W (V x W) C U
proof —
from assms obtain F where open EU =S x TNE (z,y) e Ex€ Sye T
by (auto simp: openin__open)
from open_ prod__elim[OF <open E» «(z, y) € E)]
obtain E! E2 where open EI open E2 (z,y) € E1 x E2El x E2 C E
by blast
show ?thesis
proof
show openin (top_of set S) (E1 N S) openin (top_of set T) (E2 N T)
using <open E1y <open E2) by (auto simp: openin__open)
showz € FINSye E2NT
using «(z, y) € E1 x E2) <z € S) <y € T» by auto
show (EI NS)x (E2NT)CU
using <E1 x E2 C E» <U = _» by auto
qed
qed

lemma closedin__Times:
closedin (top_of set S) S' = closedin (top_of set T) T' =
closedin (top_of set (S x T)) (S x T
unfolding closedin__closed using closed_Times by blast
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lemma openin__ Times:
openin (top_of set S) S’ = openin (top_of set T) T' =
openin (top_of set (S x T)) (S' x T
unfolding openin__open using open_ Times by blast

lemma openin_ Times eq:
fixes S :: ‘a::topological__space set and T :: 'b::topological _space set
shows
openin (top_of set (S x T)) (8' x T') +—
S'={}Vv T'={} V openin (top_of set S) S’ A openin (top_of set T) T’
(is ?lhs = ?rhs)
proof (cases ' ={} Vv T'={})
case True
then show ?thesis by auto
next
case Fulse
then obtain z y where z € S'y € T’
by blast
show ?thesis
proof
assume ?lhs
have openin (top_of set S) S’
proof (subst openin__subopen, clarify)
show 3 U. openin (top_of set S) UNz € UANUC S'ifz e S for z
using that <y € T"» Times__in__interior__subtopology [OF __ <?lhs», of z y]
by simp (metis mem__Sigma__iff subsetD subsetl)
qed
moreover have openin (top_of _set T) T’
proof (subst openin__subopen, clarify)
show 3 U. openin (top_of set T) UNye UNUC T'ifye T'for y
using that <z € S’ Times_in_interior_subtopology [OF __ <?lhs), of x y]
by (smt (verit) mem_ Sigma__iff subset_iff)
qed
ultimately show ¢rhs
by simp
next
assume ?rhs
with False show ?ihs
by (simp add: openin__Times)
qed
qed

lemma Lim__transform__ within__openin:
assumes f: (f —— 1) (at a within T)
and openin (top_of set T) Sa € S
and e¢: \z. [z € S;2# ] = fz =gz
shows (¢ —— 1) (at a within T)
proof —
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have Vg zin at a within T. x € T Nz # a
by (simp add: eventually at_filter)
moreover
from <openin __ _ ) obtain U where open US =T N U
by (auto simp: openin__open)
then have a € U using «a € S» by auto
from topological_tendstoD[OF tendsto__ident__at <open U» <a € U]
have V i z in at a within T. x € U by auto

ultimately
have Vg z in at a within T. fx = g«
by eventually_elim (auto simp: <S = _» eq)

with f show ?thesis
by (rule Lim__transform__eventually)
qed

lemma continuous__on__open__gen:
assumes f € S —» T
shows continuous_on S f +—
(VY U. openin (top_of _set T) U
— openin (top_of set S) (SN f —<U))
(is ?lhs = %rhs)
proof
assume ?lhs
with assms show ?rhs
by (metis continuous_map__openin__preimage__eq continuous__map__subtopology__eu
topspace__euclidean__subtopology)
next
assume R [rule_format]: ?rhs
then show ?lhs
proof (clarsimp simp add: continuous__openin__preimage__eq)
show AT. open T = openin (top_of set S) (SNf—*T)
by (metis (no__types) R assms image__subset iff funcset image__subset_iff subset_vimage
inf.orderE inf_assoc openin__open__Int vimage__Int)
qed
qed

lemma continuous openin__preimage:
[continuous_on S f; f € S — T; openin (top_of set T) U]
= openin (top_of set S) (SN f—<U)
by (simp add: continuous_on__open__gen)

lemma continuous on__closed__gen:

assumes f € § — T

shows continuous_on S f +—

(Y U. closedin (top_of set T) U
— closedin (top_of _set S) (SN f —<U))

proof —

have . UC T = SNf—-“(T-U)=85—-(Snf—-U)for U

using assms by blast
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then show %thesis
unfolding continuous_on__open__gen [OF assms]
by (metis closedin__def inf.coboundedl openin__closedin__eq topspace__euclidean__subtopology)
qed

lemma continuous closedin__preimage gen:
assumes continuous_on S ff € S — T closedin (top_of set T) U
shows closedin (top_of set S) (SN f—°U)
using assms continuous__on__closed__gen by blast

lemma continuous transform__within__openin:
assumes continuous (at a within T) f
and openin (top_of set T) Sa € S
and e¢: A\z. 2 €S = fz=g=z
shows continuous (at a within T) g
using assms by (simp add: Lim__transform__within__openin continuous_within)

1.13.22 The topology generated by some (open) subsets

In the definition below of a generated topology, the Empty case is not nec-
essary, as it follows from UN taking for K the empty set. However, it is
convenient to have, and is never a problem in proofs, so I prefer to write it
down explicitly.

We do not require UNIV to be an open set, as this will not be the case
in applications. (We are thinking of a topology on a subset of UNIV, the
remaining part of UNIV being irrelevant.)

inductive generate__topology__on for S where
Empty: generate_topology _on S {}
| Int: generate__topology _on S a = generate__topology_on S b = generate__topology__on
S (anb)
| UN: (Ak. k € K = generate__topology_on S k) => generate__topology_on S
(UK)

| Basis: s € S = generate__topology_on S s

lemma istopology_generate topology on:
istopology (generate__topology_on S)
unfolding istopology def by (auto intro: generate topology on.intros)

The basic property of the topology generated by a set S is that it is the
smallest topology containing all the elements of S:

lemma generate__topology__on__coarsest:
assumes T: istopology T NS. S € S = TS
and gen: generate__topology on S s0
shows T s0
using gen
by (induct rule: generate_topology__on.induct) (use T in <auto simp: istopology__def»)
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abbreviation topology_generated_by::('a set set) = (‘a topology)
where topology_generated_by S = topology (generate__topology on S)

lemma openin__topology generated_ by iff:
openin (topology__generated_by S) s «— generate_topology_on S s
using topology__inverse’|OF istopology__generate__topology on[of S]] by simp

lemma openin_ topology generated_ by:
openin (topology_generated_by S) s = generate_topology _on S s
using openin__topology generated by _iff by auto

lemma topology _generated_ by _topspace [simp]:
topspace (topology generated by S) = (IJS)
proof
{
fix S assume openin (topology__generated_by S) S
then have generate_topology_on S S by (rule openin__topology _generated__by)
then have S C (|JS) by (induct, auto)
}
then show topspace (topology generated by S) C (IJS)
unfolding topspace def by auto
next
have generate__topology_on S (US)
using generate__topology_on.UN|[OF generate_topology_on.Basis, of S S] by
stmp
then show (|JS) C topspace (topology generated by S)
unfolding topspace_def using openin__topology generated by iff by auto
qed

lemma topology generated_ by Basis:
s € 8§ = openin (topology_generated by S) s
by (simp add: Basis openin__topology__generated_by_ iff)

lemma generate_topology_on__ Inter:

[finite F; NK. K € F = generate_topology_on S K; F # {}] = gener-
ate__topology_on S (N F)

by (induction F rule: finite_induct; force intro: generate topology on.intros)

1.13.23 Topology bases and sub-bases

lemma istopology_base__alt:
istopology (arbitrary union__of P) +—
(VS T. (arbitrary union_of P) S A (arbitrary union_of P) T
— (arbitrary union_of P) (SN T))
by (simp add: istopology__def) (blast intro: arbitrary_union__of Union)

lemma istopology base__eq:
istopology (arbitrary union_ of P) +—
(VS T.PSANPT — (arbitrary union_of P) (S N T))


Abstract{_}{\kern 0pt}Topology.html

362

by (simp add: istopology_base__alt arbitrary_union__of Int_eq)

lemma istopology base:
(NST.[PS; PT] = P(SN T)) = istopology (arbitrary union__of P)
by (simp add: arbitrary_def istopology_base__eq union__of inc)

lemma openin__topology_base__unique:
openin X = arbitrary union_ of P +—
VV.PV — openin X V) NVUz. openin X UNz e U — (3V.PV
Nz eV AVCU)
(is 2lhs = ?rhs)
proof
assume ?lhs
then show ?rhs
by (auto simp: union__of _def arbitrary__def)
next
assume R: ?rhs
then have x: 3UC Collect P. | JU = S if openin X S for S
using that by (rule_tac z={V. P V AV C S} in exl) fastforce
from R show ?lhs
by (fastforce simp add: union__of _def arbitrary__def intro: *)
qed

lemma topology__base__unique:
assumes \S. P S = openin X S
AU z. [openin X U; x € Ul = 3IB.PBAz € BANBCU
shows topology (arbitrary union_of P) = X
proof —
have X = topology (openin X)
by (simp add: openin__inverse)
also from assms have openin X = arbitrary union_ of P
by (subst openin__topology_base unique) auto
finally show ?thesis ..
qed

lemma topology bases eq aux:
[(arbitrary union_of P) S;
NUz. [PU,z2€ U]l =3V.QVAzeVAVCU]
= (arbitrary union_of @) S
by (metis arbitrary_union__of _alt arbitrary_union_ of idempot)

lemma topology bases eq:
INUz. [PU;2€ U] =3V.QVAzeVAVCU;
ANVz [QV,z2e V]=3U.PUANzec UANUCYV]
= topology (arbitrary union_ of P) =
topology (arbitrary union_of Q)
by (fastforce intro: arg _cong [where f=topology] elim: topology bases eq aux)

lemma istopology subbase:
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istopology (arbitrary union__of (finite intersection__of P relative_to S))
by (simp add: finite_intersection__of Int istopology_base relative to Int)

lemma openin__subbase:

openin (topology (arbitrary union_of (finite intersection__of B relative_to U)))
S

+— (arbitrary union__of (finite intersection__of B relative_to U)) S

by (simp add: istopology__subbase topology_inverse’)

lemma topspace__subbase [simp]:
topspace(topology (arbitrary union_of (finite intersection__of B relative_to U)))
= U (is ?lhs = _)
proof
show ?lhs C U
by (metis arbitrary_union_of relative to openin_subbase openin__topspace
relative__to__imp__subset)
show U C ?lhs
by (metis arbitrary_union_of inc finite_intersection_of empty inf.orderE
istopology__subbase
openin__subset relative_to_inc subset_ UNIV topology_inverse')
qed

lemma minimal_topology_subbase:
assumes X: AS. P .S = openin X S and openin X U
and S: openin(topology(arbitrary union_ of (finite intersection_of P relative__to
v))) S
shows openin X S
proof —
have (arbitrary union__of (finite intersection__of P relative _to U)) S
using S openin__subbase by blast
with X <openin X U> show ?thesis
by (force simp add: union__of def intersection_of _def relative_to_def intro:
openin__Int_ Inter)
qed

lemma istopology subbase UNIV:
istopology (arbitrary union__of (finite intersection_of P))
by (simp add: istopology__base finite_intersection__of _Int)

lemma generate_topology on__eq:

generate__topology_on S = arbitrary union__of finite’ intersection_of (Az. x €
S) (is ?lhs = ?rhs)
proof (intro ext iffI)

fix A

assume ?lhs A

then show ?rhs A

proof induction

case (Int a b)
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then show Zcase
by (metis (mono__tags, lifting) istopology_base__alt finite’ _intersection_of Int
istopology__base)
next
case (UN K)
then show Zcase
by (simp add: arbitrary_union__of Union)
next
case (Basis s)
then show ?case
by (simp add: Sup__upper arbitrary__union__of _inc finite’ _intersection__of _inc
relative__to__subset_inc)
qed auto
next
fix A
assume ?rhs A
then obtain ¢/ where U: ANT. T e Y = I F. finite’' FAFCSANF=T
and e¢: A =JU
unfolding union_of def intersection_of def by auto
show ?lhs A
unfolding eq
proof (rule generate_topology on.UN)
fix T
assume T € U
with U/ obtain F where finite’ F F C SNF =T
by blast
have generate_topology_on S ((F)
proof (rule generate_topology on_ Inter)
show finite F F # {}
by (auto simp: <finite’ F»)
show AK. K € F = generate_topology _on S K
by (metis <F C S» generate_topology__on.simps subset_iff)
qed
then show generate topology_on S T
using «F = 1) by blast
qed
qed

lemma continuous on__generated__topo_ iff:
continuous_map T1 (topology generated by S) f «—
(WVU. U €S — openin T1 (f— U N topspace(T1))) A (f(topspace T1) C
U 9)))
unfolding continuous map__alt topology generated by topspace
proof (auto simp add: topology generated by _Basis)
assume H:VU. U € S — openin T1 (f —¢ U N topspace T1)
fix U assume openin (topology_generated_by S) U
then have generate_topology _on S U by (rule openin__topology generated by)
then show openin T1 (f —¢ U N topspace T1)
proof (induct)
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fix a b
assume H: openin T1 (f —¢ a N topspace T1) openin T1 (f —*b N topspace
T1)
have f —‘ (a N b) N topspace T1 = (f—‘a N topspace T1) N (f—‘b N topspace
T1)
by auto
then show openin T1 (f —‘ (a N b) N topspace T1) using H by auto
next
fix K
assume H: openin T1 (f —‘k N topspace T1) if ke K for k
define L where L = {f —‘k N topspace T1|k. k € K}
have *: openin T1 [ if | €L for [ using that H unfolding L_ def by auto
have openin T1 (|J L) using openin_ Union[OF x| by simp
moreover have (|JL) = (f —‘|J K N topspace T1) unfolding L_def by auto
ultimately show openin T1 (f —‘|J K N topspace T1) by simp
qed (auto simp add: H)
qged

lemma continuous on__generated__topo:
assumes A\U. U €S = openin T1 (f—‘U N topspace(T1))
fi(topspace T1) C (J S)
shows continuous_map T1 (topology_generated_by S) f
using assms continuous__on__generated__topo__iff by blast

1.13.24 Continuity via bases/subbases, hence upper and lower
semicontinuity

lemma continuous map__into__topology__ base:
assumes P: openin Y = arbitrary union_ of P
and f: Az. z € topspace X = fx € topspace Y
and ope: AU. P U = openin X {z € topspace X. fz € U}
shows continuous_map X Y f
proof —
have x: AU. (\t. t € U = P t) = openin X {x € topspace X. 3UEU. fx €
U}
by (smt (verit) Ball_Collect ope mem__Collect _eq openin__subopen)
show ?thesis
using P by (auto simp: continuous_map_def arbitrary_def union_of def
introl: f x)
qed

lemma continuous map__into_topology base_eq:

assumes P: openin Y = arbitrary union_of P

shows

continuous_map X Y f +—

| € topspace X — topspace Y N (Y U. P U — openin X {z € topspace X. fz

€ U})

(is 2lhs=?rhs)
proof
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assume L: ?lhs
then have f € topspace X — topspace Y
by (simp add: continuous_map_ funspace)
moreover have AU. P U = openin X {z € topspace X. fz € U}
using L assms continuous_map openin__topology base__unique by fastforce
ultimately show ¢rhs by auto
qed (simp add: assms Pi_iff continuous _map__into__topology_base)

lemma continuous map__into_topology subbase:
fixes U P
defines Y = topology(arbitrary union_of (finite intersection_of P relative_to
U))
assumes f: A\z. z € topspace X = fx € topspace Y
and ope: AU. P U = openin X {x € topspace X. fz € U}
shows continuous_map X Y f
proof (intro continuous_map__into__topology_base)
show openin Y = arbitrary union__of (finite intersection__of P relative_to U)
unfolding Y _def using istopology_subbase topology inverse’ by blast
show openin X {x € topspace X. fz € V}
if §: (finite intersection_of P relative_to U) V for V
proof —
define finv where finv = A\V. {z € topspace X. fz € V}
obtain U where U: finite U N\V.V eld = PV
{z € topspace X. fz € V} = (NV € insert U U. finv V)
using § by (fastforce simp: finv_def intersection_of _def relative_to_ def)
show ?thesis
unfolding U
proof (intro openin__Inter ope)
have U: U = topspace Y
unfolding Y def using topspace subbase by fastforce
fix V
assume V: V € finv ‘insert U U
with U f have openin X {z € topspace X. fz € U}
by (auto simp: openin__subopen [of X Collect __])
then show openin X V
using V U(2) ope by (fastforce simp: finv_def)
qged (use «finite U> in auto)
qed
qed (use f in auto)

lemma continuous map__into_topology subbase__eq:

assumes Y = topology(arbitrary union_ of (finite intersection_of P relative_to
v))

shows

continuous_map X Y f +—

f € topspace X — topspace Y N (VW U. P U — openin X {z € topspace X. fz

e U})

(is ?lhs=?rhs)
proof
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assume L: ?lhs
show ?2rhs
proof (intro conjl strip)
show [ € topspace X — topspace Y
using L continuous _map__def by fastforce
fix V
assume P V
have U = topspace Y
unfolding assms using topspace subbase by fastforce
then have eq: {z € topspace X. fx € V} = {x € topspace X. fx € UN V}
using L by (auto simp: continuous_map)
have openin Y (U N V)
unfolding assms openin__subbase
by (meson <P V» arbitrary_union__of inc finite_intersection_of inc rela-
tive_to_inc)
show openin X {z € topspace X. fz € V}
using L <openin Y (U N V)» continuous_map eq by fastforce
qed
next
show ?rhs = ?lhs
unfolding assms
by (intro continuous_map__into_topology__subbase) auto
qed

lemma subbase__subtopology euclidean:
fixes U :: 'a::order_topology set
shows
topology
(arbitrary union_ of
(finite intersection_of (Ax. x € range greaterThan U range lessThan) rela-
tive_to U))
= subtopology euclidean U
proof —
have 3 V. (finite intersection_of (Ax. © € range greaterThan V x € range
lessThan)) VNz e VAV C W
if open Wx € W for W and z::'a
using <open W» [unfolded open__generated_order] <x € W)
proof (induct rule: generate_topology.induct)
case UNIV
then show ?case
using finite_intersection__of empty by blast
next
case (Int a b)
then show ?Zcase
by (meson Int_iff finite_intersection_of Int inf mono)
next
case (UN K)
then show ?case
by (meson Union__iff subset_iff)
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next
case (Basis s)
then show ?case
by (metis (no__types, lifting) Un__iff finite_intersection_of inc order _refl)
qed
moreover
have A\ V::'a set. (finite intersection_of (Az. x € range greaterThan V x € range
lessThan)) V. = open V
by (force simp: intersection_of _def subset_iff)
ultimately have x: openin (euclidean::'a topology) =
(arbitrary union__of (finite intersection_of (Az. x € range greaterThan V
x € range lessThan)))
by (smt (verit, best) openin__topology base__unique open__openin)
show ?thesis
unfolding subtopology__def arbitrary_union__of _relative_to [symmetric]
apply (simp add: relative_to__def flip: *)
by (metis Int_commute)
qed

lemma continuous map__upper_lower _semicontinuous It _gen:
fixes U :: 'a::order_topology set
shows continuous_map X (subtopology euclidean U) f +—
(Vz € topspace X. fz € U) A
(Va. openin X {z € topspace X. fx > a}) A
(Va. openin X {z € topspace X. fz < a})
by (auto simp: continuous_map__into__topology_subbase__eq [OF subbase__subtopology__euclidean
[symmetric, of U]]
greaterThan__def lessThan__def image_iff simp flip: all_simps)

lemma continuous map__upper lower _semicontinuous_It:
fixes f :: 'a = 'b::order_topology
shows continuous_map X euclidean f +—
(Va. openin X {z € topspace X. fx > a}) A
(Va. openin X {z € topspace X. fx < a})
using continuous_map_ upper_lower__semicontinuous_lt_gen [where U=UNIV]
by auto

lemma Int_Collect_imp_eq: AN {x. €A — Pz} = {z€A. P z}
by blast

lemma continuous _map__upper_lower__semicontinuous_le_ gen:
shows
continuous_map X (subtopology euclideanreal U) [ +—

(Vz € topspace X. fz € U) A
(Va. closedin X {x € topspace X. fz > a}) A
(Va. closedin X {x € topspace X. fz < a})

unfolding continuous map_upper lower _semicontinuous_Ilt_gen

by (auto simp: closedin__def Diff eq Compl_eq not_le Int_ Collect_imp__eq)
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lemma continuous map__upper_lower _semicontinuous le:
continuous_map X euclideanreal f +—
(Va. closedin X {x € topspace X. fx > a}) A
(Va. closedin X {x € topspace X. fx < a})
using continuous_map__upper_lower__semicontinuous_le_gen [where U=UNIV]
by auto

lemma continuous _map_upper_lower _semicontinuous_lte gen:
continuous_map X (subtopology euclideanreal U) f +—
(Vz € topspace X. fz € U) A
(Va. openin X {z € topspace X. fz < a}) A
(Va. closedin X {z € topspace X. fz < a})
unfolding continuous map_upper_lower _semicontinuous It _gen
by (auto simp: closedin__def Diff _eq Compl_eq not_le Int_ Collect_imp__eq)

lemma continuous map__upper_lower__semicontinuous_lte:
continuous_map X euclideanreal f +—
(Va. openin X {z € topspace X. fx < a}) A
(Va. closedin X {x € topspace X. fx < a})
using continuous_map__upper_lower _semicontinuous lte_gen [where U=UNIV|
by auto

1.13.25 Pullback topology

Pulling back a topology by map gives again a topology. subtopology is a
special case of this notion, pulling back by the identity. We introduce the
general notion as we will need it to define the strong operator topology
on the space of continuous linear operators, by pulling back the product
topology on the space of all functions.

pullback__topology A f T is the pullback of the topology T by the map f on
the set A.

definition pullback_topology::('a set) = ('a = 'b) = (’b topology) = ('a topology)
where pullback_topology A f T = topology (AS. 3U. openin T U AN S = f—U
N A)

lemma istopology_pullback__topology:
istopology (A\S. 3 U. openin TU AN S = f—U N A)
unfolding istopology_def proof (auto)
fix K assume VSeK. 3U. openin TUNS =f—-"UnNA
then have 3 U. VSeK. openin T (US) NS =f-(US)NA
by (rule bchoice)
then obtain U where U: VSe€K. openin T (US) AN S =f-{(US)N A
by blast
define V where V = (|JSeK. U S)
have openin TV UK = f —° V N A unfolding V_def using U by auto
then show 3 V. openin TV A UK =f —°V N A by auto
qed


