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What the course is about
Term languages for proofs
Main proof system styles : Hilbert, natural deduction, sequent calculus
Main logics : classical, intuitionistic, linear

Semantics : operational (cut-elimination), denotational (categories, realisa-
bility/ludics)

We concentrate our attention on propositional logic



Structure of the course

First part (today) :

— Styles of sequent calculus rules (reversible/irreversible, multiplicative/additive)

— Completeness proof of classical logic (for provability) based on a reversible presenta-
tion.

— A syntax for sequent caculus proofs (cf. Urban’s thesis)

— Non confluence (Lafont’s critical pair) — focalised system L

— Completeness of focalised proofs

Second part (Thursday)

— Linear logic, polarised linear logic

— Translations

— Relation with Levi's CBPV

— Categorical semantics for linear, intuitionistic, and (focalised) classical logic

Third part (Friday)

— Synthetic connectives — synthetic system L

— Ludics as a realisability semantics

— Full completeness (via non-deterministic observers) (Terui)



Part |



Systems a la Hilbert

A= 1B A
B
plus axioms. For implication :
A= (B= A) (A= (B=0)=(A=B)= (A= 0))

A = A is a consequence :

(A= (B=>A)=A)=(A=(B=A)=(A=A4)) A= (B=A)= A)

(A= (B=A)= (A= A) A= (B=A)

A=A



Combinatory logic

tii=K|S]|tt

S:(A=((B=A)=A)=((A=(B=A))=(A=A)) K:A=(B=A)=A)

SK : (A= (B=A))=(A=A) K:A=(B=A)

SKK : A=A

One-to-one correspondence between proofs and typing proofs
It is the first step of the Curry-Howard isomorphism

The second is to read these proof terms as programs (not a focus of this
course)



Classical sequents

A=X|ANA|AVA|-A

A (bilateral) sequent is a pair of two (finite) multi-sets of formulas, written

= A



A presentation of classical sequent calculus LK

Axiom and cut :

rFAA TLAFA
FAFAA rFA

Right introduction rules :

FAFA  THALA  TFAyA
M=-A, A A1 NAy A

M- AL A M- Ay, A
A1V Ay, A A1V Ay, A

Left introduction rules
A A VA1, Ao F A LA F A LA F A
I',ﬂAI—A r,Al/\Agl—A r,Al\/Azl—A

We say that A, Ay, A>, ~A, A1 N Ap, A1 V Ao are the active formulas of
the rules.




Implication as a derived connective

Set A= B =—-(AA-B)

rAFB,A TFANA LBFA

A= B M A= BFA
AR B, A L BrFA
A -BFA FrFAA TF-BA
MAA-BFA MrM-AA-B,A

rl——\(A/\—\B),A I‘,ﬁ(A/\ﬂB)I—A



Why sequents ?
AF Bastk A= B bothread as “A implies B”, which does not help...
Proof search : formula decomposition

Other motivation : back to secondary school, think of a polynom, say

p(z) = 2° 4+ 3mz + (1 —m)

that depends on variable x and parameter m, and whose roots are expres-
sed as formal expressions depending on m.

m:RE(z—p(zx)) :R=R

We also have :

F(m—= (z—224+3mz+(1-m)):R— (R—R)and
m:Rz:RFz°4+3mz+ (1 —m)): R

but only the first typing reflects the different roles played by m and x
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Weakening and Contraction

Weakening Contraction

A A MAARA A AA
FAFA rFA A FAFA A A

In our presentation of LK :
— Weakening is admissible : add the weakened formulas everywhere in

the sequents of the proof. In fact, our terms do not distinguish a proof of
[, A+ A where A is never active from the proof of ' = A of which the
former is a weakening. We say that weakening is transparent.

— Contraction is derivable :

rFAAA T,AFAA
rFA A

Hence we call our rule the cut/contraction
11



Additive versus multiplicative

Fll—A,Al >+ B, As
|_1,|_2|—A/\B,A1,A2

is “derivable” (if weakening is viewed as transparent)

Note that multiplicative cut is just cut (and interestingly, only the cut is mul-
tiplicative in Gentzen’s original presentation)
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Reversible versus irreversible

= A, Ay, A
A1V Ay, Ax, A VAL F A [LA> A
A1V Ay, A1V Ay, A VA1, A A VA1, Ao A
A1V Ay A [LA{ NA>E A VAT ANAFE A

We have chosen an irreversible disjunction on the right and a reversible
conjunction on the left, as an anticipation of focalisation
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Elimination vs left introduction : natural deduction

rMFA=BA TFAA
rFB,A

Fr-AB,A T,BFB,A

A= B A MNA= BFB,A
B, A
For conjunction :
FrEAAB, A FrEAAB, A
CEAA 'k B,A
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Atomic axioms

MNMXEFEX A
Indeed
MAFAA MA,AoH AL, A T,A1, A Ax, A MALFALA M A+ Ay, A
M—-AAF A M A, Ao F A1 N As, A MATFAI VA, A TTJA2F A1 VA, A
M-AF-A A MALNAE A1 N A, A MAVAE A1 VA, A
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Completeness of LK for provability

Lemma : A sequent Aq,..., A F Bq,..., By is satisfied iff one of the
Bj’s is satisfied or one of the A;’s is satisfied.

