Action Calculi II : ß-nets with boxes and replication

Robin Milner Edinburgh, June 1993

1 Introduction

This note explores and develops, in an informal way, the graphical presentation^1 of the action calculus PIC(box,rep) for the π-calculus which was introduced in [7]. The purpose is to get experience in the use of π-nets, to see how they may throw light on the structure of interaction, and in particular to elucidate some subtle differences in the reaction rules for the π-calculus. We look at ways in which boxing constrains reaction, and őnd several alternatives.

First we examine the action structure PIC, which has no boxing at all. Then we look at the boxing regime in which no reaction is permitted within a box. We illustrate this regime with the elegant construction by Honda and Tokoro, which shows that a monadic π-calculus with only input (not output) guards has the full power of polyadic π-calculus. Then we look at the relaxed regime which allows reaction within a box; this is in the spirit of the solutions in the Chemical Abstract Machine [2], and still supports the Honda-Tokoro construction. Somewhat surprisingly, we őnd several variants of this scheme.

Where possible we use the algebraic concepts and techniques provided by action structures [5]; an auxiliary theme of the note is that algebra can help in classifying regimes of interaction.

We begin with an example, showing how reaction works in π-nets. This picture shows an action a in PIC, the simplest of the action calculi for π-calculus; a has source arity 1 and target arity 2, so we write a : 1→2. x (1) h2i

v y h1i a = (z) [ x(y) yhxi y(v) vhzi ] hyzi 1While writing this note I received from Joachim Parrow his own informal notes on a graphical presentation for the ß-calculus. There are some striking similarities; also some differences which arise from the fact that the ß-nets in this note are actions in an action structure.

Each name (free or bound) in the expression for a corresponds to a node (a torpedo) in the π-net, so there are four nodes. But the only free name in a is x, so x is the only name which occurs properly in the π-net; it appears as a name tag at the tail (the sharp end) of its node. The labels v and y are present just to aid the eye; an arc or arrow leading to the tail of a node indicates that it corresponds to a bound name. An imported name such as z here is indicated by an import tag, e.g. (1); an exported name such as y or z here is indicated by an export tag, e.g. h1i. Thus the number of such tags is determined by the source and target arities respectively.

Each arc in the π-net corresponds to an i/o particle of a. For an input particle like y(v) the arc goes from the waist of a node to the tail of a node, while for an output particle like yhxi it goes from the head (the blunt end) of a node to a waist. A pair of arcs such as these which have the same port node (the one whose waist they impinge upon) form a redex; the redex in shown by underlining in the expression and by thicker lines in the net.

To reduce a redex, we simple remove the two arcs and coalesce the source and target nodes (x and v in this case). This forms a single node which carries all the items (arcs, tags) of both. We write a &^1a^′ for such a single reduction, or reaction. The net a^′ which results in this case is shown in the next picture; it too has a redex, so we have another single reaction a^′ &^1a^{′′}. We show a^{′′} too. (1)

y x h2i h1i x h1i_h 2i

(1)

a^′ = (z) [ x(y) xhzi ] hyzi a^{′′} = (z) hzzi

Note that the named node x in a^{′′} is still present. Such named nodes, bearing no arcs or other tags, make no difference and can be present or absent.

Though this example is toylike and unrealistic, it illustrates many points.

- Compare a with the π-calculus process (in original notation) P = x(y).(yhxi | y(v).vhzi) . Note that a is abstracted (upon z), but P is not. Abstractions such as (x)P were introduced for the π-calculus in [5], but they were not allowed to react.

- Further, a exports results (names), since actions are the morphisms of an action structure and so possess a target arity. In [5] the sorting of processes and abstractions does not admit a target arity.

- The input preőx x(y) in P must react (with something else) before a reaction in the body of P can occur. This guarding is at once a strength and a weakness; it allows sequence to be imposed upon actions, but does so universally. The action structure PIC on the other hand imposes no sequencing, except that a reaction may induce an identiőcation of names which enables another reaction. Thus the fact that the redex of a has a bound port (y) does not prevent its reaction; on the other hand the redex of a^′ only exists because of the őrst reaction.

