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Figure: Mathematical Modelling (Cuijpers 2004).

OBJECTIVES
o Find an “abstract” semantic universe to study behaviour of

dynamical systems.
@ What is refinement of behaviour?
o Can we study bisimulations in an abstract way?
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@ Presheaves as semantic models of dynamical system.
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IN THIS TALK...

@ Presheaves as semantic models of dynamical system.

o Behaviour is given by collection of executions.
o A presheaf records executions of a system.

@ Refinement of behaviour (simulation) as presheaf morphism.

o Bisimulation maps are special presheaf morphisms.

PSh(A*) | strong bisimulation
PSh(A®>) | V-fair bisimulation
PSh(Az) | branching bisimulation

Recall that
o A* is the poset of finite words.
o AY is the poset of infinite words.
0 A® = A*U A“.
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DYNAMICAL SYSTEM

Behaviour is some observable phenomena that evolve over time.

Time T is modelled as a category; but today as a poset (T, =<).

WHAT ABOUT OBSERVATION?

The existence of a hypothetical ‘observer’ O.
e Foreacht € T, O(t) is a set of ‘plausible’ observations.

o Earlier observations can be deduced from the later
observations, i.e.,

for t < t' there is a ‘restriction’ O(t) =L o(t)

intuition: if x is observed at ¢’ then z - ¢ was observed at ¢.
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The restriction - satisfies the following axioms:
@ if t =t/ then _ -t is an identity on O(t).
Q if t; <ty < t3 then the triangle commutes:

O(t2)

/ g

O(t1)

T O(ts)

O is a presheaf, i.e., a functor T°P —— Set. \
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EXAMPLE

LABELLED TRANSITION SYSTEM (LT'S)

e LTS is a triple (X, A, —), where -=C X x A x X is often
called the transition relation.
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EXAMPLE

LABELLED TRANSITION SYSTEM (LT'S)

e LTS is a triple (X, A, —), where -=C X x A x X is often
called the transition relation.

o T is the set of natural numbers N ordered by <.
e For a given alphabet A, we define a presheaf A € PSh(N):

A(n) ={o € A* | |o| =n} (for every n € N),

together with the restriction on A given by

o-n=oa|, (forevery o€ A(n') and n <n’).
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TOWARDS A FORMAL DEFINITION

INTUITIVELY

For a fixed T and O € PSh(T), a dynamical system describes:
o What are the runs (aka trajectories/executions) of the system?

@ What is the observation associated with each run?
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TOWARDS A FORMAL DEFINITION

INTUITIVELY

For a fixed T and O € PSh(T), a dynamical system describes:
o What are the runs (aka trajectories/executions) of the system?
— Model the set of runs itself as a presheaf F € PSh(T).
e What is the observation associated with each run?

— Model as a presheaf map, i.e., a family F(t) — O(t)

Quyr

t F(t) ot
Yl o of
t Fit) =2+ o)

CATEGORICAL DEFINITION

Dynamical systems are objects in PSh(T)/O.
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‘CONCEPTUAL’ SIMPLIFICATION

Time can be made inherent with observation.

DEFINITION (CATEGORY OF ELEMENTS)

Given a presheaf F' € PSh(T), define E(F)
o Elements are tuples (z,t) with z € F(t) and t € T.
o (z,t) X (a\t) —= t=t' N2 - t=1x.

For any F' € PSh(T) we have PSh(T)/F = PSh(E(F)).
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APPLICATION
Recall the presheaf A € PSh(N) induced by an alphabet A.

@ Elements are (o,n) with 0 € A(n).
Q (o,n) X (d/,n) <= n<n Ao’ -n=o0.

