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Universal Algebra

» Signatures
wrO:1, wrl:1, rd:2

> Free algebras

wr0
w‘rl wrl
ca -
W,
» Equational theories
er(wrl(Z)) = wrl(z) , wrl(er(z)) = wr0(z)

wr0(rd(z0,21)) = wr0(zo) , wrl(rd(zo,21)) = wrl(z)



Notions of Computation

» Free-algebra monads

(algebras)

IS

(sets)

T

» Computational metalanguage
I '70 t:T I FC t:T

o wrO(t): T IMNEewrle(t):T

rl_ctO:T rl_ct]T
Mo rde(to, t1) : T




» Denotational semantics

[ThHct:tl:[T] — T[]

t] [wr0]

o [wr0:(t)] =[] T[] T[]
o [wrle(t)]= (1] o Te] -2 ey
(Tto1[t1 1)

o [rd:(to,t)]= [T] Tlel x Tht] 224 Tl




» Equational theory
o let x = wrOy(s) in t[x] = wrO(let x = s in t[x])
e let x =wrly(s)intx] = wrlT( let x =sin t[x])

e let x =rds(sg,s7) in t[x]

= rd.(let x =sp in t[x] , let x = s7 in t[x])



» Equational theory

o let x = wr0y(s) in t[x] = wrO(let x = s in t[x])

e let x =wrly(s)intx] = wrlT(let x =sin t[x])

e let x =rds(sg,s7) in t[x]

= rd.(let x =sp in t[x] , let x = s7 in t[x])
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Second-Order Algebraic Theories

» Binding signatures

app: (0,0), abs: (1)

> Free algebras
t o= x| Mlty,...,ta] ~ substitution structure
| app(ty, t2) | abs(x.t')



» Second-order equational theories
(B) app(abs(x.M[x]), N[])

M) abs(x.app(F[], x))



» Second-order equational theories
(B) app(abs(x.M[x]), N[]) = M[N[]]

(m)  abs(x.app(Fl],x)) = FI]

> Free-algebra monads

(second-order algebras)

RS

(context-indexed sets)

N



» Context-indexed sets

Xgt
— % . Xy
Set X - Xm : XnQ Xouid
F {X1)---)Xf}?{xh---»Xm}T){Xh"')xn}
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Set”

» Context-indexed sets

Xt
X/—X\>
f 9
Set X, Xm X g
F {X1)---)Xf}?{xh---»Xm}T){Xh"')xn}
- T
9 id
* Examples
S S——S—r ... S

\ ) ——{x1} X1,y xn}



» Renaming-invariant functions

Yg

Y Yy ——mmmmYa

Ik
Xg

X Xmp ————Xp

{x1,...,xm}—g>{x1,...,xn}



» Renaming-invariant functions
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Substitution Algebras

» Free substitution-algebra monad
(substitution algebras)
N

7
(abstract clones) T l (Lawvere theories)
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Substitution Algebras

» Free substitution-algebra monad
(substitution algebras)
7 Q
(abstract clones) T l (Lawvere theories)
4|

S

% Definition
A substitution algebra is a structure

VLA AV A in Set
subject to four axioms: substitution, weakening, extensionality,
and associativity.




Computational Interpretation
of

Substitution Algebras




Computational Interpretation

» Computational metalanguage

N-ye:V Na:Vikgt:t Thou:t

['Fo varc(e) : T I'Fesub(a.t,u): T



Computational Interpretation

» Computational metalanguage

N-ye:V Na:Vikgt:t Thou:t
['Fo varc(e) : T I'Fesub(a.t,u): T

» Denotational semantics

computations values

KIS)~ T Set]FQ .



» Equational theory (1)
o letx= sub( a.Mld], N[]) in P[x]
= sub(a.let x =M[a] in P[x] , let x = N[] in P[x] )
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» Equational theory (1)
o letx= sub( a.Mld], N[]) in P[x]
= sub(a.let x =M[a] in P[x] , let x = N[] in P[x] )

e Weakening axiom
sub(a.M[], N[]) = Mm[]

e Substitution axiom
sub( a.var(a), N[]) = N[]
e Abort law

(let x = var(a) in P[x]) = var(a)

» Operational intuition

In sub(a.t[a],u) the jump point a is declared and the computa-
tion proceeds as in t[a] leading to a value if this produces one,
or aborting and restarting with the computation of u if var(a)
is invoked.