- a does not include any polyadic particles, like x(y_1y_2) or xhy_1y_2i. Such particles involve a kind of multi-arc in π-nets. We shall have more to say later about whether multi-arcs are necessary, or whether their power can be gained by other means. For the moment we ignore them; thus we are discussing monadic PIC.

2 Monadic PIC and its generators

We have almost fully deőned π-nets, by giving the above example. Without bothering with a formal deőnition, we emphasize the following:

- Arcs always join a waist to a head or tail of a node.

- A node tail bears at most one of an arc, a name tag or an import tag. If it bears none of these it corresponds to a restriction particle νx in a PIC expression.

- In a π-net of arity m → n, each import tag i (1 ≤ i ≤ m) and export tag j (1 ≤ j ≤ n) occurs exactly once.

Thus the waist or head of a node may bear many arcs, and the head may bear many export tags.

We now review the action structure operations upon π-nets; the identities id_m, the binary operations product ⊗ and composition ·, and the indexed family of unary operations {ab_x | x ∈ X} called the abstractors. For the latter, we are assuming a őxed indexing set X of names.

- The identity id_m : m → m consists of just m nodes, the i^{th} of which bears input tag (i) and export tag hii.

- To form a ⊗ b, where a : k →ℓ, increment b’s import tags by k and export tags by ℓ, and coalesce nodes with equal name tags.

- To form a · b, where a : k →ℓ and b : ℓ→m, coalesce a’s node having export tag i with b’s node having import tag i (for 1 ≤ i ≤ ℓ), remove those tags, and coalesce nodes with equal name tags.

- To form ab_xa, increment a’s import and export tags by 1, give the tags (1) and h1i to the node of a which has name tag x, and remove that name tag.

Here is an example of composition, showing both kinds of coalescence:

(1) (2) x x x h1i h2i a b a · b Now monadic PIC consists of those nets which may be constructed by these operations by őve kinds of generator, as follows: x (1) (1)

h1i

(1) (2)

h1i out : 2→0 in : 1→1 ν : 0→1 ω : 1→0 hxi : 0→1

In [6] it was pointed out that not all monadic π-nets can be generated from these by the operations; certain cyclic nets are not generated. (This has nothing to do with achieving inőnite reaction sequences; for it is obvious that π-nets as they stand are always reduced in size by a reaction.) The missing nets can be generated by adding a kind of reŕex operator; hence we refer to the action structure of all π-nets as RPIC, or reŕexive PIC. In this note we ignore these matters; it turns out that all our points are relevant to PIC and RPIC alike, and the examples are all in PIC.

In terms of the generators, the formal deőnition of reaction is simple. First we deőne

in_u : 0→1^{def}= hui · in out_u : 1→0^{def}= (hui ⊗ id_1) · out ,

which gives both ports the name tag u; then the rule for single reaction is

out_u ⊗ in_u &^1 id_1 .

The one-step reaction relation &^1 over π-nets is the smallest which satisőes this rule and is preserved by product, composition and abstraction. This corresponds exactly to our graphical description of reduction in Section 1.

Let us brieŕy return to the notion of multi-arcs, i.e. polyadic π-nets. These are obtained by generalizing the in and out generators to

(1) (2) (1)

h1i hki

out^{(k)} : 1+k →0

(1+k)

in^{(k)} : 1→k Then the reaction rule becomes out^{(k)}_u ⊗ in^{(k)}_u &^1 id_k , which has the effect of simultaneously coalescing k pairs of source and target nodes. Part of the power of the boxes which we deőne below is that this polyadic reaction can be simulated by them, so (as was the case with original π-calculus) we lose nothing by taking the monadic form as basic.

Notation We shall freely use the following abbreviations: ab for a · b hxyi for hxi ⊗ hyi (x)a for ab_xa · (ω ⊗ id_n) (a : m→n) .