Corollary : An atomic sequent Xq,..., X, F Y7,...,Y, is valid iff there
exists 7,7 s.t. X; =Y

Theorem : Every valid sequent admits a (cut-free) proof in the following
presentation of LK :

rXrFXx,A
FAFA  THALA TEALA  TFAL A A
ME-AA M= A1 N Az, A M= A1V A, A
A A FALAFA  TAFA  TAEA
M-AFA MATANAFA MA1VAEA

“Cut elimination” via completeness.
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Various presentations of LK

1) Pushing weakening in the axiom makes weakening transparent, whatever style is used
for all other rules. Assuming such transparent weakening, we have :

2) The cut/contraction rule is equivalent to the multiplicative cut rule + the contraction rules
3) then we have choices as to the reversibility or irreversibility for v on the right and for A
on the left :

1. Symmetric, both reversible : friendly for completeness

2. Symmetric, both irreversible : Gentzen’s original choice

3. Dissymmetric. There are dual choices. The one presented here (V irreversible on
the right and A reversible on the left) is friendly to the call-by-value encoding of
implication A = B = —(A A —=B). ltis our guide all along the course

4. Dissymmetric. The dual choice is friendly to the call-by-name encoding of implication
A= B=(-A)VB
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Cut elimination : logical cuts

M- A A MAFA
F-AFA TF-A4A
reAa

MAAFA TALEA
MAVAEA
M= A

M-A1, A
|_|—A1\/A2,A

A, Ao A M-AL,A TEAA

MATNAE A M- A1 AN Ax, A

M=A

MAFA  TFHAA
reAa

MALFA  TFALA
rFA

MAL, Ao A A E A, A

A F A
A

ME Az, A
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Cut elimination : commutative cuts

MABF-B,A T,BFA-B, A

A BFA LBF-B,A
AF-B,A A -B,A — r+-B,-B,A
|—|__|B’A FI—ﬂB,A
Erasing :
A, B+ B,A BFA B A
L BFB,A — L BFB,A
Duplication :
MAAFA MAAFA T,AFA A
FAFA FEAA FAF A FEAA
reA — recA
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Curien-Herbelin’s syntactic kit

Expressions Contexts Commands

FrFv:A|A Tle:AFA  c: (TFA)

variables, continuation variables)
co(Mx: AFA) ci1:(Ma: AN
[ pgx.co: AFA M pacy i A|A
(pa.cq | pr.co : A) 1 (I A)

::=CU||,[fOé.C||...
alpx.cl...

(v]e)

The variable = is bound in x.c (likewise for pa.c)

(Y
e ..
C ..

We give the collective name of “system L for syntaxes based on this kit

where [ is a set of pairs x : N and A is a set of pairs « : P (ordinary

20



All proofs are equal...

Operational semantics (first try) :

(pa.c | e) — cle/a] (v| px.cy — clv/x]

Lafont’s critical pair (if « is not free in ¢q and x is not free in ¢5) :

c1 = cilpx.co i A/a] «— {(pa.cqi | pr.co : A) — colpa.c1/x] = co

21



A faithful (uninspiring) proof language for LK 1/2

Commands ci=(x|a)y|(v|a)|{z]|e)| (pa.c|px.c)
Expressions v = (pz.c)®| (na.c, pa.c) | inl(pa.c) | inr(pa.c)
Contexts e .= pa’.c|p(xy,xp).c| plinl(xy).c1|inr(xp).col

(In (v | ) (resp. (x | €)), we suppose « (resp. x) fresh for v (resp. €).)

c: (Ml a:A QD) d:(Mz:AFA)
(x|la): (Max:AFa: A A) (pa.cl| px.d) : (FEA)
C:(r,x:Al—A) Cli(rl—Oél:Al,A) CQZ(F"&QZAQ,A)
M= (gz.c)®: —A|A M (pai.ci, pag.ca) : A1 ANAx | A
c:(MTra:A D) c:(Myx1: A,z Ao D)

M paat.c: "AFA

Cci1 . (Fl—al IAl,A)
(I ml(,uozl.cl) A1V Ap | A

clz(l‘,xlelPA) CQI(F,LBQIAQ}—A)
r‘ﬁ(:EL:CQ).C AT NAE A I_|ﬁ[z’nl(:cl).cl\inr(xg).@] c A1 VA E A
FFv: A|lA Me:AF A
(wla) : (TFa:AA)

(x]e) : (Mx:AFA)
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A faithful (uninspiring) proof language for LK 2/2
Logical rules (redexes of the form (ua.(v | a) | px.(x | €))) :
(pa((fz.c)® | o) | py.(y | pa®.d)) — (pa.d | fz.c) (similar rules for conjunction and disjunction)

Commutative rules (going “up left”, redexes of the form (ua.(v | B) | fz.c)) :

(pa.((fy.c)* | B) | pz.d) — (uB'.((Ay.(po.c| pz.d))* | B') | ky-(y | B)) (= right) _

(similar rules of commutahon with the other right introduction rules and with the left introduction rules)
(pa(pB(y | B) | fy'.c) | pz.d) — (uB.(y | B) | By .(po.c| fiz.d))  (contraction right)

(o (pl.c| fiy-(y | B)) | fiz.d) — (u'(pa.c| pz.d) | fy-(y | B)) ~(contraction left)

(pa{pd .c| pr' (x| a)) | px.d) — {(pa.{ud.c| pzr.d) | pz.d) (duplication)

(po(y | B) | pw.d) — (y | B) (erasing)

Commutative rules (going “up right”, redexes of the form (ua.c| fz.(y | €)) ) : similar rules.
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A simple twist makes it more inspiring !

