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Logical motivation

Theorem (Ahlbrandt-Ziegler [AZ86], Coquand)
Let M, N be countable, w-categorical structures.

> A theory is w-categorical if any pair of countable
models are isomorphic.
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Logical motivation

Theorem (Ahlbrandt-Ziegler [AZ86], Coquand)

Let M, N be countable, w-categorical structures.

There is a homeomorphism of topological groups
Aut(M) = Aut(N),

if and only if M and N are bi-interpretable.

> A structure is interpretable in another if it can
be obtained as a definable quotient of definable
subsets.

References



Introduction The topos-theoretic framework Representing groupoids Morita equivalence of groupoids References

Logical motivation

> How can we generalise this
correspondence?

Theorem (Ahlbrandt-Ziegler [AZ86], Coquand)

Let M, N be countable, w-categorical structures.

There is a homeomorphism of topological groups
Aut(M) = Aut(N),

if and only if M and N are bi-interpretable.
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Logical motivation

> How can we generalise this
correspondence?
— If M and N are not countable
There is a homeomorphism of topological groups models, we must weaken the
homeomorphism condition.

Theorem (Ahlbrandt-Ziegler [AZ86], Coquand)

Let M, N be countable, w-categorical structures.

Aut(M) = Aut(N),

if and only if M and N are bi-interpretable.
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Logical motivation

> How can we generalise this

Theorem (Ahlbrandt-Ziegler [AZ86], Coquand) correspondence?
Let M, N be countable, w-categorical structures. — If M and N are not countable
There is a homeomorphism of topological groups models, we must weaken the
homeomorphism condition.
Aut(M) = Aut(N), — If T1, T, are not atomic, we

must use topological

if ly if M and N le.
if and only if M and N are bi-interpretable groupoids of models.
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Logical motivation

Theorem (Ahlbrandt-Ziegler [AZ86], Coquand)
Let M, N be countable, w-categorical structures.

There is a homeomorphism of topological groups
Aut(M) = Aut(N),
if and only if M and N are bi-interpretable.

Theorem (Ben Yaacov [BY22])
For any pair of classical theories T1, T5, there are
topological groupoids G(T1) and G(T>) such that
there is a homeomorphism

G(T1) = G(T2)

if and only if Ty and Ty are bi-interpretable.

> How can we generalise this
correspondence?

— If M and N are not countable
models, we must weaken the
homeomorphism condition.

— If Ty, Ty are not atomic, we
must use topological
groupoids of models.
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Logical motivation

Theorem (Ahlbrandt-Ziegler [AZ86], Coquand)
Let M, N be countable, w-categorical structures.

There is a homeomorphism of topological groups
Aut(M) = Aut(N),
if and only if M and N are bi-interpretable.

Theorem (Ben Yaacov [BY22])

For any pair of classical theories T1, T», there are
topological groupoids G(T1) and G(T2) such that
there is a homeomorphism

G(T1) = G(T2)

if and only if Ty and Ty are bi-interpretable.

However, the groupoid G(T) is not a groupoid of
models.

> How can we generalise this
correspondence?

— If M and N are not countable
models, we must weaken the
homeomorphism condition.

— If Ty, T5 are not atomic, we
must use topological
groupoids of models.
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Theorem template

The theorems we seek to generalise involve comparing two species of data.

topological and

algebraic data logical data



The topos-theoretic framework

Theorem template

The theorems we seek to generalise involve comparing two species of data.

Representation of
L7 a topos AR

\
N

logical
topological and logical data

algebraic data

Both species of data generate a topos where they can be compared:
(i) each topological category generates a topos of sheaves,
(i) and each (geometric) theory has a classifying topos.

This will form a template for our reconstruction theorems.
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Equivariant sheaves on a topological category

Given a category X, a discrete
bundle on X consists of a map

q:Y—>X0,
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Equivariant sheaves on a topological category
Given a category X, a discrete
bundle on X consists of a map
qg: Y — Xo, equipped with an
Xi-action 5: Y X X, X1 —=Y,

m=——— m=———
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Equivariant sheaves on a topological category
Given a category X, a discrete

bundle on X consists of a map If X is endowed with topologies making it a
qg: Y — Xo, equipped with an topological category, a bundle is a sheaf if

Xi-action f: Y xx, X1 = Y, (i) g: Y = Xo is a local homeomorphism,
:' 5 E :’ b E (ii) and B: Y xx, X1 — Xj is continuous.
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Equivariant sheaves on a topological category
Given a category X, a discrete

bundle on X consists of a map If X is endowed with topologies making it a

qg: Y — Xo, equipped with an topological category, a bundle is a sheaf if
Xi-action 5: Y Xx, X1 =Y, (i) g: Y — Xo is a local homeomorphism,

:’ 5 :’ b : (ii) and B: Y xx, X1 — Xj is continuous.

