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① LENSES

• Lenses are a model of bidirectional transformation

◦ Defined over an arbitrary Cartesian category
E
Aftp.f-B

-

✗←EE✗◦ Lens (e) has
- objects are pairs (E) of objects from e

- morphisms (1) ( ) are given by two
morphisms in e

n : A✗ ✗→ ×

^ ✗

p : A→ B
p] /p
B ☐→☐ ×



② COMPOSING LENSES

consider a composable pair of lenses (1)5¥ / ) (£ )
we want to use their composite like this :

A#Eh→Etc

✗⇒÷¥⇒→
Obviously in the forward direction we do A-t-IHI.to
In the backward direction we do :

In SET : (9f)
'

(a.7) = f
'

/ a , 9T f-(a) , 2- ) )*

¥ÉÉ-- ✗ compare to differentiation
2-~

( g.f)
'

(a) = f-
'

(a) 9
'

/ f- (a))



③ COMPOSING BAYESIAN UPDATES

consider conditional probability distributions

IP1Y / ✗ )
,

IPCZ / Y) MARKOV CATEGORY
Monoidal category withf :X→ y g : ✗→ Z
◦ supply of eoouonoids

These compose by marginalisation
• natural delete morphisms
◦ satisfying compatibility eq.us

PCZ /X ) =L
,
PH1Y) PY1X)

Eg FwS-oc
gf :X-0oz 5f(2- / x) = y

5ft / g) Fly /×) f:×→Y_
Bayes' theorem gives us a way to invent conditional probabilities É : ✗✗✗→ [◦ 'I]

IP1X / E) =É)
) (off)¥(× ,≥ ) ⇒

(97112-1×1*4) w/ finite support

E.×. I5S-1CZ /×
')t5×11312-1×1 IP1X)

given a prior probability
(g.f)¥ : 2-→✗ for it : I→ ✗ distribution on ✗

But by expanding the composite distribution we can see inversion composes in a familiar
way

[y 512-19)Fly / ×)E(×)
(THE 1×12-1 - [×. ygyziygfyyy.pe#--EyfI-tslx)5Es-K-lY)

⇒ f)I = ftp.t ◦ 5¥,
compare with lenses :

⑨f)
'

(a , - ) = ffa , -) ◦ 9'(5-(a) , -)



④ GROTHENDIECK LENSES

Indexed category ✗ :L
"
-⇐

Consider the Grothendieck construction foe /✗c)
•

:

• Objects are pairs ( ) where ✗ c- ✗A

◦ Morphisms (1)⇒ ( ) consist of Generalized Lens categories
via Functors E°P→Catof : A→ B in E

☐ . Spivak
of

'

: f-
☒

y→✗ in ✗A arxiv 1908.02202

These
compose like

lenses too !

(1) , / ÷ /£) : (5-9)
' :f☒9*Z→✗ +

*µ,
f. is given by the composition 5-

*
g.
*
z→ g-

*
y ✗

Hence
,
we call this Leys (✗ )

.

For ✗ c- E
,
✗ ✗ C-) is a comonaid

✗→⇒(✗ ✗ C-)) defines an indexed category
And we have that

tens ( G)✗⇔)) ≤ Leus_ (e)



⑤ BAYESIAN LENSES

& a Markov category . compositional Active Inference 1
:

Bayesian Lenses . Statistical Games

State : E"- It T
.
Smither

arxiv 2109 . 04461

objects : ob(e)
State (A) = {✗→y : functions ECI ,A)→ E(× , Y)

Elite)

⇐(state) =
objects : pains (1)

(1) ←→( ) :

morphism A-00

& function ECI ,A)→EH, ×)

For example (4) It / ) where fᵗ : it - FI
A coherent choice of Bayesian inverses makes this functor ial



⑥ BAYESIAN INVERSES

"

Given f : A-•dB and it :I→A
,
when does f¥ exist ?

"

Abstract definition : €HIf[lÉ-A =€1T
A

- I3 4II- B
É(b /a) É(a)

F.in#h always has inverses : É±(a / b) =
EFI-fa.gr.