Making activation “first class”

Commands c¢::= (v]e) | clo]
Expressions v :i= x| pa.c|e®| (v,v) | inl(v) | inr(v) | v[o]
Contexts e :=al|pz.c|pa®.c|p(xr,x2).c|p[inl(x1).c1linr(xzz).co] | elo]
where o isalistvi/x1,...,vm/xm,e1/a1,...,en/an
FFv: AlA Me: AF A
M,z:AFz: A|lA NMa:AFa: A, A (v|e): (FFA)
c:(F,z: AFA) c:(FFa: A, D)
Moazxc: AFA M- pac: A|A
|_|63A|—A |_|—’012A1|A rl—UQZAQ‘A |_|—1)11A1|A
Fl—e':—|A|A rl—(’Ul,Ug)ZAl/\A2|A Fl—inl(vl):AlvA2|A

c:(Mz Ay, ,am Anb a1 By,...,on 1 Bn) ... THEv tA[A ... T]e; 1 BiEA ...
C[’U1/$1,~--,'Um/xmael/alw--aen/an] . (I_'_A)

(rules unchanged for the fi’s)

(idem v[o], e[o])

24



Commutative cuts as explicit substitutions !

(control)

(logical)

(commutation)

(pa.cle) — cle/al

(v \ pz.c) — clv/x]

(e® | ia®.c) — cle/a]

((v1,v2) | i(x1,2).c) — clvy/z1,v2/2)]
(inl(vy) | alind(xy).c1linr(x2).co]) — c1lvy/z1]
(v]e)lo] — (vlo]]elo])

x[oc] — = (x not declared in o)

zlv/x, 0] — v (idem afo])

(na.c)[o] — pa.(clo]) (capture avoiding)

Relation with the previous rules : for all s1, s> such that s; — s> in the first system, there exists s such that

s1 —* s *<— sp in the new system

25



Focalisation

A focalised proof search alternates between right and left phases, as fol-
lows :

- Left phase : Decompose (copies of) formulas on the left, in any order.
Every decomposition of a negation on the left feeds the right part of the
sequent. At any moment, one can change the phase from left to right.

- Right phase : Choose a formula A on the right, and hereditarily decom-
pose a copy of it in all branches of the proof search. This focusing in any
branch can only end with an axiom (which ends the proof search in that
branch), or with a decomposition of a negation, which prompts a phase
change back to the left. Etc...
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Polarisation

To account for right focalisation, we introduce a fourth kind of judgement :
the values, typedas (F'-V : A; A)

We also make official the existence of two disjunctions (since the beha-
viours of the conjunction on the left and of the disjunction on the right are
different) and two conjunctions, by renaming A, V, - as ®, P, —*, respecti-
vely ( positive formulas) :

P:=X|PQP|P®P|-P

We can define their De Morgan duals (negative formulas) :
N = X|NeN|N&N|—N

They restore the duality of connectives (think of P on the left as being a P
in a unilateral sequent - ", A).

27



Syntax of focalising system L

Commands c::=(v|e)|clo]
Expressions v ::= V° | pa.c| v[o]
Values Vi=ax|(V,V)]|nl(V)|mnr(V)|e®|V]o]
Contexts e = a|pz.c|elo] |
pat.c| i(zy, x2).c| plinl(zy).c1linr(xo).co]
(control) po.c | ey — cle/a]
VY| fix.c) — c[V/x]
(logical) (e*)? | ia®.c) — cle/a]

ind(V1)? | alinl(z1).c1linr(x2). C2]> — c1[V1/z1]

<
§
E(VL V2)O | iy, x2).c) — c[Vi/z1, Va/zo)
(v|e)lo] — (v[o] | elo]) etc.

(commutation)

28



System LKQ

FFv:P|A [e:PEA
Myz:PFx:P; A Na:PrFa:P, A (vley: (M A)

c:(F,xz:PFA) c:(FTFa:P, A) r-v:.:prP;: A

M azx.c: PFA M- pac: Pl A FrEve:P|A
Fe: PFA F-VL: P A FrEv: P A r=vi:p, A
FEe*:=tP; A (O, Va) i PAQ Py A FEanl(Vy) : PLe P, A
C:(rka:P,A) ci(r,xlipl,:cgipgl—A) Cli(r,xlipll—A) CQI(F,ZCQZPQFA)
M pat.c: =tTP+HA M (1, 22).c: PLQ P F A | a[inl(x1).cilinr(x2).co]l : PL® PoH A
FrEv:P;, A ...Te:QFA ...c:(T...,q:P,...b-A,...;a:Q,...)
cl...,V/q,...,e/a] : (T F A) (idemv[o], Vo], e[o])

29



Completeness of LKQ
If T = A is provable in LK, then it is provable in LKQ.
We can define inl(uaq.cq1) as
M F po(pag.cr | gz ((inl(z1))? | o)) : P ® Py | A (idem inr)

and (,LLOél.Cl, ,LLOQ.CQ) as

(T F papas.co | fzo.(poy.cr | iz ((z1,22)° | @) : PL @ Po| A)

Note that the translation introduces cuts (that are then eliminated, yielding
a cut-free focalised proof)

30



Part Il
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Linear logic 1/2

Ar=X|XL|AQA|1|A9A| L|AGA|O|ARKA|T|1A|?A

Negation implicit except on atoms

AXIOM CUT
AT, FAL TS
- A, AL NERE

32



Linear logic 2/2

MULTIPLICATIVES
- A, B, T AT +FB, I
= ASB, I FA® B, 1,
ADDITIVES
= A, T - B, I AT +FB, I
FA®B,IT HFA® B, I - AB, T
UNITS
- o -
-1, -1 no rule for O =T,
EXPONENTIALS

