
Volumexx (200y), Numberz, pp.1–11

Two-dimensionalpotential �elds for advancedimplicit
modelingoperators

L. Barthe,N.A. Dodgson,M.A. Sabin,B. Wyvill andV. Gaildrat

Universityof Cambridge,Universityof Cambridge,NumericalGeometryltd, Universityof Calgary, Universityof Toulouse

Abstract

Current methodsfor building modelsusing implicit volumetechniquespresentproblemsde�ning accurate and
controllableblendshapesbetweenimplicit primitives.Wepresentnew methodsto extendthefreedomandcontrol-
lability of implicit volumemodeling. Themain idea is to usea free-formcurveto de�ne thepro�le of the blend
region betweenimplicit primitives.
Theuseof a free-formimplicit curve, controlled point-by-pointin theEuclideanuserspace, allows us to group
booleancompositionoperators with sharp transitionsor smoothfree-formtransitions in a single modeling
metaphor. Thisideais generalizedfor thecreation,sculptingandmanipulationof volumeobjects,whileproviding
theuserwith simplicity, controllability andfreedomin implicit modeling.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputationalGeometryandObjectModel-
ing]: Curve,surface,solid,andobjectrepresentations;

1. Intr oduction

Providing interactive,preciseandintuitive controlof shapes
is a fundamentalissuein the developmentof threedimen-
sionalmodelingtechniques.Direct manipulationof meshes,
parametricshaperepresentationsand, more recently, sub-
division surfacesarecommonandusefulsolutionsadopted
by mostcommercialsoftware.Implicit volumemodelsare
rapidly becominga practical alternative to thesemethods
dueto the increasein computingpower andstoragecapac-
ity of modernworkstationscombinedwith the latest de-
velopmentsin graphicshardware. Better hardware along
with improved volumevisualisationalgorithms1� 2 anddata
structures3, allow us to interactively andaccuratelyrender
iso-potentialsurfacesor potentialvariationsin an implicit
volume.

In thispaper, wedenoteasvolumeobjectsor implicit vol-
umesthree-dimensionalobjectswhich arede�ned by a po-
tential �eld f

�

p� thatassociatesa potentialvaluewith each
point p of theEuclideanspace�

3 . Commonlyusedsurface
representationssuchas sub-division surfacetechniquesdo
not provide a true three-dimensionalrepresentationof the
object.A surfacein avolumerepresentationis asetof points
de�nedwith aniso-potentialvalue(animplicit surface).Vol-

umeobjectshave several importantadvantages:insideand
outsidecanbedistinguishedeasily, they allow ef�cient col-
lision tests,high quality triangle meshesof iso-potential
surfaces4, classicalBooleanoperations5, blending6 � 7� 8, and
moreadvancedsweepingby moving solid9, Booleancom-
positionwith soft transitions10� 11 andConstructive Volume
Geometryalgebra12.

Most of thesetechniquesarebasedon theblendingprop-
ertiesof implicit surfaces.Early work usedtheadditionop-
erator between�eld valuesto provide smoothtransitions
(blends)betweenimplicit primitives6 � 13� 14. Thesetransitions
wereapproximatelycontrolledby parametersembeddedin
theimplicit functionthatde�ned thesemethods.Laterwork
exploitedthelocality propertyof theprimitivesasa power-
ful methodtobuild complicatedobjectsfromasmallnumber
of primitivescombinedwith a largerangeof operators11� 15.
Compositionoperatorslike theonesproposedby Hoffmann
etal16 andPasko etal10 demonstratedthatsmoothtransitions
couldbe obtainedusingBooleanoperatorson volumesde-
�ned by the inequality f

�

p��� 0 (seealso 17), and Barthe
et al18 showedthat,in a restrictedapplication,accuratecon-
trol of the transitioncould be obtained.Oneof the big ad-
vantagesover other modelling techniquesis that a variety
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of compositionoperationscanbeeasilyperformedbetween
implicit primitives,thusaccurateandintuitive control over
theseoperationsis acritical stepto providing interactiveand
ef�cient volumemodelingsoftware.

Thegoalof thiswork is to provide methodsthatwill sim-
ply andaccuratelycontrolthetransitionsin compositionop-
eratorsandmoregenerallyincreasethe freedomin thema-
nipulationof volumeobjects.We usethe theoreticalinter-
pretationof compositionoperatorsdescribedby Bartheet
al18. This leadsus from the de�nition of free-formimplicit
curvescontrolledpoint-by-pointandwith regular �eld vari-
ations,to thegeneralizationof Booleancompositionopera-
tors,sculptureandmodelingtoolsin auniqueoperatorbased
on the manipulationof this implicit free-formcurve in the
Euclideanmodelingspace.This greatly increasesthe sim-
plicity, controllability andfreedomin volumemodeling.

The organizationof this paper is as follows: we �rst
presenta summaryof the different modeling techniques
commonly usedto build volume objects.Boundedprimi-
tives(suchas“Soft Objects”14), real-functionsandsampled
potential�eld manipulationsaredescribed.It appearsclear
that,whatever themodelused,improvementsin controlare
desirablewhenvolumeprimitivesarecomposed.

