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Abstract. The literature describes various type systems which track
how computations depend on some notion of context. A context-dependent
computation might only execute in environments that provide certain ca-
pabilities or privileges. We refer to such properties of computations as
coeffects, dualising the concept of effects.

We show how to track different forms of coeffect in a uniform way
using a type system based on comonads and describe how the system
follows from a comonadic semantics of the lambda calculus. Applications
include tracking dynamically-scoped implicit parameters and checking
execution environments that specify where a computation may execute
in a distributed programming setting.

While there is only one form of monadic effect systems, there are by
contrast multiple variants of comonadic coeffect systems, one of which
is equivalent to monadic effect systems. As we explain, this is due to a
different notion of context capture for functions.

1 Introduction

Types in functional languages have been traditionally used to classify expressions
based on what values they can compute. However, types can be also used to
classify expressions based on how they compute values.

The second approach has been used in effect systems introduced by Gifford
and Lucassen [11]. Effect systems have been designed, for example, to track
operations on memory locations, communication in message-passing systems [13]
and atomicity in concurrent applications [10]. They are usually described as
typing judgements of the form I' F e : 7lo, associating effects o with the result.

Conversely, typing judgements of type systems that track the dependence on
a context are usually of the form I"QC I e : 7, associating the properties C with
the typing assumptions. We term such properties coeffects. For example, C may
specify execution environments in which the expression e can be evaluated.

It is well known that monads can be used to structure impure computations
[19]. Wadler and Thiemann showed that effect systems and monadic seman-
tics can be unified, where monadic types are annotated with effect information.
This paper shows the dual: unifying comonads, used for structuring context-
dependent computations [32], with coeffects to give a comonadic coeffect system.

Section 2 introduces the notion of coeffects in more detail and shows a coeffect
system for distributed programming. We then present our main contributions:
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Type System for Coeffects. We define a type system for tracking properties of
context-dependent computations (Section 3) and explain how the system follows
from a categorical semantics of context-dependent computations based on tagged
comonads (Section 4).

Variants and Applications. Differently to monadic effect systems, there are mul-
tiple variants of comonadic coeffect systems (Section 5). We show one variant
for tracking dynamically scoped implicit parameters (Section 3.2) and another
variant to track modality in distributed programming language (Section 5).

Comonadic and Monadic Types. Although effects and coeffects are intuitively
different, we show that, under certain conditions, one variant of the comonadic
coeffect system can be translated to a monadic effect system (Section 6).

2 Coeffects

Context is defined as the circumstances that form the setting for an event, state-
ment, or idea [1]. The context of a computation may provide resources or ca-
pabilities to perform some action or it may restrict what the computation can
do. We call the properties of such context-dependence coeffects. We start by
showing an example of a coeffect system for tracking where an expression can
be evaluated in a distributed language such as Links [7] or ML5 [20].

2.1 Example: Distributed Programming

Consider a language for distributed programming, which accesses external re-
sources with the access construct. The following example function obtains data
from an externally provided store and hashes it using a key entered by the user:

let hashlnput = \(). let n = access store in
let k£ = access input in hash n k

When executed on a phone, the function reads data from the phone memory,
reads user input and calculates the hash. In a web browser, it fails at runtime
because the browser cannot access local data and so the store is undefined.

Figure 1 shows typing rules that statically eliminate such errors. Typing
judgements have form I'Qr - e : 7 which denote that the expression e can be
evaluated in any execution environment in r yielding a value of type 7. Tags r
are subsets of the set of all possible environments {2 = {server, phone, browser}.
Resources are annotated with the environments in which they are available, thus
store : restserverphonelsiring and input : resibrowserphonelgiying

The (access) rule specifies that a resource can only be accessed in the ex-
ecution environments where it is available. The (let) rule combines two sub-
expressions that can evaluate in different environments. The composed expres-
sion can only evaluate in the intersection of the environments, so the body
of hashlnput can evaluate only in the phone environment. The environments
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Fig. 1: Typing rules of a distributed programming language

in which a function body can evaluate are captured by a function type, thus
hashInput : unit = string where r = {phone}.

The system can be developed further, including a proof of type safety, but
the approach is ad-hoc, specialised to distributed programming. The next section
introduces a general type system for tracking coeffects, based on comonads.

2.2 Effects and Monads, Coeffects and Comonads

For a typing judgement I' - e : 7, the context or type assumptions I specifies
types of free variables and 7 specifies the result type. Effect systems associate
the effects of expressions with the result of a typing judgement: I' e : 7lo. For
example, if e writes a reference cell r, then o might be a set {write(r)}.