Contraction Weakening Dereliction Promotion
F?A,?A, T - FI, A =7, A
F?A, T F?A, T -I,7A =7, 1A

33



Girard’s (call-by-name) translation 1/2

This translation takes (a proof of) a judgement I = M : A and turns it into
a proof [T = M : A] of F?2(I"*)+, A*

where A* = A (A atomic), (B — C)* =7(B*)1eC*,
and ?2(r)+ = {72(4"1 | Aer}

Variable

- AL A
Frrt At A
[Fz:Abxz:A] = F?2I+, 724+ A

Abstraction
Mx:AF M : B]

-?2rt 744 B
[FT-Xe.M:A—B] = 7ML (2419B)
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Girard’s (call-by-name) translation 2/2

Application
[r+-N:A]
[F-M:A— B] Fr A
: —?r+.1tA +BL B
F7rt. 74198 F?rt'A@ BL, B
~?r+ 72rt B

[T MN:B] = ~?r+. B
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Encoding CBV \(u)-calculus into LKQ

We define the following derived CBV implication and terms :

P="Q=-"(P ® Q)
Az = ((f(z, a®).(v]a))*)° v1v2 = pee(v2 | iz (v1 | ((z,a®)?)*))

where [i(x, o®).c is an abbreviation for fi(x,y).(y° | fia®.c) and where V¢
stands for ia®. (VY | )

The translation extends to (call-by-value) Au-calculus

The translation makes also sense in the untyped setting
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Encoding CBN )\(..)-calculus 1/2

What about CBN ? We can translate it to LKQ), but at the price of translating
terms to contexts, which is kind of a violence...

But keeping the same term language, we can type sequents of negative
formulas, giving rise to a dual logic LKT :

N =X|NeN|N&N|—N
Four kinds of judgements :
c:(Fr'FA) T E:NFA T]Je:NFA TFHv:N|A

We would have arrived to this logic naturally if we had chosen to present
LK with a reversible disjunction on the right and an irreversible conjunction
on the left (cf. above)
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Focalising system L (negatively-minded repainting)

Commands c::=(v|e)

Covalues E =a|[E,E]|fst(E)|snd(E) |v®
Contexts e .= E°| fiz.c

Expressions v :ii=x|pua.c|uz®.c|...

(v | px.c) — clv/x]
(pa.c | EYY — c[E/a]
(nz®.c| (v*)?) — clv/a]
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The system LKT

FfFv:N|A
[, a: NFA,a: N 0= NFA
I‘;El:Nll—A r;EQINzl—A I‘;El:Nll—A
[ [Eq, Eo] : Ny7®No H A [ fst(Eq) : Ni&N> F A

r:E:NFA c:(F,z: NFA)
FEY:NFA | pgx.c: NFA

c:(FTa:N, A) c:(F,z: NFA)

Ff,2: NFz:N|A M pac: N|A M px®c: = N|A

FrFv:N|A Me: NFA
(v]e): (M- A)

39



Encoding CBN )\(u)-calculus 2/2

In LKT we can define the following derived CBN implication and terms :
M " N=(—M)$N
Azv = p(z®,a).(v]a?) vivg = pa.(vy | (v3,@)?)
The translation extends to Au-calculus, and also to left introduction of im-
plication :
FFv:N1|A T E:NoFA
[;v-E:Ni= NoFA
with v - E = (v®, F) (read covalues as stacks, and this one as obtained by
pushing v on top of F)

With these definitions, we have :
(Az.v1 | (v - E)?) = (u(a®, a).(v | a®) | (v3, E)?) — (v1lva/z] | E°)
(viva | E%) = (pa.(vy | (vg,a)<>> | E) — (v1 | (03, E)°) = (v1 | (v2 - E)9)
(Krivine CBN abstract machine)
40



Translating LKQ to intuitionistic logic 1/3

Our target language will be intuitionistic logic with the following connec-
tives :

~* (negation) x  (conjunction) +  (disjunction)
c .= tt
t = x| (& t) | ml(t) | inr(t)
Ax.c | AM(x1,x0).c| Az.case z [inl(xq1) - c1, inr(xn) - co]
Two typing judgements :

c:(IF'H) FrEt: A

41



System NJg

N for Natural, J for Intuitionistic, g for not having full implication : think of
—'A as A = R for some fixed R, considered as “false”, or as “the type of
final results”

F-t1: A ThEty: A c:(Mx:Ab)
Le:AFx: A t1to : (IFF) ' Az.c: A

[Ht1: A1 THty: A [ Ht1: Ay
|_|—(t1,t2)IA1 X Ao I‘I—ml(tl):Al—I—AQ

C . (I‘,xl . Al,mz : AQ |—)
[ )\(:cl,a:'Q).c , —|i(A1 X AQ)

Cq - (I‘,:pl : Al |—) Co . (r,IQ . A2 |—)
[ = Az.case z [ml(:cl) - C1q, mr(xg) . CQ] : —|i(A1 -+ AQ)

42



Translating LKQ to intuitionistic logic 2/3

Translation of formulas :

chs =X (_‘+P>cps — _‘i(Pcps)
(P® Q)Cps — (PCps) X (QCpS) (P& Q)Cps — (PCps) + (QCpS)

Translation of terms :

(v | e>cp$ = (Veps) (€cps)