Abstract{_}{\kern 0pt}Topology.html

370

lemma openin__pullback__topology:

openin (pullback_topology A f T) S +— (FU. openin TU AN S = f—U N A)
unfolding pullback__topology_def topology _inverse’|OF istopology__pullback__topology]
by auto

lemma topspace__pullback__topology:
topspace (pullback_topology A f T) = f—(topspace T) N A
by (auto simp add: topspace__def openin__pullback__topology)

proposition continuous_map__pullback [intro]:
assumes continuous_map T1 T2 g
shows continuous_map (pullback_topology A f T1) T2 (g o f)
unfolding continuous map alt
proof (intro conjl strip)
fix U::'b set assume openin T2 U
then have openin T1 (g— ‘U N topspace T1)
using assms unfolding continuous map alt by auto
have (g o f)—‘U N topspace (pullback _topology A f T1) = (g o f)—U N AN
f—“(topspace T1)
unfolding topspace__pullback_topology by auto
also have ... = f—{(g— ‘U N topspace T1) N A
by auto
also have openin (pullback _topology A f T1) (...)
unfolding openin_pullback topology using <openin T1 (g— ‘U N topspace T1)»
by auto
finally show openin (pullback_topology A f T1) ((g o f) —¢ U N topspace
(pullback_topology A f T1))
by auto
next
show g o f € topspace (pullback_topology A f T1) — topspace T2
using assms unfolding continuous map__def topspace pullback__topology
by fastforce
qed

proposition continuous_map__pullback’ [intro:
assumes continuous_map T1 T2 (f o g) topspace T1 C g—‘A
shows continuous_map T1 (pullback_topology A f T2) g
unfolding continuous _map_alt
proof (intro conjI strip)
fix U assume openin (pullback_topology A f T2) U
then have 3 V. openin T2 V NU =f—V N A
unfolding openin_ pullback_topology by auto
then obtain V where openin T2 VU = f—‘V N A
by blast
then have g —“ U N topspace T1 = g—{f—“V N A) N topspace T1
by blast
also have ... = (f o g)—‘V N (g—“A N topspace T1)
by auto
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also have ... = (f o g)—‘V N topspace T1
using assms(2) by auto
also have openin T1 (...)
using assms(1) <openin T2 V> by auto
finally show openin T1 (g —‘ U N topspace T1) by simp
next
show g € topspace T1 — topspace (pullback__topology A f T2)
using assms unfolding continuous map_def topspace pullback topology
by fastforce
qed

1.13.26 Proper maps (not a priori assumed continuous)

definition proper _map
where
proper_map X Y f =
closed_map X Y f AN (Vy € topspace Y. compactin X {x € topspace X. [z
=y})

lemma proper imp _closed_map:
proper_map X Y f = closed_map X Y f
by (simp add: proper_map__def)

lemma proper_map_imp_subset_topspace:
proper_map X Y f = f € (topspace X) — topspace Y
by (simp add: closed_map__imp__subset_topspace proper_map__def)

lemma proper _map__restriction:
assumes proper_map X Y f {z € topspace X. fx € V} = U
shows proper_map (subtopology X U) (subtopology Y V) f
proof —
have [simp]: {z € topspace X. fx € V A fz =y} = {z € topspace X. fz = y}
ifye Vfory
using that by auto
show ?thesis
using assms unfolding proper _map def using closed__map_ restriction
by (force simp: compactin__subtopology)
qed

lemma closed__injective__imp__proper__map:
assumes f: closed_map X Y f and inj: inj_on f (topspace X)
shows proper_map X Y f
unfolding proper _map_ def
proof (clarsimp simp: f)
show compactin X {z € topspace X. fz = y}
if y € topspace Y for y
using inj _on__eq iff [OF inj] that
proof —
have {z € topspace X. fx = y} = {} V (a € topspace X. {z € topspace X. f
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z =y} ={a})
using inj _on__eq iff [OF inj] by auto
then show ?thesis
using that by (metis (no__types, lifting) compactin__empty compactin__sing)
qed
qed

lemma injective_imp_ proper_eq closed map:
inj_on f (topspace X) = (proper_map X Y f <— closed_map X Y f)
using closed__injective__imp__proper_map proper_imp_ closed__map by blast

lemma homeomorphic__imp__proper_map:
homeomorphic_map X Y f = proper_map X Y f
by (simp add: closed__injective__imp__proper_map homeomorphic__eq everything map)

lemma compactin__proper_map_ preimage:
assumes f: proper_map X Y f and compactin Y K
shows compactin X {z. z € topspace X A fz € K}
proof —
have f € (topspace X) — topspace Y
by (simp add: f proper_map__imp__subset_topspace)
have *: A\y. y € topspace Y = compactin X {z € topspace X. f z = y}
using [ by (auto simp: proper_map__def)
show ?thesis
unfolding compactin__ def
proof clarsimp
show 3 F. finite F AN F CU N {x € topspace X. fo € K} CUF
if U: VUEeU. openin X U and sub: {z € topspace X. fz € K} C | JU
for U
proof —
have Vy € K. 3V. finite VAV CU A {z € topspace X. fz =y} C UV
proof
fix y
assume y € K
then have compactin X {z € topspace X. fz = y}
by (metis x <compactin Y K» compactin__subspace subsetD)
with <y € K» show 3V. finite VAV CU A {z € topspace X. fz =y} C
Uv
unfolding compactin__def using U sub by fastforce
qed
then obtain V where V: Ay. y € K = finite V y) AV yCU AN{z €
topspace X. fz =y} CUWNV vy)
by (metis (full_types))
define F where F = \y. topspace Y — f ‘ (topspace X — J(V y))
have 3F. finite FANFCF‘KANKCUF
proof (rule compactinD [OF <compactin Y K>])
have A\z. v € K = closedin Y (f ‘ (topspace X — |J(V z)))
using [ unfolding proper _map_def closed_map__def
by (meson U V openin__ Union openin__closedin__eq subsetD)



Abstract__Topology.thy 373

then show openin Y U if U € F ‘ K for U
using that by (auto simp: F__def)
show K C |J(F ‘K)
using V (compactin Y K) unfolding F _def compactin__def by fastforce
qed
then obtain J where finite J J C K and J: K C |J(F ‘J)
by (auto simp: ex_ finite_subset_image)
show ?thesis
unfolding F'_def
proof (intro exl conjI)
show finite (J (V ¢ J))
using V «J C K (finite J» by blast
show J(V ‘J) CU
using V «J C K) by blast
show {z € topspace X. fz € K} CUWUUJWV ‘J))
using J «J C K» unfolding F_def by auto
ged
ged
qed
qed

lemma compact__space__proper__map__preimage:
assumes f: proper_map X Y f and fim: f ¢ (topspace X) = topspace Y and
compact__space Y
shows compact_space X
proof —
have eq: topspace X = {z € topspace X. f x € topspace Y}
using fim by blast
moreover have compactin Y (topspace Y)
using <compact_space Y compact_space__def by auto
ultimately show ?Zthesis
unfolding compact_space_def
using eq f compactin__proper_map_preimage by fastforce
qed

lemma proper_map_ alt:
proper_map X Y f +—
closed_map X Y f N (VK. compactin Y K — compactin X {z. x € topspace
XA fze K})
proof (intro iffl conjI alll impl)
show compactin X {z € topspace X. fz € K}
if proper_map X Y f and compactin Y K for K
using that by (simp add: compactin_proper_map__preimage)
show proper_map X Y f
if f: closed_map X Y f A (VK. compactin Y K — compactin X {x € topspace
X. fz e K})
proof —
have compactin X {x € topspace X. fx = y} if y € topspace Y for y
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proof —
have compactin X {z € topspace X. fz € {y}}
using f compactin__sing that by fastforce
then show ?thesis
by auto
qed
with f show ?thesis
by (auto simp: proper_map__def)
qed
qed (simp add: proper__imp__closed _map)

lemma proper_map__on__empty [simpl: proper_map trivial_topology Y f
by (auto simp: proper_map__def closed _map__on__empty)

lemma proper_map_id [simp):
proper_map X X id
proof (clarsimp simp: proper _map_alt closed_map_id)
fix K
assume K: compactin X K
then have {a € topspace X. a € K} = K
by (simp add: compactin__subspace subset__antisym subset_iff)
then show compactin X {a € topspace X. a € K}
using K by auto
qed

lemma proper _map__compose:
assumes proper_map X Y f proper_map Y Z g
shows proper_map X Z (g o f)

proof —

have closed _map X Y [ and f: AK. compactin Y K = compactin X {z €

topspace X. fz € K}

and closed_map Y Z g and g: AK. compactin Z K = compactin Y {z €

topspace Y. gz € K}
using assms by (auto simp: proper _map__alt)
show ?thesis
unfolding proper _map_ alt
proof (intro congl alll impl)
show closed_map X Z (g o f)

using «closed_map X Y f> <closed_map Y Z g closed_map_compose by

blast

have {z € topspace X. g (fz) € K} = {z € topspace X. fz € {b € topspace

Y.gbe K}} for K

using <closed_map X Y f» closed_map__imp_ subset_topspace by blast

then show compactin X {z € topspace X. (g o f) z € K}
if compactin Z K for K
using f [OF g [OF that]] by auto
qed
qed
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lemma proper_map__const:
proper_map X Y (Az. ¢) +— compact_space X N (X = trivial _topology V
closedin 'Y {c})
proof (cases X = trivial_topology)
case True
then show ?Zthesis
by simp
next
case Fulse
have x: compactin X {z € topspace X. ¢ = y} if compact_space X for y
using that unfolding compact_space def
by (metis (mono__tags, lifting) compactin__empty empty__subset] mem__Collect__eq
subsetl subset__antisym)
then show ?thesis
using closed__compactin closedin__subset
by (force simp: False proper_map__def closed__map__const compact__space__def)
qged

lemma proper _map __inclusion:
S C topspace X = proper_map (subtopology X S) X id «— closedin X S A
(Vk. compactin X k — compactin X (S N k))
by (metis closed__Int__compactin closed_map__inclusion__eq inf.absorb_iff2 inj on_id
injective__imp__proper__eq closed_map)

lemma proper_map__into__subtopology:
[proper_map X Y f; f € topspace X — C] = proper_map X (subtopology Y
C) f
by (simp add: closed_map _into__subtopology compactin__subtopology proper _map _alt)

lemma proper _map_from__composition__left:
assumes ¢f: proper_map X Z (g o f) and contf: continuous_map X Y f and
fim: f ¢ topspace X = topspace Y
shows proper_map Y Z g
unfolding proper _map_ def
proof (intro strip conjl)
show closed_map Y Z g
by (meson closed_map__from__composition_left gf contf fim proper_imp_ closed _map)
fix z assume z € topspace Z
have eq: {y € topspace Y. gy = 2z} = f ‘ {x € topspace X. (g o f) z = z}
using fim by force
show compactin Y {z € topspace Y. g z = z}
unfolding eq
proof (rule image__compactin [OF __ conif])
show compactin X {z € topspace X. (g o f) x = z}
using <z € topspace Z» gf proper_map_def by fastforce
qed
qed

lemma proper_map_from__composition__right__inj:
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assumes gf: proper_map X Z (g o f) and fim: f € topspace X — topspace YV
and contf: continuous_map Y Z g and inj: inj_on g (topspace Y)
shows proper_map X Y f
unfolding proper _map def
proof (intro strip conjl)
show closed _map X Y f
by (meson closed__map__from__composition__right assms proper__imp__closed__map)
fix y
assume y € topspace Y
with fim inj have eq: {x € topspace X. fx = y} = {z € topspace X. (g o f) =
=gy}
by (auto simp: Pi_iff inj _onD)
show compactin X {z € topspace X. fx = y}
using contf gf <y € topspace V>
unfolding eq continuous map__def proper _map__def
by blast
ged

1.13.27 Perfect maps (proper, continuous and surjective)

definition perfect _map
where perfect_map X Y f = continuous_map X Y f N proper_map X Y f A f
‘ (topspace X) = topspace Y

lemma homeomorphic__imp_ perfect__map:
homeomorphic_map X Y f = perfect_map X Y f
by (simp add: homeomorphic__eq _everything map homeomorphic_imp__proper_map
perfect _map__def)

lemma perfect_imp_quotient _map:
perfect_map X Y f = quotient_map X Y f
by (simp add: continuous__closed__imp__quotient__map perfect _map__def proper _map__def)

lemma homeomorphic__eq injective__perfect _map:
homeomorphic_map X Y f «— perfect_map X Y f A inj_on [ (topspace X)
using homeomorphic__imp__perfect__map homeomorphic_map__def perfect _imp__quotient _map
by blast

lemma perfect_injective _eq homeomorphic__map:
perfect_map X Y [ A inj_on [ (topspace X) <— homeomorphic_map X Y f
by (simp add: homeomorphic__eq injective_perfect _map)

lemma perfect _map_id [simp]: perfect_map X X id
by (simp add: homeomorphic__imp__perfect_map)

lemma perfect _map__compose:
[perfect_map X Y f; perfect_map Y Z g] = perfect_map X Z (g o f)
by (meson continuous__map__compose perfect_imp__quotient _map perfect_map__def
proper_map__compose quotient _map__compose__eq quotient _map _def)
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lemma perfect_imp_continuous__map:
perfect_map X Y f = continuous_map X Y f
using perfect_map__def by blast

lemma perfect_imp_closed_map:
perfect_map X Y f = closed_map X Y f
by (simp add: perfect _map __def proper _map__def)

lemma perfect_imp_proper _map:
perfect_map X Y f = proper_map X Y f
by (simp add: perfect_map__def)

lemma perfect _imp_surjective__map:
perfect_map X Y f = f ¢ (topspace X) = topspace Y
by (simp add: perfect_map_ def)

lemma perfect_map_ from__composition__left:
assumes perfect_map X Z (g o f) and continuous_map X Y f
and continuous _map Y Z g and [ ¢ topspace X = topspace Y
shows perfect_map Y Z g
using assms unfolding perfect _map_ def
by (metis image__comp proper_map__from__composition__left)

end

1.14 F-Sigma and G-Delta sets in a Topological
Space

An F-sigma set is a countable union of closed sets; a G-delta set is the dual.

theory FSigma
imports Abstract_Topology
begin

definition fsigma_in
where fsigma__in X = countable union_ of closedin X

definition gdelta_in
where gdelta_in X = (countable intersection_of openin X) relative_to topspace
X

lemma fsigma__in__ascending:

fsigma_in X S <— (3 C. (Vn. closedin X (Cn)) A (Vn. Cn C C(Suc n)) A
U (range C) = S)

unfolding fsigma_ in__def

by (metis closedin__Un countable _union_of ascending closedin__empty)
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lemma gdelta_in_ alt:
gdelta_in X S +— S C topspace X A (countable intersection__of openin X) S
proof —
have (countable intersection__of openin X) (topspace X)
by (simp add: countable_intersection__of inc)
then show ?thesis
unfolding gdelta_in_ def
by (metis countable _intersection__of _inter relative__to__def relative_to__imp subset
relative__to__subset_inc)
qed

lemma fsigma__in__subset: fsigma_in X S = S C topspace X
using closedin__subset by (fastforce simp: fsigma__in_def union_of def sub-

set_iff)

lemma gdelta_in_subset: gdelta_in X S = S C topspace X
by (simp add: gdelta__in__alt)

lemma closed_imp_fsigma__in: closedin X S = fsigma_in X S
by (simp add: countable union_of inc fsigma_in_def)

lemma open_imp_gdelta_in: openin X S = gdelta_in X S
by (simp add: countable _intersection_of inc gdelta_in__alt openin__subset)

lemma fsigma_in_empty [iff]: fsigma_in X {}
by (simp add: closed imp _fsigma__in)

lemma gdelta_in__empty [iff]: gdelta_in X {}
by (simp add: open_imp__gdelta_in)

lemma fsigma__in_topspace [iff]: fsigma_in X (topspace X)
by (simp add: closed imp _fsigma__in)

lemma gdelta_in__topspace [iff]: gdelta_in X (topspace X)
by (simp add: open_imp__gdelta_in)

lemma fsigma__in__ Union:
[countable T; NS. S € T = fsigma_in X S| = fsigma_in X (J T)
by (simp add: countable_union__of _Union fsigma__in__def)

lemma fsigma_in_ Un:
[fsigma_in X S; fsigma_in X T] = fsigma_in X (S U T)
by (simp add: countable_union_of Un fsigma__in_ def)

lemma fsigma_in_ Int:
[fsigma_in X S; fsigma_in X T] = fsigma_in X (S N T)

by (simp add: closedin__Int countable _union_of Int fsigma_in_ def)

lemma gdelta_in_ Inter:
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[countable T; T#{}; AS. S € T = gdelta_in X S| = gdelta_in X (N T)
by (simp add: Inf less _eq countable intersection__of Inter gdelta_in_alt)

lemma gdelta_in_ Int:
lgdelta_in X S; gdelta_in X T| = gdelta_in X (S N T)
by (simp add: countable_intersection_of inter gdelta_in__alt le_infI2)

lemma gdelta_in_ Un:
lgdelta_in X S; gdelta_in X T]| = gdelta_in X (S U T)
by (simp add: countable intersection__of union gdelta_in__alt openin_Un)

lemma fsigma__in_ diff:
assumes fsigma_in X S gdelta_in X T
shows fsigma_in X (S — T)

proof —
have [simp]: S — (SN T)=8— Tfor ST :: aset
by auto
have [simp]: topspace X — (T = (U TE€T. topspace X — T) for T
by auto

have AT. [countable T; T C Collect (openin X)] =
(countable union__of closedin X) (U ((—) (topspace X) “T))

by (metis Ball_Collect countable__union__of UN countable_union__of inc openin__closedin__eq)

then have V S. gdelta_in X S — fsigma_in X (topspace X — §)

by (simp add: fsigma__in__def gdelta_in__def all_relative to all_intersection_ of
del: UN_simps)

then show ?thesis

by (metis Diff _Int2 Diff Int_distrib2 assms fsigma__in__Int fsigma__in_ subset

inf.absorb__iff2)
qed

lemma gdelta_in__diff:
assumes gdelta_in X S fsigma_in X T
shows gdelta_in X (S — T)
proof —
have [simp]: topspace X — |JT = topspace X N ((\TET. topspace X — T) for
T
by auto
have AT. [countable T; T C Collect (closedin X)]
= (countable intersection__of openin X relative__to topspace X)
(topspace X N () ((—) (topspace X) *T))
by (metis Ball Collect closedin__def countable intersection_of INT count-
able__intersection__of inc relative_to__inc)
then have V S. fsigma_in X S — gdelta_in X (topspace X — S)
by (simp add: fsigma__in__def gdelta_in__def all_union__of del: INT _simps)
then show ?thesis
by (metis Diff Int2 Diff Int_distrib2 assms gdelta_in_Int gdelta_in__alt
inf.orderE inf _commute)
qed
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lemma gdelta_in_ fsigma__in:

gdelta_in X S «— S C topspace X A fsigma_in X (topspace X — S)
by (metis double_diff fsigma__in__diff fsigma__in__topspace gdelta_in__alt gdelta_in__ diff
gdelta__in__topspace)

lemma fsigma_in_ gdelta_in:
fsigma_in X S +— S C topspace X N\ gdelta_in X (topspace X — S)
by (metis Diff Diff Int fsigma__in__subset gdelta__in_ fsigma__in inf.absorb_iff2)

lemma gdelta_in_ descending:
gdelta_in X S +— (3C. (Vn. openin X (C n)) A (Vn. C(Suc n) C Cn) A
N (range C) = S) (is ?lhs=?rhs)
proof
assume ?lhs
then obtain C' where C: S C topspace X An. closedin X (C n)
An. Cn C C(Suc n) | (range C) = topspace X — S
by (meson fsigma__in__ascending gdelta_in__fsigma__in)
define D where D = An. topspace X — C'n
have An. openin X (D n) A D (Sucn) C Dn
by (simp add: Diff mono C D__def openin__diff)
moreover have () (range D) = S
by (simp add: Diff _Diff _Int Int_absorbl C D__def)
ultimately show %rhs
by metis
next
assume ?rhs
then obtain C' where S C topspace X
and C: An. openin X (C'n) An. C(Suc n) C Cn () (range C) = S
using openin__subset by fastforce
define D where D = An. topspace X — C'n
have An. closedin X (D n) A D n C D(Suc n)
by (simp add: Diff _mono C closedin__diff D_def)
moreover have | (range D) = topspace X — S
using C D__def by blast
ultimately show ?lhs
by (metis S C topspace X> fsigma_in__ascending gdelta_in_ fsigma__in)
qed

lemma homeomorphic_map_ fsigmaness:
assumes f: homeomorphic_map X Y f and U C topspace X
shows fsigma_in Y (f ¢ U) +— fsigma_in X U (is ?lhs=?rhs)
proof —
obtain g where g: homeomorphic_maps X Y f g and g: homeomorphic_map Y
Xy
and 1: (Vz € topspace X. g(fz) = z) and 2: (Vy € topspace Y. f(g y) = y)
using assms homeomorphic_map_maps by (metis homeomorphic_maps__map)
show ?thesis
proof
assume ?lhs
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then obtain V where countable ¥V and V: V C Collect (closedin Y) JV =
Y
by (force simp: fsigma__in__def union__of def)
define U/ where U = image (image g) V
have countable U
using U__def <countable V) by blast
moreover have U C Collect (closedin X)
using f g homeomorphic_map_closedness_eq V unfolding U _def by blast
moreover have JU C U
unfolding U__def by (smt (verit) assms 1 V image__Union image__iff in_mono
subset])
moreover have U C JU
unfolding U__def using assms V
by (smt (verit, del_insts) 1 imagel image_Union subset_iff)
ultimately show ?rhs
by (metis fsigma__in__def subset_antisym union__of _def)
next
assume ?rhs
then obtain V where countable V and V: V C Collect (closedin X) JV = U
by (auto simp: fsigma__in_def union_of def)
define U where U = image (image f) V
have countable U
using U__def <countable V> by blast
moreover have U C Collect (closedin Y)
using f g homeomorphic_map_closedness_eq V unfolding U def by blast
moreover have JU = fU
unfolding U__def using V by blast
ultimately show ?lhs
by (metis fsigma__in__def union_of _def)
qed
qed

lemma homeomorphic_map_ fsigmaness_eq:
homeomorphic_map X Y f
= (fsigma_in X U <— U C topspace X A fsigma_in Y (f < U))
by (metis fsigma__in__subset homeomorphic_map__ fsigmaness)

lemma homeomorphic_map__gdeltaness:
assumes homeomorphic_map X Y f U C topspace X
shows gdelta_in Y (f ¢ U) +— gdelta_in X U
proof —
have topspace Y — [ U = f * (topspace X — U)
by (metis (no__types, lifting) Diff _subset assms homeomorphic__eq _everything _map
inj_on_image__set_diff)
then show ?thesis
using assms homeomorphic__imp__surjective__map
by (fastforce simp: gdelta_in_ fsigma__in homeomorphic_map_ fsigmaness__eq)
qed
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lemma homeomorphic_map__gdeltaness eq:
homeomorphic_map X Y f
= gdelta_in X U +— U C topspace X N gdelta_in Y (f < U)
by (meson gdelta__in__subset homeomorphic_map__gdeltaness)

lemma fsigma__in_relative_to:
(fsigma__in X relative_to S) = fsigma__in (subtopology X S)
by (simp add: fsigma__in__def countable _union_ of relative_to closedin__relative__to)

lemma fsigma__in__subtopology:
fsigma__in (subtopology X U) S «— (IT. fsigma_in X T NS =T nN U)
by (metis fsigma__in__relative_to inf commute relative_to_def)

lemma gdelta_in__relative_ to:

