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Graph k-colouring (kK € N)

O
g

ds: {vy,...,vs} = {L,....k} s.t. Vedge (v, v)), s(v;) # s(v;)?

Ex.k=3 { y !‘}




A CSP instance [ = (V, D, €) consists of:
« V:finite set of variables
o [): finite set called the domain
o ¢&: finite set of “constraints”
A constraint is (k, X, p) where

. ke N, x € VK, p C DX

A function s: V — D satisfies the constraint (k, X = (x;, ..., x;), p) if
(5(x), ... 5() € .

A solutionof I = (V, D, €) is a function s: V — D satisfying every
constraint in 6.

&'(I) = {solutionsof I} C [V, D]



Ex. Graph k-colouring

ds: {v,...,vs} = {L,...,k} s.t. Vedge (v, v), s(v;) # s(v))?

A function s: V — D satisfies

the constraint (k',x = (x;, ..., X)), p)
" k‘/}S} (5. s €90
(2 (V,,V) # C D?) | (v;,v): edge}

V={y
D = {
€ = |
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The 2-category ’FinSet:

P
Obj. Finite sets Comp. A —(LB s C 2-cell A/JI}\B
P pep=1{8°flgE€y.fep} T
Mor. A—+—B (id,) P
1
¢ C [A, B] Id. A—5 A ¢ C ¢

SPEFInSet is a quantaloid (the free quantaloid over FinSet):

« VA, B € £LFinSet, FinSet(A, B) = (L[A,B], C )is
a complete lattice.
e VA, B, C € FinSet,
PFinSet(B, C) x PFinSet(A, B) — PFinSet(A, C)
preserves arbitrary joins In each variable:

B - C (A—ﬁ'lB)le, B ), A-—B

we (Vo) =V (veo) (Vw)eo=\ (vo0)

el 1€l 1€l 1€l



In particular,

« YA aR B, C € &FinSet,

PLEinSet(p, C): LFinSet(B, C) — PFinSet(A, C)

7 o
preserves arbitrary joins. (B—+>C) —— (A—+B—+ ()

= PFinSet(p, C) has a right adjoint
(=) ./ o: PFinSet(A, C) — LPFinSet(B, C)

AL —s @/U\\?/qﬂ

A—I—)C

The right extension of @ along @
B
PG 07

A—+—— (C A—|—>C

0

The right lifting of 0 along y
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Each constraint (£, X, p)

yields | SPFinSet

.
y \\p/{x}
\
D
P

p/ {x} C[V,D]

[
{s: V- D|ssatisfies

the constraint (k, x, p) }

{
4]

A CSP instance [ = (V, D, &) consists of:
» V: finite set of variables
e [: finite set called the domain
o ¢: finite set of “constraints”
A constraint is (k, X, p) where

e k€N, x € VK p C DX,

A function s: V — D satisfies the constraint
(ka X = (xla . °9xk)9 p) If (S(x1)9 R S(xk)) S p-

A solution of I = (V, D, €) is a function
s: V — D satisfying every constraint in 6.

&'(I) = {solutions of I} C [V, D]

sh= () p/{x}: V=D

(k. X,p)EC
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Dichotomy theorem.

For each “constraint language” Y,
CSP(Y) is either in P or is NP-complete.

A constraint language & consists of

e [: finite set Finite relational structure

. (p; C D%),_: finite family of relations on D.
Pi 1S

9 = (D, (p,);;): constraint language
CSP(Y): set of CSP instances defined by

[=(V,D,¥6) e CSP(¥Y) < D'=Dand V(k,x,p) € €,p € D



When is CSP(Y) easy to solve?
e CSP(Y)isin P if Y admits enough “symmetry”
« CSP(Y) is NP-complete otherwise

The relevant “symmetry” of & is captured by
polymorphisms of
= homomorphisms (of relational structures) " — Y.

Dichotomy theorem.
D: constraint language  Vx,v.z € D. f(y,x,v,2) = flx,y,2,x)

e CSP(9D) is in P if & admits a Siggers operation f: D% — D
as a polymorphism
o CSP(Y) is NP-complete otherwise.




< = (D, (p,);;): constraint language

Vn € N, let Pol(&2), = {n-ary polymorphisms of & }
= {homomorphisms 9" - U}

Assume /: singleton, so that ¥ = (D, p C D").
Then Pol(&) ,: D" —— D is given by:

Dl/l

Dn
(T} N\ ?/ (m )™ () \ }/ \</ {7}, \d p)
\ \ = Pol(2),
[k] —F D

k| —————+——> D

1,
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A guantale Is a one-object quantaloid.

Explicitly,
@ = (0, <,e, ® ) is aquantale if
e (0, < ): complete lattice

e (0, e, ® ): monoid
satisfying:

a® (\/5)=\/(a®p) (V@) ®p=\/ (45

el el el el



@ = (0, <,e, ® ): quantale

The quantaloid @FinSet:
p Y

Obj. Finite sets Comp. A—+—B—+C
P

Mor. A-—©B wep)h) = \/{y(@ ®p(f) | f: A>B,g:B— C.gof=h)}

¢:[A,B] = 0O
“Singleton” morphism @

i
AL B d. "), 2cell AT § B
P
1:1A,B] = O ¢ <@

P I_){e fg=f

J_Q otherwise



Overview

(Computational)

problems Quantaloids
PFinSet
Polymorphisms
to=2
QFinSet

@: quantale



Overview

(Computational)

problems Quantaloids
-------------------------- PEFInSet
Polymorphisms
fa=2
Quantaloidal CSP -----------. OFinSet

(@-valued polymorphisms @: quantale



@ = (0, <,e, ® ): quantale

A (O-valued CSP instance [ = (V, D, €) consists of:
« V:finite set of variables
o [): finite set called the domain
« & finite set of “(0-valued constraints”

A (O-valued constraint is (k, X, p) where p: [k] = D in QFinSet

e k€N, x € VX, i G p
p. D" — QO
Each @-valued constraint (k, X, p) yields
vV @FmSet

S() = p/Ax}: V—— D
V \\ ) (k,yé}&%

SH:1V,D] - O




A (O-valued constraint language & consists of
o D: finite set

® '_'5IIllIl:.HIlllIlV..l-‘:JP:IIl.]lL".II-_;

(p;: k] == D), finite family of morphisms in QFinSet
Assume [: singleton, sothat Y = (D, p: [k] — D).
Then Pol(&), : D" —— D is given by:

eyl Pol(2).(f) € O: the “degree” to which
Pol(22),: 1", D] = ¢ f: D" — D is a polymorphism of

Dn

Dn
EALIIAN }/ (m )" EALIIAN ?/ \</ {7}, \d p)
\ \ = Pol(2),
| k] —F D

k| ———+—> D

I,
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Letting @ = R = (R U {£*o0}, > .,0,4) (cf. [Lawvere 1973]),
we obtain a class of optimisation problems:

int  sup p(s(xy), ..., s5(x))
s: V=D (k,x,p)EC
which we call “tropical valued CSPs”.

Dichotomy theorem for TVCSPs.

P': R-valued constraint language

e TVCSP(Y) is in P if there exists a Siggers operation
f: D* = D with 0 > Pol(f)..

o TVCSP(Y) is NP-hard otherwise.
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