(Vo)cps = Ak.k(Vips) (nav.c)eps = Aka.(cops) = (Aa®.c)eps

Leps — L (W1, V2)Cps — ((V1>0p87 (VQ)Cps)

inl (V1) eps = il (V1) eps) (%) eps = €ecps

Qeps = Ka (Az.c)eps = Az.(Ceps) (i(1,22)-¢)eps = A1, 72).(Cops)
(i[inl(zy).c1|inr(x2).c2])eps = Az.case z [inl(x1) - (c1)eps, mr(x2) - (€2) cps)
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Translating LKQ to intuitionistic logic 3/3

We set
Ceps ={x: Pys |z: PeT}
—"(Acps) = H{ka : 7"(Pys) |a: P e A}
We have :
C (I_ |_ A) :> CCpS (I—cpg 9 _li(ACpS) |_)
r=V: P A = rcps, _'i(Acps) - chs PCpS
I_ |_ v . P | A = I_cps s ﬁi(ACpS) |_ vCpS o (_'Z(PCPS)>
[ | e . PFA = rcps , _'i(Acps) - €Ecps _'Z(Pcps)

Moreover, the translation preserves reduction
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CPS translation

By composition, we get a translation from Au-calculus (CBN or CBV) into
intuitionistic logic. Specifically, for the CBN case,

starting from the simply-typed A-term (' = M : A),

— we view M as an expression (I" = M : A|) of LKT (using the CBN
encoding of implication)

— and then as a context (| M : A+ T") of LKQ,

— and we arrive to the Hofmann-Streicher CPS-transform of M :

=H(M) F Meys =7 (A)

Hofmann-Streicher translation on types goes as follows :

(A — B)gs = —~(Ags) x BHs

and we have indeed (4).,, = Ayg
45



Polarised linear logic LL

P:=X|PQP|P®P|'N
N ::= X+ | N9N | N&N |?P

Key observations :

— Defining —*P as !(P21), the formulas of LL,o1 are exactly the formulas
of LKQ, but in fact of (the positive reading of) Jg (without N because we
do not care whether the style is natural deduction or sequent calculus)

— Moreover, the sequents consisting of LL,,; formulas that are provable in
LL are in fact intuitionistically provable in, say L)y (read positively), which

Is exactly Laurent’s Polarised Linear Logic LLP
In other words :

LLpot € Jo
And as a matter of fact, Girard’s translation of the (CBN) \-calculus, which is polarised, coincides with

Hofmann-Streicher’s one — an observation that may have been obvious for only a happy few !
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Positive translation of Jj to LLpOl (reversing)

Keeping the same rules (in N style as above, or in L style as in a later slide),
we read —%, x, 4+ as =1, ®. ® and we call Jg' the result of this repainting

XT=-X
(PoQ)T =P e@)

(Po@)T=(PMH)a((@M)
(= P)T = =*(PT)

If ™ I (resp. T  P) is provable in JT, then I't - (resp. I+ - PT)is
provable in LL,;
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Negative translation of Jo to LL,, ("Girard”)

Still keeping the same rules, we read —*, x,+ as -, &,’® and we call J5
the result of this repainting

(X))~ =X

(MeN)™ = (' (M™))e(?(N7))
(M&N)™ = (M™)&(N7)
(=N)” ==(N")

If I~ (resp. ' = N) is provable in Jq, then '"™ F (resp. '’ = N7) is
provable in LLpol
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A lozenge of translations

LKT, CBN My

LLpol

/ translations = “Girard-Hofmann-Streicher”
Lower X\ translation = reversing

N\ (resp. ) allows to recover contraction on negative (resp. positive) for-
mulas
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Categorical models

(for LKT, CBN Ap)
control categories
(Selinger)

(for Jo read positively, LLP) (for Jo read negatively)
response categories cartesian closed categories
(Lafont, Reus, Streicher)

(for linear logic)
*-autonomous categories
+ comonad
(Seely, Biermann, Benton, Lafont)
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Call-By-Push-Value (P. B. Levy) 1/3

Different perspective (Moggi’'s monadic approach to the semantics of pro-
gramming languages), leading to similar ideas.

We show how to define textually Levy’s framework in the polarised lan-
guage.

CBPV “lives” (but see note two slides below !) in LLP ( = LJp).

Also, Levy proposes a quite interesting formulation of categorical models
based on indexing (or presheaf enrichment) which allows to “see” at the
semantic level the differences and coercions relating command, context
and expression judgements (and should also allow to distinguish a context
from an expression of the dual type). | wish | can say more on this later!
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LLP (O. Laurent)

We give a system L syntax for Laurent’s polarised linear logic (which as we
have seen is LJg read positively).

=(Vi]e) Vi=axl|e*|(V,V)]|nl(V)]|inr(V)

e = V9| fz.c| fi(xy,z2).c| alinl(z1).c1|inr(cz).co]
r=v:.pP; Me: Pk c:(C,z:PHF)
Fr,z:Pkrxz: P, (V]e): (I'k) | fx.c: Pk
Me: Pk C Vi Py F-Vo: Py, Fr-Vvi: P
FHe®: =tP; rl‘(V1,V2)ZP1®P2; I’I—inl(Vl):PleBPg'
Mr=v:pP; Ci(r,wlipl,ivgipgl—) cl:(l‘,xl:Pll—) .(raﬁg PQI—)

[ | Ve:tP - [ | ,Zl(a:l, :BQ).C . Pl X P2 - [ | ﬁ[inl(wl).cﬂinr(azg) C2] Pl o, P2 H

(V| fiz. c) — c[V/x]