Clearly, E(A) =
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LTSs (cf. Winskel and his colleagues). l.e.,
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Recall the presheaf A € PSh(N) induced by an alphabet A.
@ Elements are (o,n) with 0 € A(n).
Q (o,n) X (d/,n) <= n<n Ao’ -n=o0.
Clearly, E(A) = A*. Thus, presheaves over A* are suitable for
LTSs (cf. Winskel and his colleagues). l.e.,
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b b
X)) = / \
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Recall the presheaf A € PSh(N) induced by an alphabet A.
@ Elements are (o,n) with 0 € A(n).
Q (o,n) X (d/,n) <= n<n Ao’ -n=o0.
Clearly, E(A) = A*. Thus, presheaves over A* are suitable for
LTSs (cf. Winskel and his colleagues). l.e.,

(X, A,—) € LTS 1=k [X] € Psn(a").

[X1) = {{e— @} i€ {1,2,3,4}} “

b b
[XI(@) = {{e~ z1,ar> 22},
{5»—>xl,ar—>x3}} '
e — |
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Recall the presheaf A € PSh(N) induced by an alphabet A.
@ Elements are (o,n) with 0 € A(n).
Q (o,n) X (d/,n) <= n<n Ao’ -n=o0.
Clearly, E(A) = A*. Thus, presheaves over A* are suitable for
LTSs (cf. Winskel and his colleagues). l.e.,

(X, A,—) € LTS 1=k [X] € Psn(a").

[X1) = {{e— @} i€ {1,2,3,4}} “

b b
[XI(@) = {{e~ z1,ar> 22},

{e—z1,a— .733}}

[[X]](abc):{{e»—)xl,at—>x2,ab»—>m4,abc>—>r1}, \ /

{e = z1,a — z3,ab — x4, abc — xl}}
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SEMANTICS OF LTSS

OBJECTS

Given an LTS (X, A, —), then we define [X] € PSh(A*):

[X](o) = {waxwm(aaw:»p(omp(a/a))}
p-o=pl (forany o =o' andpe [X](c)).

v

MORPHISMS?

Given two LTSs (X, A, —), (Y, A, —) and a function X I, Y,
then we have a family of functions (for o € A*):

[xX](e) % [v](o)
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SEMANTICS OF LTSS

OBJECTS

Given an LTS (X, A, —), then we define [X] € PSh(A*):

[X)(0) = {40 L+ X | Voo (a2 0 = p(owp(a/a))}

p-o=pl (forany o =o' andpe [X](c)).

MORPHISMS?

w2
w2
|
A\

Given two LTSs (X, A, —), (Y, A, —) and a function X — Y,
then we have a family of functions (for o € A*):

(X)) Y% [v])o)  pe fop

When is [f] a presheaf map?
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SIMULATION MAPS

THEOREM (WINSKEL ET AL.)

Given a simulation function X N Y, ie,
Vet 5 = f2)d f@),
then [[f] is a presheaf map, i.e., the following square commutes

[[f]]cr’

[X](o") [YT(e")

o o (foroc =0d')

[/15

[X1(o) [¥1(o)
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SIMULATION MAPS

THEOREM (WINSKEL ET AL.)

Given a simulation function X N Y, ie,
Vet 5 = f2)d f@),
then [[f] is a presheaf map, i.e., the following square commutes

[[f]]cr’

[X](o") [YT(e")

o o (foroc =0d')
x1e) — e L vy

Conversely, a presheaf map [ f] implies that f is a simulation map.
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BISIMULATION MAPS

DEFINITION

A map F o @e PSh(C) is a bisimulation iff for every

commutative square with a mono P <2+ Q (each gc is injective)

and maps m,n
n

G

e L
S,
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BISIMULATION MAPS

DEFINITION

A map F o @e PSh(C) is a bisimulation iff for every

commutative square with a mono P <2+ Q (each gc is injective)
and maps m,n

G

n
Q
gIA f
.
p

F

m

. k .
there exists a map Q —— F such that the two triangles commute.

v
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BISIMULATION MAPS

THEOREM (COMPLETE REFINEMENT)