(gdelta__in X relative_to S) = gdelta_in (subtopology X S)

apply (simp add: gdelta_in__def)

by (metis countable__intersection__of relative_to openin_relative_to subtopol-
ogy__restrict)

lemma gdelta_in_subtopology:
gdelta__in (subtopology X U) S <+— (IT. gdelta_in X T NS =TnU)
by (metis gdelta__in_relative_to inf commute relative_to__def)

lemma fsigma__in__fsigma__subtopology:

fsigma_in X S = (fsigma__in (subtopology X S) T <— fsigma_in X T N T
c9)
by (metis fsigma__in__Int fsigma__in__gdelta_in fsigma__in_subtopology inf.orderE
topspace__subtopology__subset)

lemma gdelta_in_ gdelta_ subtopology:
gdelta_in X S = (gdelta_in (subtopology X S) T +— gdelta_in X T N T C
5)
by (metis gdelta_in__Int gdelta__in__subset gdelta__in__subtopology inf.orderE topspace__subtopology _sub

end

1.15 Disjoint sum of arbitarily many spaces

theory Sum_ Topology
imports Abstract_ Topology
begin

definition sum__topology :: (a = 'b topology) = 'a set = ('a x 'b) topology where
sum,__topology X I =
topology (\U. U C Sigma I (topspace o X) A (Vi € I. openin (X i) {z. (i,z)
€ U}))

lemma is_sum__topology: istopology (A\U. U C Sigma I (topspace o X) N (Vi€l.
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openin (X i) {z. (i, z) € U}))
proof —
have 1: {z. (i, z) € SN T} ={z. (i, z) € S} N {z:'b. (4, ) € T} for S T
and i::'a
by auto
have 2: {z. (i, z) e J K} = (UKeK. {z::'b. (i, z) € K}) for K and i::a
by auto
show ?thesis
unfolding istopology def 1 2 by blast
qed

lemma openin__sum__topology:
openin (sum__topology X I) U +—
U C Sigma I (topspace o X) A (Vi € I. openin (X 1) {z. (i,2) € U})
by (auto simp: sum__topology def is_sum__topology)

lemma openin__disjoint__union:
openin (sum__topology X I) (Sigma I U) +— (Vi € I. openin (X ©) (U 7))
using openin__subset by (force simp: openin__sum__topology)

lemma topspace__sum__topology [simp):
topspace(sum__topology X I) = Sigma I (topspace o X)
by (metis comp__apply openin__disjoint__union openin__subset openin__sum,__topology
openin__topspace subset__antisym)

lemma openin__sum__topology__alt:
openin (sum__topology X I\ U «— (3T. U = Sigma I T N (Vi € I. openin (X
i) (T 1))

by (bestsimp simp: openin__sum__topology dest: openin__subset)

lemma forall openin__sum__topology:

(V U. openin (sum__topology X I) U — P U) «— (VT. (Vi € I. openin (X 1)
(T %)) — P(Sigma I T))

by (auto simp: openin__sum__topology__alt)

lemma exists _openin__sum__topology:
(3 U. openin (sum__topology X I) U AN P U) +—
(3T. (Vi e I. openin (X i) (T i)) A P(Sigma I T))
by (auto simp: openin__sum__topology__alt)

lemma closedin__sum,__topology:
closedin (sum__topology X I) U <+— U C Sigma I (topspace o X) A (Vi € 1.
closedin (X i) {z. (i,z) € U})
(is ?lhs = %rhs)
proof
assume L: ?lhs
then have U: U C Sigma I (topspace o X)
using closedin__subset by fastforce
then have Viel. {z. (i, ) € U} C topspace (X 1)
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by fastforce
moreover have openin (X @) (topspace (X i) — {=. (i, x) € U}) if i€l for ¢
apply (subst openin__subopen)
using L that unfolding closedin__def openin__sum__topology
by (bestsimp simp: o_def subset_iff)
ultimately show ¢rhs
by (simp add: U closedin__def)
next
assume R: ?rhs
then have openin (X i) {z. (i, z) € topspace (sum__topology X I) — U} if i€l
for ¢
apply (subst openin__subopen)
using that unfolding closedin__def openin__sum__topology
by (bestsimp simp: o__def subset_iff)
then show ?lhs
by (simp add: R closedin__def openin__sum__topology)
ged

lemma closedin__disjoint__union:
closedin (sum__topology X I) (Sigma I U) <— (Vi € I. closedin (X i) (U 1))
using closedin__subset by (force simp: closedin__sum__topology)

lemma closedin__sum,__topology__alt:
closedin (sum__topology X I) U «— (3T. U = Sigma I T N (Vi € 1. closedin
(X 7) (T'0)))

using closedin__subset unfolding closedin__sum,__topology by auto blast

lemma forall closedin__sum__topology:
(VY U. closedin (sum__topology X I) U — P U) +—
(Vt. (Vi € I. closedin (X 7) (t 1)) — P(Sigma It))
by (metis closedin__sum__topology alt)

lemma exists closedin__sum__topology:
(3 U. closedin (sum__topology X I) U A P U) +—
(3T. (Vi€ I. closedin (X i) (T 4)) N P(Sigma I T))
by (simp add: closedin__sum__topology alt) blast

lemma open__map__component__injection:
i € I = open_map (X i) (sum__topology X I) (Az. (4,z))
unfolding open__map_def openin__sum__topology
using openin__subset openin__subopen by (force simp: image__iff)

lemma closed__map__component__injection:
assumes 7 € [
shows closed _map(X i) (sum__topology X I) (Az. (i,z))
proof —
have closedin (X j) {z. j=i ANz € U}
if AUS. closedin U S = S C topspace U and closedin (X i) U and j € I
for Uj
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using that by (cases j=i) auto
then show ?thesis
using closedin__subset assms by (force simp: closed_map__def closedin__sum__topology
image__iff)
qed

lemma continuous _map__component__injection:
i € I = continuous_map(X 7) (sum__topology X I) (Az. (i,z))
by (auto simp: continuous_map__def openin__sum__topology Collect_conj eq openin__Int)

lemma subtopology__sum,__topology:
subtopology (sum__topology X I) (Sigma I S) =
sum,__topology (\i. subtopology (X i) (S ) I
unfolding topology eq
proof (intro strip iffT)
fix T
assume x*: openin (subtopology (sum__topology X I) (Sigma I S)) T
then obtain U where U: Vi€l. openin (X 7) (Ui) A T = Sigma I U N Sigma
IS
by (auto simp: openin__subtopology openin__sum__topology__alt)
have T = (SIGMA ¢:I. Ui N S 1)
proof
show T C (SIGMA ¢:1I. UinN S 1)
by (metis x SigmaFE Sigma__Int_distrib2 U openin__imp__subset subset_iff)
show (SIGMA ¢:I. UinNn Si)C T
using U by fastforce
qed
then show openin (sum__topology (N\i. subtopology (X ©) (S ) I) T
by (simp add: U openin__disjoint_union openin__subtopology_ Int)
next
fix T
assume *: openin (sum__topology (Ai. subtopology (X i) (S i) I) T
then obtain U where Viel. 3T. openin (X i) TAUi=TnN Siand Teq:
T = Sigma I U
by (auto simp: openin__subtopology openin__sum__topology__alt)
then obtain B where \i. i€l = openin (X i) (Bi)ANUi=BiNSi
by metis
then show openin (subtopology (sum__topology X I) (Sigma I S)) T
by (auto simp: openin__subtopology openin__sum,__topology__alt Teq)
qed

lemma embedding map component_injection:
i € I = embedding_map (X i) (sum_topology X I) (Az. (i,z))
by (metis injective__open__imp__embedding _map continuous_map__component__injection
open__map__component__injection inj_onl prod.inject)

lemma topological property_of sum__component:
assumes major: P (sum__topology X I)
and minor: AX S. [P X; closedin X S; openin X S| = P(subtopology X S)
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and PQ: AX Y. X homeomorphic_space Y — (P X +— QYY)
shows (Vi € I. Q(X 1))
proof —
have Q(X 7) if ¢ € I for ¢
proof —
have closed_map (X i) (sum__topology X I) (Pair 1)
by (simp add: closed_map__component__injection that)
moreover have open_map (X ©) (sum__topology X I) (Pair 1)
by (simp add: open__map__component _injection that)
ultimately have P(subtopology (sum__topology X I) (Pair i ¢ topspace (X 17)))
by (simp add: closed_map__def major minor open_map__def)
then show ?thesis
by (metis PQ embedding _map__component__injection embedding_map__imp__homeomorphic__space
homeomorphic__space__sym that)
qed
then show %thesis by metis
ged

end



Chapter 2

Topology

theory Elementary Topology

imports
HOL- Library.Set__Idioms
HOL— Library.Disjoint__Sets
Product__Vector

begin

2.1 Elementary Topology

Affine transformations of intervals

lemma real affinity le: 0 < m = m*x x4+ ¢c <y +— = < inverse m *x y + —
(¢ / m)

for m :: 'a::linordered_field

by (simp add: field _simps)

lemma real le_affinity: 0 < m = y < m* z + ¢ +— inversem x y + — (¢ /
m) < x

for m :: 'a::linordered_field

by (simp add: field _simps)

lemma real affinity It: 0 < m = mx*xz+ ¢c < y+— x < inverse m * y + —
(¢ / m)

for m :: 'a::linordered_field

by (simp add: field _simps)

lemma real It affinity: 0 < m = y < mx*z + ¢ +— inverse m x y + — (¢ /
m) <

for m :: 'a::linordered_field

by (simp add: field__simps)

lemma real affinity_eq: m # 0 = mx x + ¢ = y +— x = inverse m * y + —

(c/ m)
for m :: 'a::linordered_field

387
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by (simp add: field__simps)

lemma real eq affinity: m £ 0 = y=m x x + ¢ — inversem x y + — (c
/m) =z

for m :: 'a::linordered_field

by (metis real__affinity__eq)

lemma image_ linear greaterThan:

fixes z::'a::linordered_field

assumes c#(0

shows ((Az. exaz+b) ‘{x<..}) = (if ¢>0 then {cxa+b <.} else {..< cxx+b})
using <c#0»

apply (auto simp add:image__iff field__simps)

subgoal for y by (rule bexl[where z=(y—>b)/c|,auto simp add:field_simps)

subgoal for y by (rule bexI[where x=(y—b)/c],auto simp add:field _simps)
done

lemma image_linear lessThan:

fixes z::'a::linordered_field

assumes c#0

shows ((Az. cxz+Dd) ‘ {..<z}) = (if ¢>0 then {..<cxz+b} else {cxz+b<..})
using «c#0»

apply (auto simp add:image__iff field__simps)

subgoal for y by (rule bexI[where z=(y—b)

subgoal for y by (rule bezl[where z=(y—b
done

/cl,auto simp add:field _simps)
)/ c],auto simp add:field _simps)

2.1.1 Topological Basis

context topological__space
begin

definition topological basis B +—
(VbeB. open b) A (V. open x — (AB’. B’ C B A |JB’ = 1))

lemma topological basis:
topological _basis B «+— (Vz. open © +— (3B'. B'’C B A|JB’' = z))
(is ?lhs = ?rhs)
by (metis bot.extremum cSup__singleton insert_subset open_ Union subsetD
topological__basis__def)

lemma topological basis_iff:
assumes A\B’. B’ € B = open B’
shows topological basis B <+— (¥ O'. open O’ — (Vz€O'. 3B’eéB. z € B' A
B’ C 0)
(is _ <— %rhs)
proof safe
fix O’ and z::'a

assume H: topological basis B open O’ z € O’
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then obtain B’ where B'CB |JB' = O’
by (force simp add: topological basis _def)
then show 3B'eB. . € B'AN B'C O’
using H by auto
next
assume H: ?rhs
show topological _basis B
unfolding topological basis_def
proof (intro conjl strip assms)
fix O’ :: 'a set
assume open O’
with H obtain f where Vz€O'. fr€e BAz € fz A fz C O’
by metis
then show 3B'CB. |JB' = O’
by (auto intro: exl[where z={fz |z. z € O'})])
qed
qged

lemma topological basisl:
assumes A\B’. B’ € B = open B’
and AO’' z. open O' = x € O’ = IB'eB.z € B AN B' C 0’
shows topological basis B
by (simp add: assms topological basis _iff)

lemma topological basisE:
fixes O’
assumes topological basis B
and open O’
and z € O’
obtains B’ where B'¢ Bx € B’ B’ C O’
by (metis assms topological basis_def topological basis_iff)

lemma topological basis _open:
assumes topological basis B and X € B
shows open X
using assms by (simp add: topological basis__def)

lemma topological basis_imp_subbasis:
assumes B: topological basis B
shows open = generate_topology B
proof (intro ext iffI)
fix S :: ‘a set
assume open S
with B obtain B’ where B'C B S =J B’
unfolding topological basis_def by blast
then show generate topology B S
by (auto intro: generate__topology.intros dest: topological basis _open)
next
fix S :: ’a set
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assume generate_topology B S
then show open S
by induct (auto dest: topological__basis_open|OF B])
qed

lemma basis _dense:
fixes B :: ‘a set set
and [ :: 'a set = a
assumes topological_basis B and A\B'. B’ # {} = f B’ € B’
shows VX. open X — X #{} — (3B’ € B. fB' € X)
by (metis assms equalsOD in_mono topological basisE)

end

lemma topological basis_prod:
assumes A: topological basis A
and B: topological basis B
shows topological _basis ((A(a, b). a x b) ‘(A x B))
proof —
have 3XCA x B. (|J(a,b)eX. a x b) = § if open S for S
proof —

have (z, y) € (U(a, b)e{X € A x B. fst X x snd X C S}. a x b)
1fxy( y)e Sforzy
proof —

obtain a b where a: open ax € a and b: open by € band a x b C S
by (metis open__prod__elim[OF <open S»] xy mem__ Sigma__iff)
moreover obtain A0 where A0 € Az € A0 A0 C a
using A a b topological _basisE by blast
moreover
from B b obtain B0 where B0 € By € B0 B0 C b
by (rule topological basisE)
ultimately show ?thesis
by (intro UN_I[of (A0, B0)]) auto
qed
then have (|J(a, b)e{z € A X B. fstx x sndz C S}. a x b) =S
by force
then show ?thesis
using subset__eq by force
qed
with A B open_ Times show ?thesis
unfolding topological basis def
by (smt (verit) SigmaFE imageE image_mono case_prod_ conv)
qed

2.1.2 Countable Basis

locale countable basis = topological space p for p::'a set = bool +
fixes B :: 'a set set
assumes is_basis: topological basis B
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and countable basis: countable B
begin

lemma open__countable__basis _ex:
assumes p X
shows 3B'C B. X = JB’
using assms countable_basis is_basis
unfolding topological basis_def by blast

lemma open__countable__basisE:
assumes p X
obtains B’ where B'C B X = |J B’
using assms open__countable_basis _ex by auto

lemma countable dense exists:

ID:'a set. countable DA (VX. p X — X #{} — (3d e D. d € X))
proof —

let ?f = (AB’. SOME z. z € B’)

have countable (?f ¢ B) using countable_basis by simp

with basis _dense[OF is_basis, of ?f] show ?thesis

by (intro exI[where x=72f ‘ B]) (metis (mono_tags) all_not_in_conv imagel

somel)
qed

lemma countable dense_setE:
obtains D :: ‘a set
where countable D AX.p X = X 4 {} = 3de D. de X
using countable_dense_exists by blast

end

lemma countable basis _openl: countable basis open B
if countable B topological basis B
using that
by unfold__locales
(simp__all add: topological basis topological space.topological basis topologi-
cal__space__azioms)

lemma (in first _countable topology) first_countable basisE:
fixes z :: a
obtains A where countable A NA. Ae A=z ANA. A€ A= open A
NS. open S = z € § = (FAcA. A CS)
proof —
obtain A where A: (Vi:nat. x € A i A open (A i) (VS. open S ANz € S —
(Fi. A7 C9))
using first_countable basis[of x] by metis
moreover have countable (range A)
by simp
ultimately show thesis
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by (smt (verit, best) imageE rangel that)
qed

lemma (in first _countable topology) first_countable basis_Int stableE:
obtains A where countable A NA. Ac A=z € ANA. A e A= open A
NS. open S =z € S = (F4cA. ACS)
NMB Ac A= Be A= ANBec A
proof atomize elim
obtain B where B:
countable B
AB.BeB=z€B
AB. B € B = open B
NS. open S = z € S = IBeB. BC S
by (rule first_countable_basisE) blast
define A where [abs_def]:
A = (AN. N ((An. from_nat_into B n) * N)) ‘ (Collect finite::nat set set)
then show 3 A. countable AN (VA. Ae A—xze€ A)N (VA A€ A— open
A) A
(VS. open S — z€ S — (FAcA. ACS)ANVAB. Ac A—BecA
— AN BeA
proof (intro exl conjl strip)
show countable A
unfolding A_ def by (intro countable image countable_Collect_ finite)
fix A
assume A € A
then show z € A open A
using B(4)[OF open__UNIV] by (auto simp: A__def intro: B from__nat_into)
next
let %int = AN. [ (from_nat_into B ‘ N)
fix A B
assume A € ABe A
then obtain N M where A = ?%int N B = %int M finite (N U M)
by (auto simp: A__def)
then show AN Be A
by (auto simp: A__def intro!: image_eql[where z=N U M])
next
fix S
assume open S € S
then obtain ¢ where a: a€B a C S using B by blast
moreover have acA
unfolding A_ def
proof (rule image eql)
show a = ( (from_nat_into B ‘ {to_nat_on B a})
by (simp add: B a)
qed auto
ultimately show JacA. a C S
by blast
qed
qed
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lemma (in topological space) first__countablel:
assumes countable A
and I: N\A Ac A= 2c ANA. Ac A= open A
and 2: A\S. open S = 2z € S = JAcA. ACS
shows 3 A::nat = ‘a set. (Vi.z € Ai A open (A9) AN (VS. open S Az e S
— (Fi. A C9))
proof (intro exI[of _ from_nat_into _] conjl strip)
fix i
have A # {} using 2[of UNIV] by auto
show x € from_nat_into A i open (from_nat_into A 1)
using range_from__nat_into_subset|OF <A # {}] 1 by auto
next
fix S
assume open S N\ z€S
then show 3i. from_ nat_into A i C S
by (metis 2 <countable As from_nat_into__surj)
qed

instance prod :: (first_countable__topology, first _countable__topology) first _countable_topology
proof
fixz:'ax'b
obtain A where A:
countable A
Na.a e A= fstz €a
Na. a € A= open a
NS. open S = fstx € S = JacA. a C S
by (rule first_countable__basisE[of fst z]) blast
obtain B where B:
countable B
Na.a € B= sndz € a
Na. a € B = open a
NS. open S = sndz € S = Ja€B. a C S
by (rule first_countable__basisE[of snd x]) blast
show 3 A::nat = (‘a x 'b) set.
(Vi.z e Ai N open (Ai) AN (VS . open SAz e S — (Fi. AiCS))
proof (rule first_countablel[of (M a, b). a x b) ‘(A x B)], safe)
fix a b
assume z: 0 € A b€ B
show z € a x b
by (simp add: A(2) B(2) mem_ Times_iff x)
show open (a x b)
by (simp add: A(3) B(8) open_ Times z)
next
fix S
assume open Sz € S
then obtain o’ b’ where a’b”: open a’ open b’ z € a’ x b’ a’ x ' C S
by (rule open__prod__elim)
moreover
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obtain ¢ b where a €¢ Aa Ca’bc BbC b’
by (meson B(4) A(4) a’b’ mem__ Times__iff)
ultimately
show Ja€(A(a, b). a x b) ‘(A X B).aC S
by (auto intro!: bexI[of _ a x b] bexI[of _ a] bexI[of __ b])
qged (simp add: A B)
qed

class second__countable topology = topological _space +
assumes ez countable subbasis:
3 B::'a set set. countable B A open = generate__topology B
begin

lemma ez countable basis: 3 B::'a set set. countable B A topological basis B
proof —
from ez countable subbasis obtain B where B: countable B open = gener-
ate__topology B
by blast
let B = Inter ‘ {b. finite b A b C B}

show ?thesis
proof (intro exl conjl)
show countable ?B
by (intro countable_image countable Collect _finite subset B)
have 3 B'ClInter ‘ {b. finite b A b C B}. |UB’ = S if open S for S
proof —
have 3 B'C{b. finite b A b C B}. (UbeB’. Nb) =S
using that unfolding B
proof induct
case UNIV
show ?case by (intro exl[of _ {{}}]) simp
next
case (Int a b)
then obtain z y where z: a = |J (Inter ‘z) N\i. { € x = finite i N i C B
and y: b = J(Inter ‘y) N\i. i € y = finitei N { C B
by blast
show ?Zcase
unfolding x y Int_UN__ distrib2
by (intro exI[of _ {i Uj|lij. i€ x AjeE y}]) (auto dest: z(2) y(2))
next
case (UN K)
then have VkeK. 3 B'C{b. finite b A b C B}. |J (Inter * B") = k by auto
then obtain k¥ where
VkaeK. k ka C {b. finite b A b C B} A (Inter ‘ (k ka)) = ka
unfolding bchoice__iff ..
then show 3 B'C{b. finite b A b C B}. |J (Inter ‘B") =K
by (intro exl[of _ |J(k ¢ K)]) auto
next
case (Basis S)
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then show ?case
by (intro exlof _ {{S}}]) auto
qed
then show ?thesis
unfolding subset_image_iff by blast
qed
then show topological basis ?B
unfolding topological basis def
by (safe intro!: open_ Inter) (simp__all add: B generate_topology.Basis sub-
set__eq)
qed
qed

end

lemma univ_second__countable:
obtains B :: ‘a::second__countable__topology set set
where countable B NC. C € B = open C
NS. open S = IU. UCBAS=U

by (metis ex_countable_basis topological _basis__def)

proposition Lindelof:
fixes F :: ‘a::second__countable_topology set set
assumes F: \S. S € F = open S
obtains 7' where 7' C F countable F' JF' = UF
proof —
obtain B :: ‘a set set
where countable B NC. C € B = open C
and B: AS. open S = 3U. UCBAS=U
using univ_second__countable by blast
define D where D={S. Se BA3U. Ue FASCU)}
have countable D
by (simp add: D__def <countable B»)
have AS.3U. SeD —Ue FASCU
by (simp add: D__def)
then obtain G where G: \S. S€D — GSe FASCGS
by metis
have eq1: YF =D
unfolding D_ def by (blast dest: F B)
also have ... =J (G ‘D)
using G eql by auto
finally show ?thesis
by (metis G <countable Ds countable_image image__subset_iff that)
qed

lemma countable disjoint__open__subsets:
fixes F :: 'a::second__countable__topology set set
assumes A\S. S € F = open S and pw: pairwise disjnt F
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shows countable F
proof —
obtain 7’ where 7' C F countable F' YF' = JF
by (meson assms Lindelof)
with pw have F C insert {} F’
by (fastforce simp add: pairwise__def disjnt_iff)
then show %thesis
by (simp add: <countable F'> countable_subset)
qed

sublocale second__countable_topology <
countable__basis open SOME B. countable B A topological basis B
using somel _ex[OF ex__countable basis]
by unfold_locales safe

instance prod :: (second__countable__topology, second__countable__topology) second__countable_topology
proof
obtain A :: ‘a set set where countable A topological basis A
using ex_countable basis by auto
moreover
obtain B :: 'b set set where countable B topological basis B
using ez countable_basis by auto
ultimately show 3 B:('a x 'b) set set. countable B A\ open = generate__topology
B
by (auto intro!: exI[of _ (A(a, b). a X b) ‘(A x B)] topological basis_prod
topological__basis__imp__subbasis)
qed

instance second__countable topology C first_countable_topology
proof
fix z:: 'a
define B :: 'a set set where B = (SOME B. countable B A topological _basis B)
then have B: countable B topological basis B
using countable_basis is__basis
by (auto simp: countable basis is_basis)
then show J A::nat = 'a set.
(Vi.z e AiAopen (Ad) A(NVS. open SNz eSS — (Fi. Ai CS))
by (intro first_countableI[of {b€B. z € b}])
(fastforce simp: topological__space__class.topological basis _def)+
qed