(e* [ Vo) — (V| e)

((V1,V2) | (w1, x2).c) —> c[V1/z1, V2/xo]
<Z7’Ll(V1) | u[ml(azl) cl|m7‘(:1:2) C2]> — C1[V1/:E1]
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Call-By-Push-Value (CBPV) 2/3
value types A:=UB|Z;A |A|Ax A
computationtypes B ::=FA|MN;B;|A— B
Dictionary :
value computation > X UN FpP 1N P— N
positive  negatve @& ® -((N) - (P) & P¥N
Judgements (and dictionary)

values computations stacks
r-Yv:A FHM:B rerkx . c
values contexts values

Fr-vV:A;, T\M:(B)F IM[]:(CO)FK:(B);
Note that stacks are values depending on a special variable [-] (This view seems well-
prepared to account for composable continuations / delimited control, a hot topic!)
Note. It would be more appropriate to see computations as expressions of negative type
rather than as contexts of positive type, and likewise for stacks (cf. the discussion on the
encoding of CBN in LKQ). So it is more appropriate to say that CBPV lives in a version of
LLP where the distinctions between, say ' | P - and I - P | would not be blurred.
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Call-By-Push-Value 3/3

T

let V be x. M
return V'

M to x. N

thunk M

force V

>_ introduction
pm V as {(1,%1).Ml, (2a 332).M2}
(v, v

pm V as (x,y).M
>\{1 Mi,2.M>}
B'M

I

§ 888

V| az.(y | M))
Az (y | N))* [ M)
z.(

V|z*) (where V* = fia*.(V | a))
ml nr
iy (V| flinl(z1).(y | My)|inr(2).(y | M2)])
(v, V")
fy V| iz, y)-(y | M))
plinl(z1) (w1 | Ma)|inr(z2).(x2 | M2)]
px.(inl(z) | M)
iz, y) (y | M)
pz(V,z) | M)

TI<T 8
B EE T8

—
[ S——

(e (K | M))*
inl(K) (idem 2, inr)
(V. K)
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Part Il
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Motivations : two related goals 1/2

First, we want to account for the full (or strong) focalisation : carrying the
phases maximally, all the way up to the atoms on the left, up to atomic
axioms on the right. This is of interest in a proof search perspective, since
the stronger discipline further reduces the search space
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Motivations : two related goals 1/2

Second, we would like our syntax to quotient proofs over the order of decomposition
of negative formulas. The use of a structured pattern-matching is relevant, as we can
describe the construction of a proof of

(Mz:(P1RP)R(P3® Py)FA)

out of a proof of

c:(Myxy:Pi,x0: Po,x3: P3,x4: Pa )
“synthetically”, by writing

(z° | i((z1,72), (23,74)).C)

standing for an abbreviation of either of the following two commands :

(0 | By, z)(y° | B(z1, 22).(2° | i(z3, 4).C)))

(x| iy, 2).(2° | i(x3, wa) (y° | i@, w2).¢)))
The two goals are connected, since applying strong focalisation will forbid the formation of these two terms

(because y, z are values appearing with non atomic types), keeping the synthetic form only... provided we

make it first class.
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First step : introducing first class counterpatterns

Simple commands ¢ ::= (v | €) Commands C:i=c|[C%w1C]

Expressions vii=V| pua.C Values Vi=a| (V,V)]|wml(V)]|inr(V)|e®
Contexts e .= a|pnq.C| Counterpatterns |q::==x|a*| (q,9) | I[g,4q]
Let = = =1 : X1,...,x, : X, denote a left context consisting of atomic formulas only.

The rules are as follows :
C:(=Z,q:PFHA) C:(Z+a: P, A)
=, z: XFz:X; A =|lpng.C:PFA =Fpa.C:P|A

CI(FFO&ZP,A) C:(I’,qlzPl,qQ:PQI—A)
C: (M, ao:=-tPFA) C:(I, (q1,q92) : P1QP>FA)

Clz(r,ql:Pll—A) CQZ(F,QQIPQI—A)
[C1 3% Co] - (T, [q1,92] : PL® P> F A)

(all the other rules as before, with = in place of IN)
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But wait a minut...

We introduced a new mess, in the form of these ugly new (compound)
commands. We did a good job for tensors on the left, but not for plus’ on

the left.
|t Cij - (r,z; : PZ',ZCj : P] =g A)(i=1,2,7=3,4),wewantto identify

[[c13 %374 c14] 172 [co3 £3:T4 co4]]
[[c13 #1272 co3] £3:%4 [c14 172 cpg]]

For this, we need a last ingredient : patterns.
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Towards the second step : introducing first class patterns

we redefine the syntax of values, as follows :
Vi=zl|e® Viu=pV/iliep) pui=z|a®|(p,p)]|ini(p) | inr(p)
where ¢ € p is defined by :

i € p1 i € po 1€ P 1 € P2
rex a*e€a® i€ (p1,p2) € (p1,p2) i€ nl(py) i€ inr(po)

Moreover, V; must be of the form y (resp. €®) if i = = (resp. i = a®).