Every bisimulation map F J.qge PSh(C) is a retract, i.e.,
F
/4
%/// o
G G
idg

35 /38



PRELIMINARIES SIMPLIFICATION (BI)SIMULATION ConcLusioN

0000 [e]e]e} ooe (o]

BISIMULATION MAPS

THEOREM (COMPLETE REFINEMENT)

Every bisimulation map F J.qge PSh(C) is a retract, i.e.,

idg

THEOREM

Given a simulation function X —~ Y, then [f] is a bisimulation
map in PSh(A*) iff the function f is a surjection satisfying:

VmeX,er (f(x) L y = dpex (I S A f(x/) = y))
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CONCLUDING REMARKS

@ Presheaves are suitable for modelling runs of dynamical
systems. To define semantics to a category of models M:
o Fix a notion of time T and observer O € PSh(T).

o Simplify using the category of elements E(O).

o Define a ‘semantics’ functor M 4= PSh(E(0)).

Presheaves morphisms encodes refinement of behaviour.

(]

(]

Bisimulation maps:

PSh(A*) | strong bisimulation
PSh(A®>) | V-fair bisimulation
PSh(A%) | branching bisimulation

o Future work: presheaf semantics of hybrid systems.
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FAIRNESS

SYNTAX

o (X, A, —, Fairx) where Fairy is a predicate on infinite
executions.
o An infinite execution | 0 —— X U {0} with o € A“ s.t.

~ Vora (0laz 0 = p(o’) & p(o’a)).
- plo) =9

SEMANTICS

o Time:

o Observation:
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FAIRNESS

SYNTAX

o (X, A, —, Fairx) where Fairy is a predicate on infinite
executions.
o An infinite execution | 0 —— X U {0} with o € A“ s.t.

~ Vora (0laz 0 = p(o’) & p(o’a)).
- plo) =9

SEMANTICS
e Time: T =NU {oo} s.t. Vpen n < 0.
@ Observation: O(n) = A(n) (for n € N) and O(c0) = A¥.

Just like earlier, we have E(O) = A,
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FAIR SIMULATION MAPS

DEFINITION

Given a function x L. Y, then a chaos preserving extension

XU {Q} — Y U{Q}( )
of fis a fair simulation iff

@ Vovoz B2 = fa) f()

Q VycFairy foop € Fairy.
Henceforth, we do not distinguish fq, f.
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FAIR SIMULATION MAPS

DEFINITION

Given a function x L. Y, then a chaos preserving extension

XU{Q} Y U{Q} (i, fa(z) = f(z) for z € X and fo () = Q)
of fis a fair simulation iff

QO Vypoc Ly = f(z) LN ().
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FAIR SIMULATION MAPS

DEFINITION

Given a function x L. Y, then a chaos preserving extension

XU{Q} Y U{Q} (ie., fa(z) = f(z) for z € X and fo () = Q)
of fis a fair simulation iff

QO Vorar oz = flz) fz).

(2) vpGFairX faop € Fairy.
Henceforth, we do not distinguish fq, f.

Given a fair simulation function X —L+ Y then [X] — [[Y]] is a
presheaf map in PSh(A®°), where [X] (o) is the set of fair
executions whose trace is 0 € A,
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FAIR BISIMULATION MAPS

DEFINITION

A fair bisimulation X U {Q} Joyu {Q} is a fair simulation s.t.
Qo f is surjective and Veex,yey (f(z)i>y = Jex (atih:’/\f(:c/):y)).

@ for any increasing sequence of finite executions (p;)ien:

fol |pi~|]fop:

1€EN 1€N
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FAIR BISIMULATION MAPS

DEFINITION

A fair bisimulation X U {Q} Joyu {Q} is a fair simulation s.t.
Qo f is surjective and Veex,yey (f(z)i>y = Jex (atih:’/\f(:c/):y)).