instance nat :: second__countable__topology
proof

show 3 B::nat set set. countable B A\ open = generate_topology B

by (intro exl[of _ range lessThan U range greaterThan)) (auto simp: open_nat_def)
qed

lemma countable separating set_linorderl:
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shows 3 B::('a::{linorder_topology, second__countable_topology} set). countable
BANzy z2<y— (3beB. z<bAb<y)
proof —
obtain A::'a set set where countable A topological _basis A using ex_countable__basis
by auto
define B! where Bl = {(LEAST z. x € U)| U. U € A}
then have countable B1 using <countable Ay by (simp add: Setcompr_eq_image)
define B2 where B2 = {(SOME z. x € U)| U. U € A}
then have countable B2 using <countable Ay by (simp add: Setcompr_eq _image)
have dbe BI1UB2. z < bA bl yifz<yforzy
proof (cases z. z < z A\ z < y)
case True
then obtain z where z: z < z A z < y by auto
define U where U = {z<..<y}
then have open U by simp
then obtain V where Ve Az VVCU
using topological _basisE[OF <topological_basis A»]
by (metis U_def greaterThanLessThan__iff z)
define w where w = (SOME z. z € V)
then have w € V using «z € V) by (metis somel2)
with «V € Ay «V C U show ?thesis
by (force simp: B2_def U_def w_def)
next
case Fulse
then have x: A\z. z > 2 = 2z > y by auto
define U where U = {z<..}
then have open U by simp
then obtain V where Ve Ayec VV CU
using topological _basisE[OF <topological_basis Ay] U_def <x < y> by blast
have U = {y..} unfolding U _def using * <z < y» by auto
then have V C {y..} using <V C U» by simp
then have (LEAST w. w € V) = y using <y € V» by (meson Least_equality
atLeast_iff subsetCE)
then show ?thesis
using B1_def <V € Ay that by blast
qed
moreover have countable (B1 U B2) using (countable B1) <countable B2 by
simp
ultimately show ?thesis by auto
qed

lemma countable separating set_linorder2:

shows 3 B::('a::{linorder_topology, second__countable_topology} set). countable
BANVzy z<y— 3beB z<bAb<y)
proof —

obtain A::'a set set where countable A topological__basis A using ex_countable_basis
by auto

define B! where Bl = {(GREATEST z. x € U) | U. U € A}

then have countable B using <countable A> by (simp add: Setcompr_eq _image)
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define B2 where B2 = {(SOME z. z € U)| U. U € A}
then have countable B2 using <countable Ay by (simp add: Setcompr_eq _image)
have 3be B1 UB2. 2 <bAb<yifz<yforzy
proof (cases 3z. x < z A z < y)
case True
then obtain z where 2: z < 2 A z < y by auto
define U where U = {z<..<y}
then have open U by simp
then obtain V where Ve Aze VV CU
using topological _basisE[OF <topological__basis A
by (metis U_def greaterThanLessThan__iff z)
define w where w = (SOME z. z € V)
then have w € V
using <z € V» by (metis somel2)
then have z < w A w <y
using «w € V» <V C Uy U_def by fastforce
then show ?thesis
using B2 def <V € Ay w_def by blast
next
case Fulse
then have *: A\z. 2 < y = 2z < z using lel by blast
define U where U = {..<y}
then have open U by simp
then obtain V where Ve Az VV CU
using topological _basisE[OF <topological basis Ay] U_def «x < y» by blast
have U = {..z} unfolding U_def using * <z < y» by auto
then have V C {..z}
using <V C U» by simp
then have (GREATEST z. z € V) ==z
using <z € V» by (meson Greatest_equality atMost_iff subsetCFE)
then show ?thesis
using B1_def <V € A» that by blast
qed
moreover have countable (B1 U B2) using <countable B1) <countable B2) by
stmp
ultimately show ?thesis by auto
qed

lemma countable__separating set dense_linorder:
shows 3 B::(“a::{linorder__topology, dense_linorder, second__countable _topology}
set). countable BA Vzy. c <y — (3be B .z <bAb<y))
proof —
obtain B::'a set where B: countable B Az y. 2 < y=—= (3be B. 2 <bAb<
y)
using countable_separating set linorderl by auto
havedbe Bz <bAb<yifz<yforzy
proof —
obtain z where z < z 2z < y using <z < y» dense by blast
then obtain b where b € Bz < b A b < z using B(2) by auto
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then show %thesis
using <z < y» by auto
qed
then show ?thesis using B(1) by auto
qed

2.1.3 Polish spaces

Textbooks define Polish spaces as completely metrizable. We assume the
topology to be complete for a given metric.

class polish__space = complete_space + second__countable topology

2.1.4 Limit Points

definition (in topological_space) islimpt:: 'a = 'a set = bool (infixr <islimpt>
60)
where z islimpt S +— (VT. 2€T — open T — (yeS. yeT A y#x))

lemma islimptl:
assumes A\T.2€ T = open T — JyeS. yec T Ny # =z
shows z islimpt S
using assms unfolding islimpt_def by auto

lemma islimptE:
assumes z islimpt S and z € T and open T
obtains y where y € Sand y € T and y # z
using assms unfolding islimpt_def by auto

lemma islimpt_iff eventually: = islimpt S +— — eventually (\y. y ¢ S) (at z)
unfolding islimpt def eventually at_topological by auto

lemma islimpt_subset: © islimpt S — S C T —> x islimpt T
unfolding islimpt_def by fast

lemma islimpt_ UNIV__iff: z islimpt UNIV <— — open {z}
unfolding islimpt_def by (safe, fast, case_tac T = {z}, fast, fast)

lemma islimpt_punctured: z islimpt S = x islimpt (S—{z})
unfolding islimpt _def by blast

A perfect space has no isolated points.

lemma islimpt_ UNIV [simp, intro]: « islimpt UNIV
for z :: 'a::perfect_space
unfolding islimpt_ UNIV__iff by (rule not_open__singleton)

lemma closed_limpt: closed S +— (Vz. z islimpt S — z € S)
unfolding closed__def open__subopen [of —S]
by (metis Compl_iff islimptE islimptl open__subopen subsetl)
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lemma islimpt_ EMPTY [simp]: — z islimpt {}
by (auto simp: islimpt__def)

lemma islimpt _Un: x islimpt (S U T) <— z islimpt S V z islimpt T
by (simp add: islimpt_iff _eventually eventually conj iff)

lemma islimpt_ finite__union__iff:
assumes finite A
shows zislimpt (Jz€A. B z) «— (Jz€A. z islimpt B 1)
using assms by (induction rule: finite_induct) (simp__all add: islimpt_Un)

lemma islimpt_insert:

fixes z :: 'a::tl_space

shows z islimpt (insert a S) <— x islimpt S
proof

assume z islimpt (insert a S)

then show z islimpt S

by (metis closed_limpt closed_singleton empty iff insert_iff insert is Un

islimpt__Un islimpt__def)
next

assume z islimpt S

then show z islimpt (insert a S)

by (rule islimpt_subset) auto

qed

lemma islimpt_finite:
fixes z :: 'a::t1_space
shows finite S = — z islimpt S
by (induct set: finite) (simp__all add: islimpt_insert)

lemma islimpt_Un__finite:
fixes z :: 'a::t1_space
shows finite S = x islimpt (S U T) «— z islimpt T
by (simp add: islimpt_ Un islimpt_ finite)

lemma islimpt_eq acc__point:
fixes [ :: 'a :: t1_space
shows [ islimpt S +— (VU. leU — open U — infinite (U N S))
proof (safe intro!: islimptl)
fix U
assume [ islimpt S 1 € U open U finite (U N S)
then have [ islimpt S1e€ (U — (U NS — {l})) open (U — (UNS —{1}))
by (auto intro: finite_imp_ closed)
then show Fulse
by (rule islimptE) auto
next
fix T
assume *x: V U. leU — open U — infinite (U N S) 1l € T open T
then have 3z. z € (T N S — {I})
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by (metis ex_in__conv finite.emptyl infinite _remove)
then show JyeS. y e T Ay # 1
by auto
qed

lemma acc_point_range_imp_ convergent_ subsequence:
fixes | :: 'a :: first_countable_topology
assumes [: YV U. [eU — open U — infinite (U N range f)
shows 3 r:nat=nat. strict_mono r A (f o 1) —— [
proof —
from countable basis_at_decseq|of ]
obtain A where A:
Ni. open (A 7)
Ni.leAq
NS. open S = | € § = eventually (\i. A i C S) sequentially
by blast
define s where s ni = (SOME j. i < jA fje A (Sucn)) for ni
{
fix ni
have infinite (A (Suc n) N range f — f4.. i})
using [ A by auto
then have 3z. z € A (Suc n) N range f — f4.. i}
by (metis all_not_in__conv finite.emptyl)
then have Ja. i < a A fa € A (Sucn)
by (force simp: linorder _not_le)
then have i < snif (sni) € A (Sucn)
unfolding s def by (auto intro: somel2_ex)
}

note s = this
define r where r = rec_nat (s 0 0) s
have strict_mono r
by (auto simp: r_def s strict_mono__Suc__iff)
moreover
have (An. f (rn)) —— 1
proof (rule topological _tendstol)
fix S
assume open S 1 € S
with A(3) have eventually (Ai. A i C S) sequentially
by auto
moreover
have eventually (Mi. f (r i) € A i) sequentially
proof
fix ¢ assume Suc 0 < ¢ then show f (ri) € A i
by (cases i) (simp__all add: r_def s)
qged
ultimately show eventually (\i. f (r i) € S) sequentially
by eventually elim auto
qed
ultimately show 3 r::nat=-nat. strict_mono r A (f o r) —— I
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by (auto simp: convergent_def comp__def)
qed

lemma islimpt_range__imp__convergent__subsequence:
fixes [ :: ’a :: {t1_space, first_countable_topology}
assumes [: [ islimpt (range f)
shows 3 r:nat=nat. strict_mono r A (f o 1) —— 1
using [ unfolding islimpt_eq acc_point
by (rule acc_point_range_imp__convergent_ _subsequence)

lemma sequence__unique__limpt:
fixes f :: nat = 'a::t2_space
assumes f: (f —— 1) sequentially and 1" I’ islimpt (range f)
shows I’ = |
proof (rule ccontr)
assume [’ # |
obtain s t where open s open tl' € sl e tsnt={}
using hausdorff [OF I’ # 1] by auto
then obtain N where Vn>N. fn et
by (meson f lim__explicit)

have UNIV = {_.<N} U {N..}
by auto

then have !’ islimpt (f ‘ {.<N} U f‘{N..})
by (metis ' image_ Un)

then have [’ islimpt (f * {N..})
by (simp add: islimpt_Un__finite)

then obtain y where y € f ‘{N..} y€ sy # 1’
using I’ € s» <open sy by (rule islimptFE)

with «Vn>N. fn et «<sNt={}> show False
by blast

qed

lemma islimpt__sequential:
fixes x :: 'a::first_countable_topology
shows z islimpt S <— (3f. (Vnunat. fne S — {z}) A (f —— z) sequentially)
(is 2lhs = ?rhs)
proof
assume ?lhs
from countable_basis_at_decseq|of z] obtain A where A:
Ni. open (A ©)
Ni.ze Ai
NS. open S =z € S = eventually (A\i. A i C S) sequentially
by blast
define f where fn = (SOMEy. ye SANye€ An Az #y)forn
{
fix n
from <?lhsy have Jy. y€e SAye€e AnANzx#y
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unfolding islimpt_def using A(1,2)[of n] by auto
then have fne SAfne AnANzx#fn
unfolding f def by (rule somel _ex)
then have fn € Sfn € A nz# fn by auto
}
then have Vn. fn € S — {2} by auto
moreover have (An. fn) ——
proof (rule topological _tendstol)
fix S
assume open Sz € §
from A(3)[OF this] <An. fn € A n
show eventually (\z. fx € S) sequentially
by (auto elim!: eventually_mono)
qed
ultimately show ¢rhs by fast
next
assume ?rhs
then obtain f :: nat = ’a where f: An. fne€ S — {z} and lim: f ——
by auto
show ?lhs
unfolding islimpt_def
proof safe
fix T
assume open T'x € T
from lim[THEN topological tendstoD, OF this] f
show JyeS. ye TNy #x
unfolding eventually sequentially by auto
qed
qed

lemma islimpt_isCont__image:
fixes f :: 'a :: {first_countable_topology, t2_space} = 'b :: {first_countable__topology,
t2_space}
assumes z islimpt A and isCont f z and ev: eventually (\y. fy # fz) (at x)
shows [z islimpt f ‘A
proof —
from assms(1) obtain g where g: ¢ ——— x range ¢ C A — {z}
unfolding islimpt_sequential by blast
have filterlim g (at x) sequentially
using g by (auto simp: filterlim__at intro!: always _eventually)
then obtain N where N: An.n > N = f (gn) # fz
by (metis (mono__tags, lifting) ev eventually at top_ linorder filterlim__iff)
have (Az. g (t + N)) —— z
using ¢(1) by (rule LIMSEQ __ignore__initial _segment)
hence (Az. f (g (x + N))) —— fz
using assms(2) isCont_tendsto__compose by blast
moreover have range (Az. f (¢ (z + N))) C f ‘A — {f =z}
using ¢(2) N by auto
ultimately show ?thesis
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unfolding islimpt__sequential by (intro exI[of _ Ax. f (9 (x + N))]) auto
qed

lemma islimpt_image:
assumes z islimpt g —* AN B gz ¢ A z € B continuous_on B g
shows ¢ z islimpt A
using assms
by (simp add: islimpt__def vimage__def continuous__on__topological Bex__def) metis

2.1.5 Interior of a Set

definition interior :: (‘a::topological_space) set = 'a set where
interior S = J{T. open T AN T C S}

lemma interiorl [intro?):
assumes open Tand x € Tand T C S
shows x € interior S
using assms unfolding interior def by fast

lemma interiorE [elim?):
assumes z € interior S
obtains T where open T and z € Tand T C §
using assms unfolding interior def by fast

lemma open__interior [simp, intro]: open (interior S)
by (simp add: interior_def open__ Union)

lemma interior subset: interior S C S
by (auto simp: interior__def)

lemma interior _maximal: T C S — open T —> T C interior S
by (auto simp: interior__def)

lemma interior _open: open S = interior S = S
by (intro equalityl interior _subset interior_mazimal subset_refl)

lemma interior_eq: interior S = S <— open S
by (metis open__interior interior_open)

lemma open_subset_interior: open S = S C interior T +— S C T
by (metis interior_maximal interior_subset subset_trans)

lemma interior_empty [simp]: interior {} = {}
using open__empty by (rule interior_open)

lemma interior_UNIV [simp]: interior UNIV = UNIV
using open_ UNIV by (rule interior_ _open)

lemma interior_interior [simp]: interior (interior S) = interior S
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using open__interior by (rule interior_open)

lemma interior _mono: S C T — interior S C interior T
by (auto simp: interior_def)

lemma interior _unique:
assumes T C S and open T
assumes AT T'C S = open T'=— T'C T
shows interior S = T
by (intro equalityl assms interior__subset open__interior interior_maximal)

lemma interior_singleton [simp]: interior {a} = {}
for a :: 'a:perfect_space
by (meson interior__eq interior _subset not__open__singleton subset_singletonD)

lemma interior_Int [simp]: interior (S N T) = interior S N interior T
proof

show interior S N interior T C interior (S N T)

by (meson Int_mono interior__subset open__Int open__interior open__subset_interior)
qed (simp add: interior_mono)

lemma eventually nhds _in_nhd: x € interior s => eventually (\y. y € s) (nhds

z)

using interior_subset[of s] by (subst eventually nhds) blast

lemma interior_limit_point [intro:
fixes z :: ‘a::perfect_space
assumes z: ¢ € interior S
shows z islimpt S
proof —
obtain T where x € T T C S open T
using interior__subset x by blast
with x islimpt_UNIV [of ] show ?thesis
unfolding islimpt_def by (metis (full types) Int_iff open_Int subsetD)
qed

lemma open__imp__ islimpt:
fixes z::’a:: perfect space
assumes open S T€S
shows z islimpt S
using assms interior__eq interior_limit__point by auto

lemma islimpt_Int_eventually:
assumes z islimpt A eventually (Ay. y € B) (at z)
shows z islimpt AN B
using assms unfolding islimpt_def eventually at _filter eventually nhds
by (metis Int_iff UNIV__I open__Int)

lemma islimpt_conv_ frequently at:
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x islimpt A «— frequently (Ay. y € A) (at z)
by (simp add: frequently def islimpt_iff _eventually)

lemma frequently at_imp_ islimpt:
assumes frequently (A\y. y € A) (at z)
shows z islimpt A
by (simp add: assms islimpt__conv_frequently _at)

lemma interior_closed__Un__empty_interior:
assumes c¢S: closed S
and iT: interior T = {}
shows interior (S U T) = interior S
proof
show interior S C interior (S U T)
by (rule interior_mono) (rule Un_upperl)
show interior (S U T) C interior S
proof
fix z
assume z € interior (S U T)
then obtain R where R: open Rt € RRC SUT ..
show z € interior S
proof (rule ccontr)
assume z ¢ interior S
with (x € R» <open R)> obtain y where y € R — S
unfolding interior_def by fast
with R show Fulse
by (metis Diff _subset_conv ¢S empty_iff iT interiorl open_ Diff)
qed
qed
qed

lemma interior_Times: interior (A X B) = interior A X interior B
proof (rule interior_unique)
show interior A x interior B C A x B
by (intro Sigma__mono interior_subset)
show open (interior A x interior B)
by (intro open__ Times open__interior)
fix T
assume T C A x B and open T
then show T C interior A x interior B
proof safe
fix zy
assume (z, y) € T
then obtain C' D where open C open D C x DC Tx e Cye D
using <open T» unfolding open_ prod_ def by fast
then have open C open D C CADC Bzxe Cye D
using <7 C A x B» by auto
then show z € interior A and y € interior B
by (auto intro: interiorl)
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qed
qed

lemma interior Ici:
fixes z :: ‘a :: {dense_linorder,linorder_topology}
assumes b < z
shows interior {z ..} = {z <..}
proof (rule interior_unique)
fix T
assume T C {z ..} open T
moreover have ¢ ¢ T
proof
assume z € T
obtain y where y < z {y <.. 2} C T
using open_ left[OF <open Ty <z € T» ¢b < 1] by auto
with dense[OF <y < x)] obtain z where z € Tz < z
by (auto simp: subset_eq Ball_def)
with «T C {z ..}> show Fulse by auto
qed
ultimately show T C {z <..}
by (auto simp: subset_eq less_le)
qed auto

lemma interior Ilic:
fixes = :: ‘a ::{dense_linorder,linorder_topology}
assumes z < b
shows interior {.. z} = {.< z}
proof (rule interior _unique)
fix T
assume T C {.. z} open T
moreover have z ¢ T
proof
assume z € T
obtain y where z < y {z .< y} C T
using open_ right|OF <open T) <z € Ty «x < b] by auto
with dense[OF «z < ] obtain z where z € Tz < z
by (auto simp: subset_eq Ball def less_le)
with <T C {.. z}> show Fulse by auto
qed
ultimately show T C {..< z}
by (auto simp: subset_eq less_le)
qed auto

lemma countable disjoint_nonempty interior__subsets:

fixes F :: 'a::second__countable_topology set set

assumes pw: pairwise disjnt F and int: \S. [S € F; interior S = {}] = S
{

shows countable F
proof (rule countable image_inj on)


Elementary{_}{\kern 0pt}Topology.html

408

have disjoint (interior ‘ F)
using pw by (simp add: disjoint_image__subset interior__subset)
then show countable (interior < F)
by (auto intro: countable__disjoint _open__subsets)
show inj_on interior F
using pw
unfolding inj on_ def pairwise_def disjnt_def
by (metis inf.idem int interior__Int interior__empty)
qed

2.1.6 Closure of a Set

definition closure :: (‘a::topological _space) set = 'a set where
closure S = S U {z . z islimpt S}

lemma interior_closure: interior S = — (closure (— S))
by (auto simp: interior _def closure_def islimpt_ def)

lemma closure_interior: closure S = — interior (— S)
by (simp add: interior__closure)

lemma closed_closure[simp, intro]: closed (closure S)
by (simp add: closure_interior closed_Compl)

lemma closure subset: S C closure S
by (simp add: closure__def)

lemma closure__hull: closure S = closed hull S
by (auto simp: hull_def closure_interior interior__def)

lemma closure__eq: closure S = S <— closed S
unfolding closure_hull using closed_ Inter by (rule hull eq)

lemma closure_closed [simp): closed S = closure S = S
by (simp only: closure_eq)

lemma closure__closure [simp]: closure (closure S) = closure S
unfolding closure_hull by (rule hull_hull)

lemma closure_mono: S C T = closure S C closure T
unfolding closure_hull by (rule hull _mono)

lemma closure_minimal: S C T = closed T = closure S C T
unfolding closure_hull by (rule hull_minimal)

lemma closure__unique:
assumes S C T
and closed T
and AT. SC T' = closed T"— T C T’
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shows closure S = T
using assms unfolding closure hull by (rule hull _unique)

lemma closure__empty [simp]: closure {} = {}
using closed _empty by (rule closure_closed)

lemma closure_UNIV [simp]: closure UNIV = UNIV
using closed_UNIV by (rule closure_closed)

lemma closure_Un [simp]: closure (S U T) = closure S U closure T
by (simp add: closure_interior)

lemma closure_eq _empty [iff]: closure S = {} +— S = {}
using closure__empty closure__subset[of S| by blast

lemma closure subset_eq: closure S C S +— closed S
using closure__eq[of S] closure__subset[of S] by simp

lemma open_Int_closure _eq empty: open S = (S N closure T) = {} +— SN
T ={}

using open__subset_interior[of S — T]

using interior__subset[of — T]

by (auto simp: closure_interior)

lemma open_ Int_closure subset: open S = S N closure T C closure (S N T)
proof
fix z
assume *: open S x € S N closure T
then have z islimpt (S N T) if © islimpt T
by (metis IntD1 eventually _at_in__open’ inf commute islimpt_Int _eventually
that)
with * show z € closure (S N T)
unfolding closure_def by blast
qed

lemma closure__complement: closure (— S) = — interior S
by (simp add: closure_interior)

lemma interior__complement: interior (— S) = — closure S
by (simp add: closure_interior)

lemma interior _diff: interior(S — T) = interior S — closure T
by (simp add: Diff _eq interior__complement)

lemma closure_Times: closure (A x B) = closure A x closure B
proof (rule closure__unique)
show A x B C closure A x closure B
by (intro Sigma_mono closure__subset)
show closed (closure A x closure B)
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by (intro closed _Times closed_closure)
fix T
assume T: A x B C T closed T
have Fulse
if ab: a € closure A b € closure B and (a, b) ¢ T for a b
proof —
obtain C' D where open C open D C x DC — Tae Cbe D
by (metis Compll SigmaFE2 <closed T «(a, b) ¢ T» open__ Compl open__prod__elim)
then obtain- C C - A-DC - B
by (meson ab disjoint_iff inf shunt open__Int_closure__eq empty)
then show Fulse
using T <C x D C — T» by auto
qed
then show closure A x closure B C T
by blast
qed

lemma closure__open__ Int_superset:

assumes open S S C closure T

shows closure(S N T) = closure S
proof

show closure S C closure (S N T)

by (metis assms closed__closure closure_minimal inf.absorb__iff1 open_ Int_ closure _subset)
qed (simp add: closure_mono)

lemma closure_Int: closure (VI) C ({closure S |S. S € I}
by (simp add: INF _greatest Inter_lower Setcompr_eq_image closure__mono)

lemma islimpt_in__closure: (x islimpt S) = (z€closure(S—{z}))
unfolding closure def using islimpt_punctured by blast

lemma connected__imp__connected__closure: connected S => connected (closure S)
by (rule connectedl) (meson closure__subset open__Int open__Int_ closure__eq _empty
subset__trans connectedD)

lemma bdd_below closure:
fixes A :: real set
assumes bdd_ below A
shows bdd_ below (closure A)
proof —
from assms obtain m where Az. t € A —= m <z
by (auto simp: bdd__below__def)
then have A C {m..} by auto
then have closure A C {m..}
using closed_real atLeast by (rule closure_minimal)
then show ?thesis
by (auto simp: bdd_below__def)
qed
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2.1.7 Frontier (also known as boundary)

definition frontier :: (‘a::topological_space) set = 'a set where
frontier S = closure S — interior S

lemma frontier_closed [iff]: closed (frontier S)
by (simp add: frontier _def closed_ Diff)

lemma frontier_closures: frontier S = closure S N closure (— S)
by (auto simp: frontier _def interior_closure)

lemma frontier_Int: frontier(S N T) = closure(S N T) N (frontier S U frontier
7)
proof —
have closure (S N T) C closure S closure (S N T) C closure T
by (simp__all add: closure_mono)
then show ?thesis
by (auto simp: frontier _closures)
qed

lemma frontier Int _subset: frontier(S N T) C frontier S U frontier T
by (auto simp: frontier_Int)

lemma frontier Int closed:

assumes closed S closed T

shows frontier(S N T) = (frontier S N T) U (S N frontier T)

by (simp add: Int_Un__distrib assms closed__Int frontier_closures inf _commute
inf_left_commute)

lemma frontier subset closed: closed S = frontier S C §
by (metis frontier _def closure closed Diff _subset)

lemma frontier_empty [simp]: frontier {} = {}
by (simp add: frontier _def)

lemma frontier _subset_eq: frontier S C S +— closed S
by (metis Diff _subset__conv closure_subset__eq frontier _def interior__subset sub-
set_Un__eq)

lemma frontier_complement [simp]: frontier (— S) = frontier S
by (auto simp: frontier_def closure__complement interior__complement)

lemma frontier_Un__subset: frontier(S U T) C frontier S U frontier T
by (metis compl_sup frontier__Int_subset frontier__complement)

lemma frontier disjoint_eq: frontier S NS = {} +— open S
using frontier__complement frontier _subset eqlof — S|

unfolding open_ closed by auto

lemma frontier_UNIV [simp]: frontier UNIV = {}
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using frontier__complement frontier__empty by fastforce

lemma frontier interiors: frontier s = — interior(s) — interior(—s)
by (simp add: Int_commute frontier _def interior_closure)

lemma frontier _interior_subset: frontier(interior S) C frontier S
by (simp add: Diff _mono frontier _interiors interior_mono interior_ _subset)

lemma closure_Un__frontier: closure S = S U frontier S
by (simp add: closure__def frontier closures sup_inf distribl)