Monads have been used for capturing impure computations in pure languages
[19]. A semantics or a program structured by a monad has a monadic type M over
the result type i.e. judgements I' F e : M7 and functions m, — M7. An effect
systems can be transposed to equivalent monadic type systems by annotating a
monad with effect information: I' +e : M7 [35].

We note that effect systems have a dual, coeffect systems, which associate
information about context-dependence with the context of the typing judgement:
IracC e : 7. Comonads, the dual of monads, have been used for structuring
context-dependent computations [32]. Dualising Wadler and Thiemann’s work,
we show that coeffect systems can be captured using comonads annotated with
coeffects, with judgements C°I" - e : 7, which represent a computation that can
be evaluated only in a context ¢. The function hashlnput, which can be applied
only in the phone environment, could be given the type C{Phone}ynit — string.

The type system for distributed programming has coeffect tags as sets of al-
lowed execution environments, composing them using intersection. This is dual
to effect systems that compose sets of performed effects using union [35]. How-
ever, this duality in the composition operation is not an inherent aspect of coef-
fects. The system could equally track the resources that must be available for an
expression to evaluate, using union. To easily enable both options, we generalise
tags to monoids (T,1,®), providing a middle-ground between a concrete model
(such as a sets) and a fully general model (such as a dependently-typed specifi-
cation). The distributed programming example uses the monoid (P(£2), £2,N).
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Fig. 2: Syntax and types of the comonadic language.

3 Comonadic Coeffect Types

Monadic types give a useful template for building effect systems, but the same
can be done for coeffects. Our type system based on comonads gives a template
for building coeffect systems that track how computations depend on context.

3.1 Comonadic Language

The comonadic language in Figure 2 combines pure and comonadic versions of
the lambda calculus. Although the type system could be demonstrated using just
a comonadic version, languages that support monadic types like Haskell [26] and
F# [30] also mix pure and monadic features. We believe that a combination is
needed for practical support for comonads. This allows the user to gradually
introduce comonadic typing without changing code of existing pure functions.
The pure language consists of variables x, abstraction Ax.e, application e; es,
let-binding and a function type 7 — 5. The comonadic subset includes a
separate syntactic category of context-carrying variables a, variable access la,
context-dependent lambda abstraction A°z.e, application e; ¢ eq, and comonadic
let-binding. The type C"7 represents a value carrying a comonadic context.

Comonadic Sub-language. The system is based on comonads parameterised by
tags r that statically specify additional information about the context. We first
discuss typing rules for the comonadic sub-language shown in Figure 3 (a). A
judgement C"A; ' F e : 7 denotes that, given a free variable context A in a
context annotated with a tag r, an expression e has a type 7. The context I is
used for pure variables and is discussed later. The notation C" A stands for a
comonadic context containing a tuple with variable assignments. For variables
a1 :Ti,-.-,0y Ty, the type of the context is C" (11 X ... X 7).

Variable access (counit) extracts a pure value from a pure (empty) context
tagged with the unit 1. Lambda abstraction (cofun) type-checks the body in a
context r ® s, which is a combination of the context associated with the current
outer scope r and the context s provided by the comonadic parameter. The con-
text of a context-dependent application (coapp) combines the contexts of the two
sub-expressions e; and es; with the context required by the comonadic function
type C'1y — 72. Finally, (cobind) types comonadic let-binding, combining the
contexts of the two sub-expressions (which has the same type as (A\°a.e3) ¢ e1).

Note that the type constructor C” only appears as part of the context C" A
or immediately on the left of a function arrow C"1; — 7o, but never as a value.
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Fig 3. (a) Comonadic sub-langauge
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Fig 3. (b) Pure sub-langauge

Full Language. Figure 3 (b) shows the typing rules for the pure sub-language.
The additional context I' maintains types of pure variables. The rules for the
comonadic sub-language always propagate the pure context unmodified.

The rules (app) and (let) propagate the comonadic context, which makes
it possible to use comonadic constructs inside an argument of a pure function
application (i.e. it is possible to write la + !b in a scope with a unit context).

A pure function (fun) does not capture the comonadic context of the current
scope and it cannot contain context-dependent function applications. To specify
this, we introduce a special tag 1. Given a monoid (T,1,®), a value 1 ¢ T
represents empty context. We extend the definition of ® such that 1 @ r = r =
r ® 1 for any r. There is no way to obtain 1 as a combination of 7,5 € T thus
pure functions cannot contain comonadic application, comonadic let-binding or
counit, but they can contain comonadic function declarations, because 1®r = r.