For example, we have (x)huxiout = out_u

huxiout = hxi · out_u .

3 Adding boxes and replication

Recall the example we gave in Section 1 of a π-calculus process in original notation: P = x(y).(yhxi | y(v).vhzi) ; because the input preőx x(y) guards what follows, the internal reaction at y cannot occur until an external reaction at x occurs. We cannot match this in PIC; a redex which consists of a pair of particles at the same port, without further instantiation of names, can always be reduced.

Recall also, from [5], how the polyadic π-calculus can be derived from the monadic form. To transmit a pair of names in a single reaction, we deőne u(x_1x_2).P^{def}= u(w).w(x_1).w(x_2).P uhy_1y_2i.Q^{def}= (νw) uhwi.why_1i.why_2i.Q .

Honda and Tokoro [3] made the remarkable discovery that, in fact, input guards in the monadic calculus are enough; with them we can get the power of output guards, and hence also of polyadic communication. Here, in essence, is their construction:

u(x_1x_2).P^{def}= u(w).(νv_1)(whv_1i | v_1(x_1).(νv_2)(whv_2i | v_2(x_2).P ))

uhy_1y_2i.Q^{def}= (νw) ( uhwi | w(v_1).(v_1hy_1i | w(v_2).(v_2hy_2i | Q)) ) . This has all the beauty of a zip-fastener; note how a parallel bar on one side is matched by a preőx on the other, and vice versa. In action structures for π-calculus, it will be product (⊗) and a construction called boxing which play this rÃole. The construction of Honda and Tokoro justiőes the box control construction of [7] as a sufőcient extension of PIC for imposing sequence upon reactions. For every a : 1→n there is a new action box a : 1→n, such that if a corresponds to the π-calculus process abstraction (x)P then hui · a corresponds to u(x).P . (Of course, the target arity n of a has no correspondent in the original π-calculus.)

We indicate this construction in π-nets as follows: (1)

a box a : 1→n (a : 1→n)

The ring indicates that the arc, which we shall call a box arc, impinges on a’s single import node, which loses its import tag.

However, in our formal constructions we require a bit more detail. Let us deőne a region of a net to be a part which is not crossed by a box boundary. Then we wish to maintain the convention that each tag in a net occurs uniquely, and in its outermost (unboxed) region. This is achieved by a new kind of arc, called a link, drawn from a node head to a node tail. In forming box a, if any name tag or export tag occurs on a node of a then this node is linked to a new distinct external node, which receives the tag instead. Here is an example:

h1i h2i a h2i h1i box a x x (1) (1)

When boxes are nested, the linking for a name x forms a tree, making x everywhere accessible. Intuitively, we can see that boxes exist to conőne arcs (which are the ingredients of redexes), not nodes; so the links are just a graphical device to liberate nodes again.

In practice we need not bother always to add the new nodes and the links, since they can be uniquely supplied when missing. But with this formal treatment the operations of product, composition and abstraction remain exactly as they were described earlier. Note in particular that they will not coalesce any node in a box, and that they add no further links.

For boxes we have a new kind of redex, consisting of an arc entering and a box arc leaving the same node waist, thus:

a To reduce such a redex we coalesce its source node with the import node of a, remove both arcs and the box surrounding a, and then coalesce any pair of linked nodes in the enlarged outer region, removing the link arcs.

Now, just as we did for in, we deőne

box_ua : 0→n^{def}= huibox a

and add a further reaction rule

out_u ⊗ box_ua &^1 a .

In passing, note that in becomes redundant in the presence of box, since it behaves exactly as box id. But the main point of concern here is as follows: if &^1 is taken to be the smallest relation which satisőes this rule and is preserved by the action structure operations, the effect in terms of π-nets is that reaction cannot occur inside a box.

It is a routine matter to check that these operations and the reaction relation yield an action structure. It is very close to the action calculus PIC(box) deőned in [7], but not identical; in Section 5 we look at the slight adjustment needed, and also some alternative reaction relations.