: ) P! : ¢ A morphism of sheaves is a continuous map
vd : f:Y — Y’ such that the following commute:

: : : : fXXO Xm ,

: b : / Y X, X1 —= Y ' xx, X1y —F 5y
. o ' c

LA @ lﬁ/ \ /
l____'l l____ll J{ Y f Y/,
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Equivariant sheaves on a topological category
Given a category X, a discrete

bundle on X consists of a map If X is endowed with topologies making it a
qg: Y — Xo, equipped with an topological category, a bundle is a sheaf if
Xi-action 5: Y Xx, X1 =Y, (i) g: Y — Xo is a local homeomorphism,
:’ 5 :’ b : (ii) and B: Y xx, X1 — Xi is continuous.
: ) P! : ¢ A morphism of sheaves is a continuous map
vd : f:Y — Y’ such that the following commute:
: : : : fXXO Xm ,
: b : / Y X, X1 —= Y ' xx, X1y —F 5y
. o ' c
LA @ lﬁ/ \ /
l____'l l____zl J{ Y f Y/,

l l Definition

The category of sheaves and their morphisms define
a topos Sh(X).

<
<
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Basic examples

(i) For every space X,

idx
id id
X 25 X e X,

is a topological category, whose topos of equivariant sheaves is the usual topos
Sh(X) of sheaves on X.



The topos-theoretic framework

Basic examples

(i) For every space X,

idx
idx idx
X 25 X e X,

is a topological category, whose topos of equivariant sheaves is the usual topos
Sh(X) of sheaves on X.

(ii) If G is a topological group,
.
GxG—"= G« {x},
%
is a topological category, whose topos of equivariant sheaves is the topos BG of

continuous actions G x X — X on discrete sets.
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Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definition
Let T be a theory. A classifying topos
Er for T is a topos that satisfies

T-Mod(Sets) ~ Geom(Sets, &r).



Introduction The topos-theoretic framework Representing groupoids Morita equivalence of groupoids References

Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definition

Let T be a theory. A classifying topos
&t for T is a topos that naturally
satisfies

T-Mod(F) ~ Geom(F, ET).

This defines &1 up to equivalence.
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Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definition

Let T be a theory. A classifying topos
&t for T is a topos that naturally
satisfies

T-Mod(F) ~ Geom(F, &T).

This defines &1 up to equivalence.
e Every geometric theory has a
classifying topos;

e every topos is the classifying
topos of some geometric theory.
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Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definition

Let T be a theory. A classifying topos
&t for T is a topos that naturally
satisfies

T-Mod(F) ~ Geom(F, &T).

Example
Let T be a (classical) propositional theory, and let
Xr be the associated Stone space.

This defines &1 up to equivalence.
Then Sh(Xr), the topos of sheaves on the space

e Every geometric theory has a X classifies T
TY -

classifying topos;
e every topos is the classifying
topos of some geometric theory.
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Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definition
Let T be a theory. A classifying topos
f;rti:ires'ﬂ‘ is a topos that naturally Definition
Two theories Ty and Ty are Morita equivalent if
T-Mod(F) ~ Geom(F, &r). there is a natural equivalence
This defines £t up to equivalence. T1-Mod(F) ~ Tp-Mod(F),

e Every geometric theory has a ) )
classifying topos; or equivalently if &, ~ &Er,.
e every topos is the classifying

topos of some geometric theory.