Patterns are required to be linear, as well as the counterpatterns, for which the definition
of “linear” is adjusted in the case [q1, ¢2], in which a variable can occur (but recursively
linearly so) in both ¢; and g»

Values are defined up to a-conversion, e.g. a*(e*/a®) = B*(e*/5°*)
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Pattern-counterpattern interaction

We rephrase the logical reduction rules in terms of pattern/counterpattern
interaction :

V=p(..ylx...,e*/a®...) Clp/q] —* ¢
(V9| iq.Cy —c{...,y/x,...,e/a,...}

where c{c} is the usual, implicit substitution, and where ¢ (see the next

proposition) is the normal form of C[p/q] with respect to the following set
of rules :

Cl(p1,r2)/(q1,92),0] — Clp1/q1,p2/q2,0]
Cla®/a®, 0] — C|o]

Clx/xz,0] — Clo]

[C1 1192 Co][inl(p1)/lq1, q2], 0] — Cilp1/q1, 0]
[C1 1192 Co][inr(p2) /g1, 92], 0] — C2[p2/q2, 0]

Logically, this means that we now consider each formula as made of blocks
of synthetic connectives.
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An example

Patterns for P = X ® (Y & —*Q). Focusing on the right yields two possible proof
searches :
FE2'{Ve}: XA THEY{(Vy}:Y; A
(@ ml(yY){(Ve, Vb X (Y e -1Q); A

2Vl X A TRV} =-TQ; A
M= (2, inr(a*){ Ve, Var} : X Q (Y & -1Q); A
Counterpattern for P = X ® (Y & =*Q). The counterpattern describes the tree structure
of P :

c1:(M,z: X,y:YEFA) (M, z: X, a*:=tQFA)
[er 99" eo] 1 (T, (z,[y,2®]) : X @ (Y & ~"Q) F A)
We observe that the leaves of the decomposition of P pon the left are in one-to-one
correspondence with the patterns p for the (irreversible) decomposition of P on the right :

[c1 v ca][p1/q] —* c1 [c1 ¥ ca][p2/q] —" c2

where q — (xv [y,a']) y P1 — (;E, an(y)) y P2 — (ZE, inr(a.))'
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A key one-to-one correspondence

This correspondence is general. We define two predicates c € C'and g L p
(“g is orthogonal to p”) as follows :

ce (Cy c e Ch
cEc c € [Cq 11,92 C5] c € [Cq1 11,92 C5]

g1 Lp1 g2 Lpo
rlx a®*Lla®  (q1,92) L (p1,p2)
q1 L p q2 L po
lq1, g2] L inl(p1) lq1, g2] L inr(p2)

PropositionLet C' : (=, ¢ : P+ A) andlet p be such that ¢ is orthogonal
to p. Then the normal form ¢ of C[p/q] is a simple command, and the
mapping p — ¢ (q, C fixed) from {p | ¢ L p} to {c | ¢ € C} is one-to-one

and onto.
63



Synthetic system L 1/2

c:i=(v|e) vi=V]| pa.c
Vi=pVi/iliep) Vi=zle® pi=z|a®|(p,p)]|mni(p)|inr(p)
e i=alpg{p— cp|qlp} q=z]a®| (g9 |lg,q]

((p <---,y/fc,---,t‘i’/<>é'--¢->)<> | fig{p+—cp|qLlp})
cpi{...,y/x,...,e/a,...)}

and the u rule, unchanged

Cf. N. Zeilberger’s unity of duality
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Synthetic system L 2/2

Typing rules : the old ones for a, x, €®, ¢, plus the following ones :

=FV, P A ((i:P)el(p, P))
=Fp(V/iliep) : P, A

Cp : (E7 E(p,P) l_ A(p,P), 7A) (C_IJ_p)
Mag{p—cplglp}: PHA

where I (p, P) must be successfully defined as follows :

Mz, X) =(z:X) M(a®,—tP) = (a®: =tP)
F((p1,p2), A ® P2) =T (p1, P1), I (p2, P2)
C(inl(p1), Pr ® P2) =T (p1, P1) T (inr(p2), Pr ® P2) = [(p2, P2)

and where

=(p,P)={z: X |xz: X el(p,P)} Alp,P)={a:P|a*:="Pecl(p, P)}
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Towards ludics (a la Terui)

Applying Occam’s razor, we arrive at Terui's syntax for a (non locative ver-
sion) of ludics :

P = Q % | (Nofa(Ny, .., Nu)
N =z | Xa(X).P

where a ranges over an alphabet of symbols, each given an arity (the
length of ¥)

Dictionary :
N P z >a(Z).P (Nol@(Nq, ..., Nn)
e ¢ a pag{p—cplglpt ((p(..,z/z,...,e}/al,...;en/an))’|eo)

What has disappeared : the structure of patterns (no big loss, can be en-
coded)

What has appeared : divergence (£2) and convergence ("XX), which play a
key role for an abservation / realisability semantics

66



But what is ludics about (for our concerns) ? 1/2

1. Start with a raw syntax of “would-be proofs” (if the syntax is distilled
from a typed one, chances are higher to make something sensible !).
It is also helpful that the raw syntax is divided in positive and negative
terms (P, N)

2. Define reduction rules, and say that P (with only one free variable x()
is orthogonal to IV, or passes the test N when P[N/xg] —* "X

3. Define a semantic type, or behaviour (in Girard’s terminology) as a
set P or N of raw terms of the same polarity which is closed under
bi-orthogonal, i.e., that behave the same wrt a fixed set of observers.
Say that, say P realises (in the terminology of Krivine) P if P € P
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But what is ludics about ? 2/2

4. Interpret your favourite (preferably polarised) connectives as construc-
tions on behaviours. The idea is that these constructions define the
meaning of connectives internally, interactively. They are forced upon
us just as, say continuity / computability arises for free in the effective
topos.

5. Given a sensible typing system on your raw terms, it is going to be
sound (fundamental lemma of logical relations!), i.e. if = P : A, then
P IF P (where P is the behaviour interpreting A).