3.2 Example: Comonadic Implicit Parameters

Implicit parameters [16] are dynamically scoped and can be used to parameterise
functions without explicit argument passing. As suggested by the authors, they
can be modelled using comonads. To give a concrete example of our framework
using implicit parameters, we extend our language as follows:

?p € Dynld e = ...| %|dyn ?p = ey ines

C"A;T ke CUPTIIUTA T ey my
CrA;T'Edyn 2p=ejines: 7o

CrPTIUsA D 2p i r

The expression ?p reads a parameter and (dyn ?p = e in ez) sets 7p to the value
of e; and evaluates e; in a context containing 7p. To track which parameters
are in scope, we use a monoid (P(Dynld x Type),,U). An interesting case is
declaration of a nested comonadic function. The following function format does
some pre-processing and then returns another comonadic function:



6 Tomas Petricek, Dominic Orchard, and Alan Mycroft

let format = A\°str . let lines <= formatLines Istr ?width in
(A°rest . append !lines !rest ?width ?size)

let fmt = (dyn ?width = 5 in format ¢ "Hello") in
dyn 7size = 10 in fmt ¢ "world"

The outer function requires a context {?width : int}, because it accesses
?width. The ?width parameter is captured by the inner, nested function, so calling
the nested function on the last line only requires 7size, but not ?width. This
semantics is captured by the type C{?Widthintigring , C{7szeintlstring — string.

Implicit parameters are related to the reader monad [12]. Our system is more
general because comonadic lambda abstraction captures the implicit parameters
of a declaration scope, whilst monadic lambda abstraction does not. Interest-
ingly, our system can be restricted to model the reader monad (Section 5).

4 Semantic Motivation

Comonads, the dual structure to a monads, have numerous applications in
functional programming [33, 23, 14]. Uustalu and Vene model context-dependent
computations with symmetric semi-monoidal comonads [32].

In categorical semantics, monads and comonads provide composition for com-
putations with extra structure on their result or on their parameters, respec-
tively. Given the judgement z1 : 71,...,2, : 7, F e : 7, the comonadic semantics
of e are modelled as a function C(71 X...Xx7,) — 7, where C is a comonad struc-
ture over the free-variable typing assumptions. We define the notion of a strong
monoidal tagged comonad, which gives rise to the comonadic coeffect system.

4.1 Tagged Monads and Comonads

We use computations modelled as functions C"7m; — 75 where the comonad C' is
annotated with tags r,s,... € T of a monoid (7,1, ®). Monadic functions can be
tagged similarly, generalising sets [35]. The type signatures for the composition
and counit (unit) operations of tagged comonads (monads) are:

compose : (C"11 = 72) — (C°12 = 73) — (C™%°11 — 13)
counit : Cl't — 1

compose : (11 = M"73) — (1 = M?73) = (11 — M"®°13)
unit T My

The usual monad and comonad laws [19,32] continue to hold for a tagged
version, because ® is associative and counit (unit) is tagged with the unit of
the monoid 1. In the categorical semantics, the input of C"1; — 75 represents
the free-variable context. This means that counit is a computation that obtains
values of variables without requiring any special property of the context.

Composition can be defined using the following bind and cobind operations:
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bind : M"my — (11 = M®7y) — M"™®%7y
cobind : C™®%1 — (C"1p — 13) — Cémy
The result of bind combines effects of the first parameter with the effects
resulting from the computation returned by the second parameter. The cobind
operations evaluates a context-dependent computation (the second parameter)
and wraps the result in a new context. The coeffects of the input context (first
parameter) are a combination of coeffects of the context-dependent computation
(second parameter) and the newly created context (result). The type signatures
highlight that coeffects propagate backwards, whereas effects propagate forwards.
All the tagged operations here are actually families of operations, indexed by
the tags, since a monoid does not necessarily have a normal form for its objects.

Additional Structure. Tagged comonads provide composition of functions C" 1 —
T9, but a full semantics for the simply-typed lambda calculus requires extra struc-
ture to interpret merging of contexts in lambda abstraction. Monoidal tagged
comonads provide this extra structure with the following additional operation:

combine : C"11 x C¥1y — C™®5(11 X 1)

In the semantics of lambda abstraction, the combine operation combines the
coeffects of a context in which the function is constructed and the coeffects of
a context given to the function by the caller. The laws of combine [32] specify
consistent behaviour with respect to other operations. Alternate tagging of the
operation can be used to restrict the comonadic type system. In Section 5, we
consider two variants obtained by tagging one of the arguments of combine with
the unit 1. One such variant gives a system equivalent to monadic effect systems.

Let-binding and application require a typing context to be duplicated. This is
modelled using a split operation, which splits coeffects between the two contexts.
The operation is provided by a strong monoidal tagged comonad, which requires
that combine is an isomorphism (with an inverse that we call split):

split © C™®5(1y X 12) = C"1y x C¥1y

Monoidal comonads also provide a unit operation for combine. This operation is
not required thus we need only a strong semi-monoidal tagged comonad.