The topos-theoretic framework

Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definition

Let T be a theory. A classifying topos ~ Definition

Er for T is a topos that naturally Two theories T1 and Ty are Morita equivalent if
there is a natural equivalence

satisfies
T-Mod(7) ~ Geom(F, £1). T;-Mod(F) ~ T,-Mod(F),
This defines £ up to equivalence. or equivalently if &, ~ &Er,.

e Every geometric theory has a

classifying topos; Ty, T, are Tq, T are Morita

e every topos is the classifying bi-interpretable equivalent.

topos of some geometric theory.
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Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definition Definition

Let T be a theory. A classifying topos ~ Two theories T and Ty are Morita equivalent if
Er for T is a topos that naturally there is a natural equivalence

satisfies

T-Mod(F) ~ Geom(F, &r). T1-Mod(F) =~ To-Mod(F),

or equivalently if &, ~ &T,.
This defines &1 up to equivalence. q ymer T,

e Every geometric theory has a Ty, T, are  —— Ty, T, are Morita
classifying topos; bi-interpretable <=— equivalent

e every topos is the classifying
topos of some geometric theory. (e.g. see Kamsma [Ka23]).
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Classifying topos theory

Toposes also admit a logical description via the notion of a classifying topos.

Definiti Definition
ennition . Two theories Ty and Ty are Morita equivalent if
Let T be a theory. A classifying topos . .
. there is a natural equivalence
Er for T is a topos that naturally
satisfies T1-Mod(F) =~ T,-Mod(F),

T-Mod() ~ Geom(7, &r). or equivalently if &, ~ &Er,.

This defines &t up ’Fo equivalence. Proposition (McEldowney [Mc20])
o Every geometric theory has a If Ty, T» both prove that 3x, y x # y, then
classifying topos;
e every topos is the classifying . Ti? T2 atrebl Ty, T2 .arel I\/Itorita
i-interpretable equivalent.

topos of some geometric theory.



The topos-theoretic framework

A topos-theoretic template
Using this framework, we can recover Ahlbrandt-Ziegler type results.

By Caramello’s Topological Galois theory [Cal6],

_» &r = BAut(M) .

A ~
T a complete, MET
w-categorical theory a countable model.

Hence, for complete, w-categorical theories T1, T» and countable models M & Ty,
N E T5, there is a chain of equivalences

Ty, T, are Morita equivalent <= &r, ~ &,
<= BAut(M) ~ BAut(N)



The topos-theoretic framework

A topos-theoretic template
Using this framework, we can recover Ahlbrandt-Ziegler type results.

By Caramello’s Topological Galois theory [Cal6],

_» &r = BAut(M) .

A ~
T a complete, MET
w-categorical theory a countable model.

Hence, for complete, w-categorical theories T1, T» and countable models M E Ty,
N E T, there is a chain of equivalences

Ty, Ty are Morita equivalent <= &r, ~ &,
= BAut(M) ~ BAut(N) <= Aut(M) = Aut(N).

And so we recover the classical Ahlbrandt-Ziegler result.



The topos-theoretic framework

A topos-theoretic template

Using this framework, we can recover Ahlbrandt-Ziegler type results.

We have that

- g’[r >~ Sh(X’]I‘) $-o

v v
T a classical Xr the Stone space
propositional of models for T.

Hence, for classical, propositional theories T1, T5, there is a chain of equivalences

Ty, Ty are Morita equivalent <= &, ~ &r,,
<~ Sh(X']Tl) o~ Sh(X']T2) <~ erl = XTz'

This is a reformulation of Stone duality.



The topos-theoretic framework

A topos-theoretic template

> Each topological groupoid X yields a topos Sh(X).

> For certain representing groupoids of models,

Er ~ Sh(X).
//> 5’]1‘ ~ Sh(X) 4\\
T a X a representing
geometric theory groupoid of models.

For theories T, T, with representing groupoids X and Y,

Ty, Ty are Morita equivalent <= &, ~ &r,,
<= Sh(X) ~ Sh(Y)



The topos-theoretic framework

A topos-theoretic template

> Each topological groupoid X yields a topos Sh(X).

> For certain representing groupoids of models,

Er ~ Sh(X).
//> 5’]1‘ ~ Sh(X) 4\\
T a X a representing
geometric theory groupoid of models.

For theories T, T, with representing groupoids X and Y,

Ty, Ty are Morita equivalent <= &, ~ &r,,
<= Sh(X) ~ Sh(Y)
— ?
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A topos-theoretic template

> Each topological groupoid X yields a topos Sh(X).

> For certain representing groupoids of models,

£ ~ Sh(X). Overview
A. We  characterise ~ which
o Er ~ Sh(X) ~e. groupoids of models are
e Ny representing.
W p B. We establish a bi-equivalence
T a X a representing between topoi with enough
geometric theory groupoid of models. points and a localisation of

topological groupoids.
For theories T, T, with representing groupoids X and Y,
Hence, we deduce when

T1, T3 are Morita equivalent < &y, = &r,, two topological groupoids are
<= Sh(X) ~ Sh(Y) Morita equivalent.
— 7
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Representing groupoids overview

Theorem A (W.)