This is followedby thepresentationof free-formimplicit
curvesand,moregenerally, their two-dimensionalpotential
�elds. Since thesepro�les are usedto combineor de�ne
volumes,particularattentionis focusedon thevariationsof
the �eld aroundthe iso-potentialcurve. In this section,we
presentopenandclosedcurves andwe show the progress
we have madein controllingthevariationsof the�elds.

In Section 4 we presentthe application of free-form
curveson volumesde�ned by theinequality f

�

p� � 0. This
category regroupsandgeneralizesmostof thevolumeprim-
itives,asshown by Adzhiev et al17. The possibility of cre-
ating openor closedfree-form curves allows us to merge
theBooleancompositionoperators(with or without smooth
transitions)and operatorsto sculpt or createprimitives in
a single modeling metaphor:the extrusion of an implicit
curve in an “implicit space”.Whatever the operator, the
usersimply actson the two combinedpotential functions
f1 and f2 through the deformationof the implicit curve
G

�

f1 � f2 ��� 0. We brie�y illustrate the interactive manipu-
lation of theimplicit curvesin a two-dimensionalsectionof
the Euclideanmodelingspaceusing the modelingtool in-
troducedby Bartheet al19 andwe discussthe limits of the
intuitivenessandaccuracy of this process.

2. Relatedwork

Two different categories of potential function can be dis-
tinguishedfor modellingvolumeobjects:the �rst form has
functionswhich equalzero outsidea boundary, andthesec-
ondhasfunctionswhich vary over thewholeof space.This
last form is moreexpensive in evaluation.Even thoughour

paperonly dealswith non-boundedprimitives, we brie�y
presentboth representationsto allow the readerto clearly
differentiatethem.

2.1. Boundedprimiti ves

“Metaballs”13 or “Soft Objects”14 areboundedobjectsde-
�ned by a potential function f equallingzero everywhere
outsidetheobject's boundary. Insidethis boundary, thepo-
tentialvariesfrom zero to oneandthevolumeobjectis de-
�ned by thesetof pointsof �

3 for which f
�

p�

�

C (whereC
is a pre-chosenvaluein � 0 � 1 � ). A wide varietyof primitives
areavailable7� 20, andtheblendis automaticallycomputedby
summingthepotentialfunctionsof theprimitives.Many dif-
ferentblendingfunctions21� 22 andblendingmodels23� 24 have
beenproposedto controlthesmoothnessof thetransitionre-
gion,but theoperatorsremainlimited to theblendingandthe
controlof whichprimitivesmustandmustnotblend.Thelo-
cality of thede�nition andthecapacityto beautomatically
blendedallow modelingtechniquesbasedon theseobjects
to beinteractive25� 26.

CSG composition operatorsare already supportedby
boundedprimitives(usingthe Ricci's min� maxoperators5)
butC1 discontinuitiesareintroducedin thepotential�eld of
theresultingobject,alteringthesmoothnessof thetransition
whenit hasto beblended.This is undesirable.

A solutionusingRicci's super-elliptic operator5 to apply
binaryunionandbinary intersectionoperatorswith smooth
transitionsto “Soft Objects”wasusedby Wyvill et al11 (see
Equation1), andextendedto n-aryoperations.

G
�

f1 � f2 ���

�

f1
n 	 f2

n
�

1
n (1)

2.2. Real functions and sampledpotential �elds

R-functions(realfunctions)andsampledpotential�elds can
be groupedinto a secondcategory17 wherepotentialsare
given over all the Euclideanspace�

3 andthe volumeob-
ject is de�ned by theinequality f

�

p� � 0. Theoppositecon-
vention,wherethevolumeis de�ned by f

�

p�

�

0, canalso
beused.Boundedobjects,describedabove, canbeadapted
to R-functionsby consideringonly the distance�eld mi-
nusthe radiusof theprimitive. Otherprimitivescanbeob-
tainedfrom differentsourceswhenthepotential�eld is re-
constructedasa distance�eld 27� 28� 29. Theseobjectsarefun-
damentalfor volumemodeling,asmuchfor the variety of
primitivesasfor the generalizationof volumesto a uni�ed
model.For R-functionoperators,volumeobjectsarede�ned
with theconvention: f

�

p�

�

0. It hasbeenshown by Pasko
et al10 how to apply binary CSG operators(with or with-
out smoothtransitions),spacemappingoperatorsandoth-
ers.Equation2 givestheexampleof theunionoperatorwith
smoothtransitions.

submittedto COMPUTERGRAPHICSForum(11/2002).



Barthe, Dodgson,Sabin,Wyvill andGaildrat / Advancedvolumemodelingoperators 3

Figure1: Representationof thesamepro�le G
�

X � Y ��� 0 in
� 2 on theleft andin �

3 on theright, whenf1 and f2 are two
sphericalpotential�elds. Theresultingiso-potentialsurface
(in yellowontheright) hasbeencutawayto showthedetails
underneath.