[(@) X°a.e] 2= Xa — [(@,a) €] (combine (£2,a)) (fun)
[(@) let a <= €1 in e2] 2 = [(a,a) e2] (cobind 2 (A2 — (let)
let .(21, 25 = Split " in
(counit £21, [(@) e1] £22)))

[(@) e1oex] 2=let 21,25 = split 2 in (app)
([[(E) 61]] .Ql) (CObZ"ILd (25 (A.Q3 — [[(5) a]] 93))
[(@) 'a;] 2 =m; (counit 2) (var)

Fig. 4: Comonadic semantics using (strong semi-monoidal) tagged comonads.
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4.2 Categorical Semantics

The semantics of the comonadic part of the language is shown in Figure 4. It dif-
fers from the model of Uustalu and Vene [32] in two ways. Firstly, our operations
cobind, counit and combine are tagged. Secondly, we use split to duplicate the
context when passing it to multiple sub-expressions. Due to space restrictions,
the model omits pure contexts and constructs of the pure sub-language. These
can be found in an extended semantics in Appendix A [25].

This simplified model maintains a single variable context representing the
variables in C"A. Assume a term e has a type 7, comonadic free variables a; :
Ti,...,0, @ T, and expects a comonadic context with coeffect r. The semantic
interpretation of the term is a function of type C" (71 X ... X 1,) — 7. We write 2
for values of the first parameter. An extended semantics (Appendix A) includes
an additional parameter I" for values of the pure variables.

Lambda abstraction (app) uses combine to merge the outer context with the
context carried by the function argument. The (let) rule uses split to duplicate
the context in order to extract the original context using counit and evaluate
the expression e; (the semantics is equivalent to the semantics of (A\°a.ez)oeq).
Similarly, (app) uses split to obtain contexts for two sub-expressions.

Our type system is a direct result of the categorical semantics. To obtain the
typing rules, we determine the types of individual occurrences of [(@) €] in each
equation and then use the types (and tags) to define typing rules.

5 Variants of the Comonadic Coeffect System

The key difference between comonadic coeffect and monadic effect systems is the
treatment of free-variable contexts in lambda abstraction, because the comonadic
context carries extra structure. A function C"7; — 75 defined in context C*A
is type-checked in a context that has a coeffect tag » ® s. In contrast, lambda
abstraction in monadic effect systems is a pure computation with no effects. The
following listing compares the two rules side-by-side:

C™®*(Aja:m)Fe:n Aa:miFe: Mn
C"AF XNa.e: C1 — T A XNa.e: MY (1 — M™1y)

The rule for comonads is determined by the combine operation, which is used to
merge the outer and inner context of a lambda. The most general type expects
contexts with arbitrary tags and combines them: C"7; x C*19 — C™®%(11 X 73).
The type can be restricted by requiring one of the two arguments (contexts) to
be tagged with the unit of the monoid instead of an arbitrary tag. This gives
two interesting variants of the lambda abstraction, which are shown in Figure 5.

Comonads with Pure Functions. The variant in Figure 5(a) has the unit tag
for the second parameter of combine, which corresponds to the context carried
by the function argument. Thus, all context-dependent functions will be pure (no
coeffects). The input type remains comonadic, but the tag is unit: Ctr — 7.
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C"(Aja:m);'Fe:m C"(Aja:n);l'Fe:m
C"A; T FXNae:Clry = 7 C'A;TF Xae:C'ri — 1
combine : C"11 x Clry = C" (11 X ) combine : C'ry X C" 1y — C" (11 X 72)
Fig 5. (a) Pure functions Fig 5. (b) Pure contexts

The rule specifies that any context-dependence has to be satisfied by the
scope where the function is defined. The resulting function does not capture
the context at the call site. If the rule was used with implicit parameters (Sec-
tion 3.2), the type system would be reduced to ordinary lexical scoping — all
parameters have to be available from the declaring scope, they are captured by
a closure and the caller cannot override them.!

This variant can be used to type-check partially evaluated expressions in
distributed languages. For example, when defining a function on the server, all
sub-expressions in the body that require the server environment can be substi-
tuted with a value. The resulting pure function can be transferred to the client.

Comonadic Types Equivalent to Monads. The variant in Figure 5(b) re-
quires unit tag for the first parameter of combine. This gives a variant of lambda
abstraction that is similar to the rule in monadic effect systems. The rule spec-
ifies that all the context is provided by the caller of the function. For exam-
ple, typing the format function from Section 3.2 using this rule gives a type
Cv{?width:int}stl,ing N Cv{?width:int,?size:int}string N string.

