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Parameter Estimation

ODE model:

Z—); = f(6,x(t,0)), x(0,8)=x(8) dynamics

y(t) = h(0,x(t,0)) observables
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Parameter Estimation

ODE model:
Z—)t( = f(0,x(t,0)), x(0,0)=x(8) dynamics
y(t) = h(0,x(t,0)) observables

Measurements: yx = h(0,x(tx,0)) + ek, ex~N(0,0%), k=1,....n

HelmholtzZentrum miinchen € neLnnoitz
German Research Center for Environmental Health | ASSOCIATION



Parameter Estimation

ODE model:
Z—)t( = f(0,x(t,0)), x(0,0)=x(8) dynamics
y(t) = h(0,x(t,0)) observables

Measurements: yx = h(0,x(tx,0)) + ek, ex~N(0,0%), k=1,....n

Maximize the likelihood function:

1 (Vi — h(6,x(t,0))\°
meax{ (D|6) = H\/TOEXP{Z( K - K )}}
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Parameter Estimation

ODE model:
Z—)t( = f(0,x(t,0)), x(0,0)=x(8) dynamics
y(t) = h(0,x(t,0)) observables

Measurements: Vi = h(0,x(t,0)) +¢cx, ex~N(0,0%), k=1,...

Minimize the negative log likelihood function:

v 2
min {J(B) = % S log(2m0?) + <yk — h(8, x(t, 9))) }
k

) O
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Parameter Estimation

ODE model:
Z—)t( =f(0,x(t,0)), x(0,0)=xq(6) dynamics
y(t) = h(0,x(t,0)) observables

Measurements: Vi = h(0,x(t,0)) +¢cx, ex~N(0,0%), k=1,...

Minimize the negative log likelihood function:

v 2
min {J(G) = % S log(2m0?) + (yk — h(8, x(t, 9))> }
k

) O

Optimization problem with ng parameters
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Multi-Start Optimization
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Multi-Start Optimization
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- . . . https://github.com/ICB-DCM/PESTO
Multi-Start Optimization |.iy<://qithub.com/ICB-DCM/AMICI
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Parameter Estimation

ODE model:
Z—)t( =f(0,x(t,0)), x(0,0)=xq(6) dynamics
y(t) = h(0,x(t,0)) observables

Measurements: Vi = h(0,x(t,0)) +¢cx, ex~N(0,0%), k=1,...

Minimize the negative log likelihood function:

v 2
min {J(G) = % S log(2m0?) + (yk — h(8, x(t, 9))> }
k

) O

Optimization problem with ng parameters
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Problem Statement

ODE model:
Z—)t( = f(0,x(t,0)), x(0,0)=x(8) dynamics
y(t) =c-h(8,x(t,0)) observables

Measurements that provide relative data:

Vi =Cch(0,x(te,0)) + ek, ex~N(0,0%), k=1,....n;
with unknown variance o of the measurement noise
and unknown proportionality factor c

HelmholtzZentrum miinchen € neLnnoitz
German Research Center for Environmental Health | ASSOCIATION



Standard Approach

ODE model:
Z—)t( = f(0,x(t,0)), x(0,0)=x(8) dynamics
y(t) =c-h(8,x(t,0)) observables

Measurements that provide relative data:

Vi =Cch(0,x(te,0)) + ek, ex~N(0,0%), k=1,....n;
with unknown variance o of the measurement noise
and unknown proportionality factor c

Minimize the negative log likelihood function:

v 2
min { (8,c,0?) Z/og (2n0?) + (yk—c-h(g,x(tk, 9))) }

0,c,0?
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Standard Approach

ODE model:
Cc;_)t( = f(0,x(t,0)), x(0,0)=x(8) dynamics
y(t) =c-h(8,x(t,0)) observables

Measurements that provide relative data:

Vi =Cch(0,x(te,0)) + ek, ex~N(0,0%), k=1,....n;
with unknown variance o of the measurement noise
and unknown proportionality factor c

Minimize the negative log likelihood function:

Vi — Ch(e X

2
min { (8,c,0?) Z/og (2no?) + ( 07 (L, 9))) }

0,c,0?

Number of parameters: -

Hd M+ Number of proportionality factors + number of variances
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Hierarchical Approach

Hierarchical optimization problem:

_ 2
mein {min {J(G c,0?) =5 Zlog (2m0?) + (yk—c-h(:,x(tk, 9))) }}

c,02

HelmholtzZentrum miinchen A nEivmsins
German Research Center for Environmental Health | ASSOCIATION



Hierarchical Approach

Hierarchical optimization problem:
mm{mm{(eca
¢] c,02

In each step of the optimization:

1. Calculate optimal proportionality
factors and variances analytically
for a given 6

2. Use analytical results to do the
update step in the outer optimiza-
tion to estimate the remaining
dynamical parameters

Zlog (2no?) + (

— 2
Yk —C-h(0,x(t, 9))
0}
min
6 current 6
I
min
c,02
update < compute optimal
2] c and o2
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Hierarchical Approach

Hierarchical optimization problem:

_ 2
rir{ e o= § Sosanet (e Y

In each step of the optimization:

1. Calculate optimal proportionality min current 8
factors and variances analytically |
for a given 6 min

2

2. Use analytical results to do the “0

update step in the outer optimiza- update < compute optimal
tion to estimate the remaining 6 c and o0?
dynamical parameters

Helmholl Advantage: Outer optimization problem has ng parameters
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Analytical Derivation of the Proportionality
Factors and Variances

Necessary first order optimality condition:
Is (6,¢, 62)7 a local minimum of J, with J continuously differentiable, then
vJ(8,¢,6%) = 0.
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Analytical Derivation of the Proportionality
Factors and Variances

Necessary first order optimality condition:
Is (6,¢, 62)7 a local minimum of J, with J continuously differentiable, then
vJ(8,¢,6%) = 0.

v, 2
J(6,¢,0?) 22/092/70) (yk—c-hf,xak,e»)
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Analytical Derivation of the Proportionality
Factors and Variances

Necessary first order optimality condition:
Is (6,¢, 62)7 a local minimum of J, with J continuously differentiable, then
vJ(8,¢,6%) = 0.

V 2
J(6,c,0%) Z/Og (2r02) + <yk— c- h(B, x(t, 9)))

0}
aJ L0
8C (9,&,62)
1 _ .
T2 > vih(8,x(ty,0)) — ¢ h(6,x(ty,0))> = 0
Zykh 9 X tk, Z 6 X tk,
k
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Analytical Derivation of the Proportionality
Factors and Variances

Necessary first order optimality condition:
Is (6,¢, 62)7 a local minimum of J, with J continuously differentiable, then
vJ(8,¢,6%) = 0.

Vi — - h(8, x(t, 9>>>2
o)

J(8,c,0) Zlog 2r10?) + <

0J 1y

ac

(6,6,62) > ykh(6,x(t, 0))

= A12 Zykh(e,x(tk, 6)) — & h(B,x(ty,0))2 =0 —» | &(8) = X
(0}

k

~ Y h(6,x(t, 6))?
Zykh 9 X tk, Z 6 X tk,
k
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Analytical Derivation of the Proportionality
Factors and Variances

Necessary first order optimality condition:
Is (6,¢, 62)7 a local minimum of J, with J continuously differentiable, then
vJ(8,¢,6%) = 0.

v, 2
J(6,¢,0?) 22/092/70) (yk—c-hf,xak,e»)
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Analytical Derivation of the Proportionality
Factors and Variances

Necessary first order optimality condition:
Is (6,¢, 62)7 a local minimum of J, with J continuously differentiable, then
vJ(8,¢,6%) = 0.

v, 2
J(6.c.0%) = 5 3" log(2m0?) + <yk —c-h(8,x(t,, 9)))
k

0}

0J |

et =0

80-2 (9,&,6’2)

1 (Vi — € h(8,x(ty, 6)))°
1- =0
267 Zk: &°
1 _ .
S 1= (v —&-h(0.x(t. )
Kk O x
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Analytical Derivation of the Proportionality
Factors and Variances

Necessary first order optimality condition:
Is (6,¢, 62)7 a local minimum of J, with J continuously differentiable, then
vJ(8,¢,6%) = 0.

v, 2
J(6.c.0%) = 5 3" log(2m0?) + <yk —c-h(8,x(t,, 9)))
k

0}

0J |

St =0

80-2 (9,&,6’2)

1 _ & h(B, x(t,, 0)))° ) 1 .
2A221—(yk 960N _ o _p[0%(6) = - 3 (i~ & h(O.x(t4. )
0" % o k
1 _ .
S 1= (v —&-h(0.x(t. )
Kk O x
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Several experiments, observables and
replicates

Proportionality factors c¢; and variances o for each observable and
replicate, i=1,...,n,,/=1,....n;

ne

Tji J// = h 2
16.c.0% - 1373373 [logtanof) + V= p0.x6.9)
/

]llefllkl

Analytical solutions for the proportionality factors and the variances:

Ne. Nt

il Jil _ . 2
> > Viikh;i(8,x(, 6)) > > (Vi — Ca(€)hy(6, x(tk, 6)))
Ci(0) = I8 k:ntﬂ/ 6/2/(9) _ jegk=1 —
ST S hi(6, x(t, 8))2 jee
je&i k=1
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JAK-STAT Signaling Pathway
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Fitting and Convergence

Fitting

0 20 40 60

hierarchical approach
= == standard approach
®  measurements

0.5r
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0 20 40 60 Swaneye et al. (2003) Proc. Natl. Acad.
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Fitting and Convergence

Fitting
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= == standard approach
®  measurements
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Fitting and Convergence

Fitting Convergence
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Fitting and Convergence

Fitting Convergence
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Comparison of Computation Times

Cpu time per optimization

Cpu times per converged starts
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Comparison of Computation Times
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Summary

e Development of an hierarchical approach to parameter estimation for
models with relative data

e Analytical derivation of equations for proportionality factors and
variances

e Implementation of the method
e Evaluation of the method for JAK-STAT signaling pathway with

better convergence results and a substantial speed up in computation
time
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