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Abstract—Orthogonal FrequencyDivision Multiplex (OFDM) systemsare
very sensitive to fr equencyoffset causedby tuning oscillator instabilities and
Doppler shifts induced by the channel. The Schmidl and Cox Algorithm
(SCA) is quite robust in estimatingthe fr equencyoffsetfor systemswith large
OFDM symbol lengths. It usestwo OFDM symbolsfor training with the first
onehaving two identical halves.The fr equencyoffset is estimatedby correlat-
ing a receivedsequenceof samplesequalto half theOFDM symbollengthwith
the following received samples.The effect of Additi ve White GaussianNoise
(AWGN) in the estimation processis mitigated only if the number of samples
usedin the correlation, and hencethe OFDM symbolsizeis large.However to
besuccessfullyapplied to BroadbandFixed WirelessAccess(BFWA) systems,
OFDM should perform well even with smaller symbol lengths. In this paper
we presentthe Residual FrequencyOffset Correction Algorithm (RFOCA),
which usesthe SCA for initial fr equencyoffsetacquisition and follows it with
a stagewhich reducesthe initial residual fr equencyoffset by tracking the
phaseof the decodeddata. We show thr ough simulation that the RFOCA
achieves an error variance that is many orders of magnitude lower than at
the endof the acquisition stageusing the SCA alone.

I . INTRODUCTION

Varioussolutionshave beensuggestedascontendersto over-
comethe challengeof transmittingdatato the subscriberat high
data ratesdemandedby future broadbandapplications,for ex-
ampleBroadbandFixed WirelessAccess(BFWA), Digital Sub-
scriberLines (DSL), CableModemsand SatelliteCommunica-
tion. This paperwill addressBFWA, owing to its advantages
of easeof deployment and cost. OrthogonalFrequency Divi-
sionMultiplex (OFDM) hasbeenthemostpopularphysicallayer
standardfor BFWA systemsdueto its robustnessandefficiency
mainly becauseit usesa simple Fast Fourier Transform(FFT)
of finite length � for modulationand demodulation. Among
the standardsthat have placed their confidencein OFDM are
HIPERLAN-2 [1] andIEEE 802.11-a[2].

Theorthogonalityof theconsecutive OFDM symbolsis main-
tainedby appendinga length � cyclic prefix (CP) at the startof
eachsymbol[3]. TheCPis obtainedby takingthelast � samples
of eachsymbolandconsequentlythetotal lengthof thetransmit-
tedOFDM symbolsis �������
	 samples.For eachOFDM symbol
to beindependentandto avoid any InterSymbolInterference(ISI)
or Inter CarrierInterference(ICI), the lengthof theChannelIm-
pulseresponse(CIR) shouldbelessthan ���� samples.Hencethe
distortioncausedby the CIR only affectsthe sampleswithin the
CP. ThereceiverdiscardstheCPandtakesonly thelast � samples
of eachOFDM symbolfor demodulationby thereceiver FFT. In
sucha case,the linearconvolution of the transmittedsignalwith
theCIR is convertedinto a circularone.Consequently, for coher-
ently modulatedOFDM systemsthe effectsof the CIR canthen
beequalizedby anarrayof one-tapFrequency DomainEqualizers
(FEQ)following theFFT. This is becausethefrequency selective
fadingchannelcanbeapproximatedby asumof flat fadingchan-
nels,providedthenumberof subchannelsis largeenough.Some-
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Fig. 1. Block Diagramof theOFDM System

times a Time DomainEqualizer(TEQ) may be usedto shorten
the effect of the CIR [4]. Figure1 shows the block diagramof
thesystem,whereP/SandS/PrepresenttheParallelto Serialand
Serialto Parallelfunctionsrespectively.

Unfortunately, OFDM hasbeenprovento be very sensitive to
frequency offset andphasenoisecausedby tuning oscillator in-
accuraciesor Dopplershifts inducedby the channel. The usual
deploymentscenariofor aBFWA systememploysapoint to mul-
tipoint configuration. Here,a singlebasestation(BS) transmits
datain shortburststo many subscriberunits (SUs)placedat the
userlocations.Theeconomicfeasibility of a BFWA deployment
dependsheavily on thecostof theSUs.Theuseof low costcom-
ponents,particularly the oscillators,is a major issuesincetheir
accuracy andstability aredirectly relatedto cost. Henceit is im-
perative that if OFDM is to be usedfor BFWA transmission,it
shouldbe able to operateeffectively usingoscillatorswith only
moderateperformanceandcost.