G
�

f1 � f2 ���

�

f1
	 f2

	�� f12 	 f22 �

	

a0

1 	�� f1
a1 �

2
	�� f2

a2 �

2

(2)

Parametersa0 � a1 � a2 controltheform of thetransitionsthat
do not have boundaries.Many other operatorshave been
proposedin the literature16� 30� 8. While advancedoperators,
basedon R-functionsanddisplacementfunctionswith local
areaof in�uence,allow theuserto specifythelocationof the
blend31, the level of control on the transitionitself remains
globally equivalent.To correctlyblendprimitives,operator
G must satisfy speci�c propertiesthat are well de�ned8.
A binary operatorG appliedon potentialfunctions f1 and
f2 can be written as a two-dimensionalpotential function
G

�

X � Y � composedwith thecombinedthree-dimensionalpo-
tentialfunctions f1 and f2 (Equation3).

G : �

3 	

�

�

x � y� z�

	 G
�

f1
�

x � y� z�

� f2
�

x � y� z� � (3)

Bartheet al18 introducedthenotion of implicit extrusion
�elds. The function G is consideredasa zero iso-potential
curve G

�

X � Y � � 0 de�ned in a two-dimensional“implicit
space”

� 2. A two-dimensional“implicit space”canbe seen
asacurvilinearspacein whicheachcoordinateis apotential
�eld (seeSection2.3andEquation4).

G :
� 2 	

�

�

X � Y �

	 Z � G
�

X � Y �

or
�

f1 � f2 �

	 f3 � G
�

f1 � f2 �

with fi : �

3 	

� i � 1 
�
 3
�

x � y� z�

	 fi
�

x � y� z� (4)

To clarify notations,pointsof an“implicit space”arede-
notedwith capitallettersandpointsof theEuclideanspace

aredenotedwith small letters.A point P
�

X � 3 � Y � 2� (or
P

�

f1 � 3 � f2 � 2� ) in a space
� 2 is thenrepresentedin the

Euclideanspace�

3 by the intersectionbetweenthe 3 iso-
potentialsurfaceof the �eld de�ned by f1 (which is theset
of pointsp of �

3 for which f1
�

p� � 3) andthe2 iso-potential
surfaceof the�eld de�ned by f2 (which is thesetof points
p of �

3 for which f2
�

p� � 2). This is the intersectionbe-
tweentwo surfaceswhich is generallya curve. A point P
of

� 2 is representedby a curve in �

3 . A curve (or pro�le)
canbe seenasa continuoussuccessionof points.The pro-
�le of

� 2 is thenrepresentedby a continuoussuccessionof
curvesin �

3 (representingeachpoint of thepro�le), which
givesusa surface.Thepro�le G

�

X � Y � � 0 de�ned in
� 2 is

saidto beextrudedin �

3 alongtheintersectionsof f1 and f2
iso-potentialsurfaces(Figure1). Thesurfacede�ned by the
extrusionof pro�le G � 0 is theresultof combining f1 and
f2.

Full detailsaregivenin 18. Theauthorsexplainhow points
andvectorsde�ning thepro�le in

� 2 canbedirectlyselected
by the user in Euclideanspace�

3 , allowing accurateand
intuitive control of the pro�le, and,therefore,of the result-
ing object.The pro�le G � 0 is de�ned in 18 by a function
H : �

	

� suchasY � H
�

X � and G � Y � H
�

X � . This
greatly limits the freedomgiven to the user, andmoreover
removes a part of the intuitive process.It also obligesthe
authorsto proposespeci�c operatorsfor theunion,intersec-
tion anddifferencewith a “functionally-de�ned” transition,
whichis asmoothtransitionde�ned point-by-pointfrom the
Euclideanspace�

3 with asinglevaluedfunctionH : �

	

� .
FunctionsH arede�ned with one-dimensionalcubic poly-
nomialsplines33 to interpolatethecontrolpoints.Equation5
shows theoperatorusedfor theunionoperator.

G
�

f1 � f2 � � min
�

f1 � f2 �
� H
���

f1 � f2
�

� (5)

This union operator(�rst proposedby Dekkers et al32) is
built with amin functionwhichrequirestheC1 continuityto
beexplicitly controlledwheref1 � f2. Ourconclusionis that
this modelrepresentsa very interestingtheoreticalbaseand
moreresearchhasto bedoneon pro�le de�nition to exploit
thepropertiesof pro�le extrusionandpoint-by-pointcontrol
from theEuclideanmodelingspacein a morepowerful and
intuitivevolumemodelingtool.To build acurveG

�

X � Y � � 0
liketheoneshown in Figure1, free-formimplicit curvesare
needed(theverticalX � 0 cannot bede�ned with a single
valuedfunction).This leadsusto thestudyof implicit free-
form pro�les controlledpoint-by-point.

2.3. De�nition of an implicit space

An implicit space
� n is a spacewhereeachcoordinateis

a potential�eld. Its basisis de�ned by a set of n linearly
independentpotential functions fi : �

m 	

� and a point
P

�

X0 �


�


� Xn � 1 � is expressedasP
�

f0 � X0 �


�


� fn � 1 � Xn � 1 � .
In this paperm � 3, henceeachcoordinate fi � Xi (i �

1 
�
 n � 1) of a point P is an iso-surfacein �

3 andtherepre-

submittedto COMPUTERGRAPHICSForum(11/2002).



