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THE,. NEW SYMBOLIC LOGIC.
—_———

Princrera MATHEMATIOA.
B. Russern, Vol I
25s. net.)

Perhaps twonty or thirty people in England may
be expected to read this book. It has many claims
to bo widely road; all professional mathematicians,
for example, can and ought to read it ; but it will have to
contond with an immmmso mass of prejudica and miscon-~
coption, and wa should probably bo over-sanguine if we
supposed that thore are half & dozen who will. It ise
strange and discouraging fact that mathematicians as a
class are utterly impatient of inquiries into thie founda-
tions of their own subject. Natural science has always
distrusted and despisod philosophy. It is hardly too
much +to say that any determined attempt at accurate
thinking is likely to be distasteful to the average scientific
mind ; and this, although certainly deploreble, is not so
strango as it might scom, for ingenuity and imagination,
rather than accurate thought, are the ordinary wespons
of science., The mathematician has no such oxcuse. -He
has recoived an elaborate logical training end is femiliar
with what is abstract and remote and unpractical ; and
it is not unreasonable to expect thet he should have learnt
to respect the truth and to tolerate, if not to sympathize
with, those who,like tho authors of this hook, seek it with a
patieénico and ‘detormination that no diffcultios can arrest.
Any such expectation will be disappointed. In England
wa find the authors regarded by imathematicians as emus-
ing cranks. In France we find the great Poincaré, who has
a woakness for philosophy to which we owe several most
entertaining volumes, pouring contempt on la Logistigue,
and preaching & form of pragmetism as hazy and clusive
as any philosopher’s. Even in Gormeany, the home of
mathematical precision, we find the successors of Cantor
and Woeierstrass pmtostmg angrily that to ask really
fundamentol questions is an indecency and an insult to
mathomatics. To this sort of expert prejudico it is useless
to appeal. But philosophers are more tolerant than
mathematicians and more interested in fundamentals ;
and thero are no doubt many philosophers and meny
laymen who would like to read this book but may be
deterred from doing so by misconceptions of a different
kind. To such it may bo possible to give a little
encouragement.

Non-mathematical readers may very natursily be
frightencd by an exaggerated notion of the technical
difficulty of the book. The last page is a very natural
place et which to open & book, and the appeerance of the
ldst page, with its crazy-looking symbolism, is appalling.
And it would be silly to pretend that the book is not really
difficult ; some of it is very difficult indeed. It is, of
course, also true that in reading it & trained mathematician
enjoys & considorable advantage ; some of thoe ideas will
be more or less familiar to him ; he can grasp more quickly
the salient features of & symbolismn ; the general tone of the
book is mathematical, and there are parallels and illustra-
tions which it is difficult to appreciate without some know-
ledge of mathematics; in & word, the authors’ minds
work naturally on mathematical lines. So much the lay
reader must be prepared to find. But he need not be too
much discouraged. In' the first place, elthough more
knowledge of mathomatics would no doubt be a great
assistance to him, no profound knowledge is required.
All that is wanted is some sort of general familinrity with
mathpmatical ideas. Moreover the mathematician’s ad-
vantage varies very widely from page to page, and it is
just where the book is most difficult that this advantage

By A. N. WriregEaD and
{Cambridge University Press.

is loast ; tho easy parts will bo particularly easy to the
mathematician, the hard parts practically as hard to him
as to the outsider. Finsally, to be frightened by the sym=
bolism is to run away from the most shadowy of bogeys., A
mathematician can master it in an hour, and the non~
mathematical reader will find in & surprisingly short time
that, so faor from being an additional source of
difficulty, it is extraordinarily easy to understand, to read
fluently, and even to use oneself. The languago of mcdam
symbolic logic, vulgerly described after its originator

‘‘ Peanose,” has been developed under the a.uﬂ\ors handa
into a vehicle of astonishing flexibility aend power, a
real triumph of technical skill, fairly justifying their claim
that it enables the mind “ to construct trains of reasoning
in regions of thought in which the imagination would be
entirely unable to sustain itself without symbolic help.”
It is possible that the constant use of symbols has to some
extent reacted on the authors’ mastery of their own tongue.
Certainly, in the oxp]ana.tory portions (though there are
pérts that are models of lucid ekxposition) they are often
much less clear ; though sometimes, no doubt, this is due
simply to the inherent difficulties of the subject-maitter,
and sometimes to condensation carried too far.