An OFDM systemeffectively consistsof � sinusoidalsubcar-
riers with frequency spacing ����� , where � is the active sym-
bol periodof eachsubcarrier. The � th subcarrierwill thusbe at��������� � �!��� , where

���
is a referencefrequency. Without loss

of generality, we canassume
� � �#"

. The modulatedsubcarri-
ersoverlapspectrally, but sincethey areorthogonaloverasymbol
duration,they canbeeasilyrecoveredaslongasthechanneldoes
notdestroy theorthogonality. An unwindowedOFDM systemhas
rectangularsymbolshapes.Hence,in the frequency domainthe
individualsubchannelswill havetheform of sincfunctionswhere
thefirst sidelobeis only some13 dB below themain lobeof the
subcarrier. In the event of a frequency offset betweenthe trans-
mitter andthereceiver thesubchannelswill not align. Theeffect
of frequency offset is two fold, it will reducethesignalpower of
thedesiredsubchanneloutputsandalsointroduceICI further in-
creasingtheinterferencelevels. TheICI powercanbesignificant
evenfor smallfrequency offsetsin OFDM dueto thehighsidelobe
powerof thesubchannels.Thusthereductionof frequency offset
is critical in OFDM systems.This paperis organisedasfollows,



sectionII analysestheeffectof frequency offsetin OFDM analyt-
ically. SectionIII briefly introducesthe SchmidlandCox Algo-
rithm (SCA)[5] andsectionIV introducesthenovelResidualFre-
quency OffsetCorrectionAlgorithm (RFOCA)thatcompliments
theSCA andimprovestheperformance.SectionV shows results
obtainedby computersimulationand sectionVI concludesand
proposesfuturework.

I I . EFFECT OF FREQUENCY OFFSET IN OFDM

All analysisandsimulationsin this paperareperformedin the
digital complex basebanddomain. The $ th sampleof the % th
OFDM symbolgeneratedby theInverseFFT (IFFT) at thetrans-
mitter is&('*) + �-, ��#.0/213�546�87 '0) ��9;:=<=>@?BACED "�F $ F �HGI� (1)

7 '0) � is the data symbol modulated on to the � th sub-
carrier of the % th OFDM symbol. The data is con-
verted into a serial sequence,then the CP of length � is
added. Thus the % th transmittedOFDM symbol is & �J%K	 �L & '0) .*/NM DPOQORD & '0) .0/21 D & '0) � D;OROQD & '*) .0/61TSVU . The receiver discards
thesamplesof theCP andusesthesamplesof theactive OFDM
symbol for decoding. We assumea finite length CIR with �XW
samples,Y � L Y � DPOQORD Y .[Z�/61 SVU , where �]\^�XW�G_� . We assume
that � is largeenoughsuchthat the frequency selective channel
is divided into contiguousflat fadingsubchannels.If we assume
that correct frame and timing synchronisationis achieved, then
thereceivedsequenceafterstrippingtheCPcanbeexpressedas,`P'0) + � , ��ba@.0/213�542�c7 '0) ��de��9 :=<=> A(fg?ihkjVlC m �on + (2)

for
"]F $ F �pG_� . Here

d �
is the transferfunction of the

channelatthesubchannelindex � , n + is theAdditiveWhiteGaus-
sianNoise(AWGN) termand q is thefrequency offsetrelative to
theintercarrierspacing.ThesymbolafterFFT demodulationisr '0) s � , �� .0/613+ 46� ` '0) + 9 / :=<T>�t AC D "uFwv[F �xGw� (3)

Substituting(2) into (3) allows theoutputof the
v
th subchannel

to beexpressedasthesumof threecomponents.r '0) s � � 7 '*) s d s 	 y=zQ{ ��|6q5	� yizR{ ��|6q5�}��	 9;:=>�~ C��k�C ��� s �I� s (4)