4 Barthe, Dodgson,Sabin,Wyvill andGaildrat / Advancedvolumemodelingoperators

Figure 2: Exampleof binary compositiontreesto represent
a polygonor anopencurvebya real function.

sentationof thepointP itself is de�ned by their intersection.
More detailsaregivenin 18.

3. Implicit fr ee-form curves

In this sectionwe presentour free-formimplicit curves.We
proposetheuseof homogeneouscontrolparametersto pro-
vide an intuitive solutionto theuserandfor this reasonwe
usefree-formimplicit curvescontrolledpoint-by-pointasa
meansof providing accurateandintuitive operatorson vol-
umes.The compositionof two primitives gives a new ob-
ject which canbeusedasa primitive in a new composition.
Becausethe smoothnessandthe control of the form of the
transitionis highlydependentonthevariationalpropertiesof
theprimitives' �elds, potential�elds usedto combinethem
mustpreserve thesepropertiesasfaithfully aspossible.This
is why particularattentionhasto befocusedon theregular-
ity of the �eld variationsproducedby our two-dimensional
potential�elds G.

3.1. Natural solutions

It appearsnaturalto try to usemethodslike the implicitiza-
tion of parametricfree-formcurves34� 35 or theprojectionof
thezvalueof a surfacede�ned by anequationz � f

�

x � y� to
de�ne the implicit free-formcurve. But thesemethodspro-
videboundedfunctionswhile we needto beableto produce
in�nite opencurveswith thecontrolof their limits. The�rst
solutionprovidescomplicatedequationsanddoesnotensure
regularandhomogeneouspotential�eld variations,andthe
secondrequirestheuserto designtheentiresurfaceto cre-
atethepro�le andits variations,while they shouldbeideally
concentratingontheform of thecurve.For thesereasonswe
usea differentapproach.

3.2. Free-form curvesbuilt with compositionof lines

As shown by Pasko et al36, it is possibleto representpoly-
gonswith straightandcurved edgesby real functions.The
polygonis decomposedin a binary compositiontreewhere
the leavesarelines andthe nodesareunion or intersection
R-functionoperators(seeFigure2). Thismethodalsoavoids
internal and unwantedzeroes. We chooseit as a starting
point to createour pro�les. Indeed,it caneasilybeadapted

Figure 3: In red, on the left, representationof the two-
dimensional�eld iso-potentialcurvesde�ning our C1 con-
tinuousunionoperator �G�

�

X � Y � . On theright, graphof the
CP iso-potentialcurveand importantvaluesfor computing
theequationof thearc of anellipse.

to openpro�les, andbecauselinesarecombined,theextrem-
ities areperfectlycontrolled:they aresimply half lines.To
provide a regular basefor the �eld variations,we uselines
de�ned by the zero iso-potentialof a linear potentialfunc-
tion l

�

X � Y � . The linear potentialfunction l splits the space
into two half spaces:one where l

�

X � Y ��� 0 (inside) and
onewherel

�

X � Y ��� 0 (outside).Functionl hastheoneiso-
potentialline atadistanceof onefrom thezero iso-potential
(the one iso-potentialline is in the outsidehalf spacede-
�ned by l , andtheminusoneiso-potentialline in theinside
half space).Becausecontrolpointsareused,line equations
arede�ned with pairsof points.Evenif R-functionBoolean
compositionoperatorswithout smoothtransition10 already
provide a potential�eld thatis C1 continuouswhenbothar-
gumentsarenot equalto zero (they areboth equalto zero
at the junction betweentwo zero iso-potentiallines), they
have a global impacton the line potential�elds. This is a
fundamentalpropertybecausethevariationof thecombined
primitivesdirectlydependsonthevariationof the�eld of the
compositionoperatorandwewanttoprovidevolumeobjects
with regularandsmoothC1 continuouspotential�elds.

3.3. Compositionwith better �eld variations

To ensuremorefaithful conservationof the �eld variations,
weproposeanew operatorthatmodi�es line potentialsonly
aroundtheir junction.Indeed,theline metricreproducesthe
metricof X andY (asshown in Figure3), i.e. themetricthe
potentialfunctionsf1 and f2 onceusedasacompositionop-
erator. For convenience,we proposethefollowing terminol-
ogy:

�
G�

�

�
G�

�

�
G� representrespectively our C1 continuous

Booleanunion,intersectionanddifferenceoperators.Oper-
ator

�
G�

�

X � Y � (seeFigure3 andEquation6) is de�ned by
the�elds of which it is composedoutsidea region bounded
by two anglesq1 andq2, andby an arcof an ellipseinside
it. If the anglesarecloseto oneanother, the �eld is sharp
at thetransitionlevel andif q1 is closeto zero andq2 close
to p � 2, the �eld is highly smoothed.We suggesttheuseof
q1 � p � 8 andq2 � 3p � 8, which givesa goodaveragebe-
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Figure 4: From left to right, graphsof our operators
�
G� ,

