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MOTIVATION

e Tensor calculus appears in many domains (physics, ML, etc.)

1x256

4@128x128
1x128

[ L IR

Max-Pool Convolution

e Traditional notation is index-heavy; one needs to keep track of indices
for different calculations.

_ J1)2.- Jm hb...
TxP= Z T dmp k2

ijip..
J2,k2

o Categorical typing of tensors offers abstraction and index-free typing;
(multiplication=composing two arrows).
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TYPING: WHAT DO WE MEAN?

Typed vs. Untyped Systems

e In typed systems, operations are only allowed when they make sense
type-wise. For example, you can't add a number to a logical
proposition.

e In untyped systems, everything is more flexible (and risky). You can
try to do anything, but it might lead to contradictions or undefined
behaviour.

JavaScript example
let result = " The answer is " + 42;
Output: "The answer is 42"
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LINEAR ALGEBRA IN CATEGORIES

Category of Matrices is the suitable primary category for typing elements

of linear algebra.

@ Objects: Natural numbers, 0, 1, 2, ...

@ Morphisms: Matrices of a finite fields, Matp.

mi ... mip

Mgxp=1... ... ...| M:p—gq

Mmg1r ... Mgp

e Composition: Matrix multiplication.

Mg xp€hom(p,q) Mg xp€hom(p,q)
_—

Ngxw€hom(q,w)

FATIMAH RITA AHMADI TyPING TENSOR CALCULUS

APRIL 25, 2025

6/46



LINEAR ALGEBRA IN CATEGORIES

Category of Matrices is the suitable primary category for typing elements
of linear algebra.

e Objects: Natural numbers, 0, 1, 2, ...

@ Morphisms: Matrices of a finite fields, Matp.

e Composition: Matrix multiplication.

Mg p€hom(p,q) p Mg p€hom(p,q) q Ngxw€hom(q,w)
e T

o type Check:

Mgxp * Mzsw, if p==z

Traceback (most recent call last):
i line 1, in

ValueError:
import numpy as np
M= np.eye(2)
N= np.eye(3)

MAN
ceback (most recent call last):
File » lne 1, in
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VECTORISATION

Vectorisation is a common practice in many algorithms including
Machine Learning; for example, if you are working with Neural Networks,
you need to transfer the last layer to a vector. Also in the hardware level,
some components work better with vectors than matrices.

f11

k

fii f2 f12
f=|f1 fof, vecf = | 2
1 f éj
| 32}
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VECTORISATION

Vectorisation is a common practice in many algorithms including
Machine Learning; for example, if you are working with Neural Networks,
you need to transfer the last layer to a vector. Also in the hardware level,
some components work better with vectors than matrices.

fi1

.

fii fi2 f12
f= |1 fol, vecf = | 2
1 f3 éj
| 32}

The vectorization map, currying?

vec:: (3¢ 2x 1)« (3x2& 1)
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(GENERALISATION TO SEMIADDITIVE MONOIDAL
CATEGORIES

A monoidal category C is a category with a bifunctor, ® : C xC — C
such that for every three objects, there exists a (natural) isomorphism
ap B,c such that it satisfies the pentagonal and tiangle equations.

apgc: (A®B)®C— A®(B® C)

A® (I ® B) (A®I)® B
1@ (B@ (C® D)) —*"“% (A B)® (C® D) —*"“» (A2 B)® C)® D
o 1a®Ap pA®lp
1o (BeC) D) ————mees - (4eBel)eD A®B
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BiprRODUCTS IN CATEGORIES (STRONG VERSION)

An object is a zero object if it is both initial and terminal objects.
Morphisms that factorize through the zero object are zero morphisms.