The outer function accesses the ?width parameter; the nested function ac-
cesses both parameters. Unlike the original interpretation, the ?width parameter
is not captured by the inner function thus must be provided again by the caller.
This is equivalent to the reader monad. In fact, a comonadic type system that
uses this variant of lambda abstraction can be translated to a monadic type sys-
tem that tracks the same property and vice versa (Section 6). As a result, this
variant can be used to track properties that are traditionally viewed as effects.

Comonadic Distributed Language. The distributed language introduced in Sec-
tion 2.1 uses a type system written in a coeffect style to track the environment in
which a function can be executed. Lambda abstraction is constructed in a unit
context, so we can encode it using the variant in Figure 5(b). We use a monoid
(P(£2),$2,N) and add the following primitives:

e x=... |access e CTA; 't e:res’t
(access) 2
C™®SA; '+ access e : T

... | res"T

! This variant also reverses the order of combined effects in comonadic let binding,
meaning that the monoid of tags should be commutative.
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Similarly to the earlier example, resources have a type res”7 and are accessed
using access. As demonstrated in online Appendix B [25], the language can be
used to implement and type-check the hashlnput function from Section 2.1

6 When Coeffects and Effects are Equivalent

As mentioned, there are some program properties that can be tracked equiva-
lently by an effect system or a coeffect system.

Section 6.1 describes the conditions for equivalence between information
tracking in coeffect and effect systems, and shows that the general comonadic co-
effect system discussed in Section 5 tracks the same information as the standard
monadic effect system shown above in Figure 6.

Section 6.2 describes the conditions under which a monadic and comonadic
semantics are equivalent. Two pairs of equivalent semantic models for (co)effect
systems are shown: 1). using the identity comonad and identity monad, corre-
sponding to adding unwitnessed (co)effects onto an existing language, without
changing the semantics 2). using a product comonad and exponent monad for
witnessed constraints/capabilities.

6.1 Equivalence of Types/Information

For a language, a coeffect system (with judgments t;) and effect system (with
judgments H,) are equivalent in the information tracked if they use the same
monoid of tags and if, for all expressions e, given C" At e:7and 'k, e: M7
then C"A — 7 = I' — M"7', where = is a pointwise, recursive relation on
types comparing equality of constructors and ground types, with one additional
rule for monadic/comonadic function types:

NST TeSTh

Cn o) = 5 arsg) )

where the comonad and monad are annotated with the same tag r. The rest of
the relation is straightforward, defining recursive equality (see Appendix C [25]).

Proposition 1. The general comonadic coeffect system shown in Figure 3, with
the variant of the (cofun) rule shown in Figure 5(b), is equivalent in the infor-
mation tracked to the monadic effect system of Figure 6.

F|—€1:MT7'18 F|—e1:MT(T1—>MtT2)
(bind) La:nbe:Mm (app) I'Fes: M°m
I'Fletz < ejiney : M™®%my app Tk ey ey: MT®s®)
Nr:mbe: M
(o) e v (unit) —Z €L
xT.e: (T1*> ’7'2) F":C:MlTl

Fig. 6: Monadic effect system, for a tagged monad M?
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The proof proceeds by structural induction on the terms of the language and
is straightforward; Appendix D [25] provides one case for demonstration.

For any additional rules of a coeffect system, further to the general framework
of Figure 3, there must be a corresponding rule in the effect system. For the
distributed programming example, an equivalent effect system requires a typing
rule for the access construct corresponding to the coeffect rule e.g.:

I'He:res"T
I'+accesse: M"t

(access)

6.2 Equivalence of Semantics

For a language L, semantics for a comonadic coeffect system [—] ¢ and a monadic
effect system [—] s are equivalent (or isomorphic), if:

1. the monadic effect system and comonadic effect system are equivalent in the
information tracked (see Section 6.1)
2. there exists an isomorphism between the denotations:

dap: (Cmy — 1) = (11 = M) (1)

Such an isomorphism is always provided if C' and M are adjoint functors
(where C' is left adjoint), where ¢ is known as the hom-set adjunction.

3. and, for every expression e € L that [e] ar = ¢[e]c, which can be proved via
structural induction over the terms of the language.

The isomorphism ¢ from the adjunction, if it exists, gives a way to convert
one semantics into the other. There are two typical cases of adjoint monads and
comonads which we discuss here: the identity comonad and identity monad, and
the product comonad and exponent monad.

Identity comonad & identity monad The identity comonad (CA = A)
and the identity monad (M A = A) are trivially adjoint where the isomorphism
between CA — B into A — M B is the identity function.