�
G� and

�
G� in the space

� 2.
�

Gop
�

0 in the blue area,and
�

Gop � 0 in thewhiteone.

tweena smooth�eld andtheconservation of X andY met-
rics.

q1
�

� 0 � p � 4 �

� q2
�

� p � 4 � p � 2 �

At a point P
�

X � Y � : q � angle
�

� OX �

�

� OP� � . We distinguish
four distinctareas:

P � A1 if q �

� q2 � p � q1 �

P � A2 if q �

� q2 � q1
	 p �

P � A3 if q �

� q1 � q2 �

P � A4 if q �

� q1
	 p � q2

	 p �

�G�

�

X � Y ���

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��

0 if X � Y � 0
Y if P � A1
X if P � A2
C whereC is thesolutionof:

�

C � cot
�

q1 �

� X
�

2
�

C � cot
�

q1 �

� C
�

2
	

�

C � tan
�

q2 �

� Y
�

2
�

C � tan
�

q2 �

� C
�

2 � 1

if P � A3
C whereC is thesolutionof:

�

X � C � cot
�

q2 �	�

2
�

C � C � cot
�

q2 �
�

2
	

�

Y � C � tan
�

q1 �
�

2
�

C � C � tan
�

q1 �
�

2 � 1

if P � A4
(6)

Equation6 appears,at �rst glance,to bedif�cult to solve,
but it canbegreatlyoptimized,andmostof thetermscanbe
pre-computed.Theclosedform solutionfor theevaluationof
C isgivenin AppendixB. Operators

�
G� and

�
G� arebuilt fol-

lowing thesameconstructionandthesamekind of equations
are produced(their equationsare given in Appendix A).
Theseoperatorsare real-valuedbinary CSG (Constructive
Solid Geometry)operators,and their algebraicproperties
have beenpresentedby Pasko et al10. However, we note
thatthey arenotsymmetric(

�

Gop
�

X � Y ��� �

�

Gop
�

Y � X � ) if q2 ��

p
2 � q1. With theseoperators,or with R-functions,free-form
pro�les, G, canbecreated.They arenot smoothcurves,but
a successionof line segments,beginning and endingwith
a half line if they are open.To obtain smoothcurves, we
usethe Booleanoperatorsproposedin 18. Theseoperators
provide a point-by-pointcontrolof a “functionally-de�ned”
transitionand,becausethey are derived from functionsof
�

	

� , they provide regular and smooth�eld variations.
The �rst point, the middle point and the last point of the
transitionarethenaccuratelycontrolled,which allows usto

Figure 5: Open and closed implicit free-form two-
dimensionalpotential �elds G, shownin �

2 , built with dif-
ferentoperators: (a) Ricci's min andmaxoperators, (b) R-
functions,(c)

�
G� and

�
G� , and (d) Barthe et al operators

with smoothtransitions.Thewhite contours correspondto
G � 0 and the blue onesto G � 0. Thecontrol pointsand
thecorrespondinglinesare drawnin yellow.
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min max R-functions �G Bartheet al

open 106 148 457 135

closed 178 254 802 227

Table 1: Timein millisecondsto computepotentialfunction
valuesfor thepicturesshownin Figure5. Picturesizeis5122

pixels,which correspondsto 262144evaluations.Theopen
curvesare built with six line segmentsandtheclosedcurves
are built with tensegments.

replacethesharptransitionby asimplesmoothtransitionau-
tomaticallyjoining the middle of eachsegment.An excep-
tion is madefor opencurveswherethebeginninghalf-lineis
composedfrom the�rst controlpointandthelastoneiscom-
posedto thelastpoint.Themiddlepoint is usedto selectthe
smoothnessof thetransitionif necessary, but werecommend
�xing it at a constantvalueto generatea smoothtransition
automaticallyand avoid the manipulationof an additional
parameter.

3.4. Resultsand discussion

Figure4 illustratesoperators
�

G� ,
�

G� and
�

G� individually
andFigure5 showsthedifferenceof �eld variationsobtained
usingdifferentcompositionoperatorsin bothanopenanda
closedpro�le G. Ricci's min andmaxBooleancomposition
operators5 leave the metric of the combinedprimitivesun-
changed(Figure5(a)). This is why the potential�eld com-
putedwith the evaluationof the compositiontreede�ning
the pro�le G with theseoperatorsgives a valid reference
to evaluatethe variationsof the metric oncethe operators
appliedto computethe pro�le. Figure5(b) shows how po-
tential �elds obtainedusingPasko's R-functionoperators10

aredegradedin someareas(bottomleft cornerfor theopen
pro�le �gure andbottomfor the closedpro�le �gure). As
we see,our operators

�
G� and

�
G� consequentlyincreasethe

�delity of the �eld variation for “segment pro�les” (Fig-
ure 5(c)), andBartheet al operatorsallow us to producea
smoothfree-formimplicit curve with regular andquite ho-
mogeneousvariationsin its potential�eld (Figure5(d)). For
thesereasons,our pro�les satisfytheessentialpropertiesto
de�ne combinationoperatorson volumeobjectsin ef�cient
andcontrollablemodelingtools.Computingtimesaregiven
in Table 1 to comparethe cost of the different operators
usedto createfree-formpro�les. Wecannotethattheuseof
our new operators�G will increasetheevaluationtime of the
curve by anaveragefactor � 3 
 1, while our smoothcurves
requirelesscomputationsthanthesharponesproducedwith
theR-functioncompositionoperators.