A groupoid of models represents
a geometric theory if and only if

(i) it is conservative,

(ii) and it eliminates parameters.
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Representing groupoids overview

Theorem A (W.)

A groupoid of models represents Overview of Part A
a geometric theory if and only if 1. Define elimination of parameters.
(i) it is conservative, 2. Technically restate the classification theorem.

(ii) and it eliminates parameters.



Representing groupoids

Indexed structures

Let M be a structure over a signature .

Given a set R of parameters, a K-indexing of M consists of:
(i) asubset & C &,
(i) and an expansion of M to the signature X U { ¢y, | m € & } such that M satisfies

T \/ X = Cm,
meRr

i.e. every n € M is the interpretation of some parameter m € K.

Equivalently, this is a choice of partial surjection &8 — M.
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Definables

Let M be a model of T with an indexing R — M.

(i) A definable subset is a subset of the form
[X:¢plm={ACM[ME ()} c M

for some formula {X: ¢ }.



Representing groupoids

Definables

Let M be a model of T with an indexing R — M.

(i) A definable subset is a subset of the form
[X:¢plm={ACM[ME ()} c M

for some formula {X: ¢ }.

(i) A definable subset with parameters is a subset of the form
[%, 7 0w = (7. M| ME y(F, )} € M7

for some formula { X,y : ¢ } and a tuple of parameters m C 8.



Representing groupoids
Definables

For a groupoid X of T-models, a R-indexing of X is a choice of K-indexing & — M for
each M € X.

(i) A definable or definable without parameters is a subset of the form

[%:elx={(AM) |FCMe X, MEpH)}C [ M"

MéeXo
for some formula { X : ¢ }.
(i) A definable with parameters is a subset of the form
[%, @ :¢]x ={ (A M)|fmCMeX, MEy(E M)} C [ M"
MeXo

for some formula { X,y : ¢} and a tuple of parameters m C .
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Interpreting definables and elimination of parameters

For each n, there is a bundle
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S
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Introduction The topos-theoretic framework Representing groupoids Morita equivalence of groupoids References

Interpreting definables and elimination of parameters

Each definable defines a subset

Mn:,'---.u f-;- M

ho9o o b TN

B P C

T L
%2l Semmmdebemnst e 1

I e

A
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Interpreting definables and elimination of parameters

Each definable defines a subset

M :'I’----': ) -,' -:-_-.::': M/n
; 3‘ﬁb t T A
TR L Z
. ro(3) 1 P
[R:o]x bmmmmmtaaay b
AR Ler
A
Lol J
"M M N
Lo 1+ Xo

Note that [ X : ¢ [x is stable under the
Xi-action.
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Interpreting definables and elimination of parameters

Each definable with parameters also defines a

subset
n ".‘.‘.‘..--ﬂ::: n
Mrgm T O M
poa o f 1 =TT, Nn
= = 1 ! 1 " ! — 1
[,/ ] Memmebedenan Loz
1 1 1 1 ! 1
=/ 1
va oy : i .
' - 1 1 1
' - 1 1 '
' - 1 1 1
' - ' 1 '
1 ! 1 1 ! 1
LR
: : : : 1 CI :
N 1
I I B
L R,
STTTTTTTT e mm e \I
.M M N
1 IXO.
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Interpreting definables and elimination of parameters

Representing groupoids

Each definable with parameters also defines a

subset

[[)?',r_f) . ’l/}]]X

’::::'__ﬂ:::" n
R
- A 1 b n -
N 1 ) T 1 5
-----T'va-" Loz
. r, 1 1

=/ 3 1
vg o :u,(a): !
' [ 1 1
' [ 1 1
' [ 1 1
1 1 1 1 1
1 1 1 1 1

LR
: Co : !
N 1

AR .
T . J
Pt
MM N
. e

Nﬂ

- = m ===

However, [ X, M : v ]x is not stable under the

Xi-action.