2.1.8 Filters and the “eventually true” quantifier

Identify Trivial limits, where we can’t approach arbitrarily closely.

lemma trivial _limit_within: trivial _limit (at a within S) «— — a islimpt S
unfolding trivial _limit_def eventually at_topological islimpt _def
by blast

lemma trivial_limit_at_iff: trivial _limit (at a) <— — a islimpt UNIV
using trivial_limit_within [of a UNIV] by simp

lemma trivial _limit_at: = trivial_limit (at a)
for a :: 'a::perfect_space
by (rule at_neq bot)

lemma not_trivial limit_within: — trivial_limit (at © within S) = (x € closure

(5 = {z}))

using islimpt_in__closure by (metis trivial _limit__within)

lemma not in_closure_trivial limitl:
x ¢ closure S = trivial_limit (at z within S)
using not_ trivial_limit_within[of © 5]
by (metis Diff _empty Diff _insert0 closure__subset subsetD)

lemma filterlim__at_within__closure_implies_ filterlim: filterlim f 1 (at z within S)
if © € closure S = filterlim f 1 (at z within S)

by (metis bot.extremum filterlim__iff le_ filtercomap not_in__closure_trivial _limit]
that)

lemma at_within__eq bot_iff: at ¢ within A = bot +— ¢ ¢ closure (A — {c})
using not_trivial _limit_within[of ¢ A] by blast

2.1.9 Limits

The expected monotonicity property.

lemma Lim_Un:
assumes (f —— 1) (at z within S) (f —— 1) (at x within T)
shows (f —— ) (at z within (S U T))
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using assms unfolding at_within__union by (rule filterlim__sup)

lemma Lim Un_ univ:
(f — 1) (at z within S) = (f —— 1) (at z within T) =
SUT=UNIV = (f — 1) (at z)
by (metis Lim__Un)

Interrelations between restricted and unrestricted limits.

lemma Lim__at_imp_Lim__at_within: (f —— 1) (at 2) = (f —— 1) (at =
within S)
by (metis order_refl filterlim__mono subset_ UNIV at_le)

lemma eventually within__interior:
assumes x € interior S
shows eventually P (at x within S) +— eventually P (at x)
by (metis assms at_within_open__subset interior__subset open__interior)

lemma at within_interior: © € interior S = at z within S = at x
unfolding filter_eq_iff by (intro olll eventually within__interior)

lemma Lim_ within_ LIMSEQ:

fixes a :: 'a:first__countable_topology

assumes VS. (Vn. Sn#aANSne T)NS —— a— (An. X (Sn)) ——
L

shows (X —— L) (at a within T)

using assms unfolding tendsto__def [where I=L]

by (simp add: sequentially imp__eventually within)

lemma Lim_ right_bound:
fixes f :: 'a :: {linorder_topology, conditionally__complete_linorder, no__top} =
"b::{linorder_topology, conditionally__complete_linorder}
assumes mono: Nab.a €l = bel—=z<a=—a<b= fa<fb
and nd: Na. a € ] =z <a= K< fa
shows (f —— Inf (f * ({z<..} N 1)) (at z within ({z<..} N I))
proof (cases {z<.} NI ={})
case True
then show ?thesis by simp
next
case Fulse
show ?thesis
proof (rule order_tendstol)
fix a
assume a: o < Inf (f - {z<..} N 1))
{
fix y
assume y € {z<.} NI
with False bnd have Inf (f ‘ ({z<..} N 1)) < fy
by (auto intro: cInf lower bdd_belowI2)
with ¢ have a < fy
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by (blast intro: less_le_trans)
}
then show eventually (Az. a < fx) (at z within ({z<..} N I))
by (auto simp: eventually at_filter intro: exI[of _ 1] zero_less one)
next
fix a
assume Inf (f ‘({z<.}NI)) < a
from cInf lessD[OF __ this] False obtain y where y: z <yy e lfy<a
by auto
then have eventually (A\z. z € I — fx < a) (at_right z)
unfolding eventually at_right|OF <z < y»] by (metis less_imp_le le_less trans
mono)
then show eventually (\z. fx < a) (at x within ({z<..} N I))
unfolding eventually at_filter by eventually elim simp
qed
qed

lemma Lim_left bound:
fixes [ :: ‘a :: {linorder__topology, conditionally__complete_linorder, no__bot} =
b :: {linorder_topology, conditionally__complete_ linorder}
assumes mono: Aab.acl =bel=b<z=a<b= fa<fb
and bnd: N\b.bel = b<z= fb< K
shows (f —— Sup (f * ({..<z} N 1I))) (at z within ({..<z} N I))
proof (cases {..<z} NI = {})
case True
then show #?thesis by simp
next
case Fulse
show ?thesis
proof (rule order _tendstol)
fix b
assume b: Sup (f “({.<z} N 1I)) <b
{
fix y
assume y € {.<z} N[
with False bnd have fy < Sup (f  ({..<z} N I)) by (auto intro!: cSup__upper
bdd__abovel2)
with b have fy < b by order
}
then show eventually (\z. fx < b) (at z within ({..<z} N I))
by (auto simp: eventually at_filter intro: exI[of __ 1] zero_less one)
next
fix b
assume b < Sup (f * ({..<z} N 1))
from less _cSupD[OF __ this] False obtain y where y: y < xzy € Ib < fy by
auto
then have eventually (A\z. z € I — b < fz) (at_left x)
unfolding eventually_at_left[OF <y < x] by (metis mono order_less le
order_less le trans)
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then show eventually (Az. b < fz) (at z within ({.<z} N 1))
unfolding eventually at_filter by eventually elim simp
qed
qed

These are special for limits out of the same topological space.

lemma Lim_ within_id: (id —— a) (at a within s)
unfolding id_ def by (rule tendsto__ident at)

lemma Lim_at_id: (id —— a) (at a)
unfolding id_def by (rule tendsto__ident at)

It’s also sometimes useful to extract the limit point from the filter.

abbreviation netlimit :: 'a::t2_space filter = 'a
where netlimit F = Lim F (Az. x)

lemma netlimit_at [simp]:
fixes a :: ‘a::{perfect_space,t2_space}
shows netlimit (at a) = a
using Lim__ident_at [of a UNIV] by simp

lemma lim_within__interior:
z € interior S = (f —— 1) (at z within S) +— (f —— 1) (at )
by (metis at_within__interior)

lemma netlimit_within_interior:
fixes = :: ‘a::{t2_space,perfect space}
assumes z € interior S
shows netlimit (at x within S) = «
using assms by (metis at_within__interior netlimit_at)

Useful lemmas on closure and set of possible sequential limits.

lemma closure__sequential:
fixes [ :: 'a::first_countable_topology
shows [ € closure S +— (3z. (Vn. zn € S) A (x —— 1) sequentially)
by (auto simp: closure__def islimpt__sequential)

lemma closed__sequential__limits:

fixes S :: 'a:first_countable topology set

shows closed S <+— (Vz l. (Vn.zn € S) A (x —— 1) sequentially — 1 € S)
by (metis closure__sequential closure_subset__eq subset_iff)

lemma tendsto_ If within_ closures:
assumes f: x € S U (closure S N closure T) =
(f —— ) (at z within S U (closure S N closure T))
assumes ¢: ¢ € T U (closure S N closure T) =
(9 —— L x) (at z within T U (closure S N closure T))
assumes z € S U T
shows ((A\z. if z € S then fx else g ©) —— 1 z) (at x within S U T)
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proof —
have x: (SUT)N{z.2€ S} =SS UT)N{z.2¢S}=T-25
by auto
have (f —— 1 z) (at z within S)
using tendsto_ within__subset[OF f] <x € S U T»
by (metis Int_iff Un__iff Un__upperl closure__def filterlim__at__within__closure__implies_ filterlim)
moreover
have (¢ —— [ z) (at z within T — §)
using tendsto_within_subset g <x € S U T)
by (metis Intl Un__Diff _Int Un__iff Un__upperl closure_def filterlim__at_within__closure__implies_ filte

ultimately show ?thesis
by (intro filterlim__at_within_If) (simp__all only: *)
qed

2.1.10 Compactness

lemma brouwer _compactness__lemma:
fixes f :: 'a::topological__space = 'b::real_normed__vector
assumes compact S
and continuous_on S f
and - (3z€S. fz = 0)
obtains d where 0 < d and Vz€S. d < norm (f )
proof (cases S = {})
case True
show thesis
by (rule that [of 1]) (auto simp: True)
next
case Fulse
have continuous_on S (norm o f)
by (rule continuous_intros continuous_on_norm assms(2))+
with False obtain z where z: z € S VyeS. (norm o f) z < (norm o f) y
using continuous__attains inf[OF assms(1), of norm o f]
unfolding o _def
by auto
then show ?thesis
by (metis assms(3) that comp__apply zero_less_norm__iff)
qed

Bolzano-Weierstrass property

proposition Heine Borel _imp_Bolzano_ Weierstrass:
assumes compact S
and infinite T
and T C S
shows Jz € S. z islimpt T
proof (rule ccontr)
assume - (3z € S. z islimpt T)
then obtain f where f: Vz€S. z € fao A open (fz) AN VyeT. y € fao — y
= 1)
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unfolding islimpt_def by metis
obtain g where g: ¢ C {T.3z. 2 € SA T = fa} finiteg S C Uy
using assms(1)[unfolded compact_eq Heine_ Borel, THEN spec[where z={T.
dz. zeS AN T = fa}]]
using [ by auto
then have ¢ Vzeg. dy e S. z = [y
by auto
have inj on f T
unfolding inj on_def using <T C S) f by blast
then have infinite (f < T)
using assms(2) using finite_imageD by auto
moreover
have Fulse if z € T fz ¢ g for z
using «<T C S fg'«S C g that by force
then have f * T C g by auto
ultimately show Fulse
using ¢(2) using finite subset by auto
qed

lemma sequence_infinite_lemma:
fixes [ :: nat = ’a::tl_space
assumes An. fn # 1
and (f —— 1) sequentially
shows infinite (range f)
proof
assume finite (range f)
then have [ ¢ range f A closed (range f)
using «finite (range f)» assms(1) finite_imp__closed by blast
then have eventually (An. fn € — range f) sequentially
by (metis Compl_iff assms(2) open_ Compl topological tendstoD)
then show Fulse
unfolding eventually sequentially by auto
qged

lemma Bolzano_ Weierstrass _imp_ closed:
fixes S :: 'a::{first__countable_topology,t2_space} set
assumes V T. infinite T AT C S —> (3z € S. z islimpt T)
shows closed S
proof —
{
fix z 1
assume §: Vn. zn € S (x —— 1) sequentially
have [ € S
proof (cases Vn. zn # 1)
case True
with § have infinite (range x)
using sequence__infinite_lemmalof z l] by auto
with § assms show l€S
using sequence_unique limpt § True by blast
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qged (use § in auto)
}
then show ?thesis
unfolding closed sequential limits by auto
qed

lemma closure__insert:
fixes = :: ‘a::t1 space
shows closure (insert x S) = insert x (closure S)
by (metis closed_singleton closure__Un closure__closed insert_is_Un)

lemma finite_not_islimpt_in_ compact:

assumes compact A Nz. 2 € A = —z islimpt B

shows finite (A N B)

by (meson Heine_Borel imp_ Bolzano_ Weierstrass assms inf lel inf le2 is-
limpt__subset)

In particular, some common special cases.

lemma compact_Un [intro]:
assumes compact S
and compact T
shows compact (S U T)
proof (rule compactl)
fix f
assume *: Ball f open SU T C |Jf
from * <compact S» obtain s’ where s’ C f A finite s' A S C s’
unfolding compact_eq Heine Borel by (auto elim!: allE[of __ f])
moreover
from x <compact T» obtain t’ where t' C f A finite t' AN T C Jt’
unfolding compact_eq Heine_ Borel by (auto elim!: allE[of __ f])
ultimately show 3 f'Cf. finite f' A SU T C [’
by (auto intro: exI[of _ s' U t'])
qed

lemma compact_Union [intro]: finite S = (AT. T € S = compact T) =
compact (| S)
by (induct set: finite) auto

lemma compact_UN [intro):
finite A = (A\z. © € A = compact (B z)) = compact (|Jz€A. B x)
by blast

lemma closed Int_compact [introl:
assumes closed S and compact T
shows compact (SN T)
using compact__Int_closed [of T S] assms
by (simp add: Int_commute)

lemma compact_Int [intro]:
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fixes S T :: 'a :: t2_ space set

assumes compact S and compact T

shows compact (S N T)

using assms by (intro compact_Int_closed compact_imp__closed)

lemma compact_sing [simpl: compact {a}
unfolding compact _eq Heine_Borel by auto

lemma compact_insert [simp]:
assumes compact S
shows compact (insert z S)
by (metis assms compact__Un compact__sing insert_is Un)

lemma finite _imp__compact: finite S =—> compact S
by (induct set: finite) simp__all

lemma open__delete:
fixes S :: 'a::tl_space set
shows open S = open (S — {z})
by (simp add: open__ Diff)

Compactness expressed with filters

lemma closure iff nhds not_empty:
z € closure X +— (VA.VSCA. open S — z€ S — XN A #{})
proof —
have VA S. SCA— open S — €S — XNA#{} = =z € closure X
by (metis Compll Diff _disjoint Diff eq closure__interior inf top_left
interior__subset open__interior)
then show ?thesis
using open__Int_closure__eq empty by fastforce
qed

lemma compact_ filter:

compact U «— (VF. F # bot — eventually (Az. z € U) F — (z€U. inf
(nhds ) F # bot))
proof (intro alll iffT impI compact_fip] THEN 4ffD2] notl)

fix F

assume compact U

assume F: F # bot eventually (A\z. x € U) F

then have U # {}

by (auto simp: eventually_False)

define Z where Z = closure ‘ {A. eventually (Az. z € A) F'}
then have Vz€Z. closed z
by auto
moreover
have ev_Z: N\z. z € Z = eventually (A\z. z € 2) F
unfolding Z def by (auto elim: eventually_mono intro: subsetD[OF clo-
sure__subset])
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have (VB C Z. finite B— U N[\ B # {})
proof (intro alll impI)
fix B assume finite BB C Z
with «finite By ev_Z F(2) have eventually (Az. z € U N (B)) F
by (auto simp: eventually ball_finite_distrib eventually_conj iff)
with F show U N (B # {}
by (intro notl) (simp add: eventually_False)
qed
ultimately have U N[ Z # {}
using <compact U> unfolding compact_fip by blast
then obtain z where z € Uand z: \z. 2 € Z =z € 2
by auto

have AP. eventually P (inf (nhds z) F) = P # bot
unfolding eventually inf eventually nhds
proof safe
fix PQRS
assume eventually R F open Sz € S
with open_ Int_closure _eq emptylof S {z. R z}] =
have S N {z. R z} # {} by (auto simp: Z_def)
moreover assume Ball S QVz. Qxz AN Rz — bot x
ultimately show Fulse by (auto simp: set_eq iff)
qed
with «x € U» show Jze€U. inf (nhds z) F # bot
by (metis eventually bot)
next
fix A
assume A: Va€A. closed a VBCA. finite B— UNNB#{} UnNA4A=1{}
define F where F = (INF acinsert U A. principal a)
have F' # bot
unfolding F_def
proof (rule INF_filter_not_bot)
fix X
assume X: X C insert U A finite X
with A(2)[THEN spec, of X — {U}] have U N (X — {U}) # {}
by auto
with X show (INF acX. principal a) # bot
by (auto simp: INF_principal_finite principal_eq bot_iff)
qed
moreover
have F < principal U
unfolding F_def by auto
then have eventually (A\z. z € U) F
by (auto simp: le_filter__def eventually principal)
moreover
assume YV F. ' # bot — eventually (Az. z € U) F — (3zeU. inf (nhds x)
F # bot)
ultimately obtain z where z € U and z: inf (nhds ) F' # bot
by auto
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{ fix V assume V € 4
then have F < principal V
by (metis INF_lower F_def insertCI)
then have V: eventually (A\z. z € V) F
by (auto simp: le_filter__def eventually principal)
have z € closure V
unfolding closure iff nhds not_empty
proof (intro impl alll)
fix S A
assume open Sz € S S C A
then have eventually (\z. z € A) (nhds z)
by (auto simp: eventually_nhds)
with V have eventually (Az. x € V N A) (inf (nhds z) F)
by (auto simp: eventually_inf)
with 2 show V N A # {}
by (auto simp del: Int_iff simp add: trivial _limit_def)
ged
then have x € V
using <V € Ay A(1) by simp
}

with <z€U) have € U N [ A by auto
with «U N (A = {}> show False by auto
qed

definition countably compact :: ('a::topological _space) set = bool where
countably__compact U +—
(VA. countable A — (Va€A. open a) — U C|JA
— (3TCA. finite TANU CUT))

lemma countably compactE:
assumes countably _compact s and Vi€ C. open ¢t and s C |J C countable C
obtains C’ where C’' C C and finite C' and s C |J C”’
using assms unfolding countably_compact__def by metis

lemma countably compactl:

assumes \C. ViteC. open t = s C |JC = countable C = I C'CC. finite
cC'hnsc|yc’

shows countably compact s

using assms unfolding countably_compact_def by metis

lemma compact__imp__countably__compact: compact U = countably__compact U
by (auto simp: compact_eq Heine Borel countably__compact__def)

lemma countably_compact__imp _compact:
assumes countably__compact U
and ccover: countable B ¥V beB. open b
and basis: N\Txz. open T —= 2 € T =2 € U= FbeB.z e bA DN U C
T
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shows compact U
using <countably__compact U>»
unfolding compact_eq Heine_Borel countably compact _def
proof safe
fix A
assume A: Va€A. opena U C JA
assume #*: V A. countable A — (Va€A. open a) — U C JA — (3TCA.
finite TANUCUT)
moreover define C where C = {b€B. JacA. bN U C a}
ultimately have countable C' ¥V a€C'. open a
unfolding C def using ccover by auto
moreover
have JAN U CYC
proof clarify
fix z a
assume z € Uz €aa€ A
with basis[of a 2] A show z € |JC
unfolding C'def by auto
qed
then have U C |J C using <U C |J 4» by auto
ultimately obtain T where T: TCC finite TU CJT
using * by metis
then have VicT. 3acA. t N U C a
by (auto simp: C_def)
then obtain f where VicT. ft€e ANtNUCft
unfolding bchoice_iff Bex def ..
with T show 3 TCA. finite TANU CUT
unfolding C_def by (intro exI[of _ f‘T]) fastforce
qed

proposition countably compact_imp__compact_second__countable:
countably__compact U = compact (U :: 'a :: second__countable_topology set)
proof (rule countably compact_imp__compact)
fix T and z :: 'a
assume open T'x € T
from topological _basisE[OF is_basis this]
show 3b€SOME B. countable B A topological basis B.x € bAbDN U C T
by (metis le_infI1)
qed (insert countable__basis topological__basis_open|[OF is_basis], auto)

lemma countably compact _eq compact:

countably__compact U +— compact (U :: 'a :: second__countable__topology set)

using countably__compact__imp__compact__second__countable compact__imp__ countably compact
by blast

Sequential compactness

definition seq compact :: 'a::topological_space set = bool where
seq__compact S <—
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(Vf. (Yn. fneS) — (FleS. Irunat=nat. strict_mono r A (f o r) ——

)

lemma seq compactl:

assumes Af. Vn. fn € § = JleS. Irunat=nat. strict_mono r A (f o 1)
—

shows seq compact S

unfolding seq compact def using assms by fast

lemma seq compactE:
assumes seq _compact SVn. fn €S
obtains | r where | € S strict_mono (r :: nat = nat) (f o r) —— 1
using assms unfolding seq compact__def by fast

lemma seq compact_Int_closed:
assumes seq _compact S and closed T
shows seq_compact (S N T)
proof (rule seq _compactl)
fix f assume Vn:nat. fne SN T
hence Vn. fne Sand Vn. fne T
by simp__all
from <seq compact S> and <Vn. fn € 5
obtain [ r where [ € S and r: strict_mono rand I: (f o r) —— |
by (rule seq _compactE)
from <Vn. fn e T> haveVn. (for)ne T
by simp
with « € S» and r and [ show 31eS N T. 3 r. strict_monor A (f o r) ——
l
by (metis Int_iff <closed T» closed__sequentially)
qed

lemma seq compact__closed__subset:
assumes closed S and S C T and seq compact T
shows seq compact S
using assms seq__compact_Int_closed [of T S] by (simp add: Int_absorbl)

lemma seq compact__imp__countably compact:
fixes U :: 'a :: first_countable_topology set
assumes seq__compact U
shows countably__compact U
proof (intro countably compactl)
fix A
assume A: Va€A. open a U C |JA countable A
have subseq: AX. range X C U = Jr z. x € U A strict_mono (r :: nat =
nat) AN (Xor) —— x
using <seq__compact U by (fastforce simp: seq _compact_def subset_eq)
show 3 TCA. finite TANU C T
proof cases
assume finite A