Algebraic Definition: In a category whose hom-sets are commutative
monoids, a biproduct of a pair of objects (A, B) is a tuple
(P=A®B,pa:P— Apg:P—B,ia:A— P,ig: B— P)
where 0 are zero morphisms, such that:

paia = ida, pgigp = idg, paig =048, psia=0pa,
iapa + ippB = idagB
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BiproDUCTS IN CATEGORIES

In a locally pointed category, the canonical morphism between a
coproduct of a pair of objects A1, Az, i.e. A LI Ay and a product A; X As
is morphim r such that it satisfies pjrij = 0y ;.

Al AL Ay D AL x Ap B A if i,j€ {12}
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BiproDUCTS IN CATEGORIES

In a locally pointed category, the canonical morphism between a
coproduct of a pair of objects A1, Az, i.e. A LI Ay and a product A; x Ap
is morphim r such that it satisfies pyri; = dy ;.

AjiAluA2i>A1xA2&>Ak, if i,j€{1,2}

In a category with zero morphisms, a pair of objects A and B has a
biproduct if the canonical morphism r is an isomorphism.
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BiproDUCT IN CATEGORIES

The limit-form and algebraic form of biproducts are equivalent.

Proof.
Algebraic =-Limit-form: One needs to show that (P, pa, pg) is a product

and (P, ia,ig) is a coproduct. Meaning, they satisfy the universality

condition.
Algebraic «<Limit-form: One needs to show the canonical morphism is an

identity morphism.

Ajl}All_lAzL)A1XA2p—k>Ak, if IaJ€{172}
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SEMIADDITIVE CATEGORIES

Semiadditive category is a category with finite biproducts. \
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MONOIDAL SEMIADDITIVE CATEGORIES

Semiadditive category is a category with finite biproducts.

A monoidal semiadditive category is a category with finite biproducts
and a monoidal product such that the monoidal product distributes over
biproducts.

AR(B®C)2(A®B)a (AR C)

TyPING TENSOR CALCULUS APRIL 25, 2025 16 / 46



TYPING MATRICES AND VECTORISATION

In a monoidal semiadditive category, we then have the same structures as
Category of Maty. The vectorisation is also more general, as one can
potentially transfer matrices of different shapes to each other.

f:A LA, — B & B, ® Bs, fij:Ai—>Bj
T
f
fii fi2 f12
f=|f1 fof, vecf = | 2
f F f22
31 32 f.
31
| f32]
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TYPING MATRICES AND VECTORISATION

v=vecxf & f=ex(idg ® f)

KxN Kx(KxN) —%5 N

vT id ®T /
1123:€%49%

M KxM

K is called the thinning factor!
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TYPING MATRICES AND VECTORISATION

Other operations in terms of vectorisation: Having a matrix

f . . . = f
N < K x 1, we start by first de-vectorization, 1 LUl K, then

o h= , h
vectorization, N x K ¢——=% 1 and finally, K <™= N. Hence,

fT = unvec(vec(unvecf)))
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2-CATEGORIES

o Objects, 1-morphisms A £ B, 2-morphisms v : f = g.

e Composition: horizontal v o & and vertical 8 ® a.
f k
/\ /\
vet= A |¢ B |7 c
N N A
g h

f

LT

fOa=A———B

N

k

o Compositions are strict.
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BiPrRODUCTS IN 2-CATEGORIES

@ We follow the same procedure, first defining the algebraic form of
biproducts and then the limit-form definition.

o To define limit in 2-categories, let us first define products and
coproducts. One can consider four possible limits in 2-categories:
strict, weak, lax, and oplax. We define the weak version here.
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WEAK PRODUCTS IN 2-CATEGORIES

In a 2-category, a weak 2-product of a pair of objects A, B is an object
A X B equipped with 1-morphism projections
(pa:Ax B — A pg: Ax B — B) such that:

o for every cone (X,f: X — A, g : X — B), there exist a
1-morphism b : X — A x B and 2-isomorphisms {£} such that
(a: pab=>f,&g : pgb = g) (the red cone in Figure 4).