Morita equivalence of groupoids

References
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Interpreting definables and elimination of parameters

We can consider the closure of [ X, m : v [x
under the Xj-action

M”:l"-':::'-'f:::":M’"

|': 3 . ! B ::' 72

! ! n' 1 .Nn
ER IR P N

L) te@h
A R

R g

AR S

[
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Interpreting definables and elimination of parameters

We can consider the closure of [ X, m : ¥ [x
under the Xj-action

Mn:rl-_-_-_:'--lg::::l:M,n

|I: 3 . I”B ::' ===

: : ", ! an
[%,m:¢ X,-l"m"':: Lo
EAET) P T S o
el i E o

' I ' 1 C 1

NG

L .

M L M N

' & |X0.

In this example, [X, M : ¥ ]y = [X: ¢]x.
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Interpreting definables and elimination of parameters

We can consider the closure of [ X, m : ¥ [x
under the Xj-action

nIGEEEE--EEEE n
v ERIR: T
[X,m:¢]x ': ---:-:---i-\;-'l:: ' c E Definition
dy(b)t 1a(d) :E ; ! Given a groupoid X of T-models and
[X,m: ] Wo.o.. E--:—----E’ E , an indexing 8 — X,
=[X:p]x E E E E E _, E X eliminates parameters if, for every
L . ' :\ ¢ ! 1 and m, there exists some geometric
. Vo ' N
1 | !

formula ¢ such that

N J Ea ol =17 ¢l

YR N
1 (,‘?*M 'XO-

In this example, [X, M : ¥ ]y = [X: ¢]x.



Representing groupoids

Classification result

Theorem (W.)
Let T be a geometric theory and let X = (X1 =% Xo) be a small groupoid of T-models.
We can endow X with the structure of an open topological groupoid for which
Sh(X) ~ 8’]1‘
if and only if
(i) Xo is a conservative set —
[%:plx=[%:x]x = ¢=¢x.

(ii) there is an indexing of X by parameters & for which X eliminates parameters —

[X,m:¢]x =[X:¢]x.
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Examples
Examples (cf. Awodey-Forssell [AF13], Butz-Moerdijk [BM98], Caramello [Cal6])

(i) The groupoid of all R-indexed models eliminates parameters.
(i) The groupoid of all R-enumerated —
every element is indexed by infinitely many parameters

— models eliminates parameters.
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Examples
Examples (cf. Awodey-Forssell [AF13], Butz-Moerdijk [BM98], Caramello [Cal6])

(i) The groupoid of all R-indexed models eliminates parameters.
(i) The groupoid of all R-enumerated —
every element is indexed by infinitely many parameters
— models eliminates parameters.
(iii) If T is an atomic theory, then
Aut(M) eliminates parameters <= M is ultrahomogeneous,

i.e. every finite partial isomorphism of M extends to a total isomorphism,
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Examples
Examples (cf. Awodey-Forssell [AF13], Butz-Moerdijk [BM98], Caramello [Cal6])

(i) The groupoid of all R-indexed models eliminates parameters.
(i) The groupoid of all R-enumerated —
every element is indexed by infinitely many parameters
— models eliminates parameters.
(iii) If T is an atomic theory, then
Aut(M) eliminates parameters <= M is ultrahomogeneous,

i.e. every finite partial isomorphism of M extends to a total isomorphism,

Thus, if T is a complete, atomic (i.e. w-categorical) theory, and M E T is countable,
then

Er ~ BAut(M).
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A biequivalence for topoi with enough points

Now we know when £ ~ Sh(X), but when are two topological groupoids X, Y Morita
equivalent?

That is, when do we have Sh(X) ~ Sh(Y)?
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A biequivalence for topoi with enough points

Now we know when £ ~ Sh(X), but when are two topological groupoids X, Y Morita
equivalent?

That is, when do we have Sh(X) ~ Sh(Y)?

Theorem B (W.)

There is a biequivalence

[0~ !]LogGrpd ~ Topos's

w.e.p.*
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A biequivalence for topoi with enough points

Now we know when & ~ Sh(X), but when are two topological groupoids X, Y Morita
equivalent?

That is, when do we have Sh(X) ~ Sh(Y)?

iso

e Topos,’, , is the bicategory of toposes with
Theorem B (W.) enough points, geometric morphisms, and
There is a biequivalence natural isomorphisms,

i e LogGrpd is a full 2-subcategory of TopGrpd,
[25~!|LogGrpd ~ Topos;’, , . ghrp gory pGrp

e 2 is a bi-calculus of fractions on LogGrpd,
i.e. a class of weak equivalences.
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A biequivalence for topoi with enough points

Now we know when & ~ Sh(X), but when are two topological groupoids X, Y Morita
equivalent?

