Composing Solutions of {the Algebraic Path Problem and More

Jade Master
SYCO10 17/12/22

Joint work with
Ben Bumpus and
Zoltan Kocsis



Overview: | started out researching structured cospans.
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of structured cospans. At some point | became obsessed
with the idea of a "compositional formula®".

This is my story...
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Section 1: Enriched Graphs and Their Decompositions
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What is a Graph Decomposition?
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Shift Your Perspective
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A decomposition D: G — UMat(R) may be extended to sets of edges {f;.f5, ..., f,, € G(x.y)} by defining

D({f, fa,.... ful): D(x) x D(y) — R by (a,b) — Z D(f;)a,b.)

1=1

D(G(x,x)) is the local graph at x



General Graph Decompositions are Defined Dependently
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For a 2-rig R, there is an adjunction
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H:Y xY — Rw Hy with Hy(z,y) = R(1g, H(x,y))
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Section 2: Free Enriched and Dependent Categories
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How do we extend F R to graph decompositions?
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F'D may be extended to sets of morphisms {f;.fs. ..., f, € FG(x.y)} by defining

D({fi.fa..... foB): D(x) x D(y) — R by (a.b) — Z Fi(f;)(a,b)

1=1

Then

F'D(G(x,x)*) = Z F'D(G(x, x)™) = Z D(G(x,x))" = F(D(G(x,x))).

=0 =0

is the local solution at x
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Section 3: The Compositional Theorem



General Compositional Formula for the APP

1. For an R-graph decomposition D: G — UMat(R) there is an isomorphism
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Section 3: Computational Results on an Example



An Algorithm
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https://github.com/Jademaster/pathcomposer
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32 class Compositionproblem():

34 def init_ (self,gl,g2,intersection, matsemi):
35 self.lgraph=g1
36 self.rgraph=g2
37 self.intersection=intersection
self.symbols=None .
self.matsemi=matsemi
46 self.values=None
41 self.joined=None
42 self.pushforwards=None
43 self.lengths=None
45 def precompilesymbols(self):
46 maxboundary=len(self.intersection)
47 self.symbols=symbols.paths(maxboundary)[-1]
49 def precompilematrices(self):
5 Fxmat=nx.floyd_warshall_ numpy(nx.from py_matrix(self.lgraph.getmatrix()))
51 Fymat=nx.floyd_warshall_numpy(nx.fron py_matrix(self.rgraph.getmatr
52 self.lgraph=graphfrommatrix(Fxmat, self.lgraph.verts)

self.rgraph=graphfrommatrix(Fymat, self.rgraph.verts)



186 def randomcompproblem(graphsize,boundarysize, matsemi):

187 x=np.random.randint(1,10, (graphsize, graphsize))

188 y=np.random.randint(1,10, (graphsize, graphsize))

189 gx=graphfrommatrix(x, [1 for i in range(graphsize)])

190 gy=graphfrommatrix(y, [i+graphsize for i in range(graphsize)])

191 i=dict(zip([1i for i in range(graphsize-boundarysize,graphsize)],[j for j in range(graphsize,graphsize+boundarysize)]))
192 return Compositionproblem(gx,qgy,i,matsemi)

1092

def shortestpath(self,s,t):
lengthg, lengthk, lengthh, total=self.lengths
gstar,hstar = self.pushforwards
values=self.values
#find compositional shortest path
#find s and t
i=list(self.joined.outedges).index(s)
j=list(self.joined.outedges).index(t)
valueg=np.array([gstar[i,j]])
valueh=np.array([hstar[i,j]])
#add start and end vectors to value list
newvalues={
#start symbols
symbols.GGs:gstar[i,0:1engthg][None, :],
symbols.GKs:gstar[i,lengthg:1lengthg+lengthk][None,:],
symbols.KGs:gstar[i,©:1engthg][None, :],
symbols.gKKs:gstar[i, lengthg:lengthg+lengthk][None, : ],
symbols.hKKs:hstar[i, lengthg:lengthg+lengthk][None, :],
symbols.KHs:hstar[i, total-lengthh:total][None,:],
symbols.HKs:hstar[i,lengthg:1lengthg+lengthk][None, :],
symbols.HHs:hstar[i, total-lengthh:total][None, :],
#final symbols
symbols.GGt:gstar[@:1engthg,j][:,None],
symbols.GKt:gstar[@:1engthg,j][:,None],
symbols.KGt:gstar[lengthg:lengthg+lengthk, j][:,None],
symbols.gKKt:gstar[lengthg:lengthg+lengthk, j][:,None],
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Section 5: Proof of Theorem
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RGraph™ = Graph/UMat(R)
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Proof of Theorem

F /(;1- D((x,a), (v, b)) = /(m F'D((x,a),(y.b)) (Linearity)

1

Y F'D(f)(a, b) (Definition)

feFG(x,y)

1

Z H(x Xi, Xi) {ex, })G(xn, xn )" )(a,b)

(x,e)eFG*(x,y)
(Factorization)

1

> (J]F'D(G(xi,x:)")D(e:) F'D(G (%0, x0) ") (a, b)
(x,e)eFG*(x,y) 1=1

(Functoriality)

112

> (JIFD(G(xi, %)) D(e:)) FD(G (xn, X)) (a, b)

(x.e)eFG*(xy) 1=1
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Structured Decompositions

Definition 3.6 (Structured Decomposition). Fix a base category K with pullbacks
and a graph G. A K-valued structured decomposition of shape G 1s a dagger
functor D : F.(G) — Span(K) from the free dagger category on G to Span(K).
Given any vertex v in G, we call the object Dv in K the bag of D indexed by v.
Given any edge e = xy of G, we call the span De := x <« a, — y the adhesion
indexed by e.
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