e Moreover, for any other cone (X, ' : X — A, g’ : X — B) with a
corresponding 1-morphism b’ : X — A x B and 2-isomorphisms
(& : pabl = ', & - pgb’ = g’) (the blue cone in Figure 4) and
given 2-morphisms (X4 : f = ', X5 : g = g’),

there exists a unique 2-morphism ~ : b = b’ which satisfies the following
condition:

(Pay) = (€'2) " O XA O (€a) (1)
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WEAK PRODUCTS IN 2-CATEGORIES

F1GURE: Weak 2-product in 2-categories.
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WEAK PRODUCTS IN 2-CATEGORIES

X
F g
b
@/XAXB/:S)
PA PB
A B

F1GURE: Weak 2-product in 2-categories.
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WEAK PRODUCTS IN 2-CATEGORIES

F1GURE: Weak 2-product in 2-categories.
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SOME DEFINITION

A locally semiadditive 2-category is a 2-category whose hom-categories are
semiadditive(have finite biproducts defined in categories).

A locally semiadditive and compositionally distributive 2-category is a
locally semiadditive 2-category whose 2-morphisms distribute over addition

of 2-morphisms. That is Equations 2 and 3 hold in a compositionally
distributive 2-category:

(o + B) = ya+7p (2)
a®B+7)=a0B+ady (3)

.
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BirPrRODUCT IN 2-CATEGORIES

In a locally semiadditive and compositionally distributive 2-category, a
weak 2-biproduct of a pair of objects (A, B) is a tuple

(AB B, pa, P, ia; iB,04,098,048,084,0p)

such that:

e I-Morphism projections and injections:

pa:ABB — A, ps:ABB — B
ir: A— AEB, is:B— A@B

o Weakening 2-isomorphisms:

Oa : paia = ida,0p : pgig = idg,0ga : pgia = 0B.a,0a8 : pais = 04
Op : iapa @ isps = idamB

—_ —_ = = SR
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BiproDUCT IN 2-CATEGORIES

e Conditions for 2-biproducts:

. |(paia)fa O
PAQPIA—[ 0 ol
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LIMIT-FORM DEFINITION

In a locally semiadditive and compositionally distributive 2-category, a
canonical 1-morphism between a 2-coproduct of a pair of objects A, B, i.e.
ALl B and a 2-product A x B is a 1-morphism which satisfies

O j 1 pkrij = Ok jid;, if O j are 2-isomorphisms.

AL AT UA D AL x Ay B A if ke {1,2)
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LiMIT-FORM DEFINITION

In a locally semiadditive and compositionally distributive 2-category, a
pair of objects A and B has a weak 2-biproduct if the canonical
1-morphism r is an equivalence and satisfies the following conditions:

A11_|A2L>A1><A2, A11_|A2<r—/A1><A2
Eaxp 1 ' = idaxs, Eaug :idaug = r'r
(r'éaxs) © (Sausr’) = 1,0, (€axBr) © (réaus) =1,
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BiPrRODUCTS IN 2-CATEGORIES

In a locally semiadditive and compositionally distributive 2-category, the
following conditions for a pair of objects A and B are equivalent:

@ the weak 2-product (P, pa, pg) of A, B exists.
@ the weak 2-coproduct (P, ia,ig) of A, B exists.

© the weak 2-biproduct (P, PA, PB, A, iB,04,08,048, 084, 9;3) of A, B
exists.
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BiPrRODUCTS IN 2-CATEGORIES

Proof. 1 = 3: Assuming a pair of objects A, B has a weak 2-product

P, we want to show P is also the weak 2-biproduct. Check the universal

property of weak 2-products for

(AbatA— A 0ga:A— B,ia: A— P) and

(B,g: B— B,0ap: B— A,ig: B— P). From the definition of

2-products, we know that there exist two 2-morphisms

('YA I Paia =>A,7YB : PBIB :>B). We let 04 := vy and 0 := . To find

0p, we check the universality condition for P and two 2-cones:
0(P,pA/ZP—>A,pB/ZP—>B,/:P—>P), | :=iapa @ igpB
(2] (P,pA:P—>A,pB:P—>B,pZP—>P)

2-morphisms between these two cones are as below:

YA = [vapPa O] : paiapa ® paigps = pa
Y5 = [0 7v8P8] : PBiAPA ® PBIBPE = PB
IAXA| _ |iavAPA 0
irY B 0 IBYBPB
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PRrROOF CONTINUES

We need to now show it satisfies the condition expressed earlier in the

definition. Since this is the horizontal composition, projection and
injection sandwich 64 and 6p.