Figure 6: Figures(a) to (d) showdifferentpro�les extruded
in an implicit �eld

� 2 de�nedby a cylindrical potential�eld
(for theabscissaX � f1, in thecentral column)anda plane
�eld (for the ordinateY � f2, in the left column).Pro�les
are shownin the top left corner. They are extrudedaround
thecylinder, following thehorizontaldirectiongivenby the
plane. The�nal objectproducedby theextrusionof thepro-
�le is shownin theright column.In Figures(e) and(f), the
pro�le is theoneusedin Figure(d). Figure(e) illustratesthe
modi�cation in the extrusionwhenthe cylinder is replaced
by a closedparallelepipedobject,andFigure (f) illustrates
the modi�cation obtainedwhenthe plane is replacedby a
screw-like object.The result in (f) is that the pro�le is ex-
trudedaroundtheparallelepiped,following theiso-surfaces
of thescrew.
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4. Extrusion of fr ee-form curves

In this sectionwe show how our free-formpro�les G allow
usto exploit theinterpretationof “implicit space”to greatly
increasefreedom,accuracy andintuitivemodelingin thema-
nipulationof volumes.In fact,ourmethodallowsusto com-
bine composition,sculptingandmodelingtools in a single
operator.

4.1. Extrusion properties

Following Barthe et al18, a two-dimensional function
G

�

X � Y � canbe de�ned in an “implicit space”
� 2 to gener-

atea volumeobject.The“implicit space”is de�ned by two
potentialfunctionsof �

3 	

� , f1 and f2. As shown in Fig-
ure 1 and explainedin Section2, the pro�le is said to be
extrudedalong the intersectionsof f1 and f2 iso-potential
surfaces.In effect,thechoiceof potentialfunctionsf1 andf2
de�ne the trajectoriesof extrusionwhile thepro�le de�nes
the free-fromimplicit curve which is going to be extruded
alongthesetrajectories(Figure6).

The propertiesthat a pro�le G must respectin order
to provide the union Boolean compositionoperatorwith
smoothtransitionsarewell known8, and“extrusion”proper-
tiesof thepro�le arediscussedin 18. Brie�y , whenthepro�le
follows theX axis(whichcorrespondsto theline Y � 0), its
representationin �

3 followsthezero iso-potentialsurfaceof
the�eld de�ned by f2 andwhenit follows theY axis(which
correspondsto the line X � 0), its representationin �

3 fol-
lows thezero iso-potentialsurfaceof the�eld de�ned by f1
(seeFigure1). Thesepropertiesallow usto integratethezero
iso-potentialsurfacesof primitivesde�nedby f1 and f2, and
to realizethe Booleancompositionoperatorswith smooth
transitions.Furthermore,asshown in Figure7, in addition
to the classicalsmoothtransitions,the pro�le can be used
to sculpttheprimitivesandto combinethemwith free-form
transitions.

4.2. Exampleof modeling interface

The link betweenthe pro�le andthe shapeof the resulting
objectbecomeslessintuitivewhenpro�les arecomplicated.
However, pro�le controlpointscanbedirectlyselectedfrom
the Euclideanspace�

3 . Our volume objectsare built and
visualizedusing the modelingmethodproposedin 19. We
brie�y summarizethisapproachto illustratethecontrollabil-
ity of ouroperators.Volumesarestoredin aregulargrid and
visualizedwith a ray-castingrenderingusinga triquadratic
reconstruction38. A planesectionof the potentialvaluesis
extractedfrom thegrid andvisualizedasa picturein a new
window (Figure8 (a) and(b)). In this window, theusercan
interactively selectthepro�le without theabstractionof the
form of theiso-potentialsurfacesof potential�elds f1 andf2
(Figure8(c) and(d)).Thisshowsthatbeingabletoselectthe
controlpoints,andthusthepro�le directly in theEuclidean
space�

3 , restorestheaccuracy lost by thede�nition of the

time 2D section time 2D section

263 1025

326 1448

1057 5238

369 notused

322 1363

Table 2: Timein millisecondsto computepotentialfunction
valuesfor a 1283 grid (2097152evaluations).In the�r stcol-
umn:(1st row) theRicci's min maxoperators, (2nd row) the
sharpR-functionsoperators, (3rd row)our operators �G, (4th

row) the blendingR-functionsoperators and (5th row) our
free-formcurveoperator. Timeandpotential�eld variations
(in a two-dimensionalplanesection)are shown: On theleft
for theclassicalsharp/blendingoperators andon theright,
for a free-formoperator createdwith sevensegments.
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Figure 7: Different free-formpro�le extrusionsin a “im-
plicit space” de�ned by two orthogonal cylinders. The top
row showsclassicalunion, intersectionand the two differ-
enceoperators with smoothtransitions.The following row
illustratesmore advancedpossibilitiesoffered by our free-
form pro�le extrusion. In the pro�le pictures, the red line
representsX � 0 andthegreenline Y � 0.