» Equational theory (Il)
e Extensionality axiom
Sub( a.Mla], var(b)) = M[b]
e Associativity axiom
sub( a. sub(b. Lla,b], M[a] ) , N[] )
= sub(b.sub( a.Lla,b], N[]), sub( a.M[a], N[]) )



* Substitution, Jumps, and Algebraic Effects

e Computational interpretation of substitution algebras as a
code-jumping mechanism.

e Adequate denotational semantics, equational theory, and
abstract machine.

e Representation of first-order virtual effects.

o Extension incorporating effect handlers.



CPS Interpretation
of
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Algebraic CPS Semantics

* Theorem
In the context of strong monads,

T-algebra structures on objects A

monad morphisms T — Ka

for K5 the double-dualization or continuation monad relative to
A.



Algebraic CPS Semantics

Theorem
In the context of strong monads,

T-algebra structures on objects A

monad morphisms T — Ka

for K5 the double-dualization or continuation monad relative to
A.

Algebraic CPS semantics:

V is the initial substituion algebra

monad morphism S — Ky



CPS Interpretation

vary | Aa:V.Ak: VX .a

suby —= A(M: (KyX)¥,N: KyX).Ak: VX.M (Nk) k

S Ky

21



CPS Interpretations

vary | Aa:V.Ak: VX a

suby —> A(M : (KyX)V, N : KyX). Ak : VX.M (N k) k

S Ky

~
~
~
~
~

A
Control Calculus

21



CPS Interpretation in ML

signature SubstitutionAlgebra

= sig

end

type V

val var :
val sub :

V ->’a
(V->7’a) *x ’a > ’a

22



CPS Interpretation in ML

signature SubstitutionAlgebra
= sig

type V

val var : V -> ’a

val sub : (V ->’a ) * ’a -> ’a
end

structure sa :> SubstitutionAlgebra
= struct
type R
type V = unit -> R
fun var( a ) = throw (a()) O
fun sub( M , N )

unit cont

= callcc( fn k => M( fn() => throw k N ) )

end

22



signature SubstitutionAlgebra
= sig

type v

val var : \ -> ’a

val sub : ( V->’a) % ’a -> ’a
end

structure psa :> SubstitutionAlgebra
= struct

type R = unit cont

type V = -> R

fun var( a ) = throw (a p) O

fun sub( M , N )

= callcc( fn k => M( fn p => throw k (N
end

) )

23



Inception Algebras
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Inception Algebras

* Definition
An (L, P)-inception algebra is a structure

recall incept

LxP A AL x AP
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Inception Algebras

* Definition
An (L, P)-inception algebra is a structure

recall incept

LxP A AL x AP

subject to:
e Substitution axiom
inc( (. rec(t, P[]), x. L[x]) = L[P[]]
o Extensionality axiom
inc( P, x. rec(k,x)) = P[K]
e Weakening axiom
inc(¢.M[], x.L[x]) = M[]
e Associativity axiom
inc( (. inc(k.P[¢, k], x.K[¢,x] ), y.Ly])
= inc(k. inc( €. P[4, K], y. LIyl ), x.inc( L. K[¢,x], y. L[y] ))

25



* Examples

e Substitution algebras = (V, 1)-inception algebras



* Examples

e Substitution algebras = (V, 1)-inception algebras

« More generally, for a set D, (V, D)-inception algebras model
a code-jumping with data-passing mechanism:

N-ye:V -y d:D
I'tcrece(e,d): T

Ne: Vit x:DFcu:t
Meine (G t,x.u) T




Inception

> L=—P

Negation
Elimination

Algebras in Logic

Excluded
Middle

NB Logical inceptions are not local ML exceptions.

27



> Algebraic CPS semantics
e (RP, P)-inception algebra structure on R:

{rec — ?\<€:Rp,p:P>.€p

inc — AM:RRI N:RP).MN



> Algebraic CPS semantics
e (RP, P)-inception algebra structure on R:

{rec — ?\<€:Rp,p:P>.€p

inc — AM:RRI N:RP).MN

e Induced (RP, P)-inception algebra structure on KyX:
recx +— )\<€ :RPp: P>.?\k :RX.¢p

incx — MM (KrX)RD) N (KgX)P). Ak : RX.
M (Ap:P.Npk)k



» Programming idiom

signature LogicalIlnceptionAlgebra

= sig
type ’p linc
val rec : ’p linc * ’p -> ’a
val inc : ( ’p linc -> ’a ) * ( ’p -> ’a )

end

-> Ja

29



» Programming idiom

signature LogicalIlnceptionAlgebra

= sig
type ’p linc
val rec : ’p linc * ’p -> ’a
val inc : ( ’p linc -> ’a ) * ( ’p -> ’a ) -> ’a
end