.We trust, therefore, that no one who is prepared to
recognize the value of work in logic and who appreciates
the enormous importance m logic and general phllosophy N
of mathomatical concepts, function, class, b
tude, and so forth, will be too dlﬁ‘ident of his ablhty to copa
with the difficulties of this book. It is not & book that meny
will read right through. But it will be a foolish philosopher
who will not make & serious effort to master the most essen~
tial sections, The time has passed when a philosopher
can afford to be ignorant of mathematics, and a little perse-
verance will be well rewarded. It will be something to
learn how many of the specires that have haunted philo-
sophels modern mathemati¢s has finally laid to vest. And
it is as bracing as a cold bath to twn from the muddy
pragmatisms of current plulosophy to clear-cut end dis-
passionate discussions in which it is recogmzed that words
have definite meanings, and that prermses imply comnclu-
sions, and that careful reasoning is the only method by
which we can hope to arrive at the truth.

The first volume of * Principia Mathematica,’” which is
all that has appeared so far, contains most of the work
that is likoly to be of interest to the general reader. It
is true that the two later volumes will include the mathe-
matical theories of infinity and continuity, topics which
havo distracted philosophers'in the past and will no doubt
continue to do so until philosophers make a habit of learn~
ing a little mathematics. But these theories are by now
classical and casily accessible to any onc who wishes to
become scquainted with them. And this volumae contains
the part of tho work most likely to excite gencral intcrest
and controversy, an introduction of ninety pages written
in the ordinary tongue and summarizing all that is most
novel in tho general doctrines of the book. There is no
doubt that this introduction, dealing as it does with all the
most obscure and'controversial portions of the subjoct,
is from the standpoint of tho general reader too short.
Its style is in places almost painfully condensed, and there
are passages that are hardly intelligible until we refer for-
ward to the detailed symbolic dovelopment which comes
Iater. Moreover, the authors, in their desiro to ** avoid
controversy and general philosophy,” are apt to leave the
reader uncertain as to what (if anything) in the way of general
philosophy their whole treatment presupposes. Thoy
would probably say that the mathematical edifice is inde-
pendent of the precise material with which we fill in the
philosophical foundations ; and no doubt in this they would
be right. But they have naturally found it impossible to
carry out their intention of * avoiding general philosophy
quite consistently ; and the result is sometimes very puzzling.
To take o definite instanco—** proposition »” must be re-
garded, for the main purposos of tho book, as ultimate and
unanalysablo. Any analysis of the meaning of “ pro-
position ” is prior to mathematics. So mnuch the rcader
will cheerfully accopt. Bub it will come as an unpleasant
surprise to him (at any rate if he is not familiar with Mr.
Russoll's *“ Philosophical Essays ) to be told (p. 46) that
“ what we call a ° proposition’ is not a single entity at
all . . .; the phrase which expresses & proposition . . .
does not have meaning in itself.” It would have been
better, we think, if the authors had made up their minds
to ¢ face the music,”” and had begun with a definitely
philosophical excursus—a mere ha’porth of tar in the outfit
of such a leviathan.

The main thesis of the book is the seme as that of Mr,
Russell’'s * Principles of Mathematics "'—the thesis that
pure mathematics involves no axioms or indefinables
beyond those of formal logic. And its cardinal doctrines
group themselves roughly into three divisions—the
general theory of the wvariable and the proposi-
tional function, the theory of incomplete symbols, the
doctrine of types. None of these doctrines will be found
entirely novel by students of Mr. Russell’s writings; all
have been formulated or foreshadowed in the “ Principles
or clsewhere. Xere they are stated for the first time
with an air of finslity and as a connected whole.

The theory of propositional functions shows in & striking
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way how certain kinds of ultimate philosophical inquiry
may be irrelevant to mathematics. It is beyond doubt that
the “ propositional function” is a notion of extraordinary
logical importance—mathematics, one meay &8y, is the
science of propositional functions. And it is perfectly easy
to recognize n‘bropositiona.l function when we see it; “wa
is @ » is a propositional function; when @ is determined—
when for & we substitute Socrates or Plato—we obtain &
proposition, But wkat is & propositional function ¢ The
question is by no means an easy one.” ‘When we say
€ x is 2 " M

it is plain that, regarded psychologicelly, we have here a single
judgment. Bubt what are we to say of the object of the judg-
ment? We are not judging that Socrates is Socrates, nor that
Plato is Plato, nor any other of the definite judgments that axe
instances of the law of identity,

for we may be quite capable of judging “a is @ even
if we have never heard of Socrates or Plato.” Butb we cannot
follow the discussion further now. Our object is to point
out, on the one hand, that the reader must not expect to
find this book freo from ultimate doubts, and, on the other,
that the persistence of such doubts need nos imiperil the
logical superstructure.