Thefirst termonrhsof equation4, denoted� s hereafter, shows
thatthedesiredterm 7 '0) s d s experiencesamplitudereductionand
phasedistortion.As ����|6q , � yizR{ ��|6q5�}��	 canbeapproximated
by |6q . Hencethedegradationof therequiredtermvanisheswhen
the received datadoesnot experienceany frequency offset. In
practice,theeffectof thechanneltransferfunction

d s is removed
by the FEQ following the FFT. Note that the FEQ is trainedby
transmittingaknown trainingsymboloccupying theOFDM sym-
bol number��� , �7 � L 7 .�� ) � DPOQORD 7 .�� ) .0/21TSVU . Usually thetraining
symbolis placedat the beginningof the frame. The ratio of the
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r . � ) s , to thelocally gen-
eratedcopy of 7 .@� ) s , where

"�F_v�F ��G�� , is usedto calculate
thecoefficientsfor theFEQ.

Thesecondtermin equation(4) is theICI andthethird termis
dueto theAWGN. TheICI termis givenas,� s � .*/613 ?i���?P���t � 7 '0) � d � 	 yizR{ |�������q�G v 	� y=zR{ |�������q�G v 	=�}� 9 :=>�� �5� ~ / sg� C��k�C (5)

If we assumethatthetransmitteddatais zeromeananduncor-
related(i.e. � L 7 '0) � S �#" and � L 7 '0) s 7��'0) � S �¡  7   <;¢ sJ) � ), then� L � s S �£" . HencetheICI power is,� L   � s   < S ��  7   < L y=zQ{ |6q S < .0/213 ?=���?;��kt � L   d �   < SL � y=zQ{ |��¤���oq¥G v 	=�5� S < (6)

To appreciatethe severity of frequency offset on the Carrier
to InterferenceRatio (CTIR) in an OFDM system,we define
CTIR

� � L   � s   < S ��� L   � s   < S . Assumingthechanneltransferfunc-
tion,

d
is unity andwith zeroAWGN, (i.e. � s �¦" ), then

CTIR
�¨§ .*/61?i���?P���t ��� L � y=zQ{ |��¤���oq©G v 	=�}� S <L � yizR{ ��|6q5�}��	 S < (7)

A similar analysison the effect of frequency offset on OFDM
can be found in [6] and [7]. Figure 2 shows CTIR in decibels
asa function of q . Simulatedvaluesfor � �«ª�¬ and �® ª using
QPSKdatamappingarealsoshown. It showsthattheCTIR drops
significantly when relative frequency offset, q increasesbeyond
0.1. An importantobservationis that theCTIR is independentof� .

I I I . SCHMIDL AND COX ALGORITHM (SCA)

Oneof the more robust schemesto estimateboth framesyn-
chronisationandfrequency offsetis theSCA.It usestwo training
symbolswith the first onehaving a repetitionwithin half a sym-
bol period.Framesynchronisationis achievedby searchingfor a
trainingsymbolwith two identicalhalves. If ¯ � �°�� , thesum



of ¯ consecutive correlationsbetweenpairsof samplesspaced̄
apartis foundas, ± ��²�	 �¦³ /613+ 42� � ` �´ � + ` ´ � + � ³ 	 (8)

Theoutputof the correlator, asgivenby (8) will reacha peak
at the endof theCP of thefirst training symbol. If �¶µ�� W G£�
and · � �KG�����W�G¸�(	 , the peakis actually maintainedfor ·
samplesjust beforetheendof theCPof thefirst trainingsymbol.
Thusthecorrelatoroutputwill take theform of a plateau.This is
becausethe last few samplesof the CP, equalto the lengthof · ,
arenot corruptedby theCIR. Timing synchronisationis achieved
by locating the end of this plateau,denotedby ²k¹»º}� . Sincethe
CPensuresthatthereis no InterBlock Interference(IBI) between
OFDM symbols,theeffect of theCIR in thefirst trainingsymbol
is cancelledif theconjugateof asamplefrom thefirst half is mul-
tiplied by thecorrespondingsamplefrom thesecondhalf. Hence
the phasedifferencebetweenthe two halvesof the first training
symbolis causedby thefrequency offset, ¼ � |6q . It canbeesti-
matedas ½¼ � ���¾· § º + 42��¿