» NB inc generalises and introduces a level of abstraction over

callcc:
callcc(f) = inc(f,id)

inc(f,h) = callcc(fo<ﬁ}ﬂ

29



» Programming idiom

signature LogicalIlnceptionAlgebra

= sig
type ’p linc
val rec : ’p linc * ’p -> ’a
val inc : ( ’p linc -> ’a ) * ( ’p -> ’a ) -> ’a
end

» Applications

Classical logic

Encoding of local and global exception mechanisms
Safe exception handling in program modules
Coroutines



Algebraically,

CPS = NE+ EM

30



Untyped Inception Algebras

> (V,V")-inception algebras

VxVn—Te A e AV AV"

31



Untyped Inception Algebras

> (V,V")-inception algebras

VxVn—Te A e AV AV"

model the untyped CPS calculus

» Conversion table:

rec((,X) €(x)

inc( (. P[], X.L[X]) PO { ¢(X) = LK }

31



Sorted Inception Algebras

» Sorted sets
|—]:S — S*

» Structures

Vo X [T; Viel, AVe x AlLViei,

\ / in SetF[S]

A
subject to the inception algebra axioms.

* Example
For a set of sorts S, the sorted set
Ts — Ts*, where Tg = uX. S + X*

yields the typed CPS calculus, and hence sorted
®—-categories



Back to Control Effects

33



Some Developments

» Untyped inception algebras
e Recursion.

o Algebraic interpretation of the lambda calculus in the
untyped CPS calculus.

» Right Lambda Algebras

e Computational interpretation as a mechanism for stack
manipulation of code pointers.

e Stack abstract machine for the untyped CPS calculus, and
hence also for the lambda calculus.

> Left Lambda Algebras

e Computational interpretation as a synchronous coroutine
mechanism.

e Producer-Consumer programming pattern.



Final Remarks
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Final Remarks

» Conclusions

e The first algebraic axiomatisation of a variety of control
effects.

e Foundational analysis of the principles of programming
with algebraic effects.

e Inception algebras

» Directions

Semantic models
Classical/intermediate logics
Algebraic theories
Programming



Appendix
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Substitution Algebra Axioms
> Substitution

sub(a.var(a), M[]) = M[]

1xA

Us
var xid

AV XA%bA

> Extensionality
sub(a.Mla], var(b)) = M[b]

AV x V.

i(lxvarl \

A\v XA%}J'A

38



» Weakening
sub(a.M[], N[]) = M[]

Al x A = A XA
/\’xml al
A\' x A sub A

> Associativity
sub( a. sub(b. Lla, b], M[a] ) , N[] )

AV x A)V x A ——= (AV x A)V x (AV x A)

sub" Xi(lJ/

sub" xsub

sub(b.sub( a.L[a,bl, N[]), sub( a.M[a], N[]) )

AV x A

isub

A

AV x A
sub

39



Contraction Laws

> sub(a.M[a,b], var(b)) = M[b,b]

> sub( a.sub(b.M[a,b], N[]), N[]) = sub(c.M[c,c], N[])

> sub(c.let x = M[c] in N[x,c] , L[])
= sub(a.let x = M[a] in sub(b.N[x,b],L[]) , L[])

40



Inception Algebra Axioms
» Substitution
inc(ﬂ.rec(f,P[]),x.L[x]) = L[P]

P x AP

| >\

AL x AP — = A
> Extensionality

inc(f. Ple], x.rec(k,x)) = P[K]

ALJ l\

AL x AP — > A

41



» Weakening

inc(f.M[],x.L[x]) = M[]
A x AP
AL x AP\HA

» Associativity

inc( €. inc(k.P[, k], x.K[¢,x] ), y.L[y])
= inc(k. inc( (. P, k], y.L[y]), x.inc( {. K[, x], y. Ly] ))

(AL x APz AP2 5 (AT2 x AP2)D (A2 x AP2)P S AT AP

|

ALz x AP2 A

42



Inceptions Are Not Local Exceptions

> NB
sub(epletﬂzzsub(egretez,rete1)hlvarﬂ,<>) =

however

let exception el
in ( let val 1
= let exception e2
in e2
handle e2 => el end
in
raise 1
end )
handle el => () end

outputs uncaught exception e2.