Elementary{_}{\kern 0pt}Topology.html

424

with A show ?thesis by auto
next
assume infinite A
then have 4 # {} by auto
show ?thesis
proof (rule ccontr)
assume — (3 TCA. finite T ANU CJT)
then have VT. 3z. T C AN finite T — (€ U - JT)
by auto
then obtain X' where T: A\T. T C A = finite T —= X' T e U-T
by metis
define X where X n = X' (from_nat_into A ‘{.. n}) for n
have X: An. X n € U — (Ui<n. from_nat_into A i)
using (A # {}) unfolding X def by (intro T) (auto intro: from_nat_into)
then have range X C U
by auto
with subseq[of X] obtain r  where z € U and r: strict_mono r (X o r)
— T
by auto
from «zeU» <U C |JA» from_nat_into_surj|OF <countable A»]
obtain n where z € from_nat_into A n by auto
with r(2) A(1) from_nat_into[OF <A # {}]
have eventually (Mi. X (r i) € from_nat_into A n) sequentially
unfolding tendsto def by fastforce
then obtain N where Ai. N < i = X (r ) € from_nat_into A n
by (auto simp: eventually _sequentially)
moreover from X have A\i. n < ri = X (ri) ¢ from_nat_into A n
by auto
moreover from <strict_mono [ THEN seq_suble, of maz n N] have Ji. n
<riANN<q
by (auto intro!: exl[of _ maxz n NJ)
ultimately show Fulse
by auto
qed
qed
qed

lemma compact _imp_seq compact:
fixes U :: 'a :: first_countable_topology set
assumes compact U
shows seq compact U
unfolding seq compact_def
proof safe
fix X :: nat = 'a
assume Vn. Xne U
then have eventually (A\z. © € U) (filtermap X sequentially)
by (auto simp: eventually_filtermap)
moreover
have filtermap X sequentially # bot
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by (simp add: trivial_limit_def eventually_ filtermap)
ultimately
obtain z where x € U and z: inf (nhds z) (filtermap X sequentially) # bot (is

F )
using <compact U» by (auto simp: compact_ filter)

from countable_basis_at_decseq|of x]
obtain A where A:
Ni. open (A 1)
Ni.ze Adi
AS. open S = x € § = eventually (Mi. A i C S) sequentially
by blast
define s where s ni = (SOME j. i < jA Xj€ A (Sucn)) for n i
{
fix ni
have Ja. i < a A X a € A (Suc n)
proof (rule ccontr)
assume — (Ja>i. X a € A (Suc n))
then have Aa. Suc i < a = X a ¢ A (Suc n)
by auto
then have eventually (Az. © ¢ A (Suc n)) (filtermap X sequentially)
by (auto simp: eventually_filtermap eventually_sequentially)
moreover have eventually (Az. z € A (Suc n)) (nhds z)
using A(1,2)[of Suc n] by (auto simp: eventually nhds)
ultimately have eventually (Az. False) ?F
by (auto simp: eventually_inf)
with z show Fulse
by (simp add: eventually False)
qged
then have i < sn i X (sni) € A (Sucn)
unfolding s def by (auto intro: somel2_ex)
}

note s = this
define r where r = rec_nat (s 0 0) s
have strict_mono r
by (auto simp: r_def s strict_mono__ Suc__iff)
moreover
have (An. X (rn)) ——
proof (rule topological__tendstol)
fix S
assume open Sz € S
with A(3) have eventually (Ai. A i C S) sequentially
by auto
moreover
have X (ri) € A i if Suc 0 < i for i
using that by (cases i) (simp__all add: r_def s)
then have eventually (Ai. X (r i) € A 1) sequentially
by (auto simp: eventually__sequentially)
ultimately show eventually (Xi. X (r i) € S) sequentially
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by eventually elim auto
qed
ultimately show 32 € U. 3r. strict_monor AN (X or) —— z
using <z € U» by (auto simp: convergent__def comp__def)
qed

lemma countably__compact_imp__acc__point:
assumes countably__compact S
and countable T
and infinite T
and T C S
shows Jz€S. VU. z€U A open U — infinite (U N T)
proof (rule ccontr)
define C where C = (A\F. interior (F U (— T))) ‘{F. finite FANF C T}
note <countably compact S»
moreover have V Te€C. open T
by (auto simp: C_def)
moreover
assume - (3z€S. VU. zeU A open U — infinite (U N T))
then have S: A\z. z € S = 3 U. z€U A open U A finite (U N T) by metis
have Az U. [T C S; z € U; open U; finite (UNT)] = z€lJ C
unfolding C def
by (auto intro!: UN_I [where a=U N T] interiorl simp add: finite__subset)
then have S C |JC
using <7 C S» § by force
moreover
from <countable T» have countable C
unfolding C' def by (auto intro: countable Collect finite_subset)
ultimately
obtain D where D C C finite D S C |JD
by (rule countably compactFE)
then obtain F where E: E C {F. finite F A F C T } finite E
and S: S C (JFeE. interior (FU (- T)))
by (metis (lifting) finite _subset_image C_def)
from S «T C S» have T C JFE
using interior__subset by blast
moreover have finite (J F)
using F by auto
ultimately show Fulse using <infinite T
by (auto simp: finite_subset)
qed

lemma countable acc_point_imp_seq compact:

fixes S :: 'a::first_countable_topology set

assumes AT. [infinite T; countable T; T C S] = J2€S.VU. z€U A open U
— anfinite (U N T)

shows seq _compact S

unfolding seq compact_def
proof (intro strip)
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fix f :: nat = 'a
assume f: Vn. fne S
show 31eS. I r. strict_mono r A ((f o r) —— 1) sequentially
proof (cases finite (range f))
case True
obtain [ where infinite {n. fn = f 1}
using pigeonhole_infinite|OF __ True] by auto
then obtain r :: nat = nat where strict_mono r and fr: ¥n. f (rn) = fl
using infinite__enumerate by blast
then have strict_mono r A (f o 1) —— f1
by (simp add: fr o_def)
with f show 31e€S. Ir. strict_mono r A (f o r) —— 1
by auto
next
case Fulse
with f assms obtain [ where | € SV U. leU A open U — infinite (U N
range f)
by (metis image__subset__iff uncountable def)
with </ € ) show 31e€S. Ir. strict_mono r A ((f o r) —— 1) sequentially
by (meson acc__point_range _imp__convergent subsequence)
qed
qed

lemma seq compact_eq countably compact:

fixes U :: 'a :: first_countable_topology set

shows seq compact U <— countably_compact U

by (metis countable__acc__point_imp__seq compact countably__compact__imp__acc_point
seq__compact__imp__countably_compact)

lemma seq compact_eq acc_point:
fixes S :: 'a :: first_countable_topology set
shows seq _compact S +—
(V T. infinite T A countable T AT C S ——> (32€S.VU. z€U A open U —
infinite (U N T)))
by (metis countable _acc__point_imp_seq _compact countably _compact _imp__acc__point
seq__compact__imp__countably__compact)

lemma seq compact _eq compact:

fixes U :: 'a :: second__countable_topology set

shows seq compact U <— compact U

using seq compact__eq countably compact countably compact_eq compact by
blast

proposition Bolzano Weierstrass_imp seq compact:
fixes S :: ‘a::{t1_space, first_countable_topology} set
shows (AT. [infinite T; T C S| =3z € S. zislimpt T) = seq_compact S
by (rule countable _acc__point_imp__seq compact) (metis islimpt__eq acc_point)
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2.1.11 Cartesian products

lemma seq compact_Times:
assumes seq__compact S seq _compact T
shows seq_compact (S x T)
unfolding seq compact_def
proof clarify
fix h:: nat = 'a x b
assume Vn. hne S x T
then have *: An. (fstoh)ne S An. (sndoh)ne T
by (simp__all add: mem__Times__iff)
then obtain IS and 7S :: nat=nat
where 1S€S strict_mono S and 1S: (fst o h o rS) —— IS
using assms seq _compact_def by metis
then obtain IT and T :: nat=-nat
where [T€eT strict_mono rT and IT: (snd o h o 1S o rT) —— IT
using assms seq _compact__def *
by (metis (mono__tags, lifting) comp__apply)
have strict_mono (rS o rT)
by (simp add: <strict_mono rS»> <strict_mono rT» strict_mono_ o)
moreover have (h o (rS o rT)) —— (IS,IiT)
using tendsto_Pair [OF LIMSEQ__subseq LIMSEQ [OF IS <strict_mono rT)]
IT)
by (simp add: o_def)
ultimately show 31€S x T. 3r. strict_mono r A (hor) —— |
using IS € S) <(IT € T) by blast
qed

lemma compact_Times:
assumes compact S compact T
shows compact (S x T)
proof (rule compactl)
fix C
assume C:VTeC. open TS x T C |JC
have VzeS. 3A. open ANz € AN (IDCC. finite DANAXx T CJD)
proof
fix z
assume z € S
have VyeT. 3A B C. C € C N open ANopen BNz € ANye BANAXB
cc
by (smt (verit, ccfv_threshold) C UnionE <x € Sy mem__ Sigma__iff open__prod__def
subsetD)
then obtain ¢ b ¢ where b: A\y. y € T = open (b y)
and ¢: A\y.y€e T= cy € C A open (ay) Nopen (by) N\t €EayNyeEbd
yNayxbyCcy
by metis
then have VyeT. open (by) T C (JUyeT. b y) by auto
with compactE__image[OF <compact T»] obtain D where D: D C T finite D
T < (UyeD. by)
by metis
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moreover from D ¢ have ((yeD. ay) x T C (JyeD. cy)
by (fastforce simp: subset _eq)
ultimately show Ja. open a A z € a A (FdCC. finite d AN a x T C |Jd)
using c exl[of _ ¢‘D] exlof _ () (a‘D)] by (simp add: open_INT subset_eq)
qed
then obtain ¢ d where a: Az. 2€S = open (a z) S C (Jz€S. a )
and d: N\z. 2 € S = dxz CCA finite (dz) Nax x T C|J(dx)
unfolding subset__eq UN__iff by metis
moreover
from compactE_image[OF <compact S a)
obtain e where e: e C S finite e and S: S C (|Jz€e. a x)
by auto
moreover
have S x T C (Jz€e. J(d 2))
by (smt (verit, del_insts) S SigmaFE UN__iff d e(1) mem__Sigma__iff subset_eq)
ultimately show 3 C'CC. finite C' AN S x T C |JC’
by (force simp: subset__eq introl: exI[of _ |Jz€e. d z])
qed

lemma tube_lemma:
assumes compact K
assumes open W
assumes {z0} x K C W
shows 3 X0. 20 € X0 N open X0 N X0 x K C W
proof —
have 3X0 Y. open X0 N open Y Nz0 € XOANye Y ANX0 x Y C Wify
€ K for y
using assms open_ prod__def subsetD that by fastforce
then obtain X0 Y where
x:Vy € K. open (X0 y) N open (Yy) Nz0 € X0yAye YyAX0yx Yy
cw
by metis
from x have VteY ‘ K. open t K C |J(Y ‘ K) by auto
with <compact K) obtain CC where CC: CC C Y ‘ K finite CC K C |J CC
by (meson compactFE)
then obtain ¢ where ¢: AC. C € CC = cC e KANC=Y (cC)
by (force introl: choice)
with x CC show ?thesis
by (bestsimp introl: exl[where z=\ CeCC. X0 (¢ C)])
qed

lemma continuous on__prod__compactF:
fixes fr::’a::topological _space x 'b::topological space = 'c::metric_space
and e::real
assumes cont_fr: continuous_on (U x C) fr
assumes compact C
assumes [intro]: 20 € U
notes [continuous_intros] = continuous_on__compose2[OF cont_fz]
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assumes e > (
obtains X0 where z0 € X0 open X0
VzeX0 N U. Vit e C. dist (fr (z, t)) (fr (20, 1)) < e
proof —
define psi where psi = (A(z, t). dist (fz (z, t)) (fx (20, t)))
define W0 where W0 = {(z,t) € U x C. psi (z, t) < e}
have W0 _eq: W0 = psi —“{.<e} N U x C
by (auto simp: vimage__def W0__def)
have open {..<e} by simp
have continuous_on (U x C) psi
by (auto intro!: continuous_intros simp: psi_def split_beta’)
then obtain W where W: open W W N U x C=WonNUx C
unfolding W0 _eq
by (metis <open {..<e}» continuous_on__open__invariant inf right_idem)
have {20} x CC WnNnUx C
unfolding W
by (auto simp: W0_def psi_def <0 < e>)
then have {z0} x C C W by blast
from tube_lemma[OF <compact C»> <open W this]
obtain X0 where X0: 20 € X0 open X0 X0 x C C W
by blast

have VzeX0 N U.Vt € C. dist (fr (z, t)) (fr (20, 1)) < e
proof clarify
fix r assume z: v € X0z € U
fix t assume t: t € C
have dist (fr (z, t)) (fr (20, t)) = psi (x, t)
by (auto simp: psi_def)
also have psi (z, t) < e
using W(2) W0_def X0(8) t z by fastforce
finally show dist (fr (z,t)) (fr (20,t)) < e by simp
qed
from X0(1,2) this show ?Zthesis ..
qed

2.1.12 Continuity

lemma continuous at_imp__continuous within:

continuous (at z) f = continuous (at x within s) f

unfolding continuous within continuous _at using Lim__at_imp_Lim__at_within
by auto

lemma Lim_ trivial _limit: trivial_limit net = (f —— 1) net
by simp

lemmas continuous on = continuous_on__def — legacy theorem name

lemma continuous__within__subset:
continuous (at x within S) f = t C § = continuous (at x within t) f
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unfolding continuous_within by(metis tendsto__within__subset)

lemma continuous on__interior:
continuous_on S f = © € interior S = continuous (at ) f
by (metis continuous_on__eq continuous__at continuous__on__subset interiorE)

lemma continuous__on__eq:
[continuous_on S f; Az. © € S = fz = g ] = continuous_on S g
unfolding continuous on__ def tendsto_def eventually at_topological
by simp

Characterization of various kinds of continuity in terms of sequences.

lemma continuous within__sequentiallyl:
fixes f :: 'a::{first_countable_topology, t2_space} = 'b::topological _space
assumes Au:nat = 'a. u —— a = (Vn.un € S) = (An. f (un)) ——
fa
shows continuous (at a within S) f
using assms unfolding continuous_within tendsto_def[where | = f a]
by (auto intro: sequentially_imp__eventually within)

lemma continuous within__tendsto__compose:
fixes f::'a::t2_space = 'b::topological__space
assumes f: continuous (at a within S) f
and eventually (An. zn € S) F (t — a) F
shows ((An. f (zn)) — fa) F
proof —
have *: filterlim = (inf (nhds a) (principal S)) F
by (simp add: assms filterlim__inf filterlim__principal)
show ?thesis
using * f continuous__within filterlim__compose tendsto__at_within_ iff tendsto_nhds
by blast
qed

lemma continuous_within__tendsto__compose’:
fixes f::'a::t2_space = 'b::topological _space
assumes continuous (at a within S) f An.zne€ S (x — a) F
shows ((An. f (zn)) — fa) F
using always__eventually assms continuous_within__tendsto__compose by blast

lemma continuous within__sequentially:
fixes f :: 'a::{first_countable_topology, t2_space} = 'b::topological _space
shows continuous (at a within S) f +—
(Vz. (Vnunat. zn € S) A (x —— a) sequentially
— ((f o &) —— [ a) sequentially)
using continuous_within__tendsto__compose’[of a S f __ sequentially]
using continuous_within__sequentiallyl[of a S f]
by (auto simp: o_ def)

lemma continuous at_sequentiallyl:
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fixes f :: ‘a:{first_countable_topology, t2_space} = 'b::topological _space
assumes Au. u — a = (An. f (un)) —— fa

shows continuous (at a) f

using continuous__within__sequentiallyl[of a UNIV f] assms by auto

lemma continuous at _sequentially:
fixes f :: ‘a::metric_space = 'b::topological__space
shows continuous (at a) f +—
(Vz. (x —— a) sequentially ——> ((f o ) —— f a) sequentially)
using continuous_within__sequentially[of a UNIV f] by simp

lemma continuous on__sequentiallyl:
fixes f :: 'a:{first_countable_topology, t2 space} = 'b::topological _space
assumes Auva. (Vn.une ) =ae€ S = u——a= (An. f (un))
—— fa
shows continuous_on S f
using assms unfolding continuous on__eq continuous_within
using continuous_within__sequentiallyl[of _ S f] by auto

lemma continuous on__sequentially:
fixes f :: 'a:{first_countable_topology, t2_space} = 'b::topological _space
shows continuous_on S f +—
Vz.Va e S. (Yn. z(n) € S) Az —— a) sequentially
— ((f o £) —— [ a) sequentially)
by (meson continuous__on__eq _continuous__within continuous__within__sequentially)

2.1.13 Homeomorphisms

definition homeomorphism S T f g <+—
(VzesS. (g(fz) =x) AN (f S =T) A continuous_on S f A
VyeT. (flgy) =y)) A(g T =S) A continuous_on T g

lemma homeomorphisml [intro?):
assumes continuous _on S f continuous_on T g
[PSCTg TCSANz.zeS=g(fz)=zANy.yeT=flgy) =y
shows homeomorphism S T f g
using assms by (force simp: homeomorphism__def)

lemma homeomorphism__translation:
fixes a :: 'a :: real _normed_wvector
shows homeomorphism ((+) a *S) S ((+) (= a)) ((+) a)
unfolding homeomorphism__def by (auto simp: algebra__simps continuous__intros)

lemma homeomorphism__ident: homeomorphism T T (Aa. a) (Aa. a)
by (rule homeomorphismlI) auto

lemma homeomorphism__compose:
assumes homeomorphism S T f g homeomorphism T U h k
shows homeomorphism S U (h o f) (g 0 k)
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using assms
unfolding homeomorphism__def
by (intro conjl balll continuous__on__compose) (auto simp: image_iff)

lemma homeomorphism__cong:
homeomorphism X' Y' ' g’
if homeomorphism X Y fg X' =XY' =Y N\z.z e X = flz=fz Ny. ¥y
€Y =yg'y=gy
using that by (auto simp add: homeomorphism__def)

lemma homeomorphism__empty [simp]:
homeomorphism {} {} f g
unfolding homeomorphism__def by auto

lemma homeomorphism__symD: homeomorphism S t f ¢ => homeomorphism t S

9f
by (simp add: homeomorphism__def)

lemma homeomorphism__sym: homeomorphism S t f g = homeomorphism t S g f
by (force simp: homeomorphism__def)

lemma continuous on__translation__eq:
fixes ¢ :: 'a :: real _normed_wvector = 'b :: real _normed_ vector
shows continuous_on A ((+) a o g) = continuous_on A g
proof —
have g: g = (Az. —a + z) o ((Az. a + z) o g)
by force
show ?thesis
by (metis (no_types, opaque_lifting) g continuous_on__compose homeomor-
phism__def homeomorphism__translation)
qed

definition homeomorphic :: 'a::topological _space set = 'b::topological space set
= bool
(infixr <homeomorphic> 60)
where s homeomorphic t = (3 f g. homeomorphism s t f g)

lemma homeomorphic__empty [iff]:
S homeomorphic {} +— S = {} {} homeomorphic S +— S = {}
by (auto simp: homeomorphic__def homeomorphism__def)

lemma homeomorphic_refl: S homeomorphic S
using homeomorphic__def homeomorphism__ident by fastforce

lemma homeomorphic__sym: S homeomorphic T <— T homeomorphic S
unfolding homeomorphic__def homeomorphism__def

by blast

lemma homeomorphic__trans [trans]:
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assumes S homeomorphic T and T homeomorphic U
shows S homeomorphic U

using assms unfolding homeomorphic__def

by (metis homeomorphism__compose)

lemma homeomorphic_minimal:

S homeomorphic T +—
(3fg. (VzeS. f(z) € T A (9(f(2)) = 2)) A
(VyeT. gy) € S A (flg(y) = y)) A

continuous_on S f A continuous_on T g) (is ?L=7R)
proof

assume S homeomorphic T
then obtain f g where §: homeomorphism S T f g
using homeomorphic__def by blast
show ?R
proof (intro exl conjl)
show VzeS. fo e TAg(fz)=aVyeT.gye SAf(gy) =y
by (metis § homeomorphism__def imagel )+
show continuous _on S f continuous_on T g
using § homeomorphism__def by blast+
qed
qged (force simp: homeomorphic_def homeomorphism__def image__iff)

lemma homeomorphicl [intro?):
[f 8S=Ty9°T=S5;
continuous__on S f; continuous_on T g;
Nz. z € § = g(f(z)) = =;
Ny.y € T = f(g9(y)) = y] = S homeomorphic T
unfolding homeomorphic__def homeomorphism__def by metis

lemma homeomorphism__of subsets:
[homeomorphism S T fg; S'C S; T"C T; f“S' = T]
= homeomorphism S’ T' f g

by (smt (verit, del insts) continuous_on__subset homeomorphismI homeomor-
phism__def imageE subset_eq)

lemma homeomorphism__applyl: [homeomorphism S T f g; z € S| = g(fz) = =
by (simp add: homeomorphism__def)

lemma homeomorphism__apply2: [homeomorphism S T f g; x € T] = f(g z) =
T
by (simp add: homeomorphism__def)

lemma homeomorphism__imagel: homeomorphism S T fg=— f ‘S =T
by (simp add: homeomorphism__def)

lemma homeomorphism__image2: homeomorphism S T fg—=— g ‘T =S
by (simp add: homeomorphism__def)



Elementary Topology.thy 435

lemma homeomorphism__contl: homeomorphism S T f g = continuous_on S f
by (simp add: homeomorphism__def)

lemma homeomorphism__cont2: homeomorphism S T f g = continuous_on T g
by (simp add: homeomorphism__def)

lemma continuous on_no_limpt:

(Az. = z islimpt S) = continuous_on S f

unfolding continuous on__def

by (metis UNIV_I empty_iff eventually_at_topological islimptE open_ UNIV
tendsto__def trivial__limit__within)

lemma continuous _on__ finite:
fixes S :: 'a::tl_space set
shows finite S = continuous_on S f
by (metis continuous__on_no__limpt islimpt_ finite)

lemma homeomorphic__ finite:
fixes S :: 'a::tl_space set and T :: 'b::tl__space set
assumes finite T
shows S homeomorphic T <— finite S A card S = card T (is ?lhs = ?rhs)
proof
assume S homeomorphic T
with assms show ?rhs
by (metis (full_types) card_image_le finite_imagel homeomorphic__def home-
omorphism__def le__antisym)
next
assume R: ?rhs
with finite _same_ card_bij assms obtain h where h: bij betw h S T
by auto
show ?lhs
unfolding homeomorphic__def homeomorphism__def
proof (intro exI conjI)
show continuous _on S h continuous_on T (inv_into S h)
by (simp__all add: assms R continuous__on__finite)
ged (use h in <auto simp: bij _betw def»)
qed

Relatively weak hypotheses if a set is compact.