± ��² ¹Àº}� GÁ$�	 . If q8Â_� thereis nophase
ambiguityin ½¼ andthefrequency offsetcanbeestimatedas½q5ÃkÄ�Å � ½¼2��| (9)

In orderto resolve potentialambiguityusecanbemadeof the
secondtraining symbol,asdetailedin [5]. Theeffect of AWGN
onthepartialestimationgivenby equation(9) is insignificantonly
if ¯ , andhencethenumberof FFT points � , is large. TheSCA
performswell for OFDM systemswith � in excessof 1000[5].
For BFWA systems,datais transmittedin short bursts,particu-
larly in the uplink. In this situation,it would be wastefulto use
an OFDM systemwith large � . Besideslarge valuesof � will
giveriseto theadditionalproblemsof highpeak-to-averagepower
ratio andwill alsointroducelatency which reducesprotocoleffi-
ciency. Typically BFWA systemsutilise lower valuesof � such
as64to 256aspresentedin [1] and[2]. WhentheSCAis usedfor
systemswith lower valuesof � , theestimate½q is not sufficiently
accurate.This error resultsin a residualfrequency offset that ro-
tatesthe received constellationat a reducedrate,but onethat is
still significantenoughto causebit errorsin coherentlydemodu-
latedOFDM systems.In this paperwe presenttheResidualFre-
quency OffsetCorrectionAlgorithm (RFOCA)thatcompliments
theSCAby following it with atrackingfunctionthatcontinuously
compensatesfor theresidualfrequency offseterror.

Otherapproachesthatareusedfor frequency offsetcorrection
includefor exampletheuseof null symbols[8]. Theuseof a null
symbolis notpracticalin aburstmodesystemasthetransmission
will alwaysbea null while no datais transmitted.Othersugges-
tionsutilise thecorrelationbetweenthecyclic prefix andthe last
few samplesof the OFDM symbol [9] and the self-cancellation
schemespresentedin [10] and[7], wherethesamedatais sentin
morethanonesubchannel.Both schemesarenot very practical
when � is a low valuewith the latter two approacheshaving the
additionalproblemof reducingthenumberof usefulsubchannels
by at leasthalf. Note that the RFOCA doesnot utilise any pi-
lots nor null symbolsyet will be shown to effectively eliminate
theresidualoffset.Theproposalin [11] alsoattemptsto trackthe
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Fig. 3. ResidualFrequency OffsetCorrectionAlgorithm (RFOCA)

residualfrequency offset.Here,theresidualoffsetcorrectionfac-
tor isupdatedattheendof eachOFDM symbol.Howeverourtests
indicatethattheestimateis notveryaccuratewhenonly onesym-
bol is used,hencewe updatethe residualoffsetcorrectionfactor
only afteranalysinga blockof �X× , ( �X×]µ_� ) OFDM symbols.

IV. RESIDUAL FREQUENCY OFFSET CORRECTION

ALGORITHM (RFOCA)

In theproposedapproach,aninitial frequency offsetacquisition
is madeusingtheSCA. We proposeto estimatethe residualfre-
quency offset, �q by trackingthe rateof phasechangeat theFEQ
outputs, ½r '0) s asshown in Figure3. However, the estimateof �q
couldbeseriouslyaffectedby subchannelswith alow SNRresult-
ing from spectralnulls in the channelresponse

d s . An estimate
of
d s is madeby taking the ratio of the transmittedanddecoded

outputof thesecondtrainingsymbolof theSCA.Hencewe only
selectthosesubchannelswith

  d s   above a certainthreshold.We
call this subsetof subchannels² Ø L " D;ORO ��G�� S . Thecriteriaap-
plied is to selectsubchannelswith

  d s   in excessof a standard
deviation above the mean. For symbol % , the outputsof these
subchannels½r '0) ´ aresentthrougha slicer to obtain �r '0) ´ , where²eÙK² .