9y

43



Logical Inception Algebra Structure

signature LogicalIlnceptionAlgebra

= sig
type ’p linc
val rec : ’p linc * ’p -> ’a

val inc : ( ’p linc -> ’a ) * ( ’p -> ’a ) -> ’a
end

structure lia :> LogicallnceptionAlgebra
= struct
type R = unit cont
type ’p linc = ’p -> R
fun rec( a , p ) = throw (a p) O
fun inc( M , N )
= callcc( fn k => M( fn p => throw k¥ (N p) ) )
end

44



De Morgan

val DeMorgan : ( ’a * ’b ) linc -> (’a linc,’b linc) sum
=fn c =>
inc( fn a => left a ,
fn x => inc( fn b => right b ,
fny => recC c , (x,y) ) ) )

45



Nullary/Unary Untyped Inception Algebras

» Self recall

inc(ﬂ.rec(ﬂ,f) , X. M[x]) = inc(f. ML, x. M[X])

46



Nullary/Unary Untyped Inception Algebras

» Self recall

inc(f.rec(@,f) , X. M[x]) = inc(f. ML, x. M[x])

» Recursion

For
Y; = inc({.rec(l, ), L.sub( a.tla], rec((,?)))

we have

Y; = sub(a.tld], Y;)

46



Unary/Binary Untyped Inception Algebras
CPS lambda structure
The initial unary/binary untyped inception algebra

KV x KV KV x KV?

N

VxV K V x V2

provides a CPS lambda structure
(k)
abs
V var KV app KV « KV

thereby inducing an homomorphic CPS interpretation
A — KV

of lambda terms.



» CPS interpretation
o var: x[e] — rec(e, (x))

e abs : Mlxlle] — inc( f.rec(e, (f)) ,
(a,e).Mlalle] )

e app : Mle],N[e] — inc( m.M[m] ,
(f).inc( n.N[n] ,

(a).rec(f, (a,e)) ) )

48



Right Lambda Algebras

A XV

- /

(B+) rapp(abs(x.M[x]), a) = M[a]

49



Right Lambda Algebras

AxXV
rA\ /

push a

(Br) rapp( abs(x.M[x]), a) = M[a]
sum\,m-:)n pop in x

» Computational interpretation:

A mechanism for stack manipulation of code pointers.

» Application:

Stack abstract machine for CPS calculus.

49



» Stack CPS structure

° Vxvt — A

a,{(ar,...,an) + push(---push(var(a),a;) -, an)
. AV xAVY — A
Mlal,N[aj,...,an] — sub( a.Mla] ,

pop(aj.---pop(an.Nlaj,...,anl)))

50



» Parameterised fixpoint
e For
T[f, x] = in(yield(x, thunk(z. push(z, push(f, var f)))))
and
In[x] = sub( f.T[f,x], pop(f.pop(x.t[f,x])))
we have
In[x] = in(yield(x,thunk(z.In[z])))

51



Left Lambda Algebras

V x A

e /

(B1) sub(ﬂ.lapp(ﬂ,N[]),abs(k.M[k])) = sub(k.M[k], N[])

AV x A

52



Left Lambda Algebras
VxA

e /

AV x A

(B1)  sub((. lapp({,N[]), abs(k.M[k]) ) = sub(k.M[k],

~—
resume yield N thunk m

» Computational interpretation:
A synchronous coroutine mechanism
> Application:

Producer-Consumer

N[])



> Axioms

o sub( (. yield(¢,N[]), thunk(k.M[k])) = sub(k.Mm[k], N[])

o sub( (. thunk(x.M[t,x]), N[])
= thunk(x.sub({.M[(,x], N[]))

o sub(e.yield(Lle],Me]), N[])
= sub( (.yield({, sub(e.M[e],N[])) ,
sub(e.var(L[e]),N[]) )

53



> Fixpoints
e For a computation t(-),
Y = sub(x. t(yield(x, var x)) , thunk( X. t(yield(x, var x)) ))
we have
Y = t(Yy)
e For a parameterised computation t[x](c.Mm[c]), let

T = thunk(f. thunk(x.
t[x](c.sub(p.yield(p, var c), yield(f, var f)) )))

For
Yi[x] = sub( f. t[x](c. sub(p.yield(p, var c), yield(f, T))), T)
we have

Yi[x] = tlx](c. Yelc])



» Producer-Consumer: one in, two out
Let
In[la] = in(yield(a,thunk(x.In[x])))
Out = thunk(y.out(out(yield(y,Out))))
Then
sub(a.In[a], Out) = in(out(out(sub(x.In[x], Out))))

55
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