That is, when do we have Sh(X) ~ Sh(Y)?

Overview of Part B

1. We first compare our localisation on the left with
Moerdijk's localisation on the right.

There is a biequivalence 2. We define the bicategory of logical groupoids
T LoeGrod ~ T . and the weak equivalences.
[ JLogGrpd = Topos, ,.. 3. Finally, we restate
Thereby, we deduce a groupoidal characterisa-

tion of Morita equivalence for theories.
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Homomorphisms of topological groupoids

A homomorphism of topological
groupoids is a continuous functor

f: X—=Y,

i.e. a pair of continuous maps
fo: Xo—) Yg and f1: X1—-Y
such that

Al el

X()#) Yo

commutes.



Morita equivalence of groupoids

Homomorphisms of topological groupoids

A homomorphism of topological
groupoids is a continuous functor

FIXY, A transformation f 2 g between homomorphisms
is a natural transformation where the map
i.e. a pair of continuous maps a: Xo — Y1,
fb: XO — YO and f]_: Xl — Y]_ X = fb(X) a_x> gO(X)
such that
X1 Xxy X1 —==-- » Y1 Xy, 1 is continuous.
lm lm, Together, this forms the datum of a bicategory
X, fi v, TopGrpd, and there is a bifunctor
Slwlt s/lwlt, Sh: TopGrpd — Toposij,"’e,p, C Topos.

Xo% Yo

commutes.
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Moerdijk's equivalence

Theorem (Moerdijk [Mo88], Pronk
[Pro6])

There is a biequivalence
ECG[X !] ~ Topos'°
where ECG C LocGrpd.
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Moerdijk's equivalence

Theorem (Moerdijk [Mo88], Pronk
[Pro6])

There is a biequivalence
ECG[Z '] ~ Topos™°
where ECG C LocGrpd.

Proposition
For any 2-subcategory C C TopGrpd,
and any right bicalculus W1 on C,

Topost°, , # C[W~1].

w.e.p.
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Moerdijk's equivalence

Theorem (Moerdijk [Mo88], Pronk
[Pro6])

There is a biequivalence
ECG[X !] ~ Topos'°
where ECG C LocGrpd.

Proposition
For any 2-subcategory C C TopGrpd,
and any right bicalculus W1 on C,

Topost°, , # C[W~1].

w.e.p.

Proof: Suppose that Topos'®, = C[W~1].

w.e.p.
Let £ be a topos with a large (and jointly conservative) set
of points, e.g. the classifying topos for groups.

Let X € C be a representing groupoid for £. By assumption
there is a point p: Sets — £ that is not included in Xj.



Theorem (Moerdijk [Mo88], Pronk

[Pro6])

There is a biequivalence

ECG[X !] ~ Topos'°

where ECG C LocGrpd.

Proposition

For any 2-subcategory C C TopGrpd,
and any right bicalculus W1 on C,

Topos

iso

w.e.p.

% C[WY).

Morita equivalence of groupoids

Moerdijk's equivalence

Proof: Suppose that Topos'®, = C[W~1].

w.e.p.

Let £ be a topos with a large (and jointly conservative) set

of points, e.g. the classifying topos for groups.

Let X € C be a representing groupoid for £. By assumption

there is a point p: Sets — £ that is not included in Xj.

Now p is induced by a homomorphism f € C, i.e.

Sets ~ Sh(Y) =", gp(x),
by the hypothesis Topos;yo, , # C[W™1].
But any section of Sh(Yy) — Sets yields a diagram
Sh(Yo) "™ sh(x,)
By |
Sets ~ Sh(Y) 2"=¢ gh(x) ~

a contradiction. Hence, Yj is empty, and so Sets ~ 0.



Morita equivalence of groupoids
o Logical groupoids
Definition
An open topological groupoid X = (X; = Xp) is said to be logical if Xp, X1 are sober,
and X is étale complete in the sense that:

(i) for any pair x,y € Xo, a natural isomorphism

Sets —=— Sh(Xp)

’

Sh(Xp) —— Sh(X),
is instantiated by an point o € X,
(ii) the topology on X is the coarsest such topology determined by Sh(X),

i.e. given another topology T on the points of X yielding a topological groupoid
X', if Sh(X) ~ Sh(X') then T contains the topology on Xj.