For symbol % thephaseerrorsbetween ½r '*) ´ and �r '0) ´ , namelyÚ '0) ´ arefoundas, Ú '0) ´ � ¿ ½r '0) ´ G ¿ �r '0) ´ (10)

Thephaseerrorsarestoredin abuffer, Û for ablockof � × OFDM
symbols.Note thatonly theselectedsubchannelswill bestored.
Henceif thenumberof subchannelsselectedin ² is � ´ thenthe
lengthrequiredfor thebuffer is only � ´ � × . TheMaximumLike-
lihood (ML) estimateof the residualfrequency offset �q is calcu-
latedasthe gradientof the valuesstoredin the buffer. Note, in
thispaperwehaveassumedQPSKdatamappingthoughthetech-
niquecouldbeextendedto otherconstellations.Initially, �q canbe
quitehigh andif thevaluesof thephaseerrors,

Ú '0) ´ µw|�� ¬ , then
it resultsin decodingerrorsbeingproducedby the slicer which
subsequentlyresultsin phasewrappingof

Ú '0) ´ at Ü0|�� ¬ . Hence
it is imperativethatwefirst unwrap

Ú '*) ´ beforethecalculationof
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they arevery complex. Sincewe areonly interestedin thephase
gradientand not the exact phasevalues,a simpler schemewas
selectedfor the unwrappingof the phase[12]. For purposesof
clarity, wedenotethe á th sampleof thewrappedphaseandtheun-
wrappedphaseas

Ú�â
and ½Ú�â , respectively. Thephaseunwrapping

algorithmcanbeexpressedas½Ú�â�� ½Ú�â /21 �oã SAW � Ú�â G�½Ú�â /21 	 (11)

whereSAW � O 	 is a sawtooth function that limits the outputtoÜ0|�� ¬ and ã is a parameterthat controlsthe varianceof the un-
wrappedphase.Thealgorithmis illustratedin Figure4.

Theerrordueto frequency offset is compensatedby multiply-
ing the pre-FFT received symbols, `P'0) + with

9 : +åä~�æ�ç . , where
in general ½q ' is the frequency offset correctionfactor for sym-
bol % , which is initialised to ½q5ÃkÄ�Å at the acquisitionstage. At
symbol number è���× , ½q5é .@ê is updatedaccordingto ½q5é .�ê �½q é . ê /61 � �q é . ê , where è is anpositive integer. For OFDM sym-
bols

L ��èeG-��	B��× D è���×wG-� S , ½q � é /21 � .@ê is usedas the frequency
offsetcorrectionfactor. In otherwords ½q ' is updatedonceevery�X× OFDM symbolblocks.

Thechoiceof � × is critical asa largevaluewill causetheup-
datingof ½q ' with toohigha latency. Howeveraftera few updates
thevaluesof �q arequitesmall,henceto getabetterestimatein the
presenceof AWGN alargervalueof ��× will reducethevariance.
TheRFOCAcanbesummarisedasfollows.
1. Do aninitial frequency offsetacquisition ½q ÃkÄ�Å usingtheSCA.
2. Selectthe subsetof subchannelswith magnitudesexceeding
the definedthresholdin the channeltransferfunction, ² , at the
startof theburst.
3. Obtain ½r '0) ´ from the FEQ outputandthen �r '0) ´ by useof a
slicerfor eachsymbol % , where ²ÙE² . Calculateandstore

Ú '0) ´
for a blockof �X× OFDM symbols.
4. Find theunwrappedphase ½Ú from the wrappedphase

Ú
. Find

thegradientof ½Ú , namely �q . This processis doneonceevery � ×
symbols.
5. Onceevery �X× OFDM symbolblock, calculatethe new fre-
quency offsetcorrectionfactor ½q é . ê .V. SIMULATION PARAMETERS AND RESULTS