The theory of * incomplete symbols® is one of the
authors’ triumphs; it could hardly be cleares, nor, once
understood, more consonant with common sense. It
cannot be illustrated better them by the old puzzle—
old, that is to say, to readers of Mr. Russell—of George IV.
and Scott. George IV. wanted to know whethor Scott
was the author of “ Waverley,” and in point of fact he was.
Tt seems, therefore, that what George IV. really wanted to
know was whether Scott was Scott. Tor, if ¢ the author of
Waverley ” is o definite object a, *Scott is the author
of Waverley » means “ Scott is a.” And this proposition
is either trivial or false ; trivial if @ is Scott, when “ Scott
is @ ”” reduces to * Scott is Scott,” and false if @ is anything
but Scots. On the other hand, it is perfectly obvious that
¢« Scott is the author of Waverley » is neither txivial nor
false. From this dilemma there is only one way of escape—
nemely, by denying that “the author of Waverley » ts
a definite object @. This is to deny that * tho author of
Waverley ’ means anything, and seems at first paradoxical.
The paradox is one which soon disappears; the point is.
of course, that *the author of Waverley,” snd * descrip-
tions ™ in general, mesn nothing by themselves, though
phrases containing them often have a perfectly definite
meaning, This ides is familiax enough to mathematicians,
and in it we have in germ the whole theory of *incom-
plete symbols,” a theory applied by the authors now not
only to descriptions but also to classes and relations, though
here the theory becomes a little more complicated and
elusive.

With the doctrine of types wo como to the most difficult,
and perhaps the most controvorsial, theory of the book.
This doctrine has been invented for the express purpose of
solving a class of puzzles which has tormented generations
of logiciens. The cl 1 example is the * Epimenides.”
In its most modern form this paradox is as follows. If
I say “1 am lying,” then, if my stetement is true, I am
lying, and therefore it is false ; and if it is false, I am noz
lying, and therefore it is true. Such paradoxes cennot
{as is often supposed) be accounted for by holding up
one's hands and saying * How sbsurd!™ The doctrine
of types, in which the authors find rest from all these
puzzles, is in & way the least fundemontal, snd will pro-
bably be found the least satisfying, partof the book; and the
suthors are careful not to claim too much finality for their
solution. There can be no doubt, too, that it does involve
consequences likely to startle common sense ; it forces us,
for example, to believe thaot a whole geries of common
words, true and falsc among them, have infinitely many
different mennings, And there are important points about
which the authors leave us doubtful. Are there * infinite
types” ? Can one tell & lie “of infinite order™” ? Is
it really true, as theologians tell us, that * the finite cannot
comprehend the infinite,” or is that a mere logical super-
stition, as De Morgan held ? But of two things the authors
have convinced us. One is that some form of some such
doctrine as the doctrine of types is logicelly indispensable ;
the other is thet thore really are different meanings of
* truth ——that when I say “ it is true that ‘x is identical
with @, for all values of #*” and when I say it is true
that © this is yellow,’”” I do not in the two cases mean the
same by true. 'This, we think, they show not only to follow
from their premises, but to be convincing to * expert
common sense ” ; and when we have admitted this, we have
admitted that the chief paradox of their doctrine has
disappeared.

It would be insulting to affix the ordinary labels of praise
to & book conceived with so far-reaching an object and
on so vast & scale. We may perhaps venture to pick out
& minor feature of the book for commendation. It is easy
to think, but hard to joke, in symbols; and this volume
has not the consistent humour of the * Principles of Mathe-
matics.”” Still, considering the difficulty of the medium,
some of the jokes are very good. The best is that perpe-
trated at tho oxpense of the law of contradiction. But
it would be unfair to the circulation of the book that a
reviewer should repeat them; and we leave the reader to
discover them for himself,

¢« A Concordance to the Poems of William Wordsworth,”
edited by Professor Lane Cooper, of Cornell University—
a Jarge work furthered by the Americen Concordance
Society—will be published by Messrs. Smith, Elder on the
21st inst. On the same date thoy will have ready Admiral
of tho Fleet Sir Edward H. Seymour’s reminiscences—
“My Naval Career and Travels —and Sir Henry Craik’s
¢ Life of Edwerd Earl of -Clarendon,” which has been
written with the object of vindicating the consistency of
Clarendon’s political ideals and his title to & high plece in
tho roll of British statesmen.

Professor Valerie Kluchevsky's ‘ History of Russia
has been translated into English by C. J. Hogarth and
will be published in three volumes by Messrs. Dent.

THE PROVINCE OF THE STATE.
-————
“Tae PROVINOCE OF THE Stats. By S RorAxop Winsos.
(P. 8. King and Son. 7s. 6d. n.)