But what if this is 0 ?

Abstract Bayesian inverses are not in general unique !

F-g the copy morphism ×
: ✗→✗④×

In FinStock ( × )¥ : ✗④✗→× is defined by Bayes
' rule only on the

diagonal {(× ,×) /✗ c- Supp (it) } = Supp( ✗
◦ It)

×
has a LOT of Bayesian inverses !



④ SUPPORT OBJECTS

Can we instead define Bayesian inverses between supports ?
Eg ( ×)É : Supp ( ✗

◦ IT )→ suppt)
A synthetic approach to
Markov kernels , conditional

For a state Tv : I→✗
,
a s-upport-oft-ha.fr independence and theorems

object ✗to which represents the functor on sufficient statistics

T. FritzECX , -)/⇒ : e- set
-
of
-

arxiv 1908.07021-

_ -
=

pefn. 13.20

+ upcoming work by
Equivalently : ✗it is a support object iff

Fritz , Gouda,Houghton
- Larsen,

there exists a section-retract pair Perrone
,
Stein

✗⇐⇒ ✗→ Xtu

such that

5-≤* 9 ⇔ foi = got

in rinStoc÷ ✗* = {✗ c- ✗ / EG) >0}



⑧ BAYESIAN INVERSES
. . .

AGAIN

Given f :X→ Y
,
it : I→✗ and support objects ✗it and Ytuof

say f¥- : Ytf→ ✗☐
is a Bayesian inverse with support if

E1-5EI 1- ×
=

✓
- y

• f'É exists iff an ordinary Bayesian inverse exists

• if f¥ exists , it is unique*

☒ : for fixed choice of Yñf and ✗it

but support objects are unique upto isomorphism

what does this say about copying?

(✗④X)☐✗ ◦ to
≈ ✗it

In fact (a)I :(✗④×)☐✗ ◦*→✗* is an iso .

with inverse ( ¥#
×)
#

✗
◦The



⑨ DEPENDENT BAYESIAN LENSES

so does Bayesian inversion give a section e.→⇐(e) ?

Af- B

I
,

I
we need families of objects
in the fibres !

I:) I :)

Want objects of the form (F) where ✗ is a family of objects
indexed by states on A i.e. ✗ : ELI> A)→ set

-

Dependent Stat : ⇐ (F-amece.CI ,-1
"

)) :

eopIII.gs#P-FaECatlIlF.-l :)
✗→ III.×) /→ eecIx)

f / e(I.f) / [eecI.fi
f : A-213 in [

↓ f
'

:(it : ELI, A))→ E(Y(ft)
,
☒ (tu))

-3 y(I, y) 1- ⇐I. ×)
in set



⑤ FUNCT0R1AL BAYESIAN INVERSION

If he has all Bayesian inverses , then any assignment of support objects to
states of E defines a section

E.⇒ IBLeus_ (e)

A÷ B

IT
f-

/ , /←→ /¥ ,) where fÉ :B#→At for each it : I→ A

f

DBLens(e) inherits monoidal structure from E by the

monoidal Grothendieck construction . . .

strong
But T is notrmonoidal because otherwise we

would have

(✗④ 4)a;t I ✗*④✗⇐
ie .

✗I≤✗*④✗*

with a nice choice of supports, Comonoids are sent
to

✗-F ¥
✗f)f-✗f)



?⃝ So WHAT ?

Compositional Active Inference 1 :
• Compositional active inference Bayesian Lenses . Statistical Games

T
.
5mithe

arxiv 2109 . 04461

• Stochastic dynamical systems Double categories of Open
f 13 Dynamical systems

D.J
. MyersII. ) / ☐

.

/
arxiv 2005 . 05956

•Open cybernetic systems doctrine ☐ iagetic Representation of
Feedback in Open Games

M . Capucci
• PL Semantics ? arxiv 2206.12338

Structural Foundations
-

for Probabilistic Programming
Languages 6-EÉ-/⇒
D. Stein , Ph-0 Thesis