lemma homeomorphism__compact:

fixes f :: 'a::topological _space = 'b::t2_space

assumes compact S continuous_on Sf f°S =T inj_onfS

shows 3 g. homeomorphism S T f g
proof —

obtain g where g: Vz€S. g (fz) =z VzeT. f (9gz) =29 ‘T =298

using assms the_inv_into_f f by fastforce

with assms show ?thesis

unfolding homeomorphism__def homeomorphic__def by (metis continuous__on__inv)
qed
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lemma homeomorphic__compact:

fixes [ :: ‘a::topological__space = 'b::t2_space

shows compact S = continuous_on Sf = (f‘S=T) = inj_onfS =S
homeomorphic T

unfolding homeomorphic__def by (metis homeomorphism__compact)

Preservation of topological properties.

lemma homeomorphic__compactness: S homeomorphic T = (compact S +—
compact T)

unfolding homeomorphic__def homeomorphism,__def

by (metis compact__continuous__image)

2.1.14 On Linorder Topologies

lemma islimpt_greaterThanLessThanl:
fixes a b::’a::{linorder_topology, dense_order}
assumes a < b
shows a islimpt {a<..<b}
proof (rule islimptl)
fix T
assume open T a € T
then obtain ¢ where ¢: ¢ < ¢ {a.<c} C T
by (meson assms open__right)
with assms dense[of a min c b]
show Jyc{a<.<b}. ye T ANy #a
by (metis atLeastLessThan__iff greaterThanLessThan__iff min_less iff conj
not_le order.strict_implies__order subset_eq)
qed

lemma islimpt__greaterThanLessThan2:
fixes a b::’a::{linorder_topology, dense_order}
assumes a < b
shows b islimpt {a<..<b}
proof (rule islimptI)
fix T
assume open T b e T
from open_ left|OF this <a < b]
obtain ¢ where ¢: ¢ < b {¢<..b} C T by auto
with assms dense[of maz a ¢ b]
show Jyc{a<.<b}. ye TAy#b
by (metis greaterThanAtMost_iff greaterThanLessThan__iff maz_less iff conj
not_le order.strict_implies__order subset_eq)
qed

lemma closure__greater ThanLess Than[simp]:

fixes a b::’a::{linorder_topology, dense_order}

shows a < b = closure {a <..< b} = {a .. b} (is _ = 2l = ?r)
proof
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have 2] C closure ?r
by (rule closure_mono) auto
thus closure {a<..<b} C {a..b} by simp
qed (auto simp: closure__def order.order _iff _strict islimpt_greaterThanLessThanl
islimpt__greater ThanLessThan2)

lemma closure__greaterThan[simp]:
fixes a b::'a::{no_top, linorder_topology, dense__order}
shows closure {a<..} = {a..}
proof —
from gt _ex obtain b where a < b by auto
hence {a<..} = {a<..<b} U {b..} by auto
also have closure ... = {a..} using <a < b> unfolding closure_Un
by auto
finally show ?thesis .
qed

lemma closure__lessThan[simp]:
fixes b::'a::{no_bot, linorder_topology, dense_order}
shows closure {..<b} = {..b}
proof —
from [/t ex obtain a where a < b by auto
hence {..<b} = {a<..<b} U {..a} by auto
also have closure ... = {..b} using <a < b unfolding closure__Un
by auto
finally show ?thesis .
qed

lemma closure__atLeastLess Than|simp]:
fixes a b::'a::{linorder_topology, dense_order}
assumes a < b
shows closure {a ..< b} = {a .. b}

proof —
from assms have {a ..< b} = {a} U {a <..< b} by auto
also have closure ... = {a .. b} unfolding closure_ Un

by (auto simp: assms less_imp_le)
finally show ?thesis .
qed

lemma closure__greaterThanAtMost[simp):
fixes a b::'a::{linorder_topology, dense_order}
assumes a < b
shows closure {a <.. b} = {a .. b}

proof —
from assms have {a <.. b} = {b} U {a <..< b} by auto
also have closure ... = {a .. b} unfolding closure_ Un

by (auto simp: assms less_imp_le)
finally show ?thesis .
qed
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end
theory Abstract Limits
imports
Abstract__Topology
begin

2.1.15 nhdsin and atin

definition nhdsin :: 'a topology = 'a = 'a filter
where nhdsin X a =
(if a € topspace X then (INF Se{S. openin X S A a € S}. principal S)
else bot)

definition atin_ within :: ['a topology, 'a, 'a set] = ’a filter
where atin_within X a S = inf (nhdsin X a) (principal (topspace X N S — {a}))

abbreviation atin :: ‘a topology = 'a = 'a filter
where atin X a = atin_within X a UNIV

lemma atin__def: atin X a = inf (nhdsin X a) (principal (topspace X — {a}))
by (simp add: atin_within__def)

lemma nhdsin__degenerate [simp]: a ¢ topspace X = nhdsin X a = bot
and atin__degenerate [simp]: a ¢ topspace X = atin X a = bot
by (simp__all add: nhdsin__def atin__def)

lemma eventually nhdsin:
eventually P (nhdsin X a) <— a ¢ topspace X V (35. openin X S AN a € S A
(VzeS. P x))
proof (cases a € topspace X)
case True
hence nhdsin X a = (INF S€{S. openin X S A a € S}. principal S)
by (simp add: nhdsin__def)
also have eventually P ... +— (35. openin X S AN a € S A (VzeS. P z))
using True by (subst eventually INF _base) (auto simp: eventually principal)
finally show ?thesis using True by simp
qed auto

lemma eventually atin_ within:
eventually P (atin_within X a S) +— a ¢ topspace X V (3 T. openin X T A a
eTANNzeT.-2€ SNz #a— Pux))
proof (cases a € topspace X)
case True
hence eventually P (atin_within X a S) «—
(3T. openin X T Na € T A
(VzeT. z € topspace X Nz € S ANz # a— Pux))
by (simp add: atin_within__def eventually inf principal eventually nhdsin)
also have ... «— (3T. openin X TNa € T NNVzeT.z2€ SANx#a— P
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z))
using openin__subset by (intro ex_cong) auto
finally show ?thesis by (simp add: True)
qed (simp add: atin_within__def)

lemma eventually atin:
eventually P (atin X a) <— a ¢ topspace X V
(3U. openin X UNa€ UN Nz e U—{a}. Px))
by (auto simp add: eventually _atin_ within)

lemma nontrivial _limit_atin:
atin X a # bot «<— a € X derived__set_ of topspace X
proof
assume L: atin X a # bot
then have a € topspace X
by (meson atin__degenerate)
moreover have — openin X {a}
using L by (auto simp: eventually atin trivial limit_eq)
ultimately
show a € X derived_set of topspace X
by (auto simp: derived_set of topspace)
next
assume a: a € X derived__set_of topspace X
show atin X a # bot
proof
assume atin X a = bot
then have eventually (A_. False) (atin X a)
by simp
then show Fulse
by (metis a eventually _atin in__derived_set_of insertE insert Diff)
qed
qed

lemma eventually atin__subtopology:
assumes a € topspace X
shows eventually P (atin (subtopology X S) a) <—
(a € S — (3 U. openin (subtopology X S) UNae€ UAN (NVzeU — {a}. Pz)))
using assms by (simp add: eventually_atin)

lemma eventually within__imp:
eventually P (atin_within X a S) <— eventually (A\z. x € S — P z) (atin X
a)

by (auto simp add: eventually atin_within eventually atin)

lemma atin__subtopology within:
assumes a € S
shows atin (subtopology X S) a = atin_within X a S
proof —
have eventually P (atin (subtopology X S) a) <+— eventually P (atin_within X
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a S) for P
unfolding eventually atin eventually atin__within openin__subtopology
using assms by auto
then show ?thesis
by (meson le_filter__def order.eq_iff)
qed

lemma atin_subtopology within__if:
shows atin (subtopology X S) a = (if a € S then atin_within X a S else bot)
by (simp add: atin__subtopology_within)

lemma trivial_limit_atpointof within:
trivial__limit(atin_within X a S) +—
(a ¢ X derived_set_of S)
by (auto simp: trivial_limit_def eventually _atin_within in_ derived_set_of)

lemma derived_set_of trivial limit:
a € X derived_set_of S <— — trivial _limit(atin_within X a S)
by (simp add: trivial_limit_atpointof within)

2.1.16 Limits in a topological space

definition limitin :: ‘a topology = (b = 'a) = 'a = 'b filter = bool where
limitin X fl F =1 € topspace X AN (Y U. openin X U ANl € U — eventually
(Az. fzxe U) F)

lemma limit_within_subset:

[limitin X f1 (atin_within Y a S); T C S| = limitin X f 1 (atin_within Y a
T)

by (smt (verit) eventually__atin_within limitin__def subset_eq)

lemma limitinD: [limitin X f 1 F; openin X U; | € U] = eventually (A\z. fx €
U) F
by (simp add: limitin_def)

lemma limitin__canonical _iff [simp]: limitin euclidean fl F «— (f —— ) F
by (auto simp: limitin__def tendsto _def)

lemma limitin__topspace: limitin X fl F = [ € topspace X
by (simp add: limitin_def)

lemma limitin__const_iff [simp]: limitin X (Aa. ) | F <— | € topspace X
by (simp add: limitin__def)

lemma limitin__const: limitin euclidean (Aa. 1) | F
by simp

lemma limitin__eventually:
[l € topspace X; eventually (Az. fz = 1) F] = limitin X fl F



Abstract__Limits.thy 441

by (auto simp: limitin__def eventually _mono)

lemma limitin__subsequence:
[strict_mono r; limitin X f 1 sequentially] = limitin X (f o r) [ sequentially
unfolding limitin__def using eventually subseq by fastforce

lemma limitin__subtopology:
limitin (subtopology X S) f1 F
1€ S A eventually (Aa. fa € 8) F A limitin X fIF (is ?lhs = ?rhs)
proof (cases [ € S N topspace X)
case True
show ?thesis
proof
assume L: ?lhs
with True
have Vg bin F. fb € topspace X N S
by (metis (no__types) limitin__def openin__topspace topspace__subtopology)
moreover have AU. [openin X U; 1l € Ul = VprpzinF. fze SNU
using limitinD [OF L] True openin__subtopology Int2 by force
ultimately show ?rhs
using True by (auto simp: limitin__def eventually conj iff)
next
assume ?rhs
then show ?lhs
using eventually elim2
by (fastforce simp add: limitin__def openin__subtopology_alt)
qed
qged (auto simp: limitin__def)

lemma limitin__canonical iff gen [simp]:
assumes open S
shows limitin (top_of _set S) fIF «— (f —= ) FAl€ S
using assms by (auto simp: limitin__subtopology tendsto__def)

lemma limitin__sequentially:
limitin X S | sequentially <—
I € topspace X N (VU. openin X UN1l € U — (AN.Vn. N <n— Sne€
U))
by (simp add: limitin__def eventually _sequentially)

lemma limitin__sequentially offset:
limitin X f 1 sequentially = limitin X (Mi. f (i + k)) [ sequentially
unfolding limitin__sequentially
by (metis add.commute le_add2 order _trans)

lemma limitin__sequentially offset_rev:
assumes limitin X (\i. f (i + k)) | sequentially
shows limitin X f | sequentially
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proof —
have IN. Vn>N. fn e U if U: openin X Ul € U for U
proof —
obtain N where An. n>N = f (n+ k) € U
using assms U unfolding limitin__sequentially by blast
then have Vn>N+k. fne U
by (metis add_leD2 add_le_imp_le_ diff le_add_diff inverse2)
then show ?thesis ..
qed
with assms show ?thesis
unfolding limitin__sequentially
by simp
qed

lemma limitin_atin:
limitin Y fy (atin X z) +—
y € topspace Y A
(z € topspace X
— (VV.openin Y VAyeV
— (3U. openin X UNz € UNf(U-{z}) CV))
by (auto simp: limitin__def eventually__atin image__subset_iff)

lemma limitin__atin__self:
limitin Y f (f a) (atin X a) +—
fa € topspace Y A
(a € topspace X
— (VY V.openin Y VAfaeV
— (U.openin X UNa € UNFfUCTV)))
unfolding limitin__atin by fastforce

lemma limitin_trivial:
[trivial_limit F; y € topspace X]| = limitin X fy F
by (simp add: limitin__def)

lemma limitin__transform__eventually:
[eventually (A\z. fx = g z) F; limitin X f1 F] = limitin X g | F
unfolding limitin__def using eventually elim2 by fastforce

lemma continuous map__limit:
assumes continuous_map X Y g and f: limitin X fl F
shows limitin Y (go f) (g ) F
proof —
have g [ € topspace Y
by (meson assms continuous_map f image__eql in_mono limitin__def)
moreover
have AU. [VV. openin X VANI€V — (VpazinF. fz € V); openin Y U; ¢
le U]
= VrpazinF.g(fz)eU
using assms eventually mono
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by (fastforce simp: limitin__def dest!: openin__continuous_map _preimage)
ultimately show ?Zthesis
using [ by (fastforce simp add: limitin__def)
qed

2.1.17 Pointwise continuity in topological spaces

definition topcontinuous at where
topcontinuous_at X Y fx +—
x € topspace X N
f € topspace X — topspace Y A
(VV.openin Y VAfaxeV
— (3U.openin XU Nz e UNNye U.fyeV)))

lemma topcontinuous at_atin:
topcontinuous_at X Y fz +—
z € topspace X A
f € topspace X — topspace Y A
limitin Y f (f z) (atin X z)
unfolding topcontinuous at _def
by (fastforce simp add: limitin__atin)+

lemma continuous map__eq topcontinuous at:
continuous_map X Y f «+— (Vz € topspace X. topcontinuous_at X Y f x)
(is ?lhs = ?rhs)
proof
assume ?lhs
then show ?rhs
by (auto simp: continuous_map__def topcontinuous__at_def)
next
assume R: ?rhs
then show ?lhs
unfolding continuous map__def topcontinuous at_def Pi iff
by (smt (verit, ccfv_threshold) mem__Collect _eq openin__subopen openin__subset
subset__eq)
qed

lemma continuous map__atin:
continuous_map X Y f «— (Vz € topspace X. limitin Y f (f z) (atin X z))
by (auto simp: limitin__def topcontinuous _at__atin continuous_map__eq topcontinuous__at)

lemma limitin__continuous _map:
[continuous_map X Y f; a € topspace X; fa = b] = limitin Y f b (atin X a)
by (auto simp: continuous_map__atin)

lemma limit_continuous__map_ within:
[continuous_map (subtopology X S) Y f; a € S; a € topspace X]
= limitin Y [ (f a) (atin_within X a S)
by (metis Int__iff atin__subtopology _within continuous__map__atin topspace__subtopology)
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2.1.18 Combining theorems for continuous functions into the
reals

lemma continuous_map__canonical__const [continuous_intros):
continuous_map X euclidean (Az. ¢)
by simp

lemma continuous map_real mult [continuousiintros]:
[continuous_map X euclideanreal f; continuous_map X euclideanreal g]
= continuous_map X euclideanreal (A\z. fz * g x)
by (simp add: continuous_map__atin tendsto _mult)

lemma continuous map_real _pow [continuousiintros]:
continuous_map X euclideanreal f = continuous _map X euclideanreal (A\z. f

z " n)
by (induction n) (auto simp: continuous_map_ real mult)

lemma continuous map_real mult_left:
continuous_map X euclideanreal f = continuous_map X euclideanreal (A\z. ¢
* fx)

by (simp add: continuous_map__atin tendsto _mult)

lemma continuous _map_real _mult_left eq:
continuous_map X euclideanreal (M. ¢ * f ) «— ¢ = 0 V continuous_map X
euclideanreal f
proof (cases ¢ = 0)
case Fualse
{ assume continuous_map X euclideanreal (A\z. ¢ * f x)
then have continuous_map X euclideanreal (Az. inverse ¢ x (¢ * fx))
by (simp add: continuous_map__real _mult)
then have continuous map X euclideanreal f
by (simp add: field simps False) }
with False show ?thesis
using continuous _map__real _mult_left by blast
qed simp

lemma continuous map_real _mult_right:

continuous_map X euclideanreal f = continuous_map X euclideanreal (A\z. f
T * )

by (simp add: continuous _map__atin tendsto__mult)

lemma continuous _map real mult right eq:

continuous_map X euclideanreal (Az. fx % ¢) «— ¢ = 0 V continuous_map X
euclideanreal f

by (simp add: mult.commute flip: continuous_map__real_mult_left _eq)

lemma continuous_map__minus [continuous_intros]:
fixes f :: ‘a="b::real _normed_vector
shows continuous_map X euclidean f = continuous_map X euclidean (Az. —

f )
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by (simp add: continuous_map__atin tendstoiminus)

lemma continuous_map_minus_eq [simp):
fixes f :: 'a='b::real_normed_vector
shows continuous_map X euclidean (Az. — fx) <— continuous_map X euclidean
using continuous__map_minus add.inverse__inverse continuous_map__eq by fast-
force

lemma continuous_map__add [continuous_intros]:

fixes f :: 'a='b::real_normed_vector

shows [continuous_map X euclidean f; continuous_map X euclidean g] —
continuous_map X euclidean (Az. fz + g x)

by (simp add: continuous_map__atin tendsto__add)

lemma continuous _map__ diff [continuousiintros]:

fixes f :: 'a='b::real_normed_vector

shows [continuous_map X euclidean f; continuous_map X euclidean g] =
continuous_map X euclidean (Az. fz — g )

by (simp add: continuous_map__atin tendsto diff)

lemma continuous map_norm [continuousiintros]:

fixes f :: 'a='b::real_normed_vector

shows continuous_map X euclidean f = continuous_map X euclidean (\z.
norm(f z))

by (simp add: continuous_map__atin tendsto_norm)

lemma continuous_map_real_abs [continuous__intros]:
continuous_map X euclideanreal f = continuous_map X euclideanreal (A\z.

abs(f ))

by (simp add: continuous_map__atin tendsto_rabs)

lemma continuous map_real _mazx [continuousf@'ntms]z
[continuous_map X euclideanreal f; continuous_map X euclideanreal g]
= continuous_map X euclideanreal (Az. maz (f z) (g x))
by (simp add: continuous_map__atin tendsto _mazx)

lemma continuous map_real _min [contz’nuousiintros]:
[continuous_map X euclideanreal f; continuous_map X euclideanreal g]
= continuous_map X euclideanreal (Az. min (f z) (g x))
by (simp add: continuous_map__atin tendsto__min)

lemma continuous map__sum [continuousiintms]:
fixes [ :: 'a='b="c::real_normed_ vector
shows [finite I; A\i. i € I = continuous_map X euclidean (Ax. f z )]
= continuous_map X euclidean (Az. sum (f z) I)
by (simp add: continuous_map__atin tendsto__sum,)

lemma continuous map_prod [continuousiintros]:
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[finite I
Ni. i € I = continuous_map X euclideanreal (Az. f x 7)]
= continuous_map X euclideanreal (Az. prod (f x) I)

by (simp add: continuous_map__atin tendsto_prod)

lemma continuous map_real inverse [continuousiintros]:
[continuous_map X euclideanreal f; Nx. x € topspace X — fx # 0]
= continuous_map X euclideanreal (Az. inverse(f x))
by (simp add: continuous_map__atin tendsto inverse)

lemma continuous_map_real__divide [continuous_intros]:
[continuous_map X euclideanreal f; continuous_map X euclideanreal g; Nx.
€ topspace X = g x # 0]
= continuous_map X euclideanreal (A\z. fz / g )
by (simp add: continuous_map__atin tendsto__divide)

end

2.2 Non-Denumerability of the Continuum

theory Continuum__Not_Denumerable
imports

Complex__Main

HOL— Library. Countable__Set
begin

2.2.1 Abstract

The following document presents a proof that the Continuum is uncountable.
It is formalised in the Isabelle/Isar theorem proving system.

Theorem: The Continuum R is not denumerable. In other words, there
does not exist a function f: N = R such that f is surjective.

Outline: An elegant informal proof of this result uses Cantor’s Diagonali-
sation argument. The proof presented here is not this one.

First we formalise some properties of closed intervals, then we prove the
Nested Interval Property. This property relies on the completeness of the
Real numbers and is the foundation for our argument. Informally it states
that an intersection of countable closed intervals (where each successive
interval is a subset of the last) is non-empty. We then assume a surjective
function f: N = R exists and find a real z such that z is not in the range of
f by generating a sequence of closed intervals then using the Nested Interval
Property.

theorem real _non_denum: Af :: nat = real. surj f
proof
assume 31 f::nat = real. surj f
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then obtain f :: nat = real where surj f ..