Voux clamantis tn deserto—that is not an inapt deseription
of this volume, which denies almost evexy article of the
oreed of the practioal politician, champions lost causes, and
argues strongly agsinst much which the State has of late
done and is likely to do in the future. Sir Roland Wilson’s
principles are his own, not those of any existing party, and
we do not suppose that he has much hope of making con-
verts. Nome the less is the volume an instructive, in-
vigorating discussion of problems which are too often in these
days slurred over or solved in a slovenly fashion, It is a
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pleasure to come upon & serious examination of matt

generslly decided not hy reasons but by votes, and some-
times treated as unworthy of the consideration of sensible
men, The generation which looked for instruction to Mill
and Spencer, was profoundly interested in the gquestion,
What is the province of the State 7 It did not despair of
finding & formula to which all legitimate efforts and activity
on the part of any Government should conforma. In those
times there was probably, too ready acquiescence in limita-
tions fremed with an eye to conditions by nomesns permeanent
and universal. The narrow views of Humboldt and Herbert
Spencer brought. sbout & reaction and prepared the way
for the acceptance of the neo-Hegelian conception of the
State as taught by Greem or Professor Bosanquet, and the
benets of the present Socialists. Of late the speculative
question has lost all interest far all but o very few. The
‘modern docirine, if acguiescence in & policy of drift can be
so termed, is that the State should do what we find by
experience it can do; only by trisl can’the legitimate
province be ascertained. It is & novelty to find a full and
fair Qisciission of the old question withouit xeference to
effech upon votes or parties. .

To.our suthor the State appearsto be mainlya justice-en-
forcing association, o y organization for protection
agoinst wrongdoing and the settlement of conflicting claims.
“Justice is the end of government * is the motto of the first
chapter. This saying, to be found in the Federalist, and quoted
with approval by Bentham, is 8 semmary of the srgoment of
the wvolume. “Back to Bentham.' is the substance of
the teaching of ono who is astoutsurvivor of the philosophio
Radicals, fairly numerous & quarter of a century ago.
True, he gives to justice & very elastic and comprehensive
mesning ; much of what the Socialist would invite Govern-
maents to pesform for one reason and in virtue of ane theory,
he would put upon them for other reasons. We are using
justice in o loose sense when it includes historical and
scientific research and land surveying by or at the expenso of
the State. But in the main our authoar avows himself
an impenitent individuslist, a Redical of the Benthamite
type, convinced that his ideas have & future, and that they
have never yet gob a fair trial; entirely opposed to the
modern extensions of State activity such as the National
Insurance Bill, There'was no neced for the assumption
of totally new functions by the State.

I am inclined to believe that if the ideas of Bentham, or those of
tho oaxly Victorian Radicals, had been at any time reslly dominant,
the gencral prosperity and t would before this have cut
tho ground from under the feet of our Socjalist friends, and that we
should hove heard very littlo of either Marxian or Fabian collec-
tivismr— R
a dictum which will not recommend itself either to those
who recognizo the shallowness or limitations of Bentham's
political philosophy, or to those who have observed that
discontent appesrs in times of prosperity just-as often as
in times of suffering. It may be quite true that philo-
sophical Radicalism never got a feir trial ; the contrary
statement may be a myth industriously circulated. But
we may well question the constructive merits or capacity
of philosophical Radicalism. Our suthor goes very far
in his waxr sgainst an encroaching State ; ho tekes issue
with the advocates of State education ; he thinks thet
immense expenditure, magnificerit machinery, and much
promise are compatible with poor results, with nothing
conducive to the formation of character or the develop-
ment of intelligence. He has the courage of his opinions,
and from the expenditure, Imperial and local, he would
strike off somo fifty millions as being given to purposes
lying outside the true province of tho State. As to -the
Post, Office, he remarks *‘ our system requires the abolition
of the present State monopoly.” It is right to add, in
explanation of his position, that, while limiting the
provinee in several directions, he would extend it in others,
perticularly in all that relates to the administration of
law and justice. Thus he would abolish Court foes payabls
by suitors ; and he would give compensation to persons
unjustly accused of crimes. Some readers who will go
with him a long way will part company when they find
that he advocates strong death duties and contemplates
& new source of revenue from & scheme of land nationaliza-
tion which he faintly outlines. It is the fault of &
clever book that its mein purpose is imperfectly
carried out. ~The author, who has a full mind and
many living interests, seunters leisurely along, now
turning to the right, now to the left, as his curiosity prompts.
‘We miss a certain grip in the reasoning, & consecutiveness in
the exposition, essential to the best discussion of ‘a difficult
subject. Yet the book, the outcome of long reflection
and much knowledge, is worth & score of productions
which pander to present prejudices and bedeck with fine
names * the growing superstition as to the moral omni-
potence of the State.””

Mr. Murray announces that Miss A. M. Stoddart, who
died last week, had already revised and passed for press
the whole of the proofs of her new book, *The Life of
Paracelsus,” which will be ready early in the season.

Noxt month Messrs. George Allen will publish, under the
title of * Bismarck’s Pen,”’ & translation of the irs
of Dr. Heinrich Abeken, who was behind the scenes
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