A tagged identity comonad C*A = A and tagged identity monad M?A = A
provide no value witnessing the effect /coeffect tag t. Since the identity (co)monad
does not add extra structure, but is simply a wrapper, any language can be given
an identity (co)monad semantics without changing the operational semantics of
the language. Note that the static semantics of the language might change, as
run-time bugs may now be prevented at compile-time by the stronger typing.

Proposition 2. The semantics of the comonadic coeffect system for the tagged
identity comonad and semantics of the monadic effect system for the tagged
identity monad are equivalent.

The proof is given by the induction over the structure of terms and is straight-
forward. All of the monad/comonad definitions for the identity comonad and
monad are essentially identities. For demonstration purposes we show just one
clause of the proof in Appendix E [25].

The identity comonad can be used to compose different coeffects, as a com-
posite comonad can always be formed with the identity comonad.
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Product comonad & exponent monad The product comonad pairs a value
A with another value of a fixed type X i.e. CA = Ax X, thus functions CA — B
describe computations with an extra, implicit parameter of type X. The expo-
nent monad, often called the reader monad, parameterises a value A by some
parameter X i.e. MA = X — A, thus functions A — M B describe computations
where the result depends on some extra, implicit parameter, of type X.

The functor of the product comonad is left adjoint to the exponent monad,
where the hom-set adjunction is provided by currying and uncurrying:

uncurry

(AXX)—)B B — A—)(X—>B) (2)

curry

The tag of a tagged product comonad may be the type of the implicit parameter
ie. CXA = A x X, and likewise the tagged exponent monad MXA = X —
A (assuming their is a monoidal operation on such types). With the tagged
product comonad and tagged exponent monad we can give a semantic meaning
to capabilities. For example, with the implicit parameters of Section 3.2, the
comonadic and monadic semantics of lookup ?p might be defined:

[(Z) ?p]c = A(£2,z) . if x = {?p} then lookup p else L
[(Z) ?plar = AL . Ax. if © = {7p} then lookup p else L

Note that: [(Z) ?p]as = curry [(Z) ?p] ¢ holds, thus this constitutes one clause
of the proof of the following proposition:

Proposition 3. The semantics of the comonadic coeffect system for the product
comonad and the monadic effect system for the exponent monad are equivalent.

We do not provide the rest of the proof here for space reasons, but the
remaining cases are straightforward given the definitions.

7 Related and Future Work

Modal and Linear Logic Systems. Bierman and De Paiva [3] developed a natural
deduction system for intuitionistic S4 modal logic and model it in category theory
using a comonad for the [J connective. The corresponding term language (also
similar to the work of Pfenning and Wong [27]) bears some resemblance to
our comonadically-typed lambda calculus. Their system is simpler, separating
introduction and elimination of [J, while our system is more complex in order
to match standard lambda-calculus typing rules. Because of the correspondence
between S4 modal logic and comonads, many of the type systems based on modal
logic [20, 21,24, 27] are also similar to our comonadic coeffect system.
Intuitionistic S5 modal logic (with both O and ¢ modalities) has been used
by to describe mobility and locality respectively in a distributed programming
setting [20, 21]. Murphy et al. use explicit possible worlds, with judgements of the
form I' F e : T@Qw denoting a typing assignment at world w. The w annotation
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resembles our coeffect tags, although w is restricted to a single world. We believe
that such systems could be captured by our general comonadic coeffect system.
Linear logic can be used to control resource-usage (e.g. [4]), usually omitting
the standard contraction rule [17]. Our system allows contraction in the non-
comonadic part of the language. In the comonadic part, contraction may be
controlled using split and an appropriate monoid. Finding a variant of our system
that can capture linearity is an important future work. Blute et al. [5] describe
a linear logic for storage, modelling the ! connective as a monoidal comonad
that provides contraction via an operation !A —!Ax!A. This structure closely
resembles our tagged comonads and it may fit within our coeffect framework.

Type Systems for Coeffects. Several existing type systems can be described as
coeffect systems. The implicit parameters example in this paper was inspired by
Lewis et al. [16] who mention comonadic semantics as future work. Our other
example was motivated by distributed programming languages [20, 29]. Links [7]
supports different execution environments explicitly and database dependency as
an effect. Our systems provides a general framework for checking such properties.

Type systems that guarantee secure information flow [28,34] can also be
viewed as coeffect systems. The context specifies the secrecy of the informa-
tion. Certain operations are only allowed when the context represents specific
secrecy. In the calculus of capabilities [8], the context carries capabilities that
allow access to memory regions. The context is modified by memory allocation
and deallocation. We believe that such systems could use the general framework
provided by our type system.

Effect and Coeffect Systems Some computations can be viewed as coeffect sys-
tems, but they also provide operations that modify the context. In a system for
safe locking [9], the context carries a set of acquired locks (enabling access to a
reference), but the synchronize construct modifies the context.