We denote by LogGrpd C TopGrpd the full 2-subcategory of logical groupoids.



Morita equivalence of groupoids
o Logical groupoids
Definition
An open topological groupoid X = (X; = Xp) is said to be logical if Xp, X1 are sober,
and X is étale complete in the sense that:

(i) for any pair x,y € Xo, a natural isomorphism

Sets —=— Sh(Xp)

’

Sh(Xp) —— Sh(X),
is instantiated by an point o € X,
(ii) the topology on X is the coarsest such topology determined by Sh(X),

i.e. given another topology T on the points of X yielding a topological groupoid
X', if Sh(X) ~ Sh(X') then T contains the topology on Xj.

We denote by LogGrpd C TopGrpd the full 2-subcategory of logical groupoids.
Remark

A topological groupoid X is a logical groupoid if and only if it is a representing
groupoid of models, with all possible isomorphisms, for a theory classified by Sh(X).
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Weak equivalences of logical groupoids

Definition
A homomorphism of logical groupoids

VY > W

is a weak equivalence if
(i) v is full inclusion Y < W,
(ii) Let T be a theory classified by Sh(W).

When W is viewed as a representing
groupoid of indexed T-models, the sub-
groupoid Y is still conservative and elimi-
nates parameters.

Denote the class of weak equivalences by 20.

References
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Weak equivalences of logical groupoids

Corollary
Definition If ¢p: Y — W is a weak equivalence, then
A homomorphism of logical groupoids Sh(¢)): Sh(Y) = Sh(W)
Pv:Y - W is an equivalence.

is a weak equivalence if
(i) v is full inclusion Y < W,
(ii) Let T be a theory classified by Sh(W).
When W is viewed as a representing
groupoid of indexed T-models, the sub-

groupoid Y is still conservative and elimi-
nates parameters.

Denote the class of weak equivalences by 20.



Morita equivalence of groupoids

Weak equivalences of logical groupoids

Corollary
Definition If ¢p: Y — W is a weak equivalence, then
A homomorphism of logical groupoids Sh(¢)): Sh(Y) = Sh(W)
Pv:Y - W is an equivalence.
is a weak equivalence if Proposition
(i) # is full inclusion Y «— W, Every geometric morphism
(ii) Let T be a theory classified by Sh(W). f: Sh(X) — Sh(Y)

When W is viewed as a representing
groupoid of indexed T-models, the sub-
groupoid Y is still conservative and elimi- Y
nates parameters. jw

is induced by a cospan

Denote the class of weak equivalences by 20. X % W

where 1) is a weak equivalence.



Introduction The topos-theoretic framework Representing groupoids Morita equivalence of groupoids References
A bi-equivalence for toposes

Theorem (W.)

There is a bi-equivalence
[20!]LogGrpd ~ Topos's

w.e.p.

e An object of [20~!]LogGrpd is a logical groupoid.

e An arrow X M Y € [20~!]LogGrpd is a cospan

Y

|v

X 2w

where ¢ is a weak equivalence.
o A 2-cell (¢,9) = (¢',4') is a transformation ¢ = ¢'.
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A bi-equivalence for toposes

Theorem (W.)

There is a bi-equivalence

[20~!]LogGrpd ~ Topos'°

w.e.p.”

Corollary
Two logical groupoids X, Y are Morita equivalent, i.e. Sh(X) ~ Sh(Y), if and only if
there is a co-span of weak equivalences

Xee—sW<e—Y
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A bi-equivalence for toposes

Theorem (W.)

There is a bi-equivalence

[20~!]LogGrpd ~ Topos's°

w.e.p.”

Corollary
Let T; and T, be theories with representing groupoids X and Y respectively.
Then Ty and T» are Morita equivalent if and only if there is a co-span of weak
equivalences

Xe—DW<+—Y
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A bi-equivalence for toposes

Theorem (W.)

There is a bi-equivalence

[20!]LogGrpd ~ Topos;’, , .
Corollary
Let T; and T, be theories with representing groupoids X and Y respectively.

Then Ty and T» are Morita equivalent if and only if there is a co-span of weak
equivalences

Xe—>W<+—Y

Future directions

(i) What Morita-invariant properties of topological groupoids are preserved by weak
equivalences?

(i) What is an entirely topological description of weak equivalences?
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