Figure8: (a) Threedimensionalvisualisationof volumeob-
jectsandselectionof theplanesectionin transparent blue.
(b) Visualisationof the planesection.Functions f1 and f2
arerespectively:a verticalcylinderandanhorizontalplane.
Colors are usedto easily identify different regions: red if
f1 � 0 and f2

�

0, greenif f1
�

0 and f2 � 0, purple if
f1 � 0 and f2 � 0, bright gray if f1 � 0 and f2 � 0. (c) The
sectionof the resultingobject is visualizedin blue with a
transparencyeffect.We showan exampleof an openpro�le
andits result.(d) Anotherexamplewith a closedpro�le and
its result.

pro�le in an “implicit space”.Moreover, to exactly follow
thezero iso-potentialsurfaceof potentialfunction f1 or f2,
theabscissaor theordinateof apro�le controlpointscanbe
explicitly �x ed to zero. This is importantwhenpro�les are
usedto combineprimitives.

4.3. Resultsand discussion

With our approach,a wide varietyof shapesandtransitions
can be produced,including all the onesthat Bartheet al's
models18 could generate(becausefree-formpro�les gener-
alize “functionally de�ned” ones).Furthermore,insteadof
disparatenotionsof compositionoperators,sculptureoper-

ator or primitive creationtool, we presenta uni�ed mod-
eling metaphorwhich is simply: choosethe adequatepo-
tential functions f1 and f2 andcreatethe pro�le G to gen-
eratethe new object.Oncethis processis well understood,
our methodis intuitive, andit providesa lot of freedomfor
theuserto build different“implicit spaces”andextrudepro-
�les in them(Figure9). In addition,pro�les canbedirectly
de�ned andmanipulatedfrom theusermodelingspace�

3 .
This makesour modelrelevant for interactive volumemod-
eling. The limitations areessentiallythe complexity of the
shapeandthe irregularity of the variationsin the potential
�elds function f1 and f2. Table2 illustratesthe simpleex-
ampleof the compositionof two spheres,the differences
of computingtime and the variationsin the object poten-
tial �eld. Timescorrespondto thecomputationof thecom-
positionoperatoritself. In our application(brie�y presented
in the previous section),grids areusedto storethe poten-
tial �elds aftereachoperation.The given timescorrespond
to thecomputationof a new 1283 voxelsgrid from thetwo
grids representingthe composedobjects.Fastvolumeren-
deringmethodsbasedon ray-castingor hardwarerendering
can then perform the visualisationin about1 second,and
a basicmarching-cubealgorithmwill extract the polygons
from thegrid in 5–10seconds,dependingontheobjectcom-
plexity (timingstakenonan866MHz AMD Athlon proces-
sor).If theobjecthastobevisualizedfrom itsequation,these
timesillustratethe increasingof the computationcomplex-
ity. Theobjectsshown in Figure9 havebeenbuilt with afew
primitives,and the averagetime to designone of them is
aboutanhouranda half. Note that the twistedcorkscrew's
handleis generatedby a pro�le sweptandtwistedalonga
line segment.

5. Conclusionand futur ework

Accurateand intuitive manipulationof implicit objectsis
thenext requiredstepto provide ef�cient implicit modeling
software.In this paperwe have presentedsomesolutionsto
theserequirementswhenimplicit primitivesarecomposed.
Recentwork introducedthenotionof “implicit spaces”asa
theoreticalbaseto accuratelycontrolthetransitions18 andwe
have shown how this leadsus to thestudyof free-formim-
plicit curvescontrolledpoint-by-point.Pro�les requirereg-
ular variationsof their two-dimensionalpotential�eld and
thecontrolof their extremities.Theadaptationof a method
proposedby Pasko et al36 hasallowed us to provide open
andclosedpro�les, de�ning line segmentsor smoothcurves,
with suf�cient properties.

To manipulateimplicit volumesde�ned by the inequal-
ity f

�

p��� 0, we have groupedin a single modelingtool:
creation,sculptureandBooleancompositionoperatorswith
sharpor smoothfree-formtransitions.We have shown how
accuracy isensuredandexplainedhow to understandanduse
our modelingmetaphorin anef�cient way. The techniques
describedin this papergeneralizethe modelsgiven in 18

submittedto COMPUTERGRAPHICSForum(11/2002).



