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Relations with string diagrams

The category Rel of sets with relations as morphisms
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Relations with string diagrams

The category Rel of sets with relations as morphisms

e forms a symmetric monoidal category:

Ry ® Ry = {((a,b), (c,d)) | (a,c) € Ry, (b,d) € Ry}
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Relations with string diagrams

The category Rel of sets with relations as morphisms

e forms a symmetric monoidal category:
R ® R2 = {((a,b),(¢,d)) | (a,c) € Ry, (b,d) € Ry}
a c
b d
® Composition:
Ri;Ry ={(z,2) |y : (x,y) € Ry, (y,2) € Ra}

Xﬁyﬁz
Ry R2
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Relations with string diagrams

® Relations are ordered by inclusion
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Cartesian bicategories

Definition (Carboni & Walters)
A Cartesian bicategory
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A Cartesian bicategory is a locally ordered symmetric monoidal
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Cartesian bicategories

Definition (Carboni & Walters)

A Cartesian bicategory is a locally ordered symmetric monoidal
category where every object is equipped with

® a comonoid
® a monoid

satisfying coherence and the laws on the last slide.

A morphism is a monoidal functor preserving the ordering, the
comonoid and the monoid.

Idea: Do categorical logic with Cartesian bicategories.
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Categorical logic with Cartesian bicategories

Definition
A model of B (in Rel) is a morphism

M: B —= Rel
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Categorical logic with Cartesian bicategories

Definition
A model of B (in Rel) is a morphism

M: B —= Rel

Problem (Completeness)

For morphisms x,y in B such that M(z) C M(y) for all models
M, isx <y?
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Categorical logic with Cartesian bicategories

Definition
A model of B (in Rel) is a morphism

M: B —= Rel

Problem (Completeness)
For morphisms x,y in B such that M(z) C M(y) for all models
M, isx <y?

Not to be confused with “functional completeness”!
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The syntactic Cartesian bicategory

Signature X, each R € ¥ equipped with arity and coarity
R:n—m.

Freely generated (syntactic) Cartesian bicategory CBy has
objects N and morphisms

Mor(CIBg):::e‘i‘X‘ ‘ ‘
|| e T

modulo the laws of Cartesian bicategories.
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Cartesian bicategories and logic

CByx, can emulate regular logic.
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Example

dzg, 21 : R(:L’o, Zo) VAN R(a:l, Zo) N R(:Bo, 2’1) VAN R(.T1, 21),
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Cartesian bicategories and logic

CByx, can emulate regular logic.

Example

320, z1: R(xo0,20) A R(z1, 20) A R(x0,21) A R(21, 21),

One-to-one correspondence between string diagrams and regular
logic.
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Conjunctive queries

® Conjunctive queries: logical formulas made of 9, A, T, =
and symbols from the signature X.
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Conjunctive queries

Conjunctive queries: logical formulas made of 3, A, T, =
and symbols from the signature X.

Model: A set of discourse X and interpretation [R] C X™
for every R € X.

Extends to a semantics function [e] in the obvious way.

Model in this sense is the same thing as a morphism
(CBE — Rel.

Query inclusion: ¢ < iff M(¢) € M(9) in all models M.
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Query inclusion

Example

hasGrandson := Juv, ¢ : Parent(g, v) A Parent(v, c) A Male(c)
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Query inclusion

Example

hasGrandson := Jv, ¢ : Parent(g,v) A Parent(v, ¢) A Male(c)

hasGrandson < grandparent := Ju, ¢ : Parent(g, v) A Parent(v, ¢)

¢ = dzp: (l’o = :L'l) VAN R(l‘o, Zo)
Y = dzp, 21 R(:C(), Zo) VAN R((IJl, Zo) A R(.’L‘o, Zl) A R(a;l, 21)
o<
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database theory logic category theory
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A dictionary

database theory logic category theory
query logical formula morphism S in CBy,
database model morphism M: CBy — Rel
answer to query semantics M(S)
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Using the dictionary

Theorem (Chandra, Merlin (1977))

Congunctive queries can be translated into hypergraphs (with
interfaces).
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Using the dictionary

Theorem (Chandra, Merlin (1977))

Congunctive queries can be translated into hypergraphs (with
interfaces). Query inclusion reduces to the existence of an
(interface-preserving) hypergraph homomorphism.