6. “The cherry on the cake” (nicer than icing...) : If the converse holds, we
have full completeness : our realisability model (which in fact is built
over the very syntax we started with) has a tight fit with the syntax, that
is, our language has no junk nor redundancy, everything fits, plays a
distinctive rule. Reaching that “eden” has been a popular goal in the
90’s (game semantics).
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The price of full completeness for ludics

There are two full completeness results for ludics :
1. Girard : no exponentials, i.e. only linear terms.

2. Basaldella-Terui : no axiom (constant-only logic)
There is no reason in principle why one could not have both, it is just that
the difficulties are of different order and benefit from being treated separa-
tely :

1. Axioms : one needs the behaviours to incorporate notions of uniformity
(infinite, uniform n-expansions of untyped variables)

2. Exponentials : one needs to give extra power to the observers : non-
determinism (like in differential linear logic). The fact that Bohm'’s theo-
rem (tighlty related to the completeness issue) holds for the A-calculus
is a kind of little miracle which does not extend to the syntax of ludics
(named arguments versus sequence of arguments).
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Basaldella-Terui’s proof of full completeness

Remember the proof of “ordinary" completeness (for provability) : Take a
non provable formula A, and build a (maximal) cut-free proof attempt P for
it. Then there is one branch of P that ends with a "non-axiom", from which
a counter-model is built.

One notes here that the quality of counter-model is relative to A, not to
P. Full completeness looks for a term N that would be directly a “counter-
model” for P. Basaldella and Terui prolong the completeness proof as fol-
lows :

1. (upwards) Find a faulty branch (like above).

2. (downwards) Starting from the leaf (or reasoning coinductively if the
branch is infinite), synthesize a counter-proof N (all the way down to
the root). It is here that non determinism is needed if the same head
variable appears twice and the branch chooses different sons at these
different occurrences.

3. (upwards) Run cut-elimination between P and N : this normalisation
does not end up with »X but either diverges or ends up with 2. 4,



Basaldella-Terui’s generalised connectives

Let N1, ..., N,, be negative behaviours. One sets (a of arity m) :
6<N1,...,Nm> = {a?o‘a<N1,...,Nm> ‘ N1 € Nl,...,Nm € Nm}
The following data o« = (Z,{...,a(z,...,2,),...}) define dual n-ary constructions of
types / behaviours :
— a sequence of n distinct variable names z1, ..., z,,
— alphabet symbols a1, ...,an, each of arity < n, for each of which a subsequence
i1,...,9m Of 1,..., nis associated
Given o and negative behaviours N1, ..., N,, one defines a positive behaviour as fol-
lows :

a(Ni,...,.Noy=( | a®Ny,...Ny )
a(Ziyses2Zim ) EQ

and by duality we have a constructor over positive behaviours :

a(Pi,...,P) = (@((P1)*,...,P,))?t
Examples :

® = ((z1,22), {P(x1,22)}) , &= ((x1,72),{m1(z1), m2(22)}) , ®¥ =79, ® = &
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Some readings 1/2

The seminal papers on constructive (or Curry-Howard for) classical logic :

— T. Griffin, A formulae-as-types notion of control, Proc. ACM Principles of
Prog. Lang. (1990)

— J.-Y. Girard, A new constructive logic : classical logic, Math. Struct. in
Computer Science 1, 255-296 (1991)

— M. Parigot, Au-calculus : An algorithmic interpretation of classical natural
deduction, in Proc. of the Int. Conf. on Logic Programming and Automa-
ted Reasoning, St. Petersburg, LNCS 624 (1992)
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Some readings 2/2

— “Proofs and types”, J.-Y. Girard, Y. Lafont, P. Taylor, Cambridge University Press, available from http:
//www.paultaylor.eu/stable/Proofs+Types.html

— P--L. Curien, Introduction to linear logic and ludics, part | and part Il http://www.pps. jussieu.fr/
~Ccurien

— P-L. Curien and G. Munch-Maccagnoni, The duality of computation under focus (same url)

— G. Munch, Focalisation and classical realisability, http://perso.ens-1lyon.fr/guillaume.munch

— P. Selinger, Control categories and duality ..., http://www.mscs.dal.ca/~selinger

— O. Laurent and Laurent Regnier, About translations of classical logic into polarized linear logic, http:
//perso.ens—-1lyon.fr/olivier.laurent

— O. Laurent, Intuitionistic dual-intuitionistic nets (same url)

— P. B. Levy, Adjunction models for call-by-push-value with stacks, Theory and Applications of Categories
(2005)

— N. Zeilberger, On the unity of duality, http://www.cs.cmu.edu/~noam

— M. Basaldella and K. Terui, On the meaning of logical completeness, http://www.kurims.kyoto—-u.
ac.jp/~mbasalde

and also

— Olivier Laurent : Théorie de la démonstration, url as above.

— J.-Y. Girard, Locus solum : from the rules of logic to the logic of rules, MSCS (2001)

— “Le point aveugle | et II”, J.-Y. Girard, Editions Hermann (English version available from http://iml.
univ-mrs.fr/~girard)

— “Proof theory and automated deduction”, J. Goubault-Larrecq, |. Mackie, Kluwer

— G. Dowek, Introduction to proof theory, http://www.lix.polytechnique. fr/~dowek/cours.html

— D. Miller, Proof search and computation, http://www.lix.polytechnique.fr/Labo/Dale.Miller/
mpri/mono-jan-2009.pdf
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