OFDM systemswith � �_ª�¬ D �(�ë D �® ª havebeensimulatedat
asamplingrateof 20 MHz with a guardinterval equalto 20sam-
ples,thusthesubcarrierspacingsareapproximately312kHz, 156
kHz and78 kHz respectively. QPSKmappingfor all subchannels
hasbeenemployedandall the subchannelsareused.A burst of
320000databits is assumedto be transmitted.Eachdatapoint
in the simulationresultsis obtainedby averagingover 500 such
bursts. In orderto testthe performanceof the RFOCA with fre-
quency offsetalone,we have assumedperfectsymbolandframe
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synchronisationfor the simulatedcoherentOFDM systems. A
morerobustsymbolsynchronisationalgorithmthatvirtually guar-
anteesperfectframesynchronisationwill be the subjectof a fu-
ture publication. After muchtesting,the valuesselectedfor � ×
were �® " D �® " D �(�® for � �bª�¬ D �(�ë D �® ª , respectively. Figure5
shows thecomparisonof errorvariancesat theendof theacquisi-
tion stageusingtheSCAandthetrackingstageusingtheRFOCA
for � �÷ª�¬ D �(�ë D �® ª asa function of the Signalto NoiseRatio
(SNR), with q �p" O ® . It shows that the RFOCA error variance
is many ordersof magnitudelower thanat the endof the acqui-
sition stage. Thereappearsto be a thresholdeffect in RFOCA
at aroundan SNR of 16 dB, below which the error variancein-
creasesrapidly. It is mainly dueto the errorspresentin the se-
lectedsubchannelsof ² , whichsubsequentlycreateestimationer-
rors in the residualoffset, �q ' . Figure6 shows the performance
of theRFOCAin termsof Bit Error Rate(BER) vs SNRagainin
AWGN. TheBER is virtually zeroat valuesof SNRabove16 dB
but suddenlyincreasesbelow 16 dB. This result is a direct con-
sequenceof thethresholdeffect observedwith thepreviouserror
varianceresults.It is observedthatatanSNRof 16dB only a few
out of the total of 500 received burstsgive rise to errors. How-
ever, theseerrorsaresignificantgiving riseto ahighoverallBER.
SuchoccurancesbecamemorecommonwhentheSNRis reduced
below 15 dB, thusincreasingtheBERvery rapidly.

Appropriatemodelsfor BFWA channelsare in the processof
being defined. The StanfordUniversity Interim (SUI) channels
comprise6 modelsfor 3 different terrain conditions[13]. All
of themaresimulatedusing3 taps,eachhaving eitherRayleigh
or Riceanamplitudedistributions. Thechannelis assumedto be
wide-sensestationaryuncorrelatedscattering(WSSUS)andeach
tapof theCIR is modeledas Y â��¦ø!â�9 :Tù�ú , wheretheamplitude

øûâ
andthephase¼ â areselectedindependently[14]. Thebursttakes
lessthan 10 ms to transmitat the selectedsamplingfrequency,
consequentlythechannelis assumedconstantfor thedurationof
eachburst.WehaveselectedtheSUI-2channelmodel,pertaining
to terrainswith low treedensitiesandwith antennashaving a di-
rectivity of 30 degreesat theSU and120degreesat theBS. The
channelis characterisedby a RMSdelayspreadof 0.2 ü s.

Figure7 allowsacomparisonof theerrorvariancesof theSCA
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andthe RFOCAfor an OFDM systemwith q �«" O ® in the SUI-
2 channel.A new channelin accordancewith the SUI-2 profile
is randomlygeneratedfor the transmissionof eachburst. The
RFOCA error varianceis seento be many ordersof magnitude
lower thanat theendof theacquisitionstagedespitethepresence
of theSUI-2channel.

Figure8showstheperformanceof theRFOCAin termsof BER
vs SNRfor theSUI-2 channeland q ��" O ® . Thethresholdeffect
now occursat anSNRin theregion of 20 dB owing to theeffect
of theSUI-2channel.

VI . CONCLUSION

We have presenteda Residualfrequency OffsetCorrectionAl-
gorithm (RFOCA), that complimentsthe frequency acquisition
processperformedby theSchmidlandCoxAlgorithm(SCA).The
RFOCAcontinuouslytracksandcompensatesfor theresidualfre-
quency offset that is presentafter theacquisitionstage.We have
appliedtheRFOCAfor AWGN andBFWA channels,namelythe
SUI-2 channelprofile, andhave shown a significantreductionin
the error variancebroughtaboutby the useof the RFOCA fol-
lowing the initial acquisitionstage.Although thealgorithmmay
appearto suffer from a thresholdeffect it still givesa significant
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performanceadvantageat realisticsignal to noiseratios. In the
future we hopeto addressthe thresholdeffect by improving the
phaseunwrappingandinvestigatingothercriteriafor theselection
of thesubchannels.We alsohopeto improve theperformanceof
theSCA in a framesynchronisationrole.
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