Onin — (Paia)0a(paia) O| _ [(paia)fa 0
PAUPIA 0 0 0 ol -
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MONOIDAL SEMIADDITIVE 2-CATEGORIES

A (weak)semiadditive 2-category is a locally semiadditive and
compositionally distributive 2-categories whose objects have finite
2-biproducts.

.

A monoidal semiadditive 2-category is a semiadditive 2-category with a
monoidal product where the monoidal product and 2-biproduct are
compatible; i.e. the monoidal product, ), distributes over biproduct .

v
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PROJECTIONS AND INJECTIONS AT 2-LEVELS

e Semiadditive 2-Categories: 2-Biproducts (AH B) at this level have
1-morphisms projections and injections indexed by objects
(pa:AEBB — Ajia: A— AHEB).

e Semiadditive Hom-categories: biproducts (f @ g) at this level have
2-morphisms projections and injections indexed by 1-morphisms,
(mp:fdg — fup: f — D g).
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TENSOR INDEXING IN 2-CATEGORIES

f

SN

AAHBAHBH.---BA, 19 BiEHBH---BB,
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TENSOR INDEXING IN 2-CATEGORIES

f‘

SN

AABAHE.---BA, J0 BIEHBH.---BHB;,

P z
fix = EPh gk =Pa (7)
i=0 1=0
P z
Ok = Y Y (0x)* (va ® 75) (8)
a=04=0
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TENSORS IN 2-CATEGORIES




VECTORISATION IN 2-CATEGORIES

o External currying for 1-morphisms and 2-morphisms.

o Internal currying (in Hom-categories) for 2-morphisms.

fii fi2 iy f, 011 612
f=\|f1 fol .f'=|f f|.0=|0n 6x
i1 f 31 fio 031 63
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CURRYING

FATIMAH RITA AHMADI

fi1
fi2
f1
f22
f31

| 32

TyPING TENSOR CALCULUS

021
022
031
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EXTERNAL CURRYING

3x2 )
£l
= A\
"4 / ©
Y f
1

(10)
es(idz @ v) = f,e3(ids ® V/) =f, le, o (idz3®@a) =46 (11)
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CURRYING

The consider,

FATIMAH RITA AHMADI

| 32]

fi1
fi2
f1
f22
31

= [ % 2]

91 1 0?1 6?1

TyPING TENSOR CALCULUS
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INTERNAL CURRYING

2x3 2)(3
/"\041 1d2®a/\ /
1 2x1
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CURRYING

3
- 911

i
f12 1,2 95
f21 / le 6

0 14
o (14)
f31 f3,1

| 32] f3.

The consider, . R X
0 0 0

011 = [ 11 11 11]

91‘1 0?1 ‘9?1
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FUTURE WORKS

o Cartesian close bicategories.
@ Curry-Howard in Cartesian close bicategories.

@ Potential for scalable computation and formal proofs.

FATIMAH RITA AHMADI TyPING TENSOR CALCULUS APRIL 25, 2025 45 / 46



REFERENCES

F. R. Ahmadi, " Typing Tensor Calculus in 2-Categories (I),” arXiv:1908.01212.
https://arxiv.org/abs/1908.01212

TyPING TENSOR CALCULUS APRIL 25, 2025 46 / 46


https://arxiv.org/abs/1908.01212

	Motivation and Background
	Tensors in Categories
	2-Categorical Structures
	Tensors in 2-Categories
	Vectorisation in 2-Categories
	Conclusion