First we construct a sequence of nested intervals, ignoring range f.

have a < b = Jka kb. ka < kb A {ka..kb} C {a..b} A ¢ & {ka..kb} for a b ¢ ::
real
by (auto simp add: not_le cong: conj_cong)
(metis dense le_less_linear less_linear less_trans order _refl)
then obtain ¢ j where ij:
a<b=1tabc<jabec
a<b={iabc..jabec}C{a. b}
a<b=cé¢{iabec. jabc}
for a b ¢ :: real
by metis

define vl where vl =
rec_nat (f0 + 1,0 + 2) (An z. (i (fst x) (snd z) (fn), j (fst ) (snd z) (f

n)))
define I where I n = {fst (il n) .. snd (ivl n)} for n

have wl [simp]:
wl0=(F0+1,f0+2)
. /)\)n wl (Suc n) = (i (fst (il n)) (snd (vl n)) (fn), j (fst (vl n)) (snd (vl n))

unfolding wl_def by simp_all
This is a decreasing sequence of non-empty intervals.

have less: fst (ivl n) < snd (il n) for n
by (induct n) (auto introl: ij)

have decseq I
unfolding I def decseq Suc__iff ivl fst_conv snd__conv
by (intro ij alll less)

Now we apply the finite intersection property of compact sets.

have 10 N (N I4) # {}
proof (rule compact_imp_ fip_image)
fix S :: nat set
assume fin: finite S
have {} C I (Max (insert 0 5))
unfolding I def using less[of Maz (insert 0 S)] by auto
also have I (Maz (insert 0.S)) C ((i€insert 0 S. I 9)
using fin decseqD[OF <decseq I, of _ Maz (insert 0 S)]
by (auto simp: Maz_ge__iff)
also have (Nic€insert 0 S. Ii) =10 N ((i€S. Ii)
by auto
finally show I 0 N ((:€S. I'7) # {}
by auto
qged (auto simp: I_def)
then obtain x where z € I n for n
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by blast

moreover from <surj f> obtain j where xz = fj
by blast

ultimately have fj € I (Suc j)
by blast

with j(3)[OF less| show Fulse
unfolding I def il fst_conv snd__conv by auto
qed

lemma uncountable_ UNIV__real: uncountable (UNIV :: real set)
using real _non__denum unfolding uncountable def by auto

corollary complex_non_denum: Af :: nat = complex. surj f
by (metis (full _types) Re_complex_of real comp__surj real _non__denum surj_def)

lemma uncountable_ UNIV_complez: uncountable (UNIV :: complex set)
using complexr_non__ denum unfolding uncountable def by auto

lemma bij betw open__intervals:
fixes a b ¢ d :: real
assumes a < bc < d
shows 3f. bij betw f {a<..<b} {c<..<d}
proof —
define f where fabcdz=(d — ¢)/(b—a)*(x —a) + cfor abcdz:: real
{
fix a bcduz:: real
assume x: a < bec<da<zz<b
moreover from x have (d — ¢) *x (x — a) < (d — ¢) * (b — a)
by (intro mult_strict_left_mono) simp__all
moreover from x have 0 < (d — ¢) x (zr — a) / (b — a)
by simp
ultimately have fabcdax < dc< fabcdx
by (simp__all add: f_def field__simps)
}

with assms have bij_betw (f a b ¢ d) {a<..<b} {c<..<d}
by (intro bij betw_byWitnessilwhere f'=f ¢ d a b]) (auto simp: f_def)
then show ?thesis by auto
qed

lemma bij betw_tan: bij betw tan {—pi/2<..<pi/2} UNIV
using arctan_ubound by (intro bij _betw byWitnessjwhere f'=arctan]) (auto
simp: arctan arctan__tan)

lemma uncountable__open__interval: uncountable {a<..<b} +— a < b for a b ::
real
proof
show a < b if uncountable {a<..<b}
using uncountable__def that by force
show uncountable {a<..<b} if a < b



Continuum__Not__Denumerable.thy 449

proof —
obtain f where bij_betw f {a <..< b} {—pi/2<..<pi/2}
using bij_betw_open__intervals|OF <a < by, of —pi/2 pi/2] by auto
then show ?thesis
by (metis bij _betw_tan uncountable bij betw uncountable UNIV _real)
qed
qed

lemma uncountable_half open_interval_1: uncountable {a..<b} +— a < b for
a b :: real

apply auto

using atLeastLessThan__empty_ iff

apply fastforce

using uncountable _open__interval [of a b]

apply (metis countable Un__iff ivl_disj un_ singleton(3))

done

lemma uncountable_half _open__interval _2: uncountable {a<..b} +— a < b for
ab:: real

apply auto

using atLeastLessThan__empty_iff

apply fastforce

using uncountable__open__interval [of a b]

apply (metis countable Un__iff ivl_disj un__singleton(4))

done

lemma real interval avoid countable set:
fixes a b :: real and A :: real set
assumes a < b and countable A
shows Jze{a<..<b}. z ¢ A

proof —
from <countable A> have *: countable (A N {a<..<b})
by auto

with <a < b have — countable {a<..<b}
by (simp add: uncountable _open__interval)

with * have A N {a<..<b} # {a<..<b}
by auto

then have A N {a<..<b} C {a<..<b}
by (intro psubsetl) auto

then have 3z. z € {a<..<b} — A N {a<..<b}
by (rule psubset _imp ex mem)

then show ?thesis
by auto

qed

lemma uncountable_closed_interval: uncountable {a..b} <— a < b for a b :: real
using infinite_Icc_iff by (fastforce dest: countable_finite real_interval _avoid__countable _set)

lemma open__minus_countable:
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fixes S A :: real set
assumes countable A S # {} open S
shows Jz€S. z ¢ A
proof —
obtain z where z € §
using ¢S # {}> by auto
then obtain e where 0 < e {y. distyz < e} C S
using <open S» by (auto simp: open__dist subset_eq)
moreover have {y. dist yz < e} = {z — e <.< z + e}
by (auto simp: dist_real def)
ultimately have uncountable (S — A)
using uncountable__open__interval[of x — e x + €] <countable A»
by (intro uncountable _minus countable) (auto dest: countable subset)
then show ?thesis
unfolding uncountable def by auto
qed

end

2.3 Abstract Topology 2

theory Abstract Topology 2
imports
Elementary_Topology Abstract_Topology Continuum_ Not_Denumerable
HOL—- Library.Indicator__Function
HOL— Library. Equipollence
begin

Combination of Elementary and Abstract Topology

lemma approachable_lt_le2:

(3(dureal) > 0.Vz. Qv — foz <d — Px)+— (3d>0.Va. fe < d — Q
x — P )

by (meson dense less_eq real def order le less trans)

lemma triangle lemma:
fixes = y z :: real
assumes z: 0 < 7

shows z < y + 2
proof —
have 32 + 22 < 9% + 2 x y * 2z + 22
using z y by simp
with zy have th: 22 < (y + 2)?
by (simp add: power2_eq square field _simps)
from y z have yz: y + z > 0
by arith
from power2 le imp le[OF th yz] show ?thesis .
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qged

lemma isCont_indicator:
fixes z :: ‘a::t2_space
shows isCont (indicator A :: 'a = real) © = (x ¢ frontier A)
proof auto
fix z
assume cts_at: isCont (indicator A :: 'a = real) x and fr: © € frontier A
with continuous_at_open have 1:V V:real set. open V A indicator A x € V
_>
(3 U:"a set. open U A x € U AN (VyeU. indicator A y € V)) by auto
show Fulse
proof (cases z € A)
assume z: ¢ € A
hence indicator A z € ({0<..<2} :: real set) by simp
with 1 obtain U where U: open Uz € U VyeU. indicator A y € ({0<..<2}
i real set)
using open__greaterThanLessThan by metis
hence VyeU. indicator A y > (0::real)
unfolding greaterThanLessThan__def by auto
hence U C A using indicator_eq 0_iff by force
hence z € interior A using U interiorl by auto
thus ?thesis using fr unfolding frontier def by simp
next
assume z: ¢ ¢ A
hence indicator A x € ({—1<..<1} :: real set) by simp
with 1 obtain U where U: open Uz € U VyeU. indicator Ay € ({—1<..<1}
i real set)
using 1 open_ greaterThanLessThan by metis
hence VyeU. indicator A y < (1::real)
unfolding greaterThanLessThan__def by auto
hence U C —A by auto
hence z € interior (—A) using U interior] by auto
thus ?thesis using fr interior__complement unfolding frontier def by auto
qed
next
assume nfr: z ¢ frontier A
hence z € interior A V z € interior (—A)
by (auto simp: frontier _def closure _interior)
thus isCont ((indicator A)::'a = real) z
proof
assume int: € interior A
then obtain U where U: open Uz € U U C A unfolding interior_def by
auto
hence V ye U. indicator A y = (1::real) unfolding indicator def by auto
hence continuous_on U (indicator A) by (simp add: indicator_eq 1_iff)
thus ?thesis using U continuous _on__eq continuous__at by auto
next
assume ext: z € interior (—A)
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then obtain U where U: open Uz € U U C —A unfolding interior_def by
auto
then have continuous_on U (indicator A)
using continuous__on__topological by (auto simp: subset_iff)
thus “thesis using U continuous_on__eq continuous__at by auto
qed
qed

lemma islimpt_closure:
[SC T; Na. [zislimpt S; 2 € T] = 2z € §] = S =T N closure S
using closure__def by fastforce

lemma closedin__limpt:
closedin (top_of set T) S «— S C T AN (Na. cislimpt SNz € T — z € 5)
proof —
have AU z. [closed U; S = T N U; zislimpt S; z € T] = z € S
by (meson Intl closed_limpt inf_le2 islimpt__subset)
then show ?thesis
by (metis closed__closure closedin__closed closedin__imp__subset islimpt__closure)
qed

lemma closedin_closed_eq: closed S = closedin (top_of set S) T +— closed
TANTCS
by (meson closedin_limpt closed _subset closedin__closed__trans)

lemma connected_closed set:
closed S
= connected S +— (B A B. closed A N closed BN A# {} AB#{} A AU
B=SANANB={})
unfolding connected_closedin,__eq closedin__closed__eq connected__closedin__eq by
blast

If a connnected set is written as the union of two nonempty closed sets, then
these sets have to intersect.

lemma connected_as _closed _union:
assumes connected C C = A U B closed A closed B A # {} B # {}
shows A N B # {}
by (metis assms closed__Un connected_closed__set)

lemma closedin__subset_trans:
closedin (top_of set U) S —= SCT = TC U=
closedin (top_of set T) S
by (meson closedin__limpt subset_iff)

lemma openin__subset_trans:
openin (top_of set U) S —= S CT =T C U=
openin (top__of set T) S
by (auto simp: openin__open)
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lemma closedin__compact:
[compact S; closedin (top_of _set S) T] = compact T
by (metis closedin__closed compact_Int_closed)

lemma closedin__compact__eq:

fixes S :: 'a::t2_space set

shows compact S = (closedin (top_of set S) T <— compact T AN T C S)

by (metis closedin__imp__subset closedin__compact closed__subset compact_imp__closed)

2.3.1 Closure

lemma euclidean_ closure_of [simp]: euclidean closure_of S = closure S
by (auto simp: closure_of def closure _def islimpt _def)

lemma closure__openin__Int _closure:
assumes ope: openin (top_of set U) Sand T C U
shows closure(S N closure T) = closure(S N T)
proof
obtain V where open Vand S: S=UnNV
using ope using openin__open by metis
show closure (S N closure T) C closure (S N T)
unfolding S
proof
fix z
assume z € closure (U N V N closure T')
then have V N closure T C A = z € closure A for A
by (metis closure_mono subsetD inf.coboundedI2 inf assoc)
then have z € closure (T N V)
by (metis <open V' closure__closure inf _commute open__Int_closure__subset)
then show z € closure (U NV N T)
by (metis <T C U» inf.absorb_iff2 inf _assoc inf _commute)
qged
next
show closure (S N T) C closure (S N closure T)
by (meson Int_mono closure_mono closure__subset order_refl)
qed

corollary infinite__openin:
fixes S :: 'a :: t1_space set
shows [openin (top_of set U) S; x € S; z islimpt U] = infinite S
by (clarsimp simp add: openin__open islimpt_eq acc_point inf _commute)

lemma closure_Int_balll:
assumes A\ U. [openin (top_of set S) U; U # {})] = T N U # {}
shows S C closure T
proof (clarsimp simp: closure_iff _nhds_not_empty)
fix z and A and V
assume z € SV C Aopen Ve e VI NA={}
then have openin (top_of set S) (AN VN S)
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by (simp add: inf _absorb2 openin__subtopology__ Int)
moreover have AN VNS #{} using e V< «VCAhwxes
by auto
ultimately show Fulse
using <T N A = {}» assms by fastforce
qed

2.3.2 Frontier

lemma euclidean__interior _of [simp]: euclidean interior _of S = interior S
by (auto simp: interior_of def interior__def)

lemma euclidean__frontier__of [simp]: euclidean frontier _of S = frontier S
by (auto simp: frontier_of _def frontier_def)

lemma connected_ Int_frontier:
assumes connected S
and SN T # {}
and S — T # {}
shows S N frontier T # {}
proof —
have openin (top_of set S) (S N interior T)
openin (top_of _set S) (S N interior (—T))
by blast+
then show ?thesis
using <connected S [unfolded connected__openin)
by (metis assms connectedin_Int_frontier _of connectedin_iff connected eu-
clidean__frontier_of)
qed

2.3.3 Compactness

lemma openin__delete:

fixes a :: 'a :: t1_space

shows openin (top_of set u) S = openin (top_of set u) (S — {a})
by (metis Int_Diff open__delete openin__open)

lemma compact_eq openin__cover:
compact § <
(VC. (Vcel. openin (top_of set S) c) NS CJC —
(3DCC. finite D AN S C |JD))
proof safe
fix C
assume compact S and V ceC. openin (top_of set S) cand S C |JC
then have Vce{T. open T A SN T € C}. open cand S C |J{T. open T A S
NnNTeC}
unfolding openin_ open by force+
with (compact S) obtain D where D C {T. open T A SN T € C} and finite
Dand SC|JD
by (meson compactFE)
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then have image (A\T. SN T) D C C A finite (image (A\T. SN T) D) A S C
U (image (AT. SN T) D)
by auto
then show 3 DCC. finite DA S C D ..
next
assume 1:V C. (VceC. openin (top_of _set S) c) NS CJC —
(3DCC. finite DA S C|JD)
show compact S
proof (rule compactl)
fix C
let 2C = image (A\T. SN T) C
assume VteC. open t and S C |J C
then have (V ce?C. openin (top_of _set S) ¢) A S C | ?C
unfolding openin__open by auto
with 7 obtain D where D C ?C and finite D and S C |JD
by metis
let D = iny_into C (A\T. SN T) ‘D
have ?D C C A finite YD A S C |J ?D
proof (intro conjI)
from <D C 2C) show ?D C C
by (fast intro: inv_into_into)
from <finite D> show finite ?D
by (rule finite__imagel)
from «S C |UD» show S C | 2D
by (metis <D C (N) S ¢ C» image_inv_into_cancel inf Sup le_infFE)
qed
then show 3DCC. finite DA S C D ..
qed
qed

2.3.4 Continuity

lemma interior _image_subset:
assumes inj f Az. continuous (at z) f
shows interior (f ¢ S) C f ¢ (interior S)
proof
fix z assume z € interior (f 95)
then obtain T where as: open Tz € TT C f*S§ ..
then have z € f * S by auto
then obtain y where y: y € Sz = fy by auto
have open (f —°T)
using assms <open T) by (simp add: continuous__at_imp__continuous_on
open__vimage)
moreover have y € vimage f T
using <z = fy «x € T by simp
moreover have vimage f T C S
using «T C image f 5> «inj f> unfolding inj on_ def subset_eq by auto
ultimately have y € interior S ..
with <z = fy show z € f ‘ interior S ..
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qed

2.3.5 Equality of continuous functions on closure and related
results

lemma continuous_closedin__preimage__constant:

fixes f :: _ = 'b::tl_space

shows continuous_on S f = closedin (top_of set S) {x € S. fz = a}

using continuous__closedin__preimage|of S f {a}] by (simp add: vimage__def Col-
lect_conj_eq)

lemma continuous closed_preimage_constant:

fixes f :: _ = 'b::tl__space

shows continuous_on S f = closed S = closed {z € S. fz = a}

using continuous__closed__preimage[of S f {a}] by (simp add: vimage _def Col-
lect_conj_eq)

lemma continuous constant _on__closure:
fixes f :: _ = 'b::tl_space
assumes continuous_on (closure S) f
and A\z.2 € S = fr=a
and z € closure S
shows fz = a
using continuous_closed _preimage _constant|[of closure S f a)
assms closure_minimal[of S {z € closure S. f x = a}] closure__subset
by auto

lemma image_ closure__subset:
assumes contf: continuous_on (closure S) f
and closed T
and (f ‘S)C T
shows f ‘ (closure S) C T
proof —
have S C {z € closure S. fz € T}
using assms(3) closure_subset by auto
moreover have closed (closure S N f —<T)
using continuous__closed__preimage[OF contf] <closed T» by auto
ultimately have closure S = (closure S N f —*T)
using closure__minimal[of S (closure S N f —* T)] by auto
then show ?thesis by auto
qed

lemma continuous image_closure__subset:

assumes continuous_on A f closure B C A

shows f ¢ closure B C closure (f “ B)

using assms by (meson closed_closure closure__subset continuous on__subset
image__closure__subset)
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2.3.6 A function constant on a set

definition constant_on (infixl ((constant’_on)» 50)
where f constant_on A = Jy. Vz€A. fz =y

lemma constant_on__subset: [f constant_on A; B C A] = f constant_on B
unfolding constant_on__def by blast

lemma injective__not__constant:
fixes S :: 'a::{perfect_space} set
shows [open S; inj_on fS; f constant_on S| = S = {}
unfolding constant_on__def
by (metis equalsOI inj_on__contraD islimpt_UNIV islimpt_def)

lemma constant_on__compose:
assumes f constant_on A
shows ¢ o f constant_on A
using assms by (auto simp: constant__on__def)

lemma not constant onl:
fetfy=—2re A= ye A= —f constant_on A
unfolding constant_on__def by metis

lemma constant_onkE:
assumes f constant_on S and Az. z€S = fz =gz
shows g constant_on S
using assms unfolding constant_on__def by simp

lemma constant_on__closurel:
fixes [ :: _ = 'b::tl_space
assumes cof: f constant_on S and contf: continuous _on (closure S) f
shows f constant_on (closure S)
using continuous__constant__on__closure [OF contf] cof unfolding constant_on__def
by metis

2.3.7 Continuity relative to a union.

lemma continuous on__Un_local:
[closedin (top_of _set (S U T)) S; closedin (top_of set (S U T)) T;
continuous_on S f; continuous_on T f]
= continuous_on (SU T) f
unfolding continuous_on closedin__limpt
by (metis Lim__trivial_limit Lim__within_ Un Un__iff trivial_limit_within)

lemma continuous on_cases local:
[closedin (top_of set (S U T)) S; closedin (top_of set (SU T)) T;
continuous_on S f; continuous_on T g;
Ne.[te SA-PzVzeTANPzx] = fz=g1]
= continuous_on (S U T) (Az. if Pz then f z else g x)
by (rule continuous_on__Un_local) (auto intro: continuous_on__eq)
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lemma continuous_on__cases_le:
fixes h :: ‘a :: topological _space = real
assumes continuous_on {z € S. hz < a} f
and continuous_on {x € S. a < hz} g
and h: continuous_on S h
and A\z. [z € S;hz=qa] = fr =gz
shows continuous_on S (Az. if h x < a then f(z) else g(x))
proof —
have S: § = (SN h —¢atMost a) U (S N h —* atLeast a)
by force
have 1: closedin (top_of set S) (S N h —* atMost a)
by (rule continuous__closedin__preimage [OF h closed__atMost)])
have 2: closedin (top_of set S) (S N h —* atLeast a)
by (rule continuous_closedin__preimage [OF h closed__atLeast))
have [simp]: SNh —‘{.a} ={z e S hz<a}SNh—-{a.}={ze S a<
hx}
by auto
have continuous_on (SN h —‘{.a} USNh —{a..}) Az. if hz < a then fx
else g x)
by (intro continuous on__cases_local) (use 1 2.5 assms in auto)
then show “thesis
using S by force
qed

lemma continuous on_cases 1:
fixes S :: real set
assumes continuous_on {t € S. t < a} f
and continuous_on {t € S. a < t} g
anda€ §S= fa=ga
shows continuous _on S (At. if t < a then f(t) else g(t))
using assms
by (auto intro: continuous_on__cases_le [where h = id, simplified])

2.3.8 Inverse function property for open/closed maps

lemma continuous on__inverse__open__map:
assumes contf: continuous_on S f
and imf: f S =T
and injf: A\z. 2 € S =g (fz) =1z
and oo: AU. openin (top_of set S) U = openin (top_of_set T) (f < U)
shows continuous_on T g

proof —
from imf injf have ¢7S: g ‘T =S
by force
from imf injf have fU: UC S = (f‘U)=TnNng—*U for U
by force

show ?thesis
by (simp add: continuous _on__open [of T g] gTS) (metis openin_imp__subset
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fU 00)
qed

lemma continuous on__inverse__closed__map:
assumes contf: continuous_on S f
and imf: f S =T
and injf: Az.z € S = g(fz) ==z
and oo: AU. closedin (top_of _set S) U = closedin (top_of _set T) (f < U)
shows continuous_on T g

proof —
from imf injf have ¢T7S: g ‘T = §
by force
from imf injf have fU: UC S = (f‘U)=TnNg—*Ufor U
by force

show ?thesis

by (simp add: continuous_on__closed [of T g] gTS) (metis closedin__imp__subset
fU 00)
qed

lemma homeomorphism__injective__open__map:
assumes contf: continuous_on S f
and imf: f S =T
and injf: inj_on f S
and oo: \U. openin (top_of set S) U = openin (top_of _set T) (f < U)
obtains g where homeomorphism S T f g
proof
have continuous_on T (inv_into S f)
by (metis contf continuous__on__inverse__open_map imf injf inv_into_f _f 00)
with imf injf contf show homeomorphism S T f (inv_into S f)
by (auto simp: homeomorphism__def)
qed

lemma homeomorphism__injective closed__map:
assumes contf: continuous_on S f
and imf: f S =T
and injf: inj_on f S
and oo: AU. closedin (top_of set S) U = closedin (top_of set T) (f < U)
obtains g where homeomorphism S T f g
proof
have continuous_on T (inv_into S f)
by (metis contf continuous__on__inverse__closed__map imf injf inv_into_f _f 00)
with imf injf contf show homeomorphism S T f (inv_into S f)
by (auto simp: homeomorphism__def)
qed

lemma homeomorphism__imp__open__map:
assumes hom: homeomorphism S T f g
and oo: openin (top_of set S) U
shows openin (top_of set T) (f < U)
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proof —
from hom oo have [simp]: f ‘U =TnNg—-‘U
using openin__subset by (fastforce simp: homeomorphism__def rev_image__eql)
from hom have continuous _on T g
unfolding homeomorphism__def by blast
moreover have g ‘ T = §
by (metis hom homeomorphism,__def)
ultimately show ¢thesis
by (simp add: continuous_on__open 00)
qed

lemma homeomorphism__imp_closed__map:
assumes hom: homeomorphism S T f g
and oo: closedin (top_of set S) U
shows closedin (top_of set T) (f  U)
proof —
from hom oo have [simp]: f ‘U =TnNg—“U
using closedin__subset by (fastforce simp: homeomorphism__def rev_image__eql)
from hom have continuous _on T g
unfolding homeomorphism__def by blast
moreover have g ‘T = S
by (metis hom homeomorphism__def)
ultimately show %thesis
by (simp add: continuous__on__closed 00)
qed

2.3.9 Seperability

lemma subset second countable:
obtains B :: ’a:: second__countable_topology set set
where countable B
(1¢B
NC. C € B = openin(top_of set S) C
AT. openin(top_of setS) T = 3IU.UCCBANT=JU
proof —
obtain B :: ‘a set set
where countable B
and opeB: ANC. C € B = openin(top_of set S) C
and B:  AT. openin(top_of set S) T = FU.UCBANT =JU
proof —
obtain C :: ‘a set set
where countable C and ope: AC. C € C = open C
and C: A\S. open S = 3U. UCCAS=U
by (metis univ_second__countable that)
show ?thesis
proof
show countable (AC. S N C) “C)
by (simp add: <countable C»)
show AC. C € (N) S ‘C = openin (top_of _set S) C
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using ope by auto
show AT. openin (top_of _set S) T = IUC(N) S ‘C. T =JU
by (metis C image_mono inf Sup openin__open)
qged
qed
show ?thesis
proof
show countable (B — {{}})
using <countable By by blast
show AC. [C € B — {{}}] = openin (top_of set S) C
by (simp add: <\C. C € B = openin (top_of set S) C)
show JUCB — {{}}. T = U if openin (top_of set S) T for T
using B [OF that]
by (metis Int_Diff Int_lower2 Union__insert inf.orderE insert_Diff single
sup__bot_left)
qed auto
qged

lemma Lindelof openin:
fixes F :: ‘a::second_countable_topology set set
assumes A\S. S € F = openin (top_of set U) S
obtains ' where 7' C F countable F' JF' = UF
proof —
have A\S. Se F = 3T. open TAS=UNT
using assms by (simp add: openin__open)
then obtain ¢f where #f: AS. S € F = open (¢f S) A (S = UnNifS)
by metis
have [simp]: N\F. F'CF = UF' =UnlU@f ‘F)
using tf by fastforce
obtain G where countable G NG Ctf “F UG =Uf ‘' F)
using tf by (force intro: Lindelof [of tf ¢ F])
then obtain 7' where F": F' C F countable F' UF' = UF
by (clarsimp simp add: countable__subset_image)
then show ?thesis ..
qed

2.3.10 Closed Maps

lemma continuous imp_ closed__map:
fixes [ :: 'a:t2 space = 'b::t2 space
assumes closedin (top_of set S) U
continuous_on S ff S = T compact S
shows closedin (top_of _set T) (f  U)
by (metis assms closedin__compact__eq compact__continuous__image continuous__on__subset
subset__image_iff)

lemma closed__map__restrict:
assumes cloU: closedin (top_of set (SN f —*T") U
and cc: AU. closedin (top_o