Such systems could be structured by both a monad and a comonad at the
same time, with functions of type: Ca — Mb, for some C' comonad and M
monad [6]. For example, partial dataflow computations can be structured by
a stream comonad and partiality (exception) monad [33]. A distributive law
between the two structures dist : C(Ma) — M (Ca) is required in order to define
a composition operation: compose : (Ca — Mb) — (Cb — Mc) — (Ca — Mec).

We expect that comonadic coeffect and monadic effect systems can be com-
posed, if they provide a tagged distributive law of type: dist : C"(M?%a) —
M?#(C"a). This operation can be easily defined for the simple categorical model
based on the product comonad and exponent monad.

Parameterised Monads and Comonads In a monadic setting, parameterised mon-
ads of Atkey [2] use tags that comprise pre- and post-conditions of a computa-
tion. McBride shows [18], that these tags are related to specifications in Hoare
type theory [22]. Many practical systems [2, 15] use sets of labels.
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Traditional effect systems [31] include a sub-typing rule that cannot be di-
rectly expressed using our monoid tags:

I'te:7,F FCUF'
I'kte:T,F

An analogous rule for coeffect subtyping can be easily added (syntactically)
to the coeffect system if the monoid of tags is partially ordered. However, we
believe that finding a categorical semantics for language with such rule is an
open problem (toposes, which have sub-object classifiers, may be useful).

8 Conclusion

It is well known that effects can be captured using a monadic effect system. The
main contribution of this paper was introducing the dual concept of a comonadic
coeffect system, which can be used to capture a range of context-dependent
properties. Using a tagged comonad, variable contexts are annotated with tags
formed by a monoid. We used the system to track environments in a distributed
language and to give types for dynamically-scoped implicit parameters.

Unlike the monadic effect system, there are multiple variants of the comonadic
coeffect system. We described different variants that can be obtained by speci-
fying how coeffects are combined when constructing a function. We showed that
properties tracked by a monadic effect system can be equivalently tracked by a
variant of the comonadic coeffect system.
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A Adding Pure Constructs to the Semantics

This appendix presents an extended version of the categorical semantics shown
in Section 4.2. In the version shown earlier, we only included comonadic sub-
language. However, the actual typing rules shown in Figure 3 uses two separate
variable contexts and combine pure and comonadic constructs. The extended
semantics can be found in Figure 7.

The semantics maintains two separate variable contexts, modelling the two,
syntactically distinct, kinds of variables used in the language. Assume a term e

has a type 7, free variables x1 : 7{,..., 2, : 7,,, comonadic free variables a; :

Ti,...,04, : Tn, and expects a comonadic context with coeffect r. The semantic
interpretation of the term is a function of type C" (11 X ... X 7p,) = (74 X ... X
7)) = 7. We write {2 for values of the first parameter and I" for values of the
second parameter.

The semantics of comonadic construct is explained in Section 4.2. In the
extended version, they additionally propagate the pure context I' to all sub-
expressions. Here, we focus on adding the pure constructs — the semantics of pure
let-binding and application passes the comonadic context to sub-expressions;
sub-expressions of a pure application or let-binding can still depend on a context,
but it must be the same context.

[@Z]e : C™(11 X ... X Tn) = (T4 X ... X Tpy) =T
where e: 7, @: 71 X ... X Tn, T1 73 X ... X Ty

[(@) Z]\°a.e 2 T’ = Xa — [(@,a) Z]e (combine (2,a)) I’
[(@) Z]Ax.e 2 T = Xz — [(a) T, z]e (drop 2) (I',x)

[(@) z]let a <= e1 in ez 2 I' = [[(a,a) T]ez (cobind 2 (A2 —
let (21, 22 = split 2 in
(counit (1, [(a) T)er 22 I))) I

[(@) zZ]let x = e1 inex 2 I' =[(a) T,z]ex 2 (I,[(a) T]e1 2 I)

[(@) z[eroex 2 ' =let 21, 02> = split 2 in
([@) Z]es 21 T') (cobind 25 (A 25 —
[(e2) T]a 25 I))

[(@) Z]e1 e2 2 T = ([(@) T]ex 2 T) ([(a@) T]ea 2 T)
[(@) z]'a; 2 I' = m; (counit 2)

Fig. 7: Comonadic semantics using (strong semi-monoidal) tagged comonads.
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For lambda abstraction, the function body must have no context-dependence,
thus must be passed a comonadic environment of type C'A. This is constructed
using an additional operation drop of type C"™r — C'7. The operation takes a
comonadic context C"7 and drops the coeffects (i.e. capabilities), so that the
resulting comonadic type does not carry any context that could be used inside
a pure lambda function.