Barthe, Dodgson,Sabin,Wyvill andGaildrat / Advancedvolumemodelingoperators 9

Figure 9: Examplesof volumeobjectsillustrating composi-
tion, sculptingandprimitive creationusingoperators based
on two-dimensionalfree-formpotential�elds.

andprovide controllabilityandfreedomof expressionto the
userand greatly extend the possibilitiesoffered by opera-
torsonvolumetricobjects.Thepoint-by-pointcontrolcurve
provides the possibility of interactively designingblended
shapes,however more work needsto be doneon volume
datastructuremanipulationand modelinginterfacedesign
to addinteractivity to themodelingprocess.Adaptive struc-
tureslikeADF3 andinteractiveraycastingalgorithmfor iso-
surfacevisualisation1 can be usedto, respectively, storea
sampledpotential�eld andaccuratelyrenderthesurface.A
sampled�eld structurestoresthepotentialvaluesaftereach
operation,removing theexpensive evaluationof anincreas-
ingly complicatedpotential �eld function. This technique
allows us to accuratelyrenderthe modeledobject directly
without the useof an additionaldatastructure,suchas a
polygon mesh.Thesereasonsprovide a good justi�cation
for theinvestigationof thecombinationof thesetechniques,
to provide interactive implicit modelingsolutions.

Becausesampledthree-dimensionalpotential functions
arelargedatastructures,thedevelopmentof multiresolution
techniquesto storeandreconstructpotential�elds represents
anotherimportantstep.

Free-formpro�les can also be used in implicit sweep
objects20� 37. Indeed,only pro�les de�ned by singlevalued
functionsof �

	

� are usedin implicit modeling,while

thereis no apparentreasonto limit the userby the form of
thepro�le they wantto sweep.Our pro�les shouldallow us
to createsweptobjectsde�ned by an inequality f

�

p� � 0.
Sincethey have regular andhomogeneous�eld variations,
sweepobjectscanbecorrectlycombinedwith otherimplicit
objects.
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Appendix A: Operators
�
G� and

�
G�

� Operator
�

G� :

q1
�

� 0 � p � 4 �

� q2
�

� p � 4 � p � 2 � 


At a point P
�

X � Y � : q � angle
�

� OX �

�

� OP� �

Wedistinguishfour distinctareas:

P � A1 if q �

� q2 � p � q1 �

P � A2 if q �

� q2 � q1
	 p �

P � A3 if q �

� q1 � q2 �

P � A4 if q �

� q1
	 p � q2

	 p �

�

G�

�

X � Y ���

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��

0 if X � Y � 0
X if P � A1
Y if P � A2
C whereC is thesolutionof:

�

X � C � cot
�

q2 �	�

2
�

C � C � cot
�

q2 �	�

2
	

�

Y � C � tan
�

q1 �	�

2
�

C � C � tan
�

q1 �	�

2 � 1

if P � A3
C whereC is thesolutionof:

�

C � cot
�

q1 �

� X
�

2
�

C � cot
�

q1 �

� C
�

2
	

�

C � tan
�

q2 �

� Y
�

2
�

C � tan
�

q2 �

� C
�

2 � 1

if P � A4

(7)

� Operator
�

G� :

Operator
�
G� is directly obtainedfrom operator

�
G� using

thefollowing expression:

�
G�

�

X � Y ���
�
G�

�

X �

� Y � (8)

Appendix B: Closedform solution for the evaluation of
CP in our new compositionoperators

� Solutionfor theequation:
�

C 
 cot
�

q1 � � X �

2

�

C 
 cot
�

q1 � � C �

2
	

�

C 
 tan
�

q2 � � Y �

2

�

C 
 tan
�

q2 � � C �

2 � 1 (9)

C is thegreatersolutionof thefollowing equation:

a 
 C2 	 b
 C 	 c � 0 (10)

with

a �

�

tan
�

q2 � � 1�

2

tan2 �

q1 �

	 tan2 �

q2 � 


�

1
tan

�

q1 �

� 1�

2

�

�

1
tan

�

q1 �

� 1�

2




�

tan
�

q2 � � 1�

2

b � � 2 


�

X 


�

tan
�

q2 � � 1�

2

tan
�

q1 �

	 Y
 tan
�

q2 � 


�

1
tan

�

q1 �

� 1�

2 �

c � X2



�

tan
�

q2 � � 1�

2 	 Y2



�

1
tan

�

q1 �

� 1�

2

(11)

� Solutionfor theequation:
�

X � C 
 cot
�

q2 � �

2

�

C � C 
 cot
�

q2 � �

2
	

�

Y � C 
 tan
�

q1 � �

2

�

C � C 
 tan
�

q1 � �

2 � 1 (12)

C is thelower solutionof thefollowing equation:

a 
 C2 	 b
 C 	 c � 0 (13)

with

a �

�

tan
�

q1 � � 1�

2

tan2 �

q2 �

	 tan2 �

q1 � 


�

1
tan

�

q2 �

� 1�

2

�

�

1
tan

�

q2 �

� 1�

2




�

tan
�

q1 � � 1�

2

b � � 2 


�

X 


�

tan
�

q1 � � 1�

2

tan
�

q2 �

	 Y 
 tan
�

q1 � 


�

1
tan

�

q2 �

� 1�

2 �

c � X2



�

tan
�

q1 � � 1�

2 	 Y2



�

1
tan

�

q2 �

� 1�

2

(14)

� All the termsin q1 andq2 canbeprecomputed(onceq1
andq2 areselected),which greatlydecreasesthe costof
the evaluationof C. For instance,a can be totally pre-
computed.
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