Let us now look brieŕy at replication. In [8] a form of replication, written π ∗ P , was deőned in which a copy of the process P is generated every time the preőx π is activated. In [5] a more general form !P was deőned, simply by imposing the axiom !P = P | !P ; this amounts to declaring that an unbounded number of copies of P exist side-by-side without any need for activation.

Here we adopt the former approach, being closer to boxing. In fact, in the same spirit, we require the activating preőx to be an input action. This is the rep construction of [7], which we now describe in terms of π-nets. For every a : 1 → 0 there is a new action rep a : 1→0, indicated thus:

(1)

a rep a : 1→0 (a : 1→0) The reaction rule is just as for box, except that the box is retained alongside the copy (which is why the target arity must be 0): rep_ua : 0→0^{def}= huirep a out_u ⊗ rep_ua &^1 a ⊗ rep_ua . (1) u a a u a

With this rule, we come close to the action calculus PIC(box,rep) deőned in [7]; a similar small adjustment is needed. For the present purposes we need say no more about rep, since it poses no more problems than box for graphical presentation.

4 Using boxes: the Honda-Tokoro construction

We shall now use the Honda-Tokoro construction to simulate multi-arc reduction, using boxes. (We do not need replication.) We add nothing to their idea, but merely present it in the setting of π-nets.

Let us őrst generalise box, as we generalised in. We deőne the constructor box^{(k)} thus (so that box = box^{(1)}):

a

(1)

box^{(k)}a : 1→n (a : k →n) Correspondingly we generalise the reaction rule for box, for arbitrary a : k →n: box^{(k)}_u a : 0→n^{def}= huibox^{(k)}a out^{(k)}_u ⊗ box^{(k)}_u a &^1 a .

For k = 2, if we tag the source nodes with y_1 and y_2 this reaction is just

a y_2 y_1 u

a y_1 y_2

Our őrst task then is to encode hy_1y_2iout^{(2)}_u and box^{(2)}_u a. We adapt the Honda-Tokoro expressions given at the beginning of this section, as follows (using square brackets for boxes, and staggered to show the structure):

hy_1y_2iout^{(2)}_u^{def}= ν(w) ( hwiout_u ⊗ box_w[(v_1) (hy_1iout_{v1} ⊗ box_w[(v_2) hy_2iout_{v2} ])] ) box^{(2)}_u a^{def}= box_u [ (w) ν(v_1)(hv_1iout_w ⊗ box_{v1} [(x_1) ν(v_2)(hv_2iout_w ⊗ box_{v2} [(x_2)(hx_1x_2ia])]) ] . Now take the product b_0 = hy_1y_2iout^{(2)}_u ⊗ box^{(2)}_u a ;

we must show that b_0 & hy_1y_2ia. We show b_0 as a net in Figure 1. Some annotation has been added to help comparison with the expressions; formally, the only alphabetic symbols in the net are y_1, y_2 and u (apart from the schematic variable a).

The reduction sequence b_0 &^1 b_1 &^1 · · · &^1 b_5 ∼ hy_1y_2ia is shown in Figure 2. At each stage one box is exploded. Note that there are two links; they are the arcs which cross a box boundary, other than box arcs which are distinguished by a ring. It is exactly the control of these links which imposes the proper sequence on reduction to ensure that y_1 is bound to x_1 and y_2 to x_2.