@ for any increasing sequence of finite executions (p;)ien:

fol |pi~|]fop:

1€EN 1€N

Qa
a
a2 r— g ----- 2 Y Doa

There is a sequence pg, p1,p2, - -
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FAIR BISIMULATION MAPS

DEFINITION

A fair bisimulation X U {Q} Joyu {Q} is a fair simulation s.t.
Qo f is surjective and Veex,yey (f(z)i>y = Jex (a:ihs’/\f(a:/):y)).

@ for any increasing sequence of finite executions (p;)ien:

fol lpi=| ] fop:

ieN ieN
Qa
a
a2 r— g ----- 2 Y Doa
There is a sequence po, p1, 2, - - - such that | |, f o p; exists;

however | |,y pi does not exists.
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FAIR BISIMULATION MAPS

DEFINITION

A fair bisimulation X U {Q} Joyu {Q} is a fair simulation s.t.
Qo f is surjective and Veex,yey (f(z)i>y = Jex (a:ih:’/\f(a:/):y)).

@ for any increasing sequence of finite executions (p;)ien:

fol |pi~|]fop:

1€EN 1€N

A fair simulation function f is a fair bisimulation if, and only if, the
underlying map [f] is a bisimulation map in PSh(A).
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FAIR BISIMULATION MAPS

DEFINITION

A fair bisimulation X U {Q} Joyu {Q} is a fair simulation s.t.
Qo f is surjective and Veex,yey (f(z)i>y = Jex (a:ihs’/\f(a:/):y)).

@ for any increasing sequence of finite executions (p;)ien:

fol |pi~|]fop:

1€EN 1€N

Two states x and x’ are related by a V-fair bisimulation relation iff
there is a fair bisimulation function f such that f(z) = f(2/).
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V-FAIR BISIMULATION RELATION

DEFINITION
A V-fair bisimulation on (X, A, —,Fairx) is an equivalence relation
R C X x X satisfying the following transfer properties:

O Voo (252 A2Ry) = Iy (y > ¥ A2'Ry’)), and

@ Y, ((p=r qAp€Fairx) = q € Fairx).
Here, p =r ¢ <= dom(q) = dom(p) A Vscdom(p)nar P(0)Rq(0).

Two states = and 2’ are related by a V-fair bisimulation relation iff
there is a fair bisimulation function f such that f(x) = f(2/).
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V-FAIR BISIMULATION RELATION

DEFINITION

A V-fair bisimulation on (X, A, —,Fairx) is an equivalence relation
R C X x X satisfying the following transfer properties:

O Voo (252 A2Ry) = Iy (y > ¥ A2'Ry’)), and

Q V4 ((p =r qAp € Fairx) = q¢€ FairX).
Here, p =r ¢ <= dom(q) = dom(p) A Vscdom(p)nar P(0)Rq(0).

Every V-fair bisimulation relation is an equivalence (only symmetric
requirement is assumed in the temporal logic literature) is not
superfluous because these relations are not closed under union and
relational composition.
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FUTURE WORK

Finding models for process theories

Syntax
Syntactical analysis Calculation
Description using Rules
solution axiomatisation
Semantics
Transition Bisimulation

Systems Equivalence

Semantical | _analysis [ Theoretical
Description using Notions

Figure: Mathematical Modelling (Cuijpers 2004).
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FUTURE WORK

@ For any geometric theory T there is a classifying topos B(T):
Geom(E, B(T)) = T-mod(E).

@ There is a universal model living in U € T-mod(B(T)).
o If T = Tgsp, then U = (C(BSP)/ I, [O]-, [1]-, ++,- ).

@ In process algebra, ‘term model’ means
(C(BSP)/ <,[0]=, [1]<, +<, -+ ) isomorphic to U.

x+y=y+x Al x+0= A6
x+y+tz=x+(y+2) A2 0 X:() A7
X+x=x A3 x-l=x A8
(x+y)-z=x-z+y-z A4 1-x=x A9
(x-y)-z=x-(y-2) A5 ax-y=a.(x-y) Al10

Figure: Basic Sequential Processes (cf. Baeten et al. 2010)
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