B Distributed Programming with Comonads

In this appendix, we show an example that uses a variant of the comonadic
type system presented in Section 5. As explained previously, the variant that
allows declaring functions only in a pure context (Figure 5 (b)) is equivalent
to a monadic type system. However, it may be also used to model distributed
programming language from Section 2.1. The required extensions to the language
were discussed earlier, so this appendix just presents an example.

We use external resources input and store with types restbrowserphonetstring and
resiserverphonelgiring respectively. Then we can define the following function:

let hashlnput = A°().
let k£ <= access input in
A°(). let n < access store in hash n k

The function obtains a key k& from the user and then returns a function that
accesses the current state of the store and calculates the hash. The coeffects
of the function depend only on the context-dependence inside the body of the
function, so the type is: Ctbrowser,phone}t njr _, (Cr{server,phone}nit _y string.

Despite the type signature, the nested function is never executed in server,
because the outer function cannot be executed there and the language does not
support code mobility. An expression that calls the function, such as hashlnputo
() ¢ (), can be only typed in context phone.

C Information Tracking Equality Relation

The following relation = defines equality of information tracked between coeffect
and effect types. Since the grammar of type 7, defined in Figure 2, is relatively
simple there are few rules.

—a=aq  llvha
where « is the set of primitive types.

TIST @ TosTh

(1 =)= (1 = 713)

eq-]

TNIST Te =T
(C"r = 1) = (11 = M"7))
If further constructors are defined, e.g. products, then = can be easily ex-
tended with pointwise equality rules.

leg]
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D Proof of Equivalence between Coeffect/Effect Systems

The following is one case of the proof of Proposition (1): that the information
tracked by traditional effect systems and our coeffect system (with the (cofun)
variant of Section 5) are equivalent.

Proof. The proof is given by the inductive definition of the P predicate over the
structure of terms:

PZ,e)=(C"(Z:m)Fce:)ANT: T Fye: M) = (C"r = 1) = (1] = M"13)
— P(z,\z.e) =
Assume P((Z,x),e) by the inductive hypothesis, which implies:
C'(mx1)—=ms=s(rx1)—= M7 (3)
For the comonadic coeffect system, (cofun) rule applies (Figure ?7?):
[(z) \z.e)]c: Cl'r — (CT1 — ) (4)
For the monadic effect system, (fun) rule applies thus:
[(z) \z.e)]ar: 1) — M7 — M" 15) (5)

From the deviation tree of (3) we know that m = 7{, 7 = 7/,
Ty = 74, thus [eq_,] holds for (4) and (5). .
— The remaining cases are similarly straightforward.

E Proof of Equivalence between Identity Comonad
Coeffect System and Identity Monad Effect System

[(@elam: (i x...xT) > M7 where T:71 X...XT1,
[(Z) z: ]m T’ = unit (mw; T)
[(Z)let x < ey inex]n I’ = [(Z, ) e2] (strengthL (I, [(Z) e] I'))
(&) Az.e]m I = Xz . unit ([(Z,x) €] (I}, x))
[(Z) ex e2 v I' = bind app (bind strengthL (strengthR ([(Z) e1] I, [(Z) e2] I)))
where app:(TlﬁTg)XTlﬁTQ
strengthL : (11 X Mth) — Mt(rl X T2)
strengthR : (Mt’ﬁ X Ta) — Mt(’7'1 X Ta)
Fig.8: Categorical semantics in terms of a (strong) tagged monad, adapted from
[32].

The following is one case of the proof of Proposition (2): that the semantics
of the comonadic coeffect system for the tagged identity comonad and semantics
of the monadic effect system for the tagged identity monad are equivalent.
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Proof. The proof is given by the inductive definition of the P predicate over the
structure of terms: P(Z,e) = (¢ [(Z) €]c = [(Z) e]m)-

The identity comonad and identity monad are trivially adjoint, witnessed by
the identity function, thus ¢ = id.

— P(Z,\z.e) =
Assume P((Z,x), e) by the inductive hypothesis, which implies:

¢ [(,2) ele = [(7,2) elm
= [(@2) elc = [(7,2) e]u {¢ = id} (6)
Then
o[(Z) Az.e]c = ¢ (Ax.[(Z, ) e]c o combine)
= ¢(M\x.[(Z, z) €] ) {combine = id}
= Az.[(Z,z) €]c (1) {¢p =1id}
[(Z) Ax.e]ar = Az unit [(Z,x) e]|ar
= \e.[(Z,z) e]m {unit = id}
= \e.[(Z,z) e]e (2) {by (6)}
= (1) = (2) O

— The remaining cases are similarly straightforward.