Example

3z0,21: R(z0,20)AR(z1,20)AR(20,21)AR(z1,21) 3z0: (xo=z1)AR(z0,20)
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Cospans

Cartesian bicategory Cospan™C:
® Morphisms cospans X — G «—Y
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Cospans

Cartesian bicategory Cospan™C:
® Morphisms cospans X — G «—Y

® Chandra & Merlin ordering:

X—G+—Y<X—->H+Y iff X

VAR

D <
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Cospans

Cartesian bicategory Cospan™C:
® Morphisms cospans X — G «—Y

® Chandra & Merlin ordering:

X —=>G+—Y<X—->H<Y iff X

VAR

D <

Dually define Span™C with all arrows reversed.
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Graphical theorem

Theorem (Graphical theorem)

CBsy, = DiscCospan™ Hyps. C Cospan™ Hyps,
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Graphical theorem

Theorem (Graphical theorem)
CBy, = DiscCospan™ Hypsy. C Cospan™ Hyps,
Lemma

Rel = Span™ Set

Theorem (Completeness for CBy;)

¢, morphisms in CBy, such that M(¢) C M(¢) for all
morphisms M: CBy — Rel.
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Yoneda argument

Theorem (Completeness for Cospan™C)

@, morphisms in Cospan™C such that M(¢) < M(¥) for all
morphisms M : Cospan™C — Span™ Set. Then ¢ < 1.
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Proof.

SCHOOL

IMT FOR ADVANCED
STUDIES

LUCCA




Yoneda argument

Theorem (Completeness for Cospan™C)

@, morphisms in Cospan™~C such that M(¢) < M(3)) for all
morphisms M: Cospan™C — Span™ Set. Then ¢ < 1.

Proof.

H

AN

X Y

Ny
G

O
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Yoneda argument

Theorem (Completeness for Cospan™C)

@, morphisms in Cospan™~C such that M(¢) < M(3)) for all
morphisms M: Cospan™C — Span™ Set. Then ¢ < 1.

Proof.

H Hom(H, G)
AN Hom(_,G) K e
Y " Hom(X, G) Hom(Y, G)
e — -
Hom(G, G)

e
X
N
e

O
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@, morphisms in Cospan™~C such that M(¢) < M(3)) for all
morphisms M: Cospan™C — Span™ Set. Then ¢ < 1.

Proof.
H Hom(H, G)
AN Hom(_,G) K e
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Yoneda argument

Theorem (Completeness for Cospan™C)

@, morphisms in Cospan™~C such that M(¢) < M(3)) for all
morphisms M: Cospan™C — Span™ Set. Then ¢ < 1.

Proof.
H Hom(H, Q)
/ \ Hom(_,G) e
X aid) Y 7 Hom(X, G) aT Hom(Y, G)
Nk —~ -
G Hom(G, G)
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Corollary from Completeness

Corollary

The laws of Cartesian bicategories are sound and complete for
query inclusion.
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Corollary from Completeness

Corollary
The laws of Cartesian bicategories are sound and complete for
query inclusion. CBy is an algebra for conjunctive queries.
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Summary

Logical /Chimdra and Merlin - C}?r;lglgrigf)ﬁglal
CcCQ=GC y
@ @ with interfaces
Completeness Graphical theorem

Categorical
free cartesian bicategories
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Next step

Theorem (hopefully coming soon)
Given morphisms .,y in B such that M(x) C M(y) for all
M: B — Rel. Then

<y
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