Essentially we have b_5 = hy_1y_2ia as required; the only difference is that b_5 has three arcless, tagless nodes as garbage. This garbage is highly inert, and persists harmlessly through all operations and reductions. (An algebraic aside: this garbage is neatly removed by imposing the identity ν · ω = id_0 upon the action structure.)

u(w) w(v_1)

uhwi v_1hy_1i

w(v_2)

whv_1i whv_2i (νv_2) (νv_1)

(νw) v_2hy_2i

y_1 y_2

u

a v_2(x_2) v_1(x_1)

Figure 1: b_0 = hy_1y_2iout^{(2)}_u ⊗ box^{(2)}_u a

b1 b2

b3 b4 b5 v1⟨y1⟩ v2⟨y2⟩

w(v1)

(˚w)

(˚v1) w⟨v1⟩ (˚v2) w⟨v2⟩

u y_1 y_2

a v1(x1) v2(x2) w(v2)

(˚v1) v1⟨y1⟩ (˚v2) w⟨v2⟩ y_1

a

(˚w)

y_2 v2⟨y2⟩

v2(x2) v1(x1) w(v2)

y_1

a

v2⟨y2⟩ y_2

(˚w)

w⟨v2⟩

v2(x2) w(v2)

(˚v2) (˚v1)

y_1 y_2

a v2⟨y2⟩ (˚v2) (˚v1) v2(x2)

(˚w)

y_2 y_1

a (˚v1)

(˚v2)

(˚w)

Figure 2: Reduction of b_0: b_0 &^1 b_1 &^1 b_2 &^1 b_3 &^1 b_4 &^1 b_5 ∼ hy_1y_2ia

Does this reduction sequence entitle us to claim that we have encoded hy_1y_2iout^{(2)}_u properly? Not fully; for its existence still allows that some b_i may have other possible reductions, or may take part in them when placed in a suitable context. If that were so, the encoding would be invalid. However, it is not so. One can convince oneself by inspecting the nets that every arc shown could never take part in any other reduction. But to justify this claim rigorously requires an adaptation of the notions of reachability (of arcs) and incident, discussed in [6].

5 Variations

The reaction relation we have chosen for boxes is probably the smallest which is reasonable. But there is a series of variations which are weaker, in the sense that they allow earlier coalescence of nodes and may therefore permit certain reactions to occur earlier. The Honda-Tokoro construction works in all of them; hence we may claim that they impose łsufőcientž sequencing, whatever that may mean.

Link immigration We begin by pointing out how the action structure deőned above differs from the action calculus PIC(box) given in [7]. Consider a = hxxi · (yz)box_u[. . . y . . . z . . .] ; if y, z do not occur elsewhere in the box, in PIC(box) this is equal to b = box_u[. . . x . . . x . . .] , i.e. the instantiation of y and z to x may permeate the box boundary. But a and b correspond to different nets: u

x u

x

a b Let us call a link inward if it points into a box. Then we achieve the effect of instantiation permeating into a box if we equate each pair of nets like a and b, i.e. whenever two inward links have the same source node then we may coalesce their target nodes. This induces an equivalence relation upon π-nets (actually a congruence with respect to all the constructions); when we divide by this congruence, I conjecture that the action structure becomes isomorphic to PIC(box).

If this coalescence is not made, the situation amounts to the enforced delay of a substitution. This strongly suggests the notion of explicit substitution, studied by Abadi et al [1] for the λ-calculus. Indeed, by extending PIC to allow substitution particles like (x/y_) (pronounced łx for yž, where x is free and y bound) within the body of an action, we would hope to model delayed substitutions in an action calculus.

Reaction within a box In the Honda-Tokoro construction the essential use of boxing was to prevent an arc outside a box from reacting with one inside. This purpose is still perfectly achieved even if we allow reaction within a box, or more exactly within any region. This is expressed not by changing the reaction rules

out_u ⊗ in_u &^1 id_1 out_u ⊗ box_ua &^1 a out_u ⊗ rep_ua &^1 a ⊗ rep_ua

but simply by requiring that they may be applied in any context ś i.e. that the reaction relation be preserved by the box and replication constructions as well as by the action structure operations. Of course one may choose to allow reaction within a box but forbid it within a replication (perhaps on the grounds that such reactions count for more, since their effect will be multiplied indeőnitely).

In the context of this more liberal regime, link immigration also takes on a greater signiőcance because it will enable earlier reaction within a box.

Link emigration There is a phenomenon dual to the immigration of links. Consider

a = box_u[(x)hxxi] · (yz)(hviout_y ⊗ in_z) ;

is there a reaction? Apparently not; if we look at the net we can see that the reaction will wait until the box is exploded. u v

h1i This is in agreement with PIC(box) as deőned in [7] (in contrast with the case for link immigration). There is no obvious reason why such an implication for coalescing two nodes should not be allowed to permeate from the inside to the outside of a box. If reaction within boxes is also allowed (as discussed above), then this is a way to allow any coalescences which arise from internal reaction to be felt externally; the box still prevents reaction between its interior and exterior.

How can this outward permeation be achieved? In π-nets we can proceed dually to the immigration case. Let us call a link outward if it points out of a box. Then we get what we want by equating each pair of nets like the following:

i.e. whenever two outward links have the same source node then we may coalesce their target nodes. Again, this induces a congruence relation upon π-nets.

How can we match this congruence algebraically? We would hope to match it by imposing an equational axiom in addition to those of [7]. At őrst sight, there is an intriguing possibility which may be correct; it is to choose an appropriate effect structure E (see [4]) for π-nets, and to impose the axiom

box(a · e) = box a · e (e ∈ E) .

Certainly (x)hxxi is a member of the natural effect structure, so we would have for the above example

a = box_u[id_1] · (x)hxxi · (yz)(hviout_y ⊗ in_z) = box_u[id_1] · (x)(hviout_x ⊗ in_x)

which has a reaction. The ramiőcations of this idea are interesting; the richer the effect structure, the greater is the inŕuence which reaction within a box may exert upon the environment ś without losing the purpose of the box. One should also recall that since effects are inert, to export them from the box cannot reduce the possibility of internal reactions.

This idea remains largely unexplored, and deserves further research.

Conclusion By exploring π-nets with boxes, we have illustrated the power of boxing, and also found a surprising degree of freedom in its precise meaning. Of course the Honda-Tokoro construction was known, and some of the above variations were vaguely familiar; so π-nets were not necessary for some of the observations made here. But I had no idea about the phenomenon of link emigration before looking at π-nets and trying to formalise them. The nets therefore seem to be at least a good auxiliary tool of investigation, provided that they are not allowed to prevent a more abstract treatment when it becomes appropriate. We have also seen that there is good hope for algebraic characterisation of the various boxing regimes.

References

[1] Abadi, M., Cardelli, L., Curien, PśL. and Levy, JśJ., Explicit substitutions, Proc.

POPL ’90, pp31ś46, 1990.

[2] Berry, G. and Boudol, G., The chemical abstract machine, Journal of Theoretical Computer Science, Vol 96, pp217ś248, 1992.

[3] Honda, K. and Tokoro, M., An object calculus for asynchronous communication, Proc. European Conference on object-oriented programming, Lecture Notes in Computer Science, Vol 512, Springer, pp133ś147, 1991.

[4] Milner, R., Action structures, Research Report LFCSś92ś249, Laboratory for Foundations of Computer Science, Computer Science Department, Edinburgh University, 1992.

[5] Milner, R., The polyadic π-calculus: a tutorial, Research Report ECSśLFCSś 91ś180, Laboratory for Foundations of Computer Science, Computer Science Department, Edinburgh University, 1991. (To appear in the Proceedings of the International Summer School on Logic and Algebra of Speciőcation, Marktoberdorf, August 1991.)

[6] Milner, R., Action structures for the π-calculus, Research Report ECSśLFCSś 93ś264, Laboratory for Foundations of Computer Science, Computer Science Department, Edinburgh University, 1992.

[7] Milner, R., Action calculi, or syntactic action structures, Proceedings of MFCS ’93, Lecture Notes in Computer Science, Springer, 1993.

[8] Milner, R., Parrow, J. and Walker D., A calculus of mobile processes, Parts I and II, Journal of Information and Computation, Vol 100, pp1ś40 and